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Preface to the 25th Anniversary Edition

In the twenty-five years since the original publication of these two 
Volumes, there have been numerous developments in string theory. The 
curious twists and turns that marked its pre-1987 evolution have continued 
apace, and current research makes contact with a wide range of areas of 
mathematics and physics. In the following we will mention briefly some of 
these developments and then explain why we believe that these volumes 
are still useful.

Major insights into the non-perturbative structure of string theory 
followed from the discovery of non-perturbative duality symmetries of 
super-string theory. This led to the realization that the myriad of apparently 
distinct superstring theories that arise in ten or fewer dimensions actually 
are different perturbative approximations to the same underlying theory, 
which has come to be known as M-theory. Furthermore, M-theory has 
eleven-dimensional supergravity as another semiclassical limit. The 
understanding of these interconnections was aided by the simultaneous 
discovery of the properties of a family of dynamical objects called p-branes, 
which are extended objects that fill p spatial dimensions, as opposed to 
the 1 dimension of the string. p-branes can be viewed as solitons that are 
generalizations of the magnetic monopoles of conventional quantum field 
theory and the black holes of general relativity. Indeed, these discoveries 
have stimulated impressive advances in understanding the quantum and 
thermodynamic properties of large classes of black holes.

An important outcome of these considerations has been striking 
progress in understanding the nonperturbative structure of the quantum 
field theories that arise from string theory in various limits. Most notably, 
it has led to the gauge/gravity correspondence, also known as holographic 
duality, according to which a quantum theory of gravity in a D-dimensional 
asymptotically anti-de Sitter spacetime is equivalent to a (D — l)-
dimensional local quantum field theory. The most studied example is an 
equivalence between four-dimensional maximally supersymmetric U(N) 
Yang–Mills field theory and type IIB superstring theory in five-dimensional 
anti-de Sitter space times a five-dimensional sphere with N units of 
Ramond–Ramond flux.

In 1987, the main focus of this field was the application of string 
perturbation theory to describe the fundamental forces and particles. This 
remains a focus, but nowadays nonperturbative methods are used as well. 
The possibilities for using string theory to construct models of particle 
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physics that are at least semi-realistic have proliferated since 1987, 
and some physicists, in part because of clues coming from cosmological 
observations, have come to suspect that the “landscape” of string theory 
possibilities is actually the way the Universe works. In addition, nowadays, 
string theory is applied to other types of problems in theoretical physics, 
including the modeling of heavy ion collisions and the theory of quantum 
critical points relevant to condensed matter physics. From a contemporary 
point of view, the gauge/gravity correspondence means that string theory 
and quantum gravity are inevitable parts of the description of strongly 
coupled quantum systems.

Many of the developments of the last quarter century, which of course 
are not covered in these two volumes, have been described in more recent 
books and review articles. These more recent developments are rooted to a 
large extent in the basic material covered here. Given the immense breadth 
and volume of recent research, it is extremely difficult for newer books and 
articles to present all the details of the more basic underlying material. For 
this reason, we feel that the material contained in these volumes remains of 
value and we hope it will continue to provide stimulus for further research 
in this rich field – wherever it eventually may lead.

Michael B. Green 
John H. Schwarz 

Edward Witten
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1. Introduction

1.1 The Early Days of Dual Models

In 1900, in the course of trying to fit to experimental data, Planck wrote
down his celebrated formula for black body radiation. It does not usually
happen in physics that an experimental curve is directly related to the
fundamentals of a theory; normally they are related by a more or less
intricate chain of calculations. But black body radiation was a lucky
exception to this rule. In fitting to experimental curves, Planck wrote
down a formula that directly led, as we all know, to the concept of the
quantum.

In the 1960s, one of the mysteries in strong interaction physics was
the enormous proliferation of strongly interacting particles or hadrons.
Hadronic resonances seemed to exist with rather high spin, the mass
squared of the lightest particle of spin J being roughly m2 = J/af, where
a' ~ l(GeV)~ is a constant that became known as the Regge slope.
Such behavior was tested up to about J = 11/2, and it seemed conceiv-
able that it might continue indefinitely. One reason that the proliferation
of strongly interacting particles was surprising was that the behavior of
the weak and electromagnetic interactions was quite different; there are,
comparatively speaking, just a few low mass particles known that do not
have strong interactions.

The resonances were so numerous that it was not plausible that they
were all fundamental. In any case consistent theories of fundamental
particles of high spin were not known to exist. Consistent (renormaliz-
able) quantum field theories seemed to be limited to spins zero, one-half,
and one, the known examples being abelian gauge theories and scalar
and Yukawa theories. That limitation on the possible spins in consis-
tent quantum field theory still seems valid today, though now we would
include Yang-Mills theory in the list of consistent theories for spin one.
The apparent limitation of consistent quantum field theories to low spin
was compatible with the existence of a successful field-theory description
of the electromagnetic interactions, in which the basic particles have spin
one half and spin one, and was compatible at least with attempts (which

1
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1. Introduction

Figure 1.1. An elastic scattering process with incoming particles with momenta pi, pi
and outgoing particles with momenta —P3,-p4 (we adopt the convention that the
labels refer to incoming momenta). Both s- and /-channel diagrams are indicated. In
field theory the amplitude is constructed as a sum of s-channel and /-channel diagrams.

in time succeeded) at field theories of the weak interactions. But a similar
approach to strong interactions did not appear promising.

A related puzzle about strong interactions concerned the high-energy
behavior of the scattering amplitudes. Consider an elastic scattering pro-
cess with incoming spinless particles of momenta pi, p2 and outgoing parti-
cles of momenta P3,P4. We adopt a metric with signature {—h + . . . + } ,
so that the mass squared of a particle is m2 = — p2. The conventional
Mandelstam variables are defined as

P2)2 = ~{P2 + P3)2 p3)2. (1.1.1)

They obey the one identity s+t-\-u = ]T) ra2. We assume that the external
states in fig. 1.1 are particles such as pions that transform in the adjoint
representation of the flavor group, which for three flavors is SU(3) or
U(3). The flavor quantum numbers of the ith external meson are specified
by picking a flavor matrix A,-. We will discuss a term in the scattering
amplitude proportional to the group-theory factor tr(AiA2A3A4). Since
this group-theory factor is invariant under the cyclic permutation 1234 —>
2341, Bose statistics require that the corresponding amplitude should be
cyclically symmetric under P1P2P3P4 —• P2P3P*Pi- In terms of Mandelstam
variables, this permutation of momenta amounts to s *-* t, which is the
symmetry we will require for the amplitude A(s,t).

In quantum field theory, the leading nontrivial contributions to the
scattering amplitude come from the tree diagrams of fig. 1.1. The basic
reason that it is difficult to construct sensible quantum field theories of
particles of high spin is that tree diagrams with the exchange of high spin
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1.1 The Early Days of Dual Models

particles have bad high-energy behavior. Asymptotically, they exceed
unitarity bounds. Consider, for instance, the ^-channel diagram. Denote
the external particles in fig. 1.1 as <j> and the exchanged particle as a. If a
has spin zero fig. 1.1 may involve a simple cj)*<j>cr interaction; the amplitude
is then simply A(s, t) = —g2/(t — M2) with g being the coupling constant
and M the mass of the a particle. This amplitude vanishes for t —» oo,
this being one aspect of the excellent high-energy behavior of the cubic
scalar interaction we are discussing.

Figure 1.2. A one-loop diagram can be made by sewing together two tree diagrams,
as indicated here.

Suppose instead that the sigma particle is a spin J field cr^^.^j. F°r

such a field, the cubic coupling in fig. 1.1 must then be something like

<t>*dii\dii2 ••• dfufi ' cr^1^2"^7. In fig. 1.1 there are now 2J factors of
momenta. If the external particles are scalars then the contribution to
the scattering amplitude of the exchange in the t channel of this spin J
particle has the form

at high energies. The behavior of this amplitude is therefore worse and
worse (more and more divergent) for larger and larger J. An objective
criterion for what is a 'bad' amplitude is to ask what will happen when we
sew together amplitudes like that of (1.1.2) to make loops, as in fig. 1.2.

This is the behavior of the tree-level scattering amplitude in the asymptotic
region of large s, fixed t. The sJ behavior is easily found by contracting the
momenta that appear in the interaction vertices in fig. 1.1. The exact formula
(for moderate s) is more complicated, involving a Legendre polynomial Pj(cos 9t)
($t is the center-of-mass scattering angle in the t channel). We prefer to write only
the high-energy behavior, which is transparent and adequate for our purposes.

https:/www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9781139248563.002
https:/www.cambridge.org/core


4 1. Introduction

The one-loop integrand in n dimensions is roughly J dnp A2/(p2)2, with
A being the tree amplitude of (1.1.2). In four dimensions such a loop
diagram is convergent for J < 1, has a potentially renormalizable loga-
rithmic divergence for J = 1, and has a nasty unrenormalizable divergence
for J > 1.

There are strongly interacting particles of various mass and spin that
might be exchanged in the t channel, so we must think of a ^-channel
amplitude of the general form

where now we allow for the possibility that the couplings gj and masses
Mj of the exchanged particles may depend on J (and perhaps on other
quantum numbers that we do not indicate). Of course, one might take
the point of view that the strong interactions are so strong that a Bom-
like approximation as in (1.1.3) is hopeless. But let us be optimists and
see how well we can do. What is the high-energy behavior of the sum in
(1.1.3)? If this is a finite sum, the high-energy behavior is simply deter-
mined by the hadron of largest J that contributes in (1.1.3). This is very
different from what is observed in nature; the actual high-energy behavior
of hadron scattering amplitudes is much softer than the behavior of any
individual term in (1.1.3). (In fact, Regge asymptotic behavior of the
type described in §1.1.2. is a reasonable approximation to experiment.)
On the other hand, it is not reasonable to think of (1.1.3) as a finite sum.
There certainly does not seem to be any such thing as a 'hadron of highest
spin'. With (1.1.3) viewed as an infinite sum, it is certainly conceivable
that the whole sum might have a high-energy behavior better than the
behavior of any individual term in the series, just as the function e~x is
smaller for x —> oo than any individual term in its power series expansion

e~x = £r=o(-*)7«!
Regarding (1.1.3) as an infinite sum has another consequence. In a phys-

ical process such as the elastic scattering of pions, we expect the t-channel
poles that appear in (1.1.3), but we also expect s-channel resonances or
in other words poles in the amplitude at certain values of s. In fact, the
cyclic symmetry that we discussed earlier requires that the coefficient of
tr(AiA2AaA4) in the scattering amplitude have both s- and ^-channel poles
or neither. A finite sum (1.1.3) defines an amplitude A(s,t) that has no
5-channel poles; for fixed t, (1.1.3) manifestly defines an entire function
of 5, as long as there are only a finite number of terms in the sum. It
is precisely for this reason that the perturbative expansion of ordinary
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1.1 The Early Days of Dual Models 5

quantum field theories satisfies crossing symmetry by including both s-
and ^-channel diagrams. In the case of an infinite sum, things are differ-
ent. Though each term in (1.1.3) is an entire function of s, the infinite
sum might diverge at some finite values of s, giving poles in the s channel.
Thus, once we accept the fact that (1.1.3) is essentially an infinite series,
it is no longer obvious that s-channel terms must be included separately;
they may be already implicit in (1.1.3).

Similar remarks could be made if we took as our starting point resonant
scattering or in other words contributions to scattering amplitudes with
5-channel poles. We would then construct an amplitude analogous to
(1.1.3) but with 3-channel poles rather than ^-channel poles:

< U - 4 )

Symmetry under cyclic permutation of the external momenta requires that
the same masses and couplings appear in (1.1.4) as in (1.1.3). Studying
(1.1.4) we would again observe that a finite sum of the type in (1.1.4)
inevitably has a high-energy behavior much worse than the observed be-
havior of hadrons, but this is not inevitably true for an infinite sum of
this type. Furthermore, a finite sum (1.1.4) would certainly define (for
fixed s) an entire function of 2, but this might not be true for an infinite
sum.

Pursuing these thoughts still further, one might imagine that if the
couplings gj and masses Mj are cunningly chosen, then the s-channel
and ^-channel amplitudes A(s,t) and Af(s,t) might be equal. In this
case, the entire amplitude could be written as a sum over only s-channel
poles, as in (1.1.4), or as a sum over only ^-channel poles, as in (1.1.3).
This would be a sharp contrast to the field-theory situation in which one
ordinarily needs a sum over both s- and ^-channel poles.

Equality of the s- and ^-channel amplitudes was advocated around 1968
by Dolen, Horn and Schmid, who argued, on the basis of an approximate
evaluation of (1.1.3) and (1.1.4) (carried out with the help of experimen-
tal data), that the equality A(s,t) = A'(s,t) was indeed approximately
obeyed for small values of s and t. This was called the 'duality' hypothesis,
the hypothesis that s- and ^-channel diagrams give alternative or 'dual' de-
scriptions of the same physics. Is duality an approximation or a principle?
At first sight it looks well nigh impossible to choose the resonance masses
and couplings to obey exactly the duality relation A(s, t) = Af(s, t). How-
ever, a way of doing this was found by Veneziano in 1968. Veneziano
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1. Introduction

simply postulated a formula for the scattering amplitude, namely

A[S't}- T(-a(s)-a(t)) • ( L 1 - 5 )

Here F is the Euler gamma function,

oo

T{u)= [f-h-tdt, (1.1.6)
o

and a(s) is the 'Regge trajectory', for which Veneziano postulated the
linear form a(s) = a(0) + a's; a1 and a(0) are known in Regge-pole
theory as the Regge slope and the intercept, respectively.

1.1.1 The Veneziano Amplitude and Duality

It is not evident at first sight that the Veneziano amplitude obeys duality,
but we will now show that it does. First of all, we need to know something
about the gamma function. This function obeys the identity

r(u + 1) = ur(u)'. (1.1.7)

This is proved, starting from (1.1.6), by simple integration by parts:

oo oo

r(u + 1) = - / t*4-e-*dt = u ( f-h'Ut = uT(u). (1.1.8)

It is evident from (1.1.6) that F(l) = 1. If u is a positive integer, then
repeated use of (1.1.7) implies that

r(u) = (u - 1)!. (1.1.9)

The integral representation of the F function in (1.1.6) is valid as long as
the real part of u is positive, and shows that T has no singularities in this
part of the complex u plane. The recursion relation (1.1.7) can be used
to extend the domain of definition of F and determine its singularities.
Writing (1.1.7) in the form

r(tt) = HifJiii (i.i.io)

gives a definition of the gamma function for Reu > — 1, since the right
hand side of (1.1.10) has already been defined in that region. Equation
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1.1 The Early Days of Dual Models 7

(1.1.10) also shows that F has a simple pole at u = 0 with residue 1. This
process can be generalized; repeated use of (1.1.7) gives

r(tt) = , r(» + ") _ (i.i.n)
K ; u ( u + l ) ( u + n l ) v J

for any positive integer n. The right-hand side of (1.1.11) is uniquely de-
fined by the integral representation (1.1.6) as long as Re u > — n, so we ob-
tain a unique analytic continuation of the gamma function in this region.
Since n is arbitrary, the gamma function actually has a unique analytic
continuation throughout the whole complex u plane. From (1.1.11) we can
see that the only singularities of F are simple poles a tu = 0,—1,—2,
The behavior for u near — n (n a non-negative integer) can be read off
from (1.1.11) and is

T(u) —L1L. (1.1.12)

Now we wish to discuss the analytic behavior of the function

which is called the Euler beta function. It is related to the Veneziano
amplitude by A(s,t) = B(—a(s),—a(t)). Evidently, (1.1.13) has a simple
pole when u or v is a non-positive integer. There are no double poles in
(1.1.13), since while T(u) and T(v) may simultaneously have poles, when
this occurs the denominator in (1.1.13) has a pole at the same time. This is
an important point, because simple poles are the only singularities allowed
in tree amplitudes in relativistic quantum mechanics. The behavior of
B{u, v) for v ~ —n (n being a non-negative integer) is evidently

1 (-l)n

B(u, v) - , (t* - l)(ti - 2) . . . (u - n). (1.1.14)
v + n n\

Here we are using (1.1.7) to write the residue of the pole at v = —n as a
polynomial in u; this is again an important step since the residue of a pole
in relativistic quantum mechanics must be a polynomial. As a function of
v for fixed ti, B{u,v) has only the singularities indicated in (1.1.14). We
claim now that (for Re u > 0 so that the following infinite sum converges)
we can write

-^H£(t,-l)(«-2)...(ti-n). (1.1.15)
n=0

The idea here is that the sum on the right of (1.1.15) reproduces all of the
singularities of the beta function, so could differ from it only by an entire
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1. Introduction

function of v, that is, a function without singularities in the complex v
plane. Such a function could not vanish for large \v\. As the sum on
the right-hand side of (1.1.15) vanishes for positive u and large \v\ (away
from the real axis), and we will presently see that B(u,v) has the same
property, they must be equal.

We can immediately express (1.1.15) as a formula for the Veneziano
amplitude:

a(t) — n

While the Veneziano amplitude was defined originally to manifestly obey
A(S)t) = A(t,s), this symmetry is not at all apparent in (1.1.16). Be-
cause of the underlying symmetry, we can immediately write down the
alternative expansion

n=0 v '

Now, with the simple choice of 'Regge trajectory', a(t) = olt + a(0), the
singularities of (1.1.16) are simple poles corresponding, as in (1.1.3), to t-
channel exchange of particles of mass M2 = (n — a(0))/a', n = 0,1,2,
The residue of the pole at a(t) = n is (with the linear choice of Regge
trajectory) an nth order polynomial in s, corresponding, in view of (1.1.3),
to the fact that the particles of mass (n — a(0))/af have spin at most n.
The smallest possible mass of a particle of spin J is thus (J — a(0))/a',
and this is why a1 is called the 'Regge slope'; the particles of mass M2 =
(J — a(0))/al are said to lie on the 'leading Regge trajectory'. We are
interested in the case a1 > 0, since these particles would otherwise be all
or almost all tachyons.

The equality of (1.1.16) and (1.1.17) is the seemingly impossible prop-
erty of 'duality': the same amplitude can be written as a sum of s-channel
poles as in (1.1.17) or as a sum of ^-channel poles as in (1.1.16).

One thing that is not obvious in either (1.1.17) or (1.1.16) is the sign
of the residues of the s-channel and ^-channel poles. In (1.1.2) for ex-
change of a spin J particle, the coefficient of —(—l)J/(t — M2), which
is called the residue of the pole, must be positive (since g2 must be pos-
itive). More generally, the residues of poles must be positive in a rela-
tivistic quantum theory, for unitarity and absence of ghosts. We are thus
led to the question of whether the residues in (1.1.16) and (1.1.17) are
positive, something that is far from obvious. Much early work on dual
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1.1 The Early Days of Dual Models 9

models was concerned with this question, culminating eventually in the
4no-ghost theorem', which asserts that ghosts (or negative residues) are
absent if certain rather surprising restrictions are placed on the value of
a(0) and the dimension of space-time. In particular, it turned out that
the dimension of space-time should be 26, and the constant a(0) in the
Regge trajectory a(s) = a's + a(0) should be 1. (The no-ghost theorem
suggests but by itself does not uniquely determine those values.) We shall
return to these matters in the next chapter.

Next, we would like to work out an interesting integral representation
for the Veneziano amplitude. Consider the function

l

C(ti,v)= I dxxu~\l-x)v-1. (1.1.18)

o

It obeys

l l
C(u-l,t; + l)= [ dxxu-2(l-x)v = —— [dxi^-x^Ml-xYJ u — 1 J ax

o o

(1.1.19)
where we have integrated by parts. The beta function obeys the same
identity B(u - l,v + 1) = ^B(u,v) by virtue of (1.1.7). C also obeys

l

C(u + l,v) = fdxxu(l-x)v-1

0

i i (1.1.20)
= I dxxu-l(l-x)v-1- j dxxu~1{l-x)v

0 0

=C(u,v)-C(u,v + l).

The analogous beta function identity J3(u + l,i?) +J3(u, v + 1) = B(u,v) is
likewise a consequence of (1.1.7). These recursion relations together with
the similar asymptotic behavior of the functions B(u,v) and C(u, v) and
the fact that they are equal at u — v = 1 imply that in fact B(u, v) =
C(u, v). Therefore, we obtain an integral representation for the Veneziano
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10 1. Introduction

amplitude:
l

A( c 4\ / /r —«(«) —1/1 'r\~Ol(t)~ls]<r (\ 1 01 "\
f\\S)l) — / V — / O X . ^ l . l . Z J L J

0

This integral representation is quite important, since it is in this form that
the Veneziano amplitude usually appears in most approaches to calculat-
ing string scattering amplitudes.

1.1.2 High-Energy Behavior of the Veneziano Model

Our next task is to understand the asymptotic behavior of the Veneziano
amplitude for high energy. We consider first the Regge region of large s,
fixed t. The physical region for elastic scattering is positive s, negative
t or vice versa. Large s, fixed t corresponds to small angle scattering at
high energy; it was the phenomenology of this region that gave birth to
Regge-pole theory and eventually to dual models.

To explore the asymptotic behavior of the Veneziano amplitude, we
first need to know the asymptotic behavior of the gamma function. The
behavior of T(u) for large u can be easily extracted from the integral
representation

oo

r(u) = /dttu-le-1. (1.1.22)

o

For large w, the integral is dominated by the region t ~ u — 1. A saddle
point evaluation in this region gives Stirling's formula

T{u) ~ v & " - 1 / 2 e - « . (1.1.23)

Although our derivation assumed positive t/, Stirling's formula is actually
valid for large u throughout the u plane as long as one keeps away from
the negative u axis, where T(u) has poles. From (1.1.23), we see that the
Veneziano amplitude

V(-a(s))T(-a(t))
A M = T(-a(s)-a(t)) < U - 2 4 )

has in the region of large s, fixed t the asymptotic behavior

A(s,t) ~ r(-a( t ))(-a(s)) aW. (1.1.25)

For a linear Regge trajectory, a(s) ~ a1 s, the asymptotic behavior for
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1.1 The Early Days of Dual Models 11

large s and fixed t is

A(s,t)^sa^\ (1.1.26)

Equations (1.1.25) and (1.1.26) are valid throughout the complex s
plane (for large \s\) as long as one does not get too close to the positive real
s axis. Since the physical region is precisely the region that is excluded,
the restriction merits discussion. The essence of the matter is that in
the physical region A(s,t) is, even for large s, a rapidly varying function
with many zeros and poles. These reflect the existence of resonances.
Equations (1.1.25) and (1.1.26) are valid in an average sense if one suitably
averages over the zeros and poles. Giving s a moderate imaginary part
is a simple and physically reasonable way to do this. It is reasonable
because the resonances are actually unstable; this implies that quantum
corrections will give an imaginary part to the positions of the poles in
A(s,t). We can simulate the effect of quantum corrections that move the
poles off the real axis by leaving the poles on the real axis and giving s
an imaginary part.

It is instructive to compare (1.1.26) with the general formula (1.1.2)
for scattering by exchange of a single elementary particle of spin J. In
this case, the large 5, fixed t behavior of the amplitude is A(s,t) ~ s .
Equation (1.1.26) thus corresponds to the asymptotic behavior that would
arise from ^-channel exchange of a particle of ^-dependent angular momen-
tum J = a(t). This is the magic of Regge-pole theory; an infinite sum
of ^-channel exchanges of particles of arbitrarily large angular momen-
tum can be described effectively at high energies by exchange of a single
fictitious particle of ^-dependent effective angular momentum J = a(t).
With a(t) = a!t + a(0) and af positive for reasons noted earlier, a(t) is
negative in the physical region of elastic scattering (negative £, positive
,s), at least as long as t is sufficiently negative. For sufficiently negative £,
a(t) is as negative as we wish, and the large s behavior is correspondingly
as soft as is desired. In this region, therefore, the high-energy behavior
of the Veneziano amplitude is extremely soft, as soft as we wish. This
is an illustration of the fact that in certain respects the high-energy be-
havior of dual models is much softer than that of any field theory, even a
super-renormalizable field theory.

Instead of considering the Regge limit, it is instructive to consider the
behavior of the Veneziano amplitude at high energies for fixed scattering
angle. It is easy to see that at high energies, s and t and the center-of-mass
scattering angle 0s are related by

2t = -s(l-cos03). (1.1.27)
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12 1. Introduction

Stirling's formula can then be used to show that the behavior of the
Veneziano amplitude for large s and fixed 6S is

A(3,t)~\Fi&.)\-*W, (1.1.28)

where F(0S) is a certain (slightly messy) function of the scattering angle.
Thus, the fixed angle, high-energy scattering amplitude falls off exponen-
tially with s.

1.1.3 Ramifications of the Veneziano Model

At its inception, the prospects that the Veneziano amplitude would lead
to something important were probably even worse than the prospects in
1900 that study of experimental data on black body radiation would be the
first clue to a completely new theory. The duality hypothesis never had
more than slender experimental support, and the Veneziano model was
merely an ad hoc way of satisfying this not-so-well motivated hypothesis.
Nevertheless, study of the Veneziano model revealed an extremely rich
structure, whose partial elucidation absorbed the efforts of a large number
of physicists and produced a whole chain of surprises. These surprises
will occupy many chapters of this book. Among the surprises were the
ease with which it was possible to write an rc-body generalization of the
Veneziano amplitude, the recognition that the Veneziano model was really
a model of a relativistic string, the invention of what we would now call
closed strings, the appearance of graded Lie algebras in the process of
trying to incorporate fermions in the model, and the recognition that
what we would now call bosonic string theory and supersymmetric string
theory make sense only in 26 or 10 dimensions, respectively. At almost
every turn dual models sprang a new set of surprises on those who studied
them, but one thing did not happen; beyond the slender initial motivation,
using dual models as a fundamental theory of the strong interactions never
had any compelling successes.

In fact, crucial experimental developments in the post-1968 period
showed that a different sort of theory of strong interactions was required.
In the Regge region, the behavior of the Veneziano model may be consid-
ered to be in reasonable agreement with the actual high-energy behavior
of strong interactions. There is another region, little explored experimen-
tally as of 1968 but important from a modern perspective, in which the
agreement is not so good. This is the region of high-energy scattering at
fixed angles, or in other words s —> +oo, t —» —oo, with s/t fixed. In this
region, the Veneziano amplitude falls off exponentially with 5, as we have
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1.2 Dual Models of Everything 13

seen at the end of the last subsection. But modern experiments (and the-
ory) indicate that the strong interaction scattering amplitudes fall off only
according to a power law in high-energy fixed angle processes. This is un-
derstood in parton model terms. In one of history's curious coincidences,
the SLAC experiments giving the first evidence of parton-like behavior of
strong interactions (in deep inelastic scattering) were conducted at just
about the same time that Veneziano published his famous amplitude.

The failure of dual models to incorporate the parton-like behavior of
strong interactions in certain kinematic regimes was one of the chief rea-
sons for their demise as theories of strong interactions. In a sense, we may
say that the ultraviolet behavior of the Veneziano model is softer than
that of the hadronic world, even though hadronic amplitudes in the high-
energy fixed-angle region are themselves far softer (fall off with energy
like a much larger power) than corresponding amplitudes for scattering of
elementary quanta in quantum field theory.

1.2 Dual Models of Everything

After around 1973 or 1974, an alternative theory of the strong interac-
tions emerged in the form of quantum chromodynamics, which among
other things explained the parton behavior just cited. The original mo-
tivation for dual models disappeared. At about the same time, however,
there emerged a new possible motivation for studying the remarkably
rich structure embodied in dual models. The strong interactions are only
one area of physics in which one is faced, at first sight, with elementary
particles of embarrassingly high spin. Such a problem also arises in the
quantum theory of gravity. In general relativity the gravitational field is
described by a massless field of spin two, the graviton field. Its nonlin-
ear interactions are determined by a nonabelian local symmetry group,
the group of diffeomorphisms of space-time. General relativity was of
course part of the inspiration for the invention of Yang-Mills theory, in
which the nonlinearities are determined by an analogous local symme-
try group. The Yang-Mills field is a massless field of spin one. Despite
the many similarities between these two theories, there is a world of dif-
ference between spin one and spin two. According to (1.1.2), ^-channel
exchange of a massless spin one particle gives an amplitude proportional
to sjt. In four dimensions, such a high-energy behavior is barely com-
patible with renormalizability. But massless spin two exchange in the t
channel gives, according to (1.1.2), an amplitude proportional to s2/t. In
four dimensions, this is definitely an unacceptable high-energy behavior,
corresponding to a hopelessly unrenormalizable theory.
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14 1. Introduction

Dual models, as we have sketched, give one way to incorporate particles
of high spin without ultraviolet pathologies. In the case of the strong
interactions, dual models are not the right way to do this; nature chose a
different path. Could it be that dual models are instead the correct way
to include particles of 'excessively high spin' in quantum gravity?

1.2.1 Duality and the Graviton

One of the difficulties of dual theories of strong interactions, apart from
the failure to accommodate the parton properties, was that these models
always predicted a variety of massless particles, none of which are present
in the hadronic world. These massless particles show up, for instance, in
the poles that appear at s = 0 and t = 0 in the Veneziano amplitude
(1.1.5), once one sets a(0) = 1 in order to eliminate ghosts. Dual models
turn out to have massless particles of various spins. In particular, the
closed-string sector of dual models turns out to have a massless spin two
particle. Investigation reveals - as one might suspect on general grounds
- that its couplings are similar to those of general relativity. Might we
interpret this particle as the graviton?

Quantum gravity has always been a theorist's puzzle par excellence. Ex-
periment offers little guidance except for the bare fact that both quantum
mechanics and gravity do play a role in natural law. The characteristic
mass scale in quantum gravity is the Planck mass y/hc/G ~ 1019 GeV.
This is so far out of experimental reach that barring an unforeseeable
stroke of good luck (like the discovery of a stable Planck mass particle left
over from the big bang) we can hardly hope for direct experimental tests
of a theory of quantum gravity. The real hope for testing quantum gravity
has always been that in the course of learning how to make a consistent
theory of quantum gravity one might learn how gravity must be unified
with other forces. A consistent unified theory of gravity and other forces
might someday confront experiment through its implications for already
measured quantities like the mass of the electron or the Cabibbo angle or
by predicting new phenomena at high but accessible energy scales, per-
haps at an energy scale of order 1 TeV, where the secret of SU(2) x U(l)
symmetry breaking may be hidden.

1.2.2 Unification in Higher Dimensions

The idea of viewing dual models as theories of quantum gravity gave
an immediate bonus: a long time embarrassment of dual models was
immediately turned into a virtue. The embarrassment was the fact that
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1.2 Dual Models of Everything 15

dual models do not seem to make sense in four space-time dimensions.
Only 26 dimensions is possible for the Veneziano model of bosons, while
the Ramond-Neveu-Schwarz model of bosons and fermions makes sense
only in ten dimensions. Focusing on the more realistic case in which
there are fermions as well as bosons, the six extra dimensions are an
embarrassment if the goal is to present a theory of strong interactions.

If the goal is to make a unified theory of gravity and matter, things are
very different. The earliest idea and one of the best ideas ever advanced
about unifying general relativity with matter was Kaluza's suggestion in
1921 that gravity could be unified with electromagnet ism by formulating
general relativity not in four dimensions but in five dimensions. This
suggestion was further developed by Klein beginning in 1926 (whence the
name Kaluza-Klein theory) and was one of the main themes in Einstein's
work on unified field theory. In a modern language, the idea is to assume
that the ground state of five-dimensional general relativity is not five-
dimensional Minkowski space M5 but is the product M4 x S1 of four-
dimensional Minkowski space M4 with a circle S1. One assumes that the
radius of the circle is so tiny that in everyday experience - and even in
high-energy laboratories - observed phenomena always involve averages
over the position on 51, so that the world appears to be four-dimensional.
A lucid discussion of how this might be possible was given by Einstein
and Bergmann in 1938.

What is the virtue in the fifth dimension? In five dimensions the met-
ric tensor is a 5 x 5 matrix gMN, M,N = 0, . . . ,4. We take the five-
dimensional Einstein equations as the dynamical equations for all of the
9MN- The components g^v^ \L,V = 0 , . . . , 3 have spin two from a four-
dimensional viewpoint and are seen in four dimensions as the metric tensor
of gravity. On the other hand the components g^, \x = 0 , . . . , 3 have spin
one from the four-dimensional viewpoint and describe a massless photon
- which is unified with the graviton under the rubric of five-dimensional
general relativity. This unified theory makes a very interesting prediction:
the component #44 is predicted to behave as a massless scalar.

Thus, as we might have hoped, this interesting attempt at unifying
gravity with matter makes a very interesting prediction concerning the
nature of the 'matter'. Actually, this prediction seems to have embar-
rassed the early writers; predicting a new particle (or actually a new field;
the relation between particles and fields was not yet known when the fifth
dimension was first proposed!) was not so accepted in those days. Most of
the early writers mangled the Kaluza-Klein theory to eliminate the pre-
diction of the massless scalar. Only with the work of Jordan and Brans
and Dicke and others in the 1950s and later was the massless 'Brans-Dicke
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16 1. Introduction

scalar' viewed as an interesting prediction that should be tested experi-
mentally rather than a nuisance to be swept under the theoretical rug.
Significant experimental bounds have been placed on a possible massless
Brans-Dicke scalar, but its existence remains conceivable. In dual models
something very similar to the Brans-Dicke scalar appears in the form of
the dilaton field, though it is far from clear whether this field is really
massless or receives mass from quantum corrections.

Nowadays, we know that electromagnetism and gravity are far from
being the whole story. A satisfactory unified theory must accommodate
a good deal more. In fact, five dimensions are not enough; with ten
we might just manage. If dual theories are viewed as a way of making
sense of quantum gravity, then the fact that the dual model of bosons
and fermions makes sense only in ten dimensions has the earmarks of a
blessing in disguise, a hint that dual models are not just consistent theories
of quantum gravity but consistent unified theories of all interactions.

1.2.3 Supersymmetry

In 1974, such dreams were brought down to earth by the fact that even the
so-called 'consistent' dual models of that day had at least one fault: they
all predicted a tachyon. If not an actual physical inconsistency, this is
certainly unappealing. It indicated at least that the calculations were be-
ing performed in an unstable vacuum state. Moreover, tachyon exchange
contributed infrared divergences in loop diagrams, and these divergences
made it hard to isolate the ultraviolet behavior of these 'unified quantum
gravity theories' and determine whether it was really satisfactory.

The solution of the tachyon problem came about in a very surprising
way. In 1974, inspired in part by the graded Lie algebras that had already
entered in dual models, Wess and Zumino conceived the idea of space-
time supersymmetry. This work was presented as a four-dimensional
generalization of the two-dimensional world-sheet supersymmetry of the
Ramond-Neveu-Schwarz string model. With good reason the invention
of supersymmetry motivated an enormous amount of subsequent work.
For the first time one had a symmetry between bosons and fermions, a
sine qua non for a truly unified theory of everything. Within a few years
the global supersymmetry of the early work was extended to local super-
symmetry or supergravity, a remarkable and remarkably rich extension of
the symmetry principle of general relativity. At first it seemed that the

A similar suggestion had been made by GoFfand and Likhtman in 1971 in work
that attracted wide attention only much later.
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1.2 Dual Models of Everything 17

resemblance between string theory and space-time supersymmetry was
merely an analogy. But in 1977, Gliozzi, Scherk and Olive showed that it
was possible to modify the Ramond-Neveu-Schwarz model by a 'G parity
projection' to get a model with no tachyon and with equal masses and
multiplicities for bosons and fermions. It was very plausible to conjecture
that this modified model might have space-time supersymmetry. In the
early 1980s the subject was revived by two of us (MBG and JHS) and this
conjecture was proved. In the completely consistent tachyon-free form of
the spinning string theory it was then possible to show that the one-loop
diagrams were completely finite and in particular free of any ultraviolet
divergence.

One-loop finiteness in a generally covariant theory is not in itself a
novelty. Ordinary general relativity is one-loop finite (on shell) in four
space-time dimensions. But when generally covariant field theories are
one-loop finite, this is so because of a kinematic accident, the absence
of a possible operator with the correct dimension and quantum numbers
to serve as a counterterm. On the other hand, the finiteness of super-
symmetric string theory at the one-loop level holds for a good and easily
understood reason. A loop diagram is merely a tree diagram with some
legs sewn together, and the tree diagrams of string theory have an excel-
lent high-energy behavior, softer in some respects than the high-energy
behavior of the tree diagrams of any super-renormalizable field theory.
Naturally, the loops made from such soft trees are finite, as long as the
issue is not clouded by extraneous infrared divergences.

Differently put, string theories or dual models from their inception have
always been manifestly free of ultraviolet problems. The question has
always been whether these theories could exist in a form that is free of
anomalies and other inconsistencies. Historically, many difficulties had to
be overcome to eliminate the inconsistencies. The last link in this chain
was space-time supersymmetry. With this link included one had for the
first time completely consistent dual models in the form of supersymmetric
string theories or superstring theories. With a completely consistent form
of the theory, it was finally possible to check the ultraviolet behavior, at
least at the one-loop level, without extraneous complications. While most
workers on the subject believe that the finiteness will also hold - for the
same reason - to all orders, complete and universally accepted proofs have
not appeared as of this writing.

The mid 1980s have brought a further succession of dramatic develop-
ments - some of the highlights being hexagon anomaly cancellation, the
emergence of a new theory with the exceptional group E$ x E% as its gauge
group, the beginnings of phenomenology, and perhaps the beginnings of
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18 1. Introduction

an understanding of the symmetry structure of string theory, at a level
deeper than hitherto possible. These developments will occupy much of
our attention in this book. But here it is time to begin explaining what
string theory is.

1.3 String Theory

String theory is a complex subject with many facets. Numerous ap-
proaches to the subject have been developed over the years. Many of
them have yielded important results in one respect or another. Thorough
development of any one approach to the subject can be lengthy, and it
is important to learn several approaches since there is no telling what
approach will be most useful in future. All of this may occasionally tend
to give the subject a formidable reputation. The purpose of the next two
sections is to give a mini-introduction to string theory in a way that will
aim to be as simple as possible. If in the process we skip over some crucial
points and make the subject seem simpler than it really is, we will have
ample opportunity to remedy this in later chapters.

1.3.1 The Massless Point Particle

Let us consider a massless classical point particle moving in Minkowski
space. A suitable action for describing such a particle is

/
(1.3.1)

Here rj^ is the Minkowski metric (the indices \i and v take the values
0 , 1 , . . . , (D — 1) in D space-time dimensions), r is an arbitrary parameter
along the trajectory, x^ij) is the position of the particle, and e(r) is a sort
of 'metric' along the particle world line. The role of e(r) is to ensure that
the action S is invariant under reparametrizations of r. Indeed, (1.3.1)
is invariant under r —» T(T), e —> e(dr/dr). The gauge invariance can be
used to pick a gauge with e = 1. In this gauge (1.3.1) reduces simply to
the quadratic action

The variational equation derived from S is simply d^x^/dr2 = 0; the
solutions are, of course, the straight lines in Minkowski space. It is not
true, however, that an arbitrary straight line in Minkowski space is a
solution of the equations of motion derived from the original action (1.3.1).
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1.3 String Theory 19

We are not entitled to make the gauge choice e = 1 and forget about e.
We must also impose the equation of motion 8S/8e = 0. One way to look
at it is that one might first impose the gauge invariant equation 8S/6e = 0
and then fix the gauge e = 1. An analogous phenomenon arises in any
system with a local gauge invariance. In electrodynamics, one can if one
wishes set the time component of the vector potential to zero with the
gauge condition AQ = 0, but one must not forget to impose Gauss's law,
SS/SAo = 0. At any rate, the equation SS/Se = 0 tells us in this case
that the gauge invariant quantity

must vanish. So the solutions of our equations are precisely the lightlike
geodesies in Minkowski space, showing finally that (1.3.1) is indeed the
action for a massless classical point particle.

The variational equation d2xti/dr2 = 0 derived from the gauge fixed ac-
tion (1.3.2) does not imply T = 0, but it does imply that T is a conserved
quantity, dT/dr = 0. Thus, from the point of view of the gauge fixed ac-
tion, T = 0 is a constraint on the initial data. If we impose this constraint
at r = 0 it will automatically remain true for all r. This again is typical
of systems with local gauge symmetries. In Maxwell theory, for instance,
Gauss's law SS/SAo = 0 does not follow from the other Maxwell equa-
tions, but the other equations do imply that SS/SAo is time independent
so that it vanishes at all times if it vanishes at time zero.

What happens if we quantize this system? The canonical momenta
are p^ = SS/S(dxti/dr) — rjtll/dxu/dr. Upon quantization these become
pM = —id/dx*1. This means that T becomes the Lorentz invariant wave
operator rjfi>l/d2/dxtidxu, which we will call D. A quantum state is simply
a function (̂x**) of the spacetime coordinates x1*. However, an arbitrary
function <f> should not be considered physically acceptable. Classically, we
allowed only orbits of T = 0; quantum mechanically we should require that
a physical state is a state annihilated by T. Since T is the wave operator,
the constraint T</> = 0 is just the massless Klein-Gordon equation Q£ = 0.

Thus, the massless Klein-Gordon equation is the Schrodinger equation
for the quantum system derived from (1.3.1). That this equation is lin-
ear is no surprise; the Schrodinger equation of any quantum system is
linear. The Poincare invariance of the equation is also an obvious conse-
quence of the fact that (1.3.1) is covariant under Poincare transformations
x*1 —• afl

vx
u + V1, a being a Lorentz transformation and b a constant vec-

tor. The fact that the 'time' derivative d/dr does not appear in the
Schrodinger equation may be surprising at first sight, but this is the typ-
ical (though perhaps not so widely known) behavior of quantum systems
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20 1. Introduction

that have symmetries under reparametrization of the time coordinate;
similar behavior is encountered in the quantum theory of the free string
(as we will see) and in formal attempts to quantize general relativity.

Before moving on to string theory we might pause to discuss briefly the
supersymmetric generalization of the point particle theory. In fact, there
are several possible supersymmetric generalizations, with supersymmetry
either on the particle world line or in space-time. Of more interest to us
at the moment is the Lagrangian with space-time supersymmetry:

This action describes a point particle propagating not in Minkowski space
but in a superspace with coordinates (a^,0a). Here the 6a are anticom-
muting coordinates that transform as spinors under Lorentz transforma-
tions of the x1*; the T^ are Dirac gamma matrices. Quantization of (1.3.4)
is slightly subtle; we will discuss this in chapter 5. For the moment let
us simply note that the quantum theory will inevitably involve some su-
persymmetric extension of the massless Klein-Gordon equation that we
found for the 'bosonic' point particle. In the interesting case of ten di-
mensions, with 0a taken to be a single Majorana-Weyl spinor, one finds
that the quantum system derived from (1.3.4) is the massless multiplet
of fields of spin (1,1/2); this multiplet consists of a 'photon' Ap and a
positive chirality spinor field xj) obeying the massless Maxwell and Dirac
equations

0 = d^v = r"0^. (1.3.5)

If instead we take for 9 a pair of Majorana-Weyl spinors in ten dimen-
sions, the quantum theory derived from (1.3.4) gives rise instead to the
linearized approximation of the super-Einstein equations - the linearized
approximation, that is, of ten-dimensional supergravity.

Now, what is somewhat unusual about this is that in quantizing the
point particle we encounter equations - the Klein-Gordon equation in the
bosonic case, the super-Maxwell and super-Einstein equations in the su-
persymmetric case - that are usually viewed as classical equations. What
is more, while these equations are linear equations, they have natural
nonlinear generalizations, which usually are our real interest. The mass-
less Klein-Gordon equation has the more or less natural generalization

We refer to the spin as if we were describing the representations of the four-
dimensional Lorentz group where the terminology is standard. For example, in
any dimension 'spin 1' refers to a Lorentz vector, 'spin 1/2' to a spinor, etc.
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1.3 String Theory 21

Ckj) -f \(j)3 = 0 of <̂ 4 theory. The Maxwell equations and the linearized
Einstein equations have the extremely natural generalizations D^F^ = 0
and RnU = 0 of Yang-Mills theory and general relativity. Usually, when
we quantize a classical theory we do not go on to add nonlinear terms
to the linear Schrodinger equation, but in the case of the massless point
particle or superparticle, this is what we should do.

The innocent idea of a light ray in Minkowski space should be viewed
as a hint of Yang-Mills theory and general relativity. The 'proper' theory
of the massless point particle - namely the supersymmetric theory - gives
rise upon quantization to the Maxwell and linearized Einstein equations,
and these should then be generalized to the nonlinear Yang-Mills and
Einstein equations.

1.3.2 Generalization to Strings

(a) time

Figure 1.3. An open string (a) or closed string (b) propagating in Minkowski space
sweeps out a two-dimensional surface known as the world sheet of the string. The
classical equations of the free string theory require that this should be a minimal
surface or surface of least area.

Now we are ready to discuss strings. The string is a one-dimensional
object, a mathematical curve. We consider both open strings, which have
endpoints, and closed strings, which from a topological viewpoint are cir-
cles. The open string is conventionally described by a coordinate a that
runs from 0 to ?r; for closed strings we also take 0 < a < TT. TO describe
the motion of the string it is useful to introduce in addition a timelike
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22 1. Introduction

evolution parameter r, which is a sort of time coordinate for an observer
sitting at the position a along the string. As the string propagates in
space-time (fig. 1.3), it sweeps out a world sheet that is the generalization
of the world line of a point particle. The world sheet is described mathe-
matically by specifying X^(a^ r) , the position of the string at given values
of a and r. We sometimes combine a and r as a two-vector aa = (T, <r),
and use of2 a as a synonym for drdcr.

In the form originally advocated by Nambu and Goto, the action for
the string is simply proportional to the area of its world sheet. Math-
ematically, one formula for the area of a sheet embedded in Minkowski
space is

where

S = T f dadryJx2Xl2-(X-X!)2, (1.3.6)

X = dr ' X = da ' ( L 3 * 7 )

With the action of the string taken to be the area of its world sheet,
the solutions of the classical equations of the free string are the world
sheets of minimal (or at least extremal) area. This generalizes the fact
that the orbits of the point particle are geodesies or curves of minimal
length. It is awkward to work with (1.3.6) because it is so highly nonlinear
and especially because of the square root. An equivalent but far more
convenient form of the action can be written if (as in the point particle
case) we introduce in addition to X^(cr, r) a new variable hap, which will
be a metric tensor of the string world sheet. The more convenient form is

S = - | [<P<Ty/hha%pdaX»dfiX''. (1.3:8)

Here \fh is the square root of the absolute value of the determinant of hag
and haP is the inverse of hap. Since the derivatives of hap do not appear
in (1.3.8) its equation of motion is a constraint equation and h can be
eliminated or integrated out if one desires, giving back (1.3.6), as we will
discuss further in chapter 2. Classically, (1.3.8) describes the propagation

T is the constant of proportionality, required to make the expression dimension-
less. Setting Planck's constant and the speed of light equal to one (h = c = 1)
gives T the dimension of (length)"2. In chapter 2 we show that T is actually
the tension in the string, which is related to the Regge slope parameter of open
strings by 27ra'T = 1. It will often be convenient to choose special units in which
T = 1/TT in order to simplify the notation. It is always easy to reinstate the
general value of T by simple dimensional analysis.
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1.3 String Theory 23

of a string in Minkowski space of any number of dimensions, but quantum
mechanically it turns out that 26 dimensions is the case of most interest.

Either (1.3.6) or (1.3.8) is invariant under general coordinate transfor-
mations of the string world sheet, T,a —> T'(T, <J),<T'(T, cr). (In the case
of (1.3.8) the world-sheet metric hap should be taken to transform under
such transformations according to the standard transformation law of a
metric tensor.) From the point of view of a one-dimensional ant who lives
on the string, (1.3.6) and (1.3.8) describe a field theory in 1 + 1 dimensions
that is generally covariant. In this (1 + l)-dimensional field theory, the
X** enter as scalar fields; they transform as vectors under 26-dimensional
Poincare transformations, but as scalars under reparametrizations of the
world sheet. In fact, (1.3.8) is the standard form for coupling of mass-
less scalar fields X^ to (1 + 1)-dimensional gravity. The two-dimensional
actions in (1.3.6) and (1.3.8) and their supersymmetric generalizations de-
scribe the only generally covariant field theories that are known to make
sense in any number of space-time dimensions. One might be tempted to
add to (1.3.6) a (1 + l)-dimensional Einstein term y/hR, with R being the
(1 + l)-dimensional curvature scalar; for our present purposes this term is
irrelevant, since \/hR is a total divergence (more precisely, a topological
invariant) in 1 + 1 dimensions. In later developments it is useful to add
this term.

1.3.3 Constraint Equations

Invariance under reparametrizations of the world sheet is essential for
solving the minimal surface equations derived from (1.3.8). The 2 x 2
symmetric tensor hQp has three independent components. In two dimen-
sions a general coordinate transformation <r, r —> CT'^T' depends on two
free functions, namely the new coordinates a1 and r'. By means of such
a transformation any two of the three independent components of h can
be eliminated. A standard and convenient choice is a parametrization of
the world sheet such that hap = rjQptv, where rjap is the metric of a flat
world sheet, and e^ is an unknown conformal factor. It is always possible
to make such a choice at least locally. We will refer to this as the choice
of conformal gauge.

Now we meet a happy surprise. In conformal gauge, the conformal
factor e^ drops out of (1.3.8), the reason being that in two dimensions
\fh is proportional to e^, while haP is proportional to e~^. Hence, in
conformal gauge (1.3.8) reduces to a simple free field action

= - | / d2a rip, if* daX^d^X". (1.3.9)

https:/www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9781139248563.002
https:/www.cambridge.org/core


24 1. Introduction

The equation of motion derived from (1.3.9) is a simple linear wave equa-
tion

However, just as in the point-particle case, the wave equation derived from
the gauge-fixed action of (1.3.9) must be supplemented with certain con-
straint equations. The constraint equations that arise are the equations
SS/6hap = 0. In (1 + l)-dimensional quantum field theory, one usually
defines the energy-momentum tensor as

r ( 3 }

so the constraint equations are simply Tap — 0. The energy-momentum
tensor takes its simplest form in terms of light-cone world-sheet coordi-
nates (7^ = (r ± cr). In these coordinates, we have T++ = d+X^d+X^,
with T differing from T++ by + «-> —, and T+_ = 0. Here T_|__ is
the trace of the two-dimensional energy-momentum tensor, and the fact
that this vanishes, or in other words that the massless scalar field theory
of (1.3.9) is conformally invariant in 1 + 1 dimensions, turns out to have
far-reaching consequences.

Classically, the constraint equations are quite tractable, and the general
solution of the wave equation plus the constraint equations can be found
without undue difficulty, as we will see in chapter 2. Quantum mechani-
cally, the story is more complicated. A proper treatment of the conformal
gauge quantum mechanically requires that one introduce ghosts, a compli-
cation that we will try to suppress in this introductory chapter. Ignoring
the constraints, it is of course quite straightforward to quantize the free
field theory with Lagrangian (1.3.9). Imposing the constraints is not so
straightforward. The constraint equations mean that a physical state |<̂>)
must obey TQp \<f>) = 0. To understand the significance of this equation
we must compute the equal r commutation relations of the Tap. These
turn out to be

- a')

+ (26

with a similar equation for T and with [T++,T ] = 0. Here D is the
number of space-time dimensions (the number of

Here h = — dethap. The factor of 2TT in (1.3.11) is not conventional in field theory,
but has become standard in string theory.
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1.3 String Theory 25

The first term on the right-hand side of (1.3.12) would arise in the
classical theory in taking Poisson brackets; the second term, proportional
to (26 — D)6tn(a — <J'), arises quantum mechanically via an anomaly. As
we will see in chapter 3, it is necessary to include properly the ghosts in
order to compute the coefficient (26 — D) that appears in (1.3.12). It
follows directly from (1.3.12) that the constraint equations can only make
sense in 26 dimensions. For a physical state |<̂ >), obeying T++ \(j>) = 0,
is automatically annihilated by the left-hand side of (1.3.12) and by the
first term on the right-hand side. It must therefore be annihilated also
by the second term on the right of (1.3.12). But the second term on the
right-hand side of (1.3.12), the c-number (26 - D)8ni(a - a1), does not
annihilate anything unless D = 26; this is the only case in which there are
any physical states at all. It is for this reason that the Veneziano model
of open strings, and the corresponding Shapiro-Virasoro model of closed
strings, only make sense in 26 dimensions.

Apart from local reparametrization invariance on the string world sheet,
this theory also is invariant under global (cr,r independent) transforma-
tions X1* —> Ati

vX
u + 6̂  (where A is a constant orthogonal matrix and

6 is a constant vector). To an ant living on the string, these are merely
internal symmetries of the 26 free, massless quantum fields propagating
on the string, but for an observer in space-time they are Poincare trans-
formations. Since the theory is Poincare invariant, the Hilbert space will
furnish a unitary representation of the Poincare group. This means that
the particle states will be labeled by their mass and spin. Since we are
dealing with a string that is free to oscillate and has an infinite number of
harmonics like any other string, an infinite number of particle states will
appear.

For the bosonic string that we have been discussing, the ground state is
unfortunately a tachyon whose mass (in the case of closed strings) is m2 =
—8 (in units where T = 1/TT). This result emerges from careful study
of the constraint equations, as we will see in a systematic treatment in
chapter 2. The first excited level is more appealing; it consists of massless
particles. Specifically, the massless particles that one finds are a spin two
state, which we might try to identify as the graviton g^, a scalar known as
the 'dilaton', and an additional state that transforms as the second rank
antisymmetric tensor of SO(24) (which enters since it is the little group of
a massless particle in 26 dimensions). These are all of utmost importance;
the graviton was the motivation for the idea of 'dual models of everything',

In formalisms that do not contain the ghosts, the restriction to 26 dimensions
arises not in the fashion described here, but in other ways explained in chapter 2.
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26 1. Introduction

the dilaton expectation value turns out to determine the fine structure
constant, and the antisymmetric tensor (or rather its superstring cousin)
plays a crucial role in anomaly cancellation. For higher excitations, one
finds an infinite tower of massive states, extending to higher and higher
masses and spins; for instance, the second excited level contains particles
of m2 = +8 and spin ranging up to four. This spectrum of excited states
goes on to infinity, as is inevitable for the spectrum of an extended body
with an infinite number of harmonics.

Like the bosonic point particle, the bosonic string has supersymmetric
generalizations. These are the supersymmetric string theories or super-
string theories, which will be our main interest in this book. Here we note
only that in the supersymmetric case the t achy on is necessarily absent,
since the Hamiltonian of a supersymmetric theory is positive; the lowest
mass levels of superstring theories consist of the same massless Maxwell
and Einstein multiplets that enter in quantizing suitable point particle
theories. For instance, the open superstring gives rise at the massless
level precisely to a massless Maxwell supermultiplet; there are in addition
an infinite tower of massive states.

The constraint equations Tap |<̂ ) = 0 are linear, like the Schrodinger
equation of any quantum system; indeed, these equations play the role
of the Schrodinger equation for the string. Usually, one studies the
Schrodinger equation as a linear equation. But earlier, we saw that in
the case of the point particle the 'right' thing to do is to search for a non-
linear generalization of the Schrodinger equation; this leads to the most
beautiful equations of physics, the supersymmetric Yang-Mills and Ein-
stein equations. Should we do the same thing for the string? Should we
search for a nonlinear theory governing the whole infinite tower of string
harmonics? Is there a generalization of Yang-Mills theory and general
relativity that is related to the string in the way that those theories are
related to the point particle?

That there is such a generalization is abundantly clear; it has been con-
structed, by trial and error, in nearly 20 years of work on string theory.
The mystery to this day is 'why' Yang-Mills theory and general relativity
have such generalizations. The local gauge invariances of Yang-Mills the-
ory and general relativity have a satisfying basis in fundamental physical
and mathematical concepts: local symmetry, connections and curvature,
vector bundles, Riemannian geometry. In fact, historically, in the case
of general relativity, it was the concepts that came first; Einstein first
identified the concepts on which a relativistic theory of gravity should be
based, and then found the theory. String theory has been the other way
around. As we have sketched in the first section, string theory was origi-
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1.4 String Interactions 27

Figure 1.4. This figure illustrates what might be called the 'magic square' of string
theory. In the upper left-hand corner we sketch a light ray in Minkowski space, corre-
sponding to the massless superparticle. It is to be viewed as a hint of supersymmetric
Yang-Mills theory (whose action is written in the upper right-hand corner) and su-
pergravity. In the lower left-hand corner we sketch a minimal surface in Minkowski
space - the classical orbit of a string. This is to be viewed as a hint of a new class of
theories, the string generalizations of the Yang-Mills and Einstein equations. Though
much is known about them, they are indicated in the lower right-hand corner of the
square with a question mark to underscore the fact that their conceptual framework
is still largely mysterious.

nally invented for other reasons entirely, in an unsuccessful assault on the
strong interactions. It eventually became clear that string theory should
be used, instead, to give a fundamental generalization of general relativ-
ity and Yang-Mills theory. But the concepts behind this generalization
remain largely mysterious. At best we have perhaps just begun to scratch
the surface of this question. For this reason the stringy generalization of
Yang-Mills theory and gravity, though we know much about it, is indi-
cated by a question mark in fig. 1.4. The missing circle of ideas is bound
to one day have a far reaching impact on physics, and perhaps on certain
branches of mathematics.

1.4 String Interactions

So far we have been discussing the free string. In this section we will
undertake a lightning introduction to the interacting or nonlinear the-
ory. First let us review the Feynman diagrams of field theory. For, say,

https:/www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9781139248563.002
https:/www.cambridge.org/core
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a massless scalar field in n space-time dimensions, the standard prop-
agator between space-time points x and y is (t/ICT1 \x). Here • is the
d'Alembertian or wave operator • = rjfJ>u(d2/dxtldxI/). The propagator,
which is the inverse of the wave operator, has the representation

(1.4.1)

Now, the Hamiltonian of a nonrelativistic particle of mass m in n + 1
dimensions is simply p2/2m = n/2m; for m — 1/2 this is simply Q The
operator e~rQ on the right-hand side of (1.4.1) is thus merely the operator
that propagates the nonrelativistic particle through imaginary proper time
r; for this there is a well-known path integral formula

oo y T

{y\U~l \x) = jdrf Dx(t)exp{-^ /dt i 2}. (1.4.2)
Ox 0

Here the exponent is just the action of the classical point particle; the
symbol J* Dx(t) represents an integral over all paths x(t) that start at x
at t = 0 and end at y at t = r. The right-hand side of (1.4.2) has a simple
intuitive meaning. We integrate over the arbitrary positive proper time
r of a particle that propagated from x to y, and over all orbits x(t) that
propagate from x to y in proper time r.

Figure 1.5. A typical Feynman diagram in quantum field theory. Four external parti-
cles, originating at space-time points A, B, C and D, undergo a tree level scattering
process, the interactions occurring at p and q.
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1.4 String Interactions 29

Now let us look at a typical Feynman diagram, as in fig. 1.5. Instead of
evaluating this diagram in momentum space, as is customary, let us think
of fig. 1.5 in coordinate space, so that the external particles originate at
space-time points A, 1?, C and 22, and the interactions occur at points
p and q. According to the usual rules for computing an amplitude from
the Feynman diagram, each line in fig. 1.5 corresponds to a propagator.
With the representation (1.4.2) for the propagator, each line in the figure
represents an integration over the trajectory of a particle that propagated
in space-time between the indicated points. In evaluating the diagram
one is also instructed to integrate over the interaction points p and q,
and to include at the vertices certain factors that depend on the precise
theory considered. The point is that a Feynman diagram can be viewed
as'an actual history of particles propagating in space-time and joining
and splitting at interaction vertices.

1.4-1 Splitting of Strings

(a)

Figure 1.6. Interaction vertices in field theory and in string theory: in (a) a point
particle splits into two; in (b) a closed string splits into two. In (b) the surfaces of
constant time in two different Lorentz frames 1 and 2 are indicated with solid and
dashed lines respectively.

Now let us try to formulate an analog of this in string theory. Just as
a point particle can split into two, as in fig. 1.6 a, so can a string; this is
indicated in fig. 1.66, in the case of closed strings. The crucial difference is
that when a point particle splits into two, there is a well-defined Lorentz
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invariant notion of the space-time point at which the splitting occurred. It
is simply the interaction vertex in the Feynman diagram. However, when
a string splits into two, there is no well-defined notion of when and where
this happened. In fig. 1.66 we have sketched the surfaces of constant time
in two different Lorentz frames 1 and 2. In frame 1, the splitting occurred
at the point indicated with the solid dot. To the past of this there was
only one string, and in the future there are two. In frame 2, there is
nothing special about the point with the solid dot. In this frame, the
point with the open dot is the point where the interaction occurred.

This difference has many consequences. First of all, it is part of the
reason that there are many quantum field theories of point particles but
not many string theories. Since there is a Lorentz invariant interaction
vertex in fig. 1.6a, we can choose some special factors to be included at
this vertex in defining the Feynman amplitude. The choice of these factors
corresponds to the choice of which quantum field theory one wishes to
study. On the other hand, in fig. 1.66, any part of the diagram looks
locally like the propagation of a free string; once we have decided upon
the rules for the propagation of the free string, there are no additional
choices to be made. It is still necessary to understand why there are not
many possibilities for the free string; this follows from the subtleties that
arise in trying to quantize (1.3.8) and its various generalizations. But
once we settle on a free theory, the form of the interactions is uniquely
determined, simply because there is no Lorentz invariant interaction point
in fig. 1.66.

(«)

Figure 1.7. Here we sketch in (a) a one-loop Feynman diagram (with interaction points
marked p, q, r and s), and in (b) the corresponding string diagram for closed strings.

Closely related to this is a heuristic explanation of why string theories
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1.4 String Interactions 31

are free of the ultraviolet divergences that plague the quantum field the-
ories of point particles. In fig. 1.7, we have sketched a one-loop Feynman
diagram, which in quantum gravity would diverge in the ultraviolet, and
the corresponding closed-string diagram. The string diagram of fig. 1.76
differs from the field-theory diagram of fig. 1.7 a in that every world line
or propagator of a point particle has been replaced by the world tube of a
propagating closed string. The two diagrams are evaluated by integrating
over the trajectories in space-time of the propagating points or strings.
Insofar as the strings in fig. 1.76 have a very small radius, this figure re-
duces approximately to fig. 1.7a; this is how field theory emerges as the
long wavelength limit of string theory.

Why are there ultraviolet divergences in fig. 1.7a but not in fig. 1.76?
The crucial difference is that in fig. 1.7a there are well-defined interaction
vertices, labeled p, q, r and s. The ultraviolet divergence occurs because
when p = q = r = s the propagators connecting the vertices simultane-
ously blow up. In the string diagram of fig. 1.76, there is no well-defined
analog of the interaction vertices p, q, r and s of the field-theory diagram.
There is consequently no analog of the dangerous region p = q = r = s.
While this certainly does not prove the finiteness of fig. 1.76, which can
only be established by a computation once the necessary machinery is
developed, it is a strong hint.

Figure 1.8. Here we sketch all of the closed-string diagrams that contribute to the four-
particle amplitude; there is one and only one diagram in each order of perturbation
theory.

Another basic difference between field-theory diagrams and string dia-
grams is that there are far fewer string diagrams. For every field-theory
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(a)

Figure 1.9. Several distinct field-theory diagrams may become isomorphic as string
diagrams. In (a) we show several Feynman diagrams that in field theory represent
one-loop corrections to a four-particle amplitude; in (b) we show the corresponding
closed-string diagrams. The closed-string diagrams of (6) all have the same topology,
so they represent different integration regions in the same string diagram.

diagram there is a corresponding string theory diagram made by blowing
up world lines into world tubes. For closed strings this is indicated in
fig. 1.9. But several different Feynman diagrams may give rise in this way
to the same string diagram, as illustrated in that figure. In fact, in the the-
ory of oriented closed strings, there is one and only one Feynman diagram
in any given order of perturbation theory, shown in fig. 1.8, correspond-
ing to the fact that oriented two-dimensional manifolds are completely
specified by giving the number of handles (or loops) and the number of
holes (or external particles). The classification of string diagrams is mor-e
complicated in theories with open strings or unoriented closed strings,
but still there are far fewer string diagrams than Feynman diagrams. The
reason that it is possible for a string theory with just a few diagrams to
reproduce at low energies a field theory with many Feynman diagrams is
that, in different limits of the integration over the size and shape param-
eters of the string world sheet, a single string diagram can approximately
reproduce many Feynman diagrams. For instance, the one-loop diagram
in fig. 1.8 reduces in different limits to any of the diagrams in fig. 1.9.

I.4.2 Vertex Operators

At first sight it would appear rather formidable to evaluate an integral
over string world sheets corresponding to one of the diagrams of fig. 1.9.
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Figure 1.10. Conformal invariance makes it feasible to evaluate string diagrams.
Among other things this makes it possible to compactify the world sheet, closing off
the holes corresponding to incoming and outgoing particles. The external string states
in, say, part (a) of this figure are thereby projected to points, indicated as 0 in (6); at
these points insertions of suitable local operators must be understood.

What makes this feasible is the invariance of (1.3.8) under a conformal
rescaling of the world-sheet metric hap —> e^hap. By a suitable choice of
^, fig. 1.10 a in which the world sheet has tubes extending into the far past
and the far future corresponding to incoming and outgoing strings can be
converted into fig. 1.106 in which the world sheet is compact. At the
same time, the holes in the string world sheet corresponding to external
states are closed up, and the external string states appear as points, as in
fig. 1.106.

®i

Figure 1.11. A world sheet with one incoming and one outgoing string (as in (a)) can
as described in the text be conformally mapped to a variety of other figures. It can be
mapped to the plane of (b) with the incoming string appearing at the origin and the
outgoing string at infinity (not shown) or to the sphere of (c) with the incoming and
outgoing strings appearing at the south and north poles.

What sort of conformal change of metric can bring about this magic?
Consider the simplest case of a world sheet with only one incoming string
and one outgoing string, described by the cylinder of fig. 1.11a, with
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metric ds2 = dz2 + dy>2, -oo < z < oo, 0 < <p < 2?r. If we let z = lnr,
this becomes ds2 = r~2(dr2 + r2d(p2). By a conformal change of metric
ds2 —» ds2 — r2ds2 we get a new metric ds2 = dr2 + r2d<p2, which we
can recognize as the metric of the plane. In effect the incoming string,
which was a circle in the far past (z = —oo, 0 < <p < 2TT), has been
projected to a point at a finite distance (r = 0) as shown in fig. 1.116,
and the outgoing string has been projected to the point at infinity. If
we wish to project both the incoming and outgoing strings to a finite
distance, we must pick the conformal factor to be not r2 but something
that behaves like r2 for small r and like r~2 for large r. If for instance
we rescale the metric ds2 by a conformal factor r2(l -f r2/a2)~2, then the
new metric ds2 — (dr2 + r2dip2)/(1 + r2/a2)2 is the standard round metric
on the sphere. The incoming and outgoing strings are now finite points,
namely the south and north poles in fig. 1.11c. For a more complicated
string diagram with many external lines, the conformal factor e^ can be
chosen to map each of them to finite points. The essence of the matter is
that to map a given incoming or outgoing string L to a finite point, only
the asymptotic behavior of ê  far out on L is relevant; the asymptotic
behavior of e^ can be chosen independently for each L. We will discuss
the conformal mappings of string diagrams in more detail in later chapters,
especially in chapter 11.

If we do conformally map the external string states to finite points, their
quantum numbers will not be simply lost. At each point, marked ® in
fig. 1.10, to which an external string has been mapped, there must appear
some local operator with the quantum numbers of the string state that
was mapped to that point. We thus are led to the idea that for each string
state we must find some local operator in the (l + l)-dimensional quantum
field theory that describes string propagation. The local operator that
corresponds in this way to a given string state |A) is called the 'vertex
operator' for emission or absorption of |A). These vertex operators turn
out to be remarkably useful tools.

Without pretense of rigor, let us simply try to guess suitable vertex
operators in the case of closed strings. First of all, for each particle type
A in the closed-string theory we find a local operator W\(<T,T) that is a
scalar under reparametrizations of a and r (since there is no preferred
parametrization in fig. 1.10) and has the same Lorentz quantum numbers
as A. W\ will be a suitable polynomial in X9* and its derivatives. For
instance, if A is the tachyon, which has spin zero under 26-dimensional
Lorentz transformations, we can simply take W = 1. If A is the graviton
G, we must pick W to have spin two; the minimal spin two operator
would be WQV = daX

tid<*X1' for a graviton of polarization \iv. Normal
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ordering for this operator and others considered later (such as e%kX) will
be assumed and not indicated explicitly. If A is the massless dilaton J9,
which has spin zero, we must again pick a spin zero operator; the minimal
choice that is orthogonal to the tachyon operator is Wp ~ daX^d^X^.

The operators W\ that we have just defined transform correctly under
Lorentz transformations, but we must also take account of space-time
translations. Under the global symmetry X^ —> X11 + a)1 in which the
position of each string is shifted by a constant a**, the wave function of
an external state of momentum k^ is multiplied by e . The simplest
quantum field operator that transforms in this way under X*1 —• X^+a^ is
the operator elk'x, so we postulate that this factor is present for emission
or absorption of a string of momentum k^. In addition, we must note that
in fig. 1.10 the point marked ® at which a given vertex operator is inserted
may appear anywhere on the surface. Putting these facts together, we are
led to define the operator

VA(k)= jd2aVhWA(a,r)eikX (1.4.3)

for emission or absorption of a string state of type A and momentum k^.

1.4-3 Use of Vertex Operators

Figure 1.12. Representation of the amplitude for the scattering of M external particles
of types Ai, A2, . . . , AM and momenta k\, k2,..., &M .
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How do we use these vertex operators, in practice? Figure 1.12 sug-
gests that the scattering amplitude for scattering of particles of types
Ai, A2,... Ajif and momenta A?i, A?2,... fcjif should be a path integral in
the (1 + l)-dimensional quantum field theory that governs string propaga-
tion with insertions of the operators VA- This would be (setting T = 1/TT)

t

A{A\, k\]A2, k2'-,... j AMfkj^f) = K ~ I DX(cT)r)Dhap(a^ r )

_ (L4-4)
x e x P -{7T-

Here K is a coupling constant, and the symbols DX^ and Dhap denote
path integrals on the compact string world sheet of fig. 1.11. We require
a surface that is topologically a sphere to evaluate tree diagrams, a torus
to evaluate one-loop diagrams or a surface with n handles (often called a
Riemann surface of genus n) to evaluate n-loop diagrams.

While it is possible to relate rigorously (1.4.4) to string diagrams such
as fig. 1.76, we will not attempt this here. (It will be one of our tasks
in later chapters, especially chapter 11.) Actually, in a first approach to
string theory the reader may simply think of (1.4.4) as the definition of
what a string scattering amplitude is supposed to be. We certainly do not
know at present which formalism of string theory is more fundamental,
and the vertex operator formulation in (1.4.4) is as good a starting point
as any other.

Equation (1.4.4) should seem like a rather startling formula. In (1.4.4),
a scattering amplitude in 26-dimensional space-time is expressed in terms
of a correlation function in an auxiliary (1 +1)-dimensional quantum field
theory. According to the standard LSZ formalism of quantum field theory,
correlation functions in a (1 + l)-dimensional field theory may very well be
related to scattering processes in a (1 + l)-dimensional world. That they
can be interpreted instead to give scattering amplitudes in 26 dimensions
is one of the wonders of string theory. It is one of many surprising and
still largely mysterious relations and analogies between phenomena that
occur on a string world sheet and phenomena that occur in space-time.

Actually evaluating (1.4.4) would be a hopeless task were it not for
the conformal invariance that we discussed earlier. The 2 x 2 symmetric
tensor h has three independent components. By a reparametrization of
the world sheet we can eliminate two of these three components. Locally,
as we discussed before, one can by reparametrization of cr, r put h in
the form h = e^Ao, where ho is any desired metric on the string world
sheet. According to a classical theorem of Riemann, the same is also true
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1.4 String Interactions 37

globally in the case that the world sheet is a sphere or, in other words,
for tree diagrams. We will now concentrate on this case, with the goal of
explicitly evaluating the tree diagrams.

Figure 1.13. A stereographic projection from the two sphere S2 onto the plane.

The theorem just cited ensures that by a choice of parametrization we
can write h = e^/io, where ho is, for instance, the standard round metric
on the sphere 52. Actually, it is even more convenient to use the conformal
invariance to make a stereographic projection of the sphere onto the x — y
plane J?2, as shown in fig. 1.13. Thus, in effect, we can take haP = e^S01^
(i.e., ds2 = e^(dx2 + dy2)), where now x and y are coordinates on the
plane. Moreover, by virtue of conformal invariance the e^ factor drops
out of (1.4.4), which simplifies to

J
M

(1.4.5)
The important point here is that now we are doing free field theory on
a flat two-dimensional world, so we can expect to be able to evaluate
(1.4.5).

In going from (1.4.4) to (1.4.5), the h integral has disappeared rather
effortlessly. Actually, a few subtleties in this procedure should be noted.
First of all, we must ask whether the conformal invariance used to discard
(j) in h = e^ho is really valid or suffers from a quantum anomaly. In
checking this it is important to take account of Faddeev-Popov ghosts
that arise when one imposes the gauge choice h = e^ho. We postpone
until chapter 3 the analysis, which is slightly technical. Here we note
merely the result: the conformal invariance and with it the derivation of
(1.4.5) hold in, and only in, 26 dimensions.
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Of more immediate concern, requiring ds2 = e^(dx2 + dy2) does not
quite uniquely fix the reparametrization invariance. This form of h is
preserved by global conformal transformations of the world sheet S2.
The relevant conformal transformations are most easily written in terms
of z = x + iy. In terms of this complex coordinate, the world-sheet
metric is ds2 — e^dz dz. If we change coordinates from z to some
analytic function w(z), so that dz = (dz/dw)dw, the metric becomes
ds2 = e^\dz/dw\2dwdw, which is still in the conformal gauge. These are
the coordinate transformations that are permitted by the gauge choice

Infinitesimally, the residual gauge invariances are thus transformations
6z = e(z), where e is an analytic function of z. Actually, e is not an
arbitrary analytic function of z, but is subject to a strong restriction, for
reasons that we will now describe. Though we have made a stereographic
projection to the complex z plane, the string world sheet was originally
the sphere S2 - which we may think of as the Riemann sphere consisting
of the z plane plus a 'point at infinity.' We must require that the infinitesi-
mal coordinate transformation 8z = e(z) does not have a pole at the point
at infinity. The analysis is conveniently carried out in terms of a new co-
ordinate z = 1/z, in terms of which the point at infinity is an ordinary
point, namely the origin, 1 = 0. The coordinate transformation Sz = e(z)
becomes in the new coordinate system Sz = —Sz/z2 = —e(z)/z2. It is
nonsingular at z = 0 if and only if e(z)/z2 is finite for z —> oo. Conse-
quently, e must be a quadratic polynomial; the residual symmetries not
removed by the choice of the conformal gauge are infinitesimally of the
form 6z = a + bz + cz2

y with a,b,c being three arbitrary complex param-
eters. These transformations generate a group isomorphic to the group
SX(2, C) of 2 x 2 complex matrices of determinant one. This subgroup of
the original reparametrization group has not been removed by the gauge
fixing that led to (1.4.5), and therefore we will have to complete the gauge
fixing shortly.

1.4-4 Evaluation of the Scattering Amplitude

It is actually not difficult to evaluate (1.4.5) in the case in which the
external particles are tachyons, with Vo = Jd2ze%kX. In this case, (1.4.5)
reduces to

r M M

A = KM~2 / I P 2 * . ' ' ([[eMiki - *(*,-)}), (1.4.6)

where () represents an expectation value with respect to the gaussian
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1.4 String Interactions 39

measure defined by the free field path integral as shown in (1.4.5). To
evaluate (1.4.6), recall the standard formula for gaussian integrals (ob-
tained by completing a square)

(exp{Jid2zJll(z)X»(z)})=exp{±Jd2zd2z'Jli(z)G(z,z')Jt'(z')},
(1.4.7)

where Jft(z) is an arbitrary source and G(z, z') is the propagator of the
free field X11. We are dealing in (1.4.6) with the special case
Efei kf S2(z - Zi). Hence (1.4.6) reduces to

r M7n
M

i= l i<j

Because of normal ordering, we do not include terms with i = j in the
product in (1.4.8). As for the propagator in (1.4.8), it is the Green function
for the two-dimensional Laplace equation, satisfying

AzG(zJz') = 27r62(z-z'). (1.4.9)

(Az is the Laplacian with respect to the variable z.) This equation has
the solution

G{z,J) = -27T j y^—f— = HA* ' * I), (1-4.10)

where fi is an arbitrary infrared cutoff needed to handle the divergence at
q = 0 in (1.4.10). From (1.4.8) we therefore get

where a //-dependent factor has been absorbed in the unknown coupling
constant. (Properly, the \i dependence cancels a similar dependence com-
ing from the normal ordering or in other words from the terms with i = j
in (1.4.8).)

Equation (1.4.11) is very nearly our final form for the scattering ampli-
tude. It expresses the M-point amplitude not as a path integral but as
an integral over a finite number of variables, the points Z{, i = 1 , . . . , M
at which the external strings were attached to the world sheet. However,
the integral in (1.4.11) is infinite. The reason for the infinity is that,
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40 1. Introduction

as mentioned earlier, the gauge fixing that we used in deriving (1.4.11)
did not completely remove the reparametrization invariance, but left a
residual symmetry 6z = a + bz + cz2, where z = x + iy. Because of the
failure to remove this residual invariance, the integral in (1.4.11) contains
an integral over the infinite volume of the group SL(2,C). The remain-
ing gauge fixing is easily carried out. The three complex parameters of
SX(2, C) can be used to set any three of the Z{ to any desired values. It
is convenient (and conventional) to choose z\ = 0,^2 = 1,23 = 00. In the
limit as 23 —> 00, terms \z$ — Zj\ks'kj'2 can be dropped in (1.4.11). The
reason for this is that for \z$\ —> 00 these terms become independent of
the Zj for j ^ 3, and they are also momentum independent since (using
momentum conservation)

n Uo|*3-&>/2 _ I 1-^1/2 _ U 0 |w 2 /2 /1 A i o \

|^3| — l~3| — l^3| 7 yL.'T.L&j

where m2 is the mass squared of the ground state. (As we shall see shortly,
the requirement of £X(2, C) invariance demands that m2 = —8.) We will
simply discard this factor since it is independent of external momenta;
properly it cancels the mini-Faddeev-Popov determinant that enters in
SL(2, C) gauge fixing. The scattering amplitude thus reduces to

r M M

— I I I J I I I j I I — j I I I I • — 31 *
^ /=4 i = 4 4 < t < i < M

(1.4.13)
For the four-point function, this reduces to

A = K2 / ^ M * 1 ' * 4 7 2 ! ! - zi\h-hl2. (1.4.14)

This four-point function was first introduced by Virasoro; it was general-
ized to an M-point amplitude by Shapiro.

1.4-5 The Mass of the Graviton

The reader will immediately note that (1.4.14) is not manifestly cross-
ing symmetric; that is, it does not possess any obvious symmetry under
permutation of the momenta &i,..., k±. It is possible to check by hand
that (1.4.14) is crossing symmetric if and only if the external tachyons
are all on mass shell, k2- = 8, j = 1, . . . ,4. This is one way to determine
the tachyon mass, and it gives the same answer that comes from quan-
tization of the string action as sketched earlier. A more satisfying way
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to understand this important point is to note that (1.4.8), while unac-
ceptable because it contains the unwanted integration over the SL(2, C)
manifold, is manifestly crossing symmetric. The crucial step in deriving
(1.4.14) from (1.4.8) was SL(2,C) gauge fixing, and (1.4.8) will be cross-
ing symmetric if this SL(2, C) symmetry is really valid. To make sure
that (1.4.14) is crossing symmetric, we must make sure that (at least at
this level) there is no anomaly in SL(2, C) invariance.

One aspect of 5Z(2, C) symmetry is that the integrated vertex operator
V = f<Paeik'xW should be SL(2,C) invariant. After all, an SL(2,C)
transformation is just a special case of a reparametrization of the world
sheet, and V, which describes the amplitude for emission or absorption
of a string from anywhere on the world sheet, should be invariant under
reparametrizations. A special case of an 5X(2, C) transformation is the
global rescaling of the world sheet z —> tz (or infinitesimally 6z = bz). As
the integration measure cPz picks up a factor of t2 under such scaling, V
can be invariant only if e transforms with a factor of £~2. This amounts
to saying that the quantum field operator etk should be an operator of
dimension two. At first sight, this looks impossible, since global scale
invariance of the gauge-fixed string action (1.3.9) requires that X** be
dimensionless; classically if X is dimensionless then etkX is dimensionless
as well. The only hope is to find a suitable quantum anomalous dimension
of the operator e%kX. It is unusual to find anomalous dimensions in free
field theory, but it turns out that for free spinless fields in 1 + 1 dimensions,
this does occur.

The quickest way to determine the anomalous dimension of the oper-
ator eikX is to study the two-point function of this operator. In gen-
eral, in a scale invariant theory the two-point function of an operator Y
of dimension p is (Y(z)Y(0)) = C\z\~2p for some constant C. From
our above discussion, the two-point function of the operator e%kX is
{ C IM(I ) C - IM(0)J = |*|-*2/2. From this we can read off the fact that eikX

is an operator of (anomalous) dimension k2 /4. Requiring it to have di-
mension two determines the tachyon mass squared to be m2 = —k2 = —8.
In fact, the reader can easily check that the M-point amplitude (1.4.8)
is invariant under global scale transformations, provided m2 = — 8 and
momentum is conserved, ]T) fct- = 0. It is also possible to verify that full
SL(2,C) invariance holds in (1.4.8) under the same conditions.

What we have determined in (1.4.13) is the amplitude for scattering
of n tachyons. This amplitude has the excellent ultraviolet behavior for
which string theory is famous. Of more theoretical interest, perhaps,
is to construct a graviton scattering amplitude with the same excellent
ultraviolet behavior. This can be done in a similar way. One simply
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replaces the tachyon operator V = f d2cretkX with a graviton opera-
tor V^ = Jd2adaX

fld(*X1/eikX
J and otherwise one repeats the above

calculation. The algebra involved is much more complicated than in
the tachyon case (but far simpler than computation of graviton-graviton
scattering in field theory!). We will postpone actual computation of
graviton-graviton scattering until chapter 7, where we will carry out such
computations in the even more interesting case of superstring theories,
which are completely consistent and tachyon free. Here we may sim-
ply pause to determine the graviton mass. Like the tachyon mass, it
can be determined by requiring global scale invariance of the integrated
vertex operator. This amounts to saying that W^v = daX

fid°eXl/eik'x

should have dimension two. The difference from the tachyon case is
that because of the two derivatives that are present, W^ has dimen-
sion two already at the classical level, and therefore in this case we wish
the anomalous dimension of e to be zero. Since this operator actu-
ally has anomalous dimension A:2/4, requiring its anomalous dimension
should be zero means that k2 = 0 or in other words that the gravi-
ton is massless. This is certainly one of the most efficient ways to see
that string theory gives rise to a massless spin two particle. In the same
way we can see that the dilaton with Vj) = J a^crdaX^X^e^^ or
the antisymmetric tensor with V£" = f <PaeQPdaX>ldpX''eik'x must be
massless. This completes the list of massless particles (in the closed-
string theory) since there are no other suitable operators of dimension
two. Other possible vertex operators correspond to particles of positive
mass squared. For instance, a spin four particle Y with vertex operator
ypvXp = Jd2adaXfid<xXud(3X

xd^Xf)eik'x would have to be a massive
particle of m2 = +8.

1.5 Other Aspects of String Theory

1.5.1 Gravitational Ward Identities

The masslessness of the graviton appeared by surprise in the above dis-
cussion, just as it did historically. Nothing in the discussion justifies any
expectation that this 'graviton' will couple in a gauge invariant way, yet
one might conjecture that this will turn out to be true simply because
general covariance is one of the few possible ways to make a consistent
theory of a massless spin two particle. It is, in fact, not hard to show the

The only other possibility seems to be to have a massless spin two particle with
a linear gauge invariance that couples via derivative interactions only. This is
analogous to a massless vector meson that couples to neutral particles only via
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appearance of Ward identities analogous to those that are deduced from
general covariance in generally covariant field theories.

= 0

(a) (b)

Figure 1.14. Depicted here is the scattering amplitude for M gauge bosons for one
of which (shown with ®) we pick a longitudinal polarization state. In QED this
amplitude (a) would simply vanish, while in a nonabelian theory the structure of the
Ward identity is more complicated, as in (b).

Let us first recall the nature of Ward identities in field theory. Con-
sider in QED the M-point function ^1/*2.../*M(^I>^2> • • • ,&Af) f°r M ex-
ternal photons of polarizations / / i , . . . , [XM and momenta &i,..., kjy- In
QED this amplitude vanishes (even off shell) if one of the photons is
taken to have a longitudinal polarization depicted by ® in fig. 1.14. Thus
k1*1 Afilfi2m,mflM(ki, &2> • • • 5 &Af) = 0. It is instructive to recall how this is
proved. The M-point function is written in terms of a current correlation
function,

= /

x(T(Jlll(x1)Jp2(x2)...JllM{xM))),
(1.5.1)

with J^ being the electromagnetic current, T denoting a time ordered
product, and ( ) denoting a vacuum expectation value. Because the elec-

derivative interactions such as magnetic moment couplings. Theories of massless
spin two particles with derivative couplings only seem to be unrenormalizable
and to suffer from certain other pathologies, but there is no general theorem
guaranteeing that there cannot be a consistent theory of this kind.
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tromagnetic current is conserved, we have

. ./„„(*„))) = 0. (1.5.2)

Because the electromagnetic current commutes with itself, we can bring
the derivative out of the T product and write

0 = dlii(T{J^{xl)Jll2(x2)...Jlln{xn)). (1-5.3)

Inserting this latter equation in (1.5.1) and integrating d^ by parts, one
arrives at the Ward identity

k*tlAfllfl2^n(kuk2,...,kn) = 0. (1.5.4)

In the nonabelian case the structure of Ward identities is more com-
plicated. Roughly speaking, the electromagnetic current is replaced by
Yang-Mills currents J®, which, while still conserved, do not commute
with each other. Hence, in trying to remove the derivative d^ from inside
the T product, one picks up extra terms involving equal-time commuta-
tors. Therefore, the M-point function with one longitudinal polarization
vector is not zero off shell but is expressed in terms of certain unphysical
(M — l)-point functions in which the external gluon with longitudinal
polarization has been contracted with one of the others, as in fig. 1.14.
A further analysis is required to show that these (M — l)-point functions
vanish on shell.

Let us now sketch the basic idea of how Ward-like identities arise in
string theory. An external graviton of momentum h*1 and polarization
(pv would be represented in (1.4.5) by insertion of

^ . (1.5.5)

(Here, as in our evaluation of the string scattering amplitude, we have
made a stereographic projection of the string world sheet onto the complex
z plane, the integration measure being then dzdz.) We wish to show
that the amplitude vanishes if (pP is a longitudinal polarization tensor,
(nv — &/iCi> + ky^p. It is enough to consider the case in which (^u is
replaced by k^p since the other term may be treated similarly. With
CIAU = kp(v we get

T7 f j „ , dXdX ikX . / f ^ dXvdeikX

V J d d k ( t k X j ddC= J dzdzkfl(p——etkX = -ij dzdzCy-Q=—^-. (1.5.6)

Integrating by parts and discarding a total divergence (which vanishes
because we are really integrating over a compact string world sheet), this
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reduces to

dzdz^^Cve
ikX. (1.5.7)

Now, the field equation of the (1 + l)-dimensional quantum field theory
that governs string propagation is - in the conformal gauge we are using
- simply d2Xv/dzd~z — 0. If therefore we were entitled to use the field
equations inside the path integral of (1.4.5), we would conclude that V = 0
for gravitons with longitudinal polarization. Trying to use the equations
of motion inside the path integral is a step analogous to claiming in QED
that (dfilT(JtllJfi2...Jtln)) = 0 because d^J* = 0. While that step is
valid in QED, in Yang-Mills theory and in string theory things are not
so^simple. In particular, in string theory a path integral with an insertion
of d2X^/dzdz is not zero but gives rise to equal time commutator terms
similar to those in the Ward identities of Yang-Mills theory. In Yang-Mills
theory one proves with a somewhat technical analysis that these equal
time commutator terms vanish if all other external lines are on mass shell.
In string theory the same conclusion can be reached by a short cut. The
equal-time commutator terms do not depend on the full set of kinematic
variables but only on a subset (an equal-time commutator term made by
contracting two external lines of, say, momentum A:,- and kj, respectively,
would depend on k{ + kj but not on k{ and kj separately). An amplitude
that depends only on a subset of the kinematic variables cannot have the
Regge-like asymptotic behavior that the on shell scattering amplitudes are
known to have in string theory. Consequently, the equal-time commutator
terms must vanish when all external lines are on shell. The argument we
have just made is usually called the 'canceled propagator' argument, for
reasons that will be more clear when we return to the subject in chapter 7.

The decoupling of longitudinal gravitons is only one of the conditions
in general relativity that follows from the underlying general covariance.
General relativity implies that a graviton of polarization (^ and momen-
tum k° must obey not only k2 = 0 but also k^^p = (* = 0. How
do these additional conditions emerge in string theory? The essence
of the matter is that in determining the dimension of the operator
V = Jd2<T(tll/(dX<i/daQ)(dX'//daa)e

ik'x we merely added the dimen-
sion (two) of ^v{dX^ldaa){dXvldaa) and the dimension (ifc2/4) of eik'x.
In general, this would not be valid. The dimension ©fa product A(a)B(a)
of local operators A and B at the same point a is not always the sum of
the dimensions of A and 5 , because of short distance singularities in the
operator product A(cr)B(a), which must be removed by normal ordering
in order to define what one means by AB. In the case of the graviton
vertex operator, with A = (^(dX* /da^dX"/daa), and B = eik'x, the
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operator A is free of normal ordering ambiguities (which would prevent it
from having definite dimension two) if ($ = 0, and the operator product
AB is free of singularities if k^C^ = 0. If these conditions are obeyed,
/ cPaAB is an acceptable vertex operator provided k2 = 0. If they are not
obeyed, it is not possible to make a conformally invariant vertex operator
for any k2. This, together with our previous discussion of Ward identities,
shows how (in this formalism) string theory recovers the conditions that
follow from general covariance in general relativity.

1.5.2 Open Strings

(c)

Figure 1.15. A 'planar' world sheet for scattering of open strings is sketched in (a). It
can be conformally mapped onto the disk of (b) or onto the upper half of the complex
plane as in (c). In either case external open-string states appear as insertions on the
boundary; these are denoted by 0 in (b) and (c).

Let us now leave the subject of closed strings, and discuss how similar
ideas can be applied to open strings. In fig. 1.15 we have sketched three
equivalent representations of a tree level diagram for scattering of open
strings. Particularly convenient are the pictures of fig. 1.156 and c in
which the world sheet is mapped onto the disk or the upper half plane
with the external strings appearing as finite points on the boundary. In
such formalisms, since the external open string is inserted only on the
boundary of the world sheet, its insertion is described by an operator of
the form V = Jdry/hTTU(r)y where r is a parameter on the boundary of
the world sheet. Invariance of V under conformal rescaling of the metric
hTT —> e^hrr requires now that U should have dimension one (and not two
as for closed strings). Like we did for closed strings, we write U = W-eikX

and try to choose for W a polynomial in X1* and its derivatives. For a
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spin zero particle we can take W = 1; this necessitates k2 = 2, so we
are dealing with a tachyon of mass squared —2. For spin one we try
W = dX^/dr. This requires k2 = 0, so we are dealing with a spin one
massless 'photon.' Other choices of W correspond to particles of positive
mass squared.

The evaluation of open-string scattering amplitudes is similar to the
previous analysis for closed strings. For instance, to evaluate the M-point
function for scattering of tachyons, one conformally maps the world sheet
onto the upper half plane as in fig. 1.15 c. Representing a tachyon of
momentum k by an insertion of V(k) = f_™ dxetkX (with x running
over the real axis) the analog of (1.4.6) and (1.4.11) is

r M

A(kuk2 ...kM)= gM~2 / dxxdx2 . . . d x M ( [ [ e*-*<*>), (1.5.8)
J t=i

where g is a coupling constant. As in the closed-string case, (1.5.8) needs
some modification because the conformal mapping of the world sheet onto
the upper half plane is not quite unique. The residual symmetry group
consists of conformal mappings of the upper half plane into itself. With
z = x + iy these are generated by 8z = a + bz + cz2, where now a, b
and c must be real so that the boundary of the upper half plane (the
real axis) is mapped into itself. These transformations generate the group
SL(2, R) of 2 X 2 real-valued matrices of determinant one. The three real
parameters of this group can be used to set any three integration variables
to prescribed values (rather as in the closed-string case where the group
parameters and the integration variables in the integral representation of
the scattering amplitude were both complex).

1.5.3 Internal Symmetries of Open Strings

Before trying to fix this residual gauge invariance, let us discuss what is
the appropriate range for the integral over the x,- in (1.5.8). For closed

The anomalous dimension of the operator etkX inserted on the boundary of
an open string world sheet can be determined from the propagator, which we
compute in §1.5.4 below, and is Jb2/2. This is twice as large as the anomalous
dimension of the operator etkX regarded as a closed string vertex operator and
inserted on interior points. The factor of two arises because the short distance
singularity in the propagator {Xii{(T)Xv{(T1)) is twice as large when the points
a and <r' are boundary points, due to the contribution of 'image charges.' This
will become evident when we compute the propagator on the upper half plane in
§1.5.4.
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strings, the underlying reparametrization invariance did not permit us
to place any natural restriction on where on the string world sheet an
external closed string is to be inserted. For open strings, matters are
different. The M external open strings appear in fig. 1.156 in some order,
say 1 2 3 . . . M. A rotation of the world sheet can turn 1 2 3 . . . M into,
say, 2 3 4 . . . M 1, but no reparametrization can turn 1 2 3 . . . M into,
say, 2 1 3 . . . M. So the cyclic order in which the external strings appear is
invariant under reparametrization, and it makes sense to try to define an
amplitude in which the integral in (1.5.8) is carried out only over values
of the xi corresponding to a given cyclic order.

(a)

Figure 1.16. We can suppose that an oriented open string has a 'quark' at one end and
an 'antiquark' at the other end, as sketched in (a). They can be assumed to transform,
respectively, in the n and n representations of a U(n) symmetry group. When open
strings join, the quark and antiquark charges are required to match as in (b). The
group-theory factor associated with a general planar open-string amplitude, sketched
in (c), is then tr(AiA2 . . . AM) • In a more general string diagram, as in (d), a similar
group theory factor is assigned to each boundary component.

This possibility is related to some very important physics. Unlike the
closed string, the open string has two special points, the endpoints. It is
possible to assume that the open string carries 'charges' at its endpoints.
For instance, for oriented open strings we can suppose that there is a
'quark' at one end of the string and an 'antiquark' at the other end. We
introduce a U(n) symmetry group that acts only on these 'quarks' and
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'antiquarks', not on any of the other degrees of freedom, and we postulate
that the 'quark' and 'antiquark' transform respectively in the n and n
representations of U(n). When strings join, we require the charges to
match in the fashion indicated in fig. 1.166. The tensor product n ® n is
the adjoint representation of U(n), so an open string with a 'quark' at one
end and an 'antiquark' at the other end transforms in this representation;
its U(n) quantum numbers can therefore be specified by giving a U(n)
generator A. Such a generator is concretely an n x n matrix A*j, whose i
and j indices correspond to the U(n) states of the quark and antiquark,
respectively. If M external strings are attached to a disk in the cyclic
order 1 2 3 . . . M, then the rule of fig. 1.166 says that the 'antiquark'
index of each external string is to be contracted with the 'quark' index of
the next one; this produces in fig. 1.16 c the group-theory factor

(Ai )S 2 (A 2 )V-- (W% =tr(AaA2...AM). (1.5.9)

More generally, we can consider an arbitrary string world sheet whose
boundary may have more than one component, as in fig. 1.16c?. For each
boundary component we include a group-theory factor tr(AiA2 . . . Ajif),
the product running over all open strings inserted on that boundary com-
ponent. This factor is known as the Chan-Paton factor. Chan-Paton fac-
tors have no analog for closed strings, although internal symmetry groups
can arise for closed strings in a more subtle way that we will discuss in
chapter 6.

1.5.4 Recovery of the Veneziano Amplitude

Returning now to (1.5.8), let us calculate the coefficient of the group
theory factor tr(AiA2 . . . XM) o r m other words the amplitude correspond-
ing to the cyclic ordering 1 2 3 . . .M of the external lines. We must
eliminate the residual SL(2, R) reparametrization symmetry. A con-
venient way to do this is to use the 5X(2, R) invariance to fix, say,
x\ = 0,Xjif_i = l,£jif = 00. Evaluation of (1.5.8) then requires only
a knowledge of the free-field propagator on the upper half plane. This
can be easily determined by the method of images. On the whole plane
the propagator was determined earlier to be G(zyz

f) = In \z — z'\\ on the
upper half plane we must include an image charge so that G satisfies the
boundary condition that its derivative normal to the real axis vanish when
z(= x + iy) is real, i.e.,

^z"> = 0, when y = 0. (1.5.10)
dy
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This has the solution G(z,z') = ln\z - z'\ + ln\z - ~£\, where i* is the
image point. (If z1 = (x,y), then ~z* = (x, -y).) What we actually need
in (1.5.8) is the propagator between two points that are both on the real
axis, and this is G(x,x') = 2 In \x - x'\. Allowing for this factor of two,
the evaluation of (1.5.8) gives

A =gM~2 I dx2dx3 . . . dxM_2

0<X2<X3<...<XM-2<l ( v

M-2 (1.5.11)

2<l<m<M-2

This is the Koba-Nielsen M-particle generalization of the Veneziano am-
plitude. For the four-point function it simplifies using (1.1.1) to

l

A = g2 jdx xk^(l - xf^ = g2B(-S- - 2, - 1 - 2). (1.5.12)

o

This is the original Veneziano amplitude.

Figure 1.17. In (a) a string diagram with both closed and open strings as external
particles is sketched. After a conformal mapping that projects the external strings
to finite points, the open strings are represented by vertex operators inserted on the
boundary of the world sheet, and the closed strings are represented by vertex operators
inserted in the interior, as in (b).

More generally, we can calculate a scattering amplitude with both open
and closed strings in the initial and final states. For example, in fig. 1.17a
we sketch a string diagram with external open and closed strings, which
can be conformally mapped to the upper half plane. After this mapping,
the external open strings are represented by vertex operators that are in-
tegrated over the real axis (with some cyclic ordering), while the closed
strings are represented by vertex operators integrated over the whole up-
per half plane. This is depicted in fig. 1.176.
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1.5.5 Comparison With QCD

In this discussion, we have simply pulled the Chan-Paton factors 'out of
a hat', noting that they did not in any obvious way ruin the consistency
of the theory. Historically, however, the Chan-Paton factors played an
important role in the attempt to interpret string theory as a theory of
hadrons. In fact, the unitary Chan-Paton symmetry group was inter-
preted as what we would now call the 'flavor group' of strong interac-
tions. For instance, with three 'flavors', that is if the quarks at the end
of the string come in three types (say u,d,s), the Chan-Paton group is
17(3) ~ 577(3) x [7(1). Here 5/7(3) corresponds to the symmetry of the
eight-fold way.

In this historical interpretation of the model, the open string corre-
sponds to a meson, with a quark at one end and an antiquark at the other
end. The 'string' is some sort of a force that holds the quark and anti-
quark together. The closed string is what would now be called a glueball,
that is a neutral state made out of the force carriers that hold together
quarks and antiquarks. Of course, the model has a few problems. First,
there are tachyons; second, it seems to be impossible to introduce explicit
[7(3) symmetry breaking without pathologies; third, there are embarrass-
ing massless particles that do not have cousins in the strongly interacting
world. What is more, while we might want to interpret the f/(l) fac-
tor in the Chan-Paton group [7(3) ~ SU(3) x [7(1) as baryon number,
the model is regrettably lacking in baryons or fermions of any kind. In
1971, Ramond made an interesting attempt to incorporate fermions in the
model. This led, however, not to a theory of strong interactions but (after
many twists and turns) to supersymmetry, supergravity and superstrings.

Despite the many failures of string theory as a theory of strong interac-
tions, there is a striking analogy between the open string and the modern
view of the meson as a qq pair held together by a QCD flux tube. In-
sofar as the invention of string theory was not merely a lucky accident,
this analogy is the reason that hadronic physics inspired the invention of
string theory. The classification of string diagrams in terms of the topol-
ogy of the world sheet actually has a close counterpart in QCD. If one
generalizes the color group of QCD from SU(3) to SU(n), it is possible
to argue that the SU(n) theory should have an expansion in powers of
1/n quite analogous to the topological expansion in string theory. The
large-n limit of QCD involves planar diagrams like those in fig. 1.18. So
far the mathematics of the 1/n expansion in QCD has been intractable -
like all other approaches to a quantitative understanding of the dynami-
cal aspects of QCD. The hope remains nonetheless that progress in string
theory will one day shed light on the 1/n expansion in QCD.
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Figure 1.18. Meson scattering in the large-n limit of QCD is described by 'planar'
Feynman diagrams with quarks on the boundary. Describing the flavor state of a
meson by the flavor matrix A,-, the planar amplitude for scattering of M mesons in the
cyclic order 1 2 3 . . . M involves a contraction of each quark with the antiquark of the
adjoining meson, and so involves the Chan-Paton factor tr(AiA2 . . . AM)-

Figure 1.19. If a closed-string world sheet with the topology of the two sphere S2 is
'cut', as in (a), one finds an intermediate state containing a single closed string. The
planar open-string diagram of (6) can be cut to reveal a single open string.

1.5.6 Unitarity and Gravity

String theory is certainly an unusual approach to formulating a rel-
ativistic quantum theory, and one consequence of this is that, while the
rules we have sketched for calculating scattering amplitudes are manifestly
Lorentz invariant, it is not too obvious that unitarity will be obeyed. In
fact, in studying unitarity one finds a number of surprises. Among them
is the restriction to ten or 26 dimensions, of which we will give a proper
account in the following chapters. But one surprise can easily be described
here.

Consider a complex string scattering process with strings 1 2 3 . . . M
in the initial state and strings 1' 2' 3 ' . . . Ml in the final state. A pre-
liminary step before trying to give a proper proof of unitarity is to ask,
for each given string diagram, what intermediate states occur in the reac-
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tion 1 2 3 . . . M -> 1' 2' 3 ' . . . Mf. The way to answer this is to 'cut' the
diagram in some way to separate the initial states from the final states.
The cut reveals the intermediate states. For instance, if one 'cuts' the
closed-string tree diagram of fig. 1.19 a to separate the initial states from
the final states, the cut is along a single circle, so the intermediate state
consists of a single closed string. Thus, the only singularities of the am-
plitude computed from this diagram will be single particle (closed string)
poles. That is why this diagram is known as a tree diagram. Likewise, a
'cut' of the open-string diagram of fig. 1.196 reveals a single open string
propagating in the intermediate state. Of course, these heuristic pictures
are only a starting point in discussing unitarity, a subject to which we
will return in chapter 7.

(a)

X^-:-^-V->Wv^A7

Figure 1.20. The basic couplings of closed and open strings are sketched in (a). Equal-
ity of the coupling K of three closed strings and the coupling K1 of a closed string to
two open strings follows from consideration of the diagram in (b).

Before moving on to a case that will give a more surprising answer, let
us discuss the coupling constants in string diagrams. We have so far in-
troduced an arbitrary coupling /c for the interaction of three closed strings
and an arbitrary coupling g for the interaction of three open strings. From
the discussion, they appear to be generalizations of the gravitational and
Yang-Mills couplings, respectively, and they appear to be independent of
each other. It is also possible to consider as in fig. 1.20 a a process in which
a closed string couples to an open-string pair. Let us call this coupling
constant K' . In general relativity K = /c', since general covariance requires
that the graviton (closed string) couples universally to energy-momentum
whether this is in the form of gravitons (closed strings) or matter (open
strings). We do not understand the analog of general covariance for string
theory well enough to make the analogous argument in string theory, but
we can prove that K = K! from unitarity. Consider the planar diagram
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with two external open strings and two external closed strings shown in
fig. 1.206. This diagram has a closed-string pole in one channel and an
open-string pole in the crossed channel. The residue of the closed-string
pole should be /c/c', while the residue of the open-string pole should be
K! ; thus we are forced to take K = /c', as suggested by the analogy with
general relativity.

- % •
l ^gK^

-0-
(a) (b)

Figure 1.21. A one-loop open-string diagram can be cut as in (a) to reveal two open
strings in the intermediate state or as in (b) to reveal a single closed string.

Now, in field theory of point particles the gravitational and Yang-Mills
couplings are entirely independent of each other, so field theory would
not suggest any relation between the closed-string coupling K and the
open-string coupling g. It is here that considerations of unitarity lead
to a surprise. The one-loop diagram with external open strings, shown
in fig. 1.21, can be cut in quite inequivalent ways to reveal either a pair
of open strings or a single closed string in the intermediate state. Thus,
this one amplitude has both a two-particle cut shown in fig. 1.21a and a
one-particle pole shown in fig. 1.216. The coefficient of the cut should be
#4, while the residue of the pole should be K' (or /c2, since we know that
these are equal), so unitarity requires a relation K ~ g2. This relation
between gravitational and Yang-Mills couplings has no real counterpart
in field theory of point particles.

Quantum field theory of point particles seems to be inconsistent in
the presence of gravity; at any rate (with the sole exception of (1 + 1)-
dimensional theories of propagating strings!) there has been little progress
towards constructing generally covariant quantum field theories that are
free of infinities. We have now learned that in string theory just the reverse
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holds. Not only is it possible to incorporate gravity in string theory; it
is necessary to do so. A string theory that does not describe gravity
would have to be a theory of open strings only. At the classical level (tree
diagrams), there is nothing wrong with such a theory, but at the one-loop
level one finds a graviton pole. The graviton pole in fig. 1.216 means that
at the one-loop level there simply is not a unitary string theory without
gravity.

1.6 Conclusion

String theory was invented as an approach to the strong interactions,
but as such it was not the right theory. String theory has given rise
instead to remarkable generalizations of Yang-Mills theory and gravity.
In particular, supersymmetric string theories or superstring theories seem
to be entirely free of the inconsistencies that plague quantum field theories
of gravity.

We have tried in this introductory chapter to convey some idea of what
string theory is, concentrating on the bosonic case for simplicity. In the
rest of this book we will attempt a systematic exposition of some of the
major approaches to this vast subject.

The logical foundations of the string theoretic generalization of Yang-
Mills theory and general relativity remain clouded in mystery. For this
reason among others, the coming decades are likely to be an exceptional
period of intellectual adventure.
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2. Free Bosonic Strings

In string theory, just as in other theories, it is necessary to understand
the free theory well before trying to describe interactions. Our first task
in a systematic exposition of string theory is to understand thoroughly
the propagation of a single free string in space-time at both the classical
and quantum levels. We begin in this chapter with a study of bosonic
strings. In the course of this discussion, we will approach the bosonic
string from many different points of view, corresponding to many differ-
ent formalisms that have been developed over the years. These include
various approaches to covariant and to light-cone quantization. Each adds
important ingredients to an overall understanding of string theory, so it
really is useful to become familiar with all of them.

2.1 The Classical Bosonic String

It may be helpful, as in the introduction, to begin with a discussion of
point particles. Thus, let us consider the motion of a point particle of
mass m in a background gravitational field, i.e., in a curved Riemannian
geometry described by a metric tensor g^x). The metric is assumed to
have D — 1 positive eigenvalues and one negative eigenvalue corresponding
to the Minkowski signature of D-dimensional space-time. We always use
units in which % = c = 1.

The action principle that describes the motion of a massive point par-
ticle is well-known, and already entered in the introduction. It is simply
proportional to the invariant length of the world line, i.e.,

S = -m f ds (2.1.1)

where the invariant interval is given, as usual, by

ds2 = -g^Wdx^dx". (2.1.2)

Suppose that a classical trajectory is written as x^(r), where r is an
arbitrary parameter that labels the points along the world line. Then

57
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58 2. Free Bosonic Strings

(2.1.1) may be written in the form

S = ~m I dryf^, (2.1.3)

where

r 2 = n (r\ X X (9 1 A\

The action principle (2.1.3) has a very important property. It is invari-
ant under reparametrizations r —> f(r) of the particle trajectory. Equa-
tion (2.1.3) therefore really characterizes the world line of the particle and
not a particular choice of coordinates. However, the square-root in the
formula is somewhat awkward. Also, the formula does not apply to mass-
less particles. To overcome these difficulties we introduce an auxiliary
coordinate e(r), which can be interpreted as an 'einbein' for the one-
dimensional geometry of the world line. In terms of the einbein (2.1.1)
can be re-expressed in the classically equivalent form

5 = | l{e-lx2 - em2)dr. (2.1.5)

If one solves the e equation of motion

x2 + e2m2 = 0 (2.1.6)

and substitutes back in (2.1.5), then the action (2.1.3) is recovered. In
the present form the r reparameterization symmetry can be described
infinitesimally as invariance of (2.1.5) under the transformations

Sx = £x (2.1.7)

Se = Atfe), (2.1.8)

where £(r) is an infinitesimal parameter with arbitrary r dependence.
This formulation is applicable to the massless case.

The reparametrization invariance can be used to make the gauge choice
e = 1/m. With this choice the conjugate momentum is simply

Pfi = mgilvx
v (2.1.9)

and the equation of motion is obtained in the usual manner. However,
(2.1.6) remains as a constraint. It can be interpreted as the mass-shell
condition, generalized to propagation in a curved background.
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2.1 The Classical Bosonic String 59

Quantum-mechanical propagation of point particles could then be de-
scribed by path integrals of the form

f DxDeeiS^e\ (2.1.10)

where the 'gauge symmetry' of (2.1.5) would still have to be dealt with.
Interactions among particles could be described by rules for the branchings
and joinings of world lines so as to build up Feynman diagrams. There
are many issues that could be pursued here, but perhaps this will suffice
to prepare the ground for a study of strings.

2.1.1 String Action and Its Symmetries

(a) (b) (c)

Figure 2.1. One might generalize a point particle (a) to a string (6) or a membrane
(c).

The point-particle actions can be generalized to objects of higher di-
mensionality. Our interest in this book is really in strings, but before
committing ourselves to this case let us briefly contemplate replacing
point particles by more general extended objects. If the objects are to
be n-dimensional (illustrated for the cases n = 0,1,2 in fig. 2.1), then the
obvious generalization of (2.1.1) is the invariant n -f 1-dimensional space-
time volume that it sweeps out. The coefficient must have dimensionality
(mass)n+1 to leave a dimensionless action. Alternatively, a formulation
free from square roots analogous to (2.1.5) can be used, and that is what
we discuss here. Since we are only describing bosonic degrees of free-
dom, the intrinsic geometry of the (n + l)-dimensional manifold can be
described by a metric hap((r). Specifically, the generalization of the first
term in (2.1.5) is

5 = - | [dn+i<xy/hhal3(<T)gllv(X)daX>1dl}X
v, (2.1.11)

where a® = T and the spatial coordinates a (i = 1,2, . . . , n) describe an n-
dimensional object. ha^ is the inverse of hQp and h is the absolute value of
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the determinant of hap. The metric hap has Minkowski signature so that
one of its eigenvalues is negative (timelike) and n are positive (spacelike).
The functions Xfi(a) give a map of the 'world-manifold' (line, sheet, tube,
...) into the physical space-time. hap(<j) describes the geometry of the
(n + l)-dimensional manifold and g^x) describes the geometry of the
D-dimensional space-time. It is necessary, of course, that D > n + 1.

Equation (2.1.11) has a geometric character; it is independent of any
particular choice of coordinates aa. This is manifest from the usual cal-
culus of general relativity: \/hdn+l<j is the invariant volume element,
and h^PdaXf'dpX1' is also invariant since tensor indices are properly con-
tracted. One feature that allowed for a sensible physical interpretation in
the point-particle case was the possibility of choosing a gauge in which
the metric hap (corresponding to e) was eliminated. Now in the general
case hap has ^(n + l)(rc + 2) components and there are ra + 1 indepen-
dent reparametrization gauge invariances. Thus after they are used up
\n(n + 1) components of h still remain. Hence for n > 0, h cannot be
eliminated simply by reparametrizations of the world surface. However,
there is one more local symmetry that occurs only in the particular case
of a string (n = 1) and must still be taken into account. There is a local
Weyl scaling of the metric

hap -> A(<r)hap (2.1.12)

under which

y/hh"!* -> Afr+V-iy/hh"*. (2.1.13)

This leaves 5 invariant when n = 1. Therefore in the case of strings the
counting suggests that it should still be possible to gauge away all the hap
dependence with the help of this extra symmetry.

Weyl invariance, or at least the ability to locally gauge away the hap
dependence, is central in the physics of strings. This is one of the things
that singles out strings as opposed to, say, membranes. Membranes and
objects of still higher dimensionality have another glaring problem, as
follows. Equation (2.1.11) defines an (n + l)-dimensional quantum field
theory, which by power counting is renormalizable for n = 1 and unrenor-
malizable for n > 1. Making sense of (2.1.11) as a quantum theory for
n > 1 is as difficult a problem as making sense of general relativity as a
quantum theory. Thus, membranes or higher-dimensional objects would
hardly be a promising start toward quantum gravity.

Henceforth only strings (n = 1) are considered. The parameter T has
dimensions of (length)"2 or (mass)2 and can be identified as the string
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2.1 The Classical Bosonic String 61

tension. It turns out to be related to the universal Regge slope parameter
(for open strings) by

T = (27ra/)-1. (2.1.14)

This will be established by quantizing (2.1.11) and determining the re-
sulting spectrum.

2.1.2 The Free String in Minkowski Space

While the action (2.1.11) is formulated for string propagation on a gen-
eral space-time manifold, this chapter concentrates on the case of flat
Minkowski space. A thorough understanding of this situation is a pre-
requisite for generalizations. Equation (2.1.11) reduces for flat Minkowski
space to

= -- f ^ (2.1.15)
M

The coordinate a has a range that can be chosen to be 0 < a < TT as a mat-
ter of convenience. Even in a flat background, one could add additional
terms to the string action (2.1.15). The possibilities that are compatible
with D-dimensional Poincare invariance and with power-counting renor-
malizability of the two-dimensional theory are

Sx = X f d2a\/h, (2.1.16)

and

S2 = ^ Id2ay/hRW(h). (2.1.17)
2TT J

The first one, Si, is a two-dimensional 'cosmological constant' term. It
does not have the Weyl symmetry of S and as a result leads to inconsistent
classical field equations. Specifically, the trace of the hQp equation of
motion for S + S\ implies that hap = 0, which is hardly acceptable,
unless A = 0. In S2, the expression R^2\h) denotes the intrinsic two-
dimensional scalar curvature of the world sheet formed from the metric
hap. Though it plays a significant role in relation to string interactions,
S2 is not important for our purposes here because in two dimensions
the combination \fhRS2'(h) is a total derivative. As a result, S2 does not
contribute to the classical field equations and does not enter in our current
task of quantizing the free string.
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62 2. Free Bosonic Strings

Let us turn now to the symmetries of (2.1.15). It has the local symme-
tries mentioned earlier regardless of the choice of background. These are
the reparametrization invariances

(2.1.18)

6haf* = Cd7h
ap - dy£"hrt - d^h^ (2.1.19)

(2.1.20)

and the Weyl scaling

Shafi = Ahafi. (2.1.21)

In addition there are global symmetries that reflect the symmetry of the
background in which the string is propagating. For flat Minkowski space
this is just Poincare invariance, described by

a»vX
v + V1 (2.1.22)

and

Shafi = 0, (2.1.23)

where a^ = 1)^0?v is antisymmetric. (77^ is the Minkowski metric.)
We emphasize that £a and A are arbitrary (infinitesimal) functions of <7a,
whereas a^ and V1 are constants.

2.1.3 Classical Covariant Gauge Fixing and Field Equations

The two-dimensional energy-momentum tensor is given by the variational
derivative of S with respect to the two-dimensional metric haP, so that

T ( 2 L 2 4 )

One finds

\ f p ' X ^ (2.1.25)

This is automatically traceless, hQ^Ta^ = 0, as a consequence of the Weyl
symmetry. The field equation 6S/Sha^ = 0 is the requirement Tap = 0.
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If we define GQp = d(

gives
aX

tid/3Xl

Ga/3

G

ti, and G =

= l-h(h^G

\detGap\,

«Ga.,

. )2

then vanishing of Tap

(2.1.26)

(2.1.27)

and thus

| I d2ay/hhQ^Ga(3 = I d2aVG, (2.1.28)
E E

which is precisely the formula for the area of the world sheet S, as first
proposed by Nambu.

The subsequent analysis of string dynamics and quantization is expe-
dited by making a convenient choice of gauge. The three local symme-
tries (two reparametrizations and one Weyl scaling) are used to choose the
three independent elements of hap so that hap — rjap = ("~0 l ) ' ^ e ^wo~
dimensional Minkowski metric. (This has to be considered more carefully
in the quantum theory.) Making this choice, the action simplifies to

= - | I d2aV
a^dQX • OpX. (2.1.29)

The Euler-Lagrange equation derived from (2.1.29) is simply the free
two-dimensional wave equation

In the case of open strings, (2.1.30) is necessary but not sufficient to ensure
that (2.1.29) is invariant under a general variation

X»-+X» + ex" (2.1.31)

The variation of (2.1.29) under (2.1.31) contains a volume term propor-
tional to (2.1.30), but also a 'surface term':

-T Jdr [X'pSX*^ - X'^X^o] = 0, (2.1.32)

The vanishing of this surface term gives the open-string boundary con-
dition. For closed strings, (2.1.30) and periodicity of X is necessary and
sufficient to ensure that (2.1.29) is stationary.
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64 2. Free Bosonic Strings

As usual in two dimensions, the general solution to the massless wave
equation can be written as a sum of two arbitrary functions

) , (2.1.33)

where

a" = r-a (2.1.34)

<T+ = T + <7. (2.1.35)

Xft describes 'right-moving' modes of the string and X% describes 'left-
moving' modes. It is convenient to introduce the world-sheet 'light-cone
coordinates' cr+ and cr~, since the XR and Xi are functions only of cr~
and cr+, respectively. The derivatives conjugate to cr± are defined by

d± = ±(dT±d<T) (2.1.36)

so that in light-cone coordinates, the Minkowski world-sheet metric tensor
becomes

T?+_ = T/_+ = - i , T/++ = T/__ = 0, (2.1.37)

so that its inverse is 7/"1 = rj *" = —2. World-sheet indices are accord-
ingly raised and lowered by the rule [/+ = —2[/_, U~ =— 2U+.

The wave equation (2.1.30) must still be supplemented by the con-
straint equations TQp = 0. Using dots for r derivatives and primes for a
derivatives, the latter take the form

Tio = TOi=X-Xf = 0 (2.1.38)

Too = Tn = \(X2 + Xl2) = O. (2.1.39)

Here, for instance, XX' is short for X^X1 ^. If one writes the world-sheet
energy-momentum tensor Tap in the (f^ coordinate system according to
the standard rules of tensor analysis, one finds using (2.1.38) and (2.1.39)
that

T++ = i(T0 0 + Toi) = 3+X . d+X (2.1.40)

and

T__ = i(T0 0 - Toi) = 3-X • d.X. (2.1.41)

Tracelessness of the energy-momentum tensor, ha^TQ^ = 0, therefore
becomes the statement that X+_ = T_+ = 0. This is equivalent to the as-
sertion, already made in (2.1.39), that Too = Tn- Using the above-stated
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2.1 The Classical Bosonic String 65

facts, the constraint equations T++ = T = 0 become the statements

X2
R = X2

L = 0. (2.1.42)

In two-dimensional quantum field theory, the law of energy-momentum
conservation takes the general form d_T_|_+ + d+T j_ = 0, with a similar
equation for — <-> +. In the conformally invariant case, T+_ — 0, energy-
momentum conservation reduces to

d_T++ = 0. (2.1.43)

This is a very powerful statement; it corresponds to the existence of an
infinite set of conserved quantities. Let f(x+) be any function of x~*~ (so
d-f = 0). Then (2.1.43) implies that the current /T++ is conserved,
<9_(/T++) = 0. The charge Qf = f da f(x+)T++ is then likewise con-
served. As / is arbitrary, this is an infinite set of conserved quantities. It
is only in two space-time dimensions that conformal invariance leads in
this way to an infinite set of conserved quantities. The conserved quanti-
ties that we have just found are the constraints in (2.1.42). It is because
they are conserved that it makes sense to set them to zero; if they vanish
at one time, they will vanish at all later times.

The comments in the last paragraph hold for any conformally invariant
theory in two dimensions. In the case of string theory the conserved
quantities in question correspond to residual symmetries left over by the
gauge fixing. As is typically the case for covariant gauge choices, setting
haP = rj01^ does not completely use up the gauge freedom. To see this we
note (using (2.1.19) and (2.1.21)) that any combined reparametrization
and Weyl scaling for which

da^ + dfiCa=Ariafi (2.1.44)

preserves the gauge choice. In terms of the combinations £ = (£° ± £*)
this implies that £+ may be an arbitrary function of cr+ = (r + cr) and
£~ an arbitrary function of a" = (r — cr). If we think of the world-
sheet reparametrization 8aa = £a as being generated by the operator
V = ^d/dcr®, then the generators of the residual symmetries are

y+ = £+(<J+)d/d(7+, V~ = C(<r~)d/dcr-. (2.1.45)

This residual symmetry will be exploited to introduce the light-cone gauge
in a later section. With / + ~ £+, the conserved charges found in the last
paragraph are the ones that generate (2.1.45). The operators written in
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(a)

Figure 2.2. For a one-dimensional compact manifold, two topologies are possible -
corresponding to the closed and open strings of (a) and (6).

(2.1.45) are the generators of the group of conformal transformations of
two dimensional Minkowski space; only in two dimensions is the conformal
group infinite dimensional.

There are two types of boundary conditions that we will have to con-
sider, corresponding to closed strings and open strings, respectively, de-
picted in fig. 2.2. Closed strings are loops with no free ends, topologically
equivalent to circles shown in fig. 2.2a. For them the appropriate bound-
ary condition is just periodicity of the coordinates

X"(r, a) = X^T, a + TT). (2.1.46)

The general solution of (2.1.33) compatible with the periodicity require-
ment is

aSe" 2 *- ' ) (2.1.47)
n/0

a) + j / £ £*:«-«•<*•*>, (2.1.48)

where the a% are Fourier components, which will be interpreted as oscil-
lator coordinates. A fundamental length, called /, has been introduced
in these equations. It is related to a' and the string tension T (in units
ft = c = 1) by

l = y/2d = l/V^T. (2.1.49)

Later it will be set equal to one. As for x*1 and p^, they may be interpreted
as the center of mass position and momentum of the string. Normalization
constants in (2.1.47) and (2.1.48) have been chosen for later convenience.
Note that the terms linear in a cancel in the sum X* = X% + X^ so that
the closed-string boundary condition is indeed obeyed. The requirement
that Xft and X^ are real functions implies that x^ and p^ are real and
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2.1 The Classical Bosonic String 67

that atn is the adjoint of a^, i.e.,

atn = K)t, <£„ = (atf. (2.1.50)

It is also essential to determine the Poisson brackets of the aft. To do
so, we note from (2.1.29) that the Poisson brackets of the X^ and X*1 at
equal r are

r v ft ( \ v ^ ( ^ w r vw / \ v ^ ( i w n /o 1 K 1 \
[v\ ^(Tj,-A (̂7 jJP.B. ~- [-̂  v^/' \̂ " JjP'B. "̂  " ^Z.l.OlJ

[A \O), A <̂7 JJP.B. == -* ^V^ — ̂  J7 • ^Z.l.OZj

Insertion of (2.1.47) and (2.1.48) shows that the Poisson brackets of the
ctn are

K I , < ] P . B . = 0 .

(The i will disappear soon when we replace the Poisson brackets by com-
mutators.) Thus, the Fourier modes a{J for n ^ 0 are harmonic-oscillator
coordinates, as we might have anticipated from experience with other
free field theories or for that matter from experience with violin strings.
Equation (2.1.53) remains valid when n = 0 or m = 0 if we adopt the
useful convention 6% = OJQ = \lpP. Comparing (2.1.47) and (2.1.48) with
(2.1.52) also gives the Poisson bracket

bVlP.B. = / " , (2.1.54)

so that the center-of-mass position and momentum of the string are canon-
ically conjugate variables, as we might have suspected.

The analysis for open strings shown in fig. 2.26 is similar, except that
we must determine the proper boundary condition to be used at the
endpoints of the string, a = 0,TT. Requiring that the boundary terms
(2.1.32) in the variation of the action must vanish gives us the open string
boundary conditions, which say that

X'" = 0, for a = 0 and a = TT (2.1.55)

or in other words that the normal derivative of X^ must vanish at the
string boundary. These are 'free boundary conditions', which prevent
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68 2. Free Bosonic Strings

momentum from flowing off the ends of the string. The general solution
of the wave equation with these boundary conditions is given by

r) = x* + ZVr + il^ -<x£e-inrcosna. (2.1.56)

The open-string boundary conditions cause the left- and right-moving
components to combine into standing waves. In particular,

(2.1.57)

where we have set QQ = Ip*1.
Analogous formulas for closed strings are

(2.1.58)

(2.1.59)

The important difference is that the left- and right-moving modes are
independent in this case. Also a^ = a^ = ^Ip^ in the closed-string case,
and there is an extra factor of two in the exponents.

We turn next to a description of the D-dimensional Poincare invariance.
Since the Poincare transformations SX1* = a^vX

v + 6̂  are simply global
symmetries from the point of view of the two-dimensional theory, they are
associated with conserved 'Noether currents'. There is a standard proce-
dure in field theory, known as the 'Noether method', for constructing the
conserved current JQ associated with the global symmetry transformation
<̂ ((j) —> <J>{CF) + cS(j>(a), where <̂ (cr) is any field in the theory and e is a
constant infinitesimal parameter. One considers the transformation

(f>{cr) - > <j>(a) + t((r)8<t>{<j) (2.1.60)

where e is an infinitesimal parameter that is not constant on the world
sheet. The action is not invariant under such transformations for general
e, since the symmetry we are considering is only a global symmetry. Since
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2.1 The Classical Bosonic String 69

the action would be invariant for constant e, its variation is proportional
to the derivative of e and so is of the general form

6S= Id2aJad
ae, (2.1.61)

for some current Ja. The current defined in this way is always conserved
if the equations of motion are obeyed. Indeed, when the equations are
obeyed, the action is stationary under any variation and in particular
under a variation of the form (2.1.60). Thus, when the equations of motion
are obeyed, SS in (2.1.61) is zero for any e. This is possible only if daJ

a =
0.

One can readily apply this method to derive the conserved currents
associated with the Poincare transformations of X*1:

P^TdaX" (2.1.62)

J*v = T(X"d«Xv - X'daX*). (2.1.63)

Here Pa is the current associated with translation invariance while J&v is
the current associated with Lorentz invariance. Current conservation is
the statement that

= da r»v = 0. (2.1.64)

These currents describe the density of Z)-dimensional momentum and an-
gular momentum on the two-dimensional world sheet. The amount of
momentum flowing across an arbitrary line segment in the world sheet,
(AT, dr) is given by

dP* = P?da + P^dr, (2.1.65)

so that the boundary conditions at the ends of an open string, (2.1.32),
indeed imply that there is no momentum flowing out of the ends of the
string. Similar statements apply to the current of angular momentum,

The total conserved momentum and angular momentum of a string are
found by integrating the currents of (2.1.62) and (2.1.63) over a at r = 0.
For example, the total momentum of a closed string is given by

(2.1.66)

so that the total momentum of the string is the same as the 'momentum'
p^ of the zero mode. This also holds for open strings. The total angular
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momentum is given by

= T Ida (x^-Xv^f\ . (2.1.67)
0

Inserting the mode expansions one obtains

J*"' = I*" + E*" (2.1.68)

for open strings and

(2.1.69)

for closed strings, where

/"* = sV - *V (2.1.70)

and

E*V = "' E ^a~n< ~ "-»<) (2-1-71)
n=l

with an identical expression for E^v in terms of d{J. Though we obtained
the total momentum and angular momentum of the string by integrating
the conserved currents over a at r = 0, current conservation means that
we would get the same result by integrating over any space-like curve that
cuts once across the string world sheet.

y
(a) (b) (

JC

Figure 2.3. In (a) we sketch a closed string initially at rest with radius R. (b) depicts
an open string that is spinning in the x — y plane.

As an example of the use of these formulas, let us verify that T is really
the string tension. Consider, as in fig. 2.3a, a closed string that at time
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t = 0 is at rest and is a circle in the x-y plane of radius R. Let <r, at
r = t = 0, be proportional to the arc length of the string:

x = Rcos2a, y = Rsin2cr. (2.1.72)

It is then easy to see that the equations of motion, (2.1.30), and the
constraint equations, (2.1.38) and (2.1.39), can be obeyed by assuming
that t = 2RT near r = t = 0. It is easy to see from (2.1.62) that such a
string has p° = 2?rRT, confirming that T is the energy per unit length of
the string.

As another example, let us verify at the classical level that a1 = 1/(2TTT)

is the Regge slope of open strings. The Regge slope is defined to be the
maximum possible angular momentum per unit energy squared. For open
strings, angular momentum per unit energy is maximized by a string that
is spinning in, say, the x — y plane, as shown in fig. 2.36, according to the
formula

x = A cos r cos cr, y = A sin r cos cr, t = Ar. (2.1.73)

It is instructive to verify that this formula obeys the equations of motion,
(2.1.30) and the constraint equations. (2.1.38) and (2.1.39). Computing
from (2.1.62) and (2.1.63) that the energy of this configuration is TTAT

and the angular momentum is TTA2T/2, we see that the maximum angular
momentum per unit energy squared is 1/(2TTT), confirming the interpre-
tation of a1 as the Regge slope. Furthermore, we see that at the string
endpoints \dx/dt\2 + \dy/dt\2 = 1, which means that they move at the
speed of light (recalling that c = 1 in our units). It is a general conse-
quence of the boundary condition X*1' = 0 together with the constraint
equations that the endpoints move at the speed of light.

Returning from space-time to world-sheet concepts, the Hamiltonian of
the two-dimensional theory is given by

H= f da(X • PT - L) = % f(X2 + Xl2)da. (2.1.74)

o o

This gives

H = - ]T a-n • an (open strings) (2.1.75)
—OO

1 °°
H = - V^(a._n • an + a-n - an) (closed strings). (2.1.76)

—OO

The Hamiltonian generates (by Poisson brackets) the r evolution of the
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string. It is dimensionless, because r has been chosen to be dimensionless.
Let us consider now the mode expansions of the constraints Tap = 0. In

the case of closed strings we saw that the full content of these equations
is given by X2

R = X\ = 0. Using the mode expansions of (2.1.58) and
(2.1.59) these have Fourier components (evaluated at r = 0)

0 (2.1.77)

(2.1.78)

Z
0

In the case of open strings this requires some modification since the etna

are not orthogonal functions for the interval 0 < a < TT. The open-string
constraint equations can be described conveniently if we formally extend
the definition of Xi and XR (introduced in (2.1.33)) beyond the interval
0 < a < 7T by saying that XR(a + TT) = XL(a), XL(a + TT) = XR(a).
Open-string boundary conditions then imply that XR (or Xi) is a periodic
function of a with period 2w. The constraint equations then amount to
the vanishing of T++ for —TT < a < TT, or equivalently to the vanishing of
its Fourier components

f ima -ima

J ++

0

= jf eim°{X + X'fdcj =l~Y, «•»-» • a»-

We note in particular that for open strings H = LQ and for closed strings
H = LQ + LO. In the case of closed strings the combination LO — LQ, which
must vanish according to the constraint equations, does not contain the
momentum p^. This combination, which generates rigid rotations of the
closed string, a —> a + constant, will play an important role later.
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A string in a given state of oscillation has a mass squared M2 = —p^p*1.
The constraint equation LQ = 0 translates into a very important equation
that determines M2 in terms of the internal modes of oscillation of the
string. This is

M2 = ±-Ya-n'an (2.1.80)
rc=l

for open strings, and

2 °°
M2 = — Y^(a~n ' *n + OL-n ' &n) (2.1.81)

n = l

for closed strings. Equations (2.1.80) and (2.1.81) are known as the mass-
shell conditions for open and closed strings, respectively. The mass-shell
condition is the relativistic analog of the equation that expresses the en-
ergy of, say, a nonrelativistic violin string in terms of its oscillator coor-
dinates. In the quantum theory these equations become slightly modified
due to normal-ordering effects. The fact that io = £o for closed strings
implies that the two terms in (2.1.76) or (2.1.81) give equal contributions.

The Fourier modes of the energy-momentum tensor, Lm and Zm, are
called the Virasoro operators. The Poisson brackets of the Virasoro op-
erators can be straightforwardly (though somewhat tediously) calculated
from the Poisson brackets of the individual oscillators. From the definition
of the 2yn, we have

[£m,In]P.B. = T ^ K n - f c * oik,an_i • a/]p.B. (2.1.82)

Using the well-known identity [AB,CD] = A[B,C)D + AC[B,D] +
[A,C]DB + C[A,D]B, and the Poisson brackets of the oscillators, this
becomes

[Lm, In]p.B. T
M

+ (m - k)a\ • ak 6m-k+n-l + (m - k)an_i • ak <$m_jfc+/)
(2.1.83)

where, as before, 6n is 1 if n = 0, and 0 otherwise. Equation (2.1.83)
reduces to

[Lm,Ln]F.B. = i ] C k(*m-k ' a*+n + \ Yl!^1 " k)a™-k+,n ' CLh. (2.1.84)
k k

Changing variables k —> kf = k + n in the first sum, (2.1.84) reduces to
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the Virasoro algebra

[Lm, Ln]p.B. = i(m - n)Lm+n. (2.1.85)

This is a crucial formula whose modification by quantum anomalies will
concern us later. The X, of course, obey the same algebra. The Virasoro
algebra (2.1.85) has a very simple interpretation. Let 0 be an ordinary
angular variable, 0 < 0 < 2TT, which we view as parametrizing a circle
S1. An infinitesimal general coordinate transformation of the circle, 0 —»
0 + a(0), would be generated by Da = ia(0)d/d0. A complete basis for
such 'diffeomorphisms' of the circle is provided by the operators

Dn = iein9^-. (2.1.86)

These are readily seen to obey the Virasoro algebra (2.1.85). Thus, the
Virasoro algebra is the same as the algebra of infinitesimal diffeomor-
phisms of S1. The raison d'etre for the appearance of a Virasoro algebra
is easily understood by noting that, with e"1^ replaced by ^: t , and id/d0
replaced by d/dcr^, (2.1.86) coincides with the formula (2.1.45) for the
generators of the residual symmetries that preserve the conformal gauge
condition. Although the a^ in (2.1.45) are not angular variables a priori,
they become angular variables upon imposing the equations of motion of
the theory, since our mode expansions of open and closed strings contain
exp(mcr±) with integer n only.

2.2 Quantization - Old Covariant Approach

We now turn to the quantization of the bosonic string theory. Many
different procedures have been used to describe its quantization. When
used correctly, they are all equivalent. The relations are quite nontrivial,
however, and each has certain advantages, so it is desirable to become fa-
miliar with all of them. There are two basic types of covariant approaches
that are used. The first (and oldest) is based on a description in terms of
the X*1 coordinates only with restrictions on the physical Fock space cor-
responding to the Virasoro constraint conditions. These restrictions are
analogous to the Gupta-Bleuler condition in electrodynamics, in which
the classical constraint dpA** = 0 is replaced by the requirement that the
positive-frequency components of the corresponding quantum operator
should annihilate physical photon states. The modern covariant quanti-
zation approach has a deeper geometric basis. It involves the introduction
of Faddeev-Popov ghosts and the identification of BRST symmetries and
currents. Those methods will be described in the next chapter.
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2.2.1 Commutation Relations and Mode Expansions

In the classical gauge fixing of §2.1.3 we used the reparametrization and
Weyl scaling symmetries to set the world-sheet metric hap equal to the flat
two-dimensional Minkowski metric rjap. In the quantum theory one has to
consider the validity of this procedure more carefully. The Weyl scaling
symmetry is responsible for the tracelessness of the energy-momentum
tensor obtained by varying the action with respect to haP. In general,
the quantum theory gives rise to an anomaly in the trace of Tap. Only
under very special circumstances does this anomaly cancel in the quan-
tum theory. Historically, the first approaches to the problem involved
setting hap = r)Qp without worrying about anomalies. The subsequent
analysis then revealed (after much toil) that a satisfactory theory only
emerged after imposing certain consistency requirements on the dimension
of space-time and the mass of the ground state. The light-cone quantiza-
tion, described in §2.3, is a very 'physical' approach in which one starts
with hap = rjap and then imposes additional gauge restrictions. It leads
to the same restrictions on masses and the space-time dimensions, as we
will see. In an alternative covariant approach, which we will develop in
chapter 3, the conditions on D and a are interpreted as the conditions for
the cancellation of the trace anomaly.

Beginning with the most traditional approach, let us try to set hap =
r}Qp in the quantum theory, and explore where it leads. It was shown
earlier that in this gauge the classical string dynamics is described by the
action

• - * / •

d2adQX • daX (2.2.1)

supplemented by the subsidiary conditions

(X±X')2 = 0, (2.2.2)

corresponding to T++ = T = 0, and suitable open-string or closed-
string boundary conditions. The momentum conjugate to X** is

P? = TX*, (2.2.3)

the r component of the momentum current introduced in (2.1.62). A
standard method of passing from classical physics to quantum physics is to
replace the Poisson brackets by commutator brackets via the substitution

[. . . ]P.B.->-*[ . . -]• (2.2.4)

We can now interpret X** as a quantum operator with (2.1.52) replaced
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by canonical commutation relations at equal r.

~ "O^T (2-2.5)

[X"(<T,T),XV(of,T)] = [P(f(*tT),P?{o',T)] = 0. (2.2.6)

Equations (2.1.53) and (2.1.54) are likewise replaced by equal-time com-
mutators:

[x»,pv) = irt>"' (2.2.7)

and the am and am have commutation relations

(2-2.8)

(2.2.9)

. (2.2.10)

The am are therefore naturally interpreted as harmonic oscillator raising
and lowering operators for negative or positive ra, respectively. The os-
cillator ground state |0) is defined to be annihilated by the am for m > 0.
Actually, specifying that the oscillators are in their ground states does not
completely determine a state of the string. The other degree of freedom is
the center-of-mass momentum p**. When we wish to refer specifically to
a state annihilated by the am with m > 0, and which has center-of-mass
momentum p^, we will call it 10;^).

The am are related to conventionally normalized harmonic oscillator
operators by

ag, = >/^a£,, rn>0 (2.2.11)

o?_m = V^ ogj, m > 0. (2.2.12)

An elementary point, of fundamental importance, is that the Fock space
built up by applying the raising operators aft} to the ground state |0) is
not positive definite. The time components have an unusual minus sign
in their commutation relations, [a^flm] — ~^i a n ( i therefore a state of
the form a j |0) has negative norm since (0| a^ctm |0) = —1. The physical
space of allowed string states is a subspace of the complete Fock space;
this subspace is specified by certain subsidiary conditions. In order to
have a sensible causal theory it is necessary that the physical subspace be
free from negative-norm states, which are usually called 4ghosts\

These ghosts should not be confused with BRST ghosts, which we will encounter
later.
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The subsidiary conditions of the classical theory were shown to corre-
spond to the vanishing of the energy-momentum components T++ and
T , whose Fourier modes give the Virasoro generators

(2.2.13)

as well as a similar expression Lm in the case of closed strings. In the
quantum theory the am are operators, so one must resolve ordering am-
biguities. Since am_n commutes with an unless ra = 0, the only such
ambiguity arises in the expression for LQ. As we have at the moment no
natural way to resolve this ambiguity, we simply define LQ to be given by
the normal-ordered expression

X° = 2a° + 5Z a~n ' an' (2.2.14)
n=l

Since an arbitrary constant could have been present here, we must add a
to-be-determined constant to all formulas containing LQ. In the classical
theory an important example of the imposition of the constraints is the
condition that LQ must vanish for the allowed motions of the string. It is
this condition that gives a formula for the mass. The most naive quantum
mechanical analog of that requirement would be the statement that LQ
should annihilate physical states. Because of the normal-ordering ambi-
guity, we include an undetermined constant and say that a physical state
|<̂>) must satisfy

(LQ - a) \<f>) = 0, (2.2.15)

where a will be determined later. As we learned in the classical theory,
this equation determines the mass of a string state in terms of its internal
state of oscillation. In fact, (2.2.15) states more explicitly in the case of
open strings that (with a' = 1/2)

oo

f2M2 = -2a + 2 ]T a_n • an (2.2.16)
n=l

showing that the oscillator ground state has mass squared —2a, and ex-
citations have mass squared larger than this by any multiple of 2. For
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closed strings the conditions (Lo — a) \<f>) = (Lo — a)\<f>) = 0 give

oo

M2 = -8a + 8 ^2 a-n ' an = -8a + 8 ] P a_« • an (2.2.17)
n=l n= l

The fact that the mass squared of the ground state for closed strings is
four times that for open strings was explained in another way in chapter
1. Subtracting the two formulas in (2.2.17), or equivalently imposing the
condition (LQ — LQ) \<t>) = 0, we learn that

a-n • an = ]T a-n - an (2.2.18)
n=l n= l

Of all of the constraint equations, this is the only one that couples left-
moving modes to right-moving modes. Physical states are found by choos-
ing independently the left-moving and right-moving states of oscillation,
subject to this one constraint.

The other Lm and Lm correspond to terms of definite nonzero frequency
in T++ and T Just as in the Gupta-Bleuler treatment of electrody-
namics, the vanishing of these terms in the classical theory is replaced in
the quantum theory by the weaker requirement that the positive frequency
components annihilate a physical state, i.e.,

Lm\<j>) = 0 m = l , 2 , . . . . (2.2.19)

This is sufficient to ensure that with a suitable ordering convention, the
operators Lm — a6m for both positive and negative m have vanishing
matrix elements between pairs of physical states. To see this, let |<£) and
|x) be two physical states, obeying (2.2.15) and (2.2.19). Consider an
expression

(X\LniLn2...Lnp\<l>) (2.2.20)

(If one of the terms in (2.2.20) has n^ = 0, the corresponding Lo should
be replaced by Lo — a.) Since the Ln do not commute (and we will
shortly find a quantum anomaly that will bring a c-number term in their
commutators), the value of (2.2.20) depends on the operator ordering. If,
however, the Lnk are to the right for n* positive and to the left for n^
negative, then (2.2.20) vanishes by virtue of the physical state conditions
and the hermiticity property L-m = Lm. This is the closest we can come
at the quantum level to the classical statement that the Ln are all zero
for allowed classical motions of the string. The anomalous commutation
relations of the Ln make it impossible to find states annihilated by all of
them.
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There is no ordering ambiguity in the angular momentum operators

J" = xV - x V - i £ ^ X - <£.<*) (2-2.21)
n=l

These were introduced in (2.1.67) - (2.1.71). Since there is no ordering
problem, they can be interpreted unambiguously as quantum operators.
It is not too difficult to use the canonical commutation relations to verify
that the Poincare algebra

[/,/] = 0 (2.2.22)

(2.2.23)

(2.2.24)

is satisfied. Indeed, the construction of the Poincare generators from
Noether currents guarantees that the Poincare algebra is obeyed classi-
cally (with Poisson brackets instead of commutators, of course), and no
real possibility of an anomaly arises in checking the algebra quantum me-
chanically. Since [Ln, J^v) = 0, the physical state conditions are invariant
under Lorentz transformations, and the physical states are guaranteed to
form Lorentz multiplets.

2.2.2 Virasoro Algebra and Physical States

As already explained, the Fock space built up with the oscillators a^
(and dim) is not positive definite because of the negative metric in the
commutation relations of the time components. However, the physi-
cal states correspond to the subspace satisfying the Virasoro conditions
(Lm — a8m) \<f>) = 0 for m > 0. Since these conditions are in one-to-one
correspondence with timelike oscillators their number is just sufficient to
have a chance of leaving a positive-definite Fock space. To see this note
that Lm ~ p • a m + terms quadratic in oscillators. If the quadratic terms
were absent, the Ln conditions would (as p** is timelike, except for a few
low-lying states) decouple the timelike modes. In the rest frame, the
physical states would then be generated by the space components of the
oscillators'. This demonstrates that the counting of conditions is sufficient
to have a chance of decoupling of ghosts. The quadratic terms do play
an important role, however, and the truth is a good deal more subtle and
interesting. A ghost-free spectrum is only possible for certain values of
the constant a and the space-time dimension D. To investigate the matter
more closely it is necessary to study the algebra of the Virasoro operators.
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We have already worked out the classical form of the Virasoro algebra,
namely

(2.2.25)

Now we would like to compute whatever quantum mechanical correction
may appear in (2.2.25). In our previous discussion, we obtained (2.1.84)
by steps that are valid even at the quantum mechanical level. Moreover,
as long as m+n ^ 0, the reasoning leading from (2.1.84) to (2.1.85) is valid
quantum mechanically, so there is no quantum modification of (2.1.85) for
m + n ^ 0. For m + n = 0, the two infinite sums in (2.1.84) each suffer
from infinite normal-ordering ambiguities at the quantum level. Since
each of these two infinite sums is ill-defined, the shift in the summation
variable in one of these two sums to give (2.1.85) is a dangerous step. On
the other hand, since any normal-ordering ambiguity that might arise in
(2.1.85) for m + n = 0 would only involve a c-number, we are guaranteed
to have

[Lm, Ln] = (m - n)Lm+n + A(m)6m+n. (2.2.26)

where Am is an m-dependent c-number. This generalized algebra is known
as a central extension of the Virasoro algebra; the c-number term is called
the anomaly term in that algebra. From (2.2.26), evidently A(m) =
—A(—m), and A(0) = 0, so it suffices to determine A(m) for positive m.

To directly calculate A(m) by studying the normal ordering of the
two infinite sums in (2.1.84) is surprisingly tricky. The following ap-
proach is simpler and more useful. By studying the Jacobi identity 0 =
[Lib, [Ln, Lm]] + [L», [Lm, Lk]] + [Lm, [Lk, Ln}] one learns for k + n + m - 0
that

(n - m)A(k) + (m - k)A(n) + (k - n)A(m) = 0. (2.2.27)

Setting k = 1 and m = — n — 1 in (2.2.27) gives

(n 1)

This recursion relation is enough to determine all of the A(n) in terms of
A(l) and A(2), so the general form of the A(n) is determined in terms of
two unknown coefficients. The general solution is in fact

A(m) = czm3 + cim, (2.2.29)

where c\ and c$ are constants. This can indeed be verified to obey (2.2.27).
The constant c\ can be changed by shifting the definition of Lo by a con-
stant (an operation that otherwise does not disturb the Virasoro algebra).
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Shifting Lo by a constant would also shift the constant a in (2.2.15), so it
is only the relation between a and c\ that has an invariant meaning.

The commutator of Lm and L-m has to be evaluated very carefully
to obtain the anomaly contribution correctly. The simplest and safest
method to determine c\ and C3 is to calculate the expectation value of
[Lm,L-m] in a suitable state. The most convenient choice of this state is
an oscillator ground state |0; 0) with p*1 = 0. For m = 1 we find

(0;0|[i1,JL_1]|0;0) = 0, (2.2.30)

since every term in L\ or L-\ annihilates a zero momentum ground state.
But for m = 2 we obtain

(2.2.31)

= \D.

This is sufficient information to determine c\ and C3, obtaining

A(m) = —D(m* - m). (2.2.32)

Notice that the structure of the Virasoro algebra and of the anomaly is
such that Li, LQ and L-\ generate a closed subalgebra, without anomaly,
isomorphic to S77(l, 1) or SL(2,R).

Let us next make a preliminary investigation of the conditions that
ensure that there are no negative-norm physical states. The result will be
that there are negative-norm states for certain regions of the parameter
a and the space-time dimension D and not for others. To delineate the
regions of the parameters a and D in which there are no negative-norm
states in the physical Hilbert space, it is very useful to look for physical
states of zero norm. If one varies a and D to cross from a region where
the physical Hilbert space is positive semi-definite to a region where it
has negative-norm states, extra physical states of zero norm are always
present at the boundaries between the two regions. It turns out, for
reasons that we will discuss, that these extra states of zero norm are
related to important physical principles and that the most interesting
case is the 'critical' case in which the physical Hilbert space is on the
verge of developing ghosts.

The discussion will be presented for open strings, but the closed-string
story is almost identical, with a doubling of the a oscillators and the
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82 2. Free Bosonic Strings

Virasoro conditions. In fact, the physical states at the nth closed-string
mass level can be expressed as a tensor product of a Hilbert space of
physical states made from left-moving oscillators with a Hilbert space
of physical states made from right-moving oscillators, except for the one
constraint (2.2.18). The left-moving and right-moving physical spaces are
equivalent to the physical space of an open string, so we may as well search
for states of negative norm in this case.

Let us denote the open-string ground state of momentum k^ as |0; k).
The mass-shell condition Lo = a implies that afk2 = a. Now consider
states at the first excited level. These are given by £ • a_i |0; k) where
(^(k) is a polarization vector with D independent components before the
gauge constraints are taken into account. The mass-shell condition now
gives a'k2 = a — 1, and the L\ subsidiary condition implies that (• k = 0.
This condition leaves D — 1 allowed polarizations. The norm of these
states is given by £ • (. If we choose the vector k to lie in the (0,1) plane
then the (D — 2) states with (spacelike) polarizations normal to that plane
obviously have positive norms. If, on the other hand, a is such that the
first excited state is a tachyon, with k2 > 0, then k can be chosen to have
no time component. Then the last ( is timelike and has negative norm. If
k2 < 0, k can be chosen to have only a time component and the last £ is
spacelike with positive norm. Finally, if k2 = 0 the last ( is proportional
to k and has zero norm. Thus we obtain the first condition for the absence
of ghosts

a < 1. (2.2.33)

In the boundary case (a = 1) the vector particle is massless and the scalar
ground state is a tachyon. In this case, the L\ subsidiary condition cor-
responds to the covariant gauge condition dp A** = 0 of electrodynamics.
Just as in the covariant Gupta-Bleuler quantization of electrodynamics,
this condition leaves D — 2 positive-norm states with transverse polar-
ization, and one longitudinal state £** = k^ of zero norm; and one must
aim to show that this zero norm state decouples from the S matrix. In
field theory this follows from gauge invariance and current conservation;
in string theory it can be proved (and we indeed sketched one approach in
our discussion of gravitational Ward identities in the introduction), but
the deeper structure of which it is a manifestation is as yet imperfectly
understood.

The 'null' state that appears at the first excited level when a = 1 is
just the first of an infinite number of such states. The result found at the
first excited level can be generalized by the following considerations. An
arbitrary state \<f>) is called a physical state if it satisfies the constraints
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Lm\<t>) = 0 for m > 0 and (Lo — a)\<f)) = 0. A state \xj)) which obeys
(Lo — «)|^) = 0 is called a spurious state if it is orthogonal to all physical
states, i.e.,

(<f>\i>) = 0 , (2.2.34)

for all physical states \<j>). Spurious states can always be written in the
form

-»lx«), (2.2.35)
n>0

where \xn) is some state that obeys

( L 0 - a + n) |x»)=0. (2.2.36)

Actually, the infinite series in (2.2.35) can be truncated, since the L_n for
n > 3 can be represented as iterated commutators of L-\ and £_2, e.g.
i_3 ~ [i_i,L_2]. So we can simply write a spurious state as

|0> = I- i |xi)+i-2|X2>, (2.2.37)

where |xi) and \\2) obey (2.2.36). States of the form (2.2.37) are orthog-
onal to physical states, since

m|£mW* = «' (2-2.38)
m=l m=l

To see that a spurious state must be expressible in the form (2.2.35)
or (2.2.37), note that if |^} is a spurious state, then the operator O —
|^)(^| annihilates all physical states. Since the only restriction on general
physical states is that they are annihilated by Lm for m > 0, this implies
that O can be written

O = Y/X.nLn (2.2.39)
n>0

for some operators X_n. With O = |^)(^|, (2.2.39) implies that \ip) has
a representation of the form (2.2.35).

Something special arises when a state \ip) is both spurious and physical,
i.e.,

=0 , m > 0 , ( £ o - < 0 M = 0 . (2.2.40)

By (2.2.35) such states have zero norm since

m|£mh/>) = 0. (2.2.41)
m>0

These states are orthogonal to all physical states, including themselves
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(and are sometimes said to be 'null' physical states).
We can construct states of this type by considering spurious states of

the form

IV>>=£-i|x>, (2.2.42)

where |x) is an arbitrary state satisfying Lm\x) = 0 for m > 0 and
(Lo — a + l)\x) — 0. Here |x) could be the zero momentum state |0; 0) or
for that matter any physical state with suitably shifted p**. In addition
to being spurious, the state |^) also satisfies all the conditions for being
physical apart from the L\ condition. The action of L\ is given by

L i | 0 ) = I i i - i | x ) = 2Lo|x>, (2.2.43)

which vanishes for a — 1. In this case the \tp) states are both spurious and
physical and hence have zero norm by our general argument. Evidently,
by applying L-\ to an arbitrary state |x) an infinite number of zero-norm
states can be made this way. The massless vector state considered earlier
is just the simplest example, in which |x) = |0; k).

The number of zero-norm states increases dramatically, however, in
D = 26 dimensions. This is discovered by considering spurious states
having the structure

(2-2.44)

where now we take a = 1 and require that Lm\x) = 0 for m > 0 and
(Lo + l)\x) = 0, so that (Lo — 1) \ifi) = 0. For \ij)) to have zero norm it must
be physical and, in particular, it should be annihilated by Lm for m > 0.
Since it is trivially annihilated by Lm with m > 3 we need only consider
whether it is possible to impose the conditions L\ |^) = Li \ip) = 0 making
use of the Virasoro algebra with the anomaly (2.2.32). This gives the
equations 3 - 27 = 0 and \D - (4 + 67) = 0, which imply that 7 = 3/2
and D — 26. Thus for D = 26 (with a = 1) there are many more zero-
norm states of the form

(2.2.45)

Unlike the first infinite class of zero-norm states, the norm of states of the
type (2.2.45) is zero when and only when D = 26.
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The first example of a state of the form (2.2.44) is

r1 _i_5 ±*< x 2 l j n v
 K }

= [-a_i • a_i + -p • a_2 + ~(p • a_i) J |0;p),

where p2 = —2. This state has norm (D — 26)/2, which vanishes for
D = 26, as expected. The fact that it has negative norm for D < 26 does
not matter, since it then does not obey the physical state conditions.

Physical states of negative norm can be constructed for D > 26. As an
example, consider states of the form

c2p • a_2 + c3(p * <*-i)2] I M > (2.2.47)

withp2 = - 2 so that (Xo —1)|<̂ > = 0. Such states obey L\ \(j>) = L2 \<t>) = 0
for

oi = cx—^— and C 3 = c i ^ ~ - . (2.2.48)

In this case the norm is

2r2

^ D ) , (2.2.49)

so that we find ghosts in the physical spectrum for D > 26.
The general rule, which will be proved later, is that the spectrum is

ghost-free provided that a — 1 and D — 26 or a < 1 and D < 25. In the
former case there are many zero-norm states and the physical spectrum
has as many propagating modes as would be generated by 24 sets of a
oscillators, whereas in the latter case there are far fewer zero-norm states,
and the physical spectrum corresponds to D — 1 sets of oscillators. One
may say that in the a = 1, D = 26 case the string has only transverse
excitations, whereas in the a < 1, D < 25 case it possesses longitudinal
modes as well. These facts will emerge with the proof of the no-ghost
theorem.

It is impossible to prove just from study of the free theory in the for-
malism under discussion here that D must equal 26. The reason for this
is that if the theory has no ghosts for D = 26, then, by studying the
subspace of states in which the c*m oscillators are in their ground state
for fi = 25* we recover the physical states of the D = 25 theory, which

Recall that \i is a space-time index running from 0 to 25.
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must also be free of ghosts. The most that we can expect to show at
tree level in this formalism is that D = 26 is the most natural case, with
D < 26 being an arbitrary truncation of a theory that really belongs in
26 dimensions. The discovery above of extra zero-norm states that only
arise for D = 26 is the first sign of this. For these extra zero-norm states
have a very particular significance. Like the longitudinal mode of the
massless vector meson discussed earlier, zero-norm states in a physically
sensible theory must be decoupled from the 5 matrix by some underlying
principle analogous to gauge invariance in field theory. So the occurrence
of extra zero-norm states for D = 26 suggests that this theory has an
enlarged gauge invariance and may be the most interesting one to study.
Likewise, the occurrence of an infinite series of zero-norm states precisely
for a = 1 suggests that this is the interesting case. So we will tentatively
think of the open-string ground state as a tachyon of mass squared —2,
corresponding to a = 1, and the first excited level as a massless vector
meson. The existence of this massless gauge particle is one aspect of the
very special properties of string theory in the critical dimension.

2.2.3 Vertex Operators

(«)

1

Figure 2.4. When one open string splits into two, as in (a), all of them may in general
be off mass shell. If one of the final states is on mass shell, as in (6), it has a width of
order ft and is in some ways pointlike.

As we described in the introduction, the basic open-string interaction
can be viewed as a process in which a single string breaks into two or else

While the arbitrary truncation to D < 26 does not introduce ghosts at tree level,
it gives trouble with unitarity at one loop level, and this is how the restriction to
D = 26 was first discovered.

https:/www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9781139248563.003
https:/www.cambridge.org/core


2.2 Quantization - Old Covariant Approach 87

two strings join to give a single one. In general, as in fig. 2.4a, we can
contemplate a string interaction in which all three participating strings are
off mass shell. However, it is interesting to consider the case in which, as
in fig. 2.46, one of the three strings is a physical on-shell mass eigenstate.
In the figure, we sketch a process 1 —> 1' + 2 in which string state 2 is
a mass eigenstate. 1 and V may or may not be mass eigenstates. The
very concept of a mass eigenstate of the string is a quantum mechanical
concept, not a classical concept, and if we restore Planck's constant in
all formulas, a mass eigenstate has a width and mass squared that are of
order %. Thus, in the classical limit any mass eigenstate of the string is
in some ways similar to a point particle. In the 1 —• 1; transition with
emission of the on-shell state 2, the quantum state of 1' must be related
to that of 1 by some linear transformation that depends on the state of
string 2 - linear because we are discussing quantum mechanics. With 2
being pointlike, it is natural to suspect that string 1; is obtained from
string 1 by the action of a local operator at the end of the string where 2
was emitted. The local operator is usually called V2, the vertex operator
for emission of the on-shell state 2. This heuristic argument leads us to
suspect that we should associate to every on-shell physical state |<̂>) a
vertex operator V^ with suitable properties, something we argued in a
different way in chapter 1. Our goal in discussing vertex operators here
is actually not to analyze interactions, which will be the subject of later
chapters, but to develop a tool for analyzing the spectrum of physical
states. The discussion will actually be a useful complement to what was
said in chapter 1. It will be sufficient for our purposes here to concentrate
on open strings, though vertex operators are certainly equally important
in the theory of closed strings.

Consider a local operator A(<7, r) in the open-string Hilbert space. We
set (7 = 0 (or a — TT) to study this operator at the string endpoint, and for
brevity we refer to A(0,r) as A(r). As Lo — a is the string Hamiltonian,
we have

A(T) = eiTLoA(0)e-irLo (2.2.50)

We are interested in operators A{r) that are transformed into themselves
by the Virasoro algebra. A(r) is defined to have conformal dimension
J if and only if under an arbitrary change of variables r —> T'(T), A(T)

transforms to

A'(r') = (J^ A(r). (2.2.51)

Equation (2.2.51) is equivalent to the definition used in §1.4.5 (and the
footnote in §1.5.2), where the dimension of an operator was extracted from
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88 2. Free Bosonic Strings

its two-point function. Considering the case of an infinitesimal transfor-
mation,

T-^T' = T + C(T), (2.2.52)

the transformation law of a field of conformal dimension J is thus

8A{T) = - e ^ - JA^-. (2.2.53)
ar ar

The Zm's generate transformations (2.2.52) with e = zetmr, so the condi-
tion for A to have conformal dimension J is

[Lm, A(T)} = eimr(-i£; + m j) A(T). (2.2.54)

If A(T) has an expansion in Fourier modes of the form

A(T)= JT, Ame-imT. (2.2.55)
m=—oo

then this condition becomes for the Fourier modes

[im, An) = [m(J - 1) - n]Am+n. (2.2.56)

This rule can easily be verified to be compatible with the Virasoro algebra
and the Jacobi identity. By this definition, for example, the string coor-
dinate X^ij) has J = 0 and the momentum operator X^{T) has J = 1.
(Later, when we discuss Faddeev-Popov ghosts, we will see that the ghost
coordinate c has J = — 1 and the antighost b has J = 2.) Operators that
transform as in (2.2.54) for some definite J are said to have definite con-
formal dimension; they are the ones that transform 'nicely' under the
Virasoro algebra.

Operators of definite conformal dimension are rather special. It is by no
means true that every operator can be expanded as a linear combination
of operators of definite conformal dimension.

For our present task of analyzing the physical states, the utility of intro-
ducing operators of definite conformal dimension is that these operators
can be used to build new physical states from old ones. Indeed, if \<j>)
is a physical state, (Ln - a6n) \<j>) = 0, n > 0, and A(r) has conformal
dimension J = 1, then it is easily seen that [Zm, AQ] = 0 and therefore
that

p') = A o \<f>) (2.2.57)

is also a physical state. Since the vertex operator associated with emission
of a mass eigenstate 2 should certainly map a physical initial state 1 to a
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2.2 Quantization - Old Covariant Approach 89

physical final state l', (2.2.57) might suggest that open-string vertex oper-
ators should be operators of conformal dimension one. We indeed learned
in another way in the introduction that open-string vertex operators are
local operators of dimension one.

The vertex operator V(fc, 0, r) = V(k, r) for emission at time r and a =
0 of a physical state of momentum — k^ or absorption of a physical state
of momentum +&**, must, among other things, change the momentum of
whatever state it acts on by an amount k**. Thus its dependence on the
center-of-mass coordinate of the string must consist of a factor e

tk'x(T\
where

xft(r) = xfl+pflT (2.2.58)

is the center-of-mass position of the string at time r. The obvious way
to achieve this in the string context is to include in V(fc, r) a factor
exp[ik • X ( 0 , T ) ] . Indeed, it is natural that a string that absorbs a mass
eigenstate of momentum fc^ at world-sheet position (0,r) and space-time
position X^(0,r) should have its wave function modified by a factor
expfiA; • X(0, r)]. If the absorbed or emitted string state has no particular
quantum numbers except for its momentum, then we might try simply
V(k1r) = exp[ik • X(0,r)] as a vertex operator. This expression actually
requires normal ordering. Let us study the normal-ordered expression

(* • E "-ft™) e*'(r)«P (-* • E T H '
(2.2.59)

XP(T) was defined in (2.2.58). The exponent in (2.2.59) differs by the
divergent sum a'k2 ^ ~ from what it would be without normal ordering.
(Thus normal ordering has no effect in the special case k2 = 0.)

We would now like to compute the conformal dimension of V(k, r) .
Since XM(r) has conformal dimension J = 0, one might expect that prod-
ucts such as XAi(r)Xl/(r) and more generally composite operators of the
form ./(X^(r)) would also have conformal dimension zero. In fact, it
follows naively from (2.2.56) that if Ai(r) has conformal dimension J\
and A2(T) has conformal dimension J2, then A\(T)A2{T) has conformal
dimension J\ + J<i> This is indeed true whenever A\(T)A2(T) is unambigu-
ously well-defined without any subtraction or renormalization other than
what is required to define A\{r) and A2(r) separately, or in other words
whenever there is no short-distance singularity in the operator product
A\(T)A2(TI) as r ' —• r. In fact, typical normal-ordered products such as
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90 2. Free Bosonic Strings

)Xfl(r) : have no definite conformal dimension. On the other hand,
in (2.2.59) does have a definite conformal dimension.

The conformal dimension of V(k,r) can be determined by straightfor-
ward oscillator manipulations, provided that one is careful in keeping track
of ordering effects. In order to evaluate the commutator [Xm, V(k, r)], we
begin by noting that

[a£, ek'a-n] = ^ . n F e k " n . (2.2.60)

Using the expression, Lm = \ / ^ &m-q * <*g, it is easy to show that
q

(2.2.61)

In applying this to the evaluation of [Lm, V] (with V given by (2.2.59))
suppose that m > 0 (the argument is the same for m < 0). Neglecting the
issue of normal-ordering, the calculation is easily seen to give a result of
the form of the (2.2.54) with J = 0 (and with A replaced by V). However,
V is defined to be the normal-ordered expression : exp[ik • X] :, and this
means that its derivative dV/dr is also automatically normal-ordered.
When one uses (2.2.61) to obtain an expression for [Lm, V], one arrives at
an expression that is not normal ordered. Of the infinite number of terms
in the calculation (one for each term in the infinite product (2.2.59)), a
finite number do not arise in a normal-ordered form. Those particular
terms have lowering operators to the left of the raising operators in V and
are given by

m

(i V k • am-ne
inT)V(k, T). (2.2.62)

n=l

Normal ordering this expression gives the commutator contribution

m m

=4cw.e'", V(k, T)] =4 £ kh^V(k, r)
n=l n= l

= \mk2eimTV{k,r).

Thus, the result is

[Lm, V(k, T)] = eimT (-ij- + ±mkA V(k, r). (2.2.64)

As a result, comparing with (2.2.54), we deduce that J = k2/2. In chap-
ter 1 we computed the anomalous dimension of the operator exp[ik • X]
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2.2 Quantization - Old Covariant Approach 91

by computing its two-point function. We obtained J — k2/4 for closed
strings and J = k2/2 for insertion on the boundary of an open string. It
is reassuring to note the value J = k2/2 that we obtain here by oscillator
methods agrees with the latter open-string result.

The vertex Vo(k) is a physical vertex operator with conformal dimension
J = 1 provided that k2 = 2. It actually is the proper vertex for emis-
sion of the ground-state tachyon, whose mass squared we have tentatively
assigned as M2 = — 2.

The only case in which V(k, r) requires no normal ordering is the case
k2 = 0; in this case the conformal dimension is J = 0. The condition
k2 = 0 is correct for a massless vector meson, but J = 0 is the wrong
conformal dimension for a vertex operator. Since dX^/dr has conformal
dimension one, one might try to interpret

) = C-^ exp[ifc • X] (2.2.65)
dr

as the vertex operator for emission of a massless meson of polarization
(^(k). The operator product of (-dX/dr and exp[zA:-X] in (2.2.65) is free
of short-distance singularity, ensuring that V has J = 1, provided that
k - ( = 0. This restriction on the allowed polarization of a vector particle
is familiar from electrodynamics and was encountered earlier in analyzing
the physical state spectrum. Its appearance here is an illustration of the
fact that vertex operators of conformal dimension one are in one to one
correspondence with physical states. The vertex operators for the other
states in the spectrum are more complicated. For a state with a'k2 = — n
it is generically of the form : f(X,X,.. .)exp[ik • X] :, where the total
number of r derivatives adds up to n. But there are additional restrictions
needed to achieve J = 1.

Vertex operators for states of zero norm can be described as follows.
Suppose W(k,r) is an operator of conformal dimension 0 containing the
factor : exp[ik • X] :. Then V(k,r) = -idW(k,r)/dr = [LOyW(k,r)] has
J = 1, as the reader should verify. If we pick W(k, r) = exp[z& • X] with
k2 = 0, for example, then V(k, r) can be seen to be the vertex operator
for emission of a massless vector meson with longitudinal polarization
(/* = k*1. Indeed, vertex operators of the form V(r) = —idW/dr, where
W has J = 0, always describe emission of states of zero norm. At the risk
of jumping rather ahead of our story, we might note that the reason that
states of zero-norm decouple is that, with V being a total r derivative, the
zero-frequency component Vb> which as in (2.2.57) maps physical states
to physical states, vanishes.
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92 2. Free Bosonic Strings

As a further illustration, consider emission vertices for the second ex-
cited level, states with a'k2 = — 1. The factor Vo(k) now has J = —1, and
thus

^VX^XV : exp[ik • X] : (2.2.66)

has J — I provided that there are no short-distance singularities in the
operator product in (2.2.66). This is the case if kp^1*" = tr£ = 0. These
are exactly the conditions for (^(k) to be the polarization tensor of a
massive spin-two state, i.e., a symmetric traceless tensor of SO(D — 1).
One might suppose that it is possible at the same mass level to make
vertex operators Y^^ = rf^X*1 exp[ik • X] for physical states of spin one
and polarization rj^. However, if 7/̂ fĉ  = 0, the total r derivative

-i4-(v ' X ' eikX 0 = H 7 ? -X + rj-Xk-X): eikX :, (2.2.67)
dr

describes emission of the zero-norm states L-irj • a_i |0; k) and accounts
for D — 1 of the possible components of Y. Therefore these components of
Y differ from expressions of the form in (2.2.66) only by a total derivative
that corresponds to a zero-norm emission. The remaining polarization
corresponds to TJ^ = k^. In the case of D = 26 this does not give a
new physical emission vertex either, because it corresponds to a linear
combination of the emission of a state of the form in (2.2.66) and the
zero-norm state (£_2 + §-̂ ?_i) 10; k). Altogether, therefore, at the second
excited mass level in 26 dimensions the only suitable open-string vertex
operator is (2.2.66), which describes emission or absorption of a massive
particle of 'spin two,' that is, a particle that transforms as a symmetric
traceless second-rank tensor of 50(25).

2.3 Light-Cone Gauge Quantization

In §2.2 we explored quantization of free bosonic strings in the covariant
gauge hQj3 = 77^, imposing the Virasoro conditions as subsidiary con-
straints on physical states. However, as we pointed out, there is still a
residual gauge symmetry that remains after setting hQp = rjap and can be
used to make further specific gauge choices. In fact, by making a particular
noncovariant choice it becomes possible to solve the Virasoro constraint
equations, and to describe the theory in a Fock space that describes physi-
cal degrees of freedom only. This formalism, which is somewhat analogous
to unitary gauge in spontaneously broken gauge theories, was originally
developed by Goddard, Goldstone, Rebbi, and Thorn in 1973.
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2.3 Light-Cone Gauge Quantization 93

The light-cone formalism, though not manifestly covariant, will be man-
ifestly free of ghosts. By proving its equivalence to the covariant formal-
ism, which is manifestly covariant though not manifestly free of ghosts,
we will obtain a proof of the no-ghost theorem. There are many other
reasons for describing the light-cone formalism here. Historically, it was
light-cone quantization that first conclusively established that dual models
were theories of strings. The light-cone picture is very 'physical' and also
provides a useful framework for many calculations and for understanding
the necessity of choosing a = 1 and D = 26.

2.3.1 Light-Cone Gauge and Lorentz Algebra

Recall that in the covariant gauge hap = rjap the string coordinates with
open-string boundary conditions have mode expansions

(2.3.1)

and satisfy the Virasoro subsidiary conditions T++ = T = 0. We have
seen moreover in (2.1.44) and (2.1.45) that there is still a residual gauge
symmetry. We would like to use this residual symmetry to impose an ad-
ditional gauge condition, which will be noncovariant but quite convenient.
We begin by introducing light-cone coordinates in space-time:

X+ = (X° + X^"1)/v/5, X- = (X°-XD-1)/V2. (2.3.2)

While these are rather similar to the light-cone coordinates a^ introduced
earlier on the string world sheet, there is a big difference. In space-time,
we have D coordinates in all, and (2.3.2) involves singling out two of
them, namely X° and XD"1

1 in an arbitrary and noncovariant way. On
the world sheet, there are only two coordinates to begin with, and there is
no arbitrary choice in defining &^. In a coordinate system in which the D
space-time coordinates are X* and the remaining (transverse) space-like
coordinates X1, i = 1 . . . D — 2, the nonzero components of the Minkowski
metric are Tjij = 1, ?7+_ = 7/_+ = — 1. In these coordinates, the compo-
nents of a vector V* are

V± = -^=(V°±VD-1) (2.3.3)

and V\ i = 1, . . . , D — 2. The inner product of the two vectors is

V • W = VW1 - V+W~ - V~W+. (2.3.4)

Indices are raised and lowered by the rules F + = — VL, V"~ = — V+, and
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94 2. Free Bosonic Strings

What simplification can be achieved by using the residual gauge symme-
try? In terms of o*̂ , the residual invariance corresponds to the possibility
of arbitrary reparametrizations

<J+ -* £+(<r+), a" -> cr"(cr"). (2.3.5)

For closed strings <r+ and cr~ are reparametrized independently, while for
open strings they are linked by the boundary conditions. They transform
r = 2'(cr"1" + cr~) a nd 0" = 2( a + — °r~) m^°

T = o"Ic (T 4- a) 4- cr (T — (7)
~ 1r- + / . x — / M (2-3-6)

The first equation in (2.3.6) asserts that f may be an arbitrary solution
of the free massless wave equation

On the other hand, once f is chosen, a in (2.3.6) is completely determined
(except for the possibility of making a rigid translation of a in the case
of closed strings). What is a natural way to choose the solution f of the
free massless wave equation? That is certainly an equation we have seen
before; it is the equation obeyed (in conformal gauge) by the space-time
coordinates X^{a^r). Thus, our gauge freedom precisely corresponds to
the fact that, if we wish, we can make a reparametrization so that f
will equal one of the X^. Light-cone gauge corresponds to the choice
f = X + / p + + constant. This is usually expressed by saying that the
light-cone gauge choice is

X+(<7,T) = Z + + P + T . (2.3.8)

This corresponds in the classical description to setting the oscillator coef-
ficients a+ to zero for n ^ 0. The X+ component of the string coordinates
corresponds to the time coordinate as seen in a frame in which the string
is traveling at infinite momentum. This choice of gauge has the concep-
tual advantage that every point on the string is at the same value of 'time'
(since X* is independent of a).
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2.3 Light-Cone Gauge Quantization 95

Having fixed X+(cr, r) according to (2.3.8), the Virasoro constraint
equations (X ± X1)2 = 0 become

(X~ ± X'~) = (X* ± X'')2/2p+. (2.3.9)

This equation can be solved for X~ in terms of the X1 (with an unknown
integration constant), so that actually in light-cone gauge both X~*~ and
X~ can be eliminated, leaving only the transverse oscillators X%. Recall-
ing the mode expansion of X"", namely

X~ =x~ + p~r + i ^ -a~e~inT cos mr, (2.3.10)

the explicit solution of (2.3.9) can be seen to be

an=^(\f: £ :«i_wo4 :-«*,). (2.3.11)
t=l m=—oo

where, as in the covariant treatment, we introduce an unknown normal-
ordering constant a in a^. In light-cone gauge the identification of a^
with p~ is the mass-shell condition. Indeed, for n = 0 (2.3.11) is the
formula

M2 = (2p+p~ - j>V) = 2(N - a), (2.3.12)

where
oo

iV = ] T a ! _ X , (2.3.13)
7 1 = 1

This is the same mass-shell condition found in the covariant treatment, ex-
cept that now only transverse oscillators contribute to N. The quantities
p+a~ satisfy a Virasoro algebra

^ ^ . (2.3.14)

The calculation is exactly analogous to our discussion of the Virasoro
algebra in the covariant quantization.

These then are the basic formulas of light-cone quantization. We would
now like to investigate whether the theory is really Lorentz invariant in
this gauge. Naively it should be, since it was ostensibly obtained by gauge
fixing of a Lorentz invariant underlying theory. If there is something
wrong with the theory for some values of a and Z), this will have the
chance to show up as a failure of Lorentz invariance in light-cone gauge,
where Lorentz invariance has not been explicitly maintained.
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96 2. Free Bosonic Strings

In the light-cone gauge all string excitations are generated by the trans-
verse oscillators a%

n. Thus, for example, the first excited state is given
by a£_j_ |0;p), which is a (D — 2)-component vector representation of the
transverse rotation group S0(D—2). A transversely polarized vector, sub-
jected to a Lorentz transformation, acquires a longitudinal polarization in
general unless it is massless. This is just a statement of the well-known
fact that the 'spin' of a massive particle is labeled by an irreducible rep-
resentation of SO(D — 1), whereas a massless particle corresponds to an
irreducible representation of S0(D — 2). (In the case of fermions one must
use the covering groups spin(Z) — 1) and spin(D —2).) Thus it is clear that
the light-cone gauge cannot give a Lorentz-invariant string theory unless
the vector state a!_j |0;p) is massless, i.e., the parameter a must equal 1.

Now we turn to the more difficult question of understanding the re-
striction on the space-time dimension D. First we consider a heuristic
argument that uses the information just obtained that a must equal 1 for
Lorentz invariance. Let us try to calculate the normal-ordering constant
a directly. This normal-ordering constant arises from the formula

1 D-2 oo - D-2 oo n 9 oo

\E E «u«i4EE:«'-»<*»: + V 5 > (2-3-15)
i=l n=-oo t'=l n=-oo n=l

Of course, the second sum in (2.3.15) diverges and must be regularized.
One method of regularizing (2.3.15), which is used in similar normal-
ordering problems in field theory, is the method of 'zeta function regular-
ization'. One considers the more general sum

f>-. (2.3.16)
n=l

For Re s > 1 this sum converges to a function known as the Riemann
zeta function ((s). The zeta function has a unique analytic continuation
to the point s = —1, where we get C(~~l) = —1/12. Inserting this 'value'
of X^^Li n m (2.3.15) gives the result

~ (2-3.17)

for the normal-ordering constant in L$. Since we know already that a
should equal 1 for Lorentz invariance, this tells us that D should be 26.
The zeta function regularization used in the above might appear rather
formal, but in chapter 11 we will obtain the same answer from a more
'physical' method of regularizing the zero-point energy.
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2.3 Light-Cone Gauge Quantization 97

The above argument indicates, but perhaps rather heuristically, that
Lorentz invariance of the light-cone formalism will require D = 26 as well
as a = 1. We will now demonstrate rigorously that these conditions are
necessary and sufficient for Lorentz invariance by a systematic study of
the Lorentz generators J^v. These were given earlier in the form

( 2 . 3 . 1 8 )

n=l

It is clear that the effect of Lorentz transformations on the coordinates has
to be quite subtle in the light-cone gauge since the choice of gauge is not
Lorentz invariant. Certain of the transformations rotate the + direction
into the other directions so that it is necessary to perform a reparametriza-
tion (i.e., a gauge transformation) in the transformed system in order to
restore the gauge condition. We shall refer to this as a 'compensating'
reparametrization. The transformations that affect X + , and hence the
gauge condition, are those generated by J + ~ and Jl~~. These are the
transformations which may potentially have an anomaly; cancellation of
this anomaly will give the restrictions on a and D. The remaining Lorentz
generators are those associated with the transverse space which generate
a S0(D — 2) subgroup that is a manifest symmetry of the light-cone gauge
formalism.

Let us first consider the general expression for an infinitesimal Lorentz
transformation on the coordinates in the classical theory, allowing for an
arbitrary reparametrization, £a(<7, r). This is

6X"(<r, T) = < , * > , r) + ?(*, T)daX»(<r, T), (2.3.19)

where (a is restricted to reparametrizations which are compatible with the
gauge condition hap = rjap. This means that £a satisfies (2.1.44). On the
other hand we want the gauge condition (2.3.8) to transform according to

6X+ = a\xv + a\fr, (2.3.20)

in order to preserve the gauge condition in the new coordinate frame. By
considering the + component of (2.3.19) and comparing with (2.3.20), we
can determine the form of the compensating reparametrization £a. This
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98 2. Free Bosonic Strings

gives the condition

a\Xv + e V = «+(*" + P"r) = atx"(T), (2.3.21)

so that

*° = ̂ £(*"(r)-X>,T)). (2.3.22)

The two components of £a are linked by (2.1.44) so that

da'-^. (2.3.23)
0

Substituting these expressions for £a (which are linear in the coordinates)
into (2.3.19) gives the form for the action of Lorentz transformations that
takes into account the noncovariant gauge fixing. The important new
feature is that for those transformations involving a* the transformations
act nonlinearly on the transverse coordinates, since there are terms on the
right-hand side of (2.3.19) that are quadratic in the transverse coordinates.
In the quantum theory such bilinear terms raise subtle issues to do with
normal ordering, which are a potential source of anomalies in the Lorentz
algebra.

It is therefore important to check that the operators in (2.3.18) really
generate the Lorentz algebra (2.2.24), as they should. Most of the com-
mutators can be checked straightforwardly, and give the correct answer
for any D. However, as anticipated by our discussion in the previous para-
graph, the Jl~ transformations must be treated with care. In particular,
the commutator [Jl~, J J~] , which must vanish if Lorentz invariance is to
hold, leads instead to an anomaly except under certain restrictions.

In light-cone gauge, we have E»+ = E+» = 0. On the other hand E{~
is cubic in transverse oscillators when the light-cone-gauge expansion of
a~ is substituted. As a result the commutator [Jl~, J3~\ might contain
terms quartic or quadratic in oscillators. (There cannot be a c number
without any oscillators since [Jl~. ji~] transforms nontrivially under the
transverse rotation group.) The terms in [Jl~, JJ~] containing four oscil-
lators are the same ones that would arise classically, and they cancel just
as in the classical computation, which certainly has no anomaly. To check
this explicitly is not too difficult. Thus if an anomaly is to arise, it must
be quadratic in oscillators, and indeed it can only be of the form

1 oo

[Jl-,J3~] = -T+T2 E Arn(alm< - aiTO<4), (2.3.24)
^ ' m=l

where the coefficients Am are c-numbers.
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The calculation of the Am goes as follows. Using the commutation
relations

= i (p+)- 2 (2.3.25)

and defining E* = p+E^~

[x\Ej] = -iEij, (2.3.26)

gives

[Ji-,Ji-] = -{p+)-2Cii, (2.3.27)

where

Cij = 2ip+a'Eij - [E\ Ej] - i&j + iEjp\ (2.3.28)

Comparing with (2.3.24), we learn that the coefficients Am can be deter-
mined by evaluating matrix elements of Clj as follows

<0| ak
mCijal_m |0> = m\8ikVl - S^Sil)Am. (2.3.29)

Using the oscillator commutation relations

K , a>n] = m8^6m+n, K , a~] = mai
m+n/p+, (2.3.30)

one finds that

(0| ak
mCijalm |0) = (0| {2m(m - 1 )^*^ ' + mpjpkSil - mpjpl6ik

m

n=l
TO ..

(2.3.31)
Now using

(p+)2 (0| a^aZm |0) = — ^ ( m 3 - m) + 2am, (2.3.32)

as follows from (2.3.14), and the identities

m ..
P+ (0| «m Y^ -a^a^ . , , , |0) = pV + ̂ 7m(m - l)/2 (2.3.33)

n=l
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100 2. Free Bosonic Strings

\ ' Z ^ n "»-» riZ^p ~P P-m\ 1 Kl ̂  J) ~ Vm

7 1 = 1 j ? = l

(2.3.34)
one learns that

Am = m ( 2 6 ^ ) + ^ • ( i ) ~ 2
2 6 + 2(1 - a)). (2.3.35)

Requiring Am = 0 gives D = 26 and a = 1 as expected.

5.5.5 Construction of Transverse Physical States

At the classical level, the relation between the covariant discussion and
light-cone gauge is quite transparent; light-cone gauge arises by fuller
specification of the conformal gauge choice. At the quantum level the
connection between the two formulations is far from evident; clarifying
this will be our next task.

We return now to the covariant quantization of §2.2. In §2.2 we formu-
lated the Virasoro conditions which should be obeyed by physical states,
but we were not able to give a general description of the states which obey
these conditions. Our goal here is to fill this gap and explicitly construct
all the physical excited states. Among other things, this will enable us
to make contact with light-cone gauge and (since that formalism is mani-
festly ghost free) to prove a no-ghost theorem for the covariant formalism.

The approach to be followed was pioneered by Del Giudice, Di Vecchia
and Fubini (DDF). They constructed a set of operators that commute
with the Virasoro operators, and which when applied successively to the
ground state give all possible physical states. These operators form a
closed algebra, called the 'spectrum generating algebra'. The DDF con-
struction, which we describe below, provides 'spectrum-generating oper-
ators' Al

n, where the index i runs over D — 2 transverse dimensions of
space-time and n is an arbitrary integer. These operators are in one-to-
one correspondence with the transverse components of a{J and describe
the transverse modes of the string. The Virasoro constraints provide one
restriction for each value of n so one might have expected that a spectrum
generating algebra would have to contain D — 1 operators for each value
of n. The missing longitudinal operators, A~, do enter in the theory and
will be described in the next subsection.

Let |O;po) denote the tachyonic ground state of the bosonic open-string
spectrum. We take a = 1, so this state has p\ = 2. Suppose the tachyon
is in the particular state of motion described by pQ" = 1, p^ = —1, and
pl

Q = 0, a choice that satisfies the mass-shell condition p\ = 2. Introduce
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2.3 Light-Cone Gauge Quantization 101

a null vector k§ with components k$ = — 1 and k^ = fcj = 0. Thus
ko • po = 1. We will find it convenient to study only states with the
property that if the mass is given by a1 M2 = N — 1 then the momentum
should be p^ = p% — JV&Q. We will call such states 'allowed' states. Any
physical state can be Lorentz transformed into a configuration that obeys
the condition just stated, so if we can gain a thorough understanding of
the 'allowed' states, this will give us an understanding of all of the physical
states with p% = 0 and p + = 1. All other states (except those with p** = 0)
can be reached by a Lorentz transformation.

The massless vertex operator V£(fc, r) , defined in (2.2.65), plays a crucial
role in the construction of the spectrum generating algebra. It is a periodic
function of r with period 2n except for the factor exp(ik - pr) arising from
the term p^r in the expansion of X**(0, r) . If we study the massless vector
vertex only with k^ = nfcg for integer n, then acting on 'allowed' states,
k -p is an integer, and the factor exp(ifc *pr) is periodic in r also. In such
a situation, the vertex operator corresponding to transverse polarizations
is

V\nh, T) = X\T)einX^r\ (2.3.36)

Because this is periodic in the 'allowed' subspace of Hilbert space, one
can in this subspace define unambiguously the Fourier components

A'n = — / V\nko,T)dT. (2.3.37)

These are the DDF operators.
The DDF operators have two important properties. They commute

with the Z/n, and they obey a simple algebra. The proof of the first fact
is very simple. The definition of conformal dimension implies that if V(r)
has J = 1, then

[Lm,V(r)] = -i^(eimTV(r)). (2.3.38)

Thus [Lyn,^^] = 0, as desired, provided that the kinematic setup is re-
stricted in the way described so that the integrand of (2.3.37) is periodic.
A corollary obtained from the LQ condition is that [Ny A

l
n] = —nAl

n. It
follows that an arbitrary state of the form

^ni^!!n2...AL-nm|0;po> (2.3.39)

satisfies the Virasoro conditions and has N = Y^jni' ^° determine the

algebra of the Al
H we require the commutators of the Xl(r) at unequal r .
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102 2. Free Bosonic Strings

By use of the mode expansion

X'(r) = f ; < 4 e - W , (2.3.40)
—oo

one finds

[Xf"(Ti),^(^)] = 2TTZW(TI - Vi). (2.3.41)

Now using (2.3.36) and (2.3.41), and noting that X+ commutes with
itself and with the X% (even at unequal r) we can readily compute the
commutators of the Al

n, giving

L ± J dndrilX'in), P(r2)} exp (imX+in) + inX+(r2))
0

2TT

= 7-^Sij J drX+(r) exp (i(m + n)X+(r)) = Om+n-

(2.3.42)
The last step uses p + = 1. We see that the algebra is identical to
that of the transverse oscillators a.%m. The Al

n also share with the trans-
verse oscillators the reality property, An = A%_n, and the property that
Al

n |O;po) = 0, n > 0. These facts ensure that the physical states (2.3.39)
obtained by acting on the ground state with the DDF operators are all of
positive metric, just like the states obtained in light-cone gauge by acting
on the tachyon state with transverse oscillators. We shall call the states
(2.3.39) spanned by the Al

m operators 'DDF states'. Of course, we know
that there are ghost states in the physical subspace for D > 26, so for
general D it must be that the Al

n do not generate the whole spectrum of
physical states.

2.3.3 The No-Ghost Theorem and the Spectrum-Generating Algebra

The complete space of states created by the D-dimensional oscillator
modes includes the undesirable ghost states. We have seen how to con-
struct a subspace of 'transverse' states that satisfy the physical-state con-
ditions and have positive norm - namely, the DDF states. From the
isomorphism of the algebra of the A%

m to that of transverse oscillators
it is clear that the dimensionality of this subspace is that appropriate to

Recall that for any operator A, the expression A(r) is shorthand for A(0,r).
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2.3 Light-Cone Gauge Quantization 103

(D—2)-dimensional oscillators. Our task now is to clarify the nature of the
states spanned by the orthogonal complement to this subspace. We will
in fact show that the DDF states essentially account for all the physical
states in 26 dimensions when a = 1, thus proving the absence of physical
negative-norm states in that case. This was first proved by Brower and by
Goddard and Thorn; simplifications in the argument recently introduced
by Thorn will be incorporated below. Absence of ghosts for D < 26 with
a < 1 is a simple corollary of the result for D = 26, a = 1 (although it is
somewhat more subtle to actually construct the complete basis of physical
states).

We continue to consider the kinematical configuration used in the dis-
cussion of DDF operators; if there are no ghosts among the 'allowed5

states, then Lorentz invariance of the covariant formalism ensures that
there are no ghosts in the physical Hilbert space. Let F be the space of
DDF states. A generic DDF state will be called | / ) . Let us define the
operators

Km = k0'am, (2.3.43)

(&o is the light-like vector that was introduced in the construction of the
DDF states.) These operators are easily seen to obey

[Km, Ln] = mKm+ny [Kmj Kn] = 0. (2.3.44)

It is easily seen that if |/) is a DDF state then

Kn | /) = 0 , n > 0. (2.3.45)

Now, we would like to study the states made by acting on a DDF state
|/} with a string of L-n and K-m operators. We define

|{A, /,},/> = LX_\LX_\ ... LxJ"mKt\ ... KtZ\f)- (2-3.46)

It is convenient to define

Y YVs = P' (2.3.47)

In (2.3.46) we have chosen to order the L-r with r increasing from left
to right. This is an arbitrary choice but it is important to keep to some
convention since the X's do not commute. Similarly, we have chosen to
put the if's to the right of the L's. We would like to show that, for any P,
these states are linearly independent. Following the modern treatment by
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104 2. Free Bosonic Strings

Thorn, we consider the matrix of inner products of the states at a given
value of P

Xm

where Ylr^r + Ylslis = Y^rK + ]C5/4 = P- This matrix is only a
function of the KQ and LQ values of the state |/) (with Ko = ko-ao ^ 0).
If we can show that the determinant of the matrix (2.3.48) is nonzero, it
follows that the states (2.3.46) of given P are linearly independent.

For P = 1, one computes

M1=[ , (2.3.49)

which has determinant — KQ ^ 0. The general proof that Mp has nonzero
determinant for any P depends on the fact that there is a natural way of
ordering the rows and columns so that the matrix always has a form with
zeros below its minor diagonal (the diagonal from upper right to lower left
corners) and nonzero elements along the minor diagonal. The determinant
is then given (up to sign) by the product of these elements. Since this
elementary point may be confusing, we write explicitly a general 4 x 4
matrix with zeros below the minor diagonal:

(2.3.50)

fan &YI «13

a21 #22 #23 0

#31 #32 0 0

V#4i o o o y

Clearly, the determinant of this matrix is the product of the elements on
the minor diagonal, and so is nonzero if these are all nonzero. Thus, we
can prove that the matrix Mp has nonzero determinant if we show that
with suitable ordering of the states MP has the general form (2.3.50).
Let us illustrate the ordering that does the job for the matrix at level 2,
i.e., P = 2. In this case the appropriate ordering of the states |{A,//},/)
is

111, L-2, I - i # _ i , K-2, Klv (2.3.51)

In evaluating an inner product (2.3.48) we commute L's and ICs past each
other. However, the number of A°s can never be reduced in this process.
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2.3 Light-Cone Gauge Quantization 105

To avoid the K's simply killing the conjugate end states there must be
enough Z's to turn all of the K's into factors of KQ since a matrix element

(f'\KfllK(l2...Kllk\f) (2.3.52)

(with |/) and [/'} being DDF states) vanishes unless m = //2 = •. • = fi>k =

0. It is easy to see that the arrangement of the states as in (2.3.51) gives a
matrix of inner products of the general form (2.3.50). The generalization
of (2.3.51) to higher mass levels is as follows. Recall that {/i} or {A}
denotes a string of ICs or Z's, respectively. We first define an ordering
between two strings of Z's:

{V} if J>Ar>£rA' r

or V^rAr = Y^rA'r and Ai > X[.

or V^ r\r = Y^ rX'r and Ai = A'l5 A2 > A2, etc.

(2.3.53)
(Ai, A2, etc., are defined in (2.3.48).) Now we want to give a rule for
combined strings {A,//} of L's and if's. The appropriate rule is

{A}

or {A} = {A'} and {/i} > {,,'}. { ' " j

One may readily see that the examples given earlier are special cases of
this rule, and that this rule always give MP of the desired form, with zero
elements everywhere below the minor diagonal and KQ along it.

This calculation is purely algebraic, making no reference to the repre-
sentation of the L-n or K-n. The fact that M is nonsingular depends
crucially on the presence of the K-n. The corresponding matrix for states
constructed simply from the L_n leads to a determinant (the Kac deter-
minant), which can be singular.

Now let |/) and \g) be two different DDF states, with (f\g) = 0. We
assume that | /) and |g) are eigenstates of L§. Let | /) = |{A,//},/) and
|<7) = |{A'\fj,'},g) be states obtained by acting on | /) and |#) with strings
of L's and K's. Then we claim that

(f\g) = 0. (2.3.55)

Indeed, writing out |/) and |</) explicitly as in (2.3.48), and commuting
L-n and K~n to the left and Ln and Kn to the right (for n > 0), the
left-hand side of (2.3.55) reduces to a multiple of (/|#), which we assume
to vanish.
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106 2. Free Bosonic Strings

We claim now that the states (2.3.46) with |/) running over all DDF
states and {A,/i} running over all strings of Us and if's, are linearly
independent. This is the case because we have proved in (2.3.55) that the
towers of states based on orthogonal |/)'s are orthogonal to each other,
and we have proved by studying the determinant of M. that the tower of
states (2.3.46) based on a given |/) are linearly independent.

The statement that the states (2.3.46) are linearly independent may
seem rather technical, but it is an amazingly powerful tool. It follows from
(2.3.46) that every state in the boson string Fock space can be expressed
as a linear combination of states of the form (2.3.46). To see this is a
matter of simple counting. Any state in the Fock space can be written in
the form

n i l (*-»)*•*-io>- (2-3-56)
p=0 n=l

Although the total number of states in Fock space is infinite, there are
only finitely many states with a given eigenvalue of

25 oo

p=0 Ti=l

The states in (2.3.56) are linearly independent, of course, and they are TV
eigenstates, with eigenvalue

(N) = 2^ n<*,p> (2.3.58)
n,p

Now, explicitly, a general state (2.3.46) is of the form

oo 24 * .n r A n r^^n T T f 4 * J n t | n \ ^9 ^ ^Q^

L_n l\_n lly^-nj lu/ [Z.d.OV)
n=l i= l

for some An, //n, and f3nj. The states in (2.3.59) are again N eigenstates,
with eigenvalue

(2.3.60)
n=l

Comparison of (2.3.58) and (2.3.60) reveals that the number of states of
the form (2.3.56) of given N is exactly the same as the number of states

https:/www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9781139248563.003
https:/www.cambridge.org/core


2.3 Light-Cone Gauge Quantization 107

(2.3.46) of the same TV - since the combinatorics of 26 e's is the same as
the combinatorics of one A, one //, and 24 /?'s. Since the states (2.3.46) are
linearly independent, and are as numerous (at each mass level) as states
of the form (2.3.56), the states of the form (2.3.46) must furnish a basis
for the Hilbert space.

We will now use this result to prove the no-ghost theorem - after as-
sembling one or two more tools. Let S be the space of spurious states.
According to our previous discussion, a spurious state is the same as a
state |,s) that can be written as

|s) = L_i|xi) + £-2|X2> (2.3.61)

for some |xi) and |x2)- Evidently, we could just as well write \s) as

|a) = L_i|xi) + Z-2|X2>, (2-3-62)

where

L_2 = L-2 + \ L 1 V (2.3.63)

Recall that this is the combination that appeared in the construction of
zero-norm states in (2.2.45). The utility of using Z_2 instead of L-2 will
become apparent.

Let K be the space of all states of the form

71 = 1

where |/) is a DDF state. Every state of the type (2.3.46) either has some
Us in its expansion, and so is spurious, or has no L's, and so belongs
to K. Since the states (2.3.46) are a basis for the Fock space, we have
learned that any state \(j>) in Fock space can be written

\<f>) = \s) + \k), (2.3.65)

where \s) is spurious and \k) is in K. Moreover, this representation is
unique, since the states (2.3.46) are linearly independent. Therefore, if
\<j>) is an LQ eigenstate, then |s) and \k) are LQ eigenstates with the same
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108 2. Free Bosonic Strings

eigenvalue. In particular, if

(Lo - 1) |$ = 0, (2.3.66)

then

(Lo - 1)|*) = (LQ - l)\k) = 0. (2.3.67)

Now, suppose that \<j)) is a physical state, and so obeys

Lm\<t>) = 0, m = 1 , 2 , 3 . . . (2.3.68)

as well as (2.3.66). Writing \<j>) as in (2.3.65) with \s) and |jk) obeying
(2.3.66), we will now show that \s) and |fc) are physical states,

Lm\s) = Lm\k) = 0, m = 1 , 2 , 3 . . . . (2.3.69)

It is enough to prove (2.3.69) for m = 1 and m = 2, since the Lm for
m > 2 can be obtained as repeated commutators of L\ and L<i. Also, we
have

|*) = L-i|Xi) + I-2|X2> (2.3.70)

for some |%i) and |x2)- Equation (2.3.67) implies

O-=Lo|xi) = (£o +1)|X2>. (2.3.71)

To prove (2.3.69) for m = 1, we note from (2.3.65) and (2.3.68) that

Q = Li\s) + Li\k). (2.3.72)

We can write in more detail

ii|a> = i i ( i - i l x i ) + L-2\X2)) (2.3.73)

and

I I ; l / > , (2-3.74)

where |xi) and |%2) obey (2.3.71) and |/) is a DDF state. Using the
commutation relations [Li,L_i] = 2Lo, [Li,L_2] = 3 i_ i , and (2.3.71),
we see from (2.3.73) that L\\s) is a spurious state,

L^s) = L-M + L-2\m) (2-3-75)

for some 77;. It also follows from (2.3.74), the fact that the DDF states are
physical (Ia | / ) = 0) and the commutator [Lm,Kn] — Km+n that L\\k)
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2.3 Light-Cone Gauge Quantization 109

is in K. Equation (2.3.72) thus means that the sum of a spurious state
(Li\s)) and a state in K (L\\k)) add up to zero. Because of the linear
independence of the states (2.3.46), this is possible only if

L1\s) = L1\k) = 0, (2.3.76)

which is what we wished to show.
To complete the proof that \s) and \k) in (2.3.65) are physical if \<j>) is,

we must repeat the argument that led to (2.3.76) to show under the same
assumptions that

L2\s) = L2\k)=0. (2.3.77)

The argument that gave (2.3.76) can be directly generalized to give
(2.3.77), and we leave this as an exercise for the reader. We remark,
however, that in the process, the reader will encounter the commutator
[Z/2,Z/-2], which is D dependent, because of the Virasoro anomaly. This
is the one and only one place in which D dependence arises in the whole
argument. The reader should be able to prove (2.3.77) in the case D — 26.

The no-ghost theorem is now in our grasp. In the decomposition (2.3.65)
of the general physical state |<̂ >), we now know that \s) is physical as well
as spurious. We know from our earlier discussion of spurious states that
a state that is both physical and spurious is null and orthogonal to all
physical states, so (s\s) = (k\s) = 0. Hence

{<i>\<f>) = < * l * > , (2-3.78)

but we can easily show that \k) has non-negative norm. Looking back to
(2.3.64), we see that the general state in K can be written

-»m (2-3-79)

where the | / a) are DDF states and the ' in jf]' means that the //n>a are
not all zero. Let us abbreviate (2.3.79) as

|*> = | /) + |*>. (2-3.80)

It follows from elementary properties of the K's and the DDF states that
(jfc|jb) = (/|jk) = 0. So (fc|ib) = (/ | /) > 0 (with ( / | / ) = 0 if and only if
|/) = 0). In view of (2.3.78) this completes the proof that the general
physical state \<f>) has non-negative norm. There are no ghosts in the
physical Hilbert space.
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110 2. Free Bosonic Strings

It is possible actually to prove a stronger statement. Using the commu-
tator [Lm, Kn] = —nKm+n and the fact that the Lm for m > 0 annihilate
the DDF states |/) and | / a ) , it is easy to show that if \k) in (2.3.79) is
physical, then \k) — 0 and |A:) = | / ) . Thus, we learn finally that the
general physical state \<f>) can be written

\<t>) = I / } + \s), (2.3.81)

where |/) is a DDF state and |s) is a spurious physical state. This is
the strong statement of the no-ghost theorem. The appearance here of
the spurious physical state \s) may at first sight seem like a nuisance, but
actually it is closely related to the reason that string theory is interesting.
The transformation |/) —» |/) + \s) is a string-theoretic analog of a gauge
transformation.

The generalization of the no-ghost theorem to D < 26 is immediate
since the physical space is simply a subspace of the 26-dimensional space
in which

o?m\<t>) = 0 , t = £>,..., 25 (2.3.82)

for m > 0. It is only in 26 dimensions, however, that there are enough
null states for the DDF states (i.e., the physical |/) states) to form a
complete basis for the physical states. For D < 26 it is possible to relax
the condition on the mass of the ground state by allowing (as a formal
trick) kl

0 to be nonzero when i = .D, . . . ,25. (Due to the absence of
excitations in these dimensions, this does not alter the desirable features
of ko.) As a result the ground-state mass is shifted so that

25 2

a = 1 - J2 {kJ ^ L (2,3.83)
i=D

The physical states in lower dimensions are not purely transverse.
We can, in fact, explicitly construct the operators that create these

physical 'longitudinal' states from the transverse ones and see that they
create zero-norm states when D = 26. This concrete representation of all
D — 1 physical modes was developed by Brower in his presentation of the
no-ghost theorem. We will now sketch this approach, though we will not
enter into the degree of detail we considered above.

It is natural to try to extend the DDF operators to operators with D
components, not just D — 2, by considering (2.3.36) with the transverse
index replaced by + or —. The + component turns out to be trivial
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2.3 Light-Cone Gauge Quantization 111

because

At = ^Jx+einX+dr = «w (2.3.84)
o

in the particular kinematical configuration that we have chosen to study.
The — component is the integral of V~(nfco,r), where

V(nko, r) =: X~einX+ : (2.3.85)

does not have conformal dimension J = 1 because of the effect of normal
ordering. Computation reveals instead that

[Lm, V-(nh,r)} = eimT(-i^ + m)V-(nko,r) + |nroVmVn X +.

(2.3.86)
The second term in this expression has the same origin as the anomalous
dimension k2/2 for the vertex operator : exp(ik • X) :. Indeed, commu-
tation of a normal-ordered expression with Lm gives an expression with
some terms having the raising operators to the right of the corresponding
lowering operators. Commuting them to normal-ordered form gives the
last term in (2.3.86).

The first term in (2.3.86) has the correct form for an operator of confor-
mal spin J = 1. The presence of the second term means that V~ cannot
be used to create physical states. It is, however, possible to add a term
to correct this. The required term turns out to involve a peculiar combi-
nation of oscillators that at first sight may look ill-defined, but actually
is not. The zero-mode piece of k • X is k • p = nko • p = n for our assumed
kinematic configuration. Therefore for n ^ 0 (which is the only case that
we need), log(fc • X) = log(n + £ g / 0 k • aq) = log n + £ ]Tg#0 k • aq + . . .
has a well-defined power series expansion of the general form

log n + oscillator terms. (2.3.87)

The formula that enables us to cancel the last term in (2.3.86) is

[Lm,i-f log(t • X)} = eimT{-i±- + m)i-f log(* • X) - m V W (2.3.88)
ar dr dr

Therefore the combination

h'x : + - F ^ - ( l o g Jb • X)eik'x (2.3.89)
2 dr

has conformal dimension J = 1. Since the only nonzero component of k^
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112 2. Free Bosonic Strings

is k = —n, this reduces to (2.3.36) for // = i. For fi = — it gives

V-(nkOjr) =: X~einX* : - im-^-( logX+)e i n X \ (2.3.90)
ar

and hence
2 *

1

A
0

n = r - IdrV"{nh,r) (2.3.91)
2TT J

can be used to generate physical states. Note that Ao = p .
These operators, taken together with the A%

n, give D — 1 operators for
each value of n, and do in fact constitute a complete spectrum generating
algebra. The algebra of these operators is

(2.3.92)

= -nA\n+n (2.3.93)

3 (2.3.94)

Together with the Virasoro operators Lm, the spectrum generating op-
erators A%

m and A~ generate all the states in the string Fock space. The
correspondence between the Am and the am can be seen from the defining
formulas, where it is evident that

Al_n = a%_n + . . . , A~_n = k • a-n + . . . , L-n = p • a_n + . . . ,
(2.3.95)

where +. . . denotes terms that involve more than one oscillator mode.
This strongly suggests that at each mass level there is an invertible trans-
formation from states made from spectrum generating and Virasoro op-
erators to states made from the o^.

We can now consider the space of physical states explicitly to illustrate
the fact that there are no negative-norm states. In fact, acting on physical
states of positive norm, Ax

n gives physical states of positive norm. The
delicate case is A~. Instead of working with A~ we may as well work with

1 oo D-2

since the A~ have the advantage that they commute with the A%
m. Thus

our proof that the A~ and Al
k generate the physical spectrum implies that
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2.3 Light-Cone Gauge Quantization 113

an arbitrary physical state \\j)) can be written in the form

w = 4 M £ ... 4 ; ^ ^ - K i°> • (2-3-97)
The commutation relations of the Al

n and An can be used to arrange the
spectrum-generating operators in the convenient order given in (2.3.97).

The A~ obey a Virasoro algebra, which can be extracted from the
algebra of the a~,(2.3.14), together with (2.3.93) and (2.3.94):

~ ~ 26 — D o
[A", A;] = {m- n)A"+n + —fi-rnHm+n. (2.3.98)

If We can show that states of the form

|X) = i - . . . i - |0) (2.3.99)

always have non-negative norm, then subsequent action of Al
n as in

(2.3.97) will always give states of non-negative norm, and this again will
prove the no-ghost theorem. Since

i~ |0 ) = 0, n > 0 (2.3.100)

we can (after commuting the A~ to the right for n > 0) assume that
rii < 0 in (2.3.99). To compute the norm of |x) we write

<xlx> = < o | i : n , . . . i : n i i - . . . i - |o>. (2.3.101)

Using (2.3.98) to commute the A~_ni to the right where they eventually
annihilate |0), we see that in D = 26 the states in (2.3.101) are all of zero
norm (unless k = 0, in which case |x) = |0), of norm 1). This argument
is the basis of Brower's proof of the no-ghost theorem for D = 26. For
D ^ 26, (2.3.101) can still be evaluated by use of (2.3.98) and (2.3.100).
One finds that all states of the form (x| have positive norm for D < 26
and some have negative norm for D > 26.

2.3.4 Analysis of the Spectrum

For a = 1 and D = 26 the ground state of the bosonic open string, |0;p),
is a tachyon with a1 M2 = —1, and the first excited state aLj |0;p) is a
massless vector with 24 independent transverse polarizations. In order to
get a better sense of what it means to have a string, it is instructive to
study what happens at some of the higher levels as well.
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114 2. Free Bosonic Strings

The light-cone-gauge description of string states has the advantage
of giving physical states only, described in a manifestly positive-definite
Hilbert space. It has the disadvantage of presenting the states as multi-
plets of SO(D — 2), the transverse rotation group, even through the proof
of Lorentz invariance, given above for D = 26, guarantees that the massive
levels in fact fill out complete multiplets of SO(D — 1). One could deter-
mine how the 50(24) multiplets fit together into 50(25) multiplets by
actually studying how they rotate into one another under suitable Lorentz
transformations. This is somewhat tedious, however, and it is simpler (at
least for the first few levels) to note that the 50(24) multiplets that occur
correspond to unique branchings of 50(25) multiplets.

We consider first the open-string states. The only state with a'M2 =
— 1 is the ground state tachyon, and the only states of a'M2 = 0 are the
24 polarization states of the massless vector boson. With these states
we are already quite familiar. The first states with positive M2 occur at
a' M2 = 1, and are given by

al2 |0;p) and a^a^ |0;p), (2.3.102)

D - 2 and \{D - 2)(D - 1) states, respectively. The sum, \(D - 2)(D +
1), is the dimensionality of a symmetric traceless representation, CD, of
S0(D — 1), which must be the complete answer therefore. It is tempting
to call such a representation 'spin two'. This is indeed the representation
we found in §2.2.3 in trying to construct vertex operators at this mass
level.

At the level a'M2 = 2 the possible states are

aL3 |0), aLaoij |0), and a l ^ a * 2 |0), (2.3.103)

a total of 24 + 576 + 2600 = 3200 states in all. These combine to give the
an (2900) and B (300) of 50(25). Similarly, for a'M2 = 3 one obtains
CUD (20150), EP (5175), m (324), • (1), a total of 25,650 states in all.
One fact worth noting is that maximum 'spin' for mass M is given by
n — a'M2 + 1. The nth rank symmetric traceless tensor representation is
built from portions of a ^ • • • al2\ |0) plus other terms required to complete
the 50(25) multiplet. It is clear that if decomposed in terms of an 50(3)
subgroup it would give one term of spin n in the usual sense, and that
this is the unique highest spin state at this mass level. Thus we have the
inequality

J'<a'M2 + l. (2.3.104)

We already deduced this relation at the classical level in §2.1.3, and we
encountered essentially the same fact in the introduction in the course
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2.3 Light-Cone Gauge Quantization 115

of analyzing the poles in the Veneziano amplitude. This inequality has
essentially the same form as one appearing in the theory of black holes,
and is only one of a number of tantalizing similarities between properties
of massive string states and black holes.

The spectrum of closed-string states is easily deduced from that of
the open strings. Here at last we have the chance to enjoy the fruits
of our labors, for it is in the closed string sector that we will find the
graviton - the massless spin two state. Closed strings in the light-cone
gauge are described by two sets of transverse oscillators, {al

n} and {o^},
corresponding to left and right movers. In addition, one has the restriction
Lo = 1,0 > mentioned earlier, which implied that there must be an equal
amount of excitation of the left and right movers, i.e.,

*-»*»• (2.3.105)
n=l n=l

Thus the closed-string multiplet with a1 M2 = A(N — 1) is given by tensor
products of open-string states having o! M2 = N — 1 with themselves.

For example, the ground state is a scalar tachyon with a1 M2 = —4.
The next level is a set of massless states of the form

\nij) = a l j a i j |0) (2.3.106)

with 50(24) quantum numbers corresponding to the tensor product of a
massless vector of 50(24) from left-moving modes with a massless vector
of 50(24) from right-moving modes. The part of |filJ) which is symmetric
and traceless in i and j transforms under 50(24) as a massless spin two
particle; this is the graviton. The trace term 6{j \QlJ} is a massless
scalar, usually called the dilaton. Finally, the antisymmetric part jfJ1-*) —
[fi-7*) transforms under 50(24) as an antisymmetric second rank tensor.
They all have their counterparts in supersymmetric string theories, and
each plays a fundamental role. We can also go on to describe closed-
string states of positive mass squared by taking suitable tensor products
of left- and right-moving open-string Hilbert space. For example, the level
olM2 — 4 has representations given by the decomposition ofmxm,

The spectrum described above is that of oriented closed strings - the
spectrum of the 'extended Shapiro-Virasoro model'. It is possible, if
one wishes, to restrict the spectrum to states corresponding to an unori-
ented string. Physically, an oriented string carries an intrinsic 'arrow',
as in fig. 2.5a, while an unoriented string, as in fig. 2.56, is directionless.
Mathematically, an unoriented string is a string whose quantum wave
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116 2. Free Bosonic Strings

Figure 2.5. Oriented and unoriented open strings. An orientation is present (a) if the
charges at the ends of the string are distinguishable (as in QCD with the usual SU(n)
gauge group), while there is no orientation (b) if the charges at the end of the string
are indistinguishable, as in a gauge theory with SO(n) or Sp(n) gauge group. For
closed strings the notion of the 'orientation' of the string is equally important though
more abstract.

functional 1^(Xli(a)) is invariant under a —> — a. The quantum wave
functional of an oriented closed string has no such restriction. As we have
imposed no a —* — a restriction on our string wave functionals, we have
been discussing oriented closed strings, even though we have not said so
explicitly. Let us now discuss the alternative case of unoriented closed
strings. Since a —> —a interchanges left- and right-moving oscillators am

and am, the state |\P) of an unoriented closed string must be symmetric
under exchange of the two sets of oscillators. Thus only the symmetric
product of the open-string multiplets should be used to describe unori-
ented closed strings. For example, at the massless level the antisymmetric
tensor term should be dropped, whereas the graviton and dilaton terms
should be kept. The spectrum of unoriented closed strings is the spectrum
of the 'restricted Shapiro-Virasoro model'.

2.3.5 Asymptotic Formulas for Level Densities

We will now explore the asymptotic behavior of the level density for very
highly excited states. This subsection is not entirely self-contained, and
the reader may wish to return to it after reading the appendix to chapter 8
on modular functions.

The total number of open-string states with a'M2 = n — 1, denoted dn,
is conveniently described as the coefficient of wn in

trwN, (2.3.107)

where N is the number operator

oo

= 2>_n-an. (2.3.108)
n=l
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2.3 Light-Cone Gauge Quantization 117

Since we wish to count only physical states, the oscillators in (2.3.108) are
transverse oscillators only, ajj, i = 1, . . . , 24. More easily computed than
the individual dn is the generating function

oo
G(w) = ^dnw

n = tiwN. (2.3.109)
n=0

This can be evaluated by elementary methods of quantum statistical me-
chanics. In fact,

oo oo

trwN = J ] trw"-"-** = J](l - wn)~u = [/H]"24, (2.3.110)
n=l n=l

where

ff(w) = f[(l-wn) (2.3.111)
n=l

is known as the classical partition function; it enters in many problems
in additive or combinatorial number theory.

In order to estimate the asymptotic density of states we shall require the
behavior of the function f(w) as w —* 1. This can be crudely estimated
by using

= exp

\n=\

_ f

A more precise estimate can be obtained by noting that upon replacing w
by e2xtr, the function f(w) is closely related to the Dedekind eta function

oo

1,(7-) = e1'7""/12 J J ( 1 - e2irinT). (2.3.113)
n=l

This function has the modular transformation formula

I/(-1/T) = {-iT)1'2^), (2.3.114)

(which will be derived in the appendix to chapter 8 in the context of the
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118 2. Free Bosonic Strings

calculation of loop diagrams). Applied to f(w) this gives the Hardy-
Ramanujan formula

1/2

(2.3.115)

where
2 T T 2

? = exp(- ). (2.3.116)

This relation enables one to deduce the asymptotic formula for w —• 1 (or
9-0)

f(w) ~ A(l - w)-1'2 exp ( -

Having found an asymptotic formula for f(w) and therefore for the
generating function G(w) — [/(w)]~24, we would now like to go back and
determine the large n behavior of the dn, which was our original interest.
One can project out dn from G(w) = J2^n^n by a contour integral on a
small circle about the origin

Using the asymptotic expansion of /(w;), this can be estimated for large
n by a saddle point evaluation. G(w) vanishes rapidly for w —> 1, while
if n is very large, w71*1 is very small for w < 1. There is consequently for
large n a sharply defined saddle point for w near 1. Indeed, the factor

[ - ^ - (n + l)ln J (2.3.119)
L In i f J

is stationary for Inw ~ —2ir/y/n + 1. Therefore one finds that as n —> oo

dn - (const.)n"27/4 exp(47r^). (2.3.120)

Using n ~ a'm2, the density of levels as a function of mass is asymptoti-
cally

p(m) - m"25/2 exp(m/m0), (2.3.121)

where

m0 = ^a1)-1'2. (2.3.122)
47T

The level density grows so rapidly with mass that the partition function
tve~PH of the free theory cannot be defined beyond a maximum tem-
perature T = TTIQ. This has led to speculations about some kind of phase
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2.4 Summary 119

transition near this temperature. Such speculations cannot be pushed too
far, however, because we are dealing with a system that includes gravity.
The concept of temperature and the idea of a phase transition are really
only valid in the limit of macroscopic systems of essentially infinite vol-
ume. Such a limit does not exist in a system that includes gravity, because
in the presence of gravity any statistical ensemble of nonzero energy per
unit volume is, in the infinite volume limit, inside its Schwarzschild radius
and unstable against gravitational collapse. (Even nonrelativistically such
a system always suffers from the Jeans instability, which is crucial in the
theory of star and galaxy formation.) Thus there is no stable thermal
ensemble, and the very concept of temperature and phase transitions is
ill-defined in the presence of gravity. For most practical purposes, this
does not worry us, since we deal with temperatures so low compared to
the Planck scale that temperature and statistical mechanics are good ap-
proximate notions. At energy scales of order (a')"1/2, however, the notion
of temperature has presumably lost its meaning, and whatever happens
in string theory at that scale is unlikely to be understandable in terms of
thermal physics.

2.4 Summary

Classical free string theory can be consistently formulated for any space-
time dimension, but quantization with a ghost-free spectrum requires D <
26. Also, the intercept of the leading Regge trajectory must satisfy a <
1. In the special case of D = 26 and a = 1 the spectrum is entirely
transverse, with many decoupled zero-norm states. This is suggestive of
an enormous underlying gauge invariance. These results were obtained
using various covariant and noncovariant approaches, which will be useful
for later developments.

Closed strings are described by a doubling of the degrees of freedom
of the open strings. The mathematics of left- or right-moving modes on
closed strings is essentially the same as that of the standing waves on
open strings. The two sets of modes are independent except for the single
relation LQ = LQ. Closed strings are of particular importance, because
the spectrum includes a massless graviton.

https:/www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9781139248563.003
https:/www.cambridge.org/core


https:/www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9781139248563.003
https:/www.cambridge.org/core


3. Modern Covariant Quantization

The propagation of a string in a background space-time is governed by
a two-dimensional field theory, as we have discussed extensively in chap-
ter 2. This two-dimensional theory has local reparametrization invariance.
We have quantized this two-dimensional theory in chapter 2 by canonical
methods - equal-time commutators, constraints and a Hilbert space of
physical states. Path integrals offer an alternative approach to the quan-
tization of field theories. Experience with ordinary gauge field theory in
four space-time dimensions shows that path-integral quantization is par-
ticularly natural in the case of systems with local symmetries, and leads
to many insights that are difficult to obtain otherwise. It is thus natural
to consider the quantization of the free string using the same tools that
are customarily used for quantization of any other gauge-invariant theory.
This viewpoint was introduced by Polyakov in 1981, though path-integral
approaches to gauge-fixed forms of the string action go back to the early
days of string theory.

3.1 Covariant Path-Integral Quantization

The free field theory action

S0[X] = ~ l d2<r&'X»daXlt, (3.1.1)

when supplemented with constraints, describes the propagation of a free
string. It is a gauge-fixed form of

] [daVhhdaXdpXll. (3.1.2)
2TT J

It is natural to attempt to quantize (3.1.2) by the same methods that are
used for quantization of any other gauge-invariant theory, starting with
the Euclidean path integral

= I (3.1.3)

We will apply to this expression the modern Faddeev-Popov techniques
for interpreting the partition function of a gauge theory.

121
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122 3. Modern Covariant Quantization

3.1.1 Faddeev-Popov Ghosts

The symbol J Dh(a) denotes an integral over the three independent com-
ponents h++(cr), h (cr), h+-(a). It is necessary to define a precise mea-
sure to be used in this integral, and anomalies potentially arise because
there is no satisfactory way to define the measure so as to preserve all of
the apparent symmetries of (3.1.3). Since there are three gauge invari-
ances, the two reparametrizations and the Weyl scaling, one wishes to
choose a gauge slice that makes a particular choice for each of the three
functions in hap(a). We would like to impose the usual gauge choice

Kp = e*Vap, (3.1.4)

which in terms of light-cone coordinates means

0 = fc++ = &__. (3.1.5)

Under a world-sheet reparametrization, cr+ —> cr+ + £+,cr~ —> o~~ + £~,
the gauge conditions (3.1.5) transform as

8h++ = 2V+£+, 8h— = 2V_£_. (3.1.6)

(This amounts to the formula - familiar in general relativity - for the
transformation of the metric tensor under an infinitesimal coordinate
transformation: 8hap = Va£/? + V/?£a. Here V is the covariant deriva-
tive that includes the Christoffel connection, so V a ^ = da£p — ^a^y)
The procedure for imposing a gauge condition in a path integral such' as
(3.1.3) is well-known. Let G be the group of reparametrizations of the
string world sheet S, and let Dg denote an integration over the group
manifold. Let h9 denote the metric into which h is transformed by a
reparametrization g. A basic tool in manipulating the path integral is
then the identity

1 = / Dg(a) 8(h9++)6(h9__) det(8h9++/8g) det(6hg__/8g). (3.1.7)

The factors det(6h++/6g), det(6h9__/8g) are the usual gauge-fixing deter-
minants, which are needed so that the integral really equals one. The next

This is a slight simplification; global properties will be discussed later.
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3.1 Covariant Path-Integral Quantization 123

step in gauge fixing of path integrals is to insert ' 1 ' in the path integral
(3.1.3) in the form (3.1.7). This gives

= J Dg(a) _) i

x det(6hg++/6g)det(6hg__/6g).

Since the action S is reparametrization invariant, S[h,X] = S[h9,X], the
integrand in (3.1.8) depends on h and g only in the combination hg. We
therefore make a change of integration variables g and h to g and hf = h9,
and discard the J Dg integral, which now only contributes an infinite
multiplicative factor. We thus arrive at the gauge fixed path integral

Z = f Dh'(a)DX(a) e " 5 ^ «(ft'++) W _ ) x

x det(6ti++/6g)det(6ti__/8g).

The delta functions in (3.1.9) are easy to deal with; they mean that the
integral J Dh1 reduces to an integral over h+_, or equivalently over <f>
defined in (3.1.4). The determinants in (3.1.9) are more awkward. The
usual way to deal with them is to represent the determinants as integrals
over anticommuting 'ghosts' and 'antighosts'. The required formulas can
be determined from the formula (3.1.6) for 6h'++/8g = 6h'++/6£+ and
6h'_J6g = 6hLJ6£-. Indeed,

8ti++(a)/6Z+(a') = 2V+6(a - a1) (3.1.10)

and likewise for H—> —. The delta function in (3.1.10) is just the identity
operator in coordinate space; it is the operator V+ (and V_) whose deter-
minant is needed in (3.1.9). Therefore, to represent the first determinant
in (3.1.9) we introduce an anticommuting 'ghost' c~ and an 'antighost'
b and write (absorbing the factor of 2 in the normalization)

det(6ti++/6g) = f Dc-(*)Db—(<r)expl-- I d2a c " V + 6 _ _ | .

(3.1.H)
The second determinant in (3.1.9) is likewise represented as an integral

Integrals over anticommuting (Grassmann) coordinates, called Berezin integrals,
are discussed in §4.1.2.
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124 3. Modern Covariant Quantization

over a ghost c+ and an antighost &++,

det(6ti__/6g)= f Dc+(a)Db++(a)exvi-- /

(3.1.12)
Using the delta functions in (3.1.9) to solve for h in terms of the conformal
factor <f> defined in (3.1.4), the gauge-fixed path integral becomes

Z = I D<t>{a) I DX{a) Dc{a) Db(a) exp -S{X, 6, c), (3.1.13)

where now the action S includes the ghost terms defined in (3.1.11) and
(3.1.12) in addition to the free-field action of (3.1.1).

The next issue is to discuss the D(f> integral in (3.1.13). Formally,
the integrand in (3.1.13) is independent of <j>y so that the D<f> integral
would give merely an irrelevant overall infinite factor. In fact, because
of problems with regularization, the decoupling of <j) only holds in 26
dimensions, where the conformal anomaly cancels. The justification of
this assertion, however, requires some tools we have not yet developed.
For the time being we simply assume that the D<j> integral can be discarded
and study the resulting theory including the ghosts. We first show that
precisely in 26 dimensions the c-number anomaly in the Virasoro algebra
cancels if the ghost contributions are included. Then in §3.2.3 we show
that this is equivalent to the decoupling of <f>. in 26 dimensions. It is
conceivable that the integral in (3.1.13) is physically sensible even if the
<j> dependence does not cancel. This possibility has motivated some very
ingenious suggestions, but remains uncertain. In any case, for superstring
unification the critical dimension in which the <j> dependence cancels is
preferred, since in most suggestions about how to get outside of the critical
dimension, one expects to lose the massless particles that are present in
the critical dimension. We do not pursue the analysis of string theory
outside of the critical dimension in this book.

3.1.2 Complex World-Sheet Tensor Calculus

Before trying to understand the ghosts, it is useful to work out the basic
formulas of Riemannian geometry in a two-dimensional metric of the con-
formal form hap = eVrjap. It is convenient, though not essential, in this
discussion to use a Euclidean language, discussing a string world sheet
with a metric of Euclidean signature. The continuation of the formulas
from Euclidean to Minkowskian signature and vice versa is straightfor-
ward. Though not really essential for our present purposes, the Euclidean
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3.1 Covariant Path-Integral Quantization 125

picture is likely to be essential in some of the subsequent developments,
since it leads to the theory of Riemann surfaces and complex analysis. We
will present the mathematical setting for this subject in a deeper way in
chapter 15.

On a world sheet whose metric (at least locally) has been put in the
form ds2 = e^(da2 + dr2), it is natural to introduce a complex coordinate
z = r + ia and its conjugate ~z — r — ia. When using a world sheet of
Minkowski signature, we have previously referred to z and ~z as cr^. In
the z, J coordinate system, the components of a vector are

t± = t o ± t t i . (3.1.14)

Furthermore, the components of the gradient d/dcra are now

The metric components are /i++ = h = 0 and A+_ = /i_+ = \e^'. The
invariant line element is given by

ds2 = e*dzdz, (3.1.16)

and indices are raised and lowered according to the rule

t+ = \e*t" (3.1.17)

t- = \eH+. (3.1.18)

A change of coordinates z —• z1 = f(z), where / is a holomorphic
function of 2, preserves the conform ally flat form of the metric. It simply
sends

2
p-*pl= ~k p> (3>L19)

where p — e^. In general, a tensor with nu upper and n\ lower holomorphic
indices and nu upper and n\ lower antiholomorphic indices transforms
according to

t-+t' = (d±)nu~ni (J\nu~ni
t, (3.1.20)

\dz / \az /

The quantities n\ — nu (n/ — nu) are referred to as the holomorphic (anti-
holomorphic) conformal dimension of the tensor t. The qualifiers 'holo-
morphic' and 'antiholomorphic' can usually be dropped without confusion.
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126 3. Modern Covariant Quantization

We define covariant derivatives of tensors using the Christoffel connec-
tion

T\p = \Ws{dahp8 + dfihaS - d6hQ(3) (3.1.21)

in the usual manner. The Riemann curvature tensor is conventionally
defined as

R\pP = dpT\p + r W -(£<-> />)• (3-1.22)

The only nonzero components of the Christoffel connection for the con-
formally flat metric are

+ (3.1.23)

r -__ = <9_<£. (3.1.24)

Therefore, for example, a tensor with n lower or upper + indices has

V_*++...+ = cU++...+ (3.1.25)

V+*++...+ = (8+ - n5+^ + + . . .+ (3.1.26)

v _ t + + - + = a_t++-+ (3.1.27)

V+J++-+ = (3+ + n a + ^ ) ^ + + - + . (3.1.28)

It follows that

(3.1.29)

From this we read off the two-dimensional scalar curvature for a confor-
mally flat metric:

RW = --d+d-<f>. (3.1.30)
P

Now, let us reconsider the Faddeev-Popov ghost action for the ghosts
and antighosts c and/6 that were introduced in the preceding section. Let
us write this action in a way that makes sense for any world-sheet metric,
not necessarily in the conformal gauge. The ghost fields c+ and c~ may
be interpreted as the components of a vector field d*. The antighost fields
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3.1 Covariant Path-Integral Quantization 127

&++ and 6— can be interpreted as the components of a symmetric, trace-
less tensor bap. (Saying this in reverse, a general symmetric tensor has
components &++, b and 6+_, but &+_ vanishes for a traceless symmetric
tensor.) The ghost action can now be written

Sg = ~ [ d2aVhh^c^VQb^ (3.1.31)
ZTT J

where the ghost field ca is a contravariant vector and the antighost field
bap is a covariant symmetric traceless tensor. The ghost fields b and c are
anticommuting quantities (i.e., Grassmann valued).

As discussed in §1.3.3, the world-sheet energy-momentum tensor is de-
fined by

- ( 3 ' L 3 2 )

In using this formula to deduce the ghost contribution one must be careful
to include the contribution from the Christoffel connection in (3.1.31).
Also, the tracelessness of 6^7 must be taken into account. Doing this
carefully, one finds for the ghost contribution to the energy-momentum
tensor

(3-1.33)

The parentheses represent symmetrization of the enclosed subscripts.

Being a traceless symmetric tensor, the only components of Tap in the
complex basis described above are T++ and T The same applies to
bap. For example

4 | h (3.1.34)

We also note that in the conformal gauge Sg simplifies to

SFP = - /(c+a_6+ + + c-d+b—)d2a. (3.1.35)
71" J

This indeed coincides with the Faddeev-Popov ghost action defined in
the preceding section. (In checking this the reader must note the rules
(3.1.17) and (3.1.18) for raising and lowering indices.)
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128 3. Modern Covariant Quantization

3.1.3 Quantization of the Ghosts

The ghost action SFP of equation (3.1.35) implies that b and c are conju-
gate degrees of freedom with simple canonical anticommutation relations

{b++(a, r), c+(o', r)} = 2*8{o - a') (3.1.36)

{6__(<7,T),C-(<7',T)} =-2JT«(<T-<T'). (3.1.37)

In the conformal gauge their equations of motion are

d_c+ = d-b++ = 0 (3.1.38)

d+c~ = 9+6-_ = 0, (3.1.39)

with 6++ conjugate to c+ and b conjugate to c~. Open-string boundary
conditions imply that c+ = c~ at the ends of the string, so that

(3.1.40)

(3.1.41)

Similarly they require &++ = b at the ends so that

(3.1.42)

(3.1.43)

- O O

OO

(The symbol bn for the ghost modes should not be confused with the
symbol for anticommuting modes of the bosonic sector of superstrings
introduced in the next chapter.) In terms of the modes the canonical
anticommutation relations are

{ c m , M = <Wn (3-1-44)

{cm,cn} = {bm,bn} = 0. (3.1.45)

For closed strings the boundary condition is just periodicity in cr, so
that c+ and c~ have independent mode expansions (as in the case of left-
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and right-moving X coordinates)

oo

c+ = V ^ £ cne-2in(r+ff) (3.1.46)
— OO

OO

c~ = v ^ V CBC-21""^-*). (3.1.47)

— OO

Similarly, the coordinates &++ and b involve modes bn and bn.

In these formulas b and c enter symmetrically, despite the asymmetrical
looking tensor structures such as c~ and b They enter symmetrically
because on a flat world sheet the ghost Lagrangian treats b and c sym-
metrically. This is not so on a curved world sheet, as is evident from our
formula (3.1.31) for the ghost action on a curved world sheet. Likewise,
b and c do not enter symmetrically in the world-sheet energy-momentum
tensor, since this is derived by varying with respect to the world-sheet
metric; even on a flat world sheet, the energy-momentum tensor treats b
and c differently because these would propagate differently on a curved
world sheet. In all deeper aspects of the theory, b and c enter quite dif-
ferently. Indeed, in (3.1.33) and (3.1.34) we determined the form of the
world-sheet energy-momentum tensor:

(3.1.48)

Inserting the mode expansions in T++ and T and extracting Fourier
modes Lm = ^ f*T daetm<TT++ at r — 0 (for the open string) gives the
Virasoro generators

where J = 2 is the conformal dimension of the antighost (whereas the
ghost, c, has conformal dimension J = —1). We have included a free
parameter J here, rather than setting J = 2, because we will analyze
later a system in which b and c are replaced by anticommuting fields of
dimensions J and 1 — J. As usual, normal ordering is required in (3.1.49)
in the case of m = 0. Of course, for closed strings there is also a second set

https:/www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9781139248563.004
https:/www.cambridge.org/core


130 3. Modern Covariant Quantization

of ghost Virasoro generators. The Lm satisfy the usual Virasoro algebra

[Lk\L$] = (m- n)I$+n + Ac{m)8m+n (3.1.50)

with an anomaly term

Ae(m) = - U - 3fc2]m3 + \m, (3.1.51)
lZ 0

where k = 2J — 1, which for J = 2 gives

Ac(m) = i (m - 13m3). (3.1.52)

Just as in chapter 2, the easiest and safest way to determine the anomaly
is by evaluating specific matrix elements. For example,

(3.1.53)

Given the mode expansion (3.1.49) of the Virasoro operators, we can
straightforwardly compute the commutation relations of the Lm with 6
and c and quantify the extent to which the ghosts and antighosts are
different. For example, for open strings the a = 0 expressions

and
oo

6(r) = ^ bne-inT (3.1.55)
— OO

have conformal dimension J = — 1 and J = + 2, respectively, since

{ \ (3.1.56)

(3.1.57)

The conformal dimensions of c and b agree with the assignments that we
would have made on the basis of their holomorphic tensor types as defined
earlier. This is indeed a general rule.
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Let us define the complete Virasoro generators corresponding to So+Sgh

by

Lm = L$ + L$ - a8m. (3.1.58)

Notice that we have shifted the earlier definition of L$ so that the ze-
roth constraint is now LQ = 0. The anomaly - adding ghost and matter
contributions - is

Aim) = —(m3 - m) + -(m - 13m3) + 2am. (3.1.59)
12 6

This vanishes if and only if D = 26 and a — 1, providing yet one more
determination of these magic values. Only for these values is the theory
really conformally invariant.

3.2 BRST Quantization

Incorporation of the ghosts has given us Virasoro generators without
anomaly, obeying the naive algebra [Xm, Ln] = (m—n)Lm+n. The absence
of the anomaly means, for example, that we could impose the constraint
equations in a far more straightforward way; it makes sense to look for
states |x) obeying Ln \x) = 0 for all n. However, incorporation of ghosts
brings about a new conundrum. Now that we are working in a much
larger Fock space that contains ghost and antighost excitations as well
as excitations of the coordinates X*, how are we to identify the physical
states? The answer to this question is provided by BRST quantization.

BRST quantization was first introduced in quantization of Yang-Mills
theory as a useful device for proving the renormalizability of nonabelian
gauge theories in four dimensions. It was found that a global fermionic
symmetry is present after Yang-Mills gauge fixing, and this unbroken
symmetry is a useful tool in analyzing the structure of possible coun-
terterms. We will see that BRST quantization is useful in a somewhat
similar way in string theory as a tool for facilitating the understanding of
the gauge-fixed action.

For our purposes in this section, this is enough motivation for the study
of the BRST quantization, but it is useful to point out that BRST quan-
tization actually seems to have a much more far-reaching significance in
the case of string theory. In fact, in the case of string theory the very
phrase 'BRST quantization' must be taken with a grain of salt. Yang-
Mills theory is, like almost every physical theory, a system in which after
one obtains the linear Schrodinger equation one is finished at the level
of principle - all that remains is to study this equation. String theory is

https:/www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9781139248563.004
https:/www.cambridge.org/core


132 3. Modern Covariant Quantization

rather different, as we discussed at length in chapter 1. In string theory
after quantizing the free string the goal is to study interactions of strings
- or, in a sense, to introduce nonlinearities in the linear Schrodinger equa-
tion. While other gauge theories are studied as ends unto themselves, the
quantum theory of the free string is a tool toward the invention - still
in progress - of something much richer and more far-reaching. But such
lofty thoughts need not concern us here. We have on our hands a sub-
tle technical problem of identifying the physical states in the 'large' Fock
space containing both X^ and the ghosts and antighosts; we will see that
BRST quantization gives an elegant solution of this problem.

3.2.1 Construction of the BRST Charge

Consider any physical system with symmetry operators K{ that form a
closed Lie algebra G,

[Kl,K]] = fij
kKk, (3.2.1)

with fijk being the structure constants of G. BRST quantization involves
the introduction of 'antighosts' &;, which transform in the adjoint repre-
sentation of G, and 'ghosts' c\ which transform in the dual of the adjoint
representation. They obey canonical anticommutation relations,

W,bj} = S). (3.2.2)

One defines the ghost number U as

2% (3.2.3)

(In the case of infinite-dimensional Lie algebras, it is necessary to subtract
a normal-ordering constant to make sense out of U. We temporarily avoid
this step in order to agree with the mathematical literature. Note that

In the familiar case of compact Lie algebras, the adjoint representation and its
dual are the same thing. In general, this is not so. Saying that the ghosts c*
transform in the dual of the adjoint representation is a fancy way to say that
they carry a contravariant Lie algebra index, while the bj carry a covariant one.
The Virasoro algebra is a typical case in which there is no invariant way to raise
and lower Lie algebra indices, so that c* and bj transform differently under the
Virasoro algebra; we have seen that they have conformal dimension - 1 and 2,
respectively. In general J is dual to 1 — J.
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3.2 BRST Quantization 133

the eigenvalues of U are integers running from 0 to n, with n being the
dimension of the Lie algebra G.) One then introduces the operator

Q = ciKi-±fii
kcic>bk. (3.2.4)

To physicists this is known as the BRST operator; to mathematicians it
is the operator that computes the cohomology of the Lie algebra G, with
values in the representation defined by the Ki. The basic property of Q
is that

Q2 = 0. (3.2.5)

To prove this one must use the commutation relations (3.2.1) as well as
the identity

fijmfmkl + fjlTfJ + fkimfm/ = 0, (3.2.6)

which follows from (3.2.1) via the Jacobi identity.
Let Ck be the Hilbert space of states of ghost number U = k. A state

X in C is said to be BRST invariant if

QX = 0. (3.2.7)

There is a trivial way to find BRST-invariant states; any state of the form
X = QX is invariant, in view of (3.2.5). A would necessarily have ghost
number k — 1, since the form of Q shows that it changes the ghost number
of any state it acts on by +1. The interesting solutions of (3.2.7) are the
ones that cannot be written in the form x = QX. Given two solutions x
and x' of (3.2.7), we consider them to be equivalent if x — x' 1S a trivial
solution of (3.2.7) in the sense that

X - X = <2A (3.2.8)

for some A. The equivalence classes of solutions of (3.2.7) of ghost num-
ber fc, with two solutions considered equivalent under the conditions just
stated, form what in the mathematical literature would be called the kth.
cohomology group of the Lie algebra G, with values in the representa-
tion R determined by the matrices K{. It would commonly be denoted
Hk(G]R). The equivalence classes are called cohomology classes.

Of special interest are the BRST-invariant states of ghost number zero.
The form of the ghost number operator U shows that a state x of ghost
number zero must be annihilated by all of the &*, so acting on such a state
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134 3. Modern Covariant Quantization

the second term in Q vanishes; indeed for such a state

(3-2.9)

A state annihilated by the bj cannot be annihilated by any of the c*, so
the condition Qx = 0 is equivalent to

KiX = 0, * = l , . . . , n . (3.2.10)

Thus, a state \ of ghost number zero is BRST invariant if and only if it
is G invariant. On the other hand a state \ of ghost number zero cannot
possibly be written as \ = Q^, since there are no states of ghost number
— 1. Hence, states of ghost number zero that obey (3.2.10) are the same
thing as cohomology classes of ghost number zero. Hence the cohomology
group H°(G]R) is the same as the space of G-invariant states of ghost
number zero. Of course, a state of ghost number zero is a state that is
annihilated by ghost annihilation operators b{ and hence does not contain
any ghosts.

This is more or less what we want. Asking for BRST-invariant states of
ghost number zero is a way to isolate the G invariant states that do not
contain ghosts. While this way of looking at things could be carried out in
physical problems with a finite number of degrees of freedom, it would be
an excessively heavy-handed approach, to say the least. In string theory
it is actually a useful approach.

Most of what we have said above can be carried out in the case of an
infinite-dimensional Lie algebra such as the Virasoro algebra. There are a
few differences. The equation Q2 = 0 might be afflicted with an anomaly,
so this has to be checked carefully. Also, the ghost number U contains
a normal-ordering constant. Because of this, while it is reasonable to
expect that the physical states of the string are BRST cohomology classes
X (modulo gauge transformations x —* X + Qty °f some definite ghost
number, it would be naive to assume that the required ghost number is
zero; the ghost number of the physical states is a normal-ordering constant
that depends on which physical system one chooses to consider.

We now choose G to be the Virasoro algebra and attempt to carry out
the BRST program. Corresponding to the Virasoro generators Lm (m
being an arbitrary integer) we must introduce ghosts cm and antighosts
bn - these are precisely the Fourier modes considered earlier in the process
of quantizing the ghosts. The BRST operator would be

oo .. oo

Q = J2 L("lcm - ^ £ ( ™ - n) : c_mc_n6m+n : -ac0. (3.2.11)
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where we have used the explicit form of the Virasoro structure constants.
Comparing to the form of the Lm derived earlier for both matter and
ghost fields, we note that we can write

Q = f ; : (L<fi + \&l - aSm)cm :, (3.2.12)
— CO

Similarly, the ghost number is

oo

J2 c-mbm :, (3.2.13)

where now normal ordering is necessary. Of course, for closed strings we
would add to these formulas the contribution of a second set of left-moving
ghosts and oscillators.

An important property in the physical system, which is not guaranteed
by the general introductory discussion, is that both the BRST operator Q
and the ghost number U can be obtained as integrals of conserved charge
densities. The BRST current is defined as (ignoring normal ordering)

Jf = 2c+(rW + \TH) (3.2.14)

with J? obtained via -«-++. TJ°j is given in (3.1.48) and T^ = (d+X)2

was obtained in §2.1.3. The ghost-number current is defined by

J+ = c+6++ (3.2.15)

with, again, J_ defined via — <-> +. It is easily seen (from the equations
of motion of b and c and the law of energy-momentum conservation on
the world sheet) that these currents are conserved,

d- J f = d- J+ = 0 (3.2.16)

and that the corresponding conserved charges are indeed the BRST charge

Q - ^ J da{4 + Jf) (3.2.17)

The factor of 1/2 multiplying the L^ in (3.2.12) may appear surprising, but is
a consequence of evaluating (3.2.11). This factor of 1/2 is needed not only for
Q2 = 0, but also for many other formulas in the theory such as Lm = {Q,bm},
with Lm = L& + L{£ - aSm.
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and the ghost number

£ / = i - /da(J+ + J_). (3.2.18)
2?r J

o

To be more precise, these formulas reduce exactly to the previous ones in
the case of open strings, while in the case of closed strings we have added
both left- and right-moving modes in writing (3.2.17) and (3.2.18).

We now include normal ordering in the definition of LQ and the second
term of Q. The resulting ambiguities can be absorbed in a term linear in
co with a free coefficient a. The previous discussion ensures that Q2 = 0
in the classical sense, but we now wish to ask whether this is true at the
quantum level. To investigate this, we note it follows from (3.2.11) and
(3.2.12) that

oo

Q2 = \{Q,Q) = | J]([£m,Ln) - (m - n)Lm+n)c.mc.n, (3.2.19)

with Lm as given in (3.1.58). Therefore Q2 = 0 for D — 26 and a = 1 as
a consequence of the vanishing of the anomaly A(m) in (3.1.59).

The converse of the last result, namely that Q2 = 0 implies that the
Virasoro algebra has no anomaly, can also be demonstrated. To show this
we note first that the complete Virasoro generators of (3.1.58) are given

by

Lm = {Q,bm}, (3.2.20)

as the reader should verify. Note that

m}JQ] = 0, (3.2.21)

as a consequence of Q2 = 0. It follows in a similar manner that the algebra
of the complete Virasoro generators Lm closes without an anomaly term:

[Lm, Ln) = [Lm, {Q, bn}} = {Q, [Lm, bn]} 2

= (m - n){Q, bm+n} = (m - n)Lm+n.

Let us define the BRST transformation of an arbitrary physical quantity
F a s

6Y = {XQ,Y], (3.2.23)

where A is a constant Grassmann parameter. One can show that the
coordinates satisfy

SX" = Xc+d+X*1 + \c~d-X11 (3.2.24)
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8c+ = Ac+d+c+ (3.2.25)

<$&++ = 2iAT++ (3.2.26)

<5T++ = 0, (3.2.27)

and similarly with + *-* —. T++ = T±J, + T4.4. is the complete energy-
momentum tensor. It is easily seen that the square of this transformation
is zero and that it corresponds to an invariance of the gauge-fixed action.

Now let us study the normal ordering of the ghost number operator:

1 °°
U = -(co&o - boco) + J2(c-nbn - b-ncn). (3.2.28)

71 = 1

We have separated out the ghost and antighost zero modes co and 60 for
special treatment, since there is no obviously natural way to normal order
them.

In fact, Co and 60 both commute with the Hamiltonian, so the ground
state has a degeneracy that arises from the fact that it must furnish a rep-
resentation of these operators. Actually, CQ and 60 have the anticommu-
tation relations CQ = 6Q = 0, {co,6o} = 1- The irreducible representation
of these commutation relations requires two states, which we may call | |)
and | | ) ; we may choose them to be annihilated, respectively, by Co and
6o- They must then obey

co|l> = |TMo|T> = | l ) . (3-2.29)

What are the 'ghost numbers' £/f and [/j of \\) and |J,)? It is clear from
(3.2.29) that U] = U[ + 1, but this does not fix the separate values of C/|
and C/|, which indeed depend on a normal-ordering constant in the defini-
tion of U. The most symmetrical choice is U^ = —1/2, C/j = +1/2. This
choice corresponds to the precise normal-ordering prescription in (3.2.28).
It is in some ways a rather peculiar prescription since it means that all
eigenvalues of the ghost-number operator are half-integral. Nevertheless,
it seems to be the most natural choice; for instance, it is the choice that
makes gauge-invariant string field theory as simple as possible, though we
do not develop this subject in this book.

Our hope is now that the physical states can be characterized as BRST
cohomology classes of some definite ghost number. Since we expect that
physical states need not contain ghost excitations, it should be possible
(after a possible transformation ij> —> %j> + QX) to put a physical state
xj) in a form in which the ghost wave function is proportional to one of
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the two ground states ||) and |J,). Consequently, the possible choices
for the ghost number of a physical state are ±1/2. The choice between
these two options is not simply a matter of convention, since the ghost
and antighost fields do not enter symmetrically in the theory. They have
conformal dimension —1 and 2, for example. The correct choice turns out
to be that physical states have ghost number —1/2. Indeed, let % be a
state that is annihilated by the ghost and antighost annihilation operators

en \x) = K \x) = 0, n > 0. (3.2.30)

We may think of such a state as 'containing no ghosts or antighosts'. Let
us suppose in addition that x has ghost number —1/2 and so is annihilated
by bo. Acting on a state of this form, the condition of BRST invariance
reduces to

0 = Q \x) = (co(4a) - 1) + E c-nL(na)) \X), (3.2.31)

so that the single condition Q \x) = 0 reproduces all of the physical state
conditions of the older covariant quantization. If instead we chose |x) to
have ghost number +1/2 (and so to be annihilated by Co rather than by
bo) the first term on the right-hand side of (3.2.31) would drop out, and
we would not quite get all of the physical state conditions. If we find a
state x that obeys (3.2.30) as well as (3.2.31), can x be written as x = QX
for some A? It is easily seen that this would require

l-l \K) (3.2.32)
n>0

for some states |An). This, in turn, implies that the state x is null, since

(X|x) = (£L_»An|x> = £ (Xn\Ln \x) = 0 (3.2.33)
n>0 n>0

by virtue of (3.2.31). In fact, such states are precisely the physical spurious
states discussed in chapter 2. Thus, we have shown that states obeying the
traditional physical-state conditions of the bosonic string theory give rise
to BRST cohomology classes of ghost number —1/2, and that a physical
state is trivial as a cohomology class (can be written as QX for some A) if

In the unphysical case of finite space-time volume, but only in that case, the
extra condition is recovered when one considers the invariance x ~+ X +
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and only if it is a null state in the older language. Thus, we conclude that
physical states in the bosonic string theory are BRST cohomology classes
of ghost number —1/2. Actually, to complete the proof of this statement
we must establish the converse to this statement. Given a state \ °f
ghost number —1/2 that is BRST invariant, we would like to show that
it can be written in the form \ = x' + Q^i where x' obeys (3.2.30) and
therefore corresponds to a physical state of the old language, embedded in
the enlarged Fock space in the way that we have just described. Though
it is rather clear that this is true, a really complete and economical proof
does not seem to have appeared as of this writing, and we will not try to
prove it here.

3.2.2 Covariant Calculation of The Virasoro Anomaly

In this section we describe an alternative computation of the Virasoro
anomaly that leads to many useful insights. We recall the general form
of the Virasoro commutation relations:

[Lmi Ln] = (ro - n)Lm + n + (am3 + bm)8m+n. (3.2.34)

Of the two anomaly coefficients a and 6, it is really only a that has an
invariant meaning; b can be absorbed in shifting the normal-ordering con-
stant that appears in LQ. We would now like to describe how to calculate
a using what might be called world-sheet methods, as opposed to the
mode expansions employed in chapter 2.

We consider a conformally invariant free bosonic field theory on a world
sheet, which we take to be the whole complex plane:

SB = - — [ d2ada<t>da(t>. (3.2.35)
2TT J

In our work hitherto the bosonic fields of interest have always been space-
time coordinates X^((j), but with an eye to later developments we give
the bosonic field in (3.2.35) the neutral name </>. For the same reason,
we also work out a few formulas that are not strictly needed until later
sections. The propagator of <j) is

(3.2.36)

with \i an infrared cutoff that cancels out of all relevant formulas. This
expression arose in §1.4.4. Introducing cr̂  = r ± cr, <j> obeys the free wave
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equation

0 = d+d-<j> (3.2.37)

This means that (j> splits according to

<t>{°+, O = \<t>+(*+) + | * " ( O (3-2.38)

There is a slight ambiguity in the splitting in (3.2.38): we could add a
constant to <̂>+ while subtracting the same constant from <f>~. In our
present discussion we formulate the quantum field theory in (3.2.35) on a
plane; in the infinite volume limit the zero-mode ambiguity in (3.2.38) is
inconsequential. It will be important shortly when we discuss bosonization
in finite volume. Explicit formulas for <̂ + and (j)~ can easily be given.
Indeed,

(3.2.39)

Equation (3.2.39) evidently obeys (3.2.38), while (dr T ^ ) ^ = 0 is easily
checked using the equation of motion (d* — d%)<f> = 0.

As <£+ is a function of a"1" only, and <j>~ is a function of a~ only, the two-
point function (<^+ <j>~) must vanish, while (<^+ <f>~*~) must be a function only
of <J+ and ((f>~ <f>~) must be a function only of a~. Writing out (3.2.36)
in the form

O) (^V) + *(O)> „ „ An,

we have enough information to disentangle the separate pieces:

(<f>+(*+)<j>+(*'+)) = -ln[(<r+ - a'+V]
(3.2.41)

( r ( O r ( O ) =-ln[(<r"-a'"M.

Of course, this can also be checked using (3.2.39).

a
oo
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Now we turn to our real interest, the world-sheet energy-momentum
tensor

T++(<7+) = d+W+4 = \d+<j>+d+<t>+ (3.2.42)

with an analogous formula for T The energy-momentum tensor obeys

0 = <9_T++. (3.2.43)

To evaluate the Virasoro anomaly, we borrow a trick that is well-known
in current algebra. Consider the time-ordered (or rather r-ordered) two-
point function (T(T++(a~*~)T++(crt~*~))). It is not conserved, but rather
obeys the Ward-like identity

,r'))) = \6{r - r')
(3.2.44)

which arises (as is customary in current algebra) because in pulling d-
inside the T-product, one picks up an equal-time commutator.

Figure 3.1. In free field theory, the two-point function of the energy-momentum tensor
is given by a simple one-loop diagram.

On the right-hand side of (3.2.44), the expectation value of the com-
mutator [T++((7, T),T4-_|-((j/,r)] extracts the c-number piece of this com-
mutator, which is the Virasoro anomaly. Therefore, we can evaluate the
Virasoro anomaly by evaluating the left-hand side of (3.2.44). In free field
theory, the two-point function of the energy-momentum tensor is given
by the simple one-loop diagram of fig. 3.1. There is no need to do any
integral; to evaluate fig. 3.1 in coordinate space, one merely takes the
product of the various propagators. Using (3.2.41) and (3.2.42) we see
that

+))) = i(«7+ - <x'+)-4. (3.2.45)

The left-hand side of (3.2.44) involves

5_[(<7+-V+)-4]. (3.2.46)
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At first sight this may appear to vanish, but in fact we must note that

d-\ = i*6(a)6(r) = iirS2(a), (3.2.47)

whence

i|^_(<rW+)-i = - | | > ( . - V ) . (3.2.48)

Thus, (3.2.44) and (3.2.45) correspond to an anomalous part of the
energy-momentum commutator at equal r:

[T++(a,T),T++(a',T))A = -i^"(a - a'). (3.2.49)

The subscript A in [,]A means that we have here evaluated only the
anomalous, c-number part of the commutator.

In this evaluation, we have formulated the free field theory on the plane,
but the anomaly (3.2.49) is determined only by the short distance behavior
of the free field theory, and so (3.2.49) remains equally valid if the theory
is formulated on the world sheet of, say, a closed string. In that case we
define the Virasoro generators as Fourier moments of T++,

ae2in°T++(*) (3.2.50)

and (3.2.49) gives a formula for the crucial coefficient a in (3.2.34), namely

a = 1/12 (3.2.51)

in agreement with our previous evaluation.
One of the virtues of this calculation is that it shows, in a sense, the

inevitability of the Virasoro anomaly. The (<r+ — a7"1")"4 dependence of
(3.2.45) is completely determined by scale invariance and holds in any
conformally invariant theory in 1 + 1 dimensions. Only the coefficient of
(cr+ — <J / +)~4 might be different in another conformally invariant theory.
This coefficient must be positive in any field theory with physical degrees
of freedom only, since the two-point function of the hermitian operator
T++ must be positive. Only ghosts might cancel the Virasoro anomaly.
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To see how this works, we now consider the conformally invariant field
theory describing the ghosts. It is enough to focus on left-moving modes:

S = - Id2acrd-b++. (3.2.52)
7T J

The two-point function is (for cr+ ~ cr/+)

<T+ - cr'+

(3.2.53)
The energy-momentum tensor cannot be uniquely determined from the
form of the flat world-sheet action (3.2.52), since in fact

- c+d+b++) + kd+(c+b++)} (3.2.54)

is conserved for any k. (The energy and momentum operators constructed
from T++ are independent of k since the ^-dependent term in (3.2.54) is
a total derivative.) Our study of the ghost action on a curved world sheet
showed that k = 3 is the correct value, but we leave k as a free parameter,
since in later work we will encounter systems with other values of k. The
Fourier modes of (3.2.54) coincide with (3.1.49) if one sets

J = ^ . (3-2.55)

Treating b and c symmetrically would amount to taking k = 0. In this
case b and c transform under scaling and conformal transformations as
conventional fermion fields of conformal dimension 1/2. Introducing a
nonzero k shifts the commutator of any field Z with T++ by an amount
linear in k. We have already computed that, for k — 3, &++ has conformal
dimension 2 and c has conformal dimension —1. More generally, in view of
the obvious linearity in k the conformal dimension of b is (l+k)/2 and that
of c is (1 — k)/2. This is a special case of a still more general statement.
We recall that the ghost-number current is J_|_ = c*~b++. The fc-dependent
piece in (3.2.54) is precisely the derivative of the ghost-number current,
and because of this, the ^-dependent part of the conformal dimension of
any physical field Z depends only on the ghost number of Z. Thus, let
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d(Z) be the conformal dimension of Z at k = 0, and let g(Z) be its ghost
number. The conformal dimension d^Z) of Z at general k is then

dk(Z) = d(Z) - kg(Z)/2. (3.2.56)

The enterprising reader is urged to check this assertion using the definition
of conformal dimension and the fact that the fc-dependent term in (3.2.54)
is the derivative of the ghost current. Equation (3.2.56) is not essential in
our present discussion, but plays a role in the construction of the covariant
fermion vertex operator in chapter 7.

Notice that in (3.2.54) 6++ and c+ are distinct anticommuting variables.
If one sets &++ = c+ to get a system with one anticommuting field only, the
/^-independent part of (3.2.54) would still make sense, but the ^-dependent
term would vanish by Fermi statistics.

Returning to (3.2.54), it is straightforward to use the form of the propa-
gator to compute the two-point function of the energy-momentum tensor.
This involves evaluating a one-loop diagram similar to that in fig. 3.1. One
obtains

(T (r*+(a+)4+(a'+))> = 1(1 - 3fc2)(a+ - a'+)"4. (3.2.57)

Setting k = 3 and comparing with (3.2.45), we see that the ghosts can
cancel the Virasoro anomaly of 26 bosons. This is why the critical dimen-
sion of the Veneziano model is 26. The k dependence of (3.2.57) coincides
with that of (3.1.51) if we set k = 2 J — 1. The reason for this agreement
will become clearer in the next subsection.

The super conformal ghosts that we will encounter in the next chapter
have A; = 2, so (3.2.57) and (3.2.45) indicate at first sight that they make
the same contribution to the anomaly as —11 bosons. Actually, these
ghosts are commuting fields unlike the anticommuting fields b and c; the
statistics give a minus sign, and the super conformal ghosts will be shown
have the same Virasoro anomaly as +11 bosons.

3.2.3 Virasoro, Conformal and Gravitational Anomalies

At the end of §3.1.1, in analyzing the D<j) integral in (3.1.13), we made
the assertion that this integral can be dropped in D = 26 since invariance
under Weyl rescaling of the metric is valid in that case. We will establish
this assertion in this section, and show that Weyl rescaling of the metric
is valid precisely when the Virasoro anomaly cancels - something that we
know happens precisely in D = 26. The key ideas here involve general
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properties of conformally invariant theories in two dimensions, and for
illustrative purposes we will consider the theory of free fermions. In the
course of our investigation, we will also meet a new kind of anomaly, the
gravitational anomaly, which will interest us further in chapters 10 and
13.

Consider a real right-moving Major ana fermion tft+ with action

= i [
7T J

(3.2.58)

The two-point function of the energy-momentum tensor is given by the
expression in (3.2.57), except that now we set k = 0 and divide by a factor
of two, since we have only a single mode V>+ instead of the pair 6, c:

(r++(<r+)r++(a'+)> = ^ ( a + - <T'+)"4. (3.2.59)

In this section, it is more useful to work in momentum space. At first sight
it might appear messy to take the Fourier transform of the right-hand
side of (3.2.59). This is, however, easily done using (3.2.48) above if one
notes that in momentum space d- = ip-, 9+ = ip+ and that the Fourier
transform of S2(a — a1) is 1. Hence the momentum-space counterpart of
(3.2.59) is

(T++(p)T++(-p)) = ~ ? ± . (3.2.60)

Previously we considered (3.2.59) on a flat world sheet, and interpreted
it as evidence for a c-number anomaly in the commutator of T++ with it-
self. Now we consider the significance of (3.2.59) and (3.2.60) for fermions
propagating on a curved world sheet. It is adequate to work to first order
in the deviation from a flat world-sheet metric, so we set

Kfi = lap + /«/*, (3.2.61)

where fap is the disturbance in the metric, which we will treat to lowest
order. This is easily done. The interaction of matter with a gravitational

This section uses a Euclidean signature on the world sheet, so we drop the T-
ordering symbol.
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field is given by

A/ = i - /d2af<*PTap. (3.2.62)

For the simple system (3.2.58), the only nonzero component of Ta/3 would
seem to be I+_|_, so the coupling is

/++T++/27T. (3.2.63)

We would like to compute the expectation value of the induced fermion
energy-momentum in a gravitational field. In view of (3.2.63), this can
be read off from (3.2.60) and is

l j i /++(p). (3.2.64)

Now, we would like to verify the fundamental physical principle of con-
servation of energy-momentum. In a background gravitational field one
expects

(DaTap) = 0. (3.2.65)

In the case at hand, since the only nonzero component of T is T++, and
since to lowest order in the gravitational field we can replace covariant
derivatives with ordinary ones, (3.2.65) reduces to (d-T++) = 0. In mo-
mentum space this amounts to p-(T++) = 0, which is obviously not true.
Rather we have the anomalous formula

p.(T++) = -±Plf++(p) = ~P%f— (3.2,66)

Again we see the near inevitability of anomalies in two dimensions. The
formal reasoning that says that the left-hand side of (3.2.66) should vanish
cannot be correct unless (T++) = 0, which would mean that there is no
coupling at all to gravity. The breakdown (3.2.66) of energy-momentum
conservation in the coupling of a chiral fermion to gravity is called a
gravitational anomaly. It means that in two dimensions the coupling of
a chiral fermion to gravity is nonsensical, unless extra degrees of freedom
are added to cancel the anomaly.

Notice that the right-hand side of (3.2.66) is a polynomial in momentum
and so exhibits (<?_!++) as a local functional of / This is a general
property of anomalies; the anomaly can be understood as an ultraviolet
effect (though there are other ways to look at it as well), so it must be
given by a local formula. Though (3.2.66) is local, (3.2.64) from which it
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was derived is not (because of the l/p_ singularity). So there is no way to
add a local term to (3.2.64) to eliminate the anomaly in (3.2.66). It is only
upon verifying this that one can be sure that there is an anomaly. Were
it possible to add a local term to (3.2.64) to achieve energy-momentum
conservation, it would be physically sensible to do so.

Now, let us consider a theory with left-moving fermions i/>_ as well as
the right mover 0+. The action of ?/>_ is

S' = - [ d2ai>-d+i>-. (3.2.67)
* J

The analog of (3.2.64) is now

(T++) = - 3 4 — / —
P~ (3.2.68)

At first, it seems that we are no better off than before, since (3.2.66)
becomes

( T )
f (3.2.69)

There is, however, a world of difference between (3.2.69) and (3.2.66).
In the case of (3.2.69), the anomalous violation of energy-momentum
conservation can be removed by adding local counterterms to (3.2.68)
and writing

(p./__

(3.2.70)

Energy-momentum conservation is now obeyed:

) + (p_T+_) = 0. (3.2.71)

Consequently, the theory described by the sum of (3.2.58) and (3.2.67) in
which there are both left- and right-moving fermions can be consistently
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coupled to gravity. However, the form of (3.2.70) has a fateful conse-
quence. Although formally it appears that (3.2.58) and (3.2.67) are in-
variant under Weyl rescaling of the metric, corresponding to a theory with
T+_ = 0, in fact by the time we manage to respect energy-momentum
conservation (a more fundamental physical principle than tracelessness
of the energy-momentum tensor), we learn that the energy-momentum
tensor is not traceless but has a trace given to lowest order in / by the
second equation in (3.2.70). That equation is actually an approximation
to a formula

T+_ = - ^ i ? ( 2 ) , (3.2.72)
o

where i?'2 ' is the curvature scalar of the string world sheet. We conclude
then that a two-dimensional theory with massless fermions coupled to
gravity makes sense (energy-momentum conservation is valid) but does
not possess at the quantum level the Weyl invariance that seems to be
present in the classical Lagrangian.

The lesson is really much more general than the special case that we
have considered. Consider a general two-dimensional theory that is scale
invariant on a flat world sheet; thus T+_ = 0 and

F~ (3.2.73)

(T-(P)T-(-P)) = -Ar

for some constants c and d. By virtue of our discussion in the preceding
section we know that c and d can be interpreted as the Virasoro anomaly
of right- and left-moving modes, respectively. Upon coupling this theory
to a curved world sheet, energy-momentum conservation breaks down
unless c = d. If c = d, then Weyl invariance is lost, with an anomaly of
the form (3.2.72), unless c = d = 0.

Applying these considerations to the Veneziano model, it has (with
ghosts included) c = d — (D — 26) in any space-time dimension D, so the
world-sheet energy-momentum tensor is conserved even on a curved world
sheet for any D. The world-sheet energy-momentum tensor, however, is
traceless only for D = 26 when c = d = 0, and it is precisely in this case
that the Weyl invariance used to eliminate the (f> integral in (3.1.13) is
valid.
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3.2.4 Bosonization of Ghost Coordinates

The ghost equation of motion derived from (3.2.52) is

d_c+ = d_6++ = 0. (3.2.74)

This is the same equation as that obeyed by <^+,

0_<£+ = 0. (3.2.75)

This raises the question of whether it is possible to express anticommuting
variables such as c+ and 6++ in terms of the right-moving boson <̂ >+.

Free fermion field theory is largely specified by the two-point function

(3.2.76)

Can we find operators in the bosonic theory that reproduce this two-point
function? Let

) :, (3.2.77)

where \i is the infrared cutoff present in (3.2.41). Using (3.2.41) and
the sort of reasoning that was used in the introduction to calculate the
expectation value of a product of tachyon vertex operators, the two-point
function of the Dt is

(Dt(a
+)D-t(o'+)) = (<T+ - <7;+)-<\ (3.2.78)

The infrared cutoff fi cancels out of this formula. Comparison of (3.2.78)
with (3.2.76) suggests the tentative identification

c+(<7+) ~: ef"*+(*+) :, &++(*+) ~ : e " ^ + ) : (3.2.79)

for which we will give further evidence shortly. If we denote the conformal
dimension of Dt as dt, then from (3.2.78) we can read off the fact that

dt + d-t = t2. (3.2.80)

In chapter 7 we will have need for a generalization of (3.2.78), namely

(<tf-o+)'«'>. (3.2.81)

This vanishes as ji —> 0 unless ^tj — 0. This reflects the fact that the
left-hand side of (3.2.81) is invariant under <̂ + —> <£++constant only if

The ghosts obey {cc) — (66) = 0. The counterpart of this statement is that
l i m ^ o p i Di) = linv_^o(£>-i #- i ) = 0.
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Yl,tj — 05 a s ^ + —* <^++constant is a continuous symmetry of the free
boson field theory, and continuous symmetries cannot be spontaneously
broken in quantum field theory in 1 + 1 dimensions, the symmetry predicts
the vanishing of (3.2.81) except when ^ tj = 0. We have kept the infrared
cutoff fi in the formulas until this point in order to explain why observables
that are not invariant under adding a constant to <f>+ all vanish. The cutoff
H always cancels out of such observables, while other observables all vanish
as fj, —> 0. In what follows, we restrict ourselves to observables that are
invariant under a constant shift in </>+, and we correspondingly delete //
from all equations. The tentative identification (3.2.79) shows that under
(f>^~ —•¥ cj)~*~ + a, c —> ceia while b —> be~ia, suggesting that the symmetry of
shifting <̂ + can be interpreted as fermion number. This will be confirmed
by the discussion that follows.

To establish (3.2.79) conclusively we would like to establish that the
bosonic operators indicated in (3.2.79) obey the correct fermion anticom-
mutation relations. A typical relation that we would like to establish is
the equal r anticommutator

{ C + ( « T , T ) , C - V , T ) } = 0. (3.2.82)

To establish this, we study the product

00 00

- i f dadT<j>) e^» e x p ( - i f da'dT<f>),

a
(3.2.83)

where we have used the explicit formula for ^ + given in (3.2.39). Re-
arranging (3.2.83) to move (f> to the left and dT<f> to the right by use of
the well-known formula eAeB = eBeAe^AiB\ which holds when [A,B] is a
c-number, and using the canonical commutation relations of </> and 9r</>,
we get

exp(—i / dadT<j))exp(—i / da c

a a'

(3.2.84)

Here 0(x) is +1 for positive x and 0 otherwise. The anticommutator
{Di(cr, T) ,DI (<7 ' ,T )} vanishes, since the phase factor on the right-hand
side of (3.2.84) is an odd function of a — a1. We leave it to the enterpris-
ing reader to study the other anticommutators that are implicit in the
identification (3.2.79).
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We would now like to find a bosonic formula for the ghost-number
current. As we recall the ghost-number current is J+ = c+ &++, or more
precisely

In the bosonic language this becomes

J+(a+) = Jm [: e*+<*+) :: e-'*"V+) : + + ^ + ] • (3.2.86)

To take the limit <r'+ —> <r+, we expand

e-*+(<r*) = e - # V + ) ( 1 _ i((7'+ _ <T+)5+?i+). (3.2.87)

Inserted in (3.2.86), the first term on the right side of (3.2.87) gives a
c-number that is discarded upon normal ordering. The second term on
the right side of (3.2.87) would at first sight appear to vanish as a1 —> <r,
but this is precisely canceled by the fact that : e1'**^*) :: e-^+(*'+) : has
a short-distance singularity proportional to (<7+ — cr'"1")"1. The limit in
(3.2.86) thus actually gives

J+ = 0+^+, (3.2.88)

and this is the bosonized expression for the ghost-number current. Using
the canonical commutation relations, it can be seen that

[J+(<7, T), <£+(<T', T)] = -ix6(a - af), (3.2.89)

and this confirms the earlier assertion that the symmetry under constant
shift in (̂>+ corresponds to ghost number.

Now we turn to the study of the energy-momentum tensor in the
bosonized language. The ghost theory has (on a flat world sheet only)
a 'ghost conjugation' symmetry b <-> c. The ghost current J + = C+6++
is odd under ghost conjugation. In view of (3.2.88) (or for that matter
(3.2.79)), we must therefore interpret ghost conjugation as <j> —> —</>. In
the preceding section we formulated a one-parameter family of energy-
momentum tensors (3.2.54), which differed from one another by addition
of the derivative of the ghost current. The corresponding one-parameter
family of energy-momentum tensors in the bosonic language is

4 + = l-d+<t>+d+<j>+ - l-ikd%<t>+. (3.2.90)

In particular, k = 0 is the unique choice that is invariant under ghost
conjugation. Using formulas in the preceding section, the reader can easily
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verify that the Virasoro anomaly of 7++ is proportional to (1 — 3fc2), just
as in the fermionic language.

At k = 0, the operators D\ and D-% are related by ghost conjugation,
and must have the same conformal dimension. Using (3.2.80) we can thus
see that the conformal dimension of D% at k = 0 is t2/2. What about
k ^ 0? Dt is an operator of ghost number £, in view of the identification
that we have made of the ghost number in bosonic terms, so the conformal
dimension of Dt at general k is determined in terms of the value at k = 0
by (3.2.56):

dt(k) = t2/2 - kt/2. (3.2.91)

This formula plays a crucial role in constructing fermion vertex operators
for superstrings.

Just as in the fermionic description, the existence of a one-parameter
family of energy-momentum tensors ought, logically, to correspond to the
existence of a one-parameter family of couplings of the free field <f> on a
curved world sheet. The relevant family is

Sk = ~ / d2ay/h (da<t>da<t> - '-kR^A , (3.2.92)

with i?(2) being the scalar curvature of the string world sheet. On a flat
world sheet, (3.2.92) is independent of k. However, varying (3.2.92) with
respect to the world-sheet metric to derive the energy-momentum tensor
and then setting the metric to rjap, one derives the fc-dependent energy-
momentum tensor (3.2.90), as the reader is invited to check. A significant
feature of (3.2.92) is that ghost number is conserved ((3.2.92) is invariant
under <f> —> (f>+ constant) only if k = 0. The violation of ghost number on
a curved world sheet can be straightforwardly read off from (3.2.92); in the
fermionic description it is far less straightforward, and requires discussion
of anomalies in one-loop diagrams on a curved world sheet. Alternatively,
in the fermionic description the violation of ghost number of a curved
world sheet shows up in the fact that on a compact world sheet the b and
c fields have different numbers of normalizable zero modes, something that
we will discuss for the case k = 3 in the next section.

We have been discussing the bosonization of fermions for (3.2.92) for-
mulated on a (l+l)-dimensional world of infinite volume. For many ap-
plications, however, it is essential to study the bosonization of fermions
that are propagating on a circle. If we study the free theory (3.2.92) on
a finite one-dimensional world with 0 < a < 2TC and our familiar periodic
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boundary conditions, then <̂ + has the traditional normal mode expansion
that we have discussed extensively:

Here [po,<̂ o] = —i> and [< n̂,̂ m] = ™<Wm- Notice that po is'the ghost-
number operator that shifts <j> by a constant. One may ask whether
bosonization of fermions is valid not just in infinite volume but also on a
circle. The answer turns out to be rather subtle and full of consequences.
We try to define as in infinite volume

c+(a) =: e l > » :, &++(a) =: c - * + W : . (3.2.94)

We must decide precisely what the normal ordering is supposed to mean.
A correct prescription turns out to be

= e x p ( - J2 -z~in<T<t>n) ei<l>0
 c

f > ^ + l / 2 ) e x p ( - ] T - e - i

n<0 n>0
(3.2.95)

n>0
(3.2.96)

The patient reader should be able, with mode by mode use of the identity
eAeB = eseAe*-A'B\ to verify that c+ and b++ defined in those equations
do obey the correct anticommutation relations. The fact that po + 1/2,
rather than po, appears in (3.2.95) and (3.2.96) may seem rather surpris-
ing, but it is needed for a correct Bose-Fermi correspondence. Thus, the
periodicity c^(a + 2TT) = c^(a)j 6++(<r + 2TT) = 6_|__|_(cr) requires that the
ghost number operator po in (3.2.95) and (3.2.96) should have half-integral
eigenvalues, and this is in agreement with our earlier determination that
the ghost number of the states of the bosonic open string is indeed half-
integral.

The requirement that po should have half-integral eigenvalues has an
interesting 'physical' interpretation. Since po is canonically conjugate to
the zero-mode coordinate <f>o (thus po = ~ ^ 0 ) , saying that po only has
half-integral eigenvalues means that <j>o is an angular variable, <f>o and

In this book the closed-string periodicity is taken to be TT, but for open strings
after doubling of the interval the periodicity is effectively 2TT. We adopt the latter
convention here.
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2?r being physically equivalent, with a quantum wave functional \P that
(suppressing other variables) obeys \P(<̂ >o + 2TT) = — $(<^o)- Actually, the
form of the mode expansion (3.2.93) shows that when we add a constant to
<f>0, the whole quantum field <j)(a) is shifted by that constant, so we could
express this behavior without making any mode expansion by saying that
the exact quantum wave functional obeys \P(< (̂cr)) = — $(</>(&) + 2TT).

The crucial point here is that po takes discrete values; this is more
fundamental than the fact that those values are half integers instead of
integers. When in finite volume one bosonizes a fermion theory, the re-
sulting Bose field is an angular variable, living on a circle of circumference
2TT in terms of the above conventions. Actually, when one bosonizes not
just a single pair of anticommuting fields b++ and c + but n such pairs, one
must introduce n Bose fields <j)a,a = 1 , . . . ,n, and some very important
generalizations of the above statement become possible, as we will discuss
in chapter 6.

Although less basic, the peculiar minus sign in the condition ty((f)(cr) +
2?r) = — \£(<̂ >(cr)) also merits comment. The minus sign originated from
requiring half-integral eigenvalues for po in order that c+(cr) and 6++(<J)

should obey the appropriate boundary conditions for the ghost coordi-
nates, namely c+(<r + 2TT) = c~*~(cr), b++(a + 2TT) = 6_|__j_(<7). If we
choose to study fermion fields that obey the opposite boundary conditions
C+(<7 + 2TT) = -c+(a), b++(<r + 2v) = -&++(<r), then we would in (3.2.96)
and (3.2.95) require integral eigenvalues for po> s o the bosonized wave
functional would obey the opposite condition ty(<j)(a) + 2TT) = +\t(<^>((j)).

The ability to bosonize fermions on a circle has some interesting con-
sequences. In terms of <^+, the Hamiltonian H = Jo

 x daT++ of the free
field theory is

H = p2
0/2 + J 2 <t>-n<t>n - 1/24, (3.2.97)

7 1 = 1

where we have included the normal-ordering constant that was one of the
fruits of our study of string quantization. The ghost number operator is

U=po. (3.2.98)

One knows from elementary quantum statistical mechanics how to write
down the partition function of such a free field theory:

1
t r e " " = e^ £ e-tH<+W/* JJ _ ^ : (3.2.99)

n=—oo m=l ^ '

It is quite useful to calculate not just tr e~~^H but the more general trace
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tre~PHel0U. Letting q = e~@, this can be expressed

oo oo
£ q(n+l/2)>/2ei0(n+l/2)

1 - qm

7 7 1 = 1 *

What happens if we express H and [/ in terms of fermions rather than
bosons? In this case,

n(b-ncn + c_n6n) + x (3.2.101)
7 1 = 1

(of course, the zero modes 6Q a n d co do not appear in if), where x is an
unknown normal-ordering constant, and as in (3.2.28)

1 ^ ^
U = 77(̂ 0^0 ~~ boco) + / [c—nbn — b—ncn). (3.2.102)

2 £i
Using standard methods of quantum statistical mechanics, (3.2.101) and
(3.2.102) give

CO

tr^f e = q 2cos[u/2) I I (1 + # e j ( l + ^ e j . (o.z.lUoJ
7 1 = 1

It is not obvious that (3.2.100) is equal to (3.2.103) for any value of #, but
it is a theorem due to Jacobi that these identities coincide if x = 1/12.
Indeed, Jacobi's triple product formula

+00
q(n+l/2)2/2ei(n+l/2)0

(3.2.104)

7 1 = 1

is tantamount to the equivalence of (3.2.100) and (3.2.103) for x = 1/12.
We will find use for (3.2.104), originally proved by Jacobi by the study of
elliptic functions, in appendix 8. A.

Another interesting result of this investigation is the following. We
have learned that if po is a half-integer, the bosonic Hamiltonian (3.2.97)
is equivalent to a Hamiltonian for two anticommuting degrees of freedom
b and c obeying periodic boundary conditions b(a + 2TT) = 6(<r), c{a +
2TT) = c(a). The ground-state energy of (3.2.97) with half-integral po is
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(1/2)3 — 1/24 = 1/12. So we see that the normal-ordering constant for
two anticommuting fermions is 1/12, so that the normal-ordering constant
for a single anticommuting degree of freedom (a Majorana fermion) with
periodic boundary conditions must be

= +1/24. (3.2.105)

On the other hand, if we take po in (3.2.97) to be integral, then (3.2.97)
is, from the above analysis, equivalent to a theory of two anticommuting
fields b and c obeying antiperiodic boundary conditions, 6(<7+2TT) = —6(<J),

C(<J + 2TT) = — c(cr). With integer po> the ground state energy of (3.2.97)
is —1/24, so we conclude that the normal-ordering constant for fermions
that obey antiperiodic boundary conditions is

ti = -1/48 (3.2.106)

for each (Majorana) field. As for bosons, we know from chapter 2 that the
normal-ordering constant for bosons with periodic boundary conditions is

4 = -1/24. (3.2.107)

More general boundary conditions can be considered, but these are the
cases for which we have the most need in this book. The above consider-
ations may seem somewhat heuristic. We will recover the same results by
methods that are perhaps more rigorous in the next chapter. The above
results can also be obtained by considering zeta functions, as was done
for ef in §2.3.1.

3.3 Global Aspects of the String World Sheet

Figure 3.2. World-sheet diagrams for a theory of closed, oriented strings: (a) tree, (b)
one loop, (c) multiloop.
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3.3 Global Aspects of the String World Sheet 157

In all of our discussion of the bosonic string, we have used the fact
that by combined use of reparametrization invariance and Weyl invari-

ance, we can locally put the world-sheet metric hap in any prescribed
form. Indeed, a world-sheet reparametrization depends on two arbitrary
functions, and a Weyl rescaling of the metric depends on one; together
these are enough to gauge away the three independent components of the
world-sheet metric. This simple counting of degrees of freedom has been
enough for our purposes so far, but in deeper aspects of the theory the
global understanding of the string world sheet plays an essential role; we
give here an elementary exposition of some of these matters.

We concentrate on the case of oriented closed strings; this leads to the
most elegant analysis. The world sheet of an n-loop closed-string diagram
is, as in fig. 3.2, a sphere with n handles. Tree-level diagrams correspond
to a world sheet that has no handles and is topologically an ordinary
sphere, as in fig. 3.2a, while one-loop diagrams correspond to a torus, as
in fig. 3.26, and multiloop diagrams give rise to a surface with n handles,
as in fig. 3.2c. A sphere with n handles is known as a Riemann surface of
genus n.

In the tree-level case (genus 0), there is a theorem due to Riemann
stating that the metric can be put globally in a standard form by a dif-
feomorphism plus Weyl rescaling. Given, say, the round metric ho on the
sphere 52, any metric h is up to a diffeomorphism of the form h = e^h^.
This may be proved by use of the Riemann-Roch theorem (or the Atiyah-
Singer index theorem), but we will not do so in this book. Two metrics on
a Riemann surface that can be related to each other by a reparametriza-
tion plus Weyl rescaling are said to be conformally equivalent; Riemann's
theorem says that any two metrics on S2 are conformally equivalent.

Figure 3.3. Two tori that are conformally inequivalent.

Next, we move on to the one-loop case, genus one. Here life is much
more interesting. A genus one surface is an ordinary torus. It is no longer
true that globally any two metrics on the torus are equivalent up to a
diffeomorphism plus Weyl rescaling. The two tori sketched in fig. 3.3
cannot be related in this way. To describe the difference analytically
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A2

Figure 3.4. A torus can be made by identifying the marked line segments in the
complex z plane.

(but only heuristically), note that a torus can be constructed as follows.
Starting with the complex z plane, pick two complex numbers Ai and A2
such that

T = A2/A1 (3.3.1)

is not real. By exchanging Ai with A2, if necessary, we may suppose that
Imr > 0, so that r defines a point in the upper half plane. Then we define
a torus by making the identifications

z& z + nXx +raA2 (3.3.2)

for arbitrary integers n and ra, as shown in fig. 3.4. This torus inherits
from the z plane a flat metric, and we wish to ask whether tori defined
using different values of Ai and A2 are equivalent under diffeomorphisms
plus Weyl rescalings.

It is fairly clear that only the ratio r = A2/A1 can be a diffeomorphism
plus Weyl invariant - usually called a conformal invariant. Indeed, a
complex rescaling of 2,

z -+ zl = kz (3.3.3)

k being a nonzero complex number, changes the metric of the torus only
by the constant |fc|2, which can be absorbed in a conformal rescaling. The
transformation (3.3.3) rescales Ai and A2, while leaving fixed the ratio r.
It is thus only r that might be a conformal invariant.

It is almost but not quite true that r is a conformal invariant that
cannot be changed by diffeomorphisms plus Weyl rescalings. Let a, 6, c
and d be four integers with ad — be = 1, or in other words such that the

The name r for this variable is conventional, and we will follow this conven-
tion, hoping the parameter r defined in (3.3.1) will not be confused with the r
coordinate on the string world sheet.
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matrix

(a b\
(3.3.4)

has determinant one. Such integer-valued matrices of determinant one
form a group called the modular group 5L(2, Z). In claiming that these
matrices form a group, the slightly nontrivial assertion is the claim that
the matrix in (3.3.4) has an integer-valued inverse, namely

(3.3.5)

Suppose that we transform Ai and A2 by an element of SL(2, Z) to

'A 2 \
(3.3.6)

) \c aj \MJ

Then the torus defined by

z « z + n'Xi + m'A'2 (3.3.7)

is exactly the same as that defined by (3.3.2); indeed, (3.3.2) can be
converted into (3.3.7) by transforming n and m by the matrix (3.3.5).

The fact that (3.3.2) and (3.3.7) define equivalent tori means that the
conformal structure of a torus is invariant under a certain action of the
modular group on r; by comparing (3.3.2) to (3.3.7) we can determine
this action to be

T-^(ar + b)/(cT + d). (3.3.8)

The complex number r, subject to the equivalence relation (3.3.8), is the
only feature of the metric of a torus that cannot be absorbed in a diffeo-
morphism plus Weyl transformation, though a full proof of this assertion
would go beyond the scope of this book.

We will now discuss more briefly the case of a surface of genus g > 1.
Consider adding a handle to a surface E of genus g to make a surface
of genus g + 1. Roughly speaking, one must first make two punctures
in S, as depicted in fig. 3.5a. One then joins the two punctures by a
tube shown in fig. 3.56, which may have an arbitrary length and may be
twisted by an arbitrary angle, as in fig. 3.5c. To specify the position of
either of the two punctures requires two real parameters or one complex
parameter. Altogether, in going from genus g to genus # + 1, we introduce
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Figure 3.5. Adding a handle to a surface of genus g to make a surface of genus p+1 can
be done in stages. One makes two punctures, as in (a), and then connects them with a
tube of given length and 'twist' angle, as in (6). The purpose of (c) is to underscore the
appearance of the twist angle. We have glued in two half-tubes in the two punctures;
to complete the construction, we must glue together the ends of the tubes, but there
is an ambiguous relative angle in doing this.

six new real parameters (four from the positions of the two punctures, as
well as a length and an angle) or three complex parameters. If we denote
the number of conformally invariant complex parameters that enter in
describing a surface E of genus g as Bg, then the argument indicates
heuristically that

= Ba + 3. (3.3.9)

In fact, (3.3.9) is only valid for g > 2, because surfaces of genus zero and
one have continuous symmetries and for g = 0 or g = 1 there is no invari-
ant significance in the choice of the positions of the punctures in fig. 3.5.
The actual value of Bg is (3g — 3) for g > 2. We can heuristically motivate
this value as follows. A surface of genus zero has enough symmetry so that
the positions of both punctures in fig. 3.5 are irrelevant, so that there is
only one complex parameter (or two real parameters: a length and twist)
added in going from genus zero to genus one. Hence B\ = Bo + 1 = 1. A
surface of genus one has (in the presentation of it given above) only the
rigid translations of the z plane for continuous symmetries; this is enough
to shift the position of one puncture to, say, the origin, but the position
of the second puncture (as well as the length and twist parameters) has
invariant meaning, so J?2 = B\ + 2 = 3. Beyond this point, the surface
of genus g has no continuous symmetries, so (3.3.9) takes over, giving
Bg=3g- 3.

We will discuss here one other aspect of the global geometry of the
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string world sheet. In performing the gauge-fixed path integral of (3.1.13)
including the ghosts, one encounters the question of whether c+ and &++
may have normalizable zero modes on the string world sheet. The equa-
tions are

V_c+ = 0, V+c- = 0 (3.3.10)

and

V_6++ = 0, V+6__ = 0. (3.3.11)

In discussing the significance of these equations, the key element is to
recall the transformation law of the metric under infinitesimal coordinate
reparametrizations aa —> aa + £a; this is as in (3.1.6)

*A++ = 2V+£+, 6h— = 2V_£_. (3.3.12)

Comparing (3.3.12) to (3.3.10), we see that a zero mode of c is the gen-
erator of a 'conformal symmetry' - a world-sheet reparametrization that
changes the metric only by a multiple of itself. Such a change in the
metric can of course be absorbed in a Weyl rescaling.

At tree level, the world sheet being a sphere, we can make a stereo-
graphic projection onto the complex plane. If we set z = T+ia, ~z = r—ia,
then the equation for, say, c+ becomes

—c+ = 0 (3.3.13)
dz

so that c+ must be an analytic function of z. For reasons that were ex-
plained at the end of §1.4.3, in order for the conformal symmetry gener-
ated by c+(z)dz to have no pole at infinity, c+(z) must grow at infinity at
most like z2. There are thus three acceptable solutions of (3.3.13), namely
c+ = 1, c+ = z, and c+ = z2. The corresponding conformal transforma-
tions c^(z)dz generate a closed Lie algebra, as the reader should verify.
The Lie algebra in question is that of the three parameter group SX(2, C).

To analyze ghost zero modes for higher genus surfaces, we note that the
equation for c+ in (3.3.10) implies

1 tf()
0 = V+V_c+ = ^(V+V_ + V_V+)c+ + ^—c+, (3.3.14)

with i?(2) being the scalar curvature of the surface. Multiplying by c.+*
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and integrating over the world sheet E, this implies

0 = / c+*(V+V_ + V_ V+ + R&)c+

E
 t (3.3.15)

= - y (|v_c+i2 + |v+c+i2-i?(2)|c+i2).
E

In the case of the torus, with its flat metric, the last term drops out of
(3.3.15), which then implies that c+ is covariantly constant and thus (as
the torus is flat) actually constant. There is thus precisely one normal-
izable ghost zero mode on a genus-one surface, namely c+ = 1. Corre-
spondingly, the only conformal symmetry of a torus is the rigid translation
z —» z + a, with complex a. For genus greater than one, it can be shown
that the surface S admits a metric of everywhere negative scalar curva-
ture, and consequently (3.3.15) implies in this case that c+ .= 0; there are
no normalizable ghost zero modes on a surface of genus greater than one.
If we denote the number of ghost zero modes on a genus g surface as Cg,
then Co = 3, C\ = 1, and Cg = 0 for g > 2.

Now we turn to antighost zero modes. As a preliminary to discussing the
significance of (3.3.11), let us consider the following. We have discussed
qualitatively above the fact that on a surface of genus g for g > 0 there are
conformally inequivalent metrics. Let us now put this on a quantitative
basis. Picking a background metric hQp, let us ask whether a general
perturbation 6hap of h can be absorbed in a reparametrization plus Weyl
rescaling. Working in a local coordinate system on the world sheet S in
which h++ = h = 0, ft+_ = e^, it is clear that 6h+- can be absorbed
in a Weyl rescaling; the real question is whether £/&++ and 6h can be
absorbed in a difFeomorphism. As 6h is the complex conjugate of Sh++,
we may as well study the latter. Examination of (3.3.12) shows that £A++
can be absorbed in a difFeomorphism if and only if there is some globally
defined £+ with 6h++ = 2V+£+. If this is not true, then

S = J\6h++-2V+U\2 (3.3.16)
E

is nonzero for all £+. Even if we cannot choose £+ to make (3.3.16) vanish,
we can certainly expect to choose £+ to minimize (3.3.16). The variational
equation for minimizing (3.3.16) with respect to £+ is that

V_(M + + - 2V+£+) = 0. (3.3.17)

With 6-1.4. = 6h++ — 2V+£+, we can recognize in (3.3.17) the equation
(3.3.11) for antighost zero modes! In fact, antighost zero modes are in
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one-to-one correspondence with choices of £A++ for which (3.3.16) cannot
be made to vanish, or in other words with deformations of the metric of E
that cannot be absorbed in reparametrization plus Weyl rescaling. Thus,
the number of antighost zero modes on a surface of genus g is the number
that we previously called Bg, namely Bo — 0, B\ = 1, Bg = 3g — 3, g > 2.
These values for g = 0 and g = 1 can be checked by studying (3.3.11)
explicitly. Indeed, for g = 0, upon making the stereographic projection to
the plane, (3.3.11) becomes

^=6++ = 0 (3.3.18)

so that &++ must be an analytic function of z. However, study of (3.3.11)
shows that we must require that 6++ —> 0 as z —> oo, which is impossible
for an analytic function, so 6++ has no normalizable zero modes. For
genus one, (3.3.11) shows that &++ (like c+) must be covariantly constant
and hence constant, so that there is precisely one antighost zero mode for
genus one.

While the behavior of Bg and Cg as a function of g is somewhat irregular
for small g, it is noteworthy that the difference

Ag = Cg-Bg = -3(g - 1) (3.3.19)

behaves more smoothly. This difference is indeed given by a classical theo-
rem known as the Riemann-Roch theorem, whose modern generalization,
the Atiyah-Singer index theorem, will be discussed in chapter 14.

The conformally invariant parameters that enter in specifying the met-
ric of a Riemann surface of genus g are known as moduli of the Riemann
surface. The space of these parameters is called moduli space. Loop inte-
grals over string world sheets include integrals over moduli space, which
enter in one way or another depending on the formalism. In formalisms
in which the ghosts are present, their zero modes play an important role
in obtaining the correct integration measure in integrating over moduli
space, since as we have seen the b and c zero modes are related to in-
finitesimal deformations of the moduli and to unbroken symmetries left
by the gauge-fixing procedure, respectively. The modular group SL(2, Z)
that we defined at the one-loop level has a multiloop generalization.

Without taking account of the discrete 5 i (2 , Z) equivalences, the con-
formal structure of a genus-one surface would be specified by a point r in
the upper half of the complex plane. The upper half plane is called the
Teichmuller space of the genus-one surface, while its quotient by SL(2, Z)
(identifying values of r that are related by SX(2, Z)) is the actual moduli
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space. This has an analog for multiloop surfaces; there is a comparatively
simple Teichmuller space that describes the conformal structure of the
surface up to certain discrete equivalences, while the moduli space, which
takes account of these discrete equivalences, is more subtle to describe. In
many approaches to loop diagrams, an integration over Teichmuller space
appears naturally, and modular invariance is not self-evident. Modular in-
variance is needed for an acceptable theory, since (in the one-loop case, for
example) surfaces described by values of r that are related by 5X(2, Z)
are really the 'same' surface up to reparametrization, and modular in-
variance is one aspect of reparametrization invariance. We will describe
one-loop integrals in this book in detail, but the most efficient approach
to multiloop integrals is still under active investigation, and this subject
will not be presented here.

(a) (b) ^ ^ (c)

Figure 3.6. The simplest one-loop open-string world sheet is the cylinder of (a). It
can always be conformally mapped onto a standard annulus in the complex plane, as
in (b). The other one-loop string world sheet is the twisted cylinder, or Mobius strip,
of (c), which leads to similar considerations.

Our considerations have analogs for open strings and world sheets with
boundary. For example, at one-loop level for open strings we meet a
world sheet that is topologically a cylinder, as in fig. 3.6a. According to
classical theorems, any metric on the cylinder is conformally equivalent
to the standard flat metric on the annulus a < \z\ < 6 in the complex
z plane, for some a and 6 as shown in fig. 3.66. Which boundary of the
cylinder corresponds to the outer boundary of the annulus and which to
the inner boundary is a matter of convention, since the two boundaries of
the annulus are exchanged by the conformal mapping of the complex plane
z —> ab/z (which changes the metric only by an irrelevant Weyl rescaling).
By scaling z —> z/b, we can set b = 1, so the conformal structure of the
annulus is described by the ratio x = a/6, which is a real parameter that
ranges from 0 to 1; an integral over this parameter must appear in one-
loop integrals for open strings. A similar parameter appears in the other
one-loop open-string world sheet of fig. 3.6c.
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3.4 Strings in Background Fields

3.4-1 Introduction of a Background Space-Time Metric

Until now, we have discussed the propagation of a string in flat 26-
dimensional Minkowski space. The action is

So = - ^ f a^ay/hh^daX^dpX^^ (3.4.1)

where hap is the world-sheet metric, which is regarded as a dynamical
variable, and n^ is the Minkowski metric in space-time. We would like
in this section to consider string propagation not on flat Minkowski space
but- on some more general 26-dimensional manifold M with metric tensor
g^v The obvious generalization of (3.4.1) is to replace the Minkowski
metric rj^ with g^v, giving

S = - ~ / d2aVhha^daX
fldpX1/glit/(X

p). (3.4.2)

Equation (3.4.2) is such a natural generalization of (3.4.1) that in a sense
it is hardly necessary to derive it, but it is instructive to consider the
following. Suppose that the space-time metric is

gtlu(X
p) = rJtll/ + ffll/(X

p), (3.4.3)

where / - which we treat as a perturbation - represents the deviation from
Minkowski space. The world-sheet path integral derived from (3.4.1) is

= f e-3", (3.4.4)

while that derived from (3.4.2) is

Z= I DX"Dha0e-s

= foX^Dh^e-3" (l + ̂  f

(3.4.5)
Here

i - [ d2as/hhafSdaX>idl3X
vfliV{Xp) (3.4.6)

is the vertex operator V for emission of a graviton of wave function
) . (We have hitherto generally considered gravitons whose wave
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function is a plane wave f^v{Xp) — C^e^ x , but there is no reason not
to consider instead a wave function that is a general superposition of
plane waves.) An insertion of V in the Minkowskian path integral ZQ
of (3.4.4) would accommodate the interaction of strings with an external
graviton of wavefunction f^. The insertion of ev in (3.4.4) would describe
interaction with a coherent state of gravitons in this wave function, and
this corresponds precisely to string propagation in the metric g^, = t]^ +

We would now like to consider some of the simple properties of (3.4.2).
The actions (3.4.1) and (3.4.2) are both two-dimensional quantum field
theories, but there is an essential difference. The action (3.4.1) becomes
a free field theory in the conformal gauge

hap = Vap, (3.4.7)

but (3.4.2) does not. The action (3.4.2) reduces in this gauge to

S' = - J - j . / d2adaX
fidaXug^(Xp). (3.4.8)

This is a nontrivial quantum field theory, which is known as the nonlinear
sigma model. We have restored the a1 dependence; the previous formulas
correspond to the usual choice a' = 1/2.

Of course, just as in the case of string propagation in flat Minkowski
space, (3.4.8) must be supplemented by the Virasoro conditions

Taf> = 0, (3.4.9)

which are conjugate to the gauge choice (3.4.7). Formally, (3.4.8) is in-
variant under rescalings or conformal mappings of the cr's (this being a
reflection of the underlying Weyl invariance in (3.4.2)), so at the classical
level we have

T+_ = 0, (3.4.10)

just as in our study of string propagation in flat space. Equation (3.4.10)
leaves the two sets of Virasoro conditions

7++ = T__ = 0, (3.4.11)

and these (in the critical dimension) are just enough to eliminate the
modes of negative norm while leaving an interesting theory. If there were
an anomaly in the classical statement (3.4.10), then (3.4.11) would have to
supplemented with the extra Virasoro condition T+_ = 0. This condition,
which has no counterpart in the flat-space limit, would certainly lead to
inconsistencies.
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3.4 Strings in Background Fields 167

Even in the case of flat Minkowski space (g^ = 77^), where (3.4.8)
reduces to a free field theory, we have found that there can be an anomaly
in T.\— if the string world sheet is curved. This anomaly, which arises in
D =̂  26, was found to be of the form T+_ ~ R^\ with R^2' being the
curvature scalar of the world sheet. This is a relatively gentle (though
unacceptable) sort of anomaly; if (3.4.8) is formulated on a world sheet
with a given geometry, then R^ is a definite c-number function of the
world-sheet coordinates a and r, so that the conformal anomaly encoun-
tered in §3.2.2 is a c number only. In the case g^ ^ 77^, with (3.4.8)
describing an interacting nonlinear theory, we will meet a more drastic,
g-number anomaly in T-|__.

3.4-2 Weyl Invariance

Depending on the form of g^, scale invariance breaks down in (3.4.8),
because there is no way to regularize (3.4.8) while preserving world-sheet
scale or conformal invariance. Pauli-Villars regularization (subtracting
from loops the contribution of a massive regulator field) certainly violates
scale invariance. Equation (3.4.8) can be regularized by dimensional reg-
ularization, but this violates scale invariance because the two-dimensional
sigma model (3.4.8) is only scale invariant in two dimensions. We will use
dimensional regularization.

The breakdown of scale invariance in a quantum field theory is usually
described in terms of the ji function. One way or another, depending on
the formalism that is used in defining the /? function, the nonzero beta
function arises from ultraviolet divergences in Feynman diagrams. In
string theory, the beta function and ultraviolet divergences are not the
really basic issues; the basic issue is whether (3.4.8) is Weyl invariant
if formulated on a curved world sheet. These questions are intimately
related, however. Weyl invariance implies global scale invariance, which
in turn implies vanishing beta function and thus ultraviolet finiteness
(modulo possible wave function renormalization). Historically, the Callan-
Symanzik equation was originally derived by studying the Ward identity
associated with the trace of the energy-momentum tensor or in other
words the Ward identity associated with Weyl transformations.

The two calculations — finiteness and Weyl invariance — are essentially
equivalent. We will see that demanding Weyl invariance on a curved
world-sheet necessarily implies the vanishing of the renormalization group
/? function and hence finiteness.

First, let us discuss what the expansion parameter is in our one-loop cal-
culations. Inspection of (3.4.8) shows that in the limit of very small a1 the
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action is large and quantum corrections are small. Quantum-mechanical
perturbation theory is an expansion in powers of a'. There is another
equivalent way to think of this. Rescaling the space-time metric

9w -> #Uv (3.4.12)

in (3.4.8) shows that large t is equivalent to small a1. Since all lengths
on the manifold M are rescaled by a factor t under (3.4.12), large t is the
limit in which the size of M is very large in units of a1. The dimensionless
expansion parameter is y/cS/r, with r being the characteristic length or
'radius' of M.

We shall choose the gauge

Kp = e2+riaf>. (3-4.13)

The calculation of the possible breakdown of Weyl symmetry requires
regularization, which may be achieved by working in 2 + e dimensions.
Inserting (3.4.13) in (3.4.2) we get

§=-— [ d2+€ ae€< t>daX
fidaX1/gtlu(X

p). (3.4.14)
2?r J

We want to investigate the question as to whether the </> dependence
vanishes in the limit e —* 0. In the process we will see (at least at the one-
loop level) that this condition is connected to the condition for the theory
to be ultraviolet finite. In a complete treatment we should also study the
possible breakdown of two-dimensional reparametrization invariance due
to two-dimensional gravitational anomalies (as arose in the treatment of
strings in flat space-time in §3.2.3) since the regularization (3.4.13) is not
coordinate invariant.

Treating (3.4.8) as a quantum field theory in which the quantum field
is Xtl(aJ r) , the first step is to pick a vacuum expectation value — call it
XQ — and expand the quantum field around this value

X»(a,T) = X£ + x»(a,T), (3.4.15)

where x** is the quantum fluctuation. In more general applications of this
'background field method' the classical background XQ is taken to be any
function of a and r that satisfies the classical field equations rather than
the constant solution that we are choosing here. We shall expand the
metric around X*1 = XQ. The general form of the expansion is rather
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3.4 Strings in Background Fields 169

complicated and unwieldy unless we note that (3.4.8) is a 'geometrical'
expansion, invariant under a redefinition of the field variables

X» -> X»{X9) (3.4.16)

accompanied by a suitable transformation of the space-time metric tensor
g^p. By making, if necessary, such a redefinition of the field variables,
we can assume that on the space-time manifold M the coordinates X^
are locally inertial coordinates at the point X{{. (The Jacobian for this
transformation does not affect the following results). In such coordinates
the metric gtiU(Xp) equals the Minkowski metric rj^ at X*1 = XQ, and
differs from it only in order (x^)2. The higher-order terms cannot be set
to zero by a field redefinition, but they can be simplified by a choice of
coordinates known as Riemann normal coordinates. In such coordinates
there is an expansion

(3-4.17)
with RfiXun being the Riemann tensor of M at the point X(j. With this
choice of field variables and expanding ee^ = 1 + e<j> + ..., (3.4.14) takes
the form

S= ~
2 (3.4.18)

O(x5)}.

{a) (b)

Figure 3.7. The one-loop counterterm in the nonlinear sigma model that contributes
to wave-function renormalization comes from (a). In checking Weyl invariance of the
effective action there is also a contribution of the form of diagram (6), where the cross
represents the insertion of a kinetic term with coefficient e<j>.
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170 3. Modern Covariant Quantization

The expansion in powers of y/a'/r is equivalent to an expansion in
powers of x in (3.4.18), since, for instance, the curvature tensor of M
is of order 1/r2. Thus, the lowest-order counterterm is just obtained by
contracting two of the a^'s that appear in the quartic term in (3.4.18).
The relevant Feynman diagram is sketched in fig. 3.7a. In dimensional
regularization poles arise only from logarithmically divergent integrals.
The contraction (xxxK) gives a logarithmically divergent integral, while
a contraction (dx^dx1") gives a quadratically divergent integral, which is
discarded in dimensional regularization. The logarithmic divergence in
2 + e dimensions is

<V)V)>~ V
There are therefore e poles in the one-loop effective action derived from the
theory defined by (3.4.18). As well as giving rise to nonzero /3 functions
such poles can lead to (j) dependence that survives in the limit e —> 0. For
instance, matrix elements of the operator

W = xxxKdax^daxl/RflXuK(X^ (3.4.20)

have a pole as e —> 0. The pole comes from the (xxxK) contraction of
(3.4.19), giving

W -> W = W - ^-dax
fidax1/Rflu(X^ (3.4.21)

as e —> 0. Here R^V{XQ) is the Ricci tensor of the manifold M, defined
in terms of the Riemann tensor by R^ = R*\,,. Substituting (3.4.21) in
(3.4.18) gives a finite (^-dependent term as e -+ 0:

—7T I d2a<j>{(j)d(Xx^daxuRllv{X^). (3.4.22)
1Z7T J

However, the kinetic term in (3.4.18) also gives rise to other (^-dependent
terms in the one-loop effective action in the limit e —> 0. For example, it is
easy to see that there is another one-loop contribution to the effective ac-
tion that is quadratic in x**, as shown in fig. 3.76. This again contributes a

This quadratically divergent integral has a physical significance that can be un-
derstood by a careful treatment of the infrared divergences. It is related to the
possibility of adding nonderivative couplings to (3.4.8), corresponding to an ex-
pectation value of the tachyon field.
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finite </> dependence due to a 1/e pole that just cancels with the factor of e
in the ^-dependent kinetic insertion. The <f> dependence of the sum of the
two contributions of fig. 3.7 vanishes. In addition there are diagrams like
fig. 3.76 with external x^dax" and dOLxll'dolxv that are proportional to da<f>.
After integration by parts (and dropping terms proportional to dad

axil,
which vanish by the lowest-order equations of motion) these terms lead
to a net <f> dependence of the unrenormalized effective action that is again
proportional to (3.4.22). In order to obtain the correct e —* 0 limit we
must still renormalize the ^-independent e pole terms that contribute to
the effective action. Such pole terms arise at one loop from fig. 3.7a as well
as from the one-loop diagram similar to fig. 3.7a but with four external
x^ fields. The latter contributes to the renormalization of the R^\VK{XQ)

coupling in (3.4.18). It is an important feature of nonlinear sigma models
that these two infinities can be absorbed into a wave function renormal-
ization

and a renormalization of the space-time metric

R

Making these substitutions into (3.4.18) resurrects the terms with coef-
ficient e<j) due to the cancellation of e factors by the poles. Combining
all the (^-dependent contributions gives an effective action that can be
written at this order (and when D = 26) as

4TT J
d2a <j> Rilv{X())dotX^daX1/, (3.4.25)

where X» is given by (3.4.15). Thus, to this order (3.4.2) leads to a
Weyl-invariant ((^-independent) quantum theory if and only if

R^X") = 0. (3.4.26)

The renormalization of the metric in (3.4.24) means that there is a
one-loop beta functional given by

/W*') = -^W*')- (3-4-27)

The notion of a beta functional may be unfamiliar, but it really is not

Furthermore, local counterterms should be added to cancel any gravitational
anomalies that arise at one loop. Such anomalies are calculated, much as in §3.2.3,
by considering the one-loop corrections to (Wh^). They result in background-
independent terms that are cancelled in 26 dimensions by the ghost contributions.
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172 3. Modern Covariant Quantization

that strange. It is well-known that in a theory with n coupling con-
stants there are n beta functions, one for each coupling. These n beta
functions are indexed by whatever label indexes the couplings. Similarly,
in a theory which has a coupling functional g/Jll/(X

p)y which is a con-
tinuously infinite number of couplings, there will be a beta functional
Pnv(Xp) depending on the same degrees of freedom that enter in the cou-
pling. From (3.4.27), the condition for the vanishing of the one-loop beta
functional — or equivalently the condition for the vanishing of the one-
loop ^-independent counterterms ((3.4.23) and (3.4.24)) in the effective
action — is Rfjl1/(X

P) = 0. As stated earlier this is the same condition
as is required by the Weyl invariance (^independence) of the effective
action. The two statements are related by the fact that the f3 function is
the trace of the energy-momentum tensor.

Although our one-loop calculation may not make it altogether obvious,
this relationship between Weyl invariance and the vanishing of beta func-
tions holds much more generally. A more systematic exploration of it,
suitable for higher loop calculations, would make use of the background
field method, generalized to allow Xff to be a general non-constant solu-
tion of the classical field equations.

3.4-3 Conformal Invariance and the Equations of Motion

The equations we have found, namely R^ = 0, are the familiar Einstein
equations in vacuum. Is it merely an accident for the Einstein equations
to arise in this way?

In investigating a physical theory, the only equations that we are en-
titled to impose are the equations of motion - or, at the quantum level,
the equations for minimizing a quantum effective potential. On the other
hand, Weyl invariance or vanishing beta function is needed if (3.4.2) is
to make sense in string theory. The condition for vanishing /? function is
certainly needed in string theory (at the classical level, as we will discuss
shortly), and this condition must coincide with the equations of motion
if it is to have any sensible physical interpretation. Therefore, in hind-
sight, we should breathe a sigh of relief that the condition (3.4.26) for
vanishing of the lowest-order /? function has a sensible interpretation as a
long-wavelength approximation to the equation of motion of the gravita-

For a much more complete treatment of this subject see the papers by Fradkin
and Tseytlin listed in the bibliography or, for example, Hull, CM. and Townsend,
P.K. (1986), Tiniteness and conformal invariance in non-linear sigma models',
Nuci Phys. B274, 349.
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tional field. Equation (3.4.26) must have such an interpretation if string
theory is to make sense.

The beta function, or breakdown of Weyl invariance, which we have
computed depends only on the short-distance behavior of the quantum
field theory (3.4.2). The same short-distance behavior would occur on a
Riemann surface of any topology. When Weyl invariance holds in (3.4.2),
we are able to compute the path integral derived from (3.4.2) on the Rie-
mann sphere - corresponding to tree diagrams or the classical approxima-
tion to string theory - and also on surfaces of higher genus - corresponding
to quantum corrections. This suggests that Weyl invariance of (3.4.2) is
to be interpreted as the condition for finding a classical solution of string
theory (a Weyl-invariant path integral on the Riemann sphere) around
which we then expand to compute quantum corrections.

Let us now attempt to argue more directly that Weyl invariance of
(3.4.2) corresponds to finding a classical solution. Consider any physi-
cal theory with fields $ , k = 1, We describe a vacuum state (in
perturbation theory, at any rate) by choosing vacuum expectation values

$J = ($*) (3.4.28)

and writing

= $ (3.4.29)

where <j)k is the quantum fluctuation. One then computes vacuum expec-
tation values of products of the <f>k to describe scattering amplitudes:

A, = ( ^V 2 •••/">• (3.4.30)

In string theory, there is a vertex operator Vk corresponding to each field
<f> ; properties of these operators were discussed in chapter 1 and in §2.2.3.
The analog of (3.4.30) in string theory is then

An = {VklVk2...Vkn). (3.4.31)

Despite the formal similarity between (3.4.30) and (3.4.31), there is a big
difference between them: the expectation value in (3.4.30) is computed in
space-time while that in (3.4.31) is computed on the string world sheet.

For n > 4, (3.4.30) and (3.4.31) describe scattering amplitudes; for
n = 3 they describe vertex corrections; for n = 2 they describe mass
shifts. What about n = 1? In field theory, the expectation value An for
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n = 1 is of fundamental importance. Its vanishing

( / ) = o k = 1 , 2 , . . . (3.4.32)

is the statement that the candidate vacuum state around which we are
expanding, with expectation values $Q f°r the quantum fields $*, is a
solution of the classical field equations (or, at the quantum level, anex-
tremum of the effective potential). The parallel between (3.4.30) and
(3.4.31) shows what the corresponding statement must be in string the-
ory. The condition for a classical solution in string theory (or an extremum
of the effective potential) must be that

(V) = 0, (3.4.33)

where V is the vertex operator corresponding to any physical state.
We will now attempt to explain why the Einstein equations appear

in (3.4.26) and more generally why world-sheet conformal invariance is
related to the equations of motion. In particular, we will show that at tree
level in string theory (3.4.33) is a consequence of world-sheet conformal
invariance. The argument uses ingredients that are valid at tree level of
string theory only and therefore it will show specifically that a conformally
invariant nonlinear sigma model (3.4.2) or (3.4.8) corresponds to a solution
of string theory at the classical level. The idea is very simple. Considering
closed strings, for example, the world sheet at the classical level is a sphere
that can be stereographically projected to the x — y plane. In evaluating
(3.4.33) we can assume that the vertex operator V is inserted on the
plane at x = y = 0. Conformal invariance of (3.4.8) means, in particular,
invariance under the scaling transformation

x -* As, y -> Xy. (3.4.34)

A physical closed-string vertex operator V has dimension two (as we
learned in §1.4.5), and so transforms under (3.4.34) as

V -* \~2V. (3.4.35)

Invariance under (3.4.34) thus implies that

(V) = (X~2V), (3.4.36)

from which it follows that (V) = 0, as we wished to show.
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(«) (*)

Figure 3.8. A 'tadpole' insertion on a Feynman diagram is sketched in (a). In string
theory such tadpoles are automatically included in any calculation, as shown in (6),
sinceuadding a tadpole insertion to a propagating string does not change the topology.

A few points in this argument deserve comment. First of all, the vertex
operators in (3.4.31) are all vertex operators of on-shell physical states. It
seems that in string theory there is no really natural off-shell continuation
of (3.4.31) - none, that is, of comparable elegance and simplicity to the
on-shell formula. In (3.4.32) and its putative string theory analog (3.4.33),
the operators <fr and V are certainly to be evaluated at zero momentum.
Zero momentum is on shell only for massless particles. It may seem thus
that in (3.4.33) we have found a sensible way of checking the equations of
motion in string theory only in the case of massless external states.

The resolution of this issue is instructive. What happens if we attempt
in quantum field theory to expand around a misidentified vacuum in which
(3.4.32) is not obeyed? In this case, tadpole insertions in Feynman di-
agrams, as sketched in fig. 3.8a, are nonzero. The tadpoles represent a
shift of the expectation values of the fields $ , and summation of the
tadpoles shifts the invalid vacuum state to a valid one, if there is a nearby
valid vacuum state to shift to. A tadpole of a particle $ of mass M is
proportional to

jJP> (3-4-37)

where g is the coupling constant for emission of a <f> particle and the
factor 1/M2 comes from the <f> propagator l/(fc2 + M2) evaluated at k^ =
0, the appropriate value for tadpoles. If the coupling is weak (and for
strong coupling the expansion around a classical solution is not too useful
anyway) the tadpoles are small for any nonzero M. As long as they are
small, tadpoles, though a nuisance, are a harmless nuisance, which simply
bring about a small shift to a valid vacuum state.

What happens in string theory? In any calculation, one automatically
sums all possible tadpoles, since (as in fig. 3.86) adding a tadpole to a dia-
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gram does not change the topology of the diagram. As we have just seen,
tadpoles of massive particles are small (in the weakly coupled regime in
which the perturbation expansion makes sense). It is really not necessary
in string theory to check the equations of motion of massive states, since
if these equations are not obeyed, there merely results a small, harmless
shift in the vacuum due to tadpoles that are in any case automatically
included in any calculation. String theory has its roots in S matrix consid-
erations, and it is in keeping with this that there is no simple way to ask
a question whose answer is not needed, like the question of whether the
equations of motion of massive particles are obeyed. On the other hand,
tadpoles of massless particles are always dangerous, and accordingly there
is a good way, namely (3.4.33), to probe for such tadpoles.

Why is the above argument limited to tree level of string theory? Es-
sential in the argument is the existence on the Riemann sphere or the x — y
plane of the transformation (3.4.34), which is a conformal transformation
(the change it induces in the world-sheet metric can be absorbed in a Weyl
rescaling) but not an isometry. For closed-string diagrams other than the
sphere, there is no analog of this. On the torus, for example, or on RP2

(which arises in the case of unoriented strings and will be discussed in
chapter 8) the only conformal transformations are rigid motions that do
not give the nontrivial scaling law (3.4.35) that was used in the argument.
For surfaces of higher genus there are no conformal transformations at all.

What happens when open strings are included? The tree-level world
sheet for open strings is a disk, which can be conformally mapped to the
upper half of the x — y plane. An open-string vertex operator is inserted
on the boundary of the upper half plane, say at x = y = 0. In a theory of
open strings only, the scaling argument based on (3.4.34) shows, just as
in the closed-string case, that conformal invariance implies the vanishing
of tadpoles, the only change in the argument being that since open-string
vertex operators have conformal dimension one, the A""2 in (3.4.35) and
(3.4.36) is replaced by A"1.

Things are different if one couples open and closed strings. For example,
a closed-string vertex operator would be inserted on the upper half plane
at an interior point, say x — 0, y ^ 0. For coupling of a closed-string
vertex operator to open strings (the upper half plane), rather than closed
strings (the whole plane), (3.4.36) is replaced by

(V(Xy)} = (X-2V(y)). (3.4.38)

This does not imply the vanishing of the tadpole; it only implies that
(V(y)) is proportional to y~2. Thus, closed-string tadpoles can be nonzero
on the upper half plane, the torus, RP2, and in fact on any world sheet
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except the plane (or Riemann sphere). We will meet such tadpoles exten-
sively in chapters 8-10.

One further comment is called for. The graviton and dilaton vertex
operators are both of the form

V = <lliVdaX'idaXvJhX, (3.4.39)

where fc2 = 0. The polarization tensor £,,„ is symmetric and satisfies

= 0 (3.4.40)

in order that (3.4.39) have the correct conformal dimension. In the case
of the graviton (^ is traceless, since the trace describes spin zero, as we
discuss below. Note that the polarization tensor (^ is defined up to a
transformation

Cfiu -* (fiis + €/** „ + Cvkft, (3.4.41)

where e^ is an arbitrary vector satisfying e-k = 0, which preserves (3.4.40).
The change corresponds to a longitudinally polarized graviton, which de-
couples from physical processes (as explained in §7.2.2), as a consequence
of on-shell gauge invariance.

In the case of the dilaton, one might suppose that (^ ~ 77^, but this
does not satisfy (3.4.40). This can be overcome by choosing

where k^ is an arbitrary vector satisfying k • k = 0 and k • k = 1. The last
two terms in (3.4.42) correspond to longitudinal pieces that decouple in
physical processes. Except at k** = 0, the graviton and dilaton conditions
are distinct, and so are the corresponding vertex operators. However, in
(3.4.33) we are working precisely at k» = 0, where (3.4.40) and (3.4.42)
are compatible, so that we do not have enough vertex operators to probe
independently the equations of motion of all components of the gravi-
tational and dilaton fields. As a result, we have in (3.4.33) essentially
checked for tadpoles of all massless fields except one. It can be shown
by use of a Bianchi identity that the one 'missing' equation is equivalent
to the requirement that the Virasoro anomaly c should have the correct
value.

3.4-4 String-Theoretic Corrections to General Relativity

It is now straightforward, at least conceptually, to derive string-theoretic
corrections to general relativity. The Einstein equations R^ = 0 corre-
spond to vanishing of the one-loop beta function (3.4.27), and corrections
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to the Einstein equation can be found by computing corrections to the
one-loop beta function. Including one- and two-loop contributions, the /3
function is

Q (~vp\ / r> i JD o K\T I /o A AO\

Pnvysi. ) = —-— I li^p i—'T'J^'UKXT^U I • ^0.4.40j
4TT \ 2 J

The calculation of the second term in (3.4.43) is nontrivial. However, it
should be evident that since the coupling constants in (3.4.8) are propor-
tional (in Riemann normal coordinates) to the Riemann tensor and its
derivatives, a two-loop beta function is given by an expression involving
terms roughly of the form seen in (3.4.43).

The second term is thus a 'stringy' correction to general relativity that
vanishes for a1 —> 0 or, equivalently, when the radius of M becomes very
large compared to the square root of a'.

3.4-5 Inclusion of Other Modes

We now proceed to a more systematic treatment of the bosonic string in
a background field, including all of the massless states of the closed string
(and not only the graviton) as part of the background. The relevant
closed-string fields are the antisymmetric tensor Btil/(X

P) and the dilaton
$(XP), as well as the gravitational field gtiU(Xp).

Let us write down the most general action for the field X^{cr^r) that
is invariant under reparametrizations of the string world sheet and also
renormalizable by power counting; the latter condition means that there
must be precisely two world-sheet derivatives in each term in the action.
One possible term is the one that we have been studying:

Sl = ~4^b" /d2(T ^h^d^X^d(3XV9^(xP)' (3.4.44)

It incorporates the effects of 26-dimensional gravity. A second term

S2 = - ^ 7 I d2aea^daX>1dl3X'/Bflv(X
p), (3.4.45)

which makes use of the world-sheet antisymmetric tensor e**̂ , gives a
way to incorporate the effects of the antisymmetric tensor field B^v in a

€<*?  takes the values e01 = - e 1 0 = 1, e00 = e11 = 0. It is actually a tensor density,
since € aP j\fh transforms as a tensor.
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models. The factor of a', which we usually set equal to 1/2, is needed
to make (3.4.44) and (3.4.45) dimensionless, since X*1 has dimensions of
length. Note that the integrand in (3.4.45) changes by a total divergence
under the gauge transformation

SBpV = dphv - dyAp. (3.4.46)

This point will be explored critically, in a global context, in chapter 14.
We still must find a way to incorporate in the a model the dilaton field $.
At first sight there is no obvious operator, independent of (3.4.44), which
can be used. The proper construction is perhaps rather surprising.

The world-sheet Ricci scalar i?(2) contains two derivatives of the world-
sheet metric /i, so at first sight the two-dimensional Einstein-Hilbert ac-
tion

= iJ' (3.4.47)

seems to be a renormalizable and reparametrization-invariant term that
could be considered in the world-sheet theory. This is illusory, however,
since (3.4.47) is actually a topological invariant that gives no dynamics
to the two-dimensional metric h. To see that (3.4.47) is a topological
invariant, note first that in any dimension the Riemann tensor Ra^8
obeys

(3.4.48)

In two dimensions, a second-rank antisymmetric tensor must be propor-

tional to ea£, so that Raly$ is proportional to R^2\ It follows that

X (3.4.49)

By contracting (3.4.49) with h@s one learns that in two dimensions

i#9 - \hayRW = 0. (3.4.50)

On the other hand, in any number of dimensions the variation of (3.4.47)
under an infinitesimal variation in the metric tensor is

/ (3.4.51)

which in view of (3.4.50) vanishes in two dimensions. This does not mean
that (3.4.47) vanishes in two dimensions. It means that (3.4.47), being
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invariant under arbitrary variations in the world-sheet metric, depends
only on the topology of the string world sheet. A standard result, which
we will derive in §12.5.3, shows that if the string world sheet is a compact
Riemann surface of genus g, then

X = 2 ( l - 5 ) . (3.4.52)

The quantity \ is known as the Euler characteristic of the two-dimensional
manifold.

As a topological invariant of the world sheet, (3.4.47) does not really
contribute to the dynamics of the a model. However, by using the fact
that scalar fields are dimensionless in two dimensions, we can generalize
(3.4.47) to the more general renormalizable interaction

4TT J
(3.4.53)

This proves to be a correct way to include the 26-dimensional dilaton field
in the sigma model.

We now consider the sigma model with action S = S\ + S2 + £3 and
probe for conformal invariance. Thus, we take the world-sheet metric to
be of the form

Kfi = e*riaP. (3.4.54)

Working in 2 + e dimensions, we compute the <j) dependence of the effective
action, and ask whether this vanishes in the limit e —> 0. The conditions
for Weyl invariance to hold in two dimensions in the lowest nontrivial
approximation in a1 turn out to be

n — R 4- - f

0 = DXH\V - 2(DX$)H\V (3.4.55)

12

where

Hfn/p = OfiBi/p ~h upBfxi/ + OpBpp, (3.4.56)

is a third-rank antisymmetric tensor field strength that is invariant under
'gauge transformations' SB^ = S^Aj, — d^A^. (Covariant derivatives in
D dimensions are denoted D^, whereas on the world sheet they are Va.)
If the dimension is not restricted to D = 26, the third equation in (3.4.55)
has an additional term (D — 26)/3a'.
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We will not describe the calculations that are needed to obtain (3.4.55);
they are similar to those we described earlier in the purely gravitational
case though much more elaborate. It is appropriate, however, to draw
attention to one subtlety. While Si and 5*2 as defined above are Weyl
invariant at the classical level, this is not true of £3. How, then, can
it make sense to add S3 to Si and S2 in discussing Weyl invariance?
At least at a technical level, the reason that it does make sense is that
for dimensional reasons Si and £2 are proportional to I/a' , while this
is not so in the case of £3. Since the perturbation expansion is really
an expansion in powers of a', S3 should be considered as an order a1

correction compared to Si and S2. This being so, it is logical to compare
a classical effect coming from S3 to quantum effects coming from Si and
S2. It is necessary to do this to derive the first equation in (3.4.55). The
last equation in (3.4.55) receives contributions from one-loop diagrams
constructed from S3 and two-loop diagrams constructed from Si and S2;
they are all of the same order in a1.

A crucial test of all this is that the equations (3.4.55) must have a
sensible physical interpretation. In fact, it can easily be seen that they
are the Euler-Lagrange equations coming from the 26-dimensional action

526 ~ ~ i / <?6xV9e-2*(R ~ iD^D"* + ^H^H^). (3.4.57)

Equation (3.4.57) thus describes the long-wavelength limit of the interac-
tions of the massless modes of the bosonic closed string. If desired, the
gravitational action in (3.4.57) can be put in the form J d26Xy/gR, rather
than f d2eXy/ge~2®R, by absorbing a suitable power of e~$ in the defini-
tion of the space-time metric g^. String-theoretic corrections to (3.4.57)
can be computed, just as in the purely gravitational case, by calculating
higher-order corrections in sigma-model perturbation theory.

We have discussed sigma-model interaction terms with two world-sheet
derivatives, corresponding to vertex operators of massless fields. It is also
possible to try to include other operators in the sigma-model Lagrangian.
A particularly simple possibility is to include in the Lagrangian a non-
derivative interaction S(Xtl), with S being some scalar function. Since
the tachyon vertex operator etkX is nonderivative, the inclusion of a non-
derivative interaction corresponds to giving an expectation value to the
tachyon field. It is very natural to do so, in the bosonic sigma model,
and in fact it is possibly unnatural not to. In computing the one-loop
sigma-model beta function, even in the purely gravitational case, we en-
countered quadratic divergences that we simply ignored on the grounds
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that they are irrelevant in dimensional regularization. The quadratic di-
vergences actually reflect the fact that it would be possible to include a
dimension-zero nonderivative interaction in the sigma model.

3.4-6 The Dilaton Expectation Value and the String Coupling Constant

The formalism for studying string propagation in background fields that
we have been developing in this section gives many insights that are diffi-
cult to obtain in other ways. Here we give just one example of an insight
that can be conveniently obtained by thinking in terms of sigma models.

M-2
M-\

(b)

Figure 3.9. A tree-level process for scattering of M gravitons (a) is proportional to
KM~2. Each loop adds an extra factor of K2, as shown in (b).

If we consider graviton scattering in the bosonic closed-string theory (or
for that matter if we consider the scattering of any closed-string modes),
we require at each interaction vertex a factor of the gravitational coupling
constant /c. A tree diagram with M external gravitons has M — 2 inter-
action vertices, as in fig. 3.9a, while each loop adds two more, as shown
in fig. 3.96. Thus, a general loop diagram is proportional to

KM . K-2(i-9)t (3.4.58)

where M is the number of external vertex operators, and g, the genus of
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the Riemann surface, is the number of loops. The factor of K can be
absorbed in the normalization of external vertex operators; we simply use
KV rather than V as the vertex operator for emission of a string state. We
now focus on the interpretation of the loop-dependent factor K~2(1~9\

Apart from /c, which in 26 dimensions has dimensions of (length)12,
the usual construction of the bosonic string theory involves a parameter
a', with dimensions of (length)2. It therefore seems at first sight that the
closed bosonic string theory contains an arbitrary fundamental dimension-
less parameter a'/^ • ^ w°uld be disappointing if reconciling quantum
mechanics with gravity involved the introduction of a new fundamental
dimensionless constant. Happily, this is not the case. Let us return to the
sigma model of the preceding subsection with its action S = Si + #2 + S3.
The path integral on a surface of genus g involves the partition function

Zg = / DX"Dh e~s. (3.4.59)

Here, for emphasis, we include the factor K~2^1~9\ which seems to be
required by (3.4.58).

To understand why there is no fundamental dimensionless parameter in
the bosonic closed-string theory, the key is to note the relatively simple
dependence of (3.4.59) on the dilaton field $. Looking back to (3.4.47),
(3.4.52) and (3.4.53), we see that under

$ -> $ + a (3.4.60)

(with a being an arbitrary constant), the sigma-model action changes by

S-+S + 2a(l-g). (3.4.61)

In (3.4.59) the effect of this is equivalent to the effect of a redefinition of
the gravitational coupling

AC - > e~aK. (3.4.62)

Thus, the value of /c can be absorbed in a shift in the vacuum expectation
value of $; /c is not a fundamental parameter of the theory.

The result given above can also be checked in the low-energy effective
action (3.4.57). While (3.4.57) appears to contain the gravitational cou-
pling constant K as a free parameter, in fact the value of K can be absorbed
in a shift in the value of $. (This does not change the value of a', since
a' does not appear in S3.) Instead of a one-parameter family of theories
labeled by a fundamental dimensionless parameter a'/ft1 , the bosonic
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string theory is a single theory that has at tree level a one-parameter
family of vacuum states labeled by the arbitrary expectation value of the
massless scalar field $.

Though we will not do so in this book, the considerations of this section
can be generalized to supersymmetric string theories by considering su-
persymmetric nonlinear sigma models instead of the bosonic sigma model
considered here. Superstring theories also have no fundamental dimen-
sionless parameter - as we will see from the low-energy point of view in
chapter 13. In chapter 14 we will discuss briefly an interesting example of
a physical question (involving axions and world-sheet instantons) in which
the sigma-model approach to string theory gives significant results that
would be rather obscure from other viewpoints. There are many other
such examples.

3.5 Summary

The covariant path-integral method of quantization utilizing Faddeev-
Popov ghost fields in a gauge-fixed action with BRST symmetry was de-
veloped originally in the study of Yang-Mills theories. In this chapter we
have seen that these same techniques can be effectively and fruitfully ap-
plied to string theory. In particular, we have obtained new perspectives
on many subjects first introduced in chapter 2. In the study of super-
strings in the next chapter we will learn that analogous constructions are
possible for them as well provided that D = 10. This formal framework
provides the basis for modern studies that attempt to formulate the theory
in terms of an action based on functional string fields with an enormous
gauge symmetry.

We have also discussed the dynamics of a string in the presence of
background fields, including a nontrivial space-time geometry. By re-
quiring that the two-dimensional world-sheet theory be conformally in-
variant, even at the quantum level where anomalies in the trace of the
two-dimensional energy-momentum tensor must vanish, we learned that
the background fields must satisfy the field equations of the string the-
ory itself. This implies a subtle self-consistency between the background
fields that determine the dynamics of the string and the dynamics of
the string whose solutions determine the possible background fields. The
understanding of these connections, which are surely of fundamental im-
portance, is still being developed.
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4. World-Sheet Supersymmetry in String Theory

The bosonic string theory described in chapters 2 and 3, despite all its
beautiful features, has a number of shortcomings. The most obvious of
these are the absence of fermions and the presence of tachyons. It is con-
ceivable that the latter feature merely indicates that the vacuum has been
incorrectly identified, and that (as in a Higgs theory) there is some other
stable vacuum that does not give rise to tachyons. Despite considerable
effort over the years, this remains a conjecture. Another route, which has
proved more fruitful, is to try to formulate another string theory instead.
Progress in this direction has involved the introduction of internal degrees
of freedom propagating along the string.

The particular string theory described in this chapter is based on the
introduction of a world-sheet supersymmetry that relates the space-time
coordinates Xti(a,r) to fermionic partners ^ ( ^ r ) . The latter are two-
component world-sheet spinors. We will demonstrate that an action prin-
ciple with N = 1 supersymmetry gives rise to a consistent string theory
with critical dimension D = 10. Truncating the spectrum in a manner
proposed by Gliozzi, Scherk and Olive gives supersymmetry in the D = 10
space-time sense, as well, with one or two Majorana-Weyl supercharges
(N = 1 or N = 2) depending on the choice of boundary conditions.

In view of the enormously rich and fascinating structure that results
from the introduction of iV = 1 world-sheet supersymmetry, it is natural
to consider generalizations based on extended supersymmetry. This is
briefly explored in §4.5, where it is shown that N = 2 world-sheet super-
symmetry leads to a string theory with critical dimension D = 2. Starting
with N = 4 supersymmetry leads to an even more disappointing result, a
negative critical dimension!

There is another possibility for inventing new string theories arising
from the observation that left-moving and right-moving modes can be
introduced independently in consistent closed-string theories. This makes
it possible to use different schemes for each of them. In particular, using
D = 10 superstring modes for right movers and D = 26 bosonic string
modes for left movers gives the heterotic string. This will be explored in
detail in chapter 6.

185
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186 4- World-Sheet Supersymmetry in String Theory

4.1 The Classical Theory

Let us recall that the action for the bosonic string, in conformal gauge, is

= ~ f
2TT J

(4.1.1)

This is a free field theory in two dimensions. Xfi(a, r ) , \i = 0, l , . . . ,J9 — 1,
are coordinates for a string that is propagating in D space-time dimen-
sions. If we wish to generalize the bosonic string theory, we can replace
(4.1.1) with some more general two-dimensional field theory. The sim-
plest possibility is that this more general theory might be again a free
field theory. Thus we are led to the idea of introducing additional free
fields in (4.1.1). These would correspond physically to internal degrees of
freedom that are free to propagate along the string. Various choices can
be contemplated. One might, for instance, try to introduce a free fermion
field Vu(er, r ) . (Capital letters A,B,C denote world-sheet spinor indices.
In two dimensions the spinor index A takes two values, if both chiralities
are included.) If one pursues that path one must decide whether if> is to
be a Dirac fermion or a Majorana fermion and whether it is to carry ad-
ditional quantum numbers. There are surprisingly few choices that lead
to interesting theories, but one that does is to introduce a Z)-plet of Ma-
jorana fermions </>̂ (cr, r) transforming in the vector representation of the
Lorentz group SO(D — 1,1). We thus consider the Lagrangian

= ~ f (4.1.2)

Here the symbol pa represents two-dimensional Dirac matrices. (The
symbols 7^ and F^ are reserved for four-dimensional and £)-dimensional
space-time gamma matrices.) A convenient basis is

0 -i\ - /0 * \
. A P1 = • J • (4.1.3)

These matrices obey

{/,/} = -2rfK (4.1.4)

It may be surprising that we are trying to generalize (4.1.1) rather than trying
to generalize the reparametrization invariant Lagrangian that it can be derived
from by fixing conformal gauge. It turns out that the generalization of (4.1.1) is
much easier to guess. After understanding the key features of this generalization,
we will be able to go back and find the appropriate reparametrization invariant
Lagrangian.
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We refer to the components of \j> in this basis as %j)±:

We have chosen the pa to be to be purely imaginary, so the Dirac operator
ipada is real and it makes sense in this representation of the Dirac algebra
to demand that the components of the world-sheet spinor ^ should be
real. Such a two-component real spinor is known as a Majorana spinor.
The symbol i/> indicates iji^p0 as usual.

Majorana spinors obey a number of important identities that do not
hold for Dirac spinors. For example, for Majorana fermions, \ is simply
X^p0] there is no need to take the complex conjugate (or hermitian conju-
gate) of x? since it is real anyway. Therefore xV> is the same as P\QXA^B-

Since p° is an antisymmetric matrix, that last expression is symmetric in
X and tp if they are anticommuting variables, so in this case

X^ = *0X- (4.1.6)

This manipulation is typical of those that arise in working with Majorana
fermions in two dimensions.

Several things about (4.1.2) may be disturbing. First of all, it should
seem somewhat counterintuitive to introduce an anticommuting field ^
that transforms as a vector - a bosonic representation - of SO(D — 1,1).
This choice means that if> maps bosons to bosons and fermions to fermions,
in the space-time sense. While this may be counterintuitive, there is
no clash with the spin-statistics theorem. On the contrary, (4.1.2) is
a Jwo-dimensional field theory, not a field theory in space-time, and ^
transforms as a spinor under transformations of the two-dimensional world
sheet, in perfect agreement with the usual spin-statistics relation. The
Lorentz group SO(D — 1,1) is merely an internal symmetry from the
world-sheet point of view, and the spin and statistics theorem says nothing
about whether anticommuting fields should transform as vectors or spinors
under an internal symmetry. Although not paradoxical, the assignment of
Lorentz quantum numbers to i\) is nonetheless surprising and is a matter
we will re-examine later.

Properly speaking, in 1 + 1 dimensions there is no such thing as spin, but there
is a two-dimensional Lorentz group (or local Lorentz group, in the case of a
generally covariant theory), and it makes sense to ask how a two-dimensional
field transforms under this group. The spin-statistics theorem says that in local
quantum field theory in two dimensions an anticommuting field must have half-
integral Lorentz quantum numbers.
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There is actually a much more urgent problem that faces us in trying to
understand (4.1.2) as a two-dimensional quantum field theory. We recall
that the equal r commutation relations of the bosonic coordinates are
[Xf*(a),Xv(a1)] = i7rr)fAt/6(a — crf). The Lorentz metric ifv is not positive,
and for this reason the X°(a) oscillators in (4.1.1) create modes of wrong
metric, or 'ghosts'. Happily, (4.1.1) has an infinite-dimensional symmetry
algebra, the Virasoro algebra, which can be used to eliminate the ghosts
in the critical dimension D = 26. To make sense of (4.1.2) we have to
face the precisely analogous question for the fermions. From (4.1.2) we
can deduce the equal r commutation relations of the fermions,

This anticommutation relation is the quantum version of the Poisson
bracket for Grassmann variables. The familiar problem appears in a new
guise. Since 7700 = — 1, the 'timelike' fermions ^(<r) create wrong met-
ric states, just like the 'timelike' bosons X°(a). The Virasoro conditions
(4.1.2) may, as in the purely bosonic model, suffice for eliminating the
wrong metric modes created by X°(a), but to solve the analogous prob-
lem for ip\(o-) we have to find a new symmetry and new constraints that
can do for fermions what the Virasoro conditions do for bosons. It turns
out that this step can be taken. The new symmetry is supersymmetry or
more precisely superconformal symmetry. It proves to have many ramifi-
cations.

4-1.1 Global World-Sheet Supersymmetry

The new symmetry of the free field theory (4.1.2) may be surprising at
first sight, but it is not difficult to demonstrate. Let e represent a con-
stant (i.e., independent of a and r) anticommuting infinitesimal Majorana
spinor. The action S of (4.1.2) is invariant under the infinitesimal trans-
formations

with e a constant anticommuting spinor. These transformations mix
bosonic and fermionic coordinates and have come to be known as su-
persymmetry transformations.

A basic algebraic fact about supersymmetry is that the commutator
of two supersymmetry transformations gives a spatial translation. In the
present context a 'spatial translation' means a translation of the string
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world sheet. To see this explicitly consider

[61,62)X" = hfaif) - (1 «-> 2) = a°daX*y (4.1.9)

where

aa = 2ie1p
Qe2. (4.1.10)

It is important here that for Majorana fermions in 1 + 1 dimensions,
eip(X€2  = —C2paei. The reader is urged to check likewise that

[SuS2}r = aadar. (4.1.11)

Here it is necessary to use the fact that xj) obeys the Dirac equation de-
rived from (4.1.2), namely padQip = 0. In the next subsection we will
reformulate the theory in a form for which the supersymmetry algebra
closes without use of equations of motion.

Using (4.1.2) and the subsequent formula (4.1.8) for the supersymmetry
transformation law, one can derive a formula for the supercurrent and
energy-momentum tensor. An efficient way to do so makes use of the
Noether method, described in §2.1.3, as follows. Consider, for instance,
the supersymmetry transformation (4.1.8). If e is a constant, it leaves the
action S invariant. If e is not a constant, then (4.1.8) does not leave the
action invariant, but its variation is of the general form

6S=- Id2a(dQt)JQ. (4.1.12)

Ja is then the conserved Noether current, as was explained in §2.1.3.
Applied to (4.1.8), this procedure gives the formula for the supercurrent

Ja = \pP poVdftXn (4.1.13)

(where the normalization has been defined for later convenience). Applied
to the translation 6cra = constant, it gives the formula for the energy-
momentum tensor:

Taf> = daXVdpXp + ffipadrfp + ffippda^ - (trace), (4.1.14)

The reader is urged to check explicitly from the equations of motion that
(4.1.13) and (4.1.14) are conserved. The energy-momentum tensor is
traceless, just as in the purely bosonic theory, so, in terms of light-cone
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190 4- World-Sheet Supersymmetry in String Theory

components, T+_ = T_+ = 0. Some components of the supercurrent also
vanish, because it obeys the analogous restriction

paJa = 0, (4.1.15)

as a consequence of the two-dimensional identity pap@pa = 0.

4-1.2 Superspace

Equation (4.1.2) is a two-dimensional field theory formulated on an or-
dinary two-dimensional space E, the string world sheet. Supersymmetry
can be made manifest by formulating the theory in a two-dimensional
superspace E, in which the world-sheet coordinates aa are supplemented
by two Grassmann coordinates 0A forming a two-component Majorana
spinor. Anticommuting coordinates may seem strange at first, but they
are actually not difficult to use. A general function Y^ in superspace
would be a function

Y"(<T, $) = X"(<7) + 0 V » + |^5"(<7), (4.1.16)

which depends in a general way on both the bosonic and fermionic coor-
dinates of superspace. Such a function is called a superfield. Equation
(4.1.16) is the complete power series expansion in powers of 0, because
the anticommutation properties of the 0 imply that any product of more
than two of them vanishes. The superfield Y9* unites X** and i/)1* with a
new field B*1 whose utility may not be apparent at first.

Let us begin by explaining how superspace makes supersymmetry man-
ifest. Supersymmetry is represented on superspace by the generator

4 i{P*0)Adc, (4.1.17)
80

It is frequently convenient to introduce an arbitrary anticommuting pa-
rameter CA, the infinitesimal parameter of a supersymmetry transforma-
tion, and to work not with QA but with eQ. The latter generates the
transformation

SOA = [eQ,0A] = cA,
(4.1.18)

Saa = [eQ,aa] = iepa0

of the superspace coordinates. In this way supersymmetry is realized in
superspace as a 'geometrical' transformation. The supercharge Q can also
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be used to define transformations of the coordinates according to

SY* = [eQ,y] = eQY". (4.1.19)

Since

[eiQ,e2Q} = -2ielP
ae2da, (4.1.20)

it is evident that

= -aadaY>1, (4.1.21)

with aa as given in (4.1.10), without using the equations of motion. Ex-
panding (4.1.19) in components and using the two-dimensional Fierz
relation

0A0B = -\sAB9cec, (4.1.22)

gives

(4.1.23)

This reduces to the previous transformation formulas (4.1.8) if one sets
gii = padat(;^ = 0, corresponding to the fact that in our initial formula-
tion B** was absent, and padaij)*

1 was zero by a field equation. Because of
the role of the auxiliary field £**, closure of the supersymmetry algebra is
now achieved without use of equations of motion.

Now, let Yi,. . . ,yjfe be some superfields. Their transformation law
under supersymmetry is SYj- = eQYj~. Any product of such superfields
transforms in the same way. For instance

S(Y1Y2) = eQ(Y1Y2). (4.1.24)

This is so because, as eQ is a first-order differential operator in superspace,
it obeys the Leibniz rule

W i * 2 ) = eQ(Fi)y2 + YieQ(Y2) (4.1.25)

that is characteristic of such first-order operators. This ensures that the
product Y1Y2 transforms like a superfield, as in (4.1.24), if Yi and Y2 do.
This result should not seem surprising. A superfield is simply a function
in superspace, and naturally the product of two such functions Y\ and Y2
is again such a function.
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We would like to learn to use superspace to write Lagrangians invariant
under supersymmetry transformations (4.1.23). To this end, we need first
of all a derivative operator that is invariant under supersymmetry. It is

D = -l=-ipa9da. (4.1.26)

This is known as the superspace covariant derivative. Its basic properties
are that it anticommutes with Q,

0, (4.1.27)

and obeys

{DA,DB}=2i(pa)ABda (4.1.28)

or
= 2i(pap°)ABda. (4.1.29)

The superspace covariant derivative is useful in constructing Lagrangians
for the following reason. Equation (4.1.27) ensures that if an object Y
transforms under supersymmetry as 6Y = cQF, then its covariant deriva-
tive DXY transforms in the same way. Thus, the covariant derivative
of a superfield is again a superfield. This enables us to write supersym-
metric Lagrangians that contain derivatives - as, of course, all interesting
Lagrangians do.

Another essential ingredient to formulate actions that are invariant un-
der supersymmetry is that one must have an integration measure in su-
perspace. The natural choice is the integral over 'all' of superspace,

d2od20, (4.1.30)

where the fermion integration $0 is the standard Berezin integral for
fermions. The Berezin integral is defined by saying that the integral over
anticommuting coordinates of a general function is

/ d20(a + 0% + 02b2 + 0l02c) = c. (4.1.31)

In other words, the integration picks out the coefficient of 0l02. It follows

In discussing the path integral over anticommuting ghost coordinates in §3.1.1,
we were actually using infinite-dimensional Berezin integrals.
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from this that (since 00 = 0p°0 = -2i9102)

d2eee = -21. (4.1.32)
/ •

Like ordinary bosonic integrals, the Berezin integral has the property that
one can integrate by parts:

= 0 (4.1.33)

for any V. Equation (4.1.33) holds because the theta derivative removes
one of the two 0's from the integrand, leaving an integral that vanishes
by the Berezin rules.

The basic property of (4.1.30) is invariance under supersymmetry in
the following sense. Let Y be any superfield, and let

= / d2ad20Y. (4.1.34)

Then S is invariant under supersymmetry transformations 6Y = eQY.
The reason for this is that writing

8S= Id2ad20eQY (4.1.35)

and writing out the explicit form of Q, we find that (4.1.35) vanishes
upon integrating by parts. By 'integrating by parts', we mean of course
(4.1.33) as well as ordinary bosonic integration by parts. Thus we have
learned how to write supersymmetric Lagrangians. For any superfield
y , the action S is invariant under supersymmetry. Y may in turn be
constructed as an arbitrary product of elementary superfields and their
covariant derivatives.

We now return to our original problem in which the elementary su-
perfields are a D-tuplet transforming in the vector representation of
SO(D — 1,1). We now know how to construct an infinity of supersym-
metric Lagrangians for this field. One of special interest is

•-hi' (4.1.36)

To evaluate the 0 integrals explicitly, we first note that

DY" = iP" + OB" - ipa0daX* + )$9padaxl>'i (4.1.37)

"DY" = ^" + B^e + idax»0pa - Ued^p", (4.1.38)

where we have used (4.1.22). Thus DY^DY^ contains the following terms
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quadratic in 0

<Vv)00 (4.1.39)

= (-daXfldQXfl + i^VdaVv + B"Bp)OO.

Using the integration rule in (4.1.32), the action can be expanded in com-
ponents to give

; = ~ fd2a(daX»daXlt - ifilpada^ - £"£„). (4.1.40)

In this action, the field equations say that B*1 = 0, so it is legitimate to
simply set B** to zero and forget it. In this way we retrieve our starting
point (4.1.2), but with a major difference: now we have a much better
understanding of why (4.1.2) is invariant under supersymmetry.

Let us now recall the original objective in our search for a new symme-
try. If (4.1.2), with its timelike fermions ip° of wrong metric, is to lead to
an acceptable theory, it must contain an enlarged symmetry that makes it
possible to eliminate the unwanted modes. The supersymmetry of (4.1.2)
or (4.1.40) is certainly a step in the right direction, but it will take an
infinite-component symmetry algebra to do the job.

4-1.3 Constraint Equations

The required infinite-component symmetry algebra is not hard to find.
The only symmetries that we have discussed so far are global supersym-
metry transformations, given in (4.1.8) with a constant supersymmetry
parameter e. Constant translations of the world-sheet coordinates are im-
plicitly present in the discussion, as well, since the commutator of two
global super symmetries QA is a translation. The translations in question
are translations of the world-sheet coordinates a and r. But in the bosonic
string theory, the translations of a and r are generated by Lo and Lo, two
of the Virasoro generators. Just as Lo and Lo generate a tiny subalgebra
of the infinite-dimensional symmetry algebra of the bosonic string theory,
we must extend the QA to an infinite-component 'supersymmetry'.

The fermion equation of motion derived from (4.1.2) is simply the two-
dimensional Dirac equation padotij) = 0, which must be supplemented by
boundary conditions that will be discussed later. In the basis for pa given
in (4.1.3) this decomposes into a pair of decoupled equations for the upper
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and lower components of ^

(M)«-
(4.1.41)

Thus ^_ and V>+ describe right- and left-moving modes, respectively. The
two-dimensional Dirac action can be written in a form that makes manifest
the decoupling of ^+ and V>-, as well as the form (4.1.41) of the equations
of motion, by introducing light-cone coordinates on the world sheet CF± —
T ± a and d± = \{dT ± da). In terms of these variables the fermion part
of the action (4.1.2) becomes

SF = - [ d2a {i>-d+*l>- + ^+d_V>+) (4.1.42)
fl" J

(where the index \i has been suppressed). Equation (4.1.42) also makes it
apparent that we could, say, set ?/>+ to zero and discuss a two-dimensional
Lagrangian with right-moving fermions only. The two-dimensional chi-
rality operator ~p — p^p1 actually has xj)± for its eigenstates (to be precise,
'pij)± = ^^ i )? s o setting V7-}- = 0 amounts to working with a spinor field
of positive chirality only.

Equation (4.1.41) and the boson equation 0 = d2Xtl/daadaa can be
written in a way that makes it much more transparent why there can be
a symmetry between bosons and fermions:

o = d+r- d+(d-x)
o = d-4>$ = d.(d+x»)' y ' '

Thus, ^ and d-X**1 are both functions of a~ only, while ?/>+ and d+X*1

are both functions of <J+ only. Supersymmetry is the symmetry between
^_ and d-X11 (or between ^4. and d+X*1), which obey the same equation.

In view of the decoupling of positive- and negative-chirality modes,
the world-sheet supersymmetry current and energy-momentum tensor are
bound to simplify if written in terms of positive- and negative-chirality

A rough analogy to this would be the two-component neutrino in four dimensions,
but there is a crucial difference. In four dimensions the CPT conjugate of the
neutrino is the antineutrino, of opposite chirality, but in two dimensions, CPT
maps xj)- to itself and permits a theory in which there simply is no fermion of
opposite chirality.
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196 4- World-Sheet Supersymmetry in String Theory

modes. Indeed, if we write the supercurrent JQA of (4.1.13) in terms
of its light-cone components J+A and J-A (with ± labeling the light-
cone vector components and A being the spinor index), then, a priori,
J+A and J-A ^ e both two-component spinors. In fact, however, because
of (4.1.15), only the positive-chirality spinor component of J+A or the
negative-chirality spinor component of J-A a r e nonzero. It is convenient
to call the nonzero spinor components of J+A and J^.A simply J+ and J_.
These are

(4.1.44)
J_ = ttd-Xp.

They are obviously conserved,

0 = d- J+ = d+J_, (4.1.45)

but what algebra do they generate? Using the equal r (anti)commutators

) , d±X"{a')} = ± * | V ^ ( a - a') (4.1.46)

one can readily calculate the algebra

{J-(a),J-((r')} = TS(<T - a')T—{a) (4.1.47)

{J+(a),J.{a')}=0.

More precisely, (4.1.47) emerges from formal manipulations or Poisson
brackets; quantum mechanically, there is an anomaly term, which we will
consider later. Here T++ and T are the light-cone components of the
energy-momentum tensor

(4.1.48)

We would now like to formulate constraint equations that can eliminate
the timelike components of tp^ and X^ alike. We recall that in the bosonic
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case, the timelike components of X*1 were eliminated (in 26 dimensions!)
with the use of the Virasoro constraints T++ = T = 0. It is natural to
aspire to repeat this success here. But in view of the algebra (4.1.47), we
can hardly expect to set T+_|_ and T to zero without setting J+ and J_
to zero as well. We are thus led to pin our hopes on the super-Virasoro
constraints,

0 == J+ = J_ = T++ = T__. (4.1.49)

To be sure, there is a big difference between this guess and our more sys-
tematic discussion in the case of the bosonic theory. Indeed, in the bosonic
case we deduced the Virasoro conditions as constraint equations that arise
by gauge fixing of a gauge-invariant Lagrangian. In the supersymmetric
case we have just postulated (4.1.49). The super-Virasoro constraints
(4.1.49) can be systematically derived by gauge fixing of a suitable two-
dimensional supergravity Lagrangian, but the required discussion is much
more intricate than in the bosonic case. The reader who would like to see
a systematic derivation of (4.1.49) now is urged to jump ahead to §4.3.5
(which does not depend on the intervening material). Here, however,
we accept (4.1.49) as plausible and analyze the content of the resulting
theory.

4-1-4 Boundary Conditions and Mode Expansions

Our first task is to analyze the possible boundary conditions and deter-
mine the content of the unconstrained theory. This too is somewhat more
involved than the analogous discussion in the purely bosonic case.

The space-time coordinate X** satisfies the same free wave equation as
in the bosonic string theory. The possible boundary conditions correspond
to open or closed strings, and the resulting normal-mode expansions are
completely unchanged from before and therefore do not need to be re-
peated here. In the case of the Fermi coordinates, the surface terms arise
in the variation of the Lagrangian to obtain the Euler-Lagrange equa-
tions. Vanishing of these surface terms requires that ^+£^+ — ipSt/)-.
should vanish at each end of an open string. This is satisfied by making
V>+ = ±V>- (and hence 6t/>+ = ±&/>_) at each end. The overall relative
sign between 0_ and ^ + is a matter of convention, and so without loss of
generality we set

V£(0 ,T) = ^ ( 0 , T ) . (4.1.50)

The relative sign at the other end now becomes meaningful and there
are two cases to be considered. In the first case (Ramond (R) boundary
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198 4- World-Sheet Supersymmetry in String Theory

conditions)

V>£(T,T) = ^ 0 T , T ) , (4.1.51)

and the mode expansion of the Dirac equation becomes

nez

where the sums run over all integers n. In the second case (Neveu-Schwarz
(NS) boundary conditions), one chooses

^ 0 r , r ) = - ^ 0 r , T ) (4.1.54)

so that the mode expansions become

£ Ke-^-°) (4.1.55)

(4.1.56)

where now the sums run over half-integer modes r. We always use the
symbol m o r n for integers and r or s for half integers. Thus r — 1/2 or
s — 1/2 are integers. As we will explain in the next section, the boundary
condition (4.1.51) and integer modes are appropriate to the description of
string states which are space-time fermions, whereas the boundary condi-
tion (4.1.54) and half-integers give bosonic states. These bosonic states
are different, of course, from those of the bosonic string theory in chap-
ter 2.

For closed strings the surface terms vanish when the boundary condi-
tions are periodicity or antiperiodicity for each component of ip separately.
Thus we can have

^ = V <#Je-2m(r-<7) (4.1.57)

or
— *e-2ir(r-^ (4.1.58)
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and

_ (4.1.59)

or

- ' • % (4.1.60)

Corresponding to the different pairings of left-moving and right-moving
modes, there are four distinct closed-string sectors that can be referred
to as NS-NS, NS-R, R-NS, R-R. As is explained below, the first and
last cases describe closed-string states that are bosons and the other two
describe fermions.

The super-Virasoro operators are given by the modes of Tap and Ja.
For open strings, there is one independent set of i m ' s defined, just as in
chapter 2, by the linear combination,

T I *]*- f -ifflCTrp , —%TTl<J rp *| I J 1171(7rn (A -I / > I \

Lm = — I aa{e i++- fe 1 ) = — / dae i++- (4.1.51)
7T J 7T J

o -T

For the fermionic generators of the algebra we define

Fm = — ( d<j{eim<TJ+ + e " l W J_} = — / daeimaJ+ (4.1.62)
fl" J K J

0 - 7 T

in the case of R boundary conditions or

Gr = — [ da{eiraj+ + e"-|V<TJ_} = — f daeir(TJ+ (4.1.63)
7T J IT J

0

in the case of NS boundary conditions. In the case of the closed strings
there are two sets of super-Virasoro generators. One is given by the modes
of-T++ and J+ and the other by the modes of T and J_. In the classical
string theory all these expressions are simply required to vanish. In the
quantum theory there are various options for dealing with them, just as
there were in the bosonic string theory. We discuss the options in the
following sections.

4.2 Quantization - The Old Covariant Approach

In this section we describe the quantization of the superstring using the
techniques described in §2.2 for the bosonic string. The super-Virasoro
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200 4- World-Sheet Supersymmetry in String Theory

constraints on physical states are implemented and analyzed in essentially
the same way as the Virasoro constraints were previously. One new fea-
ture is the existence of two sectors, bosonic and fermionic, that need to
be studied separately. Eventually, the spectrum should be truncated by
the GSO conditions, which we have not yet explained, and the two sec-
tors become related by space-time supersymmetry. That fact is deeply
hidden and highly nontrivial to explain in the formalism described in this
chapter.

4.2.1 Commutation Relations and Mode Expansions

In the covariant gauge (explained in §4.3.5) the dynamics of the coordi-
nates Xfi(aJT) and ^(cr^r) are given by a free two-dimensional Klein-
Gordon equation and a free Dirac equation supplemented by certain con-
straints. The quantization of these coordinates is just that of free two-
dimensional field theory. The analysis of the X91 coordinates is unchanged
from chapter 2, where we found

This resulted in commutation relations for the Fourier coefficients

- (4-2.2)

The am represent coefficients in either an open- or closed-string mode
expansion. In the latter case there is a second set denoted &m.

The quantization of the fermionic coordinates is equally easy. The
canonical anticommutation relations for the coordinates ^ ( ^ r ) a r e

{ V > , r), ̂ (< / , T)} = *6(<r - O'WSAB. (4.2.3)

This implies that the modes &r or d% introduced in §4.1.4 satisfy

(4-2.4)

(4-2.5)

In the subsequent discussion we describe a single set of modes am and
br or am and dm, as appropriate, for the description of open strings or
the right-moving sector of closed strings. It is easy enough to include
oscillators with tildes for left-moving closed-string modes, but we do not
bother to say so explicitly in each case, as that would be rather tedious.
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4-S Quantization - The Old Covariant Approach 201

Recall that there are two distinct types of string states corresponding
to ^I(TT,T) = ±y>2(7r

?
T) in the open-string case. The plus sign gives the

integrally moded d oscillators and the minus sign gives the half-integrally
moded b oscillators. The zero-frequency part of the Virasoro constraint
gives the mass-shell condition

a'M2 = N + constant. (4.2.6)

The constant is a normal-ordering effect to be described later, and

N = Na+Nd (4.2.7)

or

N = Na + Nb, (4.2.8)

where

oo

m=l
oo

Nd=Y md-m • dm (4.2.10)
m = l

oo
rbNb= J2 rb~r • br- (4.2.11)

r=l/2

The state of lowest mass-squaxed corresponds to the Fock-space ground
state

<C|0) = <C|0) = 0 m > 0 (4.2.12)

or

a £ |0) = bf\Q) = 0 m,r> 0. (4.2.13)

An excitation by a raising operator «^.m or dltrn increases the eigenvalue
of a'M2 by m units. Similarly, b^_r increases ce'M2 by r units.

Note that in the case with half-integer modes it is possible to choose
a unique nondegenerate ground state, which may therefore be identified
as a spin zero state. In the case with integer modes this is not possible
because of the oscillators dg- The C/Q have the algebra

{<M} = iT (4.2.14)

and commute with the M2 operator. This algebra is just the Dirac alge-
bra, so up to normalization the zero modes <fj* are Dirac matrices. If we
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202 4- World-Sheet Supersymmetry in String Theory

require the Dirac matrices to obey {Tti,Tv} = —2r)*lv, then

(4.2.15)

for our sign and metric conventions.
The states at each mass level must furnish representations of (4.2.14),

and this must, in particular, be true for the ground state of the Fock
space. The ground state, in fact, should be an irreducible representation
of (4.2.14), since there are no other zero modes that would cause any
degeneracy. The representation theory of the Clifford algebra (4.2.14)
is well-known. The irreducible representations correspond to spinors of
50(1,9). Therefore the boundary conditions that give integrally moded d
oscillators must give fermionic strings, as we asserted earlier. The sectors
with integrally or half-integrally moded world-sheet spinors are usually
called, respectively, the fermionic (or R) and bosonic (or NS) sectors.
The bosonic sector of superstrings must not be confused with the bosonic
strings of chapters 2 and 3, of course. The former involve b oscillators in
their description, whereas the latter do not.

As in the bosonic case, the densities of momentum and angular mo-
mentum along the string can be described as Noether currents associated
with the global symmetries X* -> a^vX

v + 6 ,̂ ^ -> a ^ " . One finds
(for T = 1/TT)

P£ = -daX*
* (4.2.16)

Explicit formulas for the Lorentz generators in terms of mode expansions
can be given by inserting mode expansions for Xti(a1r) and ^ ( o ^ r ) in
(4.2.16). The conserved charges are given by

= / jwfo = pv + Eiu> + Kn^ (4.2.17)

where

r = / / - / / (4.2.18)

and

n=l

as in the bosonic string theory. There is also a contribution from the
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fermionic modes

K"v = ~iJ2 (b-'br ~ b-r^) (NS) (4.2.20)
r=l/2

*"" = "2 K^oi - *' L ^ - » < " d-ndn) (R). (4-2-21)

In forming J7*" we are simply adding together a number of commuting
representations of the Lorentz algebra, so the sum obviously satisfies the
same algebra.

4-2.2 Super- Virasoro Algebra and Physical States

In §4.1.4 we defined generalized Virasoro constraint conditions Lm and
Fm or Gr as Fourier modes of T++ and J+, respectively. It is straight-
forward to insert the mode expansions given for Xti(a^r) and ^^(cr^r)
to obtain explicit expressions in terms of the various oscillators. The
Virasoro operators become

Lm = I $ + L$ (NS) (4.2.22)

Lm = I$ + I$, (R) (4.2.23)

where
oo

»=—OO

as before, and

r=—oo
\m) = h~r • bm+r I (4.2.25)

In each case the normal ordering is only required for m = 0. For the
fermionic generators one finds

oo

Gr= £ a_n-6r+n (NS) (4.2.27)
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oo
Fm= ]T a_B-dm+n (R). (4.2.28)

n=—oo

The super-Virasoro algebra in the bosonic (or NS) sector is

[Lm,Ln] = (m- n)Zm+n + A(m)6m+n

$ (4.2.29)

Here A(m) and B(r) are c-number anomaly terms, analogous to those
that arise in the bosonic theory. Except for the anomaly terms, (4.2.29)
is easily computed canonically; the last equation in (4.2.29), for example,
corresponds simply to the Fourier modes of (4.1.47). Arguments similar to
those in the bosonic case show that the anomaly terms must be c-numbers.
The anomaly terms are most easily determined, as in the bosonic case, by
evaluating expectation values in the Fock-space ground state. One finds
that

A(m) = lD(mz - m)
(4.2.30)

\

The anomaly A(m) receives two-thirds of its contribution from the a
oscillators and one-third from 6 oscillators. The fermionic (R) sector has
a very similar algebra

[Lm, Ln) = (ra - n ) I m + n + A(m)6m+n

[Lm,Fn] = ( im-n )F m + n (4.2.31)

{Fm, Fn} = 2Lm+n + B(m)6m+n,

where now the anomalies are

A(m) = \Dmz

(4.2.32)
B(m) = \Dm2.

The discrepancy between the expressions in (4.2.30) and in (4.2.32) could
be removed by redefining LQ by a constant, if one so wished. We find the
conventions used here to be convenient.
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Note that in the NS sector the five generators L\y Lo, -£-i> ^1/2* G-\/2
form a closed superalgebra. This algebra is known as OSp(l\2) and will
be further discussed later. The situation is strikingly different in the
fermionic sector. As soon as one adjoins FQ to Li, Lo> £ - 1 , the entire
infinite algebra follows.

In the old covariant approach the constraint equations are incorporated
into the quantum theory by requiring that their positive-frequency com-
ponents annihilate physical states. Thus, proceeding in analogy to §2.2.2,
we require that a physical bosonic state \<j>) satisfy

Gr \<j>) = 0 r > 0 (4.2.33)

Ln\(j)) = Q n > 0 (4.2.34)

O, (4.2.35)

where a is a constant to be determined. The infinite number of condi-
tions in (4.2.33) and (4.2.34) all follow from the particular two Gi/2 \<t>) =
£?3/2 \<t>) = 0 as a consequence of the algebra (4.2.29).

Now we would like to determine the critical values of a and D in the
theory. We recall from chapter 2 the structure of the ghost question
in the bosonic string theory. For a certain range of a and D there are
ghosts; in another range there are no ghosts. At the boundary between
the two regions there are extra zero-norm states (which are on the verge of
becoming ghosts). Finding extra zero-norm states that occur for special
values of a and D can help us delineate the ghost-free region; even more
important, these extra zero-norm states are of great physical importance,
because they are related to gauge invariances, and the borderline values
of a and D at which these extra zero-norm states appear are the really
interesting values.

Let us therefore begin the study of the physical states by searching,
as in §2.2.2, for special values of a and D that produce zero-norm states
that are not present generically. The ground state |0; k) is on shell for
k2/2 = a, and therefore the excited state GL1/2 |0; &) *s o n shell for k2/2 =
a — 1/2. On the other hand if a = 1/2 this state satisfies the physical-
state condition G\/2 \<t>) = 0 in which case it is also a state of zero norm,
(<f)\ (/)) = 0. It has negative norm if a is bigger than one-half. Thus a = 1/2
is the preferred value of a, analogous to a = 1 in the bosonic string theory.
This again has as a consequence that the ground state is a scalar tachyon
and the first excited state (fr^/2 |0)) is a massless vector. For the choice
a = 1/2 there is an infinite family of zero-norm physical states given by

, where G1/2\4>) = G3/2\4>) = Lo\4>) = 0.
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Now let us try to discover the critical dimension by constructing a
second family of zero-norm states of the form

/ (4.2.36)

where

Gi/S) = Gm\4>) = (Lo + 1)|^) = 0. (4.2.37)

Using the super-Virasoro algebra it is easy to show that

(4.2.38)

/ (4.2.39)

Thus \<j>) is a zero-norm state for A = 2 and D = 10. Ten is therefore the
critical dimension. This dimension will be shown to play a role entirely
analogous to D = 26 for the bosonic string theory. In particular, the
physical states that propagate can be put in correspondence with states
in the Fock space built from the eight transverse components of a^ and

Let us turn our attention now to the fermionic sector. Once again a
physical state |̂ >) is required to be annihilated by the positive-frequency
components of the constraint conditions

Fn\il>)=Ln\tl>) = Q, n > 0 . (4.2.40)

In addition, the zero-mode condition gives a wave equation

(4.2.41)

We have introduced an arbitrary constant fj, into this generalized Dirac
equation. It is proportional to the mass of the fermionic ground state.
Since FQ = 2^, (4.2.41) implies that

(Lo - fi2) \il>) = 0. (4.2.42)

The definition of FQ does not have a normal-ordering ambiguity in passing
from the classical to the quantum theory, so it is hard to see how a nonzero
number fi could arise from any sensible alteration in the meaning of the
fermionic operator FQ. Indeed, since Fo is an anticommuting operator, it
would seem quite unnatural to add to it a (commuting) c-number. Our
search for zero-norm states immediately confirms that this option is not
favored, because \ip) = -Fo|^) is zero norm for LQ\I[>) = -Fi|V>) = 0 (Lo and
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F\ generate an infinite tower of conditions), but this is only on shell for
\i = 0. Therefore this is a first family of zero-norm fermionic states. A
second set can be written in the form

\j>)=F0F-S), (4.2.43)

where

F i | $ = (Lo + l ) | $ = O . (4.2.44)

This obviously satisfies FQ \I/>) = 0. It is a zero-norm physical state if it is
also annihilated by L\. A short calculation gives

Li\*) = {\D-\)\j>), (4.2.45)

and thus D = 10 is the critical dimension for the fermionic sector as well.

4.2.3 Boson-Emission Vertex Operators

Vertex operators can be used to construct the physical-state operators
of a spectrum-generating algebra for superstrings in much the same way
as for bosonic strings. (They are also useful for explicit constructions
of amplitudes, of course.) There are three cases that can be considered.
The first is emission of a specific on-shell bosonic state from a bosonic
string, and the second is emission of such a state from a fermionic string.
The third case is emission of a physical on-shell fermionic state from a
bosonic string that turns into a fermionic string or vice versa. The last
case involves much more complicated issues and mathematics than the
first two. Also it is not required for the construction of a spectrum-
generating algebra for use in proving a no-ghost theorem. The reason is
that to prove a no-ghost theorem, it is adequate to prove that ghosts are
absent separately in the bosonic and fermionic sectors; there is no need
for an operator that turns bosons into fermions or vice versa. An operator
for emission of fermions would have this property. The fermion-emission
vertex is crucial for other purposes, however, and we will discuss it in
chapter 7.

Let us begin by considering boson emission from a bosonic state. In
§2.2.3 we learned that a physical vertex operator must have conformal
dimension J = 1 in order that its zero-momentum component should map
physical states to physical states. This result applies without change to
the present problem, but it is no longer the whole story. To map physical
states to physical states, an operator must commute correctly with the
G>, as well.
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Given a candidate vertex operator V. = V(r = 0), suppose that there
exists another operator W such that for every r £ Z + 1/2

V(0) = [Gr,W(0)]. (4.2.46)

Note that we restrict the allowed choices of W by requiring that the
operator V is independent of r. This condition is suitable when W is a
bosonic operator (on the world sheet), but when W is fermionic it needs
to be replaced by an anticommutator. Since

G2 = L2r, (4.2.47)

it follows that

{Gr,V(0)} = [L2r,W(0)}. (4.2.48)

Using the definitions

V(T) = eiLoTV(0)e"iLoT (4.2.49)

and the definition of an operator of conformal spin J,

[Lmj V(T)] = eimT(-i£ + mJ)V(r), (4.2.50)

it is an easy exercise to show that V has conformal dimension J = 1 if
and only if W has conformal dimension J = 1/2.

As a simple first example consider

W(0) =: eik'xW : . (4.2.51)

This expression has conformal dimension J = 1/2 for fc2 = 1, which is the
mass-shell condition for the ground-state tachyon in the bosonic sector.
The associated vertex operator is

V(0) = [Gr,W(0)] = k • 0(0) : etkA^ :, (4.2.52)

or

where
.. oo

•AP(T) = _ V^ 6i?e~frr. (4.2.53)
^ —00

The vertex operator in (4.2.52) obviously has J = 1, since each factor
has J = 1/2 and they commute. Thus V is a suitable vertex operator for
emission of the tachyonic ground state (called the 'pion' in the original
papers on the subject).
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The first excited state is a massless vector (of polarization £** and mo-
mentum k^) described by the Fock-space state £ • 6_i/2 |0> &)• The G\/2
subsidiary condition implies that ( • k = 0 for this state be physical. To
construct the vertex operator for emission of this state consider

Wi(0) = C • ^(0)cf'*"xW. (4.2.54)

For k2 — 0, this operator has J = 1/2 as required. The corresponding
vertex operator

- C • 0(0)* • 0(O))e*'*<°> (4.2.55)

is independent of r, as required. The operator products in this expression
are well-defined because ( • A: = 0. Therefore Vi has J = 1 and satisfies
all the requirements for a physical emission vertex operator. The gauge
invariance of V\ is demonstrated by replacing (** by k** and noting that
the i/> terms then drop out leaving a total derivative.

Two types of states and vertices can be distinguished according to
whether they involve an even or odd number of ^ excitations. If W
is a bosonic operator on the world sheet (even in ^>), then the commu-
tator [G>? W] gives a fermionic vertex operator V, as in (4.2.52). If W
is a fermionic operator on the world sheet, on the other hand, then the
anticommutator {Gr,W} gives a bosonic V, as in (4.2.55). The string
states emitted or absorbed by fermionic vertices V correspond to Fock-
space states with an even number of b oscillator excitations and are called
states of 'odd G parity'. Ones associated with bosonic vertices V corre-
spond to Fock-space states with an odd number of b oscillator excitations
and are called states of 'even G parity'. (These names originated in the
hadronic interpretation of the theory.) We will show in chapter 7 that G
is a multiplicatively conserved quantum number for bosonic tree ampli-
tudes. We will also show there that the present Fock-space description
of the states (called F2) can be replaced by a different one (called Fi) in
which the correspondence between G parity and the number of 6 oscillator
excitations is reversed to the more natural one.

It may seem strange that boson emissions can be described by opera-
tors that are fermionic. However, the operators in question are fermionic
only in a two-dimensional world-sheet sense and not in the D-dimensional
space-time sense. In fact, for reasons to be described later, the odd G
parity states do lead to inconsistencies, and we are forced to truncate the
spectrum to the even G parity sector. In particular, this has the virtue of
eliminating the tachyon from the spectrum.
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210 4- World-Sheet Supersymmetry in String Theory

Bosonic emissions from a fermionic (R) string can be described by es-
sentially the same equations as their emissions from a bosonic (NS) string.
The change in boundary conditions that distinguishes an R string from
an NS one cannot influence the local form of the vertex operator. These
boundary conditions only affect the question of whether ^>(r) is to be
expanded in half-integral modes, as in (4.2.53) or in integral modes ac-
cording to

1 °°
(4.2.56)

Of course, in the formulas relating V to W, the operators Gr of the
bosonic sector must also be replaced by ones Fm for the fermionic sector.
In chapter 7 we will see that tree amplitudes describing a fermionic string
with a set of emitted bosons can be calculated either using a propagator
LQ (generalizing a Klein-Gordon propagator) and vertices of the V type,
or a propagator F^1 (generalizing a Dirac propagator) and vertices of the
W type. For purely bosonic trees there is no analog of the second case,
so it is always necessary to use V-type vertices.

4.3 Light-Cone Gauge Quantization

Here we wish to repeat for superstrings the analysis given for bosonic
strings in §2.3. First we quantize the theory in the manifestly ghost-free
(but not manifestly covariant) light-cone gauge, and show that Lorentz in-
variance is valid if D = 10 and a = 1/2. Then we show that the manifestly
covariant (but not manifestly ghost-free) formalism is in fact equivalent to
the light-cone formalism and therefore ghost-free. This again involves use
of the massless boson-emission vertex and certain longitudinal operators
to generate the physical spectrum. We then move on to matters that do
not have a bosonic analog; the first evidence for space-time supersymme-
try will be described in §4.3.3.

4.3.1 The Light-Cone Gauge

In the bosonic theory of chapter 2, we saw that even in the covariant gauge
hap — V<*(3 there are residual gauge invariances that allow further choices,
such as light-cone gauge. The RNS model as we have been discussing it
so far is really a gauge fixed version of a model with local world-sheet
supersymmetry, which will be formulated in §4.3.5. In chapter 2, we saw
that reparametrization invariance of the bosonic string theory permits
the imposition of an extra gauge condition, light cone gauge. Here we
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4.3 Light-Cone Gauge Quantization 211

will discuss the analogous light cone gauge formulation of the RNS model.
This will involve a bit of guesswork, since we are postponing the systematic
treatment of local world-sheet supersymmetry to §4.3.5.

Recall that in the bosonic string theory the residual reparametrization
invariance that preserves the covariant gauge choice was just sufficient
to be able to gauge away the + components of all the nonzero mode
oscillators, so that

f ++. (4.3.1)

That reasoning applies so long as X* satisfies the two-dimensional wave
equation, so it applies equally well in the present context. However, there
is now also the freedom of applying local supersymmetry transformations
that preserve the gauge choices. They turn out to be just sufficient to
gauge away ?/>+ completely so that we may make the gauge choice

V>+ = 0. (4.3.2)

As a consistency check we note that under a global supersymmetry trans-
formation

6X+ = c0+ = 0, (4.3.3)

since ip^ = 0, so that the X+ gauge choice is not altered in the process.
Let us concentrate on the bosonic open-string sector to begin with and

define ^(a*) = i/>+(cr+) for a > 0 and = il>t(<r~) for a < 0 (recalling that
a± = r±a and d± = (dr±d(T)/2). The mode expansion of ?/^(r) is given
by (4.2.53). The corresponding expansions for closed strings involve modes
with doubled exponents. The X** expansions were presented in §2.1.2
(in particular, d+X** = \ ]C^oo ^ne~m'T+(T'). The subsidiary constraints
implied by the vanishing of JQ and T^ take the form

i> - d+X = 0 (4.3.4)

and

(d+X)2 + l-^ • d+4> = 0. (4.3.5)

Given the gauge choices d+X* = ^p+ and ^ + = 0, these equations can
be solved for the light-cone components %j)~ and d+X~

d+x~ = ^(d+ra+x* + ^d+P) (4.3.6)

V>- = ^%X\ (4.3.7)
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In terms of the Fourier modes this gives

- D-2 oo

t==l m=—oo

+ 53(r-n/2):6i_r^0-|r (4-3-8)
r=—oo

1 D-2 oo
br = ^ E E 4-iJ. (4-3-9)

Normal ordering is required for ajj~, as usual.
Comparing with formulas in §4.2.2 it is evident that p+a~ and

satisfy a super-Virasoro algebra with anomaly terms

A(m) = ^ - ^ ( m 3 - m) + 2arn (4.3.10)
8

(4.3.11)

The light-cone gauge is not consistent with the quantum structure of
the theory in general. In fact, we can deduce restrictions on the space-time
dimension D and the parameter a, just as in the bosonic string theory, by
requiring that the Lorentz algebra be satisfied in the light-cone gauge.
Substituting for a^ and 6* in the covariant expressions of (4.2.19) and
(4.2.20) gives

<+" = 0 (4.3.12)

* \ . ^ / t — — t \ / / i o i o \
-I 7 —\Ot ~OL* —OL . ,QL,I (4.O.1O)

h n n
oo D-2

*£, (4.3.14)

where
. oo

Km = - " Y](Kn-M ~ Ki-rK) (4.3.15)
—oo

and a~ is given by (4.3.8). As in the bosonic string theory, it is easy to
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verify that the Lorentz generators

jv> = /n* + Em> + Kw (4.3.16)

satisfy the usual Lorentz algebra, except for the case of [J*~, «/•*""], which
is supposed to vanish.

The proof that [J'~, J^~] = 0 requires basically the same methods as
were employed in §2.3.1 for the bosonic string theory in the light-cone
gauge. Again, terms quartic in oscillators are guaranteed to cancel as
a consequence of the Lorentz invariance of the classical theory. Only
terms quadratic in oscillators need to be evaluated carefully. Defining
Liiu = i»v + Eliv^ w e h a v e ji- = L%- + Ki- Manipulations identical to
those of §2.3.1 now give

A ^ a i ^ m - «im«^), (4-3.17)
m=l

where

The difference from the previous result is attributable to the changed
anomaly term in the commutator [a~,a~]. To complete the calculation,
we use the identities

(4.3.19)

and

+ m(6ik6>l-6il6>k)6m+n

(4.3.20)
to deduce that

m=l

Combining these results we see that the Lorentz algebra is satisfied only
for the choices D = 10 and a = 1/2.
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214 4- World-Sheet Supersymmetry in String Theory

4-3.2 No-Ghost Theorem and the Spectrum-Generating Algebra

The proof of the absence of ghosts is based on an extension of the proof
in the bosonic theory. Since the proof of the theorem is almost exactly
identical in the bosonic and fermionic sectors, we only describe the bosonic
sector in order not to be overly repetitious. As in our discussion of the
bosonic theory in chapter 2, we also construct the operators that generate
the spectrum of the theory.

As in §2.3.2 we begin by constructing the DDF operators, which de-
scribe physical transverse excitations. There we considered a massless
vector vertex operator for a transverse polarization, where the emitted
momentum is k*1 = rik^ and the vertex operator is restricted to act on
states of momentum p11 = p% — Nk§. The momenta ko and po are given
by JCQ = PQ = —1, PQ~ = 1, A?Q~ = &Q = PQ = 0. Also, n and N are integers.
In view of (4.2.55), the appropriate operator is

V\nh,T) = [X\r) - xl>\r)k • ^(r)]einX^T\ (4.3.22)

Then, as before, the operators

4 = < V'(n*0, r)) = ± f dr V\nh, r) (4.3.23)
o

satisfy |Xm, Al
n] = 0, when restricted to act on states of momentum / / ,

where they are well-defined. In the case of superstrings it is also neces-
sary that Al

n commute with Gr if it is to map physical states to physical
states so that it can be included in a spectrum-generating algebra. This
is established using (4.2.48) and the fact that W has conformal dimension
1/2, which gives

^ T). (4.3.24)

It follows that

[Gr, Ai) = _i(A(c«'"-W>*o,T))) = 0, (4.3.25)

so that Al
n can belong to the spectrum-generating algebra. These opera-

tors are in one-to-one correspondence with the transverse oscillators a%
n as

in the bosonic string theory. However, now we need additional transverse
fermionic operators B%

r to correspond to the oscillators 65-.
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It is possible to construct transverse operators B*r that are suitable
for inclusion in a spectrum-generating algebra even though there is no
corresponding vertex operator. The formulas that work are

Z\k) = -2^k • 1>(k • X)-V2eikX (4.3.26)

• X)ll2 - X{k • ^{k • X)-1!2

'jfe • 4>k • j>{k • X)-3l2}eihx, (4.3.27)

B* = (Tlr^T)). (4.3.28)

TKe peculiar-looking fractional powers give well-defined expressions in the
present context for the reasons explained in §2.3.3. This operator satisfies

{Gr,Bl} = 0, (4.3.29)

as required, since Z*(k) has J = 1/2 for k2 = 0.
The algebra of the operators A%

n and Bl
r can be worked out by the same

sorts of manipulations as shown in §2.3.2. One finds that

(4.3.30)

Thus the algebra is isomorphic to that of the transverse oscillators a%
n and

6* and gives a manifestly positive-definite Fock space.
The DDF states are states created by the DDF operators acting on a

ground state of an arbitrary level. The states that form an orthogonal
basis in the space of DDF states, denoted | / ) , satisfy the same conditions
as in the bosonic theory, namely,

I m | / ) = 0, tfm|/)=0, m > 0 , (4.3.31)

(where Km = ho • am) as well as the fermionic conditions

Gr\f) = 0, HT\f) = 0. (4.3.32)

The operators Hr are defined by

HT = k0-bm~ 6+. (4.3.33)

The fact that Hm annihilates the DDF states is obvious from the fact that
the DDF operators do not contain any powers of 6~.
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216 4- World-Sheet Supersymmetry in String Theory

We can now describe the complete basis of states in the combined Fock
space of all the bosonic and ferrnionic oscillators of the NS sector in terms
of the basis formed by the bosonic and fermionic DDF states together
with their orthogonal complement. This consists of the states formed by
acting with arbitrary powers of L_m, K-m (defined in §2.3.3), G-r and
i/_r. An arbitrary state of this type has the form

^ 1 / 2 ^ 3 / 2 p t r rAi T Xn

G_1/2G_3/2...G_rL L_n ^
H-\/2 ' ' ' HsK-l ' ' ' A-ml//>

where |/) is an arbitrary DDF state. The fermionic occupation numbers
er and 6S are equal to zero or one and

53 iei + + 53 *** + 53 /w = P >0. (4.3.35)

P is the level of the state above the level of the DDF state, | / ) . As in §2.3.3
such states are linearly independent for any choice of |/) if the matrix,
Aip) of their inner products has nonzero determinant for any choice of P.
This can again be shown by a simple extension of the argument given for
the bosonic theory. As a result, a general state in the Hilbert space can
be written in the form

\<t>) = \s) + \k), (4.3.36)

where \s) is a spurious state and \k) is a state in the space of states of the
form

oo oo

i * ) = n H-° n *-mi/>- (4-3.37)
*4 m=1

The next step in the proof of the no-ghost theorem is to demonstrate
that in the critical dimension an arbitrary spurious state |s), satisfying
LQ = 1/2, is mapped into another spurious state by the action of the
Lm and Gr gauges (ra,r > 0). The argument again parallels that of
§2.3.3, starting this time by considering the action of G\/2 and G3/2 =
<?3/2 + 2L\G 1/2 on the spurious state. Only if Lo = 1/2 and if D = 10
do these operations on a spurious state result in another spurious state.
Since all the higher modes G>, as well as the Lm modes with m > 0, can
be formed by iterating Gi/2 and G3/2, it follows that \s) is null and that
\k) must be a DDF state. The no-ghost theorem follows as in §2.3.3.

To complete the description of the spectrum-generating algebra it is
still necessary to construct longitudinal operators A~ and B~. The con-
struction of the longitudinal operators of the spectrum generating algebra

https:/www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9781139248563.005
https:/www.cambridge.org/core


4-3 Light-Cone Gauge Quantization 217

involves the same principles we have used above and in §2.3.3. However,
the algebra is tedious and the expressions are lengthy, so we only quote
the results.

The complete spectrum-generating algebra is given by (4.3.30) and

\A^,Ain] = -nAim+n (4.3.38)

[A^Bl] = -(\m + r)Bln+r (4.3.39)

[A^ K\ = (rn - n)A^+n + mHm+n (4.3.40)

[B~,A\l] = -nBi+n (4.3.41)

{B-,Bi} = 4+t (4.3.42)

{B-,BJ} = 2A;+S + 4r26r+s (4.3.43)

i (4.3.44)

These operators can be proved to generate the entire physical spectrum by
the same reasoning used in §2.3.3. The important fact about this algebra
is that A~ and B~ have commutation relations analogous to Lm and G>,
except for the form of the anomaly terms. Note that this algebra is the
same as that of the light-cone gauge operators al

m, p+a~, bl
r, p~^b~, that

the anomalies match those in (4.3.10) and (4.3.11) for D — 10 and a = 1/2,
the same1 conditions that were required for Lorentz invariance. If one scales
the + components of of k*1 and p^ by I/7 and the — components by 7,
corresponding to a longitudinal boost, the spectrum-generating algebra is
unchanged. In the limit 7 —>• 0 the operators Al

m, A"//)"1", Bl
r, B~/p+

reduce to the oscillator expressions al
m, a~, &*, b~ given in §4.3.1. This

explains why the anomalies agree when the Lorentz algebra is satisfied.
Just as in the bosonic theory it is convenient to define the operators

8 00
A— A — 1 \ — ^ X—^ i A I

i = l n=—00

8 00

- \ E E (r - 5m) : Bim-rB'r : +H» (4-3.45)
i=l r=-oo

8 oo

t = l n=—00
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which (anti)commute with the transverse DDF operators. The physical
subspace of the Fock space can then be identified with a subspace of a
manifestly positive-definite Hilbert space for a = 1/2 and D < 10. When
D = 10, the operators yl~ and B~ create physical states of zero norm
that are orthogonal to every state in the physical spectrum. Therefore
they describe states that decouple from the physical spectrum, which is
entirely built up by the transverse DDF operators A%

m and B\.

The spectrum does contain ghosts when D > 10. For example, the pair

of states 5~3y2 |O;po) and Yli=\. ^-1^-1/2 l̂ »P°) n a s a Tns^T'lx °f inner

products (D
s_2 D-l) w i t h determinant (D-2){10-D). Thus, for D > 10

one linear combination describes a ghost.

4.3.3 The GSO Conditions

The RNS model, as described so far, is an inconsistent quantum theory,
even for D = 10 and a = 1/2 (or a = 0 in the fermionic sector) unless
further conditions are imposed. The spectrum must be truncated in a
very specific manner first proposed by Gliozzi, Scherk and Olive (GSO).

There are several arguments that suggest that a truncation of the spec-
trum is required. First of all, the theory has a tachyon, and we would
like to eliminate it. To impose an extra restriction on the states that
would eliminate some of the states, including the tachyon, while keeping
the massless particles that really interest us, would make the theory far
more attractive.

Second, even though there is no actual conflict with the spin-statistics
theorem, it is unnerving to have anticommuting operators ^ that map
bosons to bosons. Thus, let |<̂ ) be a bosonic state that we consider 'good',
perhaps a massless vector meson. Then ip** \<f>) is a state of integer spin
that nonetheless is obtained from \<j>) by acting with an anticommuting
operator - a state of affairs that feels unnatural. More generally, consider
the state

V*"1 {viW2{v2) • • • rn(*n) \<f>) • (4.3.47)

This state is bosonic for any n, since the ^ are all bosonic. For even
n, there is nothing peculiar here, since the product of n anticommuting
operators ^k is commuting. But for odd n contemplation of the states
in (4.3.47) may give us the feeling that all is not well. We are tempted
to propose discarding the states in (4.3.47) that have odd n and keeping
those of even n. This can be stated formally by introducing a quantum
number called (—1)^ (historically it was called G parity in the effort to
apply string theory to strong interactions) under which the Fermi fields ^
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are odd and the Bose fields X*1 are even. That property only characterizes
the operator (—1)^ up to sign. We fix the sign by saying that the massless
vector has (-1)F = +1. Then the general state in (4.3.47) has (-1)F =
(—l)n. Keeping only states of even n amounts to keeping only states of
(~l)F = +1. This is the GSO projection.

The third great virtue of the GSO projection is that it gives a super-
symmetric theory (in the ten-dimensional sense, to be contrasted with the
two-dimensional supersymmetry that is already present). We will see evi-
dence for this here, and a complete proof in the next chapter. Space-time
supersymmetry is an elegant and attractive thing, and on these grounds
alone the GSO projection is attractive. Moreover, in our study of the
spectrum we will learn that the theory contains a massless spin 3/2 par-
ticle. Consistency of the theory can hardly be expected at the interacting
level unless this massless spin 3/2 particle couples to a conserved current.
The corresponding conserved charge would have spin 1/2 and so would be
a supersymmetry charge. Thus, it must be that at the interacting level
the GSO projection (or some other modification to either eliminate the
massless spin 3/2 particle or give space-time supersymmetry) is needed
for consistency. We will learn why in chapter 9.

We devote the remainder of this subsection to developing circumstantial
evidence that the RNS model with the GSO projection is a supersymmet-
ric theory in the ten-dimensional sense. It is necessary to first discuss
some background.

We have learned that the massless open-string states consist of a vector
and a spinor. The vector is described by the Fock-space state ^ x / 2 |0; k).
The massless spinor is the lowest-mass solution of the condition FQ |^) =
0. Such a state is described by \a\ k) ua(k), where ua(k) is a spinor satis-
fying the massless Dirac equation. (Since the ground state in the R sector
is a spinor, we denote it as [a; k) where a is a spinor index and k is the
momentum.) A necessary condition for supersymmetry of the theory is
that this pair of states should form a supersymmetry multiplet. (Unbro-
ken supersymmetry requires that each mass level must form a separate
supermultiplet.) A vector field A*1 in D — 10 has ten components, but
only the eight transverse components describe independent propagating
modes. Thus supersymmetry requires that the massless spinor should
also have eight propagating modes. In general, a spinor in ten dimensions
might be expected to have 2DI2 = 32 complex components* However, we

A detailed description of the construction of the spinor representation of SO(D)
will be given in the appendix 5.A, showing in particular that for even D this
representation has dimension 2Df2 for even D.
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220 4- World-Sheet Supersymmetry in String Theory

show below that it is possible to impose simultaneous Majorana and Weyl
constraints, each of which reduces the number of components by a factor
of two thereby reducing the total to 16 real components. These remaining
16 components must still satisfy the Dirac equation F • d\ = 0 to describe
physical propagating degrees of freedom. This linear equation relates half
of the components to the other half, which in turn satisfy a Klein-Gordon
equation. Thus, as always, the number of propagating modes described
by a spinor satisfying a Dirac equation is just half the number of compo-
nents that the spinor contains. It follows that a Majorana-Weyl spinor in
D = 10 describes eight propagating modes, the number required to form
a supermultiplet together with the vector A^.

Let us first consider the Majorana condition. A Majorana condition
is simply a reality condition on the fermion field. The massless Dirac
equation is 0 = Y^d^. If it is possible to choose the Dirac matrices T1*
to be all real or all imaginary, then it makes sense to impose a condition
that xj) should be real. A representation of gamma matrices in which they
are all real or all imaginary is called a Majorana representation, and real
spinors are called Majorana spinors.

We will construct a representation of the D — 10 Dirac algebra in which
the gamma matrices are all imaginary. In such a representation, neces-
sarily To is antisymmetric and the other nine F matrices are symmetric.
Since only the case D = 10 is important in this book, it is the only one we
discuss in detail. However, we note without proof that Majorana fermions
are possible whenever the dimension of space-time is D = 2, 3, or 4 (mod
8).

Of the ten matrices F^ we may single out eight associated with 'trans-
verse' directions. They form a Clifford algebra for an 50(8) subalge-
bra of 50(1,9), the D = 10 Lorentz algebra. The Clifford algebra for
50(8) is constructed in detail in appendix 5.B, which is self-contained
and can be consulted at this point. There we construct eight real sym-
metric 16 x 16 matrices 7* satisfying {7f,7J} = 2StJ. We now wish to
utilize these in the construction of ten imaginary 32 x 32 matrices satis-
fying {r/*,F'} = -2TJ^. (We denote 16 x 16 gamma matrices of 50(8)
by a small letter 7 and 32 x 32 gamma matrices of 50(1,9) by capital F.)
We construct 32 x 32 matrices as tensor products of 2 x 2 Pauli matrices
and 16 x 16 matrices. Specifically we set

F° =a2 ® he

Fl =iai ® 71' t = 1, . . . , 8 (4.3.48)

F9 =i<r3 ® li6 .

Here Ii6 is the 16 x 16 identity matrix. In the usual representation in
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which <7i and &z are real and o~2 is imaginary, it is evident that the F^ are
imaginary as desired. This shows that a Majorana condition is possible
in ten dimensions.

Let us now turn to the second important condition that can be imposed
on spinors - the Weyl condition. Whenever D is even one can define a
matrix, analogous to 75 in four dimensions, that can be used to define
chirality of spinors. In D = 10, we introduce

r n = r 0 r 1 - . . r 9 , (4.3.49)

which satisfies {Fii,F^} = 0 and (Fn)2 = 1. To verify the latter equation
requires a careful counting of minus signs. Nine arise from squaring spa-
tial gamma matrices and 45 arise from anticommuting matrices to bring
like ones together. Thus the total is even. Spinors tp with F n ^ = +tp
or FnV> = — i> are called spinors of positive and negative chirality, re-
spectively. The operators (1 ± Fn)/2 are chirality projection operators;
they project on spinors of definite chirality. A spinor of definite chirality
is called a Weyl spinor. The restriction to spinors of one chirality or the
other is called a Weyl condition.

In the Majorana representation given above, with the ten F*4 imaginary,
it is clear that Fn is real. Therefore given a real spinor x-> the two pieces
of definite chirality ^(1 ± Fn)x are also real. This means that the Ma-
jorana and Weyl conditions are compatible. It is possible to require that
a spinor field ^ be a Weyl spinor, of, say, positive chirality, and also be
real (Majorana). This is to be contrasted with the case in D = 4 where
both Majorana and Weyl spinors can be defined, but the conditions are
not compatible because 75 is imaginary in a Majorana representation. In
general, the Majorana and Weyl conditions are compatible for dimensions
D = 2 (mod 8). A spinor of definite chirality that also obeys a Majorana
condition is called a Majorana-Weyl spinor.

A Majorana-Weyl spinor in D = 10 has 16 real components. (We
started with 32 complex components, the Majorana condition makes them
real, and the Weyl condition eliminates half of them.) As we have already
explained, the Dirac equation F • d\ = 0 implies that eight of them can
be related to the other eight. Thus there are just eight independent prop-
agating degrees of freedom for x? just right to form a supermultiplet with
the vector A**. Attaching indices that span the adjoint representation of
a semisimple Lie group to each of them gives the D = 10 super Yang-
Mills multiplet. The corresponding Lagrangian field theory is described
in appendix 4.A.

We have just learned that the massless fermions in D = 10 must be
simultaneously Majorana and Weyl. This ensures that the massless sector
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forms a supersymmetry multiplet. The Weyl condition means that the
ground-state spinor is an eigenstate of Fn. The generalization of this
condition to an arbitrary fermion mass level requires the operator

f = r n ( - l ) £ « i d-ndn, (4.3.50)

which has the property

{?,««} = 0, (4.3.51)

since the factor Fn anticommutes with d$ ~ F**, and the other factor in
F anticommutes with the d% modes having n -=f=- 0. Since ^ is linear in
the dn it follows that

{f,V-"(cr,r)} = 0. (4.3.52)

It is the operator F that plays in the R sector the role of (—1) , which
we defined with less effort in the NS sector. The GSO condition is thus

T\4>) = \4>) (4.3.53)

for a physical fermion state. This is the counterpart of the even G parity
restriction

G\<f>) = \<f>), (4.3.54)

where

G = -(-l)£r~i/2 »-r-6r5 (4.3.55)

for physical bosons. The operators F and G represent (—1)^ in the
fermionic and bosonic sectors, respectively.

For the fermionic ground state, (—1)^ reduces to Fn, the chirality
operator, and the GSO projection means keeping only massless fermions
of positive chirality in the ten-dimensional sense. Any state in the Ramond
sector can be built as

tlrmtlw • . l«), (4.3.56)

a suitable product of mode operators (possibly including zero-mode op-
erators) acting on a positive-chirality massless ground state, and with
F = (—I)*1, such a state has (—1)^ equal to (—l)n, with n being the
number of fermion mode operators in (4.3.56).

The condition imposed on massive fermions at first sight seems to imply
that they too are Weyl, which is impossible. The massive spinor repre-
sentations of the Lorentz group do not admit Weyl spinors, since Fn does
not anticommute with iT -d + m. However, in string theory {F,i*b} = 0 is
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an exact statement, not an approximation valid only for massless states,
so the GSO projection can be made even for massive levels. To see in
detail how this works let us consider the first excited fermionic level. In
light-cone gauge the possible states are al_x |0) u\ and d1^ |0) U2, where
the F condition implies that u\ and u<i are Majorana-Weyl spinors of
opposite handedness

= tii (4.3.57)

Tnu2 = -u2. (4.3.58)

These two spinors combine to give a Majorana spinor that forms an irre-
ducible massive representation of the Lorentz group.

A necessary condition for supersymmetry is that there should be an
equal number of boson and fermion states at each mass level. For mass-
less states, this follows from (4.3.53). The Weyl projection leaves eight
physical massless fermion states, the same as the number of propagating
modes of the massless vector. Let us now examine how many bosonic
and fermionic states there are at each of the excited mass levels. This
is a combinatoric problem analogous to the one worked out for bosonic
strings in §2.3.5. We saw there that the degeneracies were given by tiwN.
Essentially the same is true now, with only minor modifications. In the
bosonic sector we need to take account of the G parity projection and the
fact that the massless level involves 1/2 unit of excitation. As a result the
number of states with a'M2 = n is given by c?Ns(n)> where

= Y, dnS(n)wn = -J=tr fi(l + G)wN] (4.3.59)

«.r6j. (4.3.60)
n=l r=l/2

(Recall that G is the same as (—1)^.) The evaluation of the trace is
a straightforward generalization of the example treated in §2.3.5 for the
bosonic theory. The new feature is the factor of the trace over the b%

r

modes, tvw^rb-rb%r. Since each fermionic state is either occupied or un-
occupied this factor simply gives (1 + wr) for each mode. The presence of
G in tvGwN changes the signs of the occupied states, giving (1 — wr) at
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each level. The result for the complete trace is therefore

1

m=l \ / m=l \ /

(4.3.61)
T h e degeneracy of the fermionic levels is given in similar manner by

00 1 _
fK(w) = J^ dR(n)wn = tr-(l + T)wN = 8 tr wN (4.3.62)

n=l

with

N = f2(<*Lnai + ndi_ndi
n). (4.3.63)

n=l

The factor of 8 represents the degeneracy of the ground state and takes
account of the F = 1 projection for every mass level. (It simply removes
half the states that would be present otherwise.) There is no factor of
x/w in the formula for /R(W) because the massless fermion ground state
corresponds to N = 0. Performing the trace gives

( ĵ (4-3.64)

Now we can address the question of whether there really are an equal
number bosons and fermions at each mass level. The required identity
would be

hs(w) = h(w) = F(w). (4.3.65)

Remarkably, this identity was proved in 1829 by Jacobi, who referred to
it as 4a rather obscure formula' (aequatio identica satis abstrusa). The
reader should verify that each expression has the expansion

F(w) = 8(1 + I6w + lUw2 + • • • ) . (4.3.66)

This observation certainly does not constitute a proof of supersymmetry,
but it is a very encouraging indication. We will give a proof in the next
chapter.
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4-3.4 Locally Supersymmetric Form of the Action

By now we have formulated the superstring in a formalism with world-
sheet supersymmetry, but we would like to put all of this on a sounder log-
ical foundation. Instead of arbitrarily postulating the super-Virasoro con-
ditions, we would like to derive them as constraints that arise upon gauge
fixing of a gauge-invariant Lagrangian. For the bosonic string, the Vira-
soro constraints arose by gauge fixing a Lagrangian with two-dimensional
general covariance; for supersymmetric strings, the super-Virasoro con-
straints have to arise by gauge fixing a two-dimensional Lagrangian with
local supersymmetry as well as general covariance. This means we must
overcome a variety of technical obstacles. We must learn how to introduce
spinors on a curved world sheet, and we must formulate two-dimensional
supergravity.

It is not straightforward to couple fermions to general relativity. The
reason for this is that general coordinate transformations (in D dimen-
sions) transform Bose fields by GL(D,R) transformations (GL(D,R) be-
ing the group of invertible DxD real-valued matrices), and GL(D, R) does
not have any finite-dimensional spinor representations. There is a spinor
representation of the Lorentz group, so it is clear how spinors are supposed
to transform under Lorentz transformations, but it is not straightforward
to describe how they should transform under general coordinate transfor-
mations (also called diffeomorphisms) that are not Lorentz transforma-
tions. This subject is discussed in textbooks on general relativity, and we
will have more to say about it in chapter 12, where the notion of spinors
in general relativity is used to give an introduction to certain geometric
and topological ideas. Here we attempt to give a pragmatic introduction
adequate for our needs in this section.

Consider spinors on a D-dimensional manifold M. The equivalence
principle implies the existence of an inertial frame at each point of the
manifold. In this frame Lorentz transformations can act in a meaningful
way. They can be regarded as acting on the (flat) tangent space to the
manifold at the point in question. In the locally inertial frame, we intro-
duce a basis e™, m = 0, . . . , D — 1 of orthonormal tangent vectors. Thus,
for each m, e™ is a tangent vector; \x is the vector index (tangent to M)
of this vector while m is the name of the vector. Of course, such a choice
is somewhat arbitrary; if we act with a Lorentz transformation on the m
index, the 'vielbein' e™ is converted into a new but equally good basis
of tangent vectors. These matters are discussed in a more thorough way
in chapter 12. The index fi of e™ transforms like any other vector index
under diffeomorphisms of M. The Lorentz index m, since it is merely
the name of the tangent vector e™, transforms like a scalar under diffeo-
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morphisms of M. But since the introduction of the e™ involves arbitrary
choices at each space-time point, we are free to make local SO(D — 1,1)
transformations on the 'local Lorentz index' m.

The advantage of introducing the vielbein is that the Lorentz group
SO(D — 1,1) does admit spinor representations. Thus spinor indices must
be regarded as local Lorentz indices. Saying that the e™ are orthonormal
tangent vectors means that the metric tensor g^v of the manifold and the
Minkowski metric Tjmn of the tangent space are related by

(4.3.67)

We use the symbol e^ for the inverse vielbein and e = yfg for the de-
terminant of the vielbein. The vielbein has \D(D — 1) more components
that g^v, corresponding to its antisymmetric part. However, this many
additional local symmetries - the local Lorentz transformations - are in-
troduced at the same time, so the net number of propagating modes is
unaltered.

The local Lorentz symmetry is very similar to an ordinary Yang-Mills
symmetry. Analogous to the Yang-Mills potential (or connection) A^, one
must introduce the spin connection u>™n, the gauge field for local Lorentz
transformations. Under an infinitesimal Lorentz transformation described
by parameter 0 m n = — ©nm, the variation of the spin connection is

to™ = dn®™ + fo», ©]mn = (Z>j.e)mn. (4.3.68)

We introduce gamma matrices Fm, which obey the standard Dirac al-
gebra {Fm, Fn} = — 2rjmn. The rules for the local Lorentz transformation
of a spinor i\> are given by

H = -\emnTmnrl>, (4.3.69)

where we use the notation rmnp... for a totally antisymmetrized product of
TmTnrp In particular, Tmn = | [ F m , r n ] . The covariant derivative of
the spinor is given by

D^ = (fy + ju™Tmn)i>. (4.3.70)

The basic significance of a covariant derivative, such as this, is that the
transformation law of D^ does not involve derivatives of the parameter
0, and thus it transforms as a tensor of the indicated type.
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In curved space, we introduce gamma matrices by

T"(x) = e*m(x)Tm. (4.3.71)

The action for a spinor (Dirac or Majorana) in a gravitational background
is

= l- f (4.3.72)

It is an instructive exercise to show that this is invariant under both
general coordinate and local Lorentz transformations.

So far we have not said what the spin connection is supposed to be,
except that it transforms like a gauge field of the Lorentz group. If desired,
one could consider a theory in which the spin connection is simply a
new propagating field. However, if we wish to discuss standard general
relativity, the spin connection should not be an arbitrary new construct
but should be determined (up to a local Lorentz transformation) by the
metric. How should it be determined? In general relativity the metric
tensor is covariantly constant, and (4.3.67) shows that the vielbein is a
sort of square root of the metric, so it is natural to think that we should
require the vielbein to be covariantly constant. Indeed, the covariant
derivative of the vielbein, if not zero, is a quantity that does not have an
analog in standard general relativity. Hence we require

D^ = fye™ + u™nen
v - T^e™ = 0. (4.3.73)

By counting equations and unknowns, one can see that this equation
uniquely determines the spin connection. The requirement of orthonor-
mality or equivalently (4.3.67) likewise determines the vielbein up to a
local Lorentz transformation, so introducing the vielbein and the spin
connection does not change the content of general relativity. The Rie-
mann curvature tensor can be defined as the Yang-Mills field strength
formed from the spin connection, i.e.,

Indeed, the right-hand side of (4.3.74) is a tensor determined by at most
two derivatives of the metric (since the spin connection is implicitly de-
termined in terms of the metric by (4.3.73)), so it must be the Riemann
tensor. This can be checked directly, of course.

As a nontrivial example of the application of the vielbein formalism, let
us briefly review N = 1 supergravity in four dimensions. This theory con-
tains in addition to the vierbein and spin connection a Rarita-Schwinger
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field XAn w ^h a spinor index A and a vector index fi. The action is given
by

= Jd*xe{-±R - ivT'A*,}, (4-3.75)

where R = e^e^i?^ is the curvature scalar and K is the gravitational
coupling constant (Planck length) whose square is proportional to New-
ton's constant. The Dirac matrices in four dimensions are written lower
case (7^, etc.). The above action has manifest general coordinate invari-
ance and local Lorentz invariance. Less obvious is the fact that it also
possesses local supersymmetry. The supersymmetry transformations that
leave it invariant are

6Xp = -D^e (4.3.76)
AC

_ i
°en = ~7:Kel X/i- (4.3.77)

It is understood that w™n is to be determined as the solution of its classical
field equation (which is just algebraic). This gives a contribution bilinear
in Xfi in addition to the usual expression obtained by solving (4.3.73). It
is not necessary to know how u transforms to verify supersymmetry, since
its variation multiplies its field equation, which is set equal to zero.

The theory just described was the first supergravity theory to be in-
vented; its discovery opened up a new field of study, which - among other
things - has played an important role in the development of superstring
theory. The study of supergravity is by now a vast subject with many
different facets. Those that are not directly relevant to superstring theory
(and even some that are) will not be reviewed here.

4-3.5 Superstring Action and Its Symmetries

In order to derive the constraints that should accompany the gauge-
fixed action in (4.1.2), we need to formulate a more fundamental action
principle. By analogy with the bosonic case it is clear that invariance
under reparametrizations is desirable. However, to have a framework in
which the super-Virasoro conditions can emerge as gauge conditions re-
quires local supersymmetry at the same time. The necessity of this follows
from the fact that the commutator of two supersymmetry transformations
gives a world-sheet translation in the gauge-fixed action. This means that
we must incorporate a 'zweibein' e£(cr, r) and a Rarita-Schwinger field
XAQI{V->T) (a two-component Majorana spinor and a world-sheet vector)
in addition to the physical coordinates XM(cr,r) and
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Reparametrization invariance on the world sheet (two-dimensional gen-
eral coordinate invariance) and two-dimensional local Lorentz invariance
are implemented by replacing (4.1.2) by

S2 = ~ f <P<re{ha/'daX
lldfiXll - t ^ V v * ^ } . (4.3.78)

By use of Fermi statistics, it can be shown that the spin connection does
not contribute to the spinor term, so V a can be replaced by da. This is
a special feature of Majorana spinors in two dimensions. 52 does not yet
have local supersymmetry. Under the transformations of (4.1.23) with e
an unrestricted function of a and r, one obtains a variation proportional
to /(Vae)Jad2cr where J01 is the supercurrent introduced in §4.1.1:

J« = ipPp'VdpX,. (4.3.79)

The construction now proceeds according to the 'Noether method'. In-
troduce the supersymmetry gauge field x<* (the gravitino) with supersym-
metry transformation

Sxa = Vae. (4.3.80)

(Here a is a vector index; Xa carries an extra spinor index, which is being
suppressed.) The variation obtained above can be balanced by varying
Xa in the term

S* = ~\J #™xJp"VfyX*> (4.3.81)
However, the variation of X^ in this expression gives an additional Ve
term of the form

xJpaV^^^ = -^fXa/^V^. (4.3.82)

This can be canceled by adding another term to the action of the form

" ^ . A ^ - (4-3.83)

The complete action S = £2 + £3 + £4 is now invariant under the local
supersymmetry transformations

r V"« — 1 n c I U ' Ot (O \r It "7"̂  \
uJi = tip , dip = —Z/> tiOctJL — ip Xot)

Sea
a = -2iepaxc<, SXa = V a e . (4.3.84)

There are several points worth making about the result that has been
obtained. First of all, unlike supergravity theories for D > 2, there are
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no kinetic terms for the e£ and \a fields. The Einstein-Hilbert action
~ / eRd2a is a topological invariant (proportional to the Euler charac-
teristic) that could be added. However, it does not affect the classical
analysis. There is no kinetic term for a gravitino at all. The expression
XaPQ^7^/3Xy vanishes simply because there is no third-rank antisymmet-
ric tensor pa^y in two dimensions. The commutator of two supersym-
metry transformations gives a combination of the other local symmetries
with field-dependent coefficients, as is customary in supergravity theories.
Even this requires using the equations of motion for the Fermi fields. It is
possible to extend the superspace formulation described in §4.1.1 to this
case, so as to achieve off-shell closure of the algebra. The description of
how that works would take us too far afield, however, especially as it is
not required for the rest of our discussion.

In addition to the symmetries described above, there are two further
local symmetries of 5. One is the extension of the local Weyl (or con-
formal) symmetry already encountered for the bosonic string. The Weyl
transformations that leave S invariant are

6X» = 0, Sip = - \ W

6ea
a = Aea

a, SXa = | A X « . (4.3.85)

There is also another local fermionic symmetry given by

Sea
a = Sip = 6X1* = 0, (4.3.86)

with rj an arbitrary Majorana spinor. The proof requires the identity
paP/3Pa = 0, which is true in two dimensions. Altogether, these symme-
tries imply that S is a 'superconformal' theory. The conformal symmetry
of the bosonic string theory resulted in the Virasoro symmetry constraints
after covariant gauge fixing. In this case we obtain a supersymmetric ex-
tension of that algebra.

Conformal and superconformal supergravity theories have been con-
structed in four dimensions. There the action inevitably contains R2

terms that lead to a host of pathologies such as propagating ghosts and
related effects. Fortunately these problems do not arise for D = 2 con-
formally invariant world-sheet theories. (They also do not occur in the
ten-dimensional physics!)
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We can now finally give a proper derivation of the super-Virasoro con-
straint equations by formulating covariant gauge choices that lead to
simple field equations and constraint conditions, just as we did for the
bosonic string theory in §2.1.3. The analysis is presented first for the
classical theory, and then it is reconsidered in the next section in the
quantum context.

There are altogether four local bosonic symmetries: two world-sheet
reparametrizations, one local Lorentz, and one Weyl scaling. Locally,
these can be used to gauge the four components of the zweibein into
the standard form e£ = £{J. Similarly, the two supersymmetries (e) and
two superconformal symmetries (77) can be used locally to set the four
components of \a = 0. In this gauge the action simplifies to the globally
supersymmetric one of (4.1.2) and the equations of motion are just

dadaXli = 0 (4.3.87)

pada^ = 0. (4.3.88)

These must be supplemented by the equations of motion of the fields e£
and Xa evaluated in the gauge e£ = ££, \a = 0- The resulting equations
are the vanishing of the energy momentum tensor and supercurrent on
the world sheet:

Ja = - ~ ; = \p0
Pard0X, = 0 (4.3.89)

Tap = daX'dpXn + ^Tp(adp)^ - (trace) = 0. (4.3.90)

These are the super-Virasoro constraint equations, finally derived from an
underlying gauge invariance.

4.4 Modern Covariant Quantization

The RNS version of superstrings can be quantized by the same techniques
that were described for bosonic strings in §2.4. This time there are spino-
rial bosonic ghosts associated with the local world-sheet supersymmetry
in addition to the ones obtained previously. When correctly included the
entire super-Virasoro algebra becomes anomaly-free for the correct choice
of dimension and ground-state mass. Since the analysis is so similar to
that which we have already presented in the bosonic case, we will be
brief.
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4-4-1 Faddeev-Popov Ghosts

In §3.1.1 we showed that the path integration over metrics hQp could be
replaced by one over conformal factors <f> and reparametrization coordi-
nates £a. This was possible whenever any given metric could be reached
from a fixed reference metric by local scale and reparametrization trans-
formations. For world sheets of genus g > 0 it is not possible to reach all
metrics from just one in this way. Instead they form equivalence classes,
characterized by a finite number of Teichmiiller parameters. This com-
plication may be ignored if the purpose is only to develop the formalism
of ghost coordinates and BRST symmetry and determine the critical di-
mension rather then to actually evaluate the integral for genus g > 0.

In chapter 3, gauge fixing of the the local reparametrization invariance
gave rise to anticommuting ghost coordinates bQp and cr, having confor-
mal dimension 2 and —1, respectively. These coordinates are present for
the superstring as well, but now there are additional ones due to the local
world-sheet supersymmetry. We will derive the ghost action in a slightly
different way from the path that we followed in the earlier discussion. The
classical statement that \a c a n be gauged away means that it can always
be expressed in the form

Xa = ipaV + Vae, (4.4.1)

and with reasonable boundary conditions this expression is unique. So
we can change variables in the path integral from Xa to n and e. After
the change of variables, the integral over rj and e can be dropped, since
they are symmetry parameters and the action does not depend on them.
(This is slightly oversimplified since some fields other than Xa transform
nontrivially under the symmetries generated by rj and e; the proper treat-
ment leads, however, to the same conclusion.) This does not mean that
the presence of the gravitino x<x m the two-dimensional supergravity ac-
tion is without moment. The change of variables from Xa to 77 and e
gives rise to a Jacobian, which can again be represented as a ghost path
integral.

Identifying the proper ghosts requires a slight digression about the 'spin'
of a field in 1 + 1 dimensions. The Lorentz group is 50(1,1), or 50(2)
in the case of a Euclidean world sheet; for definiteness we adopt the lat-
ter terminology. 50(2) has a single generator, which we might call W,
and an 50(2) representation is specified by giving the eigenvalue of W,
which is the 'spin'. For our present discussion, the interesting repre-
sentations have integer or half-integer values of W. For example, the
gravitino field XaA n a s a vector index a, corresponding to spin ±1, and a
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spinor index A (which was suppressed in many formulas above) that car-
ries spin ±1/2. Altogether, XaA n a s f°u r components of spin ±1 ± 1/2,
i.e., 3/2, 1/2, —1/2 and —3/2, respectively. The gauge parameters 77
and e in (4.4.1) are spinors with two components each of spin ±1/2. The
derivative operator Va is a vector with components of spin ±1. It is
convenient to adopt the following temporary convention. Given a field V
with components of various spin, let us denote the spin q component of
V as Vq. Thus, the derivative Va, for example, has components Vi and
V_i. Then (4.4.1) can be written in more detail as

Notice that rj appears only in the second and third equations and in
a nonderivative fashion. The change of variables from x±l/2 to ?7±i/2
introduces no nontrivial Jacobian. We may as well discard the second
and third equations in (4.4.2) since the real interest focuses on the first
and last equations. In changing variables from Xz/2 ^° ei/2 ^ne Jacobian
that arises is

J3/2 = det-'v]'2-*3'2, (4.4.3)

where the superscript on V / ~* ' means that Vi is to be viewed as an
operator mapping spin 1/2 to spin 3/2. To represent it as a determinant
we introduce fields 7 ^ and /?_3/2 of the indicated spins and write

(4-4.4)Jz/2 = J ^71/2^^-3/2 exp - (j J d2a /?_3/2V171/2) •

7 and fl must be commuting fields since they are ghosts for an anticom-
muting symmetry, or alternatively because it is det"1 that appears in
(4.4.3). (However, this —1 power is present, again, because x a n d e are
anticommuting.) Likewise, the change of variables from X-3/2 t° £-\j2
gives a Jacobian that can be represented as

•J-3/2 = J £7-1/2£>&/2 exp - ( - J d2a /?3/2 V-17-1/2 J , (4-4.5)

with new commuting ghosts 7_i/2 and /?3/2. The fields 7 and (3 are called
superconformal ghosts.
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234 4- World-Sheet Supersymmetry in String Theory

The two components of 7±i/2 make up a spinor 74. The two com-
ponents of 0±s/2 make up a vector-spinor /3aAy which is subject to the
constraints

paABP*B=Q. (4.4.6)

(Indeed, the left-hand side of (4.4.6) is a spinor with components of spin
±1/2, so this equation just sets to zero the spin ±1/2 terms of /?.) The
ghost action indicated in (4.4.5) and (4.4.4) can be re-expressed in the
covariant form

h j - (4-4J)
In the gauge hQp = 8ap the equations of motion imply that /?3/2 and 7_i/2
are right-moving while the other components are left-moving.

Focusing on right-moving components and suppressing the 3/2 and
—1/2 in /?3/2 and 7_i/2, we get (by varying (4.4.7) with respect to
the world-sheet metric) the energy-momentum tensor of superconformal
ghosts:

j (4.4.8)

The ghost current of the /? — 7 system is

Jf = fa. (4.4.9)

Equation (4.4.8) corresponds to k = 2 in §3.2.2.
In terms of mode expansions

(4-4-10)
—oo
oo

the commutation relations implied by Spp are

hm,l3n} = Sm+n (4.4.12)

[7m,7«] = [&»,&] = 0. (4.4.13)

As defined here, 7 is hermitian and /3 is antihermitian. Of course, /?
could be redefined by a factor of i if one wished. We have written the
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expansion of 7 and /? with integrally moded coefficients j m and /?m. This
is the choice that is appropriate to the fermionic sector of theory. In the
bosonic sector it is necessary to use half-integer modes 7r and /3r.

The contribution of the ghost coordinates to the super-Virasoro gen-
erators follow from the formula for T++ and J+. Altogether the ghost
contributions are

S J2 + n) : ^rn-nln I (4.4.14)

and

Fih = - 2 £ b-n*fm+n + £ ( £ n - m)c.n/3m+n. (4.4.15)

It is easy to verify that L9
m does in fact imply that c and b have conformal

dimension —1 and 2 and 7 and j3 have conformal dimension —1/2 and 3/2.
The anticommutator

B°h(m)6m+n (4.4.16)

has an anomaly

Bgh(m) = -5m2. (4.4.17)

In §4.2.2 we found that the contribution of the a and d oscillators is

Ba*d{m) = \Dm2 + 2a. (4.4.18)

Therefore the anomaly cancels for D = 10 and a = 0. It also cancels in
[Lm,Ln] as a consequence of the Jacobi identity. In the bosonic sector
one has

B9\r) = J - 5r2 (4.4.19)

JB
a'6(r) = I i ) ( r 2 - I ) + 2a, (4.4.20)

so that the sum vanishes for D = 10 and a = 1/2.

^ . 2 BRST Symmetry

The general prescription for writing down a nilpotent BRST charge in
terms of the structure constants in the algebra of constraints, described in
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§3.2.1, is applicable for graded algebras as well. Applying the prescription
to the super-Virasoro algebra gives

Q = ) ^

U + m ) : c-n/?-m7m+n :

- ] T 1-mi-nbm+n ~ 0̂ 0- (4.4.21)

As before, the term aco characterizes the ambiguity in the classical pre-
scription arising from the need for normal ordering.

A somewhat tedious calculation, equivalent to ones we have described
previously, shows that Q2 = 0 provided that D = 10 and a = 0. As a
simple check of this fact we note that

(4.4.22)

[Q, /?„] = Fn = {{"<*> + Ff • (4-4-23)

The absence of anomalies in the algebra of Ln and Fn is consistent with the
nilpotency of Q. The same analysis applies for the bosonic sector with the
obvious replacements Fm —> Gr, 7m —» 7r, /3m —> /?r, a = 0 -* a = 1/2.
There is a complication in the fermionic sector not shared by the bosonic
one. In this sector the 7 and /? oscillators have zero modes, giving an
infinite degeneracy to the Fock-space ground state. This degeneracy has
important implications, whose elucidation unfortunately goes beyond the
scope of this book.

4.4.3 Covariant Computation of the Virasoro Anomaly

In this section we describe the covariant computation of the Virasoro
anomaly, analogous to the discussion of the bosonic case in §3.2.2. The
discussion is easy because the necessary formulas were all worked out in
that section and the following one on bosonization.

In the theory at hand we have ten bosons X**, ten fermions V ?̂ con-
formal ghosts b and c and superconformal ghosts 7 and j3. In §3.2.2 we
noted that given a pair of anticommuting degrees of freedom such as b
and c, a one parameter family of energy-momentum tensors is possible,
parametrized by a label that we called k. A pair of anticommuting de-
grees of freedom have the same Weyl anomaly as (1 — 3fc2) of the bosons
X**. The ^ are ten anticommuting degrees of freedom and (as they
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4.5 Extended World-Sheet Supersymmetry 237

all have conformal spin 1/2, or by comparing their energy-momentum
tensor to those discussed in §3.2.2) they have k = 0. Hence they con-
tribute the same Virasoro anomaly that five X1* would contribute. On
the other hand, b and c have k = 3, and contribute the Virasoro anomaly
of —26 bosons. What about the superconformal ghosts 7 and /?? Compar-
ing their energy-momentum tensor to the discussion in §3.2.2 (or think-
ing about their conformal dimensions) they have k = 2. At first sight,
therefore, it might seem that they would have the conformal anomaly of
(1 — 3 • 22) = —11 ordinary bosons. However, we must remember that the
superconformal ghosts are commuting degrees of freedom, as opposed to
the anticommuting degrees of freedom discussed in §3.2.2. Therefore, in
computing the one-loop diagram for < T++T++ > that gives the Virasoro
anomaly, they lack a minus sign from Fermi statistics that plays a part
in the computations in §3.2.2, so they give the contribution of +11 rather
than —11 bosons. The total conformal anomaly is thus 10+5—26+11 = 0,
showing the cancellation in ten dimensions.

4.5 Extended World-Sheet Supersymmetry

The generalization of the bosonic string world-sheet action to include
N = 1 supersymmetry on the world sheet has provided us with string
theories with space-time supersymmetry in D = 10. Given this success,
it is natural to wonder what can be achieved starting from an action with
extended world-sheet supersymmetry. For a string theory we must ac-
tually require superconformal symmetry in order that all the gravity-like
fields introduced to implement the local gauge symmetries drop out of
the classical equations of motion in a suitable gauge. The possibilities
for superconformal symmetries are quite limited. Thus, whereas there
are very many D = 2 supersymmetric theories that can be deduced by
truncation of theories in D > 2, the vast majority do not have the req-
uisite conformal symmetries. There are only two remaining possibilities
that possess the conformal symmetry required of a string theory. One has
N = 2 and the other has N = 4 on the world sheet. In this section we
take a brief look at each. The conclusion will be that they do not seem
to give physically interesting string theories, even though they are mathe-
matically interesting structures that may prove to have some significance.
We will not be as detailed in describing these theories as we have been in
describing the models whose physical significance is more apparent, but
it seems appropriate to alert the reader to their existence.

https:/www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9781139248563.005
https:/www.cambridge.org/core


238 4- World-Sheet Supersymmetry in String Theory

4.5.1 The N = 2 Theory

The N = 1 superconformal symmetry group was described by an in-
finite algebra. That algebra contained an OSp( 1,2) subalgebra in the
left- and right-moving sectors for bosonic boundary conditions. The gen-
eralization to N = 2 replaces this subalgebra by O5p(2,2). This im-
plies that the bosonic generators include an 50(2) « (7(1) in addition to
Sp(2) w 5(7(1,1). The fermionic generators form an 50(2) doublet, or
complex representation of (7(1).

The appropriate gauge-fixed action with N = 2 supersymmetry con-
tains a bosonic coordinate Y^(a^r) in addition to X/*(cr,r) and an 50(2)
doublet of Fermi coordinates ^f (cr, r) , i = 1,2

— ii\)i padai(>pi}. (4.5.1)

This obviously has an 50(2) symmetry that rotates tpi and ^2 into one
another while leaving X and Y inert. The supersymmetry charge also is
an 50(2) doublet, as one sees from the transformation formulas

6X = e^i (4.5.2)

SY = CijCi^j (4.5.3)

Sfc = -ipadaXei + ieijp
oldaYtj. (4.5.4)

Here eij is the antisymmetric symbol with e\2 = 1. This action must be
supplemented by appropriate constraints in the usual manner.

The index \i — 0 , . . . ,D — 1 labels the space-time directions, and
X^(a^T) is regarded as describing the embedding of the world sheet-in
space-time. However, Y^ enters the mathematics in essentially the same
way, so what is its interpretation? The Lorentz symmetry of 5 is just
S0(D — 1,1), so Y certainly does not describe additional dimensions in
the usual sense. It may be that crucial subtleties in this theory have not
yet been unraveled.

Let us set aside these interpretation issues and proceed with the math-
ematical analysis. The action (4.5.1) can be written more succinctly in
terms of complex coordinates Z^ = X*1 + iY^ and ^ — i\)\ + 2^2 • The
latter is just a Dirac spinor in D — 2. Now

S = -^- [ d2a{dQZda^ - i$padail>}, (4.5.5)
Z7T J

where we have dropped the space-time index p. In terms of a Dirac
supersymmetry parameter e = e\ + ^2, the global N = 2 supersymmetry

https:/www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9781139248563.005
https:/www.cambridge.org/core


4.5 Extended World-Sheet Supersymmetry 239

transformations are
6Z = e</>

(4.5.6)
8$ = -ipaedaZ.

Next we wish to re-express the action in reparametrization-invariant
form. This requires a multiplet of supergravity coordinates consisting of
the zweibein e£, a Dirac gravitino x<*, and a vector gauge field Aa required
to make the 50(2) symmetry local. The result is

S = -^~ [d2ae{h^daZd^Z - v$p"dail> + A^p01^
27r J (4.5.7)

+ (d*Z - \x«

Note that there is no kinetic term for the Aa field, just as there is none
for its partners e£ and x<x- In fact, the only appearance of Aa is in the
one term where it is shown explicitly. Its equation of motion, ^paip =
0, expresses the vanishing of the 50(2) current, which supplements the
conditions Tap = Jm- = 0 that follow from the e^ and \<x field equations.

In addition to local reparametrization invariance, Lorentz invariance,
and supersymmetry, the action (4.5.7) has a number of other local sym-
metries. There is the usual Weyl scaling symmetry,

Sea
Q = Ae« St = - ^

(4.5.8)
SZ" = 6Aa = 0 6Xa = |Axa

and an N = 2 superconformal symmetry

?>Xa = ipaV
(4.5.9)

There is also the local SO(2) symmetry gauged by the Aa field

8^ = iLil> 6Aa = <9a£
(4.5.10)

6Xa = iXXa Sea
a - 6Z» = 0.

This symmetry also has a chiral counterpart

Sxp = iZ'pi? SAa =
(4.5.11)

SXa = -iZ'pXa 8ea
a = &Z11 - 0,

where ~p = popi as before, which is also a local symmetry. This pair of
local symmetries implies that the self-dual and anti-self-dual components
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240 4- World-Sheet Supersymmetry in String Theory

of Aa, i.e., J4±, act as independent gauge fields for a left-moving and a
right-moving local SO(2) group. Altogether, the complete list of local
symmetries is sufficient in number to gauge away all components of e^,
Xa, and Aa.

Let us now consider the super-Virasoro algebra of constraints that arise
in the quantization of this string theory. We restrict our attention to the
bosonic open-string sector. The modes of the Z^ coordinates are complex
oscillators a^n satisfying

(4.5.12)

Similarly, for bosonic boundary conditions the Dirac fields %l>? gives com-
plex half-integrally moded oscillators bff with

(4.5.13)

In terms of these, the Fourier modes of the energy-momentum tensor are

Ln = J2 : a-™an+m -+^2(r+^): 6_r6n+r :, (4.5.14)

the modes of the super current J are

GT = Y}s-«r-s, (4.5.16)

and the modes of the 5*0(2) current are

Tn = ^ : 6 r - £ „ _ , . : . (4.5.17)

The algebra of the Tm operators is

(4.5.18)

which is an abelian 'Kac-Moody algebra' for the group SO(2). We will
encounter Kac-Moody algebras (or affine Lie algebras, as they are often
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called) in chapter 6, where infinite-dimensional algebras of this type play
an important role. The £0(2) current has conformal dimension J = 1, so

[Lm,Tn] = -nTm+n. (4.5.19)

The SO(2) charges of the supercurrents are ±1, and thus

[Tm,Gr] = Gm+r (4.5.20)

[Tm,Gr] = -Gm+r. (4.5.21)

The Virasoro algebra has twice the anomaly of the N — 1 case, since the
number of Bose and Fermi coordinates has been doubled,

[Lm, Ln] = (m- n)Lm+n + \D(m3 - m)6m+n. (4.5.22)

There are no charge-two operators, so

{Gr,Gs} = {Gr,Gs} = 0. (4.5.23)

Perhaps the most interesting bracket in the algebra is

{Gr, Gs} = Lr + 5 + Ur ~ s)Tr+s + \D{r2 - \)6r+8. (4.5.24)

As in the previous string theories, we require that a physical state satisfy
the constraint equations

Ln \4) = Tn

Gr \<f>) = Gr

- a) \<f>) = 0

To 1$ = 0.

l<A) = o n > 0

r > 0

(4.5.25)

(4.5.26)

(4.5.27)

(4.5.28)

The last equation implies that all states with a nonzero U(l) charge are
unphysical. This can be interpreted as a sort of U(l) confinement prin-
ciple. Let us now find the preferred values of a and D by looking for
zero-norm physical states.
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Consider a state of the form \(f>) = G_i/2|<^), where

0 (4.5.29)

Gr\4) = Gr\4), r>0. (4.5.30)

This state is zero norm and physical if it is annihilated by G\j<i

G1/2 \<t>) = (Lo - $T0)\i) = (Io + W). (4-5.31)

This vanishes if L$ \<j)) = 0. Thus the preferred choice is a = 0. This
means that the ground state is a massless scalar. Thus the spectrum has
no tachyons, even before any possible GSO truncations are considered.

Now let us construct zero-norm states that determine the critical di-
mension. Consider

\<f>) = (T_! + AiX.j + A 2 G_ 1 / 2 G_ 1 / 2 M, (4.5.32)

where

To\4>) = (Lo + l)\t)-=Q (4.5.33)

Gr\4>) = Gr\4>) = 0 r > 0. (4.5.34)

Using the extended super-Virasoro algebra it is straightforward to derive
that

C1/21<^> = ( - 1 + Xi + X2)G_1/2\4>) (4.5.35)

|^) (4.5.36)

(4.5.37)

The conclusion therefore is that for Ai = —1 and Xo = 2 the state |^) is
zero norm and physical for D = 2. Thus this is the critical dimension of
the theory. It is easy to show that there are ghost states for D > 2.

The conclusion that D — 2 is the critical dimension means that in the
light-cone gauge there are no transverse oscillators at all. Therefore it
would appear that the massless scalar ground state is the only propagat-
ing degree of freedom in the theory (at least for this sector). However,
subtleties in the quantization of the theory have been pointed out recently,
and this statement may require revision. If it is true that the theory has
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just a single scalar mode, this mode must be governed by some local quan-
tum field theory, but which theory this is has not yet been determined. It
has also not been determined which Fermi fields, if any, should accompany
this 'scalar'.

In summary, the N = 2 extension of the superstring construction gives a
highly symmetrical two-dimensional theory and an interesting generaliza-
tion of the super-Virasoro algebra. It seemingly cannot be given the usual
interpretation of a string theory since the critical dimension is D = 2 and
there are no transverse excitations of a string in this dimension. Perhaps
it enters physics in some other and as yet unknown way.

4.5.8 The N = 4 Theory

The N = 4 string theory has an even richer mathematical structure,
and an even poorer physical outcome. The local SO(2) is replaced by a
local 5(7(2), and there are four local supersymmetries and superconformal
symmetries. The physical coordinates consist of four X^ type variables
and four ^ Majorana spinors. The former are 5(7(2) singlets and the
latter are a pair of 5(7(2) doublets.

The action principles and symmetry transformations can be written
down as before. However, we jump over all that and go straight to the
gauge algebra. The Virasoro algebra anomaly undergoes another dou-
bling

[Lm, Ln] = (m - n)Lm + n + \D(mz - m)6m+n. (4.5.38)

The local 5(7(2) algebra results in a Kac-Moody algebra

[ I£ , I*] = itabcT
c
m+n + 2DmSm+nSab. (4.5.39)

There are four G® operators, which transforms as a pair of 5(7(2) doublets.
Thus

K,G?] = K A r , (4.5.40)
where, in terms of 2 x 2 Pauli matrices ra ,

The most interesting bracket is

{G?,G£} = 26^Lr+s-2(r-s)Xa
a^+s+2D(r2-l/i)6^6r+s. (4.5.42)

The operator identities can be derived from explicit representations in
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terms of a and b oscillators, in a more or less obvious way, and so all
Jacobi identities are certain to be satisfied.

This scheme leads to a negative critical dimension (D = —2), and thus
would seem to have no sensible interpretation as a string theory.

4.6 Summary

The string action has been generalized to include Majorana spinor coordi-
nates ^(<r, r) that are the supersymmetry partners of the space-time co-
ordinates Xti(a^r). By including two-dimensional supergravity fields, as
well, a formulation with local superconformal symmetry can be achieved.
A covariant gauge choice gives rise to constraint conditions that corre-
spond to the vanishing of the two-dimensional energy-momentum tensor
and supersymmetry current. The constraint operators satisfy an infi-
nite graded algebra, known as the super-Virasoro algebra. These con-
straints leave a transverse ghost-free spectrum for ten-dimensional space-
time. Only in this dimension does light-cone gauge quantization give a
Lorentz-invariant quantum theory.

For the fermionic coordinates ^(<7, r) there are two possible choices of
boundary conditions. One choice results in integer-frequency modes and
describes strings that are space-time fermions. The other choice gives half-
integer-frequency modes and describes strings that are space-time bosons.
If a projection of the spectrum onto states of even world-sheet fermion
number is made, the spectrum becomes free of tachyons. Moreover, there
are then an equal number of bosons and fermions at every mass level,
suggesting that the theory has space-time supersymmetry. That property
is rather obscure in the formulation described in this chapter. It is proved
in the next chapter by using a different formulation.

Appendix 4.A Super Yang-Mills Theories

The open superstring theory can be approximated at low energy by a
supersymmetric Yang-Mills theory. Such theories in D dimensions are
described by an action of the form

5 = dDx(—F2 + -^>T - Dij)), (4.A.1)
J 4 2

where F^ is the nonabelian field strength formed from a vector potential

" 4£. (4.A.2)

The fields Aa and tj)a are both in the adjoint representation of a semisimple
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Appendix 4-A Super Yang-Mills Theories 245

Lie group. The symbol D is the Yang-Mills covariant derivative

{Dfiip)a = d^,tj)a + g fa bcA!l$c' (4.A.3)

The number of physical fermionic modes described by the spinor field \j>
is a power of two that depends on the space-time dimension and the type
of spinor (Dirac, Majorana, Weyl, etc.). In fact, the spinor representation
of SO(n) has a dimension that is always a power of two, as we will see in
the appendix 5.A. The vector A^ describes D — 2 physical modes corre-
sponding to the various possible transverse polarizations. Supersymmetry
requires that the number of physical boson and fermion modes should be
equal. Thus, supersymmetry of the minimal Lagrangian (4.A.I) without
adding any other fields requires that D — 2 should be a power of two. The
first cases in which D — 2 is a power of two are D = 3,4,6, and 10, and
these prove to be the interesting cases.

A Majorana spinor in D = 3 has one physical mode, a Majorana spinor
in D = 4 has two, a Weyl spinor in D = 6 has four and a Majorana-
Weyl spinor in D = 10 has eight. These numbers coincide in each case
with D — 2, and these are the four cases in which the minimal Lagrangian
might be supersymmetric. Above D = 10 the number of components of
any spinor greatly exceeds that of the vector, and supersymmetric Yang-
Mills theories do not exist.

The supersymmetry transformations that leave (4.A.1) invariant are

(4.A.4)

If (4.A.4) is inserted in (4.A.I), the terms proportional to e%\) cancel in
any dimension. More delicate are the terms proportional to e^3. The
variation of the A field in the covariant derivative gives a term of the form

/ a k e r , f ^ r ^ c . (4.A.5)

Since this is the only term with three if) fields that arises in the variation
of the action, it must vanish if supersymmetry is to hold. Remarkably,
using the total antisymmetry of faic it is possible to prove that it does
in fact vanish for the four types of spinors (in D = 3, 4, 6 and 10) listed
above.
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We prove this for Majorana-Weyl spinors in D = 10, which is the case
of paramount interest to us. Removing the spinors from (4. A.5), and using
the antisymmetry of / a j c , we need to show that

(r°r")mn(r°rM)P9 + ( i ^ r v ^ r , , ) , , , + (ror")rog(r°r^)np (4.A.6)

vanishes. Here we may assume that the spinor indices m,ra,p and q are
all projected onto, say, positive chirality, though we do not write the
projection operator explicitly, because the spinors in (4.A.5) are all Weyl.
We also note that T°Tmn is a symmetric matrix, and that the second and
third terms get interchanged under m <-» n, so that the entire expression
has m <-> n symmetry.

To establish that (4.A.6) vanishes we regard the expression as a matrix
labeled by indices m and n, treating p and q as irrelevant additional labels.
Alternatively, we can attach anticommuting spinors i/>* and i\)\ and obtain

(r")TOW^1r,,tf2 + (FVi)m(^2rM)B - (F> 2 ) m (^r , , ) n . (4.A.7)

An arbitrary matrix Mmn can be expanded in the complete basis set
( r^ .^Jmn) where k = 0 , 1 , . . . , 10. Therefore an effective strategy for
showing that (4.A.7) vanishes is to show that each type of term vanishes.
First of all, we note that the terms with k even vanish because of the Weyl
projections. Also, the identity

r l ' w # t l o r (4.A.8)

and the fact that Fn can be dropped for Weyl spinors implies that only
terms with k < 5 need to be considered and that the tensor F^...^ can
be decomposed into a self-dual and an anti-self-dual piece only one of
which contributes. Moreover, F°FAt and F0F/il.../i5 are symmetric, whereas
r°rMl/j2Al3 is antisymmetric. Therefore we only need to consider the k = 1
and k = 5 terms. As a check on this counting we note that a symmetric
16 x 16 matrix has

components.
Multiplying (4.A.7) by (Tp)nm and contracting indices gives

A

= -16^^2-8^2^1+8^1^2 = 0,

which establishes that it has no Vp piece. Repeating for (TPl,_,Pi)nm we
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obtain

However, in D dimensions,

r,rv..p / t r" = (-i)k+\D - 2k)rpl...Pk. (4.A.12)

Taking D = 10 and fc = 5 we see that (4.A.11) vanishes and the proof is
complete.
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5. Space-Time Supersymmetry in String Theory

The description of superstrings given in chapter 4 suffers from one striking
drawback. It is extremely difficult to understand the origins of space-
time supersymmetry. Bosonic strings are described by choosing one set of
boundary conditions and fermionic ones by choosing another set. Then,
lo and behold, there is a symmetry relating the two sets of states. It is
certainly necessary to have this symmetry, as we have already argued, to
have consistent interactions of the gravitino field contained in the massless
closed-string multiplet. We also showed that when the GSO conditions
are imposed there are an equal number of bosons and fermions at every
mass level, as is necessary for a linear realization of the supersymmetry.

In this chapter we describe a formalism that leads to the same theory
in a way that makes supersymmetry manifest. We begin by describing
a covariant world-sheet action with space-time supersymmetry. While it
seems to be difficult to quantize this action covariantly, it can be quantized
in light-cone gauge. Though the resulting formalism is not manifestly
Lorentz invariant, it can be shown to be Lorentz invariant in D = 10.
Supersymmetry is obvious; the GSO conditions are automatically built
in from the outset without having to make any truncations; bosonic and
fermionic strings are unified in a single Fock space.

5.1 The Classical Theory

We begin with the classical theory of the manifestly supersymmetric su-
perstring action. Its symmetries are subtle and need to be understood
before attempting quantization. An important ingredient is a new type of
local fermionic symmetry on the world sheet. It is not ordinary supersym-
metry, although it is certainly related to it. In order to illustrate how it
works we first give a brief description of the superparticle, which involves
fewer complications than the string and is therefore easier to analyze in
detail.

5.1.1 The Superparticle

Recall that in §1.3.1 and §2.1.1 we described a relativistic particle of mass
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250 5. Space-Time Supersymmetry in String Theory

m by the world-line action

S= * t{e-lx2-em2)dT. (5.1.1)

The auxiliary coordinate e can be identified as the square root of a one-
dimensional metric. An important virtue of this formula is the existence
of a smooth limit m —> 0. In generalizing (5.1.1) to the superparticle
we set m = 0, since the mass term is not relevant for the subsequent
generalization to the superstring.

In addition to the local reparametrization symmetry r —> / ( r ) , the
action (5.1.1) is also invariant under global space-time Poincare transfor-
mations generated by

ati + b\x1/ (5.1.2)
6e = 0, (5.1.3)

where h^v is antisymmetric.
In chapter 4 we established manifest world-sheet supersymmetry by

adding fermionic coordinates to the two-dimensional world-sheet coordi-
nates cr, r. Here, likewise, we achieve space-time supersymmetry by gener-
alizing Minkowski space, with its 'bosonic' coordinates x11, to a superspace
with fermionic coordinates as well as bosonic coordinates. If there are to
be N supersymmetries, we introduce N anticommuting spinor coordinates
6A<1(T), A = 1,2,..., N. The index a is that of a space-time spinor ap-
propriate to D dimensions. For a general Dirac spinor a = 1,...,2^/2.
For the most part, however, we shall be interested in spinors satisfying
Majorana and Weyl restrictions as reviewed in §4.3.3.

Supersymmetry is realized in superspace in the usual way. Introducing
infinitesimal Grassmann parameters e^, spinors of the same type as the
corresponding 9A coordinates, the transformation formulas are

seA = e ex = i e r e
( 5 X 4 )

Here eA is a constant (r-independent) spinor. These and subsequent for-
mulas are written in a form appropriate for Majorana spinors.

We now generalize the bosonic point particle, which propagates in
Minkowski space, to a supersymmetric point particle propagating in su-
perspace. Many supersymmetric actions can be written, since both x^ —
i0 T^0A and 9Aa are invariant under supersymmetry. Many Lorentz-
invariant Lagrangians can be built from out of them. The simplest and
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5.1 The Classical Theory 251

most straightforward generalization of (5.1.1) utilizes the first invariant
giving

S = \ f e " 1 ^ - i9AT^9A)2dr. (5.1.5)

This obviously is Lorentz invariant and supersymmetric and so has the
full super-Poincare symmetry. It gives the equations of motion

p2 = 0, ^ = 0, F-p# = 0, (5.1.6)

where we define

Since (F • p)2 — —p2 = 0, the matrix F • p has half the maximum possible
rank. Furthermore, 9 always appears multiplied by F • p. As a result,
half of its components are actually decoupled from the theory! This is a
consequence of a far from obvious additional symmetry of (5.1.5). The
new symmetry is a local fermionic symmetry, which we now describe.

Let KAa{r) denote TV infinitesimal Grassmann spinor parameters. (The
labeling is the same as for eAa, except that the KAa are allowed to depend
on r.)

Consider the transformation

89A = iT -pKA (5.1.8)

8x^ = i9AT^89A (5.1.9)

8e = Ae9AKA. (5.1.10)

Note that the relation between 8x and 89 has the opposite sign from
that for an t transformation. The above transformations are actually a
symmetry of (5.1.5). The proof that S is invariant starts with

8p» = 2i~9AYil89A. (5.1.11)

Thus

8p2 = 4i9AT • P89A = 4p2OAKA. (5.1.12)

It follows that e~lp2 is invariant for

8e~l = —4e~19 K , (5.1.13)

which is equivalent to (5.1.10).
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252 5. Space-Time Supersymmetry in String Theory

The K transformation is not ordinary supersymmetry either on the
world-line or in space-time. In fact, the action contains no world-line
spinors at all. To see what it is, let us consider the algebra obtained by
commuting two K transformations.

Let #i and 62 represent K variations with parameters K,\ and «2, respec-
tively. Then

2) (5.1.14)

$BK?) - (i «-> 2).

We are dealing here with a symmetry for which the action is lacking the
auxiliary coordinates required for off-shell closure of the algebra. There-
fore we must use equations of motion to demonstrate closure of the alge-
bra. The equation T-p9 = 0 eliminates the first term in the last expression
in (5.1.14). This leaves

[6u62]0A = iT - pKA + eq. of motion term (5.1.15)

for the choice

KA = 4/c£0B*f - (1 «-> 2). (5.1.16)

Thus the commutator of two /c transformations is a K transformation!
This rather bizarre result is only possible because there is no on-shell con-
served charge associated with /c. The conserved quantities that one might
attempt to derive from K invariance all vanish by the equations of mo-
tion. The structure 'constants' are actually not constant, but coordinate
dependent, just as in supergravity theories.

There is still one more local symmetry of (5.1.5). This one is bosonic
and involves a scalar parameter A(r),

S9A = \0A

A (5.1.17)

This is identical to the £ reparametrization transformation formula for
6, but different for the other coordinates. It has no additional implica-
tions for the on-shell theory beyond those that follow from the £ and K
symmetries.
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5.1 The Classical Theory 253

The quantization of the superparticle action is nontrivial because of the
phase-space constraint

>K£ = iY-KxO
A, (5.1.18)

where TTX and irA are the momenta conjugate to the x and 0 coordi-
nates. The Dirac bracket prescription leads to complicated expressions
that are apparently impossible to disentangle without breaking the man-
ifest Lorentz invariance of the equations. The same is true for the super-
string case to which we turn next. It is for this reason that we will work
in light-cone gauge.

5.1.2 The Supersymmetric String Action

Given the bosonic string action of chapter 2, namely

Sbos = -±- fd2aVhha^daX • dpX (5.1.19)

and the superparticle action of the preceding section, there is an obvious
guess for a supersymmetric superstring action,

ZTT J
lla - Ify, (5.1.20)

ZTT J

where

n£ = daX* - ieAY^dae
A, (5.1.21)

This obviously possesses local reparametrization invariance and N global
supersymmetries. It is not the action we want, however. The local K
symmetry of the superparticle action is lost in this generalization. As a
result 0 describes twice as many degrees of freedom as it should. Also,
the equations of motion constitute a complicated nonlinear system that is
quite intractable. Fortunately it is possible to add a second term S2 (S =
S\ + 5*2), so that the resulting action S does have local K symmetry. As
a result, half the components of 0 are again decoupled, and the equations
of motion can be completely solved, at least in a particular gauge.

The construction that restores the local K symmetry does not work for
arbitrary TV, in contrast to the superparticle case. We need to take N < 2,
so that there are at most two supersymmetries. We will present formulas
in terms of the coordinates 01 and 02 as appropriate to the N = 2 case.
The TV = 1 or N = 0 cases can then be obtained by setting one or both
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254 5. Space-Time Supersymmetry in String Theory

of the 0's equal to zero. The extra term in the action that completes the
description of the supersymmetric superstring action is

S2 = ~ f
I 0» J- •LJLU\

The alternating symbol taP is a tensor density, which explains why there
is no factor of y/h. In fact, the term £2 is completely independent of hQP.
Therefore it does not contribute to the energy-momentum tensor TQp.

The far from obvious term S2 clearly has local reparametrization sym-
metry and global Lorentz symmetry. A little work is required to verify
that it also has global N = 2 supersymmetry. To check this we consider
transformations 69A = eA and 8X^ = itAT^0A, where eAa is independent
of a and r. Substituting in (5.1.22) certain terms trivially cancel, with
the relative strength of the two terms as indicated. Terms such as

e^daX^TpdpB1 (5.1.23)

are total derivatives and can be dropped. This leaves only a term propor-
tional to

A = t^t^daO^T^dpO1 (5.1.24)

and a similar expression with 2's instead of Ts. To analyze this term we
write out components (and drop the superscripts)

A = er^eer^' - cT^e'er^ = AX + A2J (5.1.25)

where

A [[c^eer^e' + er^e'tr^ + zr^etr^] (5.1.26)

A2 = harm's? +

= l^-weer^] - ~[er*w/]. (5.1.27)

A2 is a total derivative and can be dropped. This leaves A\, which we
rewrite in the form

(5.1-28)

The bracket implies that the spinors (^1,^2,^3) = (0>0'>0) a r e

symmetrized. This expression has exactly the same structure as one in
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5.1 The Classical Theory 255

Appendix 4. A, which arose in studying the supersymmetry of super Yang-
Mills theories.

We stated there that there are four circumstances under which the
expression vanishes, and the same is true in the present case. Thus #2 is
supersymmetric only in the following four cases:

(i) D = 3 and 0 is Majorana;
(ii) D = 4 and 0 is Majorana or Weyl;

(iii) D = 6 and 0 is Weyl;
(iv) D = 10 and 0 is Major ana-Weyl.

Thus (in this formalism) the classical superstring theory exists only in
these four cases. This is the counterpart of the statement that the classi-
cal bosonic string theory exists for any dimension. This result should not
be a surprise, since supersymmetry is well-known to restrict the possible
values of D even at the classical level. Quantum considerations will single
out the D = 10 case as special, of course.

5.1.3 The Local Fermionic Symmetry

We have shown that for suitable spinor types in D = 3, 4, 6 or 10 the
action 52 preserves the global super-Poincare and local reparametrization
symmetries of S\. We now wish to show that the sum Si + S2 has a
local fermionic symmetry that is not possessed by either term separately.
In the superparticle case this symmetry involved 80A = iT • pKA. In the
string case the analog of p^ is the expression 11^ in (5.1.21). Therefore in
order to have a world-sheet covariant formula it becomes necessary for the
parameter K to carry a world-sheet vector index as well. What we need
is something quite unusual in the study of supersymmetry theory. From
the two-dimensional world-sheet point of view we have a theory without
any spinors at all that has local fermionic symmetries that transform as
vectors. The various fermionic quantities that appear are spinors in the
D-dimensional sense, of course.

The infinitesimal parameters K now carry three indices KA<xa. The index
A = 1,2 corresponds to the label on 0A. It can be truncated to a single
value to describe the N = 1 case. The index a = 0,1 is a world-sheet
vector index and a is a D-dimensional space-time index corresponding to
one of the four possible types of spinors. The spinor index a is suppressed
in most formulas. In two dimensions a vector representation is reducible
(because the Lorentz group is abelian; its irreducible representations are

When 0 is Weyl but not Majorana, ST^d^O must be explicitly replaced by

https:/www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9781139248563.006
https:/www.cambridge.org/core


256 5. Space-Time Supersymmetry in String Theory

one dimensional). The decomposition of a vector into what might be
called self-dual and anti-self-dual pieces is conveniently achieved using
the projection tensors

which satisfy the projection conditions

p±*hip± = P± (5-L3°)

p±PhPypT?=0. (5.1.31)

The KA parameters are restricted to be anti-self-dual for A = 1 and self-
dual for A = 2. Thus

ri (5.1.32)

y (5.1.33)

It will turn out that A = 1 describes right-moving modes and symmetries
whereas A = 2 describes left-moving modes and symmetries.

Let us now suppose, in analogy with the superparticle case, that

(5.1.34)

(5.1.35)

with 8hap still to be determined. Then

Six = -y/khaffUa - Slip - ±6(Vhhal3)nQ • Ufij (5.1.36)

where

(5.1.37)

The Lagrangian L2 can be rewritten in the form

L2 = -ie^U^T^e1 - tfTpdpO2) + e4 terms. (5.1.38)

Varying the explicit 0's in the II02 piece of L2 and combining with the
first term in the variation of L\ gives a term that can be precisely canceled
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5.1 The Classical Theory 257

by the second term in 6L\ for the choice
2). (5.1.39)

Since y/h ha^ is unimodular and symmetric, it is important that the right-
hand side of (5.1.39) be symmetric and traceless. The self-duality prop-
erties of K1 and /c2 as well as identities such as

P£7Pf = P^Pf (5.1.40)

ensure that this is the case. Note that this construction requires that L\
and L2 have exactly the relative coefficient given. (One can change the
sign of L2, since this corresponds to the interchanging of 01 and 02.)

To complete the proof of the local /c symmetry it is still necessary to
consider the variation of U% and the 04 terms in (5.1.38). Doing this one
finds that many terms cancel leaving

2O1Tll0
1'01Tti601 - 20Tfl00T60

- 201Ttl60101Tti0y + similar terms with 02.

This is exactly the combination that cancels for the four special types of
spinors listed above. Thus the local K symmetry can be implemented in
just those cases when the global e symmetry can.

In addition to the local reparametrization and fermionic symmetries
there is a further local bosonic symmetry of action Si + S2. One way
of discovering it is by considering the algebra of K transformations. The
closure requires further local bosonic transformations with parameter Xa

601 = ^ ^ a

#-**v»f*. (5.L42)
= 0.

The proof that Si + S2 is invariant under these transformations requires
manipulations similar to those used to verify the local K symmetry.

The equations of motion for the supersymmetric superstring action are

na • n̂  =^ka^
suy • us

P^dpO1 =0
(5.1.43)

fP =0

0« [>/&(&"%A* - 2iP°l361r>ldl}01 - 2iPffr>ldl}62)] = 0.
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258 5. Space-Time Supersymmetry in String Theory

The first of these corresponds to TQp = 0. These are complicated nonlinear
equations, but we will show later that they collapse to simple free theory
equations in the light-cone gauge.

In the point-particle case, the supersymmetric action with N 0 coor-
dinates possesses a manifest global SO(N) symmetry corresponding to a
rotation of these variables into one another. In the superstring case we
were only able to emulate the superparticle construction for N = 0, 1 or
2. However, there is no global rotation symmetry in any of these cases.
In the N = 2 case the 50(2) symmetry is explicitly broken by 52. One
implication of this fact is that a global U(l) symmetry of the type IIB
supergravity theory in D = 10 (described in §13.5.2) is not preserved by
its superstring extension.

5.1.4 Type I and Type II Superstrings

In ten dimensions - the critical value for superstring theory - we have
seen that the 0 coordinates in the superstring action must be chosen to
be Majorana-Weyl spinors. This means, in particular, that 01 and 02

must each be assigned a definite handedness. The overall meaning of left
and right is a matter of convention, but there are two physically distinct
possibilities. Either 01 or 02 are chosen to have the same handedness
or to have the opposite handedness. In the case of closed strings the
only boundary conditions that are imposed are periodicity in a. This
is possible in either case, since it does not relate 01 and 02. For open
strings, on the other hand, we will show in §5.2.1 that 01 and 02 must
be equated at the ends of the strings. Since a left-handed spinor cannot
equal a right-handed one, this is only possible in the case when 01 and-02

have the same handedness.
A superstring theory based on open superstrings is called a type I super-

string theory. It will be explained in §5.2.1 that the open-string boundary
conditions reduce the space-time supersymmetry to N = 1 only, which
is part of the motivation for the name 'type I'. A theory of open strings
can have Yang-Mills group-theory quantum numbers corresponding to
any classical group introduced by attaching charges at the ends of the
strings. This method, known as the Chan-Paton method, will be ex-
plained in detail in §6.1.1. Any group choice is consistent for a classical
(tree-level) theory of interacting open strings. However, at the quantum
level consistency conditions explained in chapter 10 require the unique
choice 50(32). It will be explained in §6.1.1 that when the group is or-
thogonal or symplectic the strings are unoriented. Thus the unique type I
superstring theory that appears to be quantum mechanically consistent
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is one based on the group 50(32). It consists of interacting unoriented
open and closed strings. Closed strings are required in the quantum the-
ory, since as will be explained in chapter 8, open strings must be allowed
to join ends giving rise to closed strings. Since the closed strings have no
free ends, they are necessarily singlets of the Yang-Mills group.

Let us now consider theories based on closed superstrings only. If 01

and 02 have opposite handedness the resulting theory necessarily involves
oriented strings, since 01 describes modes that propagate one way around
the string while 02 describes modes that propagate in the opposite direc-
tion. This theory has two conserved D = 10 supersymmetries of opposite
handedness. (The equation 60 = e shows that the chirality of the
supercharge is directly controlled by the chirality of the corresponding
0 coordinate.) The theory with two conserved supercharges of opposite
chirality is called type IIA. This theory turns out, as we will see, to be left-
right symmetric (nonchiral). It has no freedom to introduce a Yang-Mills
group.

The remaining possibility is to base a theory of closed superstrings on
two 0 coordinates of the same handedness. In this case one has the op-
tion of symmetrizing the left- and right-moving modes to define a theory
of unoriented closed strings or to not do so leaving a theory of oriented
closed strings. In the former case one is back to the closed-string sector of
the 50(32) theory. As has already been mentioned, consistency requires
including 50(32) open strings at the same time, giving the type I super-
string theory. If no restrictions are made, so that one has a theory of
oriented closed strings, there are two space-time supersymmetries of the
same handedness. This is the type IIB superstring theory. It is obviously
a left-right asymmetric (chiral) theory. In chapter 13 we will present ev-
idence for the quantum mechanical consistency of type IIB superstring
theory. It also has no freedom to introduce a Yang-Mills group.

There is yet another possibility for constructing a consistent supersym-
metric string theory. It is based on using only one 0 coordinate rather
than two. In this case, one is led to the heterotic string theories, which
are introduced in the next chapter.

5.2 Quantization

The structure of phase-space constraints in the supersymmetric super-
string action makes covariant quantization very difficult, perhaps even
impossible. The problems that arise will be discussed §5.4. Fortunately,
quantization works very nicely in the light-cone gauge, so we concentrate
on its description. This leads to a formalism that allows many explicit am-
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260 5. Space-Time Supersymmetry in String Theory

plitude calculations to be done much more easily than is possible by other
methods. A number of such calculations will be described in subsequent
chapters.

5.2.1 Light-Cone Gauge

In order to be specific, the following discussion assumes that D = 10
and that the spinors 01 and 02 are Major ana-Weyl. The analysis can be
repeated with only minor changes for D = 3, 4 or 6 using the appropriate
spinor types for each case. However, for those dimensions the Lorentz
algebra commutator [J1", J3~] fails to vanish. In the D = 10 case with
two 0 coordinates there are two physically distinct alternatives explained
in §5.1.4. Either 01 and 02 have the same chirality (handedness) or they
have opposite chirality.

The local reparametrization and Weyl invariances and the local K
fermionic symmetries allow for a number of gauge choices to be made.
Specifically, if no anomalies of the quantum theory invalidate the choice,
the former allows us to set hap = 7/a^, as usual. (We ignore here global
questions that arise in loop diagrams.) Unlike the world-sheet actions of
previous chapters this does not yet linearize the equations of motion. To
achieve this we must also use the residual reparametrization invariance
and K symmetry to make light-cone gauge choices as follows. Firstly we
can use the K symmetry to enforce the condition

T+01 = F+02 = 0. (5.2.1)

These conditions utilize a light-cone component of the ten-dimensional
Dirac matrices

r± = -4=(r° ± r9). (5.2.2)
v2

The matrices F + and F~ are nilpotent, e.e.,

(r+)2 = (r-)2 = 0, (5.2.3)

but their sum is nonsingular. It follows that exactly half the eigenvalues of
each must be zero. Therefore the gauge choice (5.2.1) amounts to setting
half the components of 0 equal to zero. This is the number of components
that are decoupled as a consequence of the local K symmetries. For reasons
to be explained soon the equations for X+ and X% obtained from (5.1.43)
are simply free wave equations. Then, as for the bosonic theory, the
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residual conformal invariance can be used to impose the condition

Y+(rr r\ — T + -U r&T (^ 9 A\
sv yu, TJ — X -\- p T. yO.^i.^)

This amounts to setting all the a+ modes with n ^ 0 equal to zero, just as
in §2.3.3. As discussed in chapter 4, a generic spinor in ten dimensions has
32 components. The Majorana condition makes them real and the Weyl
condition sets half equal to zero, leaving 16 real components. The light-
cone gauge condition reduces the count by another factor of two leaving
just eight real components. The only manifest symmetry in the light-cone
gauge is the rotational invariance of the eight transverse dimensions. Thus
the eight surviving components of each 9 can be regarded as forming an
eight-dimensional spinor representation of the transverse 50(8) group, or
more precisely its 'covering group' spin(8). The Dynkin diagram of the
rank-four Lie algebra 50(8) = D4 possesses a symmetry, referred to as
triality, described by a six element automorphism group. The automor-
phisms permute inequivalent irreducible representations having the same
dimensionality. For example, there are three eight-dimensional irreducible
representations. One is the fundamental vector representation 8V, which
is obviously real, and the other two are spinor representations, 8S and 8C.
They are also real; indeed, this follows from triality. We use the letters
i, j , k for 8V labels (e.g., X1), a, 6, c for 8S labels, and a, 6, c for 8C

labels. (Upper and lower indices are equivalent in each case.) For more
details about properties of 5O(2n) in general and 50(8) in particular see
appendix 5.A.

Using the symbol 5 for the eight surviving components of 9 in the
light-cone gauge, we have

- > 5 l a o r 5 1 A (5.2.5)

->52 aor52 < i . (5.2.6)

The determination of whether the 8S or 8C representation occurs in each
case is controlled by the chirality of the corresponding 9 in ten dimensions.
We may choose 51 to belong to 8S as a convention. Then 52 belongs to 8S,
as well, for type I and IIB theories, but to 8C for the type IIA theory. In
writing explicit formulas we use the symbols Sla and 52 a as appropriate
to the former case, but the latter possibility should be borne in mind.

The equations of motion (5.1.43) collapse dramatically in the light-cone
gauge. The important point to realize is that T+9 = 0 implies that 9Ttida9
vanishes unless fi = —. This is obvious for fi = -f, while for fi = i one can
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insert 1 = (r+F~ + r T + ) / 2 and note that both terms vanish due to T+
multiplying 0 either to the left or the right. As a result one is left with

(£. iLW-O (527)

(I" + f) SU = ° (5-2-8)
\dr da)

( T - 4-) S2a = 0. (5.2.9)

These equations are identical to those satisfied by X\ ipl_ and V>+ in the
light-cone gauge version of the formalism of chapter 4. The only differ-
ence is that the Fermi coordinates now belong to a spinor representation
of spin(8) rather than a vector representation. Because of triality this
makes many equations essentially isomorphic, but there are also profound
differences.

The equations of motion for the light-cone gauge string coordinates
given above can be obtained from the action (with the string tension
explicitly included)

Sic = - 4 / d2a{TdaX
i8aXi - -TpadaS

a), (5.2.10)

where Sla and S2a have been combined into a two-component Majorana
world-sheet spinor Sa. Sla and 52 a can be regarded separately as one-
component Majorana-Weyl world-sheet spinors describing right- and left-
moving degrees of freedom, respectively. Something rather remarkable
has just happened. In the covariant action of §5.1.2, the variables 0Aa

transform as world-sheet scalars. Yet, by the time the light-cone gauge
has been fixed, the remaining nonzero components metamorphose into
world-sheet spinors!

The quantization of the X% coordinate determined by (5.2.10) is the
same as in the preceding chapters. The SAa coordinates have canonical
anticommutation relations

{SAa(a, r), SBb(a', r)} = 7r6ab6AB6(a - a1). (5.2.11)

In order to give explicit mode expansions of the S coordinates, we
still need to specify boundary conditions. For open strings this requires
relating S1 and S2 at the ends of the strings, just as we did for the tp
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coordinates in §4.1. If we insist that at least one of the supersymmetries
of the action is not broken by the boundary conditions then it is important
that there is a zero mode of the S coordinates. This means that we do
not have the freedom we had in the discussion of §4.1 concerning relative
sign conventions at the two ends of the string; space-time supersymmetry
is only valid if we make the same choice at each end. The appropriate
choices are

Sla(0,r) = S2a(0,r) (5.2.12)

Sla(7r,r) = S2a(7r,r). (5.2.13)

Because of the global supersymmetry transformation formula 69A = eA,
we see that this choice requires equating e1 and e2, thereby reducing the
supersymmetry to N = 1. Hence the name Hype P. We also see that the
boundary conditions require that S1 and S2 belong to the same spin(8)
representation. If one were to introduce a minus sign in (5.2.13), anal-
ogous to that used for the bosonic superstring sector in the formalism
of chapter 4, this would completely destroy the supersymmetry. Under
special circumstances this can also lead to interesting theories.

The open-string mode expansions that follow from (5.2.10) are

S2>, r) = -L f; Sa
ne-in^'\ (5.2.15)

y J l - o o

Reality of these coordinates implies that

Sa-m = (Sa
m)\ (5.2.16)

The canonical anticommutation relations, expressed in terms of the ex-
pansion coefficients, become

(5.2.17)

As always, the only boundary condition for closed strings is periodicity

SAa(<r, T) = SAa(<r + 7T, r ) , (5.2.18)

so that the mode expansion becomes

Sla(a, T) = ^ Sa
ne-2i<T-^ (5.2.19)

In chapter 9 we shall discuss a theory of this type - the SO( 16) x 50(16) theory
- which has no space-time supersymmetry.
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S2a(a, r) = J2 Sa
ne-2i<T+°\ (5.2.20)

with independent sets of modes for right and left movers. If 51 and S2

belong to different representations (8S and 8C), this describes type IIA
superstrings, which are necessarily oriented. Otherwise it gives type IIB
superstrings if the strings are oriented or type I closed strings if they are
not.

The equivalence of the formulation of superstrings given in this chapter
and the one in chapter 4 can be understood as follows. The light-cone
gauge action in (5.2.10) can be related to the light-cone gauge action
(with T = 1/TT again)

'Lc. = - - ^ / d2a(daX
idaXi - i (5.2.21)

of chapter 4. In one case the world-sheet spinor Sa belongs to the 8S

representation of spin(8) and in the other case the world-sheet spinor ip*
belongs to the 8V representation of spin(8). This is a meaningful dis-
tinction and not just a convention about names, since in both cases X%

belongs to the 8V representation.
The relationship between the light-cone theories can be described by

bosonizing the fermions ?/>* and then re-fermionizing them. This is done
by first introducing four real scalars by

— " ^ = fp"*2

V71"

^4 ? / V
71"

Next we reshuffle the scalars into the combinations

°\ = l(<f>i + <t>2 + h + <f>*)
<?2 = \{<t>\ + fo-fo- fa)
<?3 = \(<j>\ ~ <j>2 + <f>3 - fa)

(74 = \(<f>\ - <t>2 - fa + fa)-
Bosonization of fermions was described in chapter 3, where it was shown that
upon bosonization a fermion current Ja is expressed as the derivative of a scalar
field. The formulas were written there in holomorphic or light-cone coordinates;
in any coordinate system Ja ~ eaf3d(3<j>, which is obviously conserved.
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Finally we re-fermionize them, introducing eight new Majorana fermions
Sa with

^f (5.2.24)

4=^^(74 = S V S*.
V71"

The 50(8) or spin(8) symmetry is not particularly manifest in this trans-
formation. The only 50(8) generators that are manifest in the construc-
tion are the four corresponding to the currents used in (5.2.22). They
commute with each other and are in fact a maximal commuting set of
50(8) generators. A maximal commuting set of generators is known as
a Cartan subalgebra. Because of the factors of 1/2 in (5.2.23), the Sa

defined in (5.2.24) have half-integral quantum numbers under the Cartan
subalgebra and transform as spinors of 50(8). In fact, they transform
in the 8S representation, while 8C could be obtained by changing some
signs in (5.2.24). This assertion can be proved rigorously by study of the
explicit bosonization formulas %j) ~ c1^ discussed in chapter 3, but we do
not attempt this and here thus view the above as a heuristic explanation
of the relation between the different formalisms. The rationale behind
some of the above steps should become clearer in the discussion of triality
in appendix 5.A.

There is a very important subtlety here. Bosonization of fermions in
infinite volume is comparatively straightforward, but in finite volume (on
a string, for instance), there are various complications, some of which
we saw in chapter 3. In particular the bosonization and subsequent re-
fermionization introduce changes in the fermion boundary conditions, as a
result of which the Lagrangians in (5.2.10) and (5.2.21) are almost, but not
quite, equivalent. In fact, the distinctions are of fundamental importance.
As we have seen by studying the representations of the Sa and the 0*
algebras, the Lagrangian (5.2.10) automatically describes supersymmetric
multiplets of bosons and fermions. The corresponding states are obtained
from the Lagrangian (5.2.21) by quantizing with one set of boundary
conditions to give the fermions and then with another set to give the
bosons. After that one must truncate the spectra in each sector to the
subspaces with (~l)F = +1.
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5,2.2 Super-Poincare Algebra

One of the advantages of the present formulation compared to that of
chapter 4 is that space-time supersymmetry can be described in a rel-
atively simple way. To simplify the discussion we drop the index A, as
appropriate for open strings or one sector (left- or right-moving) of closed
strings. To see how supersymmetry works in the light-cone gauge, recall
that for the covariant action of §5.1.2, the transformation formulas in-
clude 60 = e. This formula does not preserve the gauge choice T~*~0 = 0
unless F+e = 0. For such e, ~e~T%0 = 0, as can be shown by the reasoning
described above. Thus these eight supersymmetries can be described in
spin(8) notation by

6Sa =y/2^r)a (5.2.25)

6X{ =0. (5.2.26)

This is obviously an invariance of the light-cone gauge action (5.2.10).
The factor of y2p+ is inserted for later convenience.

The other eight components of the supersymmetry transformations have
F+e ^ 0. They correspond to an 8C spinor ea. In order to preserve T+0 =
0 it is necessary to combine the e transformation with a K transformation

60 = e + 2ir-nQKQ, (5.2.27)

where K is chosen in terms of e in such a way as to ensure that the right-
hand side is annihilated by F + . The resulting redefined e transformation,
expressed in spin(8) notation, is

SSa = -ip • dX^aaC* > /§F (5-2.28)

SXi = 2 7 L ^ 5 0 / ^ / V : . (5.2.29)

The 7 ^ are Clebsch-Gordan coefficients for coupling the three inequiv-
alent eight-dimensional representations. An explicit representation and
a discussion of their properties are given in appendix 5.B. As a check of
these formulas, the reader should verify that they leave the action (5.2.10)
invariant. The transformations in (5.2.29) look like supersymmetry trans-
formations of two-dimensional field theory. The ea would, in that case, be
viewed as the parameters of eight two-dimensional supercharges.

The anticommutation of two supersymmetry transformations gives a
space-time translation, which is interpreted in the light-cone gauge as the
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combination of a translation in the world sheet and a translation in the
transverse direction. This can be seen by considering the action of two
successive transformations (with parameters 7]^a, e^a and 7/(2)a, e^a)
on the coordinates. The result is

[<M2]*1' = fdaX* + a\ (5.2.30)

[Su62]Sa = ^daS
a, (5.2.31)

where the equation of motion p • dSa = 0 has been used in evaluating
these expressions. The £a are associated with the anticommutator of two
t- transformations and are translations in a and r given by

(2). (5.2.32)

The a% is a translation of the transverse coordinates, given by

a' = v/^VeW - Va^tyV2*. (5.2.33)

The conserved rja and ea supersymmetry charges can be deduced by the
Noether method by an extension of the procedure used for obtaining the
Poincare charges in chapter 2. A short-cut to the result is to notice from
the expressions (5.2.25) and (5.2.26) that the rja transformation is simply
generated by

Qa = (2p+)V2Sl (5.2.34)

whereas the ea transformations in (5.2.28) and (5.2.29) are generated by

These 16 charges are the components of a covariant Majorana-Weyl
spinor, which satisfies a supersymmetry algebra {(J, Q} ~ (1 ± F n ) r • p.
In spin(8) notation this equation splits up into three pieces

{Qa,Qb} = 2P
+6ab (5.2.36)

{Qa,Q*} = ^ 7 i i P ' ' (5-2-37)

i i i i , (5.2.38)
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where

) (5.2.39)

is the light-cone Hamiltonian in which

N = E (a-™«m + ™S*_mS°m) . (5.2.40)
m=l

Normal ordering is trivial in this case (just as in the R sector of the RNS
model) because of a cancellation of zero-point energies of the a modes
and the S modes. The mass-shell condition is simply H = p~. Note that
the Qa are square roots of p + and Qa are square roots of H.

Let us now consider the Lorentz generators. The covariant Lorentz
rotation of a spinor 0 generated by b^J^ is proportional to b^j^O.
Such a transformation preserves 7+0 = 0 for J + t , JIJ* and J+~, but
not for J'~. Thus the correct transformation in the latter case requires
compensating £ and K transformations to restore the gauge condition. As
a result, all the generators except for J%~ are the obvious expressions
that follow from inserting the gauge choices in the Noether charges of
the covariant action. The J%~~ are more complicated, as they were in
the cases previously considered. The results are similar to those of the
previous chapters

(5.2.41)

where

P" = x»pv - xvp» (5.2.42)

and

n=l

In evaluating E^v it is to be understood that a+ = 0 (and hence E^ = 0)
and, by solving the Virasoro conditions for the coordinate X~~(<J, T) as in
chapter 2,

+ (m - ^)Sa
n_mSa

m). (5.2.44)
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In particular, aQ = H. The K^v are given by

= 0

—OO

. OO

The algebra of the an and / ^ is exactly the same as it was in chapter 4,
where the formulas (in the fermionic sector) involved d*n oscillators instead
of the S% ones. The reason for this isomorphism can be understood in
terms of the triality symmetry described in appendix 5.A. It therefore
follows, as a consequence of the algebra in chapter 4, that [J*~, JJ'~] =
0, proving Lorentz invariance for D = 10. Now, however, we are in a
position to describe the full super-Poincare algebra. The anticommutator
of two supersymmetries has already been described. All that remains is
to examine the Lorentz transformations of the supercharges to prove that
they transform into one another as the components of a D = 10 spinor.
The algebra is reasonably straightforward. One finds, for example, that

r - , Qa] = - i

(5.2.46)
For type II theories there are two sets of supercharges. In functional

form one has (in the IIB case)

* = J dvPfar) (5.2.47)
0

H = - L ; / </(7[TT2(P;)2 + (X1')2 - iS^11 + iS2S21] (5.2.48)
27Tp+ J

(5.2.49)

0
7T

7T
0
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D%
T - X9i) (5.2.50)

Q* = I(p+)-i/2 / da(YS2)
h(7rPt

T + Xfi), (5.2.51)
^ J

o

where
1 • • o

r^<7, Tj = — A (^, TJ = —2 • - . (O.Z.OZj

There are analogous expressions for the J^v.

5.3 Analysis of the Spectrum

Let us now examine the spectrum of physical states arising in the various
theories that we have formulated. As in §2.3.4, we use the light-cone for-
malism so that we can count physical degrees of freedom directly without
analyzing constraints. Even in this context there are a number of differ-
ent routes we can follow. They include the RNS formulation of §4.3.2,
and the spin(8) supersymmetric formulation described here. We mention
both in this section, but concentrate mainly on the spin(8) description. In
chapter 11 we will describe a light-cone formulation that uses coordinates
belonging to representations of a SU(4) xf/( l) subgroup of spin(8); it is
useful for functional integral calculations.

5.3.1 Open Superstrings

Open-string boundary conditions lead to a single set of bosonic and
fermionic modes, corresponding to standing waves on the string. They
also restrict the possible supersymmetry to N = 1. Internal symmetry
changes can be attached to the ends of open strings by a procedure that
was introduced in chapter 1 and will be further described in chapter 6. It
will be shown there that this results in oriented strings for U(n) groups
and unoriented strings for SO(n) or USp(n) groups. The massless states
necessarily belong to the adjoint representation in each case. We ignore
these symmetry-group quantum numbers for the discussion in this section.

Let us begin by analyzing the massless sector, which is the ground
state of the spectrum since there are no tachyons. As shown in §4.3.2, the
formulation with world-sheet supersymmetry, analyzed in the light-cone
gauge, gives massless bosons that form a transverse eight-vector b\,2 |0).
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A 16-component Majorana-Weyl u(p) describes the massless fermions re-
quired to represent the Dirac algebra. However, only half of these fermion
degrees of freedom, corresponding to an 8C representation of spin(8), say,
propagate once the Dirac equation ^-pii = 0 is imposed. Thus there are
eight Bose and eight Fermi modes, corresponding precisely to the particle
content of the super Yang-Mills theory in D = 10.

Now let us re-examine the massless spectrum in the supersymmetric
formulation. In the spin(8) description, the ground state must represent
the algebra {SQ,SQ} = 6ab. Because of triality, which is explained in
appendix 5.A, this can be achieved in exactly the same way the Clifford
algebra {7f,7J'} = 2<5U is represented in appendix 5.B

(5.3.1)

The representation space in this case is 8V + 8C, which is the complete
supermultiplet obtained by two separate constructions in the RNS formu-
lation. Let us represent this 16-dimensional multiplet of massless ground
states in Fock-space notation by |<̂ o)-

These massless ground states described by |<̂ o) consist of eight Bose
states in the 8V representation of spin(8), denoted by |i), and eight Fermi
states in the 8C representation, denoted by \a). The states are normalized
so that

<itf)=fy, (a\b) = Siit (5.3.2)

and the identity operator in the space of SQ is given by

I=\i)(i\ + \a)(a\. (5.3.3)

In order to study properties of the $0 operators, it is useful to note the
'Fierz' identity

2 2 (5.3.4)

which can be checked by, for example, multiplying by 7^ and using the
properties of the matrices 7 ^ given in appendix 5.B. Notice that the only
independent tensor that can be made out of two 5o's, other than £lJ, is
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i # , defined by

\ (5.3.5)

This is the zero-mode piece of iKtf, defined in (5.2.45) and therefore
satisfies the commutation relations

, Rk
0'] = SaRik - 8ikRll + 6>kRij - VlR$. (5.3.6)

Comparing this with the Lorentz algebra satisfied by K%$ in §4.3.1 we see
that —iRlQ is the operator that rotates the spin of a state but does not
change its mode number. In particular, the massless vector state should
transform as follows

-6ik\j), (5.3.7)

and the massless spinor state should transform as

* ? > > = - H i i 6 > . (5-3-8)

The fact that the operator SQ maps the states \i) and \a) into each
other means that

Sao \&) = - U ; « \i)
Y (5.3.9)

The normalizations in these expressions are determined by applying SQ
to both sides of the equations and using (5.3.4) together with (5.3.7) and
(5.3.8).

It is convenient to attach physical wave functions to these states. In
light-cone coordinates the sixteen real components of the Majorana-Weyl
spinor are represented by (ua,ua). As explained in appendix 5.B, the
Dirac equation in this basis (in momentum space) takes the form

(5.3.10)

Since k~*~ = id/dx~ is not a time derivative in the light-cone system of
coordinates, the first equation expresses a constraint that determines ua
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in terms of ua

The components ua are therefore the eight physical degrees of freedom
satisfying the equation that results from eliminating ua, which is simply
the Klein-Gordon equation k2 = 0. The state \u) is defined by

\u) = \h)uh{k)lVk+. (5.3.12)

The wave function for the vector state is the polarization vector CM(k),
which satisfies the physical conditions k2 = 0 and

= 0. (5.3.13)

Also, in the light-cone gauge

C+ = 0. (5.3.14)

Equation (5.3.13) is a constraint equation that determines £"~ in terms of
the eight unconstrained components (l

(~ = fl'(]fe)Jfel7jfe+. (5.3.15)

This corresponds to the statement that only the transverse degrees of
freedom of the Yang-Mills vector potential are independent degrees of
freedom. The vector state |£) is defined by

10 = \i) C(k). (5.3.16)

We know from appendix 4.A how the massless fields of supersymmet-
ric Yang-Mills theory transform under supersymmetry transformations.
The free-field (or linearized) limit of these transformations corresponds
to the supersymmetry transformations of the physical wave functions. In
considering the transformations in the light-cone gauge it is necessary to
include compensating gauge transformations in order to preserve the con-
dition A+ = 0 in the transformed system. From appendix 4.A we learn
that the linearized Yang-Mills supersymmetry transformations, including
these compensating gauge transformations with gauge parameter A(;r),
are

-erl'tf> + &iA (5.3.17)
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Sib — —FnvV^ve. (5.3.18)

The condition SA~*~ — 0 determines that

A = - - ^ j : e r + ^ - (5.3.19)

As a result the supersymmetry transformations of the transverse compo-
nents A1 are given by

SA{ = -eFlV> - i-^—eT+ip, (5.3.20)
2 2p+

while the transformation of ifi is unaltered at the linearized level. To
translate these statements into the eight-component 50(8) notation we
have to split the 16 components of the Majorana-Weyl parameter e into
its 50(8) pieces r]a and ea corresponding to the projections

~ r,', i r - r+e ~ ed, (5.3.21)

where ~ means that the absolute normalization is arbitrary. Similarly,
the spinor ifi decomposes into the 50(8) pieces ipa and i\)a. Using the fact
that

er+ = er-r+ / \ /2 , eT~ = cT+r-/V5, (5.3.22)

it is easy to pick out the different 50(8) pieces of (5.3.20) and (5.3.18).
The transformations of ( and u are given by the identifications ( ~ A and
u ~ i\) (making allowance for the fact that the spinor wave function ir~is
made out of ordinary numbers while xj) consists of Grassmann numbers).

These transformations can also be deduced by considering how super-
symmetry is realized on the states of the massless multiplet \u) and \(),
This entails using the formulas for the zero modes of the supercharges
derived earlier

Qa = (2p+)1/250
a (5.3.23)

Qd = (p + ) - 1 / 2 7 idP^ . (5.3.24)

One finds for the rj transformations, defined in (5.2.25) and (5.2.26),

r,aQa |tt) =7ia(2k+)V2SZ\a)u\k)/Vk+
(5.3.25)
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and

vaQa\O=va(2k+)^2Sa
0\i)C(k)

(5.3.26)
=^(*+)1 / 27ldia>CW = |fi).

In these expressions ( and u are the wave functions that result from rja

supersymmetry transformations on ua and (\ respectively. They are given
by

C = lLvaud(k) (5.3.27)

and

fi4 = VakHaC(k). (5.3.28)

These formulas are the same as those obtained above from the Yang-
Mills field transformations. Similarly, one finds for the e supersymmetries
generated by Qa that

<?Qk 10 = |fi>, (5-3.29)

and

e a 0>> = \~Q, (5.3.30)

where the transformed wave functions in this case are given by

^ ^ ( ^ O W + ^ W (5-3.31)

and

c = ^Hy + preW- (5-3-32)
Again these agree with those obtained from Yang-Mills theory.

Now let us examine the massive superstring spectrum. The excited
(massive) open-string states are most easily obtained by applying a%_n

and S^_n excitations to the ground state |<̂ o)« The number of fermions at
every level made in this way is the same as obtained in the RNS formalism.
Half of the states at each level are fermions, so their number is obviously
the same as the number one gets by applying al_n and d%_n excitations to
an eight-component ground state. The number of bosons is manifestly the
same as the number of fermions and therefore also agrees with the GSO
projected spectrum. Now, however, we are guaranteed to have complete
supersymmetry multiplets, since the construction of §5.2.2 provides an
explicit realization of the algebra on the physical spectrum.
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At the first excited level the physical states are

oLdfo), Siilto), (5.3.33)

describing a total of 128 bosonic and 128 fermionic modes. It is not
hard to demonstrate these fit into spin(9) multiplets, as must happen for
massive states. The spin(9) representations that arise are 44 + 84, CO ê-
sponding to Young tableaux m -f B for the bosons, and a 128 'spin 3/2'
multiplet for the fermions. This is the same particle content as occurs
in 11-dimensional supergravity. This is not too surprising since the rep-
resentation theory of massive multiplets in D dimensions is the same as
that of massless ones in D + 1 dimensions.

At the second excited level (a'M2 = 2) the spectrum contains

aL2\<h), Sa_2\<f>0), a'ljoijlto)

SliStdfo), a'-i^^o), (5.3.34)
describing a total of 2304 modes. The content can be summarized most
succinctly in terms of spin(9) multiplets in the form

9 ® (44 + 84 + 128). (5.3.35)

This is an irreducible massive N = 1 supermultiplet with spins ranging up
to three (since 9 contains 'spin 1' and 44 contains 'spin 2'). Irreducible
supersymmetry multiplets can be described quite generally as the tensor
product of a fundamental supersymmetry multiplet with any irreducible
spin representation. In the case at hand, (44 + 84 + 128) is the funda-
mental massive supermultiplet. At the third excited level there are 15,360
states forming two supermultiplets given by

(44 + 16) ® (44 + 84 + 128). (5.3.36)

Asymptotically, the total number of supermultiplets of mass M is an
exponentially increasing function of M. This is evident since the total
degeneracy increases exponentially, whereas the size of the largest super-
multiplet occurring at the nth level only increases polynomially.

The asymptotic density of the states can be calculated by the same
techniques employed in §2.3.5. In the present case the degeneracies dn are
given by

n=0 n=l

where N is the sum of the number operators for the al
n modes and the S%

modes, (5.2.40), and the trace is over both sets of oscillators. (This is to

https:/www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9781139248563.006
https:/www.cambridge.org/core


5.3 Analysis of the Spectrum 277

be distinguished from the 'supertrace' in which there is an extra factor of
(—1) that gives a minus sign to the contributions of the fermions. The
supertrace obviously vanishes in a supersymmetric theory.) The factor of
Y[(l — wn)~s comes from the bosonic trace in just the same way as for the
bosonic string. For n > 0 the fermionic states that form the basis for S*
are either occupied or unoccupied giving a contribution of the form (1 +
wn) for each mode. This results in the infinite product in the numerator.
The factor of 16 is the degeneracy of the ground state. The asymptotic
behavior of the density of states can be deduced by the same kind of
technique that was used in §2.3.5. In this case the asymptotic behavior
of (5.3.37) is determined by expanding exp (X^m[(l ~~ ^ n ) / ( l + w71)]) f°r

w —• 1, which gives

A more precise estimate including the prefactor can be obtained from the
generalization of the Hardy-Ramanujan formula,

( r r ^ ) ( ^ ) (5.3.39)
71 = 1 ^ ^

where 9± and #2 are Jacobi theta functions. The definitions of these func-
tions and their transformations under w —* exp(?r/ lntu) are explained in
the context of loop-diagram calculations in appendix 8.A. By using the
same contour argument as in §2.3.5 we conclude that

dn ~ n"nf4exp(^y/8nj (5.3.40)

for n —> oo, or

p(m) ~ m" 9 / 2 exp(m/m0) (5.3.41)

for m —> oo with

mo= (W&7)~ . (5.3.42)

5.3.2 Closed Superstrings

The description of closed strings requires two sets of modes, one for right
movers and one for left movers. In particular, the massless states are
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described by direct product states |<̂>o) x |<̂ o)- There are two cases to
be distinguished according to whether the original two Majorana-Weyl
spinors have the same chirality or the opposite chirality. In the case where
they are distinct no symmetrization of the the two factors is possible and
the massless multiplet necessarily contains 16 x 16 = 256 modes. Its
spin(8) content is given by the tensor product of two super Yang-Mills
multiplets of opposite chirality

(8V + 8C) ® (8V + 8B) = (1 + 28 + 35V + 8V + 56V)JJ
(5.3.43)

+ (8 + 8 + 56 + 5 6 )

where B labels bosonic states and F labels fermionic ones. This is the
particle content of type IIA supergravity in D = 10. It is the same
nonchiral multiplet as one obtains by a trivial dimensional truncation of
D — 11 supergravity.

If both spinors belong to the the same chirality representation, and
no other restrictions are imposed, there are again 256 modes. However,
the spin(8) content of the massless multiplet is now given by the tensor
product of two super Yang-Mills multiplets of the same chirality

(8V + 8C) ® (8V + 8C) = (1 + 28 + 35V + 1 + 28 + 35C)5 (5.3.44)
+ (8s + 8s + 56s + 56s)ir.

This is the particle content of the chiral type IIB supergravity theory in
D = 10. It cannot be obtained by dimensional reduction of a theory
in a higher dimension. The 35V represents the graviton, whereas the 35C

corresponds to a fourth-rank antisymmetric self-dual tensor.
When the two spinors are the same type, as in the last case discussed,

it is possible to impose a symmetrization restriction keeping only terms
that are invariant under interchange of |^o) and |<̂ o). This corresponds
to a graded symmetrization in the tensor product of super Yang-Mills
multiplets

[(8V + 8C) X (8V + 8c)]graded sym
= (8V x 8v)sym + (8V

 x 8C) -f (8C x 8c)antisym (5.3.45)

This is the particle content of chiral type I supergravity in D = 10.
In constructing massive closed-string states it is necessary to have equal

left-moving and right-moving excitations (Lo = LQ). This is necessary in
order that the functional field be independent of the choice of an origin for
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the a parameter. It follows that the rule we found for massless levels is also
true for massive ones. Namely, the closed-string states at the nth massive
level are given by the tensor product of the open-string states at the nth
massive level with themselves. This is true even for the type II theories,
which do not admit open strings. (The reason they do not is that they
have two gravitinos, which would have to couple to two supercurrents
to make a consistent theory, but the open-string multiplets only have
N = 1 supersymmetry.) Note that the massive open-string multiplets
are nonchiral, and therefore the massive multiplets of the type IIA and
type IIB theories are completely identical. The only difference in the
spectrum of the two theories is in the massless sector. Thus the first
excited level of either theory has (256)2 states given by

(44 + 84 + 128) ® (44 + 84 + 128). (5.3.46)

The component factors are N — 1 massive multiplets, and, as a result, the
tensor product is an TV = 2 massive multiplet. The two supersymmetries
act on the two factors separately. In other words, one supercharge acts
only on left-moving modes and the other acts only on right-moving modes.
For type I closed strings a graded symmetrization is required, leaving
|(256)2 states. Such multiplets only have one supersymmetry, which is
generated by the sum of the two supercharges of the N = 2 theory.

The asymptotic density of closed-string states can be inferred from
that of the open-string ones. The density for type I and type II closed
strings only differ by a factor of two, which is a finer distinction than we
are keeping track of. If there are dn open-string states with olrr? — n,
then there are (dn)

2 closed-string states with a'm? = An. Thus

d* = (d%>)2 - n - ^ e x p U T T ^ j (5.3.47)

for n —> oo, which implies that

pc\m) ~ m-10exp(m/m0) (5.3.48)

for m —» oo with

mo= (W&7)~ . (5.3.49)

For type I superstrings, the open- and closed-string sectors have the
same critical temperature mo. The open-string states are more numerous
asymptotically, however, because of the power of m that multiplies the
exponential.
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5.4 Remarks Concerning Covariant Quantization

Covariant quantization of the supersymmetric superstring action encoun-
ters obstacles that did not occur in the analysis of chapters 2 and 4. The
action gives rise to a complicated system of phase-space constraints re-
lating the canonical momenta and the coordinates. However, there is a
well-defined calculus for quantizing constrained Hamiltonian systems that
was developed by Dirac that can be applied.

To apply Dirac's procedure it is necessary to distinguish two classes of
constraints, called 'first class' and 'second class'. Constraints that form a
closed algebra are called first-class constraints. The Virasoro and super-
Virasoro constraints in the preceding chapters were of this type. We
described in those chapters two ways of dealing with the constraints while
preserving manifest covariance. In the old method, they are imposed as
weak operator conditions on the string Fock space. In the modern ap-
proach, Faddeev-Popov ghost coordinates are introduced and a nilpotent
BRST charge is identified. The techniques used in those constructions
are generally valid for handling first-class constraints. Constraints that
do not form a closed algebra are called second-class constraints. When
such constraints arise, Dirac's procedure calls for replacing the Poisson
brackets (or commutators) by modified expressions called Dirac brackets.

In the case of the superstring action with space-time supersymmetry
there are second-class as well as first-class constraints. The occurrence
of second-class constraints arises from the fact that the Grassmann mo-
menta, P^*, conjugate to the 6A coordinates in (5.1.20) and (5.1.22) are
not independent phase-space variables. This can be seen from the defining
equations

which express P^ as functions of X*1, P*4, 0A and their a derivatives. It
can be shown, in fact, that half the fermionic constraints are first class,
and, together with Tap, form an extension of the Virasoro algebra . The
other half of the fermionic constraints are second class. If this fact is ig-
nored, and as a formal procedure, one attempts to construct Dirac brack-
ets, treating all the fermionic constraints as if they were second class, the
resulting expressions are singular. They involve denominators that van-
ish when the equations of motion are satisfied. An interesting algebraic
structure can be developed by ignoring the problem and proceeding any-
way. However, it is unclear what meaning, if any, can be attributed to
the formulas that result. It is probably preferable to do a careful sepa-
ration of the first- and second-class constraints and define Dirac brackets
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for the latter ones by the standard formulas. The difficulty then is that it
is impossible to achieve the desired separation of fermionic constraints in
a manifestly covariant way. The combined constraint conditions have 16
components, corresponding to a Major ana- Weyl spinor. Since no D = 10
representation is eight-dimensional, it is necessary to reduce the mani-
fest symmetry to the transverse spin(8) group, for example. Pursuing
the analysis in this way does enable one to derive the light-cone-gauge of
§5.2.1 in a reasonably rigorous manner. It does not help to achieve the
objective of covariant quantization, however.

What should one conclude from all this? There are several different
possible points of view, each of which seems to be preferred by some of the
workers in this field. One is that one should accept the light-cone gauge as
perfectly satisfactory and natural and not insist on manifest covariance.
The loss of manifest covariance, however, does not seem promising for
efforts to understand the conceptual underpinnings of string theory in a
deeper way. A second position is that one should use the RNS formulation
of superstrings, since it can be quantized covariantly. The trouble with
this is that space-time supersymmetry is very difficult to describe in this
approach, and it is just as fundamental a part of the super-Poincare group
as Lorentz invariance. There has been much recent progress in developing
the RNS formalism, however.

The most ambitious hope would be that there is a clever modifica-
tion or reinterpretation of the supersymmetric superstring action that al-
lows quantization to be achieved while maintaining the full super-Poincare
group as a manifest symmetry. This might even provide a foundation for
formulating a field theory of superstrings that has full superspace general
coordinate invariance (as well as perhaps the infinite extension appropri-
ate to a string theory). It might actually be easier to discover such an
off-shell superfield formulation for superstrings than for D = 10 super
Yang-Mills theory for which one is also lacking. At the very least, the
super Yang-Mills theory probably requires an infinite number of auxiliary
fields to achieve manifest supersymmetry (off-shell closure of the algebra).
Such a prospect does not sound unnatural in the string context. Some
proposals have been made, but it is still too early to assess how fruitful
they are likely to be.

5.5 Summary

A covariant superstring action that has manifest space-time supersymme-
try has been presented. This action has a peculiar local fermionic sym-
metry in addition to reparametrization invariance. Covariant gauge fixing
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gives a complicated system of first-class and second-class constraints that
cannot be disentangled while preserving manifest covariance. Therefore,
unless some suitable modification of the formulas can be found, covariant
quantization appears to be impossible in this formulation.

In the light-cone gauge the formulas for the Fermi coordinates collapse
to those of a free two-dimensional spinor field. They belong to a spinor
representation 8S of the transverse rotation group spin(8), in contrast to
the case in chapter 4 where the Fermi coordinates in the light-cone gauge
belonged to the vector representation 8V of spin(8). The equivalence of
the two formulations was argued by a bosonization and re-fermionization.
The correspondence is not trivial inasmuch as the algebra of the 8S spinors
automatically requires D = 10 supersymmetry multiplets. To obtain
the same spectrum from the 8V spinors it was necessary to use different
boundary conditions for bosons and fermions and to restrict the spectrum
in each sector to states of even world-sheet fermion number.

The unification of the bosonic and fermionic sectors and the automatic
incorporation of the GSO conditions achieved in the approach of this chap-
ter is very helpful for simplifying many calculations. It will be exploited
extensively in the subsequent chapters.

Appendix 5.A Properties of SO(2n) Groups

This chapter depends heavily on a number of group-theoretic facts about
50(8). Subsequent chapters require properties of 50(16) and 50(32), as
well. Therefore, in this appendix we assemble a number of relevant facts
about SO(2n) groups, in general. When speaking about these groups it
is often desirable to make a distinction between the group of rotations in
2n dimensions, which is 5O(2n), and various possible 'covering groups'.

Recall that 50(3) has a covering group, 5£/(2), which has represen-
tations (half-integral spin) in which a rotation by 2TT is represented by
— 1. This means that 50(3) can be identified with the quotient space
SU(2)/Z2 in which the elements of the center of 5f/(2), namely the 2 x 2
matrices 1 and —1, are identified. Topologically, SU(2) is simply con-
nected and 50(3) is not. Also, the representations of SU(2) fall into two
conjugacy classes (integer spin and half-integer spin). Only integer spin
representations are representations of 50(3).

For the 5O(2n) groups the story is similar but not identical. In this
case, the simply connected covering group, spin(2n), has a four element
center, and (as we will show) its representations fall into four conjugacy
classes. These groups are also called Dn in the Cartan classification. Of
course, the distinction between the various covering groups is a global
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topological distinction. Any of the versions is the same in the neighbor-
hood of the identity element, so there is no distinction at the level of the
Lie algebras.

The group S0(2n), or its various covering groups, have rank n, mean-
ing that they have a maximal subset of n commuting generators. If
we denote as Jk\ the S0(2n) generator whose nonzero elements are
(Jkl)mp = fikmfyp — fapfilm, then a natural choice to make for the n com-
muting generators is given by Wj~ = «/2Jb-i,21b & = 1 , . . . , ^ . Wk carries
out a rotation in the (2k — l,2fc) plane. A maximal set of commuting
generators is known as a Cartan subalgebra, so the Wk form a Cartan
subalgebra of S0(2n). Since these commuting operators can be simul-
taneously diagonalized, it is natural in any irreducible representation to
choose a basis of states that are simultaneously eigenstates of all the W^.
If we think of the Wk as defining directions in an n-dimensional vector
space called the weight space, then the eigenvalues of the Wk for a given
state form a vector in this space called a weight vector. A convenient way
to characterize a representation is often to describe the weights that arise
in that representation. This is familiar to particle physicists in the case of
SU(3) where the third component of isotopic spin /3 and the hypercharge
Y are customarily chosen to label weight vectors.

If we denote an n component vector (0 , . . . , 0,1,0,. . . , 0) with the 1 in
the ith position as ut-, then the 2n weights of the fundamental represen-
tation are given by ±Ui, with i = 1,2,..., n, as the reader should be able
to easily verify. Actually, the U{ give a basis for the weight space, so the
weights of any SO(2n) representation can be expanded in terms of the U{.
For example, the adjoint representation has n(2n — 1) dimensions. The
2n(n — 1) generators that are not in the Cartan subalgebra are represented
by the weights ±U{ ± Uj (i ^ j ) , as the reader should also verify. Weight
vectors of the adjoint representation are called root vectors. For future
reference, note that the weights zfctzi of the fundamental representation are
vectors of length squared one, while the nonzero weights of the adjoint
representation are vectors ±Ui ± Uj of length squared two. Among the
roots one can select n 'simple, positive' roots that form a basis in which the
others can be expressed as linear combinations with integer coefficients,
which are all non-negative or all non-positive. In the case of SO(2N) the
simple, positive roots are e\ = u\— W2, ̂ 2 = u<i—^3, • • •, en_i = un-\ — wn,
and en = ^n_i + un.

The SO(2n) groups are examples of groups that are 'simply laced'. This
means that all of the root vectors have the same length. In such cases
it is convenient to normalize things as we have done, so that the length
squared of a root vector is 2. One then defines the Cartan matrix, which
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is the n x n matrix

where the et- are the simple, positive roots. The diagonal elements of
the Cartan matrix are 2. In the case of simply laced Lie algebras, the
off-diagonal elements are all 0 or —1.

(a)

n-3

Figure 5.1. The Dynkin diagram for 5O(2n) is sketched in (a). That of 50(8),
sketched in (6), is symmetric under permutations of the three legs.

One then defines a 'Dynkin diagram', which consists of n dots repre-
senting the simple roots with connections that represent the angles be-
tween them. The rules for constructing the Dynkin diagram are partic-
ularly simple in the simply laced case with which we will deal. Dots in
the Dynkin diagram that represent orthogonal roots ef- and ej are not
connected. Dots that represent roots ei and ej with e,- • ej — — 1 are con-
nected by a single line. In the case of SO(2n), a choice of simple positive
roots was described earlier, and is easily seen to give the Dynkin diagram
shown in fig. 5.1a. The Dynkin diagram of 5*0(272) has for any n a
two-fold symmetry under reflections through the horizontal plane in fig.
5.1a, but in the case of 50(8) the symmetry is larger. The 50(8) Dynkin
diagram in fig. 5.16 is invariant under a six-element group consisting of
arbitrary permutations of the three legs. It is a general fact in the theory
of simple Lie groups that a Lie algebra can by uniquely reconstructed
from its Dynkin diagram, and consequently automorphisms (symmetries)
of the Dynkin diagram always give rise to automorphisms of the Lie al-
gebra. In the case of 5O(2n) the two-fold symmetry of the Dynkin dia-
gram corresponds to 'parity', a reflection x\~ —* — x^ of any one element of
the fundamental 2n-dimensional representation of 5O(2n). Among other
things, this symmetry exchanges the positive- and negative-chirality rep-
resentations of 5O(2n), which we will be describing shortly. The larger
symmetry of the 50(8) Dynkin diagram means that in this case there are

They are, in fact, the so-called outer automorphisms, which do not correspond
to conjugation by an element of the Lie algebra.
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extra automorphisms that exchange representations that would not be
related by any symmetries for other S0(2n) groups. In fact, it turns out
that the extra symmetry, which is known as 'triality', relates the spinor
representations of SO(8) to the vector representations. We will try to give
a self-contained (but not complete or rigorous) account of this that does
not require knowledge of Dynkin diagrams.

Let us first give a direct construction of the spinor representation of
S0(2n). We begin with a system whose symmetry is U(n) only. We
introduce n fermion creation operators 6*,i = l , . . . , n and the corre-
sponding annihilation operators W^j = l , . . . ,n . The anticommutation
relations are the usual ones,

{b>,bk} = {b*,b*k} = 0; {bi,b*} = 8). (5.A.2)

Of course, this system can be represented in a Hilbert space of dimension
2n. There is a 'Fock vacuum' |ft) annihilated by the annihilation opera-
tors; the other states are |fiy) = b*- |ft), \£ljxj2) = ^ ^ 2 |^) , etc. In general
we denote by \ftj1j2...jk) the state obtained by acting on the Fock vacuum
by the product of k creation operators b*-x . . . b*-k. This system manifestly
possesses a U(n) symmetry under which (say) V transforms as n and 6£
as n. The U(n) generators are [b\b"-]/2.

Less obvious is the fact that this system actually possesses a natural
S0(2n) symmetry (or actually spin(2n), since the S0(2n) quantum num-
bers turn out to be half integral). In fact, define the 'gamma matrices'
7*, k = l , . . . ,2n by

7* = (bk + bl), k =

lk = (bk-n-bt_n)/i k = n-
, (5.A.3)

They are readily seen to obey the Dirac anticommutation relations

{7*,7J} = 2«JW (5.A.4)

and as a result the expressions

vu - [7t,7/]/4 (5-A.5)

obey the commutation relations

[<7fc/,<7jm] = SijO~km ± permutations (5.A.6)

of S0(2n). Thus we have constructed a 2n-dimensional representation of
5O(2n), known as the spinor representation. It is not quite irreducible,
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however. The operator

commutes with all of the S0(2n) generators; here the phase factor î C2™-1)
has been included so that 72 = 1. Spinor states of 7 = +1 or —1 are
known as spinors of positive or negative chirality, respectively. Simple
manipulations with fermion creation and annihilation operators show that
these representations are irreducible, so that S0(2n) has two irreducible
spinor representations S± each of dimension 2 n - 1 , namely the spinors of
positive and negative chirality. Moreover, the fermion creation operators
bl anticommute with 7 and so reverse chirality. If thus |fi) has positive
chirality then the positive chirality spinors of S0(2n) are states made by
acting on |fi) with an even number of creation operators

jt...jk) (5.A.8)

while the negative chirality spinors of S0(2n) are those obtained by acting
on the Fock vacuum with an odd number of chirality operators.

Now let us determine the weights of the spinor representation. The
Cartan generators can be taken as the n commuting operators

Wk = [b\b*k]/2 lfc = l , . . . ,n , (5.A.9)

The eigenvalues of each Wk are evidently ±1/2. The 2n-dimensional vec-
tor space in which we constructed the spinor representation has weights
^(±1,±1, . . . ,±1) corresponding to independent choices of whether the
kth fermion level is filled or empty. The description of the chirality opera-
tor makes it clear that the weights of one irreducible spinor representation
of definite chirality are ^(±1, ± 1 , . . . , ±1) with an even number of + signs
while the other has weights with an odd number of + signs. The length
squared of any of these weight vectors is n/4. At this point we notice
something very special about the case n = 4, corresponding to spin(8).
Precisely in this case, the spinor weights have length squared one, just like
the vector weights ±wt-, so it is only in this case that there might be a sym-
metry between the vector and spinor representations of spin(2n). This is
indeed the case in which the Dynkin diagram has an enlarged symmetry
corresponding to a symmetry between vectors and spinors. The trans-
formation of weight space that turns vectors into spinors can be written
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explicitly; it is

i/l -> (ui + U2 + U3 + u±)/2

This transformation of the weights is indeed an automorphism of the
50(8) Lie algebra, because it is an orthogonal rotation of the weight space
that preserves lengths and angles, and it permutes the 24 nonzero weights
±Ui ± Uj of the adjoint representation among themselves. Moreover, it is
essentially the same transformation that we used in §5.2.1 in bosonizing
and re-fermionizing in order to indicate the relation between space-time
vector and space-time spinor fermions. Together with 'parity,' which is
an automorphism of any 5<9(2n), the transformation (5.A.10) generates
the six-element 'triality' symmetry.

Let us now very briefly explain what conjugacy classes of representa-
tions are and why spin(2n) has four of them. We have seen that the states
in an irreducible representation can be described by their weights, which
are just a set of points in an n-dimensional weight space. Consider the
set of all possible weights of all possible representations. They form a lat-
tice, which is called the weight lattice and denoted A^. Now consider the
lattice consisting of integral linear combinations of the weights of the ad-
joint representation. This lattice, known as the root lattice A#, is clearly
a sublattice of the weight lattice A\\r>

Two representations are said to belong to the same conjugacy class if
and only if their weight vectors differ by a vector in the root lattice. In the
case of spin(2n) the four representations we have described (fundamental,
adjoint, and two spinor ones) belong to different conjugacy classes. This
is easily demonstrated by examining the weight vectors given above. To
show that there are no other conjugacy classes requires a somewhat more
sophisticated analysis that we can only sketch here. For this purpose we
invoke a theorem from the theory of Lie algebras. The theorem states
that when the simple roots (of a simply laced algebra) are normalized
to satisfy e, • e,- = 2, as we have done, the weight lattice is the dual of
the root lattice. This means that it is generated by a set of basis vectors
e*, i = l , . . . ,n , that satisfy e\ • ej = Sij. The number of conjugacy
classes must then be given by the ratio of the volume of a unit cell of
the root lattice to one of the weight lattice, since two weights inside the
same cell of the root lattice obviously cannot differ by a root vector.
Now all we need to do is to calculate the two volumes. It is easy to
see that the determinant of the Cartan matrix A{j = e,- • ej gives the
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square of the volume of a unit cell of the root lattice AR. Similarly, its
inverse gives the square of the volume of a unit cell of A^ = A\y- Thus
det A{j gives the ratio of the two volumes and hence the total number of
conjugacy classes. Using the explicit expression for the simple roots of
SO(2n) given above it is not difficult to show that det A = 4 for S0(2n).
Therefore the four representations we have described are representatives
of all four of the conjugacy classes. Let us simply remark without further
explanation that the only other simply laced groups are SU(n), which
has n conjugacy classes, and the exceptional groups En, which have 9 — n
conjugacy classes.

Appendix 5.B The spin(8) Clifford Algebra

The description of Dirac matrices for spin(8) requires a Clifford algebra
with eight anticommuting matrices. Because of their importance, and
the fact that they are useful building blocks for ten-dimensional Dirac
matrices, we describe them explicitly in this appendix.

The Dirac algebra of spin(8) requires 16-dimensional matrices corre-
sponding to the reducible 8S+8C representation of spin(8). These matrices
can be written in the block form

7 -*y (s.B.i)
66 U /

where 7?a is the transpose of 7^ . The equations {7f,7J} = 26^ are

satisfied if

and similarly with dotted and undotted indices interchanged. A specific
set of matrices 7 ^ that satisfy these equations, expressed as direct prod-
ucts of 2 x 2 blocks, are

71 = e x e x e 72 = 1 x ri x e
7 ~ X T3 X e 7 - n x e x ^ B ^
7 = 73 x e x 1 7 = e x 1 x TI

7? = 6 X 1 X T3 78 = 1 X 1 X 1,

where e = z>2, and rt- are the Pauli matrices. We define

and similarly for *y\\.
ab
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Appendix 5.B The spin(8) Clifford Algebra 289

The ten-dimensional Majorana-Weyl spinors described in chapter 4 can
also be understood in terms of the matrices described here. Recall that
Majorana spinors in D = 10 have 32 real components (in a Majorana
representation), but that the Weyl condition FnA = A eliminates half of
them. In terms of the transverse SO(8) subgroup of 50(9,1), the sur-
viving 16 components are given by 8S + 8C. Therefore the Dirac matrices
can be re-expressed in this basis in terms of the 7' of (5.B.I)- at least the
eight transverse ones can. A ninth one that anticommutes with these eight
is given by 79 = 7*72 .. .7 s = (Q _i)- There is no tenth anticommuting
16 x 16 matrix, however. This makes sense because in the subspace Fn = 1
that we are considering the product of the ten Dirac matrices should be
one. The upshot of this is that the Dirac equation of a Majorana-Weyl
spinor (A£, AJ!) decomposes into the pair of eight-component equations

For a Majorana-Weyl spinor of the opposite chirality the do ± $9 would
be interchanged.
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6. Nonabelian Gauge Symmetry

If superstrings are to describe nature they must account not only for
general coordinate invariance and local supersymmetry, but also for the
local gauge symmetries that underly the other forces. Indeed, nonabelian
gauge symmetry is more obviously needed than local supersymmetry! One
possibility is that the gauge symmetries are not present at all in the ten-
dimensional world, but arise only upon reduction to four dimensions. This
idea, which seems to be forced upon us if we try to describe nature with
type II superstrings, proves to have enormous difficulties. We will discuss
these issues to some extent in chapter 14.

A more promising possibility is that gauge symmetries are present al-
ready in the ten-dimensional world. In this case, compactification from
ten to four dimensions may play a role as part of an initial stage of sym-
metry breaking. In this chapter we investigate how gauge symmetries can
be introduced in D = 10, and defer the study of compactification and
symmetry breaking to later chapters.

Two entirely different procedures for incorporating gauge interactions
are known. In the first one, which was already briefly described in §1.5.3,
internal symmetry charges are placed at the ends of open strings. In the
second the charges are distributed on closed strings. The second procedure
leads to heterotic strings, which seem to have many advantages. Indeed, if
one of the presently known superstring theories turns out to be the correct
theory, it is almost bound to be the E% x E% heterotic theory. We discuss
in this chapter both approaches to incorporating gauge interactions, but
with an emphasis on the approach that leads to heterotic strings.

6.1 Open Strings

We have already discussed in §1.5.3 how nonabelian symmetries can be
introduced by attaching charges to the ends of open-string states. This
issue was discussed there because of its historic role in the hadronic inter-
pretation of the theory. We now return to the subject and clarify some
points that were left open in §1.5.3.

Attaching charges to open strings is of course only relevant in string
theories that do have such open strings. Of the supersymmetric string
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292 6. Nonabelian Gauge Symmetry

theories, open strings are present only in the type I theory. The type II
theory, since it has TV = 2 supersymmetry, cannot be coupled to open
strings, which can at most have N = 1 supersymmetry. Open strings are
not possible in the heterotic theory - which is introduced in this chapter
- for a different although related reason. Even in type I theory, including
gauge quantum numbers by attaching charges at the end of open strings
means that the closed strings are neutral.

6.1.1 The Chan-Paton Method

Figure 6.1. An open string with a 'quark' at one end and an 'antiquark', transforming
oppositely under the symmetry group, at the other end. If the quarks lie in a complex
representation, we draw as in (a) an arrow from the 'quark' to the 'antiquark', depicting
the intrinsic orientation of the string; if the representation is real, there is no arrow as
in (b).

A technique for introducing U(2) or U(3) gauge symmetry in the open-
string sector of the bosonic string theory was proposed by Chan and Pa-
ton in 1969. They were merely trying to incorporate global symmetries
in the model, but in fact the occurrence in the open-string spectrum of
massless gauge mesons (something not yet properly understood at that
time) turned out to mean that in consistently formulated string theories
the quantum numbers that they introduced are actually gauge quantum
numbers. A generalization of the Chan-Paton work to U(n) symmetry
was immediately apparent; other classical groups - SO(n) and USp(n) -
are possible if one considers unoriented open strings rather than the ori-
ented ones that were emphasized for phenomenological reasons in the early
days of dual models. For reasons that were explained in chapter 4, type I
superstrings must be unoriented, so the generalization is quite relevant.

We begin by considering any semisimple gauge group G and an arbitrary
representation i?, which may or may not be complex (R ^ R or R = R).
Let n be the dimension of the representation i?. AS in fig. 6.1, we suppose
that a 'quark' transforming in the R representation resides at one end of
the open string, and an 'antiquark' transforming as R resides at the other
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6.1 Open Strings 293

end. The quark and antiquark each have n possible states, so there are
a total of n2 possibilities. If R is complex this construction introduces an
intrinsic orientation as depicted in fig. 6.1a, whereas if R is real the string
can be unoriented as in fig. 6.16.

Let us discuss the quantum numbers of the various mass levels of an
open string that has such charges attached at the ends. We have seen in
chapter 2 that X'(cr, r) has a mode expansion

X\a, T) = x{ + pW + i J2 -<z~inT cos na. (6.1.1)

The parameter a runs from a = 0 to a = w along the length of the string.
Suppose we wish to interchange the names of the two ends and run the
parametrization in the opposite direction. Then we would consider instead

X\ir - cr, r) = x{ + plr + i J ^ -(-l)na\le~inT cos n<r. (6.1.2)

Therefore the reversal of the parametrization corresponds to the replace-
ment a%

n —> (—l)na%
n. (Similar statements can be made for the Fermi

coordinates of superstrings in either the formulation of chapter 4 or that
of chapter 5.) In the absence of Chan-Paton factors a string state |A)
is simply a state in the oscillator Hilbert space. Now suppose there is a
quark a at one end of the string and an antiquark b at the other end,
where a and 6 are n-valued labels associated with the representations R
and R of G. Then the state |A) should also carry these labels, so let us
write |A; a, 6), the first label referring to the a = 0 end of the string and
the second one to the a = IT end of the string.

The question now arises whether the spectrum should be allowed to
contain all n2 states |A;a,6) or whether some restriction should be im-
posed. One handle on this question is provided by the massless vector
particles. Massless vector mesons in consistent interacting theories al-
ways transform in the adjoint representation of the gauge group, which
must be a compact semisimple Lie group plus possible additional f/(l)
factors. In fact, in the next chapter we will see that the three-vector cou-
plings of the open-string theories are just those of Yang-Mills theories.
(This statement is exact for type I superstrings but only true to O(af) in

By 'quarks' and 'antiquarks' we only mean labels representing certain quantum
numbers. To attach mass or spin at the ends of open strings would ruin the
analysis described in the previous chapters.
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294 6. Nonabelian Gauge Symmetry

the case of the bosonic string theory, as we will see.) Thus we conclude
that when |A;a,&) describes a massless vector, the quantum numbers ab
must be restricted to run over the adjoint representation only. In case a
and 6 run over the n and n of U(n), this is automatically obeyed, since
in U(n), n x n is the adjoint representation. However, for other cases of
interest, the product Rx R contains more than the adjoint representation
of G, and we may wish to impose some restriction. Only one suitable
restriction is known. In case the representations R and R are equivalent,
there is no real difference between the two ends of the string, and it makes
sense to require that the quantum wave function of the string is invariant
under the reversal a —> TT — a. This corresponds to saying that

|A(aj,);6,a) = e |A((- l )X);a ,6) , (6.1.3)

where we may pick the phase e to be ±1, and we have used the infor-
mation gained above that under a —» TT — a, the transformation of the
oscillators is al

n —> (—l)not%n. In (6.1.3), we write ab rather than ab for the
labels at the ends of the strings, since the twisting symmetry postulated
there only makes sense if the charges at the two ends of the string are
indeed equivalent. Strings subject to the condition (6.1.3) are known as
unoriented strings. Recalling the expression for the number operator N
in terms of oscillators, (6.1.3) can be written alternatively as

|A;«6> = ±(-1)^-^° |A; ba), (6.1.4)

where No is the eigenvalue of N for massless states. We are using here
the fact that the oscillator al

n has N = n.
Consider as an example SO(n) with R and R both equal to the funda-

mental n-dimensional representation. In this case the adjoint corresponds
to antisymmetric matrices, and so the massless vector must satisfy (6.1.3)
with the minus sign. For bosonic strings, (—1)^ is —1 for the massless
vector, so we must pick e = 1; for superstrings (—1) is +1 for the mass-
less vector and we must pick e = — 1. Either way, if we refer to states
in which a!M2 is even or odd as even or odd levels, respectively, then
for the even levels the string states transform under SO(N) like an an-
tisymmetric n x n matrix, and for the odd levels they transform like a
symmetric n x n matrix. Another interesting case is that in which the
gauge group is USp(n) and R and R are the fundamental representation
of USp(n). In this case, the adjoint representation is the symmetric part
of R x i?, so we must pick e = — 1 for bosonic strings and e = +1 in the
supersymmetric case. The quantum numbers of even and odd mass levels
are now, respectively, the symmetric and antisymmetric part of R x R.
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6.1 Open Strings 295

The examples that have just been sketched seem to be the only ones
that make sense, for the following reason. As we have already said, in
order to obtain a consistent gauge theory it is necessary that the massless
vector particles belong to the adjoint representation of G only. Let us de-
note antihermitian n x n matrices representing the algebra by A*-, where
z = 1,2,..., dim G. In general this is a subset of all possible antihermitian
matrices. All of the n x n antihermitian matrices taken together would
represent U(n) in the complex case or SO(n) in the real case. If we wish
the gauge group to be, say, a proper subgroup of f/(n), then the A1 do
not range over all n x n antihermitian matrices. So the question arises
whether additional restrictions can be consistently imposed. There is a
potential clash here with unitarity. In arbitrary M-particle tree ampli-
tudes, massless poles appear; we must ask whether these massless poles
appear only for states that transform in the adjoint representation of G.
In ordinary Yang-Mills theories this is always true provided only that the
commutator [A1, AJ] is again one of the A*. This is always true regardless
of the choice of G or R simply because the A's represent the algebra. In
the case of type I string theories there is an additional condition that
provides restrictions on both G and R.

In order to explain how restrictions arise, let us recall some general
features of M-particle open-string tree amplitudes from chapter 1. Let
A(l, 2 , . . . , M) be the M-particle scattering diagram for open strings that
do not carry gauge quantum numbers. The A amplitudes have cyclic
symmetry in the M lines, with possible minus signs in certain cases. If
the group quantum numbers of the particles are described by matrices
Ai, A2,..., XM? then the complete tree amplitude is given by

T(l ,2 , . . . ,M) = ^ t r (A 1 A 2 . . .A M )A( l ,2 , . . . ,M) , (6.1.5)

where the sum runs over all (M — 1)! cyclically inequivalent permutations
of the external lines. We do not claim that the structure (6.1.5) should be
taken on faith, it is simply the only more or less consistent scheme that
anyone has been able to find.

The primitive amplitude J4(1, . . . , M) has poles in channels composed of
cyclically consecutive lines and in no other channels. The residues of these
poles have certain simple factorization properties that can be symbolically
represented by saying that in the limit as s —> m2

..,M) ±— TA(1,2,...,P,X)A(X,P + 1,...,M),
m ~~s x

(6.1.6)
where s = — (A^+A^H f-&p)2, and X runs over all states in the spectrum
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M-\

P + l P + 2

M-\

P+2

(a) (b)

Figure 6.2. The primitive amplitude J4(1, . . . , M) has a pole in the invariant energy
s = —(ki + k2-\ kP)2, whose residue factorizes into a product of primitive amplitudes
as shown in (a). Another primitive amplitude that has a pole with the same residue
is depicted in (b).

with mass m. This is shown in fig. 6.2a. We have not yet proved such
behavior; it is a problem that we will turn to in the next chapter. But the
factorization of (6.1.6) is a requirement of unitarity, so it must hold if the
theory is to make sense. To show that unitarity (if obeyed in the absence
of group theory factors) is still present when those factors are included,
we must show that the factorization as in (6.1.6) still holds with the A
matrices taken into account. This gives restrictions on the A matrices.

There are additional terms in T(l, 2 , . . . , M) that give additional contri-
butions to the residue of the particular pole X of the form given in (6.1.6).
Such a term arises from the primitive amplitude A(P,P — 1 , . . . , 1, P +
1, . . . , M) as depicted in fig. 6.26. It is also possible to reverse the order
of all M lines. Using (6.1.5), we see that the sum of the residues of the
X pole in T is given by

+tr(AP . . . AiAP+1... \M)A{P,..., 1, X)A(X, P + 1 , . . . , M)

In order to relate these four terms and deduce restrictions on the A's we
need to relate the various A factors that appear. Specifically, we require a
rule relating an expression of the form A(l, 2 , . . . , N) to one in the reverse
order A(N,..., 2,1). They correspond to the same world-sheet diagrams
just looked at from opposite sides, so the resulting amplitudes are the
same up to an adjustable sign that depends on the choice of e in (6.1.4).
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6.1 Open Strings 297

So
N

A(l,...,N) = l[(e(-l)Ni)A(N,...,l), (6.1.8)
1=1

where iVt- is the mass squared of the ith strings. In particular, for N
massless vector particles the phase is (—1)^.

Let us now suppose that all M external lines are massless vector parti-
cles and the internal X pole is such a state, as well. Then since

...,P,X), (6.1.9)

and so forth, the terms in (6.1.7) can be combined as follows

tr[(A!... XP - (-l)pXp... A!)(AP+1... \M - (-l)M-PXM . . . AP+1)]

(6.1.10)
Now the trace in this expression needs to be factorized into a pair of terms
appropriate to accompany each of the A factors. Specifically we want to
write

tr[(Ax ...XP- (-1)PXP... A ! ) ( A P + 1 . . . \ M - ( - 1 ) M " P A M . . . \ P + 1 ) \

x tr[A£(AP+i... \M - (-l)M-p\M • • • AP+I)].

(6.1.11)
This is valid if the \a are a complete set of n x n matrices normal-
ized so that tr(AaAT) = 8ap, However, if matrices of the form A =
Ai... Ap — (—l)^Ap...Ai span a subspace of the space of all n x n
matrices, then the validity of (6.1.11) is more delicate. For example,
if Ai,. . . , Ap are arbitrary real antisymmetric matrices (corresponding to
generators of 5O(n)), then the combinations A are themselves antisym-
metric and it suffices to restrict the Xa to be antisymmetric, as well.

The crucial consistency condition required by unitarity is that quantum
numbers of the massless vector particles that occur as poles in T in (6.1.5)
should be restricted to the adjoint representation of the same group as
we started with for the external particles. More generally, the quantum
numbers of any pole of T should correspond to particles of the spectrum
that we began with. Also, the two factors in the residue should describe
the T amplitudes for the two halves of the cut diagram.
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298 6. Nonabelian Gauge Symmetry

The consistency condition is satisfied provided all matrices of the form

A = Ai. . . \P - (-l)p\p... Ai (6.1.12)

are also matrices belonging to the algebra of the A,. For example, the
case P = 2 says that [Ai,A2] is in the algebra. This is certainly true,
simply because the A's form a representation of the symmetry group.
The conditions with P > 2 are a stronger requirement, however, that
restrict the possible groups and the possible representations to which the
A matrices can belong.

6.1.2 Allowed Gauge Groups and Representations

The general solution of the conditions described above is not difficult to
obtain. We have a linear space La of antihermitian matrices A,- that is
closed under commutation, a fact we represent symbolically by [A, A] = A.
We can also obtain hermitian matrices \i as anticommutators {A, A} = fi.
These matrices describe the possible quantum numbers that can arise at
the odd mass levels. More generally, the same reasoning as above implies
that the set of all possible fi matrices is given by expressions of the form

p = AiA2 . . . \P + (-l)pXp... A2Ai. (6.1.13)

The set of all possible hermitian \i matrices form a linear space Lh closed
under anticommutation, {//,/z} = //.

Let us now consider the space L consisting of all matrices^ formed as
real linear combinations of elements of La and Lh - in other words- all
matrices of the form p = a/z + &A, where a and b are real. The conditions
given above are satisfied if and only if L is closed under multiplication,
in other words p\p2 G L for all pi,p2 £ L. Thus not only must La be
a Lie algebra, but L must also be an algebra. Given L it is easy to
reconstruct Lh and La as its hermitian and antihermitian parts. The
question therefore is what L's are allowed and what Lie algebras do they
give rise to. The general solution to this problem is provided by a theorem
of Wedderburn. Before giving the result, let us first state the theorem for
complex coefficients. In this case the relevant theorem states that the
only irreducible complex algebras (closed under multiplication) are the
matrix algebras GL(n,C). This result is relevant if the original algebra
contains i = y/—T. In this case the antihermitian A matrices generate the
Lie algebra U(n). It is important to include all of £/(n), including the
(7(1) factor, and not just SU(n) to satisfy the theorem.
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6.1 Open Strings 299

If the original algebra does not contain i then it must be a real form
of GL(n, C). We learn from Wedderburn (and from an analysis given for
string theory by Marcus and Sagnotti) that there are only two real forms
that give Lie algebras for L^. One of these real forms is GL(n, i?), whose
antihermitian part gives SO(n) as the algebra La. The other possible real
form is U*(2n) (a real version of U(2n) that happens to be noncompact),
whose anithermitian part gives USp(2n) (the algebra of n x n matrices
with quaternionic components) as the algebra La. Altogether, the only
possible solutions consist of n x n matrices with elements that are either
real, complex, or quaternionic. It is obvious that each of these types of
matrices defines an algebra closed under multiplication.

This analysis shows that only classical Lie algebras can be incorporated
by the Chan-Paton method. The exceptional algebras, such as Es, cannot
be accommodated. Moreover, the fundamental representation must be
used in each case. This representation is real for SO(n), pseudoreal for
USp(2n), and complex for U(n). Therefore the strings are unoriented in
the first two cases and oriented in the latter one.

There is a simple argument that for superstrings the U(n) case must
lead to one-loop inconsistencies; it will be substantiated by our later anal-
ysis. Certain nonplanar one-loop diagrams describe transitions in which
open strings join ends to turn into closed strings. This was sketched in
§1.5.6. Since a U(n) open string is oriented the resulting closed strings
must also be oriented. But oriented closed superstrings have N = 2 su-
persymmetry, whereas unoriented ones have N = 1 supersymmetry, as
explained in §5.3.2. This includes the supergravity multiplet, in particu-
lar. However, the open-string states only contain N = 1 supermultiplets.
Since it is not possible to couple N = 2 supergravity to TV = 1 matter
consistently, the U(n) case must be anomalous. This reasoning allows any
SO(n) or USp(2n) choice, even though it will turn out that they too are
unacceptable for more subtle reasons except for the case of 50(32).

There are a few cases of theories having the same gauge group that are
nonetheless distinct theories. The 50(3) and USp{2) theories have the
same states at the even mass levels, but at the odd levels the hermitian
GL(3, R) matrices describe the representations 5 + 1, whereas the hermi-
tian GL(l,H) matrices contain a singlet only. Similar distinctions can be
made between the pairs S0(2) and [/(I), 50(4) and USp{2) x USp(2),
50(5) and USp(A).

In the following sections we discuss the other general approach to in-
cluding gauge interactions; we will find another way to get 50(32), and,
more importantly, we will learn that E% x E% is possible.
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300 6. Nonabelian Gauge Symmetry

6.2 Current Algebra on the String World Sheet

We have seen that it is possible to place charges (which we called 'quarks')
at the ends of open strings. Is there some place else that the charges might
be placed? The endpoints of an open string are the only preferred points
on the string, and on a closed string there are no preferred points at all.
So if we are not to place the charges at the ends of an open string, we
must be 'democratic', and contemplate charges that are not localized in
any particular way but can be distributed throughout the string.

How can we introduce such a continuous charge distribution? Let us
return to the bosonic string action, which we write here in the conformally
gauge-fixed form:

= ~ I
27T J

(6.2.1)

In chapter 4, searching to generalize this action, we added fermion degrees
of freedom ^ propagating on the string. We took the ^ to transform
in the vector representation of 50(1,9), but to carry no other quantum
numbers. As an alternative, if we wish to introduce internal symmetry
groups, we could introduce fermions that are Lorentz singlets but carry
some internal quantum numbers. For example, introducing n real Majo-
rana fermions A"4, A — 1 , . . . , n, we can write

S=-^ fd2a (daX^X* - i\ApadaX
A) . (6.2.2)

Equation (6.2.2) has a manifest S0(n) symmetry acting on the A index.
Actually, the global symmetry in (6.2.2) is much larger. Writing out
(6.2.2) explicitly in terms of left- and right-moving modes A±, (6.2."2)
becomes

= ~— ( d2a (daXlld
aX'g - 2iA^d+A^ - 2iA^d_A^ . (6.2.3)

Equation (6.2.3) is evidently invariant under separate SO(n) rotations for
left or right movers. There is thus an S0(n)i X SO(n)n global symmetry.
We could, if we wish, simply delete the left or right movers from (6.2.3),
giving a system with (say) n left-moving Majorana fermions only and
SO(n)i symmetry.

One might ask if (6.2.3) makes any sense in string theory. The con-
sistency of string theory is so delicate that at first sight this might seem
unlikely. However, although some of the details of the consistency of
(6.2.3) are actually rather subtle, it is not too difficult to see that at
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6.2 Current Algebra on the String World Sheet 301

a rough level most of the consistency problems in (6.2.3) can be over-
come. Indeed, this follows to a large extent from the equivalence between
bosons and fermions in two dimensions that we have uncovered in §3.2.4.
Bosonization of fermions in two dimensions means that at least in the
infinite volume limit, two Majorana fermions in 1 + 1 dimensions are equiv-
alent to one real boson. In string theory, we usually are concerned with
(1 + l)-dimensional quantum field theory not in the infinite volume limit
but on a finite interval or circle, but we have seen in chapter 3 that, under
suitable conditions, bosonization of fermions remains valid in this situa-
tion. This means that under suitable conditions, (6.2.3) is equivalent to a
theory of bosons only. Thus, let n be even, say n — 2d. Then the 2d Ma-
jorana fermions in (6.2.3) are equivalent to d real bosons <j>%, i = 1 , . . . , d.
We could thus rewrite (6.2.3) as

S = ~ I d2(T (dvX^X*1 + datfPif?) . (6.2.4)

Here there are D + d free bosons, just as in the conformal gauge-fixed
Veneziano model. We therefore know that consistency is more or less
attainable (depending on whether the requirements to make (6.2.4) com-
patible with (6.2.3) are really compatible with other requirements of string
theory) provided that D + d = 26, the critical dimension of the Veneziano
model. For instance, if for some reason one wants D = 10, then one
should take n = 32; one might reasonably aim to get from (6.2.4) a ten-
dimensional string theory with 50(32) x 50(32) internal symmetry.

One may, in fact, wonder what is the difference between the X11 and the
ft in (6.2.4). Why does (6.2.4) not have the full SO(D + d- 1,1) Lorentz
symmetry rotating between the X* and fti How can (6.2.4) have instead
a Lorentz symmetry that is only SO(D — 1,1) and an internal symmetry
S0(2d) x S0(2d)f! In fact, how can such a large internal symmetry as
S0(2d) x S0(2d) emerge in (6.2.4)? With the d free bosons ft, an SO{d)
global symmetry is certainly possible, but how can this be promoted to
S0(2d) x S0(2d)l The answer to these questions is that, remarkably
enough, d free bosons can give an SO(2d) x S0(2d) symmetry; doing
this requires very special conditions on the zero modes of the bosons of
which we got a first taste in §3.2.4; and those special conditions prevent
any enlargement of the Lorentz group beyond SO(D — 1,1). These points
should become clearer in the next section.

Before plunging into the study of (6.2.3) and (6.2.4), it is useful to
describe what these represent in a slightly more abstract way. Considering
for instance (6.2.3), we can naturally define the fermion currents such as
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Figure 6.3. The c-number anomaly in the fermion current commutator in 1 -f 1 dimen-
sions comes from the diagram sketched here.

the left-moving current (now using a in place of <r+)

A(°) = ̂ TZB\l(a)\B(a). (6.2.5)

The nxn matrix representation of the generators is now called Ta instead
of Aa to avoid confusion with the fermion fields. They satisfy the algebra

[Ta,Tb] =ifabcTc, (6.2.6)

so that the currents obey the commutation relations

[J%(v), 4(</)] = ifahcJc+{<T)8{<r ~ o>) + ^ ° V ( a - a'). (6.2.7)

Here the first term would arise by canonical manipulations, and the second
term, the Schwinger term, is a c-number anomaly that can be evaluated
from the diagram of fig. 6.3. The required computation is not at all
difficult; it can be done just like the computation of the Virasoro anomaly
in §3.2.2. *

The Lie algebra (6.2.7) is called the affine Lie algebra SO{ri\ with cen-
tral extension, the central extension being the Schwinger term. Notice
that for any finite-dimensional Lie algebra G we can define, as in (6.2.7),
the corresponding affine Lie algebra G. Evaluation of the diagram in
fig. 6.3 shows that if the currents in (6.2.5) are constructed as we have de-
scribed from a single n-plet of fermions in the fundamental representation
of SO(n), then k = 1.

More generally, we could introduce free fermions transforming not in
the fundamental representation of SO(n) but in some other real represen-
tation R. The currents defined in (6.2.5) still obey the affine Lie algebra

In particular, there is no need to do any integrals to evaluate fig. 6.3; the eval-
uation is best done in coordinate space, where the diagram is just given by the
product of the two fermion propagators.
We may as well consider only real representations since hermiticity (and SO(n)
invariance) of the fermion action would force us to extend a complex or pseudoreal
representation to a real one by adding the complex conjugate representation.
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6.2 Current Algebra on the String World Sheet 303

of (6.2.7), but with a modified value of k. Indeed, in computing k from the
diagram of fig. 6.3 with two currents attached to a single fermion loop,
the group theory factor that arises is trRTaTb, the trace of the product of
generators in the representation R. Hence, k is proportional to this trace.
To make a precise statement, let T be any generator of SO(n), and let
tiR and trf denote traces in the R representation and the fundamental
representation of SO(n), respectively. Denote the value of k in the fun-
damental representation F (which is the n-component vector of SO(n))
as kp, and denote the value in a general representation R as k#. Then

kR/kF = tiRT2/tTFT2. (6.2.8)

We have normalized (6.2.7) so that k = 1 for the fundamental represen-
tation. Depending on the choice of the not necessarily irreducible repre-
sentation i?, k can be an arbitrary positive integer. For instance, k = n
can be obtained by taking R to consist of n 'flavors', that is, n copies of
the fundamental representation of SO(n).

It is interesting that regardless of the choice of representation in (6.2.5),
k is always an integer. This fact has a deep significance in the theory of
affine Lie algebras. The algebra (6.2.7) has 'good' representations only if
k is properly quantized. This statement holds for not just for SO(n) but
for the affine Lie algebra G based on an arbitrary finite-dimensional Lie
algebra G. For any G, the coefficient k in (6.2.7) is quantized; only the
allowed quantum depends on G. Unfortunately, to explain why k must
be quantized for 'good' representations would take us too far afield here.

For SO(n), the general theory shows that k may be an arbitrary non-
negative integer, and in particular the n free fermions that give k = 1
are in some sense the minimal or fundamental model. Suppose, however,
that we wish to consider another group such as an exceptional group. It
is in fact the exceptional group E$ that will interest us most. Some of its
properties are described in appendix 6.A and others will emerge in sec-
tions below. For the time being, let us note that the representations of E%
are all real, and the smallest dimension of a nontrivial Eg representation

That the ratio in (6.2.8) is always an integer is a group-theoretic fact of life, which
is easily checked in simple examples. There is a special exception; for n = 3 a
half-integer value is possible by taking two copies of the spinor of 50(3) (two
copies since a single spinor is pseudoreal, not real).
Technically, the 'good' representations are the so-called integrable highest weight
representations. They are roughly unitary representations in a Hilbert space in
which the energy associated with the Virasoro generators defined later is bounded
below.

https:/www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9781139248563.007
https:/www.cambridge.org/core
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is 248. Since the 248-dimensional representation E% (which in fact is the
adjoint representation) is real, the existence of this representation means
that Es can be taken to act on 248 free Majorana fermions in 1 + 1 di-
mensions. This gives the smallest value of k that can be straightforwardly
achieved by realizing Es in terms of free fermions.

In contrast to the case of SO(n), realizing E% on free fermions does not
give the minimal possible value of k. With a normalization in which the
general theory permits k to be an arbitrary integer, the straightforward
realization of E% on 248 free fermions gives k = 30. How can we find a
minimal theory in which k = 1?

We wish to answer this question for practical reasons, not just for cul-
tural ones. First of all, we are interested in the Es current algebra (6.2.7)
because, by analogy with our initial comments about SO(n), any system
that realizes this current algebra would give a possible way of incorpo-
rating Es in string theory. The 248 free fermions on which we could
straightforwardly realize Es would be equivalent (in infinite volume, and
even in finite volume if we are careful with boundary conditions) to 124
real bosons. As 124 exceeds the critical dimension of the Veneziano model,
we cannot trade in a 26-dimensional Veneziano model for a theory in less
than 26 dimensions that has Es symmetry by using 124 real bosons or
248 Majorana fermions to represent £"8. We must find how to realize Es
on a smaller number of degrees of freedom.

A clue to this is provided by our introductory discussion of SO(n) for
even n, i.e., n = 2d. While the minimal k = 1 theory has in that case
a fairly obvious realization (6.2.3) in terms of n free fermions, it also
has a less obvious realization (6.2.4) (whose subtleties we have not yet
examined) in terms of d = n/2 free bosons. While (6.2.3) is more obvious
than (6.2.4) if our interest is SO(n), life is rather different if we wish to
incorporate other groups such as exceptional groups in string theory. It
turns out that for some of the exceptional groups (namely E&, 2?7, and Es,
but not C?2 and F±) (6.2.4) generalizes much more straightforwardly than
(6.2.3) to give a realization of the minimal current algebra structure of
k = 1. One of our tasks is therefore to investigate the intricacies of (6.2.4)
for various Lie groups, the interesting application being to Es x E$. We
will also see how to describe Es (with k = 1) in terms of fermions, but
this too requires a fairly elaborate discussion.

We say 'straightforwardly', because we will soon learn that there is a nonstraight-
forward way to realize Es with only 16 fermions, giving a much smaller value of
k.
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6.3 Heterotic Strings 305

There is another way to understand the fact that putting current al-
gebra on the string world sheet is a promising way to obtain internal
symmetries in gauge theory. Suppose that we find any representation of
the affine Lie algebra (6.2.7). Then we can define (for example, for closed
strings)

r++(<7) = j Yl •• J+(°)J+(°) •• = 2 E Lne-2™, (6.2.9)

where /? = k + \c2 and c2 is the quadratic Casimir operator in the adjoint
representation given by

jacdjbcd = ^ab (6.2.10)

These operators can be shown, by virtue of the affine Lie algebra (6.2.7),
to obey a Virasoro algebra

[Lmj Ln] = (m - n)Zm + n + T̂ O™3 - m)<Wn, (6.2.11)

where

c = l^—. (6.2.12)

While it is relatively easy to see from (6.2.9) and from the affine Lie al-
gebra (6.2.7) that the commutator (6.2.11) has the indicated structure,
extracting the precise numerical coefficients requires great care in regu-
larizing the operator product in (6.2.9). The reader may wish to start by
checking the abelian case in which c2 vanishes.

Equation (6.2.11) is promising because the Virasoro algebra is certainly
an essential part of string theory. Actually, quantization of k means that
the values of c that can appear in (6.2.11) are quantized. For instance, in
the case of E% (for which c2 = 60), the minimal choice k = 1 corresponds
to c = 8, a realization of E% current algebra with the same Virasoro
anomaly as eight free bosons. This might suggest that just as SO(2d) can
be realized with d free bosons, E% could be realized with eight of them.
Whether or not this suggestion seems plausible at this point, it proves to
be correct, as we will see.

6.3 Heterotic Strings

Before plunging into a search for more general realizations of current
algebra than those given in the preceding section, let us discuss how these
are applied in string theory. One possibility is already indicated in (6.2.3)
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306 6. Nonabelian Gauge Symmetry

and (6.2.4): one can replace n dimensions of the Veneziano model with
a left- and right-moving current algebra of c — n. The difficulty with
this scheme is that (although it is indeed a way to incorporate nonabelian
gauge symmetry in the Veneziano model) the resulting theory has the
two basic drawbacks of the Veneziano model: a tachyon, and no fermions.
Indeed, (6.2.4) is the Veneziano model (or more precisely the Shapiro-
Virasoro closed-string sector of the Veneziano model), except that there
are special conditions on the <j>% that we have not yet discussed.

Yet another possibility is to begin with one of the superstring theories
described in previous chapters, and replace some of the space-time coor-
dinates with a left- and right-moving current algebra. It turns out that
in this way one can incorporate nonabelian global symmetries, but not
nonabelian gauge symmetries.

Yet another possibility, which was introduced by Gross, Harvey, Mar-
tinec and Rohm, uses the fact that in closed-string theories, left- and
right-moving modes are decoupled. It is therefore possible to envisage
a closed-string theory in which the left-moving modes are of one type,
and the right-moving modes are of another type altogether. To incorpo-
rate space-time supersymmetry (which at once ensures the presence of
fermions and the absence of tachyons) one takes the right-moving modes
to be superstring modes of the type discussed in previous chapters. To
incorporate gauge degrees of freedom, one takes left-moving modes to
include a suitable current algebra. This hybridization of two different
kinds of modes has been referred to as 'heterosis'. The following action
describes an example of a construction of this type:

1 C 9

S = -f- / d2c(Y/(daX*1daXll - 2i^a+0M_) - 2t
* J n=0 A=\

(6.3.1)
Here i/>M, \i = 0 , . . . , 9 transform as the vector representation of the Lorentz
group; A"4, A = l , . . . , n are Lorentz singlets, but carry some internal
quantum numbers. Both ^ and \A are Majorana-Weyl fermions.

The right-moving modes are ^ and the right-moving part of X1*. These
are the same as the right-moving modes of one of the type II models, so
the critical dimension is ten, and this is why we have set D = 10 in (6.3.1).
There is a supersymmetry between X^ and t/^., just as in chapter 4. The
precise formula is

8X11 = i e ^ , 61>t = ed-X», (6.3.2)

which is the same formula as in chapter 4, except that the supersymme-
try generator e has only a positive-chirality component. Because of this
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6.3 Heterotic Strings 307

symmetry, the quantization of the theory involves introducing commut-
ing ghosts. Only half as many of them arise, however; one obtains only
the modes U3/2 and w_i/2> which are related to the positive-chirality su-
persymmetry generator. With the ghosts included, the critical dimension
ten for the right-moving can be computed, just as in §4.4.3. Of course,
instead of talking about the ghosts, we could use any of a variety of meth-
ods described in chapter 4 for determining the critical dimension of the
right-moving modes; or we could replace the ^ of (6.3.1) by an equivalent
set of light-cone gauge variables described in chapter 5. There is space-
time supersymmetry if we make the GSO projection on the right-moving
modes.

On the other hand, the left-moving modes are the left-moving part of
the X** and the A . As there is no left-moving supersymmetry, the only
left-moving ghosts are the reparametrization ghosts, which are enough to
cancel the contributions of 26 bosons. As we only have ten X* in (6.3.1),
the rest of the Virasoro anomaly must be canceled by the \A. Since (as
we know from bosonization of fermions) two Major ana fermions or one
Dirac fermion make up the Virasoro anomaly of a boson, we need 32 XA

in (6.3.1). If, therefore, the XA all obey the same boundary conditions,
they carry an 50(32) symmetry; further analysis below will reveal the
occurrence of massless gauge mesons of 50(32), so that 50(32) is in fact
a gauge symmetry. There is a more subtle possibility in which the XA

do not all obey the same boundary conditions, and one gets E% x E%
symmetry instead of 50(32). This also will be discussed below.

Instead of introducing the 32 \A in (6.3.1), we could introduce any
current algebra with c = 16. We thus have further motivation for our
search for more general realizations of current algebra.

6.3.1 The 50(32) Theory

We begin with a detailed description of the 50(32) theory, in order to
temporarily postpone some subtleties that arise in formulating E% x E%
current algebra, even though it is the E% x E% theory that is far more
interesting. We will describe the low-lying states that arise in the quan-
tization of (6.3.1) in the case in which all 32 of the \A obey the same
boundary conditions, so that the symmetry is 50(32). It is possible to be
relatively brief because separate quantization of the left- or right-moving
modes has already been carried out in previous chapters.

Just as in the RNS model, the fermionic coordinate \A can obey either
periodic or antiperiodic boundary conditions. Thus, there are two distinct
Fock spaces that we can try to construct; we will explore the properties of
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both of them. Of course, if we are willing to break 50(32) symmetry, there
are many more possibilities; we could assign periodic boundary conditions
to some of the fermions and antiperiodic boundary conditions to others.
We assume 50(32) symmetry here, so that we are limited to the 50(32)
conserving sectors with periodic or antiperiodic boundary conditions.

The periodic sector, denoted P, is the analog of the Ramond sector
explored in chapter 4. It has

(6-3.3)

with n G Z and canonical anticommutation relations

{\t^} = SABSm+n. (6.3.4)

The antiperiodic sector, denoted A, is the analog of the NS sector of
superstrings. It is described in similar fashion using modes A^ with r G
Z + 1/2 and the anticommutation relations

{\?,\?} = 8AB6r+s. (6.3.5)

In our previous studies of closed-string theories we have seen that it
was necessary to construct separate Virasoro operators Lm and Lm from
right and left-moving modes. A physical state |fi) was required to obey
Lm |fi) = Lm |0) = 0, for m > 0, while for m = 0 the requirement was

(Lo - a) |fi) = (Zo - a) \Q) = 0. (6.3.6)

Here a (and a ) is a normal-ordering constant, which enters in the process
of closing the Lorentz algebra. LQ (or Zo) is of the form p2/8 + N (or
p2/8 + N)j where N and N are constructed from oscillator coordinates. In
the present context we describe the right-moving modes using the trans-
verse spinor degrees of freedom described in chapter 5. Thus (in terms of
transverse modes)

N = f2(*-n'«n + nSa_nSa
n). (6.3.7)

l

(The equivalent formula in terms of ^ modes is described in chapter 4.)
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For the left-moving modes on the other hand

oo

N = ]T(fi_n • an + n\\\$) (6.3.8)
l

for the P sector, and similarly

N = f; a.n • an + f; r\*X (6.3.9)
1 1/2

for the A sector.
Now we must determine the constants a and a in (6.3.6). The first is

easy; we have a = 0, just as in chapter 5, because of supersymmetry. As
for a, we can borrow the results of chapters 2, 3, and 4. In chapter 2
we learned that the contribution to the normal ordering constant from a
physical Bose coordinate is 1/24, while at the end of §3.2.4 we learned
that the normal ordering constant from a half integrally moded Fermi
coordinate is 1/48, and from an integrally moded Fermi coordinate is
—1/24. The latter results were also obtained in another way in chapter 4.
We can combine these results to determine the value of a for the two
sectors of the theory under discussion:

8 32

(6.3.10)
8 32

Since a = 0, the first equation in (6.3.6) is a mass-shell condition

p2 = _8JV, (6.3.11)

which (since N is a nonnegative operator) immediately tells us that there
are no tachyons. This was to be expected, because of supersymmetry.
Upon combining the two equations in (6.3.6), we learn that in the A
sector

i(mass)2 = iV + ; V - l , (6.3.12)

where N = N — 1, and in the P sector

|(mass)2 = N + N + 1, (6.3.13)

where N = N + l. Since according to (6.3.11) massless states have N = 0,
we see that massless states in the A sector must have N = 1, while
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massless states in the P sector would have to have N = — 1. Since N
is a positive semi-definite operator, there are no massless states in the P
sector, and we can concentrate on the A sector.

The space of massless particles is just the tensor product of the space
of right-moving modes with N — 0 and the space of left-moving modes
with N = 1 (in the A sector). For the right-moving modes, the space of
states of N = 0 is just the D = 10 super Yang-Mills multiplet, just as in
the open superstring of chapter 5. These massless modes are explicitly of
the form

\i)R and \a)R, (6.3.14)

representing the bosonic and fermionic modes belonging to the 8V and 8C

representations of spin(8), respectively. For the left-moving modes with
N = 1 there are two possibilities. We have first

<*'_! \0)L. (6.3.15)

These states are 50(32) singlets, of course. There are eight transverse
physical states in (6.3.15); they transform as a vector under the transverse
rotation group. The other states of N = 1 are

These states are Lorentz singlets and transform in the adjoint represen-
tation (the antisymmetric second-rank-tensor representation) of SO(32).
Taking the tensor product of the supersymmetric Yang-Mills multiplet
(6.3.14) with the eight states (6.3.15) gives the 16 x 8 states of the N = 1
supergravity multiplet. Specifically, in the Bose sector

MR®#-I\0)L (6-3.17)

gives 64 states consisting of a symmetric traceless tensor (graviton), an
antisymmetric tensor, and a scalar. Similarly, in the Fermi sector

|A}*®#-i|0>i (6.3.18)

gives 64 states that decompose into a gravitino x?? which satisfies

7ldx! = 0 (6.3.19)

and therefore has 56 independent components, and an eight-component
spinor Aa corresponding to the contraction l%

aa\o)R ® #!_i |0)x- The ten-
sor product of (6.3.14) with the 32 • 31/2 = 496 states (6.3.16) gives the
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16-496 states of the super Yang-Mills multiplet for the group 50(32). No-
tice that the massless spin-one modes automatically appear in the adjoint
representation of the group, even though this was not obviously guaran-
teed by the construction a priori The adjoint representation is the one
that must arise if the theory is to make sense at the interacting level as
we know from the limiting low-energy Yang-Mills theory.

In the above we have described both boundary conditions on the ferm-
ions that are compatible with 50(32) symmetry, namely the P and A
sectors. The P sector did not give rise to any massless particles, so we
might be tempted to discard it as being uninteresting. However, when
we study loop diagrams in chapter 9, we will find that unitarity requires
inclusion of the P as well as the A sector; also, in §6.4 below, we give
air alternative construction of the theory in which the P and A sectors
automatically appear together. Anticipating these points, we consider
both the P and A sectors in our subsequent presentation of the model.

Thinking about the A sector, which gives the massless particles, the
condition N = N — 1 has the following interesting consequence. The
operator N defined in (6.3.7) above only has integer eigenvalues, while N
has both integer and half-integer eigenvalues. The half-integer eigenvalues
of N are obtained by acting with an odd number of A^ oscillators on the
ground state. The half-integer eigenvalues of N do not contribute to
the physical spectrum, since there is no choice of right-moving state that
would enable one to obey N = N — 1. Therefore, the condition N = N—l
forces us to discard states containing an odd number of A^ oscillators.
This is strikingly reminiscent of the GSO projection, which yields space-
time super symmetry. It is natural to suspect that we should carry out
the GSO projection in the P sector also. We will learn in chapter 9 that
this is indeed necessitated by unitarity at the one loop level; we also will
find that the GSO-like projection automatically arises (in both P and A
sectors) in the alternative construction in §6.4 below. In the P sector, the
GSO-like projection means that physical states have eigenvalue +1 of the
operator (—1) that anticommutes with all of the A . This operator is

(-if = X0(-l)£r >-»*», (6.3.20)

where

\0 = \l\2
0---\l

2 (6.3.21)

is the product of the zero-mode fermions.
Let us now examine the spectrum at the first excited level. The states

at this level can be formed in either of two ways. If we use the A sector for
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the left-moving modes we must take N = 1 and N = 2, whereas if we use
the P sector for the left-moving modes N — 1 and N = 0 are required.
In either case the right-moving sector is contributing the N = 1 multiplet
of the open superstring, which we saw in chapter 5 corresponds to the
D = 10 supermultiplet of spin(9) representations (44 + 84)# + 128jr.
This is to be tensored with the states made from the left-moving sector.
The possible A sector states with N = 2 are

(6.3.22)

For the P sector the only possibility with N = 0 is the spin(32) spinor \a)
satisfying the GSO-like projection condition (analogous to a Weyl con-
dition in the space-time context) Ao \a) = \a). The dimension of this
representation is 215, a rather large number! Altogether the A and P
sectors together contribute 73 764 modes. Tensoring with the 256 right-
moving modes gives a total of 18 883 584 states at the first excited level of
the heterotic string. The construction ensures that they form a supersym-
metry multiplet, because the supersymmetry transformations act only on
the right-moving factor. Similarly, they form spin(32) multiplets, because
those transformations act on the multiplets of the left-moving factor.

We explained in appendix 5.A that the representations of spin(2n) fall
into four conjugacy classes. In the construction described above we see
that A sector representations consist entirely of tensor representations
of even rank because there are always an even number of A excitations.
All such representations belong to the same conjugacy class as the adjoint
representation. In the P sector we have found one of the two fundamental
spinor representations occurring at the first excited level. The fact that
all allowed states can be obtained from this one with an even number of
A excitations (to ensure (—1)F = 1) means that all other states occurring
in this sector at higher mass levels belong to the same conjugacy class.
As a result the complete spectrum of the theory only involves two of the
four conjugacy classes of spin(32). This is what is being alluded to when
one describes the group symmetry as being spin(32)/Z2, rather than, say,
spin(32) or 50(32).

6.3.2 The Es x Es Theory

In the foregoing we have described the basic structure of heterotic strings
with 50(32) gauge symmetry and D = 10 spacetime supersymmetry.
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The physical space is a tensor product of right-moving modes that in-
clude supersymmetric degrees of freedom and left-moving modes that are
responsible for gauge symmetries. Tachyons are absent because of su-
persymmetry. Having described the basic structure, our next task is to
explain how this structure can be implemented in a way that gives a
more interesting and unusual gauge symmetry group - not 50(32) but
the exceptional group E% x E$.

In constructing the spin(32)/Z2 theory we assigned to all 32 components
of A^ the same boundary conditions - A or P - in order to be consistent
with the symmetry. If we are willing to break 50(32) symmetry, we could
contemplate many more possibilities, with one boundary conditions for
some of the A^ and another boundary condition for others. At first sight
it may seem that there are a bewildering array of possibilities. Moreover,
they all seem to involve some loss of symmetry. We will now see, however,
that most of these choices run afoul of the N = N — 1 constraint, but that
there is one option that is rather attractive. It does not really involve a loss
of symmetry: while some of the spin(32)/Z2 symmetry is lost, additional
gauge symmetry appears in an unexpected way. In fact, we will arrive at
a symmetry group, namely E$ x E%, which in some sense is just as large
as 50(32) (they both have 496 generators) but far more interesting.

Consider attempting to construct a theory with a symmetry smaller
than spin(32), perhaps spin(n) x spin(32 — n). To do so, we split the 32
left-moving fermions up into a group of n and a group of 32 — n. There is
no reason that the two groups of fermions must obey the same boundary
conditions, if the gauge symmetry is to be only S0(n) X 50(32—n). Thus,
we can assign the P sector and A sector boundary conditions to the two
sets of Fermi oscillators separately. There are then four possible sectors,
which we denote AA, AP, PA and PP, where the first label refers to
the boundary conditions obeyed by the first n components of A and the
second label to those obeyed by the remaining 32 — n components. As a
result, there are four distinct possibilities for the normal ordering constant
a in the relation TV = N — a. These constants can be calculated by the
rules described in §6.3.1. Recalling that the normal-ordering constant of
a boson is +1/24, while that of a periodic fermion is —1/24, and that of
an antiperiodic fermion is +1/48, we get

<"•»»
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8 n 3 2 - n ,
^ = 24-24- — = " L (°-26)

To see the implication of the above formulas we recall that N only has
integer eigenvalues. Similarly, N takes integer eigenvalues in the P sector.
In the A sector N has integer eigenvalues for states of even world-sheet
fermion number and half-integer eigenvalues for states of odd world-sheet
fermion number. For values of n not divisible by eight, there are no
physical states in the AP and PA sectors. Discarding those sectors, and
keeping only the AA and PP sectors in which all 32 A^ obey the same
boundary conditions, we are back to the spin(32)/Z2 theory considered
earlier. For n divisible by eight there are essentially three possibilities:
(i) n = 32 or 0, (ii) n = 16, (iii) n = 8 or 24. Cases (i) and (ii) give integer
values for all four a's, whereas case (iii) gives half-integer values for a^p
and apA- Case (i) is again precisely the spin(32)/Z2 theory considered
in the previous section. Case (ii) appears to give a spin(16) x spin(16)
theory, whereas case (iii) is a candidate for a spin(24) x spin(8) theory.
Let us consider case (ii), as it turns out to be the one of most interest.
Case (iii) is a theory that suffers from various one-loop anomalies, and
will not be considered further.

In case (ii) we are assigning independent A or P boundary conditions
to each set of 16 A coordinates separately. As we have already said,
the current algebra for this case looks like that of a spin(16) x spin(16)
theory, and that is all the symmetry one might reasonably expect. The
spin(16) x spin(16) gauge mesons arise in the AA sector in the above
construction. Since a = 1 in the AA sector, one makes massless left-
moving states in this sector (just as in the spin(32)/Z2 theory) by acting
on the ground state with two A^j ,2 oscillators, each contributing +1/2 to

the eigenvalue of N. The resulting states are of the form

*-i/2A-i/2|0>i> (6-3-27)

They transform as follows under spin(16) x spin(16):

( 1 2 0 , 1 ) if A , £ = l , . . . , 1 6 ;

(1,120) if A,£ = 17,...,32; (6.3.28)

(16,16) if A = l , . . . , 1 6 , J3 = 17,...,32.

Here 16 and 120 denote, respectively, the vector and adjoint represen-
tations of 50(16). Taken together, these 496 states with the indicated
spin(16) x spin(16) content would fill out the adjoint representation of
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6.3 Heterotic Strings 315

spin(32), so one may wonder whether we are somehow discovering a new
theory with spin(32) gauge group. But now we find a surprise. Since
the normal-ordering constants are a = 0 in the AP and PA sectors,
additional massless states come from those sectors. Indeed, massless left-
moving states in the AP or PA sector are states of N = 0. Quantization
of fermion zero modes causes the states in the PA (or AP) sector to
transform as spinors of the first (or second) spin(16) group, just as in the
Ramond sector discussed in chapter 4. So, if we denote the two spinor
representations of spin(16) as 128 and 128', respectively, the massless
left-moving states in the PA and AP sectors are

PA : (128,1)0 (128', 1)
, (6.3.29)

AP: (1,128) 0(1,128'),

When tensored with right-moving massless states, the left-moving mass-
less states in (6.3.28) and (6.3.29) give rise to supersymmetric Yang-Mills
multiplets, so if the theory is to make sense they must form a Lie algebra.
However, there simply is no Lie algebra with the spin(16) x spin(16) con-
tent of (6.3.28) and (6.3.29), so we must find a projection that eliminates
some of the states.

The required projection is a variant of the GSO projection. Upon
separating the 32 world-sheet fermions into two groups of 16, as we have
done in the foregoing, there are two candidates for the operator (—1)^
that is used in the GSO projection. We can define an operator (—1) l

that anticommutes with the first group of 16 A"4 and commutes with the
second group, and a second operator (—1) 2 that commutes with the first
group and anticommutes with the second group. The GSO-like projection
that extracts a Lie algebra from (6.3.28) and (6.3.29) consists of keeping
precisely the states that are invariant under both (—l)^1 and (—l)^2. If
we postulate that in the A A sector the ground state |O)jr is even under
both (—l)^1 and (—l)^2, then it is easy to see which states in (6.3.28)
obey the GSO-like projection. The states in question must be created by
acting on |O)jr with two fermions that are both from the first group of 16
\ A or both from the second group, so the surviving states transform as

(120,1)0(1,120). (6.3.30)

As for (6.3.29), in both the AP and PA sectors, the two multiplets in
(6.3.29) have opposite eigenvalues of (—1)^, so one multiplet survives
from each pair; which one survives is immaterial, since the difference
between the 128 and 128' of spin(16) is a matter of convention. Picking
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a convention, we may say that the surviving states from (6.3.29) transform
as

(128,1)® (1,128). (6.3.31)

As we explain in appendix 6.A, the 120 © 128 of spin(16) make up the
exceptional Lie algebra E$, so (6.3.30) and (6.3.31) together correspond
to Es x E%. We will see in chapter 9 that the GSO-like projection we have
made is required by unitarity, but for the time being we are satisfied to
note that (short of discarding (6.3.29) altogether) it is essentially the only
projection of (6.3.28) and (6.3.29) that makes a Lie algebra.

The theory as we have presented it manifestly has a spin(16) x spin(16)
current algebra, but that there is an E% x Es current algebra is not ap-
parent. This enlarged current algebra must exist, however, if the theory
makes sense, since the massless gauge bosons of Es x Es mean that there
must be an Es x Es symmetry, and a theory of Es x Es symmetry that
has spin(16) x spin(16) current algebra must have Es x Es current alge-
bra. To construct the extra conserved currents of Es x Es is somewhat
difficult. We will see how it can be done at the end of §7.3. Later in
this chapter we will give an alternative construction of the theory with an
explicit demonstration of the occurrence of Es x Es current algebra.

At the first excited level there are a large number of possible states,
all of which also piece together into Es x Es multiplets. The 256 N = 1
right-moving modes can be tensored with the N = 0 PP states |a;6)x,
the N = 1 AP states

/ / ) L (6.3.32)

or the PA state

fiLi|o;0}£, A'_A
1/2A'_fl

1/2|a;0)i, X^\a;O)L. (6.3.33)

A dotted spinor index refers to the spinor of the opposite chirality. In
other words 7|a) = |a), whereas 7|a) = —1«). Finally, one must also
include the N = 2 AA states

/ / &LM/2X% \0)L

\A \B \C \D in\ \'A \iB \iC \iD in\
A- l /2A-l /2A-l /2A-l /2 IU/X > A-l /2A-l /2A-l /2A-l /2 IU/X >

/ / / / / / / /
(6.3.34)

Altogether, this gives a total of 73 764 modes, just as in the spin(32)/Z2
theory. Later we will show that there are actually an equal number of
states at every mass level of the two heterotic string theories.
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6.4 Toroidal Compactification

The fermionic construction of current algebra on which we have concen-
trated so far is simple to describe, but also has some drawbacks. The
construction of an E% x E% multiplet may seem somewhat artificial, and
the proof of E$ x E% symmetry is incomplete (the key steps in completing
it will be explained at the end of §7.3). We now begin a discussion of the
'bosonic' realization of current algebra, which requires more preliminary
discussion, but gives a simpler way to demonstrate E% symmetry.

In (6.3.1), we are really interested in a theory with left-moving current
algebra only. However, we begin our discussion of the bosonic realization
of current algebra by discussing a theory (in fact, (6.2.4)) in which there
is'both a left- and a right-moving current algebra. The reason for this is
that the required formulas have other applications (to compactification of
string theory), and also some of the required structures are more easily
understood if one begins with a discussion of the left-right symmetric
case. Thus, we consider first the Veneziano model formulated not on
M26 (26-dimensional Minkowski space) but on M25 x 51, with S1 being
a circle. This is a special case of 'compactification' from 26 to 26 — d
dimensions. The goal is to treat the d toroidal bosons as the <f)% of (6.2.4),
and to show that with a proper formulation, an unexpected nonabelian
symmetry group emerges.

After this example is behind us we shall turn to the case of primary
interest, the bosonized description of the heterotic string. In this con-
struction the 32 left-moving fermionic coordinates are replaced by 16
bosonic coordinates. Together with the ten left-moving bosons of the ten-
dimensional string theory, this means that the left-moving modes consist
of 26 bosons; one can think of them as the 26 free bosons of the Veneziano
model. The right-moving modes on the other hand are supersymmetric
modes - 10 bosons and (in the RNS framework) 10 fermions, just as in our
discussion in §6.3 above. In this description, therefore, the heterotic string
can be viewed as a hybrid of left-moving bosonic string and a right-moving
fermionic string. The 16 extra bosons of the left-movers are compactified
on particular 16-dimensional tori, leading to E% x E% or 50(32) symmetry.

This construction makes the emergence of the E& x E% symmetry easier
to understand than the fermionic one. It also gives the first hint of why
the particular constructions in the previous section are special. Specifi-
cally, we will discover that the two supersymmetric theories correspond
to the only two even self-dual lattices in 16 dimensions. While this fea-
ture appears only to be a curiosity in the context of the discussion of this
chapter, we will discover in chapter 9 that it is actually of fundamental
importance for the consistency of one-loop diagrams.
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318 6. Nonabelian Gauge Symmetry

6.4' 1- Compactification on a Circle

To illustrate the basic idea of how nonabelian symmetries arise from
toroidal compactification, let us begin with the simplest example. Con-
sider bosonic closed strings in D = 26, and suppose one of the spatial
coordinates is compactified into a circle. For this coordinate one identifies
x = x + 27ri?n, where R is the radius of the circle and n is an arbi-
trary integer. The most general configuration for X(CT,T) satisfying the
two-dimensional wave equation and the closed-string boundary conditions
then becomes

X(a, r) = x + PT + 2La + i £ l[ane-2in(T-^ + ane~2in(T+% (6.4.1)

where
P = T L = nR. (6.4.2)

The integer m labels the allowed momentum eigenvalues. The restriction
to integer m is needed so that the quantum wave function etpx is single-
valued (invariant under x —» x + 2TTR). The integer n is the number of
times that the string wraps around the circle. When this 'winding number'
is nonzero, X(cr, r) describes a soliton string state. Such states have no
counterpart in the uncompactified case, since their energy diverges as
R —> oo. Clearly, such states exist whenever the spatial manifold contains
noncontractible closed curves, or in other words whenever its fundamental
group TTI is not zero.

The mode expansion in (6.4.1) can be decomposed into a sum of right-
moving and left-moving pieces

X(a, T) = XR(T -<J)+ XL(r + a) (6.4.3)

XR(T - a) = xR + ( | - L) (r - a) + i £ lane'2^^ (6.4.4)

XL(r + a) = xL + ( | + L) (r + a) + i £ lane~2in^"\ (6.4.5)

The zero-frequency parts of the Virasoro conditions T++ = T = 0 in
this case give Lo = LQ = 1, where

(6.4.6)
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This implies that

2

i(mass)2 = N + N-2 + ̂  + n2R2 (6.4.7)

and

N - N = pL = mn, (6.4.8)

where
oo

N = ^2(atnanil + a-nan) (6.4.9)
n=l

N = Y^^-n&nn + fi-»a»)- (6.4.10)
n=l

The last two terms in the mass formula (6.4.7) give the contributions of
the internal momentum and winding energy to the 25-dimensional mass.
In the formulas for N and TV, a{{ and a% refer to the first 25 dimensions,
while an and ccn refer to the compactified 26th dimension. Since a shift
of a by an amount <JO is generated by the unitary operator

U(a0) = exp[2i(N -N- pL)*0], (6.4.11)

the N — N equation ensures that the physics does not depend on the
choice of origin for the a coordinate.

Let |m,n) denote a ground state of the Fock space having internal
momentum m/R and winding eigenvalue n. The 25-vector momentum p^
is not shown explicitly. Let us now construct massless vector states. Two
of them are given by

(<£!«_! i a - j a ^ J l O j O ) , (6.4.12)

since these states have N = N = 1 and p = L = 0. If the string is
assumed to be oriented, the massless D = 26 spectrum contains a graviton
(fyj,, an antisymmetric tensor B^^ and a scalar. The two vectors can be
understood as arising from the decomposition of g^ and B^v, with respect
to the D = 25 Lorentz subgroup. If the string is unoriented, B^v is not
present in the spectrum, and only the symmetric combination in (6.4.12)
is physical.
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320 6. Nonabelian Gauge Symmetry

Another possibility for making massless vectors is to have states with
p, L ^ 0. For mass 0, Lo = Zo = 1 gives

) 2 = 0 (6.4.13)

= 0. (6.4.14)

These can be solved by N = 1 and TV = 0 for L — p/2 and p2 = 2. Since
pL = mn = 1, this requires m = n = ±1 but this is only possible for
R2 = 1/2 = a'. Thus, for this particular value of the radius, there are
four more massless vectors given by

< £ i | l , l ) , a ^ | - 1 , - 1 ) , a ^ | l , - l ) , a ^ | -1 ,1) . (6.4.15)

On physical grounds, massless vectors must couple to conserved cur-
rents for consistency, so at the value of the radius at which the massless
vectors just noted appear, there must be an enlarged gauge symmetry.
The enlarged gauge symmetry has as a subgroup U(1)L X U(1)R gener-
ated by the massless gauge bosons that are present at any radius. The
U(l)i x U(1)R quantum numbers are m and n. The counting of states
and the U(l)i x U(1)R quantum numbers show that the enlarged gauge
symmetry that appears at a special radius is SU(2)i x SU(2)R.

It is not difficult to see how some of the low-lying states fit into SU(2) x
SU(2) multiplets. For example, the massless scalars include the nine
states

a - i a - i | 0 ,0 ) , |±2,0), |0,±2),

a _ i | l , l ) , a_! | - 1 , - 1 ) , a _ ! | l , - l ) , a _ i | - l , l ) . (6.4.16)

which form a (3,3) representation of SU(2) x SU(2).
For unoriented closed strings, the symmetry is not SU(2)i x SU(2)R

but only a diagonal 5(7(2) symmetry. Of the nine scalars noted in the
last paragraph, only six states (1 -f 5) of the diagonal SU(2) survive.

6.4-2 Fermionization

The appearance of an enlarged gauge symmetry for a special radius is
rather striking. It is not the first time that we have seen that phenomenon
occur when a scalar field is an angular variable with the correct periodicity.
In our discussion of bosonization of fermions in chapter 3, we saw that to
bosonize fermions correctly in finite volume, one must introduce a boson
that is a scalar field with a definite radius.
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6.4 Toroidal Compactification 321

It is possible to make a precise connection between these two phenomena
and thereby to give, perhaps, a simple explanation of the appearance of
an enlarged symmetry when the scalar has the correct radius. Let us
concentrate on, say, the left-moving sector of SU(2)L X SU(2)R. Suppose
that we wish to obtain not SU(2)L symmetry but 50(4)/;. There is a
relation, since 50(4)/, is isomorphic to the product SU(2)i x SU(2yL of
two left-moving SU{2) groups. As in the preceding section, we can realize
SO(4)i with four left-moving fermions:

/

4

d2aJ2^id-^. (6.4.17)

On the other hand, we can bosonize these fermions, and describe them by
two left-moving scalar fields <j)f and <^ that obey

d+<f>f = i>t*l>t d+<t>t = t U t - (6-4-18)
In view of the discussion in chapter 3, <j)f and ^j" must be angular variables
of definite periodicity.

Now, the currents ifif^ and i>£il>£ of (6.4.18) are linear combina-
tions of SU(2)i and SU(2)'L currents. Specifically, the decomposition
of S0(4)L into SU(2)L X SU(2)'L corresponds to a decomposition of
the fermion currents J+ = i>f^ into self-dual and anti-self-dual pieces

J^j ± \tijk\Jtv ^ ^ e l m e a r combinations V>i~̂ 2~ ^ ^t^t a r e self"dual and
anti-self-dual, respectively, and so are generators, respectively, of SU(2)i
and SU(2)'L. If we introduce new boson fields af and a£ by

<7+ = (4>+ + <A+)/2 a + = (<!>+ - <t>t)/2 (6.4.19)

then the af correspond in the bosonization formulas to generators, re-
spectively, of SU(2)L and

(6.4.20)

Equation (6.4.20) shows that the derivative of af is an SU(2)i current and
so commutes with SU(2)l

L] in fact, erf, and not only its derivative, has this
property. Thus af commutes with 5J7(2)'^, and describes SU(2)i degrees
of freedom only. Likewise, a£ describes SU(2)'L degrees of freedom only.
Thus, we have shown that a single left-moving boson af can describe
SU(2)i symmetry, provided that it is a periodic variable with the correct
periodicity. This is in agreement with the preceding analysis.
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The transformation from (6.4.18) to (6.4.19) is strikingly reminiscent
of the transformation used in chapter 5 to relate the two different light-
cone formulations of superstrings. Indeed, the general understanding of
this is as follows. A Lie group G of rank d has d commuting generators
Ti, T2> • • • ? T&. They generate a U{\)d subgroup of G called its maximal
torus. In certain cases, G symmetry can be realized by introducing d
left-moving scalars that propagate on the maximal torus of G. (Or GxG
symmetry can be realized by introducing d scalars with both left- and
right-moving pieces that propagate on this maximal torus.) For example,
SU(2) has rank one; its maximal torus is a circle. 5(7(2) symmetry can
be achieved with a single scalar field. 50(4) and 50(8) have rank two
and rank four, respectively, and require the introduction of two or four
scalar fields. Since the periodic scalar fields that are required in order to
get 50(4) or 50(8) symmetry are variables that 'live' on the maximal
torus of 50(4) or 50(8), any natural transformation of the respective
maximal tori is a symmetry of these scalar fields. The transformation from
(6.4.18) to (6.4.19) is the transformation of the maximal torus of 50(4)
that decomposes 50(4) into SU(2) x 517(2), while the transformation
considered in chapter 5 is (as sketched in appendix 5. A) the transformation
of the maximal torus that corresponds to triality symmetry.

The groups that can be realized in terms of scalar fields propagating on
the maximal torus are the so-called simply laced groups (groups in which
all root vectors are of equal length), namely SU(N), 5O(2iV), and EQ, EJ
and Es- Since we can understand S0(2N) in terms of free fermions, it is
the other cases and especially the exceptional groups about which we can
get some insight by working with bosons on the maximal torus.

6.4-3 Bosonized Description of the Heterotic String

We now generalize the previous discussion with a view to getting not
SU(2)L x SU(2)R symmetry but GL, where G is either of the two sym-
metry groups spin(32)/Z2 or Es x Es that appear in the supersymmetric
heterotic string theories. The way we achieve this is to use 16 left-moving
bosonic coordinates, in place of the 32 A coordinates considered previ-
ously, and to show that by compactifying them on a torus of suitable size
and shape one can reproduce the results found previously. Finding the
correct tori means finding the boundary conditions for the bosonic coor-
dinates that correctly describe the bosonization of the Fermi coordinates
with specified boundary conditions. Instead of using a purely deductive
approach, it is much easier to simply construct the particular torus that
correctly reproduces the desired symmetry group and particle spectrum.
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Let us suppose that 16 of the 26 left-moving bosonic coordinates are
compactified and write their mode expansions in the form

^ , (6.4.21)

where / = 1,2,...,16 . These supplement the usual superstring coor-
dinates for the right-moving modes a%

n and S% (in the light-cone gauge)
where i = 1,...,8 labels the 8V representation of the transverse space-
time symmetry and a = 1 , . . . , 8 labels the 8S representation of the same
group. Also present, of course, are the left-moving space-time modes al

n.
In quantizing the modes of and X|(r-fcr) in the absence of correspond-

ing XR(r — a) modes there is one slightly subtle detail. These variables
have phase-space constraints, since the conjugate momentum X is pro-
portional to X1. Quantization requires the use of Dirac brackets. A short
cut to the correct answer is as follows. If both left and right moving modes
are present, the standard commutation relation is

[xI,pJ] = i6IJ. (6.4.22)

If we write x = x^ + ar^, p = pL + pR, where left-moving modes xL,pL

are to commute with right-moving modes xR,pR, then (6.4.22) implies

[*L,PL] = ^ I J = &RA\- (6-4-23)

The factor of 1/2 here is important. As a result, the operator

Vo(K, r + a)=: e
2iK'x^r^ : (6.4.24)

satisfies

\pLVo(K)] = KIVo(K). (6.4.25)

The vector pl
L corresponds to the quantity \p + L in the discussion of

§6.4.1. In that example, there was a left-moving mode with pi = \p + L
and a right-moving mode with PR = \p — L. Now we are supposing that
there are no right-moving modes that correspond to the 16 compactified
coordinates. This means that the winding numbers and the momenta
must be identified by the requirement that -^p — L — 0.

The compactification of the 16 left-moving coordinates into a torus T16

means that coordinates that differ by period vectors are to be identified.
Such a torus can be obtained as follows. One begins with 16-dimensional
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324 6. Nonabelian Gauge Symmetry

Euclidean space i?16. In this space one introduces 16 independent vectors
e ,̂ i = 1 , . . . , 16, and one defines a lattice T consisting of points of the form
J2nie{i the ni being integers. One then forms the torus T16 = R16/7rT.
(The factor of T will simplify our formulas.) A point on this torus is a
point x1 in R16 subject to the equivalence relation

16

x1 « x1 + 7T ^2 nit\ = x1 + 2TT2/. (6.4.26)

We introduce the metric tensor

16 e M (6-4-27)
7=1

on R16. We will see that the most interesting case is that in which this
matrix has integer entries with diagonal elements gu = 2.

The commutation relation (6.4.23) implies that pl
L ~ —(i/2)d/dxI

L.
Thus the Kaluza-Klein quantization condition for the allowed momenta
K1 is given by the requirement that exp(2iK • x) be single valued. The
requirement on K is that K ej must be an integer for each i = 1 , . . . , 16.
The K1 that obey this condition form a lattice T called the dual lattice
of F. It is always possible to find 16 vectors e* obeying

7=1

The e*1 are uniquely determined by (6.4.28). Integer linear combinations
of the e*1 form a lattice T called the dual lattice of F. Allowed momenta
K must be of the form

16

K1 = Y^rnie]1. (6.4.29)

The condition K1 — 2L1, which follows from K = \p + L and ^p — L — 0
(the conditions asserting that X1 has left-moving components only), gives

16 16

Until now, we have imposed no restriction on the 16 vectors e\ (apart
from linear independence); there is likewise no restriction on the matrix
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gij. For a generical choice of the e[, (6.4.30) is very restrictive. Indeed,
(6.4.30) says that the same vector K1 must belong to both the lattice F
generated by the e\ and the dual lattice F generated by the e*1. Both F
and F consist of discrete points in i?16, and for generical choices of the
q , these two lattices have no point in common except the origin. Thus,
for generical choices of the q , a momentum K obeying (6.4.30) must be
zero.

It is unphysical for the zero modes of the string motion to be absent,
so we can anticipate from this that the theory with a generical choice of
e\ is inconsistent. The precise nature of the inconsistency will emerge in
chapter 9 when we study modular invariance. For the time being, let us
got on and look for instances in which (6.4.30) is not too restrictive.

Under what conditions are there many points that lie in both the lattice
F and its dual lattice F? Such a phenomenon arises if the matrix elements
gij of the metric g defined in (6.4.27) above are all integers. The lattice
F is then said to be an integral lattice. In this case, (e^ey) = e\t^ is an
integer for all 1 < i,j < 16, so the vectors ej themselves lie in the dual
lattice F. Indeed, in this situation the entire lattice F generated by the e;
lies in f, so (6.4.30) permits K1 to be an arbitrary element of F.

The requirement that F should be an integral lattice amounts to a very
special restriction on the radius of the torus T16 on which the extra 16 left-
moving bosons are compactified. We actually wish to impose yet further
restrictions. In general, the requirement that F be integral does not imply
that F is identical to F; it may be a sub-lattice thereof. If they actually
are identical, then F is said to be a self-dual lattice.

Another important notion is the following. If the diagonal elements ga
oig are even and F is an integral lattice, then F is said to be an even lattice.
Consider an arbitrary lattice vector v1 = £^ n,e^ (the n,- are integers). Its
length squared is (v,v) = Ylijninj9ij = Y,n2i9ii + 2Y,i<jninj9ij, a n d

is even if the ga are all even; thus an even lattice may be described by
saying that the length squared of any lattice vector is even.

The left- and right-moving sectors are related, as usual, by the con-
straint Lo = Zo — 1, which ensures invariance under rigid shifts of the a
parameter. Expressed in terms of modes this becomes

I

where N is the superstring number operator and

oo / 8 16

= £ £ *-»*» + £ &ln&In •
n=l \t=l 7=1 /
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The mass operator is given by

i(mass)2 = 2N. (6.4.33)

Since TV and N have integer eigenvalues, we see already that the eigen-
values K1 of the operator pr

L must have a length-squared that is an even
integer. If the lattice F is even as well as integral, this is no additional
requirement. What happens if F is not even? If F is an integer lattice
that is not even, the points ^ ^i^\ £ F whose length squared is even form
a sublattice F'. Since (6.4.33) forces the momenta to lie in V (and not
just in F as we learned from (6.4.30)), we may as well carry out the whole
construction using F' from the beginning. Thus, we henceforth assume
that the lattice F is even.

As already noted for the fermionic formulation, (6.4.33) ensures that the
spectrum is tachyon-free because TV is nonnegative. This is remarkable,
because the bosonic string theory, which is being used to describe the left
movers, has a tachyon.

Let us now discuss the gauge symmetry of the theory. Massless vec-
tor particles can be made by tensoring the N = 0 right-moving 50(1,9)
vectors with left-moving Lorentz scalars of N + \{PL)2 — 1- Sixteen left-
moving scalars are made for any choice of the radii by the states a_^ |0).
These states just correspond to the Kaluza-Klein vector gauge fields as-
sociated with the [C/(l)]16 isometry of the torus T. They are no surprise.
However, just as we saw in §6.4.1 that U{\) x U(l) could be enlarged to
SU(2) x SU(2) for a suitably chosen radius, so we can obtain an enlarged
gauge symmetry in the present construction if the lattice F has points
of length squared two. If there are lattice sites with K2 = 2, then the
associated state \K) describes left-moving scalars. The additional mass-
less vectors are in one-to-one correspondence with such lattice sites. The
restriction to even integral lattices F that we have tentatively advocated
above means that such enlarged gauge invariance is likely; for instance if
the basis vectors e\ have length squared two (the smallest possible value
in an even integer lattice), then the choice K1 = e\ (for any i) is suitable
for giving a massless state \KI).

We have already encountered even integral lattices once previously in
this book. In appendix 5.A we described the root and weight lattices
associated with S0(2n) groups. We saw that the roots - the nonzero
weights of the adjoint representation - were of length-squared equal to
two, so that the root lattice was in fact an even integral lattice. The root
lattice of 5*0(272) is not self-dual, however; its dual lattice includes weight
vectors of other representations as well as the adjoint representation.
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More generally, on any even lattice the points of length squared two
(collectively denoted A2) are always the nonzero roots of some Lie algebra
G. The massless vector mesons found in the above construction for every
point {K1) of length squared two in F give rise in the string theory to
gauge fields of a gauge symmetry group isomorphic to G. Since there are
16 left-moving bosons at our disposal in the above construction, we can
obtain an arbitrary simply-laced Lie group of rank 16. At first sight we
face a plethora of possibilities.

5

• • • • 1 • •

Figure 6.4. The Dynkin diagram of Eg.

What drastically reduces this plethora is the condition that the lattice
F should be self-dual. In the above, we have seen that the restriction to
self-dual F is rather natural for left-moving bosons, which should have
the same winding numbers and momenta. (For a self-dual F (6.4.30) is
no restriction.) We have not been able to prove the necessity of a self-
dual lattice, and indeed we will not be able to prove this requirement
until chapter 9, after developing the concept of modular invariance. Let
us however here anticipate the fact that F must be an even self-dual
lattice and explore the consequences. Such lattices have been thoroughly
studied by mathematicians because of their role in number theory. Even
self-dual lattices (of Euclidean signature) only exist in dimensions that
are a multiple of eight. In eight dimensions there is just one, Fg, the root
lattice of the exceptional group E$. In this case the matrix gij = t{ • tj is
the Cartan matrix of Eg, which is given in a basis of simple positive roots

In fact, we prove this in §6.4.4 below by constructing a closed Lie algebra of
vertex operators corresponding to points of length squared two on any integer
lattice.

A simply-laced Lie group is simply one in which all nonzero roots have the
same length squared; the finite dimensional Lie algebras with this property are
SO(2N), SU(N), E6, E7i and Eg. The common length squared of the nonzero
roots of a simply-laced Lie algebra is customarily taken to be two.
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(6.4.34)

This corresponds to the Dynkin diagram shown in fig. 6.4. (Dynkin
diagrams were explained briefly in appendix 5.A.)

In 16 dimensions there are two even self-dual lattices, namely the prod-
uct F8 x T% of two copies of Fg and a second one called Fi6, which contains
the root lattice of 50(32) as a sublattice. The former choice gives rise in
string theory to the gauge group E% x .Eg, while in the second case the
gauge group is 50(32). The Eg x Eg and 50(32) theories constructed
using these two self-dual lattices coincide with those that we constructed
in the fermionic formulation in §6.3. For instance, the lattice Fi6 con-
tains the root lattice of 50(32) as well as the weights associated with one
of the two spinor conjugacy classes (described in appendix 5.A). There-
fore the representations that are included in Fig correspond to the group
spin(32)/Z2, in agreement with the analysis of §6.3.1. We will say more
about the lattices Fg and Fi6 later in this section.

6.4-4 Vertex Operator Representations

Having set the stage, we now finally construct the bosonic representation
of current algebra. This also permits us to give a full account of the gauge
symmetry in the Eg x Es theory.

In the fermionic construction of heterotic strings we were able to prove
50(32) symmetry or 50(16) x 50(16) symmetry, but it remained some-
what of a mystery how Es x Es works. In the bosonic formulation we have
found that left-moving coordinates are compactified on the maximal torus
of Es x Es with the result that the conjugate momenta are restricted to
the lattice Ts x Vs. It is reasonable to expect that this is a framework
in which the symmetry can be established, and that is what we intend to
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6.4 Toroidal Compactification 329

explain in this section.
The plan of attack is to describe an explicit construction of the group

generators in terms of vertex operators and to verify that they satisfy the
correct commutation relations. This constitutes a proof of the symmetry,
provided only that they commute with the mass-squared operator, which
turns out to be the case. The reason, of course, is that then the space of
string states provides a representation space for the group at each mass
level.

Let us first make general comments about the form of a simply-laced
Lie algebra. If the rank is d, we first pick a maximal commuting subgroup
[C/(l)]rf, called the Cartan subalgebra. Let us denote these commuting
generators by Hj

[HhHj] = 0. (6.4.35)

The eigenvalues of the Hj (for any state in any representation) form a
point in a d-dimensional 'weight space' Rd. The other n — d generators (n
is the dimension of the group) correspond to root vectors K 6 Rd. For a
simply laced group they all have the same length squared, which we define
to be two. They generate then an even integral lattice F. Let us denote
them by EK- These operators are 'charged', meaning that they shift the
eigenvalues of Hj by Kj. Thus

[HI,EK) = KIEK. (6.4.36)

To complete the specification of the Lie algebra in this basis we must
give the rule for commuting EK with EK>- The result, if nonzero, must
have total charge K + Kf. Since K + K1 is in the even lattice F, the
possible values of (K + K1)2 are 0,2,4,6,8. However, the values 4, 6, 8
(which correspond to K • K1 > 0) do not correspond to charges carried by
generators, since we are dealing with a simply-laced Lie algebra in which
all roots have length squared two. Therefore we must have

[EK, EK'] = 0 if K- Kf > 0. (6.4.37)

The commutator [EK-, EK1] must vanish unless there is a root EK+K1 m

The basic construction was invented by Frenkel, Kac, and Segal, following previ-
ous work by Lepowsky and Wilson. It was elucidated for physicists by Goddard
and Olive. Early formulations of special cases of this construction were given
by Halpern (who was specifically motivated by possible applications to string
theory), and by Banks, Horn, and Neuberger, and others.
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the Lie algebra with 'charge' K + K1. If there is such a root then we must
have

[EK,EK,] = e(K,K')EK+K. if K • K'=-1. (6.4.38)

By properly normalizing the Ex, the coefficients e(K, K1) can be chosen to
be all ±1. An explicit construction of e(K, K1) is given in §6.4.5. for cases
of interest. The final case is K + K1 = 0, in which case the charge carried
by the commutator is zero, so that the most general possible outcome
is a linear combination of the generators of the Cartan subalgebra. For
suitable normalizations, one has

lHi if K + K' = 0. (6-4.39)

This will also emerge in the construction that follows.
Given an even integer lattice F, we would now like to construct operators

that obey the above commutation relations, with the E% corresponding to
the points of length squared two in F. Our success in doing so will indeed
constitute a proof of some of the above assertions. To start with, it is
clear that the correct pattern of root vectors is achieved if the operators
ER contain the factor exp[2iK • xi] and if

H1 = p£. (6.4.40)

These two conditions, by themselves, are sufficient to ensure that (6.4.35)
and (6.4.36) are satisfied. They are also consistent with the rules for
[Eg, EK'Y What is still needed, and is certainly not trivial, is to complete
the specification of EJC-

Given that E% contains exp(2iK • xi), it is natural to consider the
string vertex operator

V0(K, z) =: exp[2il< • XL(z)] :, (6.4.41)

where

z = exp[2i(r + a)]. (6.4.42)

Indeed, the factor exp(2z'/f • xi) is rather artificial in string theory unless
extended as in (6.4.41). Written out explicitly in terms of modes, the

Such a root, if it exists, is always unique; it is a general fact about Lie algebras
that there are never two generators not in the Cartan subalgebra with the same
charge.
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vertex operator is

V0(K, z) = exp(2ztf -xL + K-pL Inz)

x exp (J I/if • a.nzA exp U £ Itf • &nz'A .

(6.4.43)
This operator has conformal dimension \K2, and thus J = 1 for if G A2,
which is the case of interest. The operators Vo(K,z) are not yet the
solution to our problem, because they do not commute with Ln and they
have an undesired z dependence. The obvious solution to both of these
problems is to extract the zero-frequency part of Vo

, z)dr = j> ^V0(K, z). (6.4.44)

In writing this formula we have used the fact that as r goes from 0 to
TT, the coordinate z in (6.4.42) goes around the unit circle in the complex
plane in a counterclockwise sense. Of course, the radius of the circle can
be increased or decreased so long as no singularities are crossed. As it
stands there are no apparent singularities. However, the expression is an
operator and singularities can arise when it multiplies another operator.
This feature in fact plays an important role in the following.

For the integrals in (6.4.44) to be well-defined, it is important that
VQ(K,Z) not have a branchpoint at the origin. Then for a circle of suf-
ficiently small radius so that no other branchpoints that may arise from
singular operator products are enclosed, the integrand is single valued.
Fortunately, this is the case because the eigenvalues of pi all lie in F, and
for every pi G F, pi • K is an integer. Therefore, for all allowed choices
°f PLi M)(-K")z) does not have a branch point at z = 0, and the integrand
is single valued along a contour of sufficiently small radius. The fact that
VQ{K,Z) has J = 1 for K G A2 implies that

[Ln,Vo(K,z)] = z^(znV0(K,z)). (6.4.45)

Therefore

[In, AK] = j>^lJ; (z*Vo(K, z)) = 0. (6.4.46)

This implies that the operators AK map physical states into physical
states.
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The operators Ax are a good guess for the generators Ej{. They turn
out not to be quite right, but only a relatively simple additional factor is
required. To see how this works, the first step is to study the algebra of
the Aj{ operators. The multiplication of two such operators involves the
product of the two vertices VQ(K,Z) and VQ(K\W) that appear in their
integrands. This operator product is singular, of course, at z = w. To
see this explicitly, it is convenient to re-express the product in normal-
ordered form. This can be achieved by using the well-known identity
exp A - exp B — exp B • exp A • exp[A, 5] , which is valid when [A, B] is a c
number. The [A, B] term consists of

-K • K' Y - {-) =KK' ln(l - w/z)
l

(6.4.47)

from the a oscillator terms and

-\K-K'\n{wlz) (6.4.48)

from the zero modes. Putting these facts together we see that

V0{K, z)V0{K',w) ={wz)-K-K'l2{z - w)K-K>

x : exp[2il< • X(z) + 2iK' • X(w)] : .
(6.4.49)

However, this formula is only valid for \w\ < \z\, because otherwise the
infinite series that gives the power of z — w is divergent.

(a) (b)

Figure 6.5. The z integration contours corresponding to the terms AKAK1 and AK'AK
are inside and outside of |tu|, respectively, as shown in (a). Therefore the difference
corresponds to a contour enclosing the only potentially singular point, namely z = w,
as in (b).

In applying (6.4.49) to the multiplication ARAK^ it is necessary to take
the radius of the integration contour of A& (|<z|) to be larger than that
for the one AJC (IH) m or(ler that the product be well-defined. When
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the multiplication is done in the other order, the formula differs in two
respects. First of all, the contours must now be taken with \w\ > |z|,
since A% is to the right of ARI. Second, the factor (z — w)K'K> is replaced
by (w — z) . This distinction does not involve any subtle choices of
branches, only a factor of (—1)A , since K • K1 only takes integer values.
This being the case, the combination of operators for which the integration
contours combine nicely is

\K-K'AKAK,-(-l)

Hf J^ ' ' (6.4.50)
2mw

w

x : exp[2iK • X(z) + 2iKf • X(w)] : .

In the first term in (6.4.50) the contours are taken with \z\ > \w\, whereas
in the second term \z\ < \w\. These contours are depicted in fig. 6.5a.
Therefore, in taking the difference the z contours combine to give one
that only encircles the singularities that are enclosed between these two
circles. Since the only potentially singular point between the two contours
is z = u>, the two terms combine to give a z contour enclosing the point
w as indicated in (6.4.50) and fig. 6.56.

As we saw earlier, the only possible values of K • K1 are integers ranging
from —2 to +2. Thus the z contour integration in (6.4.50) immediately
gives a vanishing result unless K • K' = — 1 or —2. (Otherwise the point
z = w is nonsingular.) These are easily evaluated using Cauchy's theorem.
For K • K1 = —1, the sum K + Kf G A2. The pole is simple in this case
so one immediately obtains

AKAK' - (-1)K'K'AK'AK = AK+K> for K • K1 = - 1 . (6.4.51)

Note that in evaluating the residue we have used

~(wz)-K'K'l2 -> 1. (6.4.52)

The case K • K1 = —2 is also easy because it corresponds to K + K' = 0.
In this case the residue requires evaluating

I lhwz) : exp[2itf X(z) + 2iK'X(w)] :1 (6.4.53)
dz [z )

at z = w. Using K • K1 = —2 and K + K1 = 0, this is simply

wJ?-(2iK-X(w)). (6.4.54)
ow

Then the w contour integral picks off the zero-frequency part of this, which
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is just

w—(K • pL In w) = K> pL. (6.4.55)

Substituting, p\ = H1, we have

K ' IHI for K-K' = -2. (6.4.56)

Thus, altogether, the AK'S have the desired algebra except that (6.4.51)
involves anticommutators instead of commutators when K • K1 is odd.
One might think at first that we have stumbled onto a graded Lie algebra
(as in supersymmetry), but this is not so. The rule according to which
commutators or anticommutators appear in the above formulas does not
distinguish two classes of operators (even and odd) but rather depends
on their relative labels in a rather peculiar way. To turn this system
of commutators and anticommutators into the desired Lie algebra it is
necessary to multiply AK by a 'cocycle' to form the generator EK>

Let us define the generators of the Lie algebra of G associated with the
roots K £ A2 by

EK = AKcK, (6.4.57)

where CK is a correction factor that we will choose to turn the relations
(6.4.51) into commutators. The factor CK (for each K) will depend on
the momentum operator PL but not on the other oscillators. Thus, for
each K, CK is the operation of multiplying by a certain function of the
momenta. Using the algebra of the AK given in (6.4.51), it is evident that
if we want to convert the relations obeyed by the AK into commutators,
we need the CK(P) factors to satisfy the equation

cK(p - K')cK,{p) = (-l)KK'cK.(p - K)cK(P). (6.4.58)

This is enough to convert the relations in (6.4.51) into commutators, but
to get a closed set of commutators (the operators on the right-hand side
of (6.4.51) should be of the same form as those on the left), the product
of two c^'s must be another CK> In fact, we impose

cK(p - K')cK,(p) = e(K, K')cK+K,(p), (6.4.59)

where the e(K,Kf) is ±1; in fact, from (6.4.51) they can evidently be
identified with the factors appearing in (6.4.38), so that our success in
finding factors CK(P) with the stated properties will also establish the
general form given in (6.4.38) (and previous equations) for a simply-laced
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Lie algebra. By evaluating the product (CKCK1) • c-K" — CK " (CK'CK")
in two different ways using (6.4.59), we can deduce a restriction on the
e(K,K'). Specifically,

cK(p - K' - K") [cK,(p - K")cK..(pj\

= c(K', K")cK(p ~ A" - K")cK>+K»(p) (6.4.60)

= e(K', K")e(K, K' + K")cK+K.+K»(p),

whereas

[cK(P - K' - K")cK'(p ~ K")] cK,,{p)

= e(K, K')cK+K'(p - K")cK«(p) (6.4.61)

= e(K, K')e(K + K\ K")cK+K,+K''(p).

Therefore we must require that e satisfy the condition

e(K,K')e(K + K',K") = e{K',K")e(K,K' + K"\ (6.4.62)

which is usually described by saying that e is a Z2-valued two-cocycle.
It only remains to give an explicit construction of c and e in order to

complete the proof of the symmetry. So we now turn to that.

6.4-5 Formulas for the Cocycles

We have just seen how to construct generators representing the symmetry
group G. The internal momenta H1 = pJ

L represent the Cartan subalgebra
and operators EK = AKCK are associated with the roots K €  A2. The
factors CK(P) depend on the momentum operator p£, written as p for
simplicity, but not on the oscillators associated with nonzero frequencies.
The proof of G symmetry is incomplete until cj{(p) operators satisfying
the fundamental equation

cK(p - K')cK,(p) = e(K, K')cK+K.(p) (6.4.63)

are proved to exist. In this section we present an explicit construction.
In the heterotic string construction a left-moving momentum, associ-

ated with the 16 compactified dimensions, takes values corresponding to
sites of one of the self-dual even lattices Fg x Fg or F ^ . Let t\ represent
the basis vectors of one of these lattices. Then an internal momentum can
be written in the form

16

ml-e?, (6.4.64)
i

where the m,- are arbitrary integers.
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The construction that follows depends on choosing a particular ordering
of the 16 basis vectors. We define an ordered * product by

K * K1 = ]T mirn^i • er (6.4.65)

This product is always an integer. We then define

CK(P) = (-lf*K. (6.4.66)

It is easy to see that this satisfies (6.4.63) for

e(K,K') = (-l)K*K'. (6.4.67)

This automatically satisfies the two-cocycle condition (6.4.62) as well.
This specific construction implies the particular relations

e(K,K')<K',K) = (-l)K'K'

e(A\0) = c(0,/O = l (6.4.68)

There is considerable nonuniqueness in the construction, but any solution
of the fundamental equations is equivalent.

6Jh6 The Full Current Algebra

In §6.4.4 and 6.4.5 we have given an explicit construction of the generators
of the global E$ x E% symmetry of the heterotic string theory. These
charges are distributed along the length of the string. Thus one can
also define charge densities associated with each of them. These densities
form the Kac-Moody algebra known as affine E% x E%. This algebra was
already formulated abstractly in §6.2, where we saw that the left-moving
currents J+(cr) should form an algebra of the form

[Jl(a), J\{o')} = ifabcJc
+(a)S(a - a1) + ̂ Sab6'(a - a'). (6.4.69)

In §6.2 we described fermionic representations of affine SO(2d) with k — L
In the case of £̂ 8 x i?8 we were only able to represent the subalgebra
50(16) x 50(16) explicitly, using 32 fermionic coordinates, but we saw
that if there were an extension to the full affine Es x i?8, it would give
the correct anomaly term (c = 16) in the Virasoro algebra.
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In the construction of the Eg x Eg generators given in the preced-
ing subsections we have used a representation based on 16 left-moving
bosonic coordinates. This contributes the same anomaly as 32 fermionic
coordinates, namely c = 16, in the Virasoro algebra. Therefore by the
uniqueness of the representation, this must be an equivalent description
of the theory. However, now we have achieved a complete description of
the full algebra, not just the 50(16) x 50(16) subalgebra. Moreover, the
currents are easily read off from the previous formulas. Associated with
the generators H1 of the Cartan subalgebra are the currents

H\a) = -X[(a) = -(Pi + E 5ne~2tW). (6.4.70)
n/0

Similarly, associated with the generators EJC = ^KCK o n e n a s the currents

± (6.4.71)

where z = exp(2i<r). The construction ensure that these currents satisfy
the affine Eg x Eg algebra with k = 1.

6.^.1 The Eg and spin(32)/Z2 Lattices

In view of their fundamental importance it is worthwhile to describe ex-
plicitly the lattices Tg and Fi6.

Let us begin with the group Eg. It is a simply-laced group of rank
eight and dimension 248. Therefore there are 240 roots of length squared
two in the root lattice. In terms of eight orthonormal unit vectors Ui they
are given by

±ui±uj i^j i,j = l ,2 , . . . ,8 (6.4.72)

^(±wi ± u^ - - - ± ug) even # of -f signs. (6.4.73)

The 112 roots in (6.4.72) complete the root system of the spin(16) subal-
gebra of Eg, and the 128 roots in (6.4.73) describe the weights of one of
the spinor representations of spin(16). Together they describe Eg, since
its decomposition with respect to a maximal spin(16) subalgebra is given
by 248 = 120 + 128 (see appendix 6.A). The lattice Tg is generated by
this root system. It is easily seen to be an even integral lattice. To show
that it is self-dual, we must show that if (t>, e) is an integer for each vector
e in F8, then v must be an integral linear combination of vectors in Tg.
Write v = ^Viiii, where v, are real numbers to be determined. Picking
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e = Ujiuj , the requirement that (v, e) = V{±Vj be an integer for all i and
j (and both choices of the ± sign) tells us that the V{ are all integers or all
half-integers. Consideration of (v, eo) for eo = (1/2,1/2,.. . , 1/2) shows
that Yl vi m u s t be even. If the V{ are integers whose sum is even, then
v = ^VjMj is an integral linear combination of root vectors U{ ± Uj. If
the V{ are half-integers whose sum is even, then V{ — eo are integers whose
sum is even, so v is the sum of the root eo and roots of the form w,- ± Uj.
All in all, we have established that a vector whose inner product with all
roots of E% is an integer must be a linear combination of roots of Eg, or
in other words we have shown that the root lattice T& of E% is self-dual.

The lattice Fi6 is described by a similar construction. Consider the
weights

±Ui±uj i , j = l ,2,. . . ,16 (6.4.74)

^(±^1 ± W2 • • • ± uu) even # of + signs. (6.4.75)

The 480 weights in (6.4.74) complete the root system of spin(32), and the
215 weights in (6.4.75) are weights of a spinor representation of spin(32).
The lattice generated by these representations contains all the points of
two conjugacy classes, and can be seen to be self dual just as in the dis-
cussion above. Since spin(2n) has four conjugacy classes (adjoint, vector,
spinor, spinor'), it is necessary to choose two of them in order that the
volume of a unit cell of the lattice and the dual lattice be the same. Self
duality can, in fact, be achieved by taking the adjoint representation con-
jugacy class (i.e., the root lattice) and one of the spinor conjugacy classes
for spin(16n), with n = 1,2, The n = 1 case gives Ts and the n = 2
case is Ti$. Only in the n = 1 case do the additional spinor weights lead
to an enlarged Lie algebra.

6.4-8 The Heterotic String Spectrum

The spectrum of low-lying states in the heterotic string theories has al-
ready been examined in the fermionic formulation. In this section the
spectrum at the first excited level is worked out in detail in the bosonic
description. Also the number of states at each excited level will be calcu-
lated and shown to agree with the corresponding result in the fermionic
description.

A state with compactified left-moving momentum K contributes an
amount \K2 to ^(mass)2. Therefore to compute the degeneracies, we
need to know how many points of any given length exist on the lattice.
This information is conveniently encoded in the theta function of the
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lattice F, which is defined by

0r(r) = Y^ e*irM\ (6.4.76)

where the sum runs over all sites (or weights) w of the lattice. For an
even lattice this series can be rewritten in the form

0r(r) = Y,d»*2™r> (6-4-77)

where dn is the number of lattice sites w with w-w = 2n. Thus the degen-
eracies are just the coefficients of the various frequencies in the expansion
(6.4.76).

In §3.2.4 we introduced the modular group of transformations

where (" J) G SL(2, Z). The entries a, 6, c, d are integers and ad — bc= 1.
A function G(r) is called a modular form of weight 2k if

G(r') = (cr + d)2kG(r) (6.4.79)

for all modular group transformations. The theta function of an even
self-dual lattice in d dimensions is a modular form of weight d/2. (Mod-
ular forms are discussed in appendix 6.B, and the proof that the theta
function of a self-dual lattice is a modular form of weight d/2 is given in
appendix 9.B.)

By the uniqueness theorem quoted in appendix 6.B there is just one
modular form of weight four (up to normalization) and therefore the theta
function for the E% lattice is

* * . ( 6 4 8 o )

= 1 + 240e27riV + 9 • 240e4xiV + • • • ,

which is a modular form of weight four. The coefficients cra(m) are defined
in appendix 6.B. Since there is a unique modular form of weight eight
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(see appendix 6.B), the T& x T$ and Fi6 lattice must have the same theta
functions

Or16 = e r 8xr8 = (Or8)2 = 1 + 480 £ <77(m)e2™w

ro=l (6.4.81)

= 1 + 480e2xiV + 129 • 480e4?riV + • • •

The fact that the two lattices have the same theta functions implies that
the two heterotic string theories have exactly the same number of states
at every mass level. Let us now work out what those degeneracies are.

The number of right-moving superstring modes at the TVth mass level
was seen in §5.3.1 to be given by dft(iV), where

( £ £ ) (6-4-82)
JV=1 n = l V 1 X '

The degeneracy of bosonic left-moving modes at the TVth mass level com-
pactified on Y% x T% or Fi6 with

N + \v\ - 1 = N (6.4.83)

is given by

oo 1 oo oo

J^ dL(N)xN = -(1 + 480 ]T a7(m)xm) J ] ( l - xn)~2\ (6.4.84)
N=-\ X 1 1

The factor 1/x in (6.4.84) corresponds to the —1 term in (6.4.83), the
second factor is 0 r and the last one is the partition function for 24 bosonic
dimensions. The number of heterotic string states at the Nth. mass level
is given by the product

d(N) = dR(N)dL(N), (6.4.85)

that arises from tensoring right-moving modes with left-moving ones. For
example

d(0) = 16 • [480 + 24] (6.4.86)

counts the 16*8 states of the supergravity multiplet and the 16-496 states
of the super Yang-Mills multiplet in the adjoint of E% x Eg or spin(32)/Z2-
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The asymptotic density of states can be deduced by the methods de-
scribed in §5.3. One finds that

d(n) ~ n"11/2 exp[(V5 + 2)2*Vn), (6.4.87)

which implies a mass density

p(m) ~ m"10exp(m/m0) (6.4.88)

with

mo = [(2 + V2)TTV^]~\ (6.4.89)

The equivalence of the bosonic and fermionic formulations of the het-
erotic string, established abstractly from the uniqueness theorem for cur-
rent algebras, can be checked by comparing the number of states at each
level in the two different formulations of the model. The contribution to
the partition function of eight extra dimensions compactified on an Es
torus is

ch(£8) = [1 + 240

where the first term, the theta function of the lattice, arises from the zero
modes, and the infinite product arises from the oscillators associated with
the nonzero modes. This function is known as the character function of
Es in the basic representation. In the fermionic formulation, including
the restriction to even fermion number and adding the contributions of
the A and P sectors, the corresponding formula is

1 1 1

(6.4.91)
The fact that these two expressions are equal is analogous to the identity
of Jacobi cited in §4.3.3 as evidence of supersymmetry. The analogous
identity

ch (SO (32)) = (1 + 480 ] T a7(n)xn) j j ( l - xm)~16 (6.4.92)
l l

OO OO OO
, n-l/2\32i j_ ol5 2 TT/i . ~n\32" x ) \-\-L x j ^ i i-x ;

1 1
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also holds. In fact

ch(SO(32)) = ch(Es x Es) = [ch(£8)]
2. (6.4.93)

The proof of this statement is based on a theorem in the theory of modular
forms cited in appendix 6.B.

We have already described the massless states in the bosonized version
of the heterotic string theories in the last subsection. Therefore let us now
examine the first excited level, N = 1. The 256 right-moving modes are

(44,1) 0 (84,1) © (128,1). (6.4.94)

The first label refers to spin(9) (the 'spin') and the second label to
or spin(32)/Z2. This multiplet was described in §5.3.1. There are 73,764
left-moving modes with N = 1 given by

(44,1) © (9,496) © (1,69256). (6.4.95)

These are constructed as follows: The massive tensor (44,1) is given by

aLiSi i |0>, &L210). (6.4.96)

The massive vectors (9,496) decompose under 50(8) into (8,496) ©
(1,496). The (8,496) states are given by

&U&Li |0>, af_! \K), K2 = 2 (6.4.97)

where K2 = 2. The remaining (1, 496) are given by a{.2 |0) and 480
of the states \K) with K2 = 4. Since there are altogether 61,920 lattice
sites with K2 = 4 this leaves 61,440 of them, which combine with the 136
states

oLi&ii |0) (6.4.98)

and the 7680 states

oLi\K), K2 = 2 (6.4.99)

to make the (1, 69256).
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In the case of E& x E%

69,256 = (248,248) 0 2(1,1) 0 (3875,1) 0 (1,3875), (6.4.100)

whereas in the case of spin(32)

69,256 = 215 0 35,960 0 527 © 1. (6.4.101)

The 35,960 is a fourth-rank antisymmetric tensor and the 527 is a
second-rank symmetric traceless tensor. Tensoring the left- and right-
moving modes gives

256 x 73,764 = 18,883,584 (6.4.102)

states for the first excited level of the heterotic string! The spinor repre-
sentation of spin(32)/Z2 at this level should be absolutely stable, which
might be an interesting prediction for that theory.

6.5 Summary

This chapter has described two methods of introducing nonabelian gauge
symmetry in string theories. The Chan-Paton method, which dates back
to the early days of dual theory, involves attaching 'charges' at the ends
of open strings. This procedure can be used for any classical groups by
associating to emitted strings matrices in the fundamental representation.
It is not applicable to exceptional groups. In the context of type I super-
strings, we will show in chapter 10 that only the choice 50(32) leads to
an anomaly-free theory.

The second method of introducing gauge symmetry distributes the
charge along the length of a closed string. The charge density satisfies
a Kac-Moody algebra, which can also be viewed as a two-dimensional
current algebra. Symmetries of this type can be described in either a
fermionic or a bosonic form. In the bosonic version, one introduces extra
dimensions that are compactified t form the maximal torus of the corre-
sponding Lie algebra. The group generators, or the full current algebra,
has a vertex operator representation of the type introduced by Frenkel
and Kac and Segal. In the heterotic string theory the momenta conjugate
to the torus are required to form a self-dual 16-dimensional torus. This
singles out E$ x Es and spin(32)/Z2 as the unique possibilities.
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Appendix 6. A Elements of E%

The purpose of this appendix is to give an elementary exposition of
some selected properties of the exceptional group Es and some of its
subgroups. Es is the largest and in many ways the most interesting of the
exceptional finite dimensional Lie algebras; the others are all subalgebras
of E$. By constructing the foregoing vertex operator representation of Es
we have already given an explicit description of this algebra and a proof
that it exists. But it seems appropriate to give a direct and perhaps more
elementary presentation.

We now construct the Lie algebra of Es beginning with an 50(16)
subalgebra. The generators of 50(16) are operators Jij (with J,-; = — J; i ,
so that there are 16 • 15/2 = 120 of them) that obey the 50(16) Lie
algebra

[Jij, Jkl] = Jirfjh ~ Jjtfih ~ JihSjl + Jjk&ih (6.A.I)

To these we adjoin operators Qa transforming in the positive chirality
spinor representation of 50(16). As we know from appendix 5.A, this
representation has dimension 27 = 128, so the resulting Lie algebra, if we
can construct it, has dimension 120 + 128 = 248. The statement that the
Qa transform as spinors of 50(16) means that

[Jij,Qa] = (<Tij)apQfi. (6.A.2)

To complete the specification of the 248-element Lie algebra that we are
trying to describe, we must define the remaining commutator [QQ,Qp]-
(We are trying to define a Lie algebra, not a superalgebra, so this is a
commutator, not an anticommutator!) 50(16) group theory uniquely
determines this up to normalization to be

[Qa,Qft] = (vij)«i)Jij. (6-A.3)

While 50(16) group theory would permit us to multiply the right-hand
side of (6.A.3) by a constant, such a factor can be absorbed in rescaling

As in appendix 5.A, 50(16) gamma matrices are denoted as j \ i= 1 , . . . , 16 and
50(16) generators in the spinor representation as <TIJ = [7t,7./]/4. The chirality
operator is 7 = 7172 .. .716- Also, we define the antisymmetrized product of n
gamma matrices 7»lt'2...*n = (7172 • • -7n ± permutations)/n!; thus 7,lt-2 = 2<7tl,-2.
Like the 50(8) gamma matrices explicitly constructed in the preceding chapter,
50(16) gamma matrices can be chosen to be real; indeed, they can be constructed
similarly to the construction of 50(8) gamma matrices. The positive chirality
spinor QQ can likewise be chosen to be real; thus we need not distinguish between
Qa and "Qa. Otherwise indeed we would have to add the Qa to make a real Lie
algebra.
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the Qa, since none of the previous formulas determine the normalization
of Qa. Thus, if a Lie algebra with the assumed 50(16) content exists,
it is given by (6.A.I), (6.A.2), and (6.A.3). There is nothing that can be
adjusted.

To determine whether these formulas define a Lie algebra, we must de-
termine whether the Jacobi identity is obeyed. Many of the Jacobi identi-
ties are obviously obeyed. The identity involving three J's merely asserts
that 50(16) is a Lie algebra; the JJQ identity asserts that the spinors in-
deed form a representation of 50(16); the QQJ identity can be reduced to
the QQQ identity using (6.A.3). Therefore, the really crucial case to check
is the Jacobi identity [[QQ,Qp],Q7] + [[Qp,Q7], Q«] + [[Q7,QJ,Qfi] = 0.
Writing this out explicitly with the aid of (6.A.3), the identity that must
hold if the E% Lie algebra is to exist with the 50(16) content we have
assumed is

(<rij)<*p(<rij)i6 + (<7ij)py(<7ij)<*6 + (<rij)ya((Tij)p6 = 0. (6.A.4)

Of course, we must establish this identity only in the case that a, /3 and
7 are all spinor indices of the same chirality. This identity has a strik-
ing resemblance to the identity that was needed in appendix 4.A in order
for supersymmetric Yang-Mills theory to exist; indeed, apart from ex-
plaining useful facts about E%y one purpose of the present discussion is to
underscore the resemblance of E% to a supersymmetric system.

To establish (6.A.4), note that since the product of two spinors can
be expanded in a complete set of Dirac matrices, (6.A.4) will hold if it
holds when contracted with (/yk1k2...kn)<xp f°r aU n a n ( l all &i> &2> • • • > kn.
Because a and /? are indices of the same chirality, we only have to worry
about even n. Because (6.A.3) is antisymmetric in a and /?, we only need
to consider values of n for which (ik1k2.:kn)ap is antisymmetric in a and
/?; using elementary properties of 7 matrices, this means n = 2,6,10, or
14. Actually, because of the identity 7t1#..tfc = e*i...ti67i*+i-. tie '7/(16 — k)\
and the fact that the chirality operator 7 can be dropped when acting
on positive chirality spinor indices a or /?, it is enough to check the cases
n = 2 and n = 6. (To see in another way why only n = 2 and n = 6 enter,
note that the antisymmetric combination of Qa and Qp has

128 • 127 16 -15 16 • 15 • 14 • 13 • 12 • 11 (c A c ,

—2— = — + 6! ( 6 - A ' 5 )

independent terms. The two numbers on the right-hand side of (6. A.5) are
the number of independent components of 7t1i2...ifc for k = 2 and k = 6,
respectively.)
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Contracting (6.A.3) with 7,-1;2 or equivalently with (7,-lt-2, we get

(tr+(7jfc/(7y) • ((Tij)is ~ ZivijVklVijhs, (6.A.6)

where tr+ denotes a trace in the positive-chirality spinor representation.
This vanishes (for 50(16)) with use of standard Dirac identities. (The
two terms in (6.A.6) equal, respectively, =p256(cr^/)7^.) Contracting with

7ii...t6 S i v e s

(6.A.7)

which again vanishes for 50(16) with the aid of elementary gamma matrix
algebra. This completes our elementary construction of the Lie algebra
known as 2?g.

Just as supersymmetric Yang-Mills theory with minimal field content
exists in a few dimensions (3, 4, 6 and 10) of which 10 is only the largest,
there are a few cases in which one can build a Lie algebra by adjoining
a real spinor to the adjoint representation of S0(N). Apart from the
case TV = 16, which leads to E&, other cases that work are N = 9 and
N = 8. By adding the 16-component spinor of 50(9) to the thirty-
six-dimensional adjoint representation, one can in precise analogy to the
above build a Lie algebra known as the exceptional Lie algebra F±. By
adding an eight component positive - or negative - chirality spinor to
the 28-dimensional adjoint representation of 50(8), one can build the Lie
algebra of 50(9) - in a basis that differs by an 50(8) triality rotation
from more standard (and easier) constructions of that algebra.

We now wish to describe some subgroups of E%. We already have exhib-
ited one maximal subgroup, namely 50(16). 50(16) contains, of course,
a subgroup 50(10) x 50(6). The adjoint representation of 50(16) is
easily seen to decompose under 50(10) x 50(6) as

(45,1)0 (1,15) ©(10,6). (6.A.8)

The first two terms are the adjoint representations of 50(10) and 50(6),
while the last is the product of the respective vector representations. How
does the spinor of 50(16) transform under 50(10) x 50(6)? The spinor
of 50(16) is formed, as we discussed in appendix 5.A, by introducing
16 gamma matrices 71. . .716. The first ten can be regarded as gamma
matrices of 50(10), while the last six can be regarded as gamma matrices
of 50(6). Thus, the spinor of 50(16) transforms as the product of a spinor
of 50(10) and a spinor of 50(6). What about chirality? The 50(16)
chirality operator is 7 = 71 .. .716 while the 50(10) chirality operator is

https:/www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9781139248563.007
https:/www.cambridge.org/core


Appendix 6.A Elements of E$ 347

^(10) = 71...710 and the 50(6) chirality operator is 7V6) = 711...7i6-
Evidently,

7 = 7(10)-7(6)- (6-A.9)

Thus, the positive-chirality spinor Qa of 50(16) decomposes into pieces of
7(io) = 7(6) = +1 or 7(10) = 7^) = - 1 . We also know from appendix 5.A
that the spinors of 50(10) or 50(6) of definite chirality have dimension
16 and 4, respectively. If we denote the positive- and negative-chirality
spinors of 50(10) (or 50(6)) as 16 and 16, respectively (or as 4 and 4,
respectively), then we have established the 50(10) x 50(6) decomposition
of the 128 of 50(16):

128 = (16,4) © (16,4). (6.A.10)

(6.A.8) and (6.A.10) together give the 50(10) x 50(6) decomposition of
the adjoint representation of Eg.

We would now like to describe another exceptional group, namely E$,
as a subgroup of E%. As a preliminary, note that in the 4 of 50(6)
the 50(6) generators are hermitian 4 x 4 complex matrices, which must
be traceless since 50(6) is a simple Lie algebra; hence they are 5/7(4)
generators. Hence, the 50(6) Lie algebra is a subalgebra of the 5/7(4)
Lie algebra. Noting that these Lie algebras both have 15 generators, we
conclude that the 50(6) Lie algebra cannot be a proper subalgebra of the
5/7(4) Lie algebra; they must be the same algebra. We also learn in this
way that the fundamental 4 and 4 of 5/7(4) are the positive- and negative-
chirality spinors of 50(6). Conversely, the fundamental 6 of 50(6) is the
antisymmetric second-rank tensor of 5/7(4), which would have 4 • 3/2 = 6
components.

In the above, instead of speaking of an 50(10) x 50(6) subalgebra
of £8, we could speak of 50(10) x 5/7(4). Now, 5/7(4) has an obvious
/7(1) x 5/7(3) subalgebra. If we use a superscript to denote the /7(1)
charge, the 4 of 5/7(4) decomposes as I 3 0 3 " 1 under /7(1) x 5/7(3).
The 6 of 5/7(4) (being as we just noted the antisymmetric product of
two 4's) transforms as 32 © 3 ~ under Z7(l) x 5/7(3), and the adjoint
representation of 5/7(4) (being 4®4 with a singlet removed) transforms as
8°©3-4ffi3 4ffil° under 51/(3) (the 8 is the adjoint of 5/7(3)). Combining
these facts with (6.A.8) and (6.A.10), we get the 50(10) x Z7(l) x 5/7(3)

This can also be established by constructing the SU(N) and S0(N) Dynkin
diagrams and then noting that SU(4) and 50(6) have the same Dynkin diagram.
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content of the adjoint of E%\

248 = ((45, i)° e (i, i)° e (16, i ) 3 e (Te, i)~3)
e ((16,3)-1 e (io, 3)2 e (i,3)-4) (6.A.11)
© ((TiM)1 e (iO,3)"2 © (l,3)4) © (l,8)°.

Of note here is that the adjoint representation 248 contains 78 genera-
tors that are 5(7(3) singlets. As the commutator of two 5(7(3) singlets
must be an 5(7(3) singlet, we conclude that these 78 generators form a
closed subalgebra of Es] it is known as the exceptional Lie algebra EQ.
Evidently, EQ has a maximal subalgebra 50(10) x (7(1) with the adjoint
representation of E§ decomposing under that subalgebra as

78 = 45° © 163 © 16 " 3 © 1°. (6.A.12)

What is more, in (6.A.11) there are 27 copies of the 3 of 5(7(3). These
must be mapped into themselves by EQ transformations, so EQ must have
a 27-dimensional representation with 50(10) x (7(1) content

27 = 16"1 © 102 © I"4 . (6.A.13)

As a check, note that as 16 • (-1) + 10 • 2 + 1 • (-4) = 0, the trace of
the (7(1) generator in the 27 of ^6 is zero. This is in agreement with the
fact that the trace of any generator of a simple Lie algebra vanishes in
any representation. (This also proves that the 27 is irreducible, since the
(7(1) trace would not vanish if we drop some pieces from (6.A.13).) The
complex conjugate of the 27 is an EQ representation

27 = 161 © 10"2 © I4 . (6.A.14)

Equations (6.A.13) and (6.A.14) are obviously not isomorphic to one an-
other, so the 27 and 27 of EQ are complex representations, inequivalent
to their complex conjugates. EQ is indeed the only exceptional Lie algebra
that does have complex representations. Study of (6.A.11) shows further
that the adjoint representation of E% transforms as

248 = (78,1) © (1,8) © (27,3) © (27,3) (6.A.15)

under E6 x 5(7(3).
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Use of an SU(2) subgroup of 5(7(3) would enable us to discover in a
similar way a new exceptional algebra, E7, with 133 generators. We will
not enter into the details. Apart from EQJ E7 and E%, the other exceptional
Lie algebras are F4 and G<i. We have already noted above that F4 can be
constructed starting from 50(9) just as we constructed Es starting from
50(16), by adding a spinor. The 50(9) construction can obviously be
embedded in the 50(16) construction, and this gives a natural embedding
of F4 in i?8- The subgroup that commutes with F4 then turns out to be
C?2, rather as in the above construction we found EQ a s the subgroup of Es
that commutes with 5(7(3). Thus, Es contains G2 x F± as a subgroup. (G2
has many other and perhaps simpler characterizations. It is the symmetry
group of the octonion multiplication table; it is the subgroup of 50(7)
that leaves fixed an element of the spinor representation.)

We conclude by briefly mentioning some other maximal subgroups of Es
and EQ. E% has the maximal subgroup 5(7(5) x 5(7(5), with decomposition

248 = (24,1) 0 (1,24) © (5,10) 0 (10,5) 0 (5,10) © (10,6). (6.A.16)

EQ has a maximal subgroup 5(7(6) x 5/7(2), with the decompositions

78 = (86,1)©(1,3) ©(20,2)

27 =(15,1)©(6,2).

Here 2 is the fundamental representation of SU(2) and 3 the adjoint
representation. 6 is the fundamental representation of 5(7(6), 15 the
antisymmetric product of two 6's, 35 the adjoint representation, and 20
the third rank self-dual antisymmetric tensor. EQ has a maximal subgroup
5(7(3) x 5(7(3) x 5(7(3), which will be of considerable significance in
chapter 16. It has the decomposition

78 = (8,1,1) 0 ( 1 , 8 , 1 ) 0 (1,1,8) 0(3,3,3) 0(3 ,3 ,3)

27 = (3 ,3 ,1)0(1 ,3 ,3)0(3 ,1 ,3) . [ *

These subgroups and decompositions can be discovered (with some pa-
tience) along lines similar to the above. For instance, to obtain (6.A.18),
one can pick a maximal 5(7(3) x (7(1) x 5(7(2) x 5(7(2) subgroup* of
50(10) G E6 (the 10 of 50(10) decomposing as (3,1,1)1 0 (3,1,1)"1 ©
(1,2,2)°). Using (6.A.12) to decompose the 78 of J56 under this, one finds
16 generators that commute with 5(7(3). From their (7(1) x5f/(2) x 5(7(2)
content these 16 operators are seen to generate 5(7(3) x 5(7(3), and with
some effort one arrives at (6.A.18).

This subgroup is used in grand unified 5O(10) models.
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350 6. Nonabelian Gauge Symmetry

Appendix 6.B Modular Forms

In §3.3 we introduced the modular transformations

where a, 6, c, and d are integers and ad — be = 1. This set of transforma-
tions forms a group called the modular group, isomorphic to SX(2, Z). A
function G(r) is called a modular form of weight 2k if

G(r') = (cr + d)2kG(r) (6.B.2)

for all modular group transformations. Modular forms are of fundamental
importance in number theory, but to explain this would unfortunately
take us too far afield. Examples of modular forms of weight 2k are the
Eisenstein series

G2h(r)= Y, (m + nr)-2*, (6.B.3)
(ro,n)#(0,0)

which converges for k = 2 , 3 , — That (6.B.3) defines a modular form
can be proved without too much difficulty. The intuitive idea is that the
sum in (6.B.3) runs over all lattice points of a lattice in the complex plane
whose lattice structure is determined (in a manner described in §3.3) in
terms of the complex number r. Modular transformations map this lattice
into itself (this was the motivation for introducing them in §3.3) so (6.B.3)
transforms simply under modular transformations. A basic theorem in the
theory of modular forms states than an arbitrary holomorphic modular
form of weight 2k can be expressed as a polynomial in G4 and GQ. Since
the weights of modular forms are additive under multiplication, the only
modular form of weight eight is G\. The lowest weight for which there
is more than one independent modular form is weight 12, for which there
are two independent modular forms, namely G\ and G\.

The functions G?2fc can be rewritten in the alternative form

G2k(r) = 2C(2*)[1 + c2k Y, <72*-i(m)e2"w], (6.B.4)
ro=l

The proof of this theorem is not difficult. For a readable account see J.P. Serre,
'A course in arithmetic' (Springer, 1973).
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where ( is the Riemann zeta function,

> - * , (6.B.5)

C2k = 7(2fc-7)!C(2t)' (6-B-6)

and

] T O f . (6.B.7)
d\k

The sum in (6.B.7) runs over all positive integer divisors of k. Thus
ora(l) = 1, cra(2) = 1 + 2a, and so forth. The first few values of c2k are
c4 = 240, c6 = -504, and c8 = 480.

It can be shown that the theta function of an even self-dual lattice in
d dimensions is a modular form of weight d/2. This will be shown in
appendix 9.B. By the uniqueness theorem for modular forms, the theta
function for the Es lattice must therefore be proportional to G4. The
zero-frequency term is 1, which fixes the normalization. Thus

00

0r 8 = 1 + 240 ] T <73(m)e27nmr, (6.B.8)
m=l

which is a modular form of weight four. Since there is a unique modular
form of weight eight, given by G\ or C?8, the Ts x Ts and Fi6 lattices must
have the same theta functions

= 6r8xr8 = (0r.)2 = 1 + 480 £ <n{m)
m=l

/ \ 2

= 1 + 240 Y, ^3(m)e2"ror .
V m=l /

(6.B.9)
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7. Tree Amplitudes

A brief description of string interactions was presented in the introductory
chapter. Feynman diagrams of string theory were shown to correspond
to world sheets that describe the space-time history of strings joining and
splitting. After continuation to a Euclidean metric, the diagrams can be
classified by their topology. The order of a particular diagram in the per-
turbation expansion is determined by the number of handles (as well as
the number of windows in the case of theories with open strings) and the
number of external lines. The leading terms for a given process correspond
to the tree approximation. Once a tree approximation (corresponding to
a consistent classical field theory) is known, the full quantum theory is
in principle determined by unitarity (modulo the possible appearance of
parameters such as 0 angles that do not show up perturbatively). The
quantum theory itself is consistent if finite S matrix elements satisfying
unitarity, causality, and the other usual requirements can be obtained. In
practice one ordinarily investigates these matters in the context of pertur-
bation theory, checking, in particular, for nonrenormalizable divergences
or anomalies that would imply a breakdown of gauge invariance.

(a) (b)

Figure 7.1. World-sheet configurations for tree diagrams of (a) closed and (6) open
strings.

The amplitude for the scattering of M on-mass-shell closed-string states
is described in tree approximation by a world sheet that is topologically
a sphere with the M external particles attached at M specific points Z{
on the surface, as shown in fig. 7.1a. In principle, one integrates over all

353
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354 7. Tree Amplitudes

geometries of this topology and all values of the points ZJ, up to conformal
equivalence. At tree level, as was discussed in §1.4.3, an arbitrary metric
on the sphere is conformally equivalent to the standard round metric
on the sphere (which, if we remove a point, can be projected on the
plane), and the sphere itself is invariant under an SX(2,C) subgroup
of the conformal group. Therefore there is no geometric integral to be
done and three of the Z{ can be fixed at three arbitrarily chosen points
on the sphere. In this diagram there obviously is no natural ordering of
the particles. Being the unique diagram at this order it must give total
symmetry among identical bosons or total antisymmetry among identical
fermions.

In the case of open strings the world sheet has boundaries, and emitted
open-string states are attached to boundaries. The cyclic ordering among
sets of particles attached to common boundaries is meaningful. As we
discussed in chapter 1 and in more detail in §6.1, Yang-Mills symmetry
can be incorporated by weighting inequivalent cyclic orderings by suitable
group-theoretic factors. The tree approximation corresponds to the disk
diagram, which has one boundary, as shown in fig. 7.16. In this case the
cyclic ordering of all the open-string states must be specified. Closed-
string states can be attached to the interior of the surface at the same
time to describe a tree amplitude for a 'mixed' process.

The purpose of this chapter is to describe the explicit construction of
tree amplitudes in considerable detail. For the most part we use 'old-
fashioned' operator methods, which are actually quite effective. Com-
pared to the prescription described in chapter 1, the operator methods
make certain properties, like unitarity, more obvious at the cost of mak-
ing other properties, like crossing symmetry, less apparent. In any case
the various methods are closely linked; the operator methods provide, as
we will discuss, a concrete recipe for building up a world sheet out of
components. The latter statement is in fact central in yet another way of
thinking about interactions, which will be presented in chapter 11.

7.1 Bosonic Open Strings

The understanding of string theory has not yet been developed to the
point where one can write down a Lagrangian and follow a standard pre-
scription to deduce rules for constructing Feynman diagrams that provide
the loop expansion of the full quantum theory. In chapter 1 we described

There has been recent progress in this direction, but we will not attempt to
survey these developments in this book.
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7.1 Bosonic Open Strings 355

a certain plausible prescription for string-theory amplitudes as sums over
world sheets of all possible intrinsic geometries, defined up to conformal
equivalence, and showed that it gave well-defined tree amplitudes. Here
we wish to describe a different approach that gives the same answers. It
dates back to the very early days of dual string theory. The basic idea
is to postulate a certain reasonable set of rules for constructing diagrams
in terms of vertices and propagators and to demonstrate that they give
rise to scattering amplitudes that incorporate all the desirable features
that are required for a sensible quantum theory. These rules are roughly
of the form that one might expect to deduce from a Lagrangian, even
though none is known that gives precisely these rules. The prescription
turns out to give satisfactory results for on-mass-shell S matrix elements
only, a fact that makes it extremely difficult to work backwards to deduce
a string field theory action from which they can be derived. Also, the
extension to loop amplitudes has some nontrivial elements. The operator
methods that we employ here make unitarity manifest, especially at tree
and one-loop order, where the methods can be implemented with partic-
ular efficiency. In this section we shall consider tree amplitudes for the
scattering of open strings.

7.1.1 The Structure of Tree Amplitudes

The basic ingredients in constructing Feynman diagrams are propagators
and interaction vertices, so we will discuss these in turn. For an ordi-
nary scalar boson field </> with mass m2, which obeys the Klein-Gordon
equation (• + m2)<t> = 0, the standard Feynman propagator is simply
(• + m2)~l, the inverse of the Klein-Gordon operator. For free open
strings the closest analog of the Klein-Gordon equation is the mass-shell
condition (Lo — 1) |<̂ ) = 0, which can regarded as an infinite-component
generalization of the Klein-Gordon equation. A plausible guess for a
propagator (suppressing the usual — ie) would therefore be

A = (Lo - I)"1 = / zLo~2dz. (7.1.1)

The other basic ingredient in a Feynman diagram is the interaction
vertex. At tree level or one-loop level, any string diagram can be repre-
sented in a form in which every interaction vertex is coupled to at least
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356 7. Tree Amplitudes

\ /

/ \

(a) (b) (c)

Figure 7.2. Construction of on-shell tree or one-loop diagrams requires, as in (a) and
(6), an interaction vertex for emission of an external particle from an internal line.
At two-loop level, vertices for interaction of three internal lines (which are much more
difficult to deal with in the case of string theory) are encountered for the first time, as
in (c).

one external particle , as in figs. 7.2a and 7.26. These external particles,
in contrast to internal lines, correspond to physical on-shell string states.
We thus must find an interaction vertex or 'vertex operator' for emission

(or absorption) of an external state by an internal line. We discussed
heuristically in chapter 1 some of the properties of these 'vertex opera-
tors', and in particular why they can be expected to be local operators in
the quantum field theory that governs the propagation of the string. We
discussed in §2.2.3 some of the mathematical properties of vertex opera-
tors in a form suitable for the formalism used here. For every physical
state A of momentum k^ in the open-string spectrum we associate a vertex
operator

VA(k,r) = eiTL°VA(k,0)e-irL° (7.1.2)

that describes emission of the A state from the a = 0 end of an open
string at proper time r. It is convenient to define z = etT. The vertex
operator of (7.1.2) is required to have conformal dimension J = 1, in the
sense that

[Lm,VA(k,z)} = VA(k,z). (7.1.3)

Vertex operators are constructed from normal-ordered expressions based
on

1 ^ _n
^anz (7.1.4)

A diagram with more than one loop always contains at least one vertex coupling
three internal lines, as shown in fig. 7.2c.

https:/www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9781139248563.008
https:/www.cambridge.org/core


1.1 Bosonic Open Strings 357

and its derivatives. (We set the open-string Regge slope a' = 1/2 through-
out this chapter.) For example, the tachyon vertex is given by

(7.1.5)

with k2 = 2. It is convenient to write explicitly Vo = ZoWo with Zo being
the zero mode operator

Zo = exp(ik -x + k'Plnz) =

and WQ being the remaining factor

(7.1.6)

oo oo 1

= exp(k • ^ -<*-nZn) exp(-k . ] T -anz~n)
n=l n = l

(7.1.7)

(which is defined to be normal ordered). Similarly, the vertex operator
for a massless vector particle of momentum k^ and polarization C^(^) ̂ s

given by

V((,k,z) = C-X(z)eik-x^. (7.1.8)

In this case we must set k2 = £ • k = 0, and then normal ordering is
immaterial. The dot denotes differentiation with respect to r = —ilnz.

P + l

M - l

P + l '

Figure 7.3. Tree-level unitarity requires that in an M-particle amplitude for particles
1 2 3 . . . M, the residue in the 1 2 3 . . . P - • P + 1 . . . M channel should be the product
of the 1 2 3 . . . P X and X P + 1 . . . M tree amplitudes.

The structure of perturbation theory in field theories based on point
particles suggests that an Af-particle tree amplitude for open-string states
is given by a sequence of vertex operators and propagators according to
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358 7. Tree Amplitudes

the simple formula

AM =9M-2( (7.1.9)

This is an attempt at a string theoretic analog of the tree-level Feynman
diagram of fig. 7.2 a, with the vertex operator playing the role of an on-
mass-shell interaction vertex. Equation (7.1.9) has the virtue that at least
some aspects of tree-level unitarity are manifest. Equation (7.1.9) has

poles that arise from poles of the propagators. Since the propagator is the
inverse of (Lo — 1), its poles are states of Lo — 1 = 0 or, in other words, on-
mass-shell states. Unitarity also requires the following. Given a tree level
process for M particles 1 2 3 . . . M, the residue of a pole in a subprocess
such as 1 23...P—> (P + 1 ) . . . Af should factorize as the product of tree
amplitudes for subprocesses 1 2 3 . . . P X and X ( P + l ) . . . M, as depicted
in fig. 7.3. A more delicate requirement of unitarity is that Himelike' on-
mass-shell states (which have negative norm) should not appear in (7.1.9).
This will be shown to follow from the basic property (7.1.3) of vertex
operators. Although it is not evident from (7.1.9), there are also poles
in the other subprocesses, such as 2 3 . . . P —» (P + 1)... M 1. The fact
that the expression is actually symmetric under cyclic permutations of
the external particles is, of course, the property of duality. It is part of
what makes string theory so interesting. Duality is discussed later in this
chapter.

1 M

M - l =

M

3 4 M - l

1 M
1 M

- M - l

2 3

M - l

4 / | \
M - 2

Figure 7.4. In field theory the tree amplitude for M particles 1 2 3 . . . M is written as
a sum of many Feynman diagrams corresponding to poles in different subchannels.

While (7.1.9) is written as an ansatz for a string-theoretic generaliza-
tion of the one particular tree-level diagram of fig. 7.2 a, in field theory
there would be many different diagrams corresponding to poles in differ-
ent subchannels, as in fig. 7.4. We therefore might at first expect to have
to generalize all of those diagrams to string theory, but here we encounter
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7.1 Bosonic Open Strings 359

a surprise that is one of the characteristic features of string theory. While
written as a string-theoretic generalization of just one Feynman diagram
in fig. 7.2a, (7.1.9) actually generalizes all of them. This one formula is
the entire string theoretic tree amplitude. As was described in chapter 1,
string theory actually began historically with the search for formulas that
would have this duality property.

; 0> \A;P>

(*) (c)

t
VA(p)

Figure 7.5. The Feynman path integral represents the ground-state wave function of an
open string (the zero-momentum tachyon |0; 0)) in terms of a path integral on a semi-
infinite strip, as in (a). If one wishes instead the state |0;&), which is the lowest state
of momentum k, one must insert in the far past an operator that carries momentum
ky the natural choice in this case being the tachyon vertex operator, Vb(fc), as in (b).
More, generally, the wave function of any physical state | A; k) can be computed by an
insertion on a semi-infinite strip of V\(k) in the far past, as in (c).

To shed some light on how duality can arise, and to make contact with
the formulation of tree amplitudes that was given in chapter 1, requires
the following digression. Let us for definiteness take the initial and final
states in (7.1.9) to be tachyons of momentum ki and fcj^, respectively.
At first sight it might appear that to evaluate (7.1.9) requires using some
explicit form of the initial and final state wave functions that appear in
(7.1.9). While it is certainly possible to work that way (and in some of
our computations we indeed use the Fock-space description of the wave
functions), the Feynman path integral gives a well-known alternative way
to describe the low-lying states of a quantum system. For example, the
ground-state wave function |0; 0) (recall that |0; k) is a tachyon state of
momentum k) can be represented by a path integral on a semi-infinite
strip, as shown in fig. 7.5a. As is often convenient with Feynman path
integrals, we do a world-sheet Wick rotation, so as to interpret the strip in
the figure as a piece of Euclidean world sheet of positive signature. If one
wishes to compute in an analogous way not the ground-state wave function
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360 7. Tree Amplitudes

but the wave function for some other state, it is necessary to insert in the
far past an operator with the quantum numbers of the desired state. For
instance, if one wishes to obtain the tachyon state |0; k) one inserts in the
far past, as in fig. 7.56, a minimal operator of momentum k^; this is the
tachyon vertex operator Vo(k) =: e :. More generally, as in fig. 7.5c,
any physical state |A; k) can be obtained by inserting in the far past a
suitable operator - namely its vertex operator VA(&). Thus,

\A]k)= lim e-tVyA(Jfc,r)|0;0). (7.1.10)
T—+-ftOO

Here, we write r —•» -f zoo to underscore the fact that the path integral
in (7.1.10) is on a Euclidean world sheet of imaginary r. Likewise, repre-
senting a final state as a path integral on a semi-infinite strip that extends
to r = — ioo, we have a formula analogous to (7.1.10) for final states:

(A;fc|= lim e'v(0;0|VA(ifc,T). (7.1.11)
r * t o or—*—too

(7.1.10) and (7.1.11) are required to compensate for the factors arising
from

Zo |0; 0) = e1'*"*****110; 0) = z |0; k) (7.1.12)

and

(0; 0| Zo = (0; 0| zk^leikx = i (0; k\. (7.1.13)

The reader is invited to verify (7.1.10) and (7.1.11) for tachyons using the
explicit form of (7.1.7) to get (7.1.10) for z -> 0 or (7.1.11) for z -> oo. We
have written the factor of i explicitly in (7.1.10) and (7.1.11) for emphasis,
but henceforth we work with r; = —IT.

In (7.1.9), apart from initial and final states and vertex operators, we
also have propagators

A = (Lo - I)"1 = I dre-T^~l\ (7.1.14)

As Lo — 1 is the 'Hamiltonian' that governs propagation of a string,
e-r(L0-l) j s ^ g operator that propagates an open string through imag-
inary time r and thereby creates a strip of width TT and length r, as in
fig. 7.6a. Putting the pieces together, we see in fig. 7.66 that (7.1.9) actu-
ally generates an integral on an infinite strip of width TT, and the following
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(a)

(b)

v2 vz v, . . .

Figure 7.6. The propagator (Lo - I ) " 1 = /drc"1"^0"1) propagates a string through
imaginary time r and thereby generates a strip of width TT and length r, as in (a). The
tree (l|I^(Lo — l ) " 1 ^ . . . VM-\\M) therefore can be understood in terms of an integral
on an infinite strip, with semi-infinite extensions to the left and right corresponding to
initial and final states \M) and (1|; this is sketched in (6).

(a)

Figure 7.7. The infinite strip of fig. 7.6 can be conformally mapped onto the upper
half plane, as in (a), or onto the unit disk, as in (b).

additional structure. There are M vertex operators inserted on the strip,
one each in the far past and the far future for initial and final states, and
Af - 2 inserted at finite times 0, rl5 T2 . . . , TM~\', and there is an instruc-
tion to integrate over the r^. This can be converted into a form in which
the 'initial' and 'final' states |1) and \M) are not singled out by a simple
conformal mapping. Indeed, a simple conformal map from u = a + ir to
v = e%u maps the strip in fig. 7.66 onto the upper-half v plane; a further
conformal map from v to w = (v - i)/(v + i) maps the upper-half v plane
onto the unit disc in the w plane. These conformal mappings are symme-
tries because of the conformal invariance of the theory. (Of course, there
may be anomalies in the conformal invariance, so that it must be verified
to be a symmetry by explicit calculation, as is explained below.) These
mappings are sketched in fig. 7.7. In the case of mapping onto the upper-
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362 7. Tree Amplitudes

half plane, the vertex operators show up, as in fig. 7.7a, on the real axis;
in mapping onto the unit disc, as in fig. 7.76, the vertex operators show
up on the boundary of the disc. The figures sketched in fig. 7.7 are the
ones we have discussed in chapter 1. The virtue of making contact in this
way between the previous picture and (7.1.9) is that we now know that
the manifestly cyclically symmetric expression of fig. 7.76 is equivalent to
the expression (7.1.9) in which the correct poles have been exhibited at
least in one channel.

7.1.2 Decoupling of Ghosts

Now let us show that only physical positive norm states, and not ghosts
or other unphysical states, appear as poles in (7.1.9), which we repeat
here for convenience:

AM =9M-2(<t>i\V2(h)m(h)---AVM-i(kM-i)\4>M)- (7.1.15)

The external states, described by (< î|, \<t>M)t a n ( i the M — 2 vertex opera-
tors VJ, are all required to satisfy the mass-shell condition (Lo — 1) \<t>) = 0
and the Virasoro subsidiary conditions Ln \<j>) = 0 for n > 0, since AM
is only meant to describe amplitudes for physical states. We wish to
show that the physical states that appear as poles in (7.1.15) have the
same property. Consider a particular propagator A in (7.1.15). Since
Lo = ^p2 + TV, where N has eigenvalue 0,1,2,. . . , poles occur at values of
p2 corresponding to physical mass values. The residue of A at one of these
mass values is the unit operator in this particular mass sector, which can
be expanded in the form ^t- |^i)(^t|? where |^,) are orthonormal states
(finite in number) that span this sector. The essential requirement is that
only those states |t/>,) that satisfy the physical state conditions Ln \<j>) = 0
for n > 0 contribute to the residue. We do not have to worry about the LQ
condition, since the contribution to the pole certainly comes from states
that obey this!

We do not quite have to show that

\a) = VNAVN+1---AVM_1\<j>M) (7.1.16)

obeys the conditions Lm \a) = 0, m > 0. Only the part of |a) that is
on mass shell (annihilated by Lo — 1) contributes to the residue of the
pole in (7.1.15) and must be annihilated by Lm,m > 0. Thus if Pj^ is the
operator that projects on states of Lo = k, then what we must prove is
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1.1 Bosonic Open Strings 363

that the state \/3) defined by

\/3) = P1\a) (7.1.17)

obeys Lm \(3) = 0, m > 0. Since [Lo,Lm] = —mLm, we have LmP\ =
Pl-mLm, and hence what we wish to prove is that

Pi_mLm |a) = 0, m > 0 . (7.1.18)

Since Pi_m(-L0 - m + 1) = 0, (7.1.18) is equivalent to

P i _ m ( L m - L o - m + l) |a) = O, rn > 0, (7.1.19)

and (substituting the definition of a) this will follow if we can show that

(Lm - Lo - m + 1)VATA • • • VM-i\<t>u) = 0 for m > 0. (7.1.20)

This proves to be a convenient way to formulate the problem.
Since the vertex operators have conformal dimension J = 1, it follows

from the definition given in §2.2.3 that they satisfy (7.1.3) and hence
(subtracting the m = 0 equation and evaluating at z = 1)

-L0 + l). (7.1.21)

Using the Virasoro algebra it is also easy to show that

(Lm -Lo + l)Y^—r = -j—^ ALm -Lo-m + 1). (7.1.22)
Lo — 1 LQ + m — 1

Together, (7.1.21) and (7.1.22) imply that

(Lm - Lo - m + 1)V—^- = V-—± -(Lm - Lo - m + 1). (7.1.23)
Lo — 1 Lo + m — 1

Therefore the factor Lm — Lo — m + 1 in (7.1.20) can be pushed step by
step all the way to the right until one encounters (Lm — Lo + 1)|</>M)5

which vanishes because \<J>M) is physical. This establishes (7.1.20).
Another way to express the fact that only physical positive-norm states

are created in scattering processes is to say that if |< î) is orthogonal to all
of the physical states then (7.1.15) vanishes. In §2.2.2 we defined a state
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364 7. Tree Amplitudes

that is orthogonal to all physical states as a spurious state. We showed
there that an arbitrary spurious state can be written as

L-m\Xm), (7.1.24)
m=l

where

( £ o - l + m)|xm) = O, (7.1-25)

so that (Lo — 1) |^) = 0. Since the physical states are defined to be the
subspace of the Fock space that satisfies the Virasoro conditions they are
annihilated by operators of the form Y^T XnLn. Therefore, if (f)\ is of the
form (7.1.24) then (7.1.15) vanishes.

7.1.3 Cyclic Symmetry

Equation (7.1.15) has a property, known as duality, that has no counter-
part in field theory for point particles. This is possible because (7.1.15)
actually has poles in channels other than those in which propagators are
displayed explicitly. These poles arise as divergences in the infinite sums
that are implicit in the operator multiplications. These extra poles make
possible the remarkable fact that AM is invariant under a cyclic transfor-
mation of the M external particles, (1 2 . . . M) —> (M 1. . . Af — 1). This is
necessary in order that it correspond to a world sheet that is conformally
equivalent to a disk with the M particles attached to the boundary in a
given cyclic order. The proof of the cyclic symmetry is our next objective.
Once it is established, it follows that the unitarity property applies to all
channels, not just the ones we checked above. The fact that a string the-
ory diagram can describe poles in several different crossed channels makes
the correspondence with point-particle theories that describe a low-energy
limit somewhat nontrivial. It also accounts for the fact that the counting
of diagrams is quite different from that of point-particle theories. This be-
comes particularly dramatic in theories of oriented closed strings, where
there is a unique diagram at each order of the perturbation expansion, as
was discussed in chapter 1.

We have already discussed cyclic symmetry and duality heuristically,
but now let us discuss these matters more precisely with the aim of show-
ing that the integration measure that arises actually has the necessary
properties. In order to demonstrate cyclic symmetry and better under-
stand the structure of tree amplitudes, let us try to evaluate (7.1.15). Sub-
stituting (7.1.1) and (7.1.2) and using (Lo - l)|<fc) = (Lo - l)l<fof) = 0,
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1.1 Bosonic Open Strings 365

we get

= 9

))
(7.1.26)

where y2 = I. Here we have made the change of variables

yi = z3zt...zi i = 3 , . . . , M - l . (7.1.27)

The fact that 0 < Z{ < 1 implies that t/,_i > y,, which has been incorpo-
rated with step functions 0(yi-i —yi). At this point the expression for the
amplitude does not treat the M particles symmetrically. The next step is
to substitute our previous equations

|0;0) (7.1.28)

and

(4>1\=Kmo(0;0\y1V(k1,y1), (7.1.29)

where |0; 0) represents a zero-momentum Fock-space ground state. This
enables us to identify

(7.1.30)
( \ ( k ) ( k ) ( k ) \ )

in the limit y\ —> oo and yM -^ 0.
Let us pause to discuss the properties of the state |0; 0) (the Fock-space

ground state with zero momentum), which appears in (7.1.30). In some
sense this state is the vacuum or ground state of the two-dimensional
quantum field theory that describes the propagation of the bosonic open
string. That we have not discussed it more already is a reflection of
the unusual physical interpretation of the free string compared to other
two-dimensional quantum field theories. The state |0; 0) is not a 'physical
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366 7. Tree Amplitudes

state', since it is not annihilated by LQ — 1 (instead, it is annihilated by Lo).
However, it has another property that in a sense is equally important and
that singles it out uniquely. In the entire Fock space, |0; 0) is the unique
state that is annihilated by the anomaly free 5Z>(2, R) group generated
by L_i, Lo? and L\. Although just a finite-dimensional subalgebra of the
infinite Virasoro algebra, SL(2,R) plays a special role because it is not
affected by the anomaly or central term in the Virasoro algebra, so it
is a true symmetry, and it annihilates the vacuum. If one thinks of the
free string as a two-dimensional field theory with an enormous symmetry
group, then in some sense |0; 0) is the vacuum and 5X(2, J?), which is not
anomalous and leaves the vacuum invariant, is the unbroken symmetry
group of the theory. In any case, 5X(2, R) is the basic tool for proving all
simple properties of the bosonic tree amplitudes that are not obvious on
more elementary grounds.

Infinitesimally, Lm generates a transformation 6y ~ t/m+1. This is
visible, for instance, in (7.1.3), which we repeat for convenience:

[Lm,VA(k,y)}= (ym+1± + mym^VA(k,y). (7.1.31)

The ym+1d/dy term in (7.1.31) would be present in the action of Lm

on a field of any conformal dimension; the mym term is present because
the vertex operator has nonzero conformal spin J = 1. An arbitrary
infinitesimal SX(2, R) transformation can be written as

y -> y' = y + A_i + Xoy + W> (7.1.32)

where the Am are arbitrary small parameters. Exponentiating the action
of the Lm gives the finite transformations

1-Au

where the Am's are now finite. Combining these gives the general form of
an 51,(2, R) transformation

^ (7.1.34)
cy

Note that although four parameters appear in (7.1.34), one could be ab-
sorbed in a rescaling of a,b,c and d. A convenient convention is to set
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1.1 Bosonic Open Strings 367

ad — be = 1, since then ( ^ ) belongs to the group SX(2,i?) of 2 x 2 real
matrices of determinant one.

We pause to explain briefly 'why' 2 x 2 real matrices have a natural
nonlinear action on one real variable y. The 2 x 2 real matrices of SL(2, R)
certainly act naturally on a two-dimensional real vector space,

(7.1.35)

Setting y = v\/v2, we find that y transforms as in (7.1.34).
The subgroup SL(2,R) of the conformal group is called the 'Mobius

group' or the 'protective group'. The reader is urged to check explicitly
that the three parameter family of transformations in (7.1.34) is generated
infinitesimally by (7.1.33). Assuming that a,b,c and d are real, (7.1.34)
obviously maps the real axis to itself. It is somewhat less obvious, but not
difficult to check, that if we analytically continue to complex values of y,
then SL(2, R) transformations map the upper half y plane to itself. In
fact, SX(2, R) can be shown to be the group of all one-to-one mappings of
the upper half plane to itself of the form y —> y, with y being an analytic
function of y. A transformation y —> t/, with y being an analytic and one-
to-one function of y (in some region under study) is a conformal mapping;
we may say that the mappings of the upper half plane onto itself form a
subgroup of the full conformal group, namely the Mobius group 5*L(2, R).

It was for essentially this reason that SL(2,R) (and 5^(2,(7), which
arises in the same way in the theory of closed strings) appeared in chapter
1. Indeed, there we began with a generally covariant two-dimensional
action; we then chose a coordinate system in which the metric took the
form ds2 = e^\dy\2. This coordinate system is not quite unique, since a
conformal mapping y —> y transforms the metric to ds2 = e^ • \dy/dy\2 •
\dy\2, which is of the same general form. It is really because of this
that SL(2,R) emerges as the 'symmetry of the vacuum' upon covariant
quantization. We recall that in chapter 1 the conformal mappings of
the string world sheet into itself appeared as the remnant of the original
general covariance that was left intact after picking the conformal gauge.
A residual Faddeev-Popov gauge fixing was needed to fix this remaining
symmetry.

Returning to our study of tree amplitudes, further study of (7.1.33)
shows that for n = 1,0,-1, the transformation from y to y1 = e^Lny
obeys
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368 7. Tree Amplitudes

As a verification of this formula we need simply note that each expression
gives 1 for n = —1, ex for n — 0, and (1 — \y)~2 for n = 1. Therefore,
since the exponentiated form of (7.1.3) implies that

eXL"ynV(k,y)e-XL" = {y')nV(k,y'\ (7.1.37)

it follows (by dividing by yw+1) that for any SL(2,R) transformation

f) V(k vf)
- A " 1 ^ ) = (a - cy1)2 v ) . (7.1.38)

Using the SL(2,R) invariance of the vacuum,

A(T)|0;0) = |0;0), (7.1.39)

we deduce that

H^ialn^Wd;0> (7.1.40)) ( ; | | ; >
y\ VM

transforms under Mobius transformations into

M

IM(KV) = IMM) "[[(a - cy[)2 (7.1.41)

when all M yi are subjected to a common SL(2,R) transformation.
Equation (7.1.41) is often expressed by saying that IM transforms un-
der SL(2, R) with Mobius weight 2.

The M-point tree amplitude in (7.1.26) is of the form

AM = 9M~2 J dfiM(y)lM(k,y), (7.1.42)

where dfiMiy) is the measure for the yi integrations that appears in our
previous formulas (apart from the powers of yi absorbed into IM)> We
would now like to re-express this measure in a more symmetrical form
than in (7.1.26).

Let us first consider the transformation of a single differential dyi. In
view of (7.1.34), this transforms as follows

, , j fayi + b\ {ad - bc)dyi dy{

W* = d 71 = 1 T1T2~ = 7 T~A2"' (7.1.43)
\cyi + dj (cyi + d)2 (cy{ + d)2

or

The most obvious guess is that a 'nice' measure would be df.iM(y) — Y\ dyi-
This gives a M6bius-invariant formula, but one that does not coincide
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1.1 Bosonic Open Strings 369

with the measure that actually appears in (7.1.42). There are several
discrepancies. The first is that the yi coordinates in (7.1.42) are ordered
on the boundary of the world sheet. This is easily accommodated by
including a product of step functions ]J ®{y%-i — Vi) in OUT naive guess
for what a 'good' measure should be. Somewhat more subtle is that,
precisely because of the Mobius invariance, fj dyi overcounts equivalent
configurations by a divergent factor (the volume of the noncompact group
£X(2, R)). We must therefore remove this infinite factor by choosing just
one representative of each conformal equivalence class. This is very similar
to the usual procedure of factoring out of an infinite volume factor in the
integral over the vector potential in Yang-Mills theory to account for the
overcounting of gauge-equivalent configurations.

Since the Mobius group has three real parameters (the three A's in
(7.1.32)), it is possible to find an £X(2, R) mapping that sets any three of
the yi variables - let us call them yA, yB and yc ~ to arbitrarily chosen
fixed values called y^, t/^ and y^,. The divergent group volume factor can
then be removed simply by not integrating over y^, yB, a nd yc- In doing
this we must include the analog of a Faddeev-Popov determinant, which
will cancel the factors Yl(a — cy^)2 of (7.1.44) for the unintegrated coor-
dinates. The required determinant is the Jacobian of the transformation
from yA, yB<> and yc to A_i, Ao, and Ai. From (7.1.32), this Jacobian is

1 1 1

VA VB yc
2 2 2

VA yB yc
The determinant is readily evaluated, and gives (yA — yB)(yA — Vc)(yB ~
yc)- This factor is easily seen to transform in the required way because

VA-yB = -} Ai \(
 B TT- (7.1.46)

(a - cy'A)(a - cy'B)

Altogether, we conclude that the desired volume element, which trans-
forms the same way as the naive guess YI dyi, is

-y%)

M M

x (VA - yB)(yA - yc)(yB - yc)

(7.1.47)
Now we have achieved our goal. Equation (7.1.47) is indeed the correct
measure that appears in our previous formulas; for instance, the previous
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370 7. Tree Amplitudes

formula in (7.1.26) corresponds to the particular choices y® —• oo, y® —> 1,
y%[ ~* *̂ What we have gained is an understanding that (7.1.47) comes
from a more symmetrical starting point by something akin to Faddeev-
Popov gauge fixing; we are now free to make other choices instead.

Figure 7.8. An SL(2,R) transformation can turn the 'last' vertex operator in a string
of M vertices into the 'first' one.

Now let us return to the question of cyclic symmetry of the amplitudes.
An arbitrary SL(2, R) transformation maps the real axis onto itself mono-
tonically, preserving the cyclic ordering of the yi coordinates. However,
as in fig. 7.8, an SL(2,R) transformation can be chosen to map the 'last'
vertex operator on the real axis all the way out to y = +oo, whence it
returns from y = — oo to finite values as the 'first' in line. This is poten-
tially what we need to prove the cyclic symmetry required by unitarity
and the world-sheet interpretation provided that

V(M) = V(M)V(1) - • • V(M - 1). (7.1.48)

Then (7.1.41) is true even for SL(2,R) transformations that induce a
cyclic permutation. In order to be quite explicit, let us consider the special
case of tachyon emission vertices, even though the result is general. The
key identity that is required is

Vo(kuy1)Vo(k2,y2) = Vo(k2,y2)Vo(ki,y1)exp[icikvk2e(yi-y2)], (7.1.49)

where e(x) is +1 for x > 0 and —1 for x < 0. One proof is given in ap-
pendix 7. A. An alternative proof can be based on the well-known identity

eAeB = (7.1.50)

which is valid when [A, B] is a c number. In the present application the
required commutator is

(7.1.51)[iki • X(y1),ik2 • X(y2)] = ^h • k2e(yi - y2).

The commutator in this equation is a little subtle to define. However,
the derivative of both sides with respect to y\ gives a formula that is
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7.1 Bosonic Open Strings 371

unambiguous and easy to verify. The integration constant is determined
by the requirement that the commutator be odd under interchange of
y\ and y<i. Equations (7.1.50) and (7.1.51) can easily be used to derive
(7.1.49), which holds for other vertex operators as well. Equation (7.1.49)
is what we need to derive (7.1.48); indeed, bringing V(M) all the way
through for y\ > 7/2 • • • > yu gives a phase

M-\
exp[7rikM • ^ P k] = exp(-7rik2

M) = 1, (7.1.52)
1

using momentum conservation and the mass-shell condition. This com-
pletes the proof of cyclic symmetry.

7.1.4 Examples

Let us begin with the simplest examples, namely vertices for three on-
shell particles. We will consider each of the combinations of tachyons and
massless vector bosons in turn, using (7.1.15). In all cases we do not
bother to write the obvious momentum-conservation delta function. For
the tachyons we simply have

9(O;h\Vo(k2)\O;k3)=g. (7.1.53)

For two tachyons and one massless vector we have

5(0; h\V((,k2)\0; *3> = g{0; h\( • X(l)V0{k2)\0; k3)

(7.1.54)

The last identity uses the fact that (• &2 = 0 and momentum conservation
&1 + &2+&3 = 0- Equation (7.1.54) is the form of the coupling of a massless
vector to charged scalars in field theory. In particular, it is gauge invariant
(it vanishes, using the mass-shell conditions and momentum conservation,
if one sets ( = £2). The proof of cyclic symmetry ensures that the same
result is given by putting the vector in one of the end states

g(0\ h\V0(h)C • a-i|0; h) = -g( • h = g( • kz. (7.1.55)

For two massless vectors and one tachyon we have (putting the vectors at
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the ends)

= g(0\ tilCi • a i c ^ ^ c - ^ ' ^ C s • a-i|O; A>3) (7.1.56)

= 9(Ci' (z ~ d ' h (3 ' fa).

One can easily check that this is gauge invariant (vanishes if (i is replaced
by k\ or (3 is replaced by fa) by using k\ — k\ = 0, k\ = 2, d • ki =
Cs • fe = 0.

Now let us consider the three massless vector vertex. It is given by

= ^[Cl • h (2 * C3 + (2 * &3 C3 * Cl

+ C3 • *1 Cl • C2 + Cl • ^2 C2 ' *3 Cz ' h]

— 9 Sl S>2 S 3
 liivp,

(7.1.57)
where

tuvp — fafiVi/p + k^vr\pVL + kipTjn,, + k2iikzvk\p. (7.1.58)

Since this vertex has total antisymmetry in the three external lines it
would vanish when we sum over cyclic permutations unless it is multi-
plied by a group theory factor tr(AaA6Ac) ~ ya&c Thus it is present for
nonabelian theories, but drops out in the abelian case. The first three
terms in (7.1.57) correspond to the standard cubic interaction derived
from trF2 in Yang-Mills theory. The last term is an O(a') correction
that corresponds to an additional term of the form tr(i^^Fv

pFp^) in the
low-energy effective action.

Next let us consider the four-tachyon amplitude given by

1 ,,„ , > (7-1.59)

o

Using (7.1.6), the zero-mode part of the matrix element in the integrand
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is just

where 5 = —(£3 + k^2. The nonzero mode part can be evaluated using
the coherent-state methods described in appendix 7.A as follows

oo
<0| exp(-A;2 • £ —

71

t
J"T=J 1°) ('.l.OlJ

<\ / 71.'

n=\ u=0

Thus altogether

l

A4=g2 [x-2*-2(l-x)-h-2dx
J K } (7.1.62)
o

= g2B(-±s - 1, -1< - 1) = g2B(-a(s), -a(t)),

where J5 is the Euler beta function

l

B(a,b) = | * - i ( l -*)»-icfe = I g M , (7.1.63)
0

and a(s) — 1 + 6/2. Thus we recover the Veneziano amplitude. The
Regge asymptotic behavior of this amplitude was described in §1.1.2.

Let us now consider the generalization of this result to the tree am-
plitude with M external tachyons. To do this efficiently it is convenient
to use the more symmetrical formulation given in (7.1.40), (7.1.42), and
(7.1.47). Appendix 7.A gives a detailed derivation of the correlation func-
tion corresponding to M external tachyons. The result is

(0| V0{kuyi) - • • V0(kM,yM) |0> = yiife • • • VM l[(yi - yj)ki'kj, (7.1.64)

a formula that was also derived from path integrals in chapter 1. Therefore

yj)
kik>, (7.1.65)
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which substituted in (7.1.42) gives the Koba-Nielsen formula
oo

AM = 9M-\y\ ~ y0B)(y°A - VcM - Vc) J dy,dy2 • • • dyM

x S(yA - y°A)S(yB - yo
B)5(yc - y°c) j

(7.1.66)
As another example let us consider a tree with M external massless

vector particles. In this case the vertex operator V(£, k, z) in (7.1.8)
contains the extra factor (-X(z). A convenient way to deal with this factor
is to replace it by exp(( • X), with the understanding that the part of the
answer linear in ( is to be extracted at the end of the calculation. Having
done this the oscillator algebra again separates into a product of individual
factors for each oscillator. This makes the evaluation relatively easy. We
now have effective vertex operators of the form V = exp(ik • X + ( • X),
where normal ordering is immaterial because k2 = k • ( — 0, and (2 terms
are not being kept. The correlation function of vertices of this type is
readily calculated using the formulas given in appendix 7.A. One finds
that

Vi VM

(hi • fcy

(7.1.67)
The result is therefore

j ' ) , (7.1.68)

where d^M^y) and IM are given in (7.1.47) and (7.1.65)and where FM is
the part of

(7.1.69)
ift X /ll':~1"i~

which is linear in each of the polarization vectors. In particular, for M = 3
this result agrees with the one given in (7.1.57).

7.1.5 Tree-Level Gauge Invariance

We now discuss the analog of gauge invariance in tree-level open-string
processes. For massless external states, this was discussed in §1.5.1.
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7A Bosonic Open Strings 375

In §7.1.2 we demonstrated that spurious states decouple from a tree
diagram whose other states are physical. A subclass of the spurious states
of particular interest are the zero-norm states. These states, first discussed
in §2.2.2, are spurious states that simultaneously satisfy the physical-state
conditions. The pair of conditions - spurious plus physical - was shown
in §2.2.2 to imply that such states have zero norm. The decoupling of
zero-norm states in string theory is of fundamental importance because it
is related to gauge invariance. Indeed, a typical example of a zero-norm
state is a massless vector meson of longitudinal polarization £** = k**. The
decoupling of this zero-norm state corresponds to the gauge invariance
that is familiar in Yang-Mills theory, or in other words to invariance of
the amplitudes under (* -> £** + tW.

To understand the decoupling of zero-norm states, note that scattering
amplitudes containing zero-norm states can be computed just like scat-
tering amplitudes for any other physical states. In particular, there is a
vertex operator of conformal dimension J = 1 associated with every state
that satisfies the Virasoro conditions, whether or not it has zero norm.
However, if any vertex operators corresponding to zero-norm states are
used in the construction of AM , the amplitude must vanish. This is an
immediate consequence of what has already been proved if one combines
the results of the preceding sections. Cyclic symmetry allows AM to be
re-expressed with the zero-norm state moved to the end of the expression,
where (<f>\\ appears in (7.1.15). Then the theorem on the decoupling of
spurious states implies that the expression vanishes.

This reasoning is perfectly fine, but it is instructive to give a second
demonstration of the decoupling that does not explicitly invoke the cyclic
symmetry. Let us consider the longitudinally polarized massless vector
meson as a typical example of a zero-norm state. As we discussed in
§2.2.2 the operator

V(Jb, r) = -i4-(eik'x{r)) = k • Xeik'x^ (7.1.70)
dr

describes the emission of such a state. The corresponding Fock-space
state, given by the construction in (6.21), is k • a_i |0; k) = L__i |0;fc),
which is easily seen to have zero norm as a consequence of k2 = 0. We
certainly want states of this type to be decoupled from physical processes,
since the decoupling of this zero-norm state is the statement of on-shell
gauge invariance.

Let us now prove that a longitudinal massless vector decouples in tree
amplitudes. We already know this is true when the state is written at
the 'end' of the tree, but let us now suppose instead that it is emitted
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somewhere in the middle. Without any increased difficulty we can extend
the discussion to a class of emission vertices that includes the longitudinal
massless vector as a special case. Specifically, suppose that Vz(k,r) =
—ij^W(k^r)y where W is any operator of conformal dimension J — 0 so
that Vz has J = 1. In this case, the 'Schrodinger equation' gives

VZ = -i-^W = [Lo, W] = [Lo - 1, W]. (7.1.71)

Inserting this as one of the vertices in the formula for a tree amplitude, the
Lo — 1 factors next to W either cancel against an adjacent propagator or
else annihilate against the states (<t>\ | or \4>M) at the ends of the expression.
Now a term with a canceled propagator is a holomorphic function of the
Mandelstam invariant (s = — p2) of the corresponding channel, since the
propagator itself is the only potential source of singularities. On the other
hand, tree amplitudes have Regge asymptotic behavior, as discussed in
chapter 1. Combining these two facts, it follows that there are regions of
the invariant energy variables in which the term in question is analytic and
vanishes as \s\ —• oo. Thus by a standard theorem of complex analysis,
the amplitude must be identically zero in the region described, and zero
everywhere else as well by analyticity.

An alternative argument is to note that a pair of vertex operators has
an operator product expansion of the form

V^kur^ik^O) ~ Tk^~nf(T), (7.1.72)

as r —> 0 for some integer n, where f(r) is analytic at r = 0. When the
propagator is canceled, two adjacent vertex operators are multiplied,at
equal r. The right-hand side of (7.1.72) then becomes ill-defined. Since it
vanishes at r = 0 for k\ • k2 > n, the only sensible interpretation consistent
with analyticity is for it to vanish for all other values of k\ • k2 as well.

The fact that a term with a canceled propagator vanishes is used fre-
quently in string calculations, and is referred to as 'the canceled propa-
gator argument'. String theories seem to be similar to field theories with
enormous gauge invariances; the decoupling theorem for zero-norm states
is analogous to the statement that the on-shell tree amplitudes respect
those gauge invariances. As in point-particle theories, string theories can
have a breakdown of gauge invariance arising at the one-loop level, due to
effects known as anomalies. This is discussed in detail in chapter 10. The
canceled propagator argument can give erroneous results if used carelessly
in unregulated divergent formulas, such as occur for certain open-string
loop diagrams.
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7.1.6 The Twist Operator

In the construction of AM we have used vertex operators that describe
emission from the a = 0 edge of the world sheet. There is no reason not
to allow emissions from the a = tr edge as well. This basically entails
using a vertex operator built from X(cr = TT,T) instead of X(a = 0,r).
Equivalently, we can introduce a 'twist operator' fl that maps a to TT — a
and so has the property

V(cr = TT) = QV(a = OJJT1. (7.1.73)

Clearly it is necessary that fi2 = 1, so that two twists are equivalent
to-none at all. Replacing a = 0 by a = TT, for open-string boundary
conditions, amounts to multiplying each oscillator an (as well as Sn in
the case of superstrings) by the phase (—l)n. This is achieved by the
choice

n = ±(-l)", (7.1.74)

where iV is the usual number operator ( 2 i a-n'&n in the case of bosonic
strings). The overall phase of fi is not determined by (7.1.73). The correct
choice for bosonic strings is the plus sign, since states with N even are
charge-conjugation (C) even and N odd states are C odd. In the case of
superstrings (in the supersymmetric formulation) the situation is reversed
and the minus sign choice is appropriate.

4

1 = 3 1 + 3

Figure 7.9. Twist identity for a four-particle amplitude showing that when the emis-
sions are from opposite edges of the world sheet both time orderings correspond to the
same cyclic ordering of the particles.

As a specific example of the use of the twist operator, let us consider
the four-tachyon amplitude. The following identity is suggested by fig. 7.9

<1| F(2)AF(3) |4) = (1| T/(2)AfiF(4) |3) + (1| V(4)AHV(2) |3). (7.1.75)

The two terms on the right-hand side of this equation correspond to the
two possible r orderings of the particle #2 and #4 emissions. Both cor-
respond to a world sheet with the external states attached in the same
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378 7. Tree Amplitudes

cyclic order. Thus it is reasonable to expect that the sum reproduces the
left-hand side.

The left-hand side of (7.1.75) has already been evaluated and shown to
yield

(7.1.76)

where s = —(&i + A )̂2 and t = — (&2 + &3)2- The two terms on the right-
hand side are easily evaluated by the techniques described in §7.1.4. The
effect of the twist is to replace 1 — y by 1 + y. Thus the first term on the
right-hand side gives

g

/

J z-2-*/2(l + xf^dx = g2 j y-2-s'2{\ - y)k*k>dy, (7.1.77)

where we have made a change of variables y = x/(x + 1). Similarly, the
second term gives the integral from 1/2 to 1, so that the sum reproduces
(7.1.76), as expected.

The twist operator is just a convenience, not a necessity, in calculating
tree amplitudes. Even in the case of one-loop amplitudes it can be avoided
for oriented world sheets by using V(0) vertices for one boundary and
V(K) vertices for the other one. At the one loop level for unoriented open
strings one meets a world sheet with the topology of the Mobius strip and
the use of the twist operator becomes almost unavoidable.

7.2 Bosonic Closed Strings

A closed-string tree diagram has a world sheet that is topologically a
sphere. By a conformal transformation it can be chosen to be geometri-
cally a standard round sphere, which in turn can be mapped by stereo-
graphic projection onto the entire complex plane. The separation of left-
and right-moving modes in closed-string theories, emphasized in previous
chapters, implies a close relationship between closed-string amplitudes
and pairs of open-string ones. Thus, whereas an open-string tree is gener-
ically of the form f dyf(y), with y denoting a set of real variables, a
closed-string tree takes the form / d2zfii(z)fL(z), where /R(Z) and /z(^)
are expressions, similar to /(y), associated with right- and left-moving
modes. The integration is over the entire complex z plane.
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1.2 Bosonic Closed Strings 379

7.2.1 Construction of Tree Amplitudes

In our discussion of closed strings in §2.1.3, we learned that the string co-
ordinate -^(cr, r) decomposes into a sum of right-moving and left-moving
pieces, X^[r — a) + X£(T + <J), and that the two pieces have independent
mode expansions in terms of two sets of oscillators {a^} and {ajj,}. Since
each set separately can describe the Fock space of open-string states, the
Fock-space description of closed-string states is given by direct products
of open-string states. The only restriction is Lo = £o (to which we will
return), which implies that each sector contributes equally to the mass.
Also, a symmetrization between the two sectors is required in the case of
unoriented strings.

It is a plausible first guess that the emission vertex for the closed-
string ground state is described by : exp(z"A: • X) :, just as in the case of
open strings. We may argue, as in the open-string case, that the closed-
string tachyon state carries no quantum numbers except its momentum,
which is correctly incorporated in the operator V =: exp(ik • X) :. Since
X = Xi + XR, where Xi and XR are constructed from left- and right-
moving modes and commute with one another, our candidate vertex
operator factorizes:

V(*,T) = VR(T-<T)VL(T + <T). (7.2.1)

The individual factors are separately just like open-string emission ver-
tices:

VL = eik'x\ VR = eikX*. (7.2.2)

It is important, though, to remember from §2.1.3 that for closed strings,

"o = *o = |P", (7-2-3)

while the usual open-string formula is simply a$ = p^ without the factor
of 1/2. The factor of 1/2 in (7.2.3) means roughly that while VL and VR in
(7.2.2) are each constructed as open-string tachyon vertex operators, they
carry momentum \fP instead of pM. It is as though half of the momentum
of the string were carried by left-moving modes and half by right-moving
modes.

Is a factorization as in (7.2.1) special to tachyons, or might it be a
general rule? We recall that the closed-string Fock space is constructed
in a very simple way as a tensor product of left- and right-moving open-
string Fock spaces. It is therefore very plausible that one should build
a general closed-string vertex operator F a s a product of left- and right-
moving vertex operators, as in (7.2.1). Such operators are in one-to-one
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380 7. Tree Amplitudes

correspondence with the closed-string Fock space, and are easily seen to
possess the necessary physical properties of vertex operators. For example,
if VL and VR are left- and right-moving vertex operators of conformal
dimension one, then the product VLVR has total conformal dimension
two, which we saw in chapter 1 is the correct value for a closed-string
vertex operator.

Unlike the open-string case where the emission must occur from a
boundary of the world sheet, closed-string emissions occur from the inte-
rior of the world sheet. Physically, the vertex operator

V(k, T, a) = VR{\k, r - °)VL{\k, r + a) (7.2.4)

describes an emission from a point on the world sheet with coordinates
r and cr. However, what we require in the operator formalism is the
complete amplitude for emission at time r, irrespective of the value of
a. Therefore we define a closed-string vertex operator as a superposition
over all possible a values,

(7.2.5)

= - /̂

Continuing as in the case of open-string trees, one can introduce a
propagator

l

A = %(L0 + L0 ) 1 \
o

- 2)-1 = \ j /0+i°-3rf/? (7.2.6)

and define a tree amplitude by

AM - KM~2 {fa | V2AV3 • • • AVM-I \4>M) ( ? 2 ? )

+ permutations of vertices.

These formulas are quite similar to the open-string formulas and again
have the virtue that unitarity (at least in the exhibited channels) is man-
ifest. An important difference from the open-string case is that there is
no well-defined ordering for the M — 2 emitted particles, and the ampli-
tude includes the sum over all permutations of their vertices. Since the
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7.2 Bosonic Closed Strings 381

vertices are integrated over all possible values of a (so that the expression
is invariant under 'twisting' any propagator) this sum of terms includes
all possible orderings of the M external states. This is related to an-
other significant feature that does not have an analog in the open-string
case, namely, that the physical closed-string states \<f>) obey a constraint
(Lo — Lo) \<j>) = 0. The propagator defined in (7.2.6) propagates closed-
string states that do not necessarily obey this constraint. We can easily
modify (7.2.6) to a propagator that propagates states that are necessarily
annihilated by Lo — Lo:

1 2TT

t [ d<f>

Since in (7.2.7) the initial and final states are annihilated by Lo — Lo and
the vertices (because of the a integrals in (7.2.5)) commute with Lo — io>
the modification (7.2.8) of the propagator does not affect the amplitudes,
but it simplifies the rest of the discussion. One is then free, of course,
to drop the a integrations in the vertex operator (7.2.5). It is convenient
now to introduce the complex variable

z = pe*, (7.2.9)

and rewrite the propagator (7.2.8) (defining d?z = pdpdcf) — dxdy)

= J _ f f±zLo-ljLo-l,

7.2.2 Examples

Equation (7.2.7) has an especially simple implication for three-point func-
tions. To describe it, let us represent a closed-string state <f> as a product
of a right-moving state p and a left-moving state A. In this case the vertex
operator can be represented as a product of a right-moving factor and a
left-moving factor

V2(k2) = V(fo, k2) = VR(P2, lk2)VL(\2, \k2) (7.2.11)

evaluated at r = 0 (or z = 1). Since Lo = Lo for the end states that
multiply the vertex, the integral in (7.2.5) can be dropped. We can rep-
resent the end states as products of left-moving and right-moving factors,
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382 7. Tree Amplitudes

as well,

As a result

= (Pi \R , \h) = \pa)R (7.2.12)

(7.2.13)

which is a simple product of open-string couplings for the left-moving and
right-moving modes. In each case, the pi and A,- states should be though
of as carrying momentum f̂c,-. For example, the three-graviton vertex can
be expressed in terms of open-string three-photon vertices as follows

(7.2.14)

where t^p is the tensor given in (7.1.58). The graviton polarization ten-
sors ^"(k) are symmetric and traceless and satisfy k^" = 0. Ampli-
tudes involving massless antisymmetric tensors and dilatons can also be
extracted from the same formulas. Since t^p contains an O(a') correc-
tion to the leading term, the three graviton coupling in (7.2.14) contains
both O(af) and 0(a'2) corrections to the three-graviton vertex of general
relativity. They correspond to specific Ft? and i?3 terms in an effective
action.

(a)

Figure 7.10. The two diagrams that contribute to the four-particle closed-string tree
amplitude consist of a contribution with an s-channel propagator shown in (a) and a
diagram with a w-channel propagator shown in (6). The sum of these terms gives the
fully crossing-symmetric amplitude.

Returning to Euclidean world-sheet metric, let us re-express the inte-
grand of (7.2.5) in terms of the complex variables defined in (7.2.9). The
amplitude is the sum of terms corresponding to the different orderings
of the emitted particles. In each term the propagators are given by in-
tegrating the parameter z in the region \z\ < 1. When these terms are
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7.8 Bosonic Closed Strings 383

combined the result is that the z's are integrated independently over the
whole complex plane. As a simple illustrative example, consider the two
tree diagrams that contribute to the four-particle amplitude with external
tachyons shown in fig. 7.10. The amplitude has the form

M = ^(k1\V2(k2)AVz(h)\h) + K2(h\Vs(h)AV2(k2)\h). (7.2.15)

Using the integral representation for A in (7.2.10) the factors of zL°JLo

can be moved to the right in the first term using

V(k,z9z) = zL°zL°V(k,l)z-L°z-L° = VR{\k,z)VL{\k,l). (7.2.16)

In the second term on the right-hand side of (7.2.15) we choose to move
these factors to the left. The result is

K 2 d2z

J» r fi* (7-2J7)

|j8r|>l

where we have changed integration variables from z to 1/J in the second
term. The two terms can clearly be combined into a single formula in
which z is integrated over the whole complex plane keeping the vertices
ordered according to the magnitude of their arguments.

This example generalizes to the M-particle case in which there are M—3
variables that are integrated over the whole complex plane. The amplitude
can now be rewritten in manifestly symmetric form by the same method
as was used in the case of open strings in the last section. This involves
writing the end states as infinite r limits of vertex insertions on the world
sheet. The general M-particle tree has the form (analogous to (7.1.42))

J k , z ) , (7.2.18)

where (as in (7.1.40))

lft$k, z) = (0| T{VR{\h, Zl) • • • VR(lkM, ZM)} |0> /(Hzi) (7.2.19)

) = (0\T{VL$k1,z1)---VL$kM,?M)} \0)/(Uzi). (7.2.20)

The T ordering' means that V factors are arranged so that \z\ = p de-
creases from one factor to the next, and the different orderings correspond
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384 7. Tree Amplitudes

to the sum over permutations in (7.1.73). The boundaries between dif-
ferent \z\ orderings have no invariant meaning, and it is only the full
combination of terms that makes sense.

To understand duality, we now must discuss the residual symmetry
that plays for closed strings the role played by SL(2, R) for open strings.
When one quantizes the string in the Hamiltonian picture used in chap-
ter 2, with a world-sheet metric of signature (— +), the vacuum, or zero-
momentum ground state, |0; 0) is invariant under the six-parameter group
SL(2,R) x SL{2,R). One SL(2,R) factor is generated by Lu Z,o, X_i
and the other by Xi, Zo, L-\. In calculating string scattering ampli-
tudes, it is much more convenient to use a world-sheet metric of signature
(++) . Indeed, it is such a metric that appears naturally in the above
formulas, without being put in by hand. With a Euclidean metric, the
symmetry group 57/(2, R) x SL(2, R) is replaced by the group 5L(2, C)
of 2 x 2 complex matrices of determinant one. The groups SL(2,C) and
5X(2, R) x SL(2y R) are closely related and both have real dimension six,
but they are quite different groups.

Since the closed-string world sheet is a sphere, which can be conformally
mapped to the complex plane, the residual symmetry group for closed
strings should be the group of conformal transformations of the complex
plane (including the point at infinity). To understand why SL(2,C) is
the group of such transformations, note that a 2 x 2 complex matrix can
act on a two-dimensional complex vector space:

(7.2.21)

The formula is the same as (7.1.35), but now the variables are all complex,
since we are considering 5X(2, C) instead of SX(2, R). As in the discussion
of (7.1.35), we define z = v\/v2 and find that z transforms as

z -> f i ± * (7.2.22)
cz + d y J

Thus, we learn that 5L(2, C) acts as a group of conformal mappings of
the complex z plane (including the point at infinity). Since the variables
are complex, SX(2, C) has twice as many degrees of freedom as SL(2, R);
this corresponds to the doubling of degrees of freedom in going from open
strings to closed strings.

In chapter 15, we will interpret V\ and v2 in these formulas as homogeneous
coordinates for CP1; the formula z = vi/v2 is the stereographic projection from
CP1 (minus the 'point at infinity', namely v2 = 0) to the z plane.
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7.2 Bosonic Closed Strings 385

Even though SL(2, C) does not factorize as a product of a symmetry
group of left-moving modes and one of right-moving modes, the two sets
of modes are decoupled in many formulas. For example, as a consequence
of (7.1.41),

(7.2.23)

This is described by saying that ij^ and 1^ have Mobius weight (2,0)
and (0,2), so that, altogether, the product ij^l^f has Mobius weight (2,2)
under 5X(2,C) transformations.

As in the case of open strings, we now wish to re-express our integration
measure in a more symmetrical way. Let us try to guess what would be
a measure with the right properties; we will then check our result by
showing that with suitable choices it reduces to the form of (7.2.7), which
is 'correct' in the sense that it is manifestly unitary (at least in the channel
exhibited). As in the open-string discussion, in this way we get a more
general and more symmetrical description of the measure than that in
(7.2.7).

The desired measure cannot include an integral over the z{ through-
out the whole complex plane without any restriction, since this would
again include an infinite factor corresponding to the volume of the group
5L(2,C). As before, we deal with this by using the SL(2,C) symmetry
to fix three of the z,-, denoted z&, ZB, ZQ, to values z\, z^, ZQ. These are
twice as many conditions as in the open-string case since the z are com-
plex, but the group also has twice as many parameters, so the mapping
is always possible. The measure must have the transformation law

M
\a- cz[\-± (7.2.24)

in order that the amplitude be SX(2, C) invariant. By the same algebra
as was described in the open-string case, one easily sees that the correct
choice is

=\zA - zB\2\zA ~ ZC\2\ZB ~ zc\2

with arbitrary choices of A, B and C and of z\, z°B and z^. The operator
formula in (7.2.7) corresponds to the particular choice z\ = oo, z\ = 1
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386 7. Tree Amplitudes

and z®M = 0. The angular phase part of the z integrations ensures that
Lo = Lo at all poles. This is a direct consequence of the a integration in
(7.2.5), which ensures that there is no preferred point on the string.

As a specific example, let us consider the amplitude for the scattering
of M closed-string tachyons. In the units we are using (a' = 1/2 for
open strings), the leading Regge trajectory for closed strings is given by
a(s) = 2 + s/4. This describes a massless state corresponding to the

tachyon in the theory with a(s) = 0 at k2 = — s — 8. Similarly, there is a
spin 2 state at a(s) = 2 that has k2 = 0 and corresponds to the massless
graviton. The amplitude is given by identifying ij^ and Ijfa with IM of
the open-string theory. The result is thus

AM = 4TT ( £ ) / dpM(z) I I \zi - zi\k^l2. (7.2.26)

In particular, setting z\ = oo, 22 = 1, 23 = z and 24 = 0, gives for the
case M = 4

— [ |z|*8'*'/2|l - z\k*'k*l2d2z. (7.2.27)
4?r J

Integrals of this form can be explicitly evaluated by substituting the rep-
resentation

(7-2.28)

and similarly for |1 — z\ B. This turns the z integration into a Gaussian
that can be explicitly carried out. The remaining t integrals can then be
evaluated using the Euler beta function formula (7.1.63). In this way one
finds that
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/= j\z\-A\l-z\-Bd2z

o
00

X f dxdyexp{-t(x2 + y2) - u[{\ - x)2 + y2}}
— OO

(7.2.29)

J t+u \ t+uT(A/2)T(B/2) o

r(^/2)r(5/2)
0

where

Applying this to the evaluation of (7.2.27), using

fc3.fc4 = - I 5 - 8 , *2-*3 = - J < - 8 , (7.2.31)

and

^ ? = -32, (7.2.32)

gives

>U = ^B (-±a(s), -$a(t), -i«(«)) , (7.2.33)

which is the Virasoro formula. The Regge trajectories are given by a(s) =
^5 + 2 and satisfy a(s) + a(t) + a(u) = —2.

This formula is manifestly crossing symmetric and it is easy to check
that this expression has poles at a(s), a(£), a(u) = 0,2,. . . corresponding
to the ground-state tachyon (at s,£, or u = —8) and the infinite set of
excited states. The asymptotic behavior of the amplitude at high energy
(s —> oo) and fixed t is easy to evaluate by using Stirling's approximation
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388 7. Tree Amplitudes

(which was discussed in the context of the open-string Veneziano formula
in chapter 1)

T(a) ~ y/2^aa~ll2e-\ (7.2.34)

This formula is valid for \a\ —• oo in any direction in the complex a
plane apart from the negative real a axis. Applying this to the expression
(7.2.33) with \s\ —> oo, u ~ — s and fixed t gives the Regge behavior

r(-a(Q/2) (sy()
U ) (7-2-35)

as long as s is kept slightly away from the real axis. As with the Veneziano
model, this tree-level result has to be interpreted in an average sense for
the physical values of real, positive s, since the amplitude has poles along
the real axis. The poles move away from the real axis when loop effects
are taken into account.

The question of gauge invariance of closed-string amplitudes is again
related to the question of whether zero-norm states decouple from tree
diagrams. Consider, for example, a tree diagram with a longitudinally-
polarized graviton of momentum k** (such as particle #2 in fig. 7.10).
An arbitrary longitudinal polarization tensor can be written as a sum of
terms of the form (»" = k>lC', where k2 = 0 and (• k = 0. The vertex for
describing the emitted longitudinally polarized graviton has the form

= _ i [d<TA.
7T J dr

(7.2.36)
When inserted in either of the diagrams of fig. 7.10 the r derivative causes
a propagator to be canceled as in the case of open strings. The result is
not zero in either diagram separately in this case because the adjoining
vertices, which are at the same value of r, are not at the same value of
a. The expressions for the vertices involve integrating over all a values
independently. However, in the combination of fig. 7.10 (a) and (6) the
a integrals cancel everywhere except in the vicinity of the singular point
where the two vertices coincide on the world-sheet. As we saw in (7.1.72),
the product of two vertices at the same point is singular and is consistently
interpreted as giving a vanishing result. This argument generalizes to tree
diagrams with an arbitrary number of external states.
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7.2 Bosonic Closed Strings 389

7.2.3 Relationship to Open-String Trees

The relation between open- and closed-string three-particle vertices

Af ~ A3RA3L, (7.2.37)

illustrated in (7.2.14) can be generalized to M-particle amplitudes. The
most naive guess, consisting of AMRAML f°r a particular cyclic ordering,
is not correct since it only has cyclic symmetry and not total symmetry
in general. It happens that in the M = 3 case the total symmetry of A^R
and A$i for tachyons (or antisymmetry for photons and so forth) results
in total symmetry for Af.

To find the analog of (7.2.37) in the four-tachyon case, we note that

B(a, b)B(b, c) = ir(6)r(a + c)B(ay 6, c). (7.2.38)

Therefore, using a + b + c = 1 and the standard formula F(6)r(l — 6) =
TT/ sin TT6, we have

B(a,b,c) = simrbB(a,b)B{b,c). (7.2.39)

In terms of the four-tachyon amplitudes this gives

' i/4). (7.2.40)

This formula is not an accident, but a special case of a more general
relation.

A general four-particle amplitude involving arbitrary excited states dif-
fers from (7.2.27) by some additional polynomial dependence on z and "z
in the integrand, with coefficients involving the momenta and polarization
tensors. Therefore in the general case one needs to consider terms of the
form

/(ni,n2,n3,n4) = I
J yl . Z . T : 1 J

By writing z = x + iy and deforming the y integration contour this can be
expressed as an integral with z and ~z treated as independent real variables
integrated from —oo to +oo. However, one must be careful to choose the
correct branch of the integrand in doing this. Denoting as rj and x ^ n e

real variables that correspond to z and J, the contours in each case go
over or under the branch points at 0 and 1 depending on whether the
other variable is less than zero, between 0 and 1, or greater than 1.
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390 7. Tree Amplitudes

Next one deforms the contour to enclose branch cuts, so that the inte-
grands can be replaced by discontinuities. The analysis requires consid-
erable care, and we omit the details. The result is that

7(ni,n2,n3,n4) = - sin(7rJfc2 • fc3/4) /
o

oo

x f drwk3'ki/*+n3(l-r))k2'k3/4+ni.

(7.2.42)
This is precisely sin(7r£/8) times an s — t open-string amplitude times a
t — u open-string amplitude. In particular, putting all the n equal to zero,
it reproduces the four-tachyon result derived above.

Equation (7.2.42) provides a basis for generalizing the result in (7.2.40)
to other four-particle processes. For example, the four-graviton amplitude
is related to the four-photon one by

^ ( g i n Tti%)A\3i^ * / 4 ) A £ ( * / 4 , ti/4). (7.2.43)

In the case of M-particle functions the relation takes the form

< ~ £ e^^AZiPy^iP'), (7.2.44)

where P and P9 refer to particular cyclic orderings of the M external lines,
A0^ and ~A°£ a r e Af-paxticle open-string tree amplitudes associated with
right- and left-moving modes (which can be different in general) with the
usual substitution k —> fc/2, and F(P, P9) are appropriate phase factors.
The number of inequivalent terms grows rapidly with M. Whereas there
is only one for M = 4 and two for M = 5, there are already 12 for
M = 6. These relationships are applicable to all closed-string theories.
For example, heterotic string amplitudes can be related to products of
trees made from open superstrings and open bosonic strings, a fact that
will be exploited later.

7.3 Superstrings in the RNS Formulation

The construction of superstring amplitudes involves a number of new fea-
tures in addition to those described in the preceding sections for bosonic
strings. Some calculations are carried out most easily using the covariant
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7.3 Superstrings in the RNS Formulation 391

RNS formulation of §4.2 and others are better understood using the su-
persymmetric light-cone quantization of §5.2. We begin with a discussion
of the covariant RNS formulation.

7.3.1 Open-String Tree Amplitudes in the Bosonic Sector

The analogies between amplitudes in the D = 26 bosonic string theory
and the D = 10 superstring theory are closest for the bosonic sector in
the RNS formulation. Even here, there are new issues introduced by the
G gauge symmetries implied by world-sheet super symmetry. Just as in
the 26-dimensional case, we can define a tree amplitude by

AM = 9M~2 fail V(2)AV(3) • • • AV(M - 1) \</>M) (7.3.1)

and demonstrate that for appropriately chosen definitions of V, A and \<j>)
it satisfies tree unitarity and cyclic symmetry. In the present case tree uni-
tarity requires that intermediate-state poles satisfy subsidiary constraint
conditions associated with superconformal generators Gr as well as those
associated with Virasoro generators Ln. Also, the analysis requires a pe-
culiar ingredient that does not appear in the purely bosonic theory. In
chapter 4, we formulated the supersymmetric string in Fock space in a
very natural seeming way. It turns out, however, that there are other
equivalent ways of formulating this theory, known as different 'pictures'.
What is more, the proof that the bosonic tree amplitudes (7.3.1) obey
cyclic symmetry requires study of two different pictures, called F\ and
i*2, which must be shown to be equivalent. The F\ picture is more con-
venient for establishing cyclic symmetry, whereas the F2 picture is more
convenient for proving that all poles correspond to physical states.

The formulation of the bosonic sector in chapter 4 involved what is
usually called the F2 picture. In this formulation, the wave equation is
(Lo — 1/2) \<j>) = 0, and the subsidiary conditions for physical states are
Gr\<f>) = 0 for r > 0. (This implies that Ln \<j>) = 0 for n > 0, as well.)
In analogy with the construction in §7.1.1, it is natural to define the
propagator in this formulation to be given by

A = (£0 - i ) " 1 . (7.3.2)

If we also require that physical-state vertex operators have conformal di-
mension J = 1, then it follows by exactly the same reasoning as before
that intermediate poles satisfy the Ln conditions. However, the Gr condi-
tions are a stronger requirement, and therefore physical vertices have to
be restricted further. The appropriate rule was given in §4.2.3, where we
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392 7. Tree Amplitudes

introduced physical vertices for the construction of the spectrum generat-
ing algebra used in the proof of the no-ghost theorem. The requirement
is that there exist an operator W of conformal dimension J = 1/2 such
that V is expressible in the form

V = {Gr,W) (7.3.3)

for all r. This implies that V has J = 1, so the Ln conditions are certainly
satisfied. For even G-parity emissions (satisfying the GSO conditions) the
operator W is fermionic and V is bosonic in the world-sheet sense. For
odd G emissions, on the other hand, W is bosonic and V is fermionic, so
that a commutator is required in place of the anticommutator in (7.3.3).
Since G2

T = L2r, (7.3.3) implies that

[Gr,V\ = [L2r,W] (7.3.4)

while V = [Gy, W] would imply that

{Gr,V} = {L2r,W}. (7.3.5)

The proof of tree unitarity requires showing that a spurious state de-
couples from a physical tree, i.e.,

{4>\GTV(2)AV(3)---AV(M-l)\<j>M) = 0, r > 0 (7.3.6)

where ($| is annihilated by Lo — l/2 + r and is otherwise unrestricted. The
proof involves manipulating Gr to the right. For the commutator term
we replace [L2r, W] by

(L2r - Lo - r + \)W - W(L2r - Lo + ±) = 0, (7.3.7)

which is justified by the mass-shell condition for (<j>\ and the canceled
propagator argument. The vanishing of (7.3.7) is a consequence of the
requirement that W has J = 1/2. The next step is to bring Gr past a
propagator using

G G ( 7 3 8 )

It can then be brought past the subsequent vertices and propagators in
the same way until it finally annihilates against \<J>M)-
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7.3 Superstrings in the RNS Formulation 393

The trouble with the F2 picture is that (7.1.28) and (7.1.29), which
were essential in the proof of cyclic symmetry, do not hold. Instead we
have

\<f>M) = limoy^/2W(kM,yM) |0;0> (7.3.9)

and

(4>i\= lim (OjOlyJ 'V^ .y i ) , (7.3.10)
y\—»-oo

which leads to a counterpart of (7.1.30) in which M — 2 states are de-
scribed by V operators and two are described by W operators. To prove
cyclic symmetry it is much better to describe all M external states by
V operators, and this is what the F\ picture (the first one discovered)
achieves.

The fact that the powers yx' and y~^ ' occur in these formulas rather
than y\ and y2, as in (7.1.28) and (7.1.29), is a reflection of the fact that
the W vertices have conformal dimension J = 1/2, whereas the V vertices
have conformal dimension J = 1. As an example that illustrates this, we
note that in the case of the tachyon vertex operator W =: elk'x :, the
factor ZQ defined in (7.1.6) becomes

Zo = e
ik'x+k'phkX = ef'*'****+1/2 = zkP-i/2eik-x^ (7.3.11)

since now fc2 = 1 in place of the value k2 = 2 used earlier. As a result one
now has

Z0\0;0) = z-1'2\0;k) (7.3.12)

and

(0;0|Z0 = (0;A;|z
1/2) ( 7 . 3 . 1 3 )

which are the key to verifying (7.3.9) and (7.3.10) for the tachyon vertex.

7.3.2 The Fi Picture

To explain the Fi formalism, we begin by noting that an F2 physical state
satisfies

MG1 / 2G_1 / 2 = M , (7.3.14)

since Gi/2G_i/2 = 2L0 - G_i/2Gi/2 and {</>\G_i/2 = (<f>\ (Lo - 1) = 0.
Therefore the tree amplitude (7.3.1) can be written in the form

AM = 9M~2 (<t>i\G1/2G_1/2V(2)A •••V(M-l) \<f>M). (7.3.15)

Next we push the GL1/2 factor to the right, using exactly the same reason-
ing as in the proof of tree unitarity. In this way we obtain the alternative
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formulation

= gM~z{<t>i\V(2)AV(3) • • • AV(M - 1)|<£M), (7.3.16)

where

\4>) = G- i /2 \4) (7.3.17)

and

A = (L0-ir1. (7.3.18)

The latter expression is a consequence of (7.3.8). Equation (7.3.16) is the
F\ formulation of the amplitude. The state |<̂ ) in (7.3.17) is the Fock-
space state of the F\ picture that corresponds to the Fock-space state \<f>)
in the F2 picture. Since A is the propagator in the Fi picture, the wave
equation becomes (Lo — 1)|<̂ ) = 0, just as in the bosonic string theory.

Note that a physical state \<f>) in the Fi picture is not annihilated by
Gi/2. In fact,

Gi,2\4) = G1/2G-1/2 \(f>) = (2Xo - G-1/2GV2) \<t>) = \<t>) • (7.3.19)

This equation and (7.3.17) show how to go back and forth between F\
and F2 states. The Gr with r > 3/2 do annihilate F\ states, because

GT\4) = GrG_1/2 \<j>) = (2Ir_1/2 - G_1/2Gr) \<f>) = 0 (7.3.20)

for r > 3/2.
The relationship between F\ and F2 states can also be understood as

follows. Each physical state has an associated J = 1/2 emission vertex W
as well as a J = 1 one V given by V = {Gr, W} or V = [GrrW]. States
in the F2 picture are made using the the W vertex operator according to
(7.3.9) and (7.3.10). States in the F\ picture, on the other hand, are made
by the same construction as ones in the bosonic string theory, namely

\4>M) = GL1/2 lim
ft yAf/2W(yM) |0; 0) = lim VM1V(kM, VM) |0; 0)

(7.3.21)

( & | = lim {0;0\y\/2W(yi)G1/2= lim (0;0|yiV(fci,yi), (7.3.22)
yi—*oo yi—*oo

where we have used the fact that Gi/2 and G_i/2 annihilate the vacuum.
Therefore we end up with the SL(2,R) invariant formula

(7.3.23)
just as in §7.1.3. The proof of cyclic symmetry in this formulation is
identical to the one given in that section. Equation (7.3.23) actually has a
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7.3 Superstrings in the RNS Formulation 395

larger symmetry than SL(2,R). It extends to the superalgebra OSp(l|2),
generated by Zo> L±\, G±ij2<> since these are now the operators that
annihilate the vacuum |0;0).

States in the F\ picture that are annihilated by all the Gr with r > 1/2
and satisfy the Fi mass-shell condition (Lo — 1)|̂ >) = 0 constitute a new
class of spurious states without counterpart in the F2 picture. (Equation
(7.3.19) would give 0 for the corresponding F2 state.) For example, the
F\ Fock-space ground state exactly corresponds to the tachyon at k2 = 2
in the bosonic string theory. (The tachyon at k2 = 1 is described by
G-l/2 1°; k) = k - 6_1/2 |0; k) in the Fi picture.) Whereas the k2 = 2
tachyon is physical in the bosonic string theory, it is unphysical in the
superstring theory. Its decoupling from trees, all of whose other states
are physical, is established by the same methods as that of other spurious
states. Namely, consider a tree amplitude formulated in the F\ picture
as in (7.3.16). Now suppose that \<J>M)

 ls a spurious state annihilated by
G\/2' Such a tree can be shown to vanish by using (7.3.17) to substitute
(^j| = {<j)\\Gi/2 and then pushing the G\f2 to the right until it annihilates
against \$M)-> Jus^ as in the previous decoupling proofs.

To recapitulate, we have demonstrated the equivalence between the F\
and F2 pictures and shown how to transform between them. The F2 pic-
ture was used to demonstrate that tree amplitudes contain physical-state
poles only in the channels corresponding to explicitly displayed propa-
gators and that the residues of these poles are tree amplitudes of the
same form, as required by unitarity. The F\ picture was used to give a
manifestly 5Z(2, i?)-invariant formula for the tree amplitudes in which
cyclic symmetry can be readily established by the same reasoning used
for the bosonic string theory. This extends the factorization proof to all
channels.

7.3.3 Examples

The vertex operator for tachyon emission is given by WT =: etkX :, so

VT(k) = [Gr,: e
ikX :] = fc • 0 : eikX : . (7.3.24)

The tachyon mass-shell condition, k2 = 1, ensures that WT has J = 1/2.
Even though this operator incorporates all the super-Virasoro conditions
it is not altogether physical, because it describes emission of an odd G
state violating the GSO conditions. A physical boson-emission vertex
must be given by a bosonic operator, which Vp is not. The first physical
bosonic state in the spectrum with the correct G parity is the massless
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vector. Its emission vertex, which was utilized in chapter 4 in the con-
struction of the spectrum generating algebra, is

V((,k) = {GT,C • ^eikX} = (C • * - C • # • 4>)eihX. (7.3.25)

As usual, we must require k2 = £ • k = 0.
Let us now construct explicit examples of tree amplitudes. A good

warm-up exercise, even though it is involves states that are not present
in the form of the theory that we will eventually wish to study, is the
M-tachyon amplitude. In the early days of the RNS model, before the
importance of the GSO conditions and space-time supersymmetry were
appreciated, these were the first amplitudes calculated for this theory. In
those days the tachyon was identified as a IT meson with a slightly wrong
mass.

A useful trick in carrying out the calculation is to exponentiate the
factor k • i/>, so that once again the dependence on the various oscillators
factorizes. Since xj) is fermionic it must be multiplied by a fermionic pa-
rameter in the exponential. This leads us to introduce the representation

^Vr(y) = j d0exp{ik • X(y) + Ok • ^ ( y ) / ^ } , (7.3.26)

where 6 is a Grassmann number and normal-ordering is understood. The
factor l/y/y is convenient since

, , ( 7 3 2 7 )
^ | 0 } =

y/yi y/vj v%-Vj

In fact, for this reason some authors find it natural to include an extra
factor of y"J in the definition of an operator of conformal dimension J.
In order to be consistent with almost all the literature, we choose not to
do that.

The exponent occurring in (7.3.26) is essentially ik • Y(y,0), where Y
is the superspace field introduced in §4.1.2. There are some differences
of detail, however, relating to the fact that ifi and 6 in §4.1.2 were two-
component Majorana spinors, whereas here they are the one-component
expressions that survive after imposing open-string boundary conditions.
We could derive the formulas of this section by systematically following
a superspace approach. We have chosen to work with component fields
instead to keep things as simple as possible. Even so, as (7.3.26) demon-
strates, we are naturally led to expressions in the form that the superspace
approach would yield.
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7.3 Superstrings in the RNS Formulation 397

Combining (7.3.27) and the correlation function

(0\X«(yi)X"(yj)\0) = -irin(y,--y;)A, (7.3.28)

explained in appendix 7. A, gives the expression for the correlation function
of two vertices

= f 9j exp {ki - kj \n(yi — yj — 9i9j)} .

(7.3.29)
In the second step we have used the fact that a function of a Grassmann
variable can be, at most, linear in that variable. Generalizing to the M-
particle correlation functions, making use of the formulas in appendix 7. A,
one deduces that the M-tachyon amplitude is

AM = / dnM{y)lM(k,y), (7.3.30)

where

=
J

yi yM
(7.3.31)

Since the integrand contains an even number of #i, the amplitude van-
ishes unless M is even, consistent with the notion of a multiplicatively
conserved 'G-parity' quantum number. IM is invariant under the world-
sheet supersymmetry transformation

Syi = Bit, 69i = e, (7.3.32)

since the combination yi — yj — 9{9j is invariant (as is the combination
9{ — 9j, which does not occur in the formula). This transformation is
generated by G_i/2- There is also a fermionic transformation

Syi = y ,%, SBi = y,-f/, (7.3.33)

generated by (?i/2 under which djiM * IM is also invariant. This follows
from the closure of the O5p(l|2) algebra.
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Let us now consider the more important case of M massless vector
particles. The massless vector satisfies the GSO condition, so this is a
physically relevant process. The mathematics again becomes tractable
once we express the vertex operator as an exponential linear in oscillators.
This is achieved by writing the vertex V(C> k) of (7.3.25) in the form

^ ( C *> y) = Jd<f>d0 «p(i* * + « # x/y 3

As usual, the dot denotes a r derivative [djdr = iyd/dy). Two auxiliary
Grassmann variables have been used in writing (7.3.34). The variable 0
is the usual world-sheet superspace coordinate, whereas <f> has no such
interpretation.

The amplitude can now be evaluated using the identities

L (7.3.35)
y% - yj

1

given in appendix 7.A, in addition to (7.3.27) and (7.3.28). It then follows
that the integrand of (7.3.23) is given by

2/1 VM

(7.3.37)

= / (II ̂ ) II(w - W - M i ^

where

j j

(7.3.38)
This can be rewritten in the alternative form

which makes the world-sheet supersymmetry manifest.
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7.3 Superstrings in the RNS Formulation 399

The explicit evaluation of the 0 and <f> integrations, while trivial in
principle, does give rise to very tedious combinatorics. The resulting
formulas exhibit quite a few cancellations, moreover. The reason for this
can be understood as a manifestation of the existence of an equivalent
i<2 formulation in which two of the V/y factors are replaced by W/y/y
factors. The simplest example of this is the three-vector interaction for
which we find that the (k-()* terms of (7.1.57) and (7.1.58) cancel leaving

Az = gk2 • C1C2 • Ca + perms. (7.3.40)

Unlike the formula in the bosonic string theory, this agrees with the cou-
pling of Yang-Mills theory without any O(a') corrections. The M = 4
case will be discussed in §7.4.2.

7.3.4 Tree Amplitudes with One Fermion Line

-*—*—*—*—*-

-x—H-
(a) (b)

Figure 7.11. An external fermion emitting bosons is pictured in (a); in (6) we consider
the case in which all boson emissions occur on one side.

There is one more class of tree amplitudes that can be studied in the
RNS formulation without confronting the complexities of fermion-emission
vertices. Amplitudes with two external fermions and M external bosons
can be pictured in terms of a diagram in which a fermionic string runs
from +00 to —00 with boson emissions occurring along the boundaries of
the world sheet, as shown in fig. 7.11a. For simplicity we only discuss the
case in which all of the emissions occur from one edge of the string, say
the (7 = 0 edge as in fig. 7.116, but there is no problem using vertices for
a = 7T to describe emissions from the other edge, as explained in §7.1.6.

The tree amplitude for two fermions and M bosons is given by

A2,M = (V>iIWXSW2 ...SWM IV>2>, (7.3.41)

where |^i) and ^2) are physical fermion states satisfying Fn \tp) = 0 for
n > 0. The W's represent emission of physical bosonic states from a
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400 7. Tree Amplitudes

fermionic string. The propagator, S, is the obvious generalization of the
Dirac propagator for a spin 1/2 particle. Namely, since the wave equation
is FQ \if>) = 0, we set

S = FQ"1 = Fo/Lo. (7.3.42)

To establish tree unitarity in the fermionic channels, we must ensure that
the intermediate fermionic poles satisfy the Fn or Ln subsidiary con-
ditions. (The two are equivalent for states annihilated by Fo, because
{F0,Fn} = 2Ln and [F0,Ln] = ~(n/2)Fn.)

It is convenient to define auxiliary vertex operators

(7.3.43)

just as in (7.3.3). As in that case, W is required to have conformal dimen-
sion J = 1/2 and V is required to be independent of n, which implies that
it has conformal dimension J = 1. We are dealing with more than an anal-
ogy here. Bosonic and fermionic strings are distinguished by boundary
conditions that require comparing ^(<r, r) at a = 0 and a = TT. However,
the emissions are local at one particular value of a and cannot depend
on global considerations. The similarity can be made more pronounced
by using (7.3.42) and (7.3.43) to recast (7.3.41). Start with the propa-
gator between W\ and Wi and commute the Fo in the numerator to the
right. This gives a commutator term with W2 replaced by V2 (because
of (7.3.43)). The commuted term has a factor FoS = 1 between W2 and
W3, and therefore vanishes by the canceled propagator argument. The
reasoning can be repeated for the subsequent propagators until one ends
up with

A2,M = (th I ^iAV2 . . . AVM |V>2>, (7.3.44)

where A = LQ1. Note that even in this form one of the boson emissions is
represented by a W rather than a V. If one were to replace this W by V,
the expression would vanish, which is certainly not what we want. This
can be seen by inserting FQ between (^i| and W\. On the one hand this
gives zero due to the wave equation for (V>i|, and on the other it can be
pushed to the right so that W\ also gets replaced by Vi.

The study of cyclic symmetry and tree unitarity in bosonic channels
requires facing the problem of fermion-emission vertices. Without them
there is no possibility of repeating the arguments used to establish these
properties in the previous sections.
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7.3.5 Fermion-Emission Vertices

Just as we have constructed operators that represent the emission and
absorption of bosons, so it is natural to go on and construct operators
that represent the emission and absorption of fermions. Indeed, qualita-
tive arguments presented in chapter 1 show that there must exist a vertex
operator for emission and absorption of any state. Nonetheless, the con-
struction of a satisfactory fermion-emission vertex in the RNS formalism
proves to be a rather difficult task. There are several, related ways to
express this difficulty. First of all, the physical fermion states transform
as spinors of the Lorentz group 50(1,9), so the fermion vertex operator
must be a Lorentz spinor. But in the RNS model the elementary fields
X^(cr, T) and ^(cr, r) transform as Lorentz vectors. To construct a spinor
operator out of vectors is a challenging and at first sight perhaps a seem-
ingly impossible task. Clearly the vertex operator cannot be simply e%kx

times a polynomial in the elementary fields.

Figure 7.12. Here we sketch a closed-string world sheet on which a fermion vertex
operator VF has been inserted. The world sheet has been cut just before and just after
insertion of VF to reveal two circles A and B. If the RNS fermions tp^ are periodic in
circumnavigating A, they are antiperiodic in circumnavigating B, and vice versa. This
must mean that a 'cut' in the xp** field originates at the Vp insertion; ^ changes sign
in crossing the cut.

A related way to express the difficulty is to note that emission of
a fermion must turn fermions into bosons and must turn bosons into
fermions. But in the RNS model, fermions and bosons correspond re-
spectively to states in which t/>̂ (cr + TT) = +^(a) and states in which
^(cr + TT) = —^(cr). The fermion vertex operator Vp, which turns
fermions into bosons and vice versa, must therefore change the boundary
conditions of the if?1* field! This can be better described, in fact, by saying
that VF must create a cut in the field ^*, as indicated in fig. 7.12. For
instance, in fig. 7.12 we sketch a situation in which a cut in xf?^ originates
at the point of insertion of VF and heads into the 'future' (to the right in
the diagram); if the only antiperiodicity of ^ arises from the sign change
in crossing this cut, then in the figure the state on string A is a fermion

periodic) while the state on B is a boson ( ^ antiperiodic). Just
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as it is hard to see at first sight how to make space-time spinors from
the vectors X^1 and ^ , so it is at first sight hard to see how to form an
operator that can create or annihilate such a cut.

A _ \ . .-
\]

B

i

T
. i . •;

Figure 7.13. The purpose of this figure is to clarify the nature of the state created by
the fermion vertex operator, whose insertion is indicated by the symbol ®.

We must pause here to attempt to clear up a point that is rather con-
fusing at first sight. Since the fermion fields ^(cr, r) are periodic in the
fermion sector and antiperiodic in the boson sector, one might think that
an operator that creates a cut in ^ would be a ftoson-emission vertex!
The purpose of fig. 7.13 is to elucidate this point. A fermion vertex op-
erator Vp has been inserted at the end of a cigar-like world sheet; a 'cut'
in the ^ field emanates from the point where the vertex operator is in-
serted. If one parallel transports the ^ field on a small loop, marked
A in the figure, around the vertex operator, it changes sign because of
crossing the cut. However, to compare to the canonical quantization of
the model and determine whether the state created by Vf is a boson or a
fermion, one must 'cut' the world sheet in a region where it is a standard,
flat cylinder of the type considered in the canonical formalism. Thus,
instead of parallel transport around the curve marked A, it is more ap-
propriate to consider parallel transport around the curve marked B. In
circumnavigating the curve marked B in fig. 7.13, the ^ field picks up
a factor of —1 from crossing the cut, but it also picks up a factor of — 1
from integrating the spin connection around the curve B. That the spin
connection gives for parallel transport around B precisely a factor of —1
can be proved from the Gauss-Bonnet theorem, but we will not attempt
to do so here. Including the two factors of —1, the fermion field ^ is
invariant under parallel transport around the curve B. In other words, it
obeys periodic boundary conditions; this shows that what we are calling
the fermion-emission operator really does create fermions. Conversely, if
the fermion-emission vertex in fig. 7.13 is replaced by a boson-emission
vertex, one would get only a single factor of —1 (from the spin connec-
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tion), confirming that what we have been using as boson-emission vertices
really do create bosons.

The attempts in the early 1970s to construct a suitable fermion vertex
operator enjoyed only partial success. Operators transforming as space-
time spinors were indeed constructed, but the required formulas were
rather untransparent. Also, the operators that appeared did not have
conformal dimension one, the proper value for a vertex operator, but 5/8.
The origin of the number 5/8 will appear presently. Because the would-
be vertex operators did not have the correct conformal dimension, they
could not be manipulated in the conventional ways. Special and rather
arduous procedures of projecting at each stage onto physical states had
to be invented. It was conjectured that the problem could be cured by
correctly incorporating Faddeev-Popov ghosts, but it was not clear how
to do this. This problem was finally solved in important work by Friedan,
Martinec and Shenker (FMS), and Knizhnik. Some of the highlights of
this work will be sketched here, though we will not explain the 'picture-
changing' operation of FMS.

The basic tool that makes the construction much simpler than it would
at first appear is bosonization of fermions, introduced in §3.2.4. In trying
to find operators that transform as spinors of 50(1,9) and create a cut
in the RNS field ^^, we may as well concentrate on just, say, the right-
moving modes on a closed string. Let us begin with two right-moving
RNS fermions i/*1,^2. Their kinetic energy is of the form

I d2a (V-'d+V'1 + V>2d+V>2) = / d2a^+i2d+^~i2, (7.3.45)

where ^ 1 ± l 2 = if;1 ± iifp1. We have introduced ^ 1 ± t 2 because the second
form of the kinetic energy in (7.3.45) is analogous to the ghost kinetic en-
ergy c~d+b that was studied in chapter 3. We can therefore borrow our
previous bosonization formulas from §3.2.4. Introducing a right-moving
boson <j), we write:

The transformation t/>2 —> — ift2 of the RNS model exchanges ^ 1 ± t 2 , so the
energy-momentum tensor corresponds to k = 0 in the language of §3.2.2.
The operators

D t = eii<j> (7.3.47)

were shown in §3.2.4 to have conformal dimension

dt = t2/2 - kt/2. (7.3.48)
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404 7. Tree Amplitudes

Thus, with k = 0, the operators -D±i/2 have conformal dimension 1/8.
We claim that the operators i?±i/2 are the operators that create a cut
in the fields xj)1^2. This follows indeed from the equation for the cor-
relation functions given in §3.2.4. The three-point correlation function
(£>1/2Z)1/2D_i) is (writing V1"1'2 for D_i )

(7.3.49)

Figure 7.14. The correlation function (Di^Di/^1 t2) changes sign if ip1 t2 is trans-
ported in a small loop around one of the £>'s, indicating that the £>'s create branch
cuts in the ip field.

Note the square-root branch points at <73 = a1 and at <T3 = cr2 .
These branch points mean that in the field of the operator JD^C^T"),
the elementary fermion field ?/>1~t2(cr3~) is double valued, changing sign if
aj is transported in a small loop around crj~ as in fig. 7.14. This sign
change means that -D1/2 creates a branch cut in ip1~%2. Considering the
other correlation functions involving the Z)'s and ?/>'s in exactly the same
way shows that in fact D±i/2 creates branch cuts in ^>1±t2. By analogy
with certain phenomena that occur in the two-dimensional Ising model,
operators that create cuts in Fermi fields are often called 'spin operators'.
Since the #±1/2 have dimension 1/8 (for this system of k — 0) we have
learned that the spin operator of a pair of ordinary Majorana fermions
has dimension 1/8.

Now we move on to consider not a single pair of fermions t/>1>2 but the
ten right-moving fermions of the RNS model. It is convenient to work in
Euclidean space so that the 50(1,9) Lorentz symmetry becomes 50(10).
With the positive signature, it is natural to label the RNS fermions as
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7.3 Superstrings in the RNS Formulation 405

^ , /j, = 1 . . . 10. To bosonize the ^ we must introduce five right-moving
bosons <j>i, i = 1 , . . . , 5, defined by the formulas

± . * -5±,6=

The <^ are related (as in various discussions in the text of chapters 5 and
6 and appendix 5.A) to the generators of a Cartan subalgebra of 5(9(10):

J12 = id-<f>\, J34 = id-fo, J56 = id-<f>z,

J78 = id-fa, J^io = id-fo.

(As. in appendix 5.A, J^\ is the operator that generates a rotation in the
kl plane.) For each of the <f)m we have the 'spin operators'

e ± l ^ 2 , (7.3.52)

which create cuts in two of the ^ (in fact, in i/)2m~1 and in tft2m). If we
want operators that create cuts in each of the ^ , we must take products
of spin operators of all five types. Thus, we define

Qa = D1
±1/2D

2
±1/r--D

5
±1/2. (7.3.53)

The subscript 'a ' in (7.3.53) refers to the choice of signs ±1/2. There
are five independent choices of sign in (7.3.53), so in all we have defined
25 = 32 'spin operators' Qa. Since 32 = 16 + 16 is the dimension of
the spinor representation of 50(10), it is natural to suspect that the Qa

might in fact transform in the spinor representation of 5O(10). Indeed,
by comparing the form of the Cartan generators in (7.3.51) to the defini-
tion of the spin operators in (7.3.52) and (7.3.53), we see that (because
of the factors of 1/2 in the exponents in (7.3.52)) the 0 a have weights
(±1/2, ±1 /2 , . . . , ±1/2). As we know from appendix 5.A, these are the
weights of the spinor representation of 50(10). We take this as sufficient
evidence that the Qa transform as spinors of 50(10).

Thus, for purposes of the present discussion, we replace the time-like mode tp°
with a tenth space-like mode V*10-
The outline of a complete proof would be as follows. The 5O(10) currents in
the spinor description are just J,j = ifriipj. As we have in (7.3.50) expressions
for the ipi in terms of the bosons <£*., we can write the 5O(10) currents in terms
of the bosons; this gives formulas similar to those that appeared in chapter 6 in
describing the bosonic representation of E$. In the bosonic description one could
then simply calculate the commutators of the 5O(10) charges Qij = § JtJ- with
the 0 a and show that the 6 a transform as spinors under 5O(10).
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406 7. Tree Amplitudes

Thus, we have come a long way towards finding suitable fermion vertex
operators. We have found operators that transform as spinors and gen-
erate cuts in the ^ . However, the Qa do not have the correct conformal
dimension to be fermion vertex operators. As there are five independent
factors in the definition (7.3.53) of the 0 a , and each of these factors has
dimension 1/8, we see that the Qa have dimension 5/8. It is, of course,
dimension 1 that is required. We must make up the remaining dimension
3/8 from some other source.

To motivate a guess about what that source might be, let us recall
the nature of the general argument in §1.4.2, which showed that a ver-
tex operator should exist for any external particle type. The key to the
argument was conformal invariance - a conformal mapping can project
an external string to a finite point; a local operator must then appear at
that point. In the strictest sense, conformal invariance only holds when
string theory is formulated with the ghosts; only then are the conformal
anomalies entirely canceled. Therefore, the argument for the existence of
vertex operators suggests that, in general, it is necessary to formulate the
vertex operators in a Hilbert space that includes the ghosts.

Of course, we have been able to formulate bosonic vertex operators with-
out worrying about ghosts, so if the ghosts really play an essential role in
the fermion vertex operators, this is because of something that is special
to the fermions. The essential clue arises by recalling that the convenient
gauge-fixed form of the RNS model involves superconformal ghosts 7±i/2,
/̂ ±3/2 (^ne subscripts denote the world-sheet Lorentz spin and were ex-
plained in §4.4.1), which arise upon quantization of an underlying locally
supersymmetric theory. In particular, /?±3/2 has the quantum numbers of
the supercurrent J ~ dX^i^^ of that supergravity model, while the 7±i/2
have the same quantum numbers except for shifted spin. The fermion ver-
tex operator Vjp, which we are trying to construct, should create a cut in
^ but not in X*1. As a result it must create a cut in the supercurrent J,
and hence in the superconformal antighosts /?±3/2 and ghosts 7±i/2- This
fact has no analog for bosonic-emission vertices, and gives a rationale for
expecting that the ghosts play a more essential role in the construction of
the fermion-emission operator.

Our task is thus to define spin operators that create a cut in the su-
perconformal ghosts 7, /?. Their action is rather similar to that of Dirac
fermions. The right movers, for instance, are governed by

(7-3.54)

One can therefore expect to define spin operators for the superconformal
ghosts by analogy with the way we defined such operators for the ^*.
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7.3 Superstrings in the RNS Formulation 407

However, there are quite a few subtleties that arise (and were unraveled
by FMS). The subtleties arise because in (7.3.54), 7 and f3 are commut-
ing fields, so when we bosonize them we are involved in 'bosonization of
bosons', which involves some novelties. We will try to circumvent the
more subtle and interesting novelties (which may, however, prove to be
very important in the further development of string theory) and bring out
just a few of the simpler points.

Figure 7.15. The one-loop diagram that gives rise to an anomaly in the current com-
mutator.

We begin with some observations that could have been used as the
starting point in the discussion of ordinary bosonization in chapter 3. The
reason for developing this alternative viewpoint is that the treatment in
§3.2.4 began by constructing anticommuting fields out of a Bose variable;
this is irrelevant in the present case, since 7 and /? are commuting, rather
than anticommuting, and we do not wish to construct anticommuting
fields. Accordingly, many of the formulas from chapter 3 do not carry
over here. We would like to identify certain of the bosonization formulas
that carry over in a relatively straightforward way. Among these are
the formulas involving the ghost number current J_ = 7-1-1/2/?-3/2- This
current has zero ghost number, and if one uses Poisson brackets, one finds
that it commutes with itself. However, as in the case of fermions, one finds
at the quantum level a Schwinger anomaly that arises from the one-loop
diagram of fig. 7.15, so that it obeys the equal r commutation relations

[J_(a),J_(a')} = -±8'(<T-a'). (7.3.55)

This anomaly was already discussed in chapter 6 in the case of fermions.
For commuting fields 7 and /? there is one major difference. A minus sign
in fig. 7.15 that usually arises because of a closed fermion loop is absent
here, so the Schwinger term has the opposite sign from usual.

Except for the minus sign, the commutation relations of (7.3.55) are
closely related to the canonical commutation relations of right-moving
bosons that were encountered, for instance, in chapter 3. These canonical
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408 7. Tree Amplitudes

commutation relations have a unique irreducible representation, so in fact
we can (just as in the fermion case) write the current J_ in terms of a
right-moving boson p~:

J_ =id-p~. (7.3.56)

Because the Schwinger term on the right-hand side of (7.3.55) has the
opposite sign from usual, p~ is the right-moving part of a boson p that
has the wrong sign of the kinetic energy:

S = h J ^^"P^P =hj^KM2 - (M2]- (7-3-57)

It is straightforward to work out the canonical commutators of d-p~
from (7.3.57), and show that the current defined in (7.3.56) really has the
commutation relation (7.3.55). Thus, we have shown that the standard
formula (7.3.56) is valid for 'bosonization of bosons' except that p in
(7.3.57) has a kinetic energy of the wrong sign. The wrong sign just
reflects the fact that the two-point function of the current J_ computed
from fig. 7.15 was the opposite sign from usual, so that if (7.3.56) is to be
valid, the boson p~ must have a propagator of the 'wrong' sign.

We now move on to consider the operators

Zt = eitp~. (7.3.58)

The two-point function is

(Xt(cr-)2-i(o>-)) = [a~ - a'-f. (7.3.59)

The exponent on the right-hand side is t2 as opposed to — t2 in §3.2.4 since
p~ has a propagator of unusual sign. If the dimension of E* is denoted as
(It, we learn from (7.3.59) that

dt + d-t = -t2. (7.3.60)

If one uses an energy-momentum tensor that treats ft and 7 symmetrically
(k = 0 in the language of §3.2.2), then dt and d-t each have dimension
t2/2. At general fc, the argument of §3.2.4 goes through except for a
change of sign to give the shifted formula

dt(k) = -t2/2 + kt/2. (7.3.61)

The superconformal ghosts have k = 2, as we saw in §4.4.1.
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7.3 Superstrings in the RNS Formulation 409

Just as in conventional bosonization, the spin operators that create cuts
in the elementary Fermi fields 7 and /? are simply S±i/2- This can be
demonstrated by considering correlation functions containing the £±1/2
as well as 7 or /?, but here we accept the statement as plausible. Equation
(7.3.61) thus tells us the dimension of the superconformal spin operators;
£_!_!/2 and £_i/2 have dimension 3/8 and —5/8, respectively.

The ghost spin operator £+1/2 of dimension 3/8 is precisely what we
needed to complete the definition of the fermion vertex operator Vp.
In fact, for emission of a massless fermion described by a spinor ua and
momentum h** we can select the vertex operator

VF(ua] F ) = E+ 1 / 2 • u°Qa • eikX. (7.3.62)

More precisely, this is a vertex operator for emission of an open-string
massless fermion. In the closed-string case, (7.3.62) must be multiplied
by a suitable vertex operator made from modes of opposite handedness.
Also, if the GSO projection is made, we must take ua to be a spinor of
one definite handedness only.

One may wonder if the other spin operator £_i/2 of the superconformal
ghosts has any utility. In fact, as it has dimension —5/8, the combination
£_i/2 * ®« is dimensionless; we can make a new dimension-one vertex
operator by multiplying this by a suitable dimension-one operator such
as the massless boson-emission vertex. We thus define a new fermion-
emission vertex as

V'F{ua\ F ) = E_1/2 • uT^S • (d-X*1 + i^_^_ku)e
ikX. (7.3.63)

At first sight it is rather peculiar to find several candidates for a fermion-
emission vertex, but on reflection this may not be so surprising; the choice
between (7.3.62) and (7.3.63) is analogous to the choice between differ-
ent 'pictures', which we encountered already for boson emission in the
RNS model. In fact, by further study of the superconformal ghosts, FMS
greatly clarified the occurrence of different 'pictures' in this model, but
this is a matter that we will not delve into here.

In the above presentation, we actually have barely scratched the sur-
face of this subject. One obvious question that must be faced next is to
prove that the vertex operators (7.3.62) and (7.3.63), which involve the
superconformal ghosts in such an essential way, are compatible with the

To calculate such correlation functions, the only information required, in princi-
ple, is (7.3.56), which can be integrated to express p~ in terms of J_ and then
in terms of 7 and (3.
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410 7. Tree Amplitudes

decoupling of these ghosts as well as the decoupling of the negative norm
timelike modes that are unfortunately also conventionally called 'ghosts'.
The latter are the only ghosts that we had to worry about in discussing
boson emission, since we discussed boson emission in a formalism in which
the other sort of ghosts were absent. As we saw in §3.2 and §4.4.2, the
physical states in string theory can be neatly characterized by saying that
they are annihilated by the BRST charge Q. To show that (7.3.62) and
(7.3.63) do not couple physical states to ghosts of any kind, we must show
that they commute with Q (up to a total divergence) so that acting on a
physical (Q-invariant) state, an integrated vertex operator gives a physi-
cal (Q-invariant) state. While it is not difficult to show that the integral
of (7.3.62) commutes with the BRST charge, this requires some modest
additional machinery which we will not develop here. As for (7.3.63),
with a slight modification (addition of a multighost term) it too can be
shown to commute with Q. The actual calculations of fermion scattering
amplitudes with vertex operators (7.3.62) and (7.3.63) again involve some
modest additional machinery and is not presented here. The full devel-
opment of the subject involves many additional issues for a treatment of
which the reader is referred to the literature.

It is interesting to ask what happens to the covariant formalism, some
of whose highlights we have sketched, if one eliminates the ghosts and
goes to light-cone gauge. In this case, the spin operators £+ 1/2 °f the
ghosts can be dropped in (7.3.62). Also, one pair of ^ , say tps and ^9,
are dropped in going to light-cone gauge. So in light-cone gauge, the spin
operator Qa of the elementary fermions is a product of four factors only,
not five, and its dimension is 4 • 1/8 = 1/2. This is a noteworthy number;
1/2 is the proper canonical dimension for canonical Fermi fields in 1 + 1
dimensions. What is more, the QQ transform, after this truncation, as
spinors of 50(8), not £0(10). Of the 16 0 a , eight have positive chiral-
ity; they are precisely the eight elementary spinor fields of the manifestly
supersymmetric formulation of superstrings, in light-cone gauge. Indeed,
the SO(8) truncation of (7.3.53) was introduced at the end of §5.2.1 in ex-
plaining the relation between the manifestly supersymmetric formulation
and the older light-cone formulation.

For another interesting application, consider 16 left-moving fermions
A,, i = 1 . . . 16. It is, of course, possible to define conserved currents
J- = A,Ay that generate the group 50(16). They have conformal di-
mension one, an essential property in order that the conserved charges
Qij = $ Jjj should be conformally invariant. Via bosonization, the 16 A's
can be converted into eight bosons ^m, m = 1,. . . ,8. We can construct
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7.4 Superstrings in the Supersymmetric Formulation 411

corresponding spin operators D^^ ,m = 1,. . . ,8, whose products

transform as spinors of 50(16). The 0's have conformal dimension 8 •
(1/8) = 1. Thus, because we started with precisely 16 A's, not some
other number, the 0's have the conformal dimension appropriate for a
conserved current. Indeed, the charges

Q = (te (7.3.65)

are conserved and (upon making a suitable GSO-like projection) they
enlarge the obvious 50(16) symmetry of this system to the larger group
i?8. Indeed, the 0's are the missing ingredient that was needed in §6.3.2 to
establish full E% current algebra in the fermionic formulation of heterotic
strings.

7.4 Superstrings in the Supersymmetric Formulation

The RNS formulation hides the space-time supersymmetry of superstring
theory, and in this formulation the construction of fermion vertex opera-
tors is a tour de force described in the preceding subsection. Calculations
based on the space-time supersymmetric formulation, on the other hand,
can describe bosons and fermions with equal ease, and enable us to write
manifestly supersymmetric amplitudes. The hope that this might be the
case was a principal motivation for development of this formalism. There
is a price to be paid, however, for manifest supersymmetry and the rel-
atively easy incorporation of fermions. As we explained in chapter 5,
quantization of the supersymmetric action is only straightforward in a
light-cone gauge. Thus the desired ease of calculation is only achieved in
this particular gauge.

l.\.l Massless Particle Vertices

In this section we derive emission vertices for massless open-string states
(vector and spinor). It is only possible to use the formalism based on
vertex operators in the light-cone gauge when the momenta of the emitted
particles, kr, satisfy k+ = 0. With few enough external states of low spin
this is no restriction, if Lorentz invariance of the theory is assumed, since
this can be achieved by an appropriate choice of Lorentz frame. The
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412 7. Tree Amplitudes

general light-cone gauge vertices, coupling strings in arbitrary states with
no restrictions on their momenta, will be obtained in chapter 11. The
results of this section are important not only for the construction of type
I and type II amplitudes, where they are directly applicable, but also to
the construction of heterotic string amplitudes, where they are^relevant
to the right-moving modes.

In chapter 5 we showed that the light-cone gauge quantization of the
supersymmetric string action gives two sets of modes denoted a%

n and
S%. The a%

n occur in the expansion of the transverse spatial coordinates
Xl(cr, r) and satisfy the usual relations

[a^,^] = mSm+nS^. (7.4.1)

The S% represent modes of the eight surviving components of 9a(a,r) in
the light-cone gauge and satisfy

X m ' n J — um~\-nu • yi.^t.Lj

The al
n transform as an 8V of the transverse spin(8), whereas the S%

transform as an 8S. The 16 supersymmetry charges are an 8S and an 8C

given by

Qa = (2p+)1/2So (7.4.3)

The matrices 7^ , which give the invariant coupling of the three inequiv-
alent 8's of spin(8), were described in appendix 5.B.

Our goal here is to construct vertex operators for emission of the states
\u) and \() that also satisfy appropriate supersymmetry relations. The
desired formulas take a particularly simple form if we restrict the kine-
matics so that fc+ = 0. The basic problem with using a general kinematic
configuration arises in any string theory in the light-cone gauge from the
fact that the expression for the vertex operator contains the factor of
exp(ik • X). In the light-cone gauge X~ is a quadratic form in the Xns so
that the exponential has serious ordering problems. The resolution to the
general problem is to use the formalism that introduces a separate Fock
space for each string as we shall elucidate in chapter 11. Alternatively,
one can use the covariant formalism described earlier. However, for many
calculations it is very convenient to use the much simpler vertices derived
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7.4 Superstrings in the Supersymmetric Formulation 413

below in which tree diagrams (as well as one-loop diagrams) are easier to
calculate.

Before determining the vertices we need to describe some peculiarities
of the kinematics. The ground-state mass-shell condition

(k{)2 = 2Jfe+JT, (7.4.5)

together with fc+ = 0 and k~ finite, implies that (k1)2 = 0, so then we
must allow k% to assume complex values in order to avoid it vanishing
identically. In this case only seven of the k% are independent, but k~ is
the eighth independent momentum since its value is not determined by
(7.4.5). Similarly, the polarization vector of the vector ground state £/l,
satisfying (~~ = kl(l/fc+, has eight independent components. When fc+ =
0 it is appropriate to choose (lkl = 0, which is one relation between the
transverse components leaving (~ as the eighth independent component.
The components of the massless spinor are related by

«" = -^YaaVu", (7.4.6)

as we saw in appendix 5.B. When fc+ = 0 it is convenient to choose

7id*f"d = °> (7-4-7)

so that ua is finite. Equation (7.4.7) implies, in turn, that ua only has
four independent components (instead of eight). However, there are then
four independent components in ua that are not determined by ua.

We denote the vertex for the emission of a ground-state boson with po-
larization (l and momentum h** (with k+ — 0) by V#(fc, (). The emission
may be from either a fermion or a boson line. The vertex for emitting a
massless fermion with wave function ua and momentum k*1 is denoted by
Vp(k,u). It applies to a process in which the fermion is emitted from a
fermion line to the left of the vertex or to the right of the vertex. We will
demonstrate that these vertices have the form

Vfl(C,*) = C • BeikX = ((iBi - CB^)eik'x (7.4.8)

u, k) = uFeikX = (uaFa + uhFd)eikX. (7.4.9)

The vertex operators in an arbitrary frame can be derived from the ones given here
by applying a Lorentz transformation using the light-cone gauge representation
of the jv given in §5.2.2. Of course, this presupposes that the theory is Lorentz
invariant.
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414 7. Tree Amplitudes

The key to the determination of B% and Fa is the requirement that
VB and Vf transform into one another under supersymmetry transfor-
mations. The vertices are functions of the wave functions so that the
transformed vertices should be functions of the transformed wave func-
tions described in §5.3.1. In other words we require that

lvaQa,VF(u,k)}KVB((,k) (7.4.10)

lnaQa,VB((,k)]vVF(u,k). (7.4.11)

[ea<5a, VF(u, k)] fa VB(C, k) (7.4.12)

[t*Q\VB(<;,k)]*VF(ii,k). (7.4.13)

The expressions for the transformed wave functions £*, tta, ( and u were
given in §5.3.1 for a general kinematic configuration. The corresponding
expressions for the transformations of £~ and ua can be deduced from
these before taking the special case with fc+ = 0. The « means that
equality is only required for on-shell matrix elements. In other words,
there can be additional terms that are total r derivatives. They give
vanishing contributions to on-shell matrix elements, and do not affect
the calculation of tree amplitudes because of the canceled propagator
argument. It is remarkable that the requirement of global supersymmetry
is sufficient to determine the structure of the vertex operators uniquely.

The solutions to equations (7.4.10) -(7.4.13) are given by

B+ = p+ (7.4.14)

B{ = X* - Rijkj (7.4.15)

F* = (2p+)"1/2[(7 • XS)d + I : (YS)"Rij : kj] (7.4.16)

Fa = (p+l2)ll2Sa, (7.4.17)

where R%3 is defined by

I = - 7 i5 ( r p (T). (7.4.18)

This is the generalization of R%Q (defined in §5.3.1) that has simple an-
gular momentum commutation relations (with an anomalous term) since
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7.4 Superstrings in the Super symmetric Formulation 415

K%^(T) does. The symbol : : indicates normal ordering of the Sn modes.
The verification that these expressions satisfy the commutation relations
(7.4.10)—(7.4.13) involves using the supersymmetry transformations of the
coordinates S and X, which were given in §5.2.1. Let us start by substi-
tuting (7.4.8) and (7.4.15) for VB in the commutator on the left-hand side
of (7.4.13).

(7.4.19)

The first term on the left-hand side arises from the variation of elkX while
the second and third arise from varying (lB% (and B~^ does not transform).
Using the properties of the 7 matrices we have

7***7°' = 2XV - 2X'V + 7'V**, (7.4.20)

so (7.4.19) simplifies to

Be<y>k>S - eY

(7-4.21)

Dropping the r derivative term and substituting for ( • B gives

VF(u,k) =

! . . . . . _ (7-4-22)

The 5 3 term in this expression can now be rearranged by a 'Fierz' trans-
formation, using the formula

. saSb := —SYJS-fij
h. (7.4.23)

16 a

Substituting into (7.4.22) and making the identifications

u = —-=(ey%:iYk%C3 H—•?=ea(tkt (7.4.24)
lc\ v ' / ' Icy ' v 7

ua = lim —r+Wuf, (7.4.25)

gives an expression for VF(&, fc) in the form (7.4.9) with Fa and F a given
by (7.4.16) and (7.4.17). The fact that the Sz term is normal ordered
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emerges from a more careful discussion of the commutation relations in
terms of the mode expansion of Sa(r).

The fact that Vjr transforms into Vg by the e supersymmetry, (7.4.12),
follows in similar fashion.

Turning to the r)a supersymmetry transformations, let us first consider
(7.4.10)

[/?
aga,(M

AF<i + uaFa)eik-x]

(7.4.26)
'S : kj)eikX - p+ua

n
aeik

In the last step we have used the identification (l = 7ad
7?a^a from §5.3.1.

We have also used (~ = —r\aua, which follows from the expressions for
(~~ and ua in terms of (l and ua, respectively. The final commutator to
check is (7.4.11), which we shall not consider explicitly.

Even though the vertex operators constructed here are applicable only
for a specific noncovariant gauge and restricted kinematics, they allow
for an easier determination of certain processes than other formulations.
This will become especially evident in chapter 9 when they are used to
calculate certain one-loop amplitudes. In order to avoid unnecessarily
long expressions we shall choose to consider external states for which the
(~ polarization vanishes. In this case the i?+ term is absent from V#.
The resulting expressions are sufBciently complete to contain the terms
we need to reconstruct the covariant amplitudes.

Let us recalculate the vertex coupling three massless vector states in
the supersymmetric formulation. This is given by

Az =^(CI,*I |VB(C2,*2)IC3,*3). (7.4.27)

Only the zero modes contribute, which explains why we get no O(a')
corrections to the Yang-Mills theory answer. In fact,

M = g (Ci, *iI (C2 • P - Rij(i klVk2X ICa, *s>
(7.4.28)

= -gS{ki + k2 + h) (Ci| (C2 • h i {

where R%^ = \Y^SQ SQ is the zero-mode helicity operator defined in §5.3.1.
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7.4 Superstrings in the Supersymmetric Formulation 417

Using |() = |i)f* and the properties of R^ in §5.3.1 gives

<CilC3> = Ci -Ca
(7.4.29)

Together with the physical state conditions (r • kr = 0 (and dropping the
6 function), this gives

^3 = g(b • h (2 • (z + C2 • *3 Ca • Ci + Ca • h (i • C2), (7.4.30)

in agreement with conventional Yang-Mills theory and our previous result
(7.3.40). Note that one of the three terms arises from the X1 part of Bl

and the other two from the —RlJk3 part. This provides a check on their
relative normalization.

The coupling of an emitted massless vector to two massless fermions
can be calculated from (7.4.29) by replacing the end states (Ci| and IC3)
by fermibn ground states (ui\ and |u3). In this case we need to use the
expression in §5.3.1 for the action of R*Q on \u). Vertices involving the
fermion emission vertex, Vp, can be calculated in a similar manner. This
gives two ways of calculating the coupling of a massless vector to two
massless fermions, which give consistent answers because

(7.4.31)
= -2guiT>(u2.

Again we have expressed the result in covariant spin(9,1) notation. It is
uniquely determined by the transverse spin(8) result.

There is a striking similarity between the massless vector vertex in
(7.3.25) and the one in (7.4.15). In order to make the comparison explicit
let us restrict the covariant formula (7.3.25) to transverse momentum and
polarization. Then the factor multiplying exp(ik • X), in each case is

Bi = X{ - Rijk\ (7.4.32)

where in one formulation

RV = 4li>3] (7.4.33)

and in the other

R'3 = h?*5"5*- (7-4-34)
These two expressions have the same commutation relations including
anomalies (affine 5*0(8)). This can be understood in terms of the trial-
ity symmetry of 50(8) discussed in appendix 5.A. One representation is
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418 7. Tree Amplitudes

based on operators xj)% in the 8V and the other on operators Sa in the
8S. The 50(8) triality operation that turns 8V into 8S turns (7.4.33) into
(7.4.34). It is because the two sets of vertex operators are related by tri-
ality that they give the same amplitudes for massless boson scattering.

7.4.2 Open-String Trees

The vertices introduced in the preceding section can be used to calculate
tree amplitudes by essentially the same procedure as was used in previous
sections. An M-particle tree amplitude is given by

AM = 9M~2 (4>i I V2AV3 • • • AVu-i \4>M), (7-4.35)

where now the propagator is

A = ( I p
2 + N)-1 (7.4.36)

and

Y i i Si). (7.4.37)
n=l

Each of the vertices can be chosen to be either VB or Vf to describe
emission of a massless vector or spinor. Similarly, each of the states (</>i\
and \(/>M)

 c a n be chosen to be either a vector |() or a spinor \u). Since
this construction is done in the physical light-cone gauge, tree unitarity
is manifest. The Fock space only describes physical degrees of freedom,
and there are no spurious states that could appear in pole residues.

Cyclic symmetry is a little more elusive in the present formulation. For
one thing we have required that the particles described by the vertices
V2 • • • VM-I have k+ = 0 in order to keep the formula as simple as pos-
sible. On the other hand certain formulas become ill-defined if the fc+ of
states \<J>M)

 a n d (^i| vanishes. Therefore more general formulas would be
required before comparison with cyclically permuted expressions could be
possible. In the light-cone gauge field theory of strings, AM is actually
achieved as a sum of many different diagrams corresponding to different
r orderings. Each contribution is given as an integral with the same in-
tegrand and a different integration region. The integration regions piece
together to give the complete region required for cyclic symmetry, de-
scribed in the preceding sections. The boundaries between the different
regions are controlled by the fc+ values of the various states. When vari-
ous &+ —» 0, some regions vanish, and in fact (7.4.35) gives the complete
answer since A:^",..., k^_^ = 0.
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7.4 Superstrings in the Supersymmetric Formulation 419

We now describe the calculation of four-point functions. A convenient
way of proceeding is to do all the algebra that involves nonzero modes first
without specifying whether the end states are vectors or spinors. Then
one attaches specific massless vectors or spinors at the ends of the tree and
completes the zero-mode part of the analysis. Consider, for example, a
tree in which the two emitted states ( # 2 and # 3) are massless vectors de-
scribed by the vertex operators VB obtained in the preceding section. We
begin by calculating the expectation value ( ^ I I V ^ ^ ^ A V E ^ , ^3)^4)
where (k\\ and ^2) are understood to be ground states of all the an and
Sn oscillators with n ^ 0. However, the matrix element does not include
the 5o space so that the expression is an operator in this space. The
calculation of the matrix element involves the a oscillator techniques de-
scribed earlier together with the algebra of the fermionic modes and use
of the identity

<0| E Sa
m f; SVIO) = j^-Jah. (7-4.38)

m=l n= l

The result of the calculation is

l +t/2)(2 • CzB{\ - 5 /2 , - 1 - t / 2 )

g\-h -<2h-C3 + Rlj(d 4 Cz-h- d H h • <2)
#J#'<5 4 (I k&]B(-aj2,1 -1/2) (7.4.39)

MC2 -h(3-h + (2- h Cs • h + C2 • ^3 Cs • h
j(-C2 4 d-h+ci 4 <2-fc3+<2-c3 4 4
ti h-h- 4 $ C2 • h - d *3 h • Ca)]5(l - s/2, -t

Specific tree amplitudes can be obtained by sandwiching the operator
in (7.4.39) between a pair of massless vector states (£i| and IC4) or a pair
of massless spinor states (u\\ and ^4) of the type described in §5.3.1.
Using the rule R^lk) = 6*k\i) — 6tk\j), derived in §5.3.1, we can derive
the requisite identities for the four-vector case

<CliC4> = Cl-C4

{Ci\Rij\C4) = dci-cici (7.4.40)

# # C 4 > = c i $ vl - ci ti vl - ci ti sik+a ti sjk-
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420 7. Tree Amplitudes

Using these, some straightforward (but tedious!) algebra gives

where the kinematic factor K is given by

K = - \{st Cl • C3 C2 • C4 + SU C2 • C3 Cl • Ci + tu Ci • C2 C3 • C4)

+ is(Ci • h Cs • &2 C2 • C4 + C2 • k3 d • h Ci • C3

+ Ci • *3 C4 • h c2 • Cs + C2 • *4 Cs • *i Ci • C4)
+ ^*(Ca • *i C4• *3 C3 • Ci + Cs • hCi -h(2-d

+ C2 • fc4 Ci • &3 C3 • C4 + C3 • h c4 • fc2 C2 • Ci)
+ JU(& • k2 C4 • ^3 C3 • C2 + C3 • 4̂ C2 • h Cl • C4

+ Ci • *4 C2 • fo Cs • C4 + Cs • 2̂ C4 • h Ci • C2). (7.4.42)

Again, if we assume that the theory is Lorentz invariant, the result can be
interpreted as a covariant expression, dropping the kinematic restrictions
that went into its derivation. (The extension is unique in this case.) It
is then necessary that the factor K satisfy on-shell gauge invariance, i.e.,
it must vanish when any of the polarization vectors is replaced by the
corresponding momentum. This is easily verified to be the case. It is
necessary that K have cyclic symmetry in the four external lines, and it
does. What may seem surprising, however, is that it actually has total
symmetry in the four lines. This feature will be important later when it
^"appears as a factor in the construction of closed-string amplitudes. We
will see in chapter 9 that K can actually be expressed in terms of a trace
over the space spanned by the So operators

K = tr5o (4
lt5^2f643'7JRJ4t8) khki2khkhCbCCC\ (7.4.43)

which makes its symmetry properties manifest. The fact that this kine-
matic factor arises as a trace is very natural in the loop calculation al-
though somewhat obscure in the calculation of tree diagrams.

Four-particle amplitudes involving fermion lines can also be calculated
from (7.4.35) with essentially the same amount of labor. In all cases one
finds that

^1,2,3,4) = - I / I | z £ / f f l z ! Z | / a i , 2 , 3 , 4 ) , (7.4.44)

where K is a suitable kinematic factor. K is given by (7.4.42) in the
four-vector case. The tree with fermions on the ends and bosons in the
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7.4 Superstrings in the Supersymmetric Formulation 421

middle can be obtained by sandwiching (7.4.39) between (u\\ and
using ^ ' | a ) = - I 7 ^ | 6 ) , and

(7.4.45)

Expressing the result in covariant form, one finds that

(h + *4)r • Cs"4
fc3 • C2 - uiT • C2U4&2 • Cs (7.4.46)

The other possibilities are

i \ ^t*i, (̂ 2) ^3* S4/ 2 — x ~ ^*~ \ " u ' "•*/* -5-x—u (1 A Ar7\

and

(7.4.48)

which are obtained in a similar manner by evaluating matrix elements
of VFVB and V/rVp, respectively. These factors have total symmetry in
the boson lines and antisymmetry in the fermion lines. To prove this
for (7.4.48) requires Fierz transformation formulas for Majorana-Weyl
spinors in ten dimensions. Defining

7i(1234) = uiTfiu2U3TtlU4 (7.4.49)

T3(1234) = ulT
llvpU2UzYllvpu^ (7.4.50)

the Fierz identities, which can be proved by the same kind of algebra as
in appendix 4.A, are

Ti(1432) = -lTi(1234) + ^T3(1234) (7.4.51)

T3(1432) = 18Ti(1234) + ^T3(1234). (7.4.52)

Thus the total symmetry of (7.4.42) generalizes to the supermultiplet in
the way one would expect.
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422 7. Tree Amplitudes

74.3 Closed-String Trees

Closed superstring tree amplitudes can be related to open superstring
tree amplitudes in the same way as open and closed bosonic strings are
related in §7.2.1 and 7.2.2. For example, let us denote the vertex for three
massless open strings by

A? = gtfCftfVABcih MM), (7.4.53)

where A, J9, C are superspace indices that can take vector or spinor values.
Then this expression describes all the three-point couplings of the previous
section. For three massless closed-string states, the three-particle vertex
is then given by

Af = <iA't2B'$c'vABc(\h, \k2, \h)vA,B>c>(\h, \h, \h).
(7.4.54)

This describes all couplings of the 256 massless states since A, A',.. . each
take 16 possible values in the light-cone formalism. In the covariant de-
scription they each represent a ten-vector and a 16-component Majorana-
Weyl spinor. In type I and IIB theories the same chirality spinor is used
for A, JB, C as for A', £ ' , C", whereas in the type IIA theory opposite
chiralities are used. In the type I theory the spectrum is truncated to the
N = 1 supergravity multiplet by requiring (AA to have graded symmetry,
i.e., antisymmetry if both indices are spinorial and symmetry otherwise.

Trees with four massless particles can be constructed using (7.2.40).
The four-particle open-string trees of the preceding section can be written
in the form

Aop _ rArBrCrD
SI S2 S3 S4 F(l + u/2)

where KABCD represents all the kinematic factors called K in the pre-
ceding section. It has total (graded) symmetry under simultaneous inter-
changes of the indices and the corresponding momenta. To evaluate Af
we need the relationship

nt T(-s/8)T(-t/8) r(-t/8)r(-n/8)
C(s, t, u) = (sin T ) r { 1 _ s / 8 _ m x r(i-*/8-«/8)

(7.4.56)
T(-s/S)T(-t/8)T(-u/8)

WT(l + s/8)r(l + */8)r(l + u/8)'

which follows by using r(a)F(l — a) sinxa = TT. In terms of C(s,t,u) we
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7.4 Superstrings in the Supersymmetric Formulation 423

have

(7.4.57)
Since K and C have total symmetry in the four lines, it follows that Af
itself has the requisite total graded symmetry.

7.4-4 Heterotic String Trees

Heterotic strings are closed strings whose right-moving modes are super-
symmetric and whose left-moving modes are bosonic. In addition there
is the Eg x E$ or spin(32)/Z2 group theory structure described in §6.3.
It can be incorporated either by compactifying 16 left-moving dimensions
on the appropriate torus or by the use of 32 fermionic degrees of freedom,
analogous to those in the RNS formulation of the superstring.

The massless degrees of freedom of the left-moving sector consist of
a ten-vector and 496 scalars in the adjoint representation of the gauge
group. The vector state tensored with the massless right-moving modes
gives the N = 1 D = 10 supergravity multiplet. Let us start by consid-
ering amplitudes that involve these states. The states can be labeled by
polarization tensors and spinors (Atl, where A is a supermultiplet label
(vector plus spinor) corresponding to right-moving modes (as in §7.4.3.)
and ji is a vector label associated with left-moving modes. The cubic
couplings of the supergravity multiplet are then given by

A3 = KCfCPCpVABcihty^k), (7.4.58)

where VABC are the vertices introduced in §7.4.3 and t^vp is given in
(7.1.58). Recall that t^p contains O(af) corrections to the vertices of the
minimal point-particle Yang-Mills theory but that VABC d°e s not. As a
result A3 contains couplings that correspond to O(a') corrections to those
of the minimal point-particle N = 1 D = 10 supergravity theory. In an
effective action they are represented by various R? and other terms.

The four-particle tree for states of the supergravity multiplet can also
be computed using (7.2.40). A needed input is the four-vector tree of the
bosonic theory. It is obtained by evaluating (7.1.68) for M = 4. One finds
that

Abos _ 2{HrvfPf\Kb
r ( l +u/2)' {(A-OV)

where the kinematic factor K^f^k) has total symmetry in the four lines,
just like (7.4.42). It is rather messy to write out, however, involving more
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424 7. Tree Amplitudes

than twice as many terms as (7.4.42). In terms of this factor and the
factor KABCD introduced in (7.4.55) the four-particle tree has the form

M = K2C^Cil>CzPCFXKABCD(k/2)Kb;jpX(k/2)C(s, t,«), (7.4.60)

where C(s,t,u) is defined in (7.4.56).
The massless spectrum of type I superstrings and of heterotic strings is

the same. Therefore one can compare the amplitudes (7.4.58) and (7.4.60)
with those of (7.4.54) and (7.4.57) for corresponding states. In each case
the leading terms in an expansion in powers of a1 agree with the vertices
and trees generated by the minimal D = 10 N = 1 supergravity theory
(to be described in chapter 13). However, the a1 dependent terms in the
two cases are quite different. For example, (7.4.54) is independent of a',
whereas (7.4.58) is linear in a1. The differences are rather more substantial
for M-particle trees with M > 3. This implies that the effective field
theory description must be quite different in the two cases even though
the leading terms are given by the same supergravity theory (described
in §13.1) in each case.

Let us now consider some of the vertices and amplitudes for states that
carry nontrivial group quantum numbers. The right-moving superstring
modes are still described in the same way as above, but now we need
to consider the description of left-moving modes that belong to the ad-
joint representation of the gauge group. In the bosonic description of the
group degrees of freedom, the 496 massless modes fall into two distinct
categories. Sixteen of them are mutually commuting and belong to a Car-
tan subalgebra whereas the other 480 carry charges K with K • K = 2.
The 16 in the Cartan subalgebra have K1 — 0. Since the method of con-
struction treats the two categories of states so differently the full group
symmetry that relates them is not manifest.

Amplitudes involving only states in the Cartan subalgebra are described
by replacing the space-time indices by group-theory ones, i.e.,

K^x-tKuKL. (7.4.61)

Since the internal momenta are all zero in this case the only nonvanishing
terms arise from having the indices 7, J, K, L attached to Kronecker £'s
rather than momenta. Thus tjjK vanishes and

/?/ mi s/

^ ^ ^
(7.4.62)

may be substituted for Klis
p\(k/2) in (7.4.60) to describe the scattering

of four super Yang-Mills states in the Cartan subalgebra. This amplitude
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7.4 Superstrings in the Supersymmetric Formulation 425

vanishes in the low-energy point-particle limit, in agreement with the fact
that ordinary Yang-Mills theory gives vanishing amplitudes for neutral
particles in tree approximation.

Let us now consider scattering of charged particles, (z.e., amplitudes
involving states associated with the 480 generators that are not in the
Cartan subalgebra). These states are generalized left-moving tachyons,
in the sense that the tachyon condition k2

L = 2 for the left-moving 26-
momentum ki — (^k^^K1) is satisifed by k2 = 0, K2 = 2. This state is
relevant to the physical spectrum, unlike the ordinary tachyon (k2 = 8,
K2 = 0), which cannot satisfy the L$ = Lo — 1 condition, as explained
in §6.3.1. Amplitudes involving these charged states are described by
functions in which the left-moving modes are given by the multitachyon
amplitudes of the bosonic theory with momenta of the type described
above (k2 = 0, K2 = 2). It is also necessary to take account of the
cocycles in the vertex operators. For example, the three-particle vertex
for three such left-moving modes is given by

e{K) = </ri|Vt(tf2)|#3), (7.4.63)

where

VL(K2) = cKt{P)e*K»-x. (7.4.64)

Using the cocycle choice

cK{P) = (-lf*K (7.4.65)

of §6.4.5, this factor is simply

e(K) = (-l)K3*K\ (7.4.66)

Since K\ + I<2 + K$ = 0 and K2 - 2, it follows that e is totally anti-
symmetric under interchanges of the three K coordinates. As a result the
vertex operator for three charged particles,

A3 = K(i(2(z<I<)VABc(lk), (7.4.67)

has the appropriate symmetries required by Bose or Fermi statistics. The
coefficients e(K) represent the structure constants for three charged par-
ticles in a basis where they are totally antisymmetric.
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426 7. Tree Amplitudes

The amplitude for scattering of four charged particles involves the same
basic principles. In analogy with the Mandelstam variables s, t, it it is
convenient to introduce lattice invariants

S=-(K1 + K2)
2, T=-(K2 + K3)

2, U = -(K1 + K3)
2. (7.4.68)

The kinematics Eif, = 0, K? = 2 implies that S + T + U = -S. Further-
more the only possible values for 5, T, or U are —8, —6, —4, —2, 0. For
example if K\ = K2 = -K$ = -if4, then 5 = - 8 and T = U = 0. The
four-tachyon amplitude based on the momenta ki gives

B(-l - s/8 - 5/2, - 1 - t/8 - T/2)

_ r ( - i - V8 - 5 /2)r( - i -1/8 - T/2) (7-4-69)

r(2 + u/8 + U/2)

Combining this with the four open superstring tree amplitude, gives the
result for four charged heterotic strings

M oc CH2C3C4 KABCD(k/2)e(K)D(k, K), (7.4.70)

where

r ( - i - 3/8 - 5/2)r(-i -1/8 - r/2)r(-i - u/s - u/2)
( ' ' r(i + s/8)r(i+*/8)r(i + «/8)

(7.4.71)
The cocycle factor e(K) is given by

e(K) = CK^KX + K2)cK2(Ki){-l)Ul2

(7.4.72)
K

This factor is totally symmetric in the four Ki. The intricate meshing
of the dynamical variables and the group-theory coordinates is strikingly
subtle and beautiful.

The amplitudes for four charged gauge particles described by (7.4.70)
or four neutral ones described by (7.4.60) and (7.4.62) can be unified and
expressed in a more conventional form. To do this let us label the external
particles by matrices Ta, where the index a takes 496 values corresponding
to the generators of Es x Es or 50(32). In the 50(32) case we use 32 x 32
matrices (fundamental representation) for the Ta. In the Es x i?8 case one
can use 32 x 32 matrices for the 50(16) x 50(16) subgroup but not for the
full group. For the full group 496 x 496 matrices (adjoint representation)
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7.4 Superstrings in the Supersymmetric Formulation 427

are required. The normalization of traces in this representation can be
made to agree with those of the 50(16) x 50(16) subgroup in the 32-
dimensional representation by including a factor of 1/30 in the definition
'tr\

In calculating the scattering amplitude we may use the current alge-
bra description of the group-theory degrees of freedom (see §6.2), for the
matrix element that enters the calculation

(Ti | V(T2)y
N-2V(Tz) |T4) = (0| Ti • QiT2 • QyN~2T3 • QT4 • Q.x |0>,

(7.4.73)
where Q = X^̂ oo Qn* This can be evaluated using the current algebra
relations of §6.2. We shall write the amplitude in the form

M = K2tf<;?tf(?KABcD(k/2)C(S,t, u)G(k, T), (7.4.74)

(where, for the special case of four charged states, C(s,t,u)G(k,T) =
e(K)D(k,K)). Substituting in the formula for the heterotic string four-
particle amplitude, one obtains

, T) =s tr(TiT4T2T3)

M) +

(7.4.75)
If all four states are uncharged, the four T,- are mutually commuting and
the first three terms in G cancel using s +1 + u — 0. The result therefore
agrees with (7.4.62) in that case.

One can make contact with the low-energy effective point-particle the-
ory by approximating C(s,t,u) ~ (stu)"1 for a's^a't^a'u <C 1. Thus the
5-channel poles of C • G are

M - AC2-[jtr(r1T2T3r4) + itr(TiT3T4T2) + ^tr(TiT2)tr(T3T4)].

(7.4.76)
The first two terms correspond to exchanges of adjoint representation
states of the super Yang-Mills multiplet, and the last term corresponds to
exchange of singlet states of the supergravity multiplet. By comparing the
residues and reinstating the powers of a1 needed on dimensional grounds,
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428 7. Tree Amplitudes

one can deduce the relation K2 = \oLlgyM^ valid for heterotic strings.
The same basic techniques can be used to construct amplitudes combin-

ing the three categories of particles: gravity sector, neutral and charged.
Also, the calculation of amplitudes with more than four external lines is
straightforward in principle, although explicit expressions can be quite
messy. The real purpose in doing all this algebra is to develop a better
sense of the structure of the theory and to convince oneself that formal ex-
pressions really correspond to well-defined mathematical quantities. Some
of the explicit formulas are also useful for identifying various terms that
must appear in an effective action description of the theory.

7.5 Summary

A method for calculating tree-approximation 5-matrix elements in each
of the known string theories has been described and several examples
were presented. The amplitudes were described as correlation functions
of products of vertex operators. The formulas represent a straightforward
generalization of the Feynman rules of ordinary field theories. A signifi-
cant difference is that they were not derived from a Lagrangian, although
it was argued that they must be correct, because they possess the factor-
ization properties required by unitarity in tree approximation and Regge
asymptotic behavior.

The group SL(2,R), representing the one-to-one conformal mappings
of the upper half plane onto itself, plays a fundamental role in the case
of open-string tree amplitudes. It is the subgroup of the Virasoro algebra
that leaves the vacuum invariant. Correspondingly, SX(2, C), the group
of one-to-one conformal mappings of the entire complex plane (includ-
ing the point at infinity) onto itself, is fundamental in the analysis of
closed-string tree amplitudes. In order to avoid an infinite volume factor
associated with either of these groups, the world-sheet coordinates of three
of the emitted particles must take fixed values. The operator construction
automatically gives a specific choice (z\ = oo, zi = 1, zn = 0).

Open-string diagrams have cyclic symmetry in the external lines, and
the complete tree amplitude is given as a sum over cyclically inequiva-
lent terms weighted by suitable group theory factors. Closed-string tree
diagrams have total symmetry in the external lines and no group theory

When six dimensions compactify into a space of volume V, the effective four-
dimensional coupling constants are K4 ~ K/VV and g$ ~ g/yV. If we suppose
that g4 ~ 1 and /c4 describes gravitational couplings of Newtonian strength, then
we see that a' must be about the square of the Planck length (10~33 - 10~32

cm).
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Appendix l.A Coherent-State Methods and Correlation Functions 429

factors can be introduced. The formulas for closed-string amplitudes cor-
respond closely to direct products of open-string formulas with one factor
associated with left-moving modes and one factor associated with right-
moving modes. In particular, one of the two SX(2, R) factors acts on each
sector, and the bosonic vertex operators (for example) have conformal di-
mension (1,1).

The results obtained in this chapter can be obtained in a variety of
other ways - by the path integral methods described in chapter 1, by
the functional methods described in chapter 11 and by the light-cone
gauge field theory. Hopefully, they will also eventually be obtained from
covariant field theory formulations, or some suitable substitute.

Appendix 7.A Coherent-State
Methods and Correlation Functions

In this appendix we prove (7.1.64) and some related formulas. The reader
will note that the identities we consider here are very similar to the ones
that entered in our discussion of bosonization in §3.2.4.

We begin with the following identity valid for operators A and B that
are linear in harmonic oscillator raising and lower operators

(: eA :: eB :) = e<AB\ (7.A.1)

where (...) is short for the ground state expectation value (0 | . . . |0). If
there are many oscillators, the linearity implies that both the left-hand
and right-hand side of the equation factorize into separate factors for
each of the oscillator modes. Therefore it is sufficient to establish the
formula for a single oscillator. In other words, letting A = c\a^ + c<ia and
B = c$a^ + c±a, we must prove that

(0|eC2aeC3flt|0) = eC2C3. (7.A.2)

The identity in (7.A.2) is easily established by elementary considera-
tions. However, instead of doing that we describe a technique, based on
coherent states, which will prove useful in later chapters as well. We define
a coherent state |A) by

(7.A.3)

where \n) is the usual normalized number basis state satisfying a*a \n) =
n\n) and (m\n) = 6mn. Note that |0) = |0), in particular. Coherent
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430 7. Tree Amplitudes

states are eigenstates of the lowering operator a

a\X) = A|A), (7.A.4)

a fact that is easily established using [a, a*] = 1. It follows that

eAl°|A2) = eA^|A2), (7.A.5)

and hence that

(/*|A) = (0|e"*°|A) = e"*\ (7.A.6)

This formula gives the required result in (7.A.2). Another useful identity
is

« g ( ^ r n ) = |A2) (7A7)n=0 vn-

This is obtained by substituting the definition of |A) from (7.A.3).
Recalling the expansion

X"(y) = x"- if logy + i £ \<V~n, (7-A.8)

the nonzero mode part of the tachyon vertex operator is

W0(k,y) •= exp{k • f ; ^.nyn) exp(-k • £ ^ n y - n ) . (7.A.9)
n=l n=l

Thus the nonzero mode part of the correlation function for a product of
two vertices is

*2,»a)) = (i - y2/yi)
k^. (7.A.10)

The result is obtained most readily using (7.A.1) and

which is valid for |t/2| < |yi|-
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Equation (7.A.1) has a generalization

(: eAl :: eM : • • • : eAM) = exp[^(AtAi)], (7.A.12)

which is easily established using the same coherent-state methods de-
scribed above. Therefore the generalization of (7.A. 10) is

(7.A.13)

Next let us consider the contribution of the zero-mode terms. In the
case of tachyon matrices these contribute

, y i ) Z 0 ( k 2 , 2 / 2 ) . . . Z 0 ( k M ,
(7.A.14)

MpikiXiikippik2'xiik2'p pikM-x *M-P\

But

eikM-XykM-plQ) = ]kMh

(7.A.15)
e^XykM-i-P lkM) = ykM-*-kM lkM_t + fcj|#) ^

and so forth, so altogether

Combining this result with (7.A.13) gives

}

as asserted in (7.1.73).
The fact that the right-hand side of (7.A.17) only involves differences

yi - yj can be understood as follows. The statement that V(y) has con-

https:/www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9781139248563.008
https:/www.cambridge.org/core


432 7. Tree Amplitudes

formal dimension J = 1 implies (using ^ = iy-§r)

[Lm, V(y)} = ym(y^ + m)V(y) = y±[y™V{y)}. (7.A.18)

In particular, for m = — 1,

± (7.A.19)

Therefore making common Z_i transformations

( 7 A 20)

This does not change the correlation function (7. A. 17) because the vacuum
is SX(2, R) invariant. Hence the result can only depend on the differences
yi — yj for any J = 1 vertices.

Now consider commuting adjacent vertex operators V(i) and V(i + 1)
in (7.A. 17). Formally, the only change would be that the factor (yi —
t/i+i) • *+1 on the right-hand side of the equation would be replaced
by (yi+i — yi)kiki+1' However, there is a problem, because the series
summed above (such as (7.A.11)) only converge for |yt| > |y,-+i| in one
case and |yt+i| > \yi\ in the other. To make sense of the formula it is
necessary to accompany the interchange with an analytic continuation of
(yi - S/i+i)*'*'+1 from yi > y,+1 to t/t- < yi+1. In doing this we need to
decide which side of the branch point at y,- = yi+i to go on. Let us make
the choice such that

(yi - yi+i)kiki+1 - et>k'*+> (yi - yi+1)
ki-k«>. (7.A.21)

One sometimes writes

(7.A.22)

as a generalization of (7.A.11) that includes zero modes. Here A is an
infrared cutoff that cancels out of all really well-defined formulas. Equa-
tion (7.A.22) is best regarded as a mnemonic for deducing (7.A.17) from
(7.A.12). In the same spirit one can write correlation functions for the
derivatives of X^ by differentiating (7.A.22). For example (using a dot to
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represent a r derivative and recalling that ^ = iy

2/1 y \ - 2/2
(7.A.23)

X(yi)X(y2) =

y \ 2/2 =
y\ 2/2 (2/1 - 2/2 )2 '

The proof of (7.1.49) requires a slight generalization of (7.A.I), namely

: eA :: eB :=: eA+B : e<AB>. (7.A.24)
This is easily established using the coherent-state formulas. Since the
expression still factorizes into separate pieces for each oscillator, it is suf-
ficient to study a single mode. Using this equation we have

V0(k1,y1)V0(k2,y2) =: Vo(*i,yi)Vo(*2,y2) : e -<*>^)* - x ^ )> (7.A.25)

and similarly with 1 <-> 2. Then since

: Vo(*i,yi)Vo(*2,y2)
 : = : ^o(*2,y2)Vo(*i,yi) : (7.A.26)

it follows that

Vo(kuyi)Vo(k2,y2) = Vo(k2,y2)Vo(k1,y1)e-<^-x^'^x^\ (7.A.27)

The exponent in (7.A.27) is given by

= iog(yi/y2) + £ hviM71 - (y2/yi)n]
n=i (7.A.28)

= log(yi/y2) - log(l - 2/1/2/2) + log(l - 2/2/2/1)

where K is an integer. In order to calculate K consider choosing y\ and
i/2 at different values on the unit circle, so that both series converge. All
phases can then be calculated once a definite branch of the logarithm is
chosen. Choosing the branch for which the imaginary part is between —iir
and +iir gives

C(2/i,2/2) = i7rc(argyi - argy2). (7.A.29)

If the points on the circle are projected back onto the real axis this gives
the result of (7.1.49)

(7.A.30)
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In the following we present a brief chapter by chapter historical discussion
of the significant ideas and discoveries in string theory. A few of the most
important papers are cited and more complete listings are then given. We
apologize in advance for any errors or oversights. The discussion for the
introductory chapter is especially brief, so as to minimize duplication with
the subsequent chapters.

Chapter 1

String theory originated in the study of strong interactions, as an out-
growth of the bootstrap and Regge-pole theory. Important early develop-
ments included saturation of current algebra sum rules with narrow reso-
nances which led to 'finite energy sum rules' [300,264,265] and the duality
concept introduced by Dolen, Horn and Schmid [127,128], whose subse-
quent development had many contributors including Freund [168], Harari
[249] and Rosner [380]. This work led to the discovery of the Veneziano
amplitude [453], which perhaps constitutes the beginning of string theory.
This was quickly followed by the development of multiparticle generaliza-
tions [31,457,214,80], which were recast in a particularly elegant form by
Koba and Nielsen [290,291]. An alternative set of amplitudes (later rec-
ognized as corresponding to closed strings) was invented for four-particle
amplitudes by Virasoro [456] and generalized to N particles by Shapiro
[418]. The first hint of special properties of the Veneziano model in 26
space-time dimensions came from the study of loop diagrams by Lovelace
[303].

The recognition that these dual resonance amplitudes describe the dy-
namics of a relativistic string originated in independent works of Nambu
[341], Nielsen [357] and Susskind [432]. The formula for the action as
the area of the world sheet was introduced by Nambu [342], Goto [217]
and Hara [247]. The use of the light-cone gauge for quantization of this
action in the work of Goddard, Goldstone, Rebbi and Thorn [206] was an
important step in clarifying the string picture.

Ramond's discovery of a free wave equation for fermionic strings [372]
followed by the discovery of the interacting bosonic sector by Neveu and
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Schwarz [35lj led to a string theory of interacting fermions and bosons
(the RNS model) with critical dimension D — 10. It was realized by
Gliozzi, Scherk and Olive [202,203] that this model has a supersymmetric
spectrum when it is suitably projected. Some years later the projected
theory was formulated in a manifestly supersymmetric way by Green and
Schwarz [224,225,226]. These and other developments will be discussed in
connection with the other chapters.

The fact that the low energy limit of string theory is equivalent to ordi-
nary field theory originates with the work of Scherk [388] who considered
the limit of open strings which results in scalar <f>z field theory (a limit
which is inconsistent since it does not keep the massless spin 1 particle).
Neveu and Scherk [355] showed that a consistent low-energy analysis of
open-string tree diagrams leads to the tree diagrams of Yang-Mills the-
ory. Yoneya [472,473] and Scherk and Schwarz [389,391] similarly made
the connection between closed strings and the perturbation expansion of
Einstein's theory of gravity.

The proposal to use string theory as a unified theory of fundamental
forces including gravitation, rather than as a theory of hadrons, was made
by Scherk and Schwarz [389,391]. They also noted that in this context
it was natural to take seriously the extra dimensions of the known string
theories [393,406]. See also [364] for a contemporaneous perspective on
string theory.

The Kaluza-Klein idea of extra dimensions [279,286] had probably been
the most imaginative of the early suggestions concerning unification of
electromagnetism and gravitation. One of the most fascinating of the early
papers on this subject, because of the comparatively modern viewpoint
expressed, was [139]. See [299] for a perspective on the early work. The
non-Abelian extension of Kaluza-Klein theory was first noted in [121] -
where it was presented as a homework problem!

General arguments that low energy couplings of a massless spin two
particle that does not decouple at zero momentum must mimic general
relativity can be found in [461-463].

The path-integral approach to string theory originated in work of Hsue,
Sakita and Virasoro [258] and Gervais and Sakita [196]. Once the string
action was reformulated using a world-sheet metric tensor [56,120], it be-
came possible for Polyakov [369,370] to introduce path-integral quantiza-
tion in a form that properly takes account of the conformal symmetry and
clarifies the meaning of the critical dimension.

A number of review articles on string theory deserve to be mentioned.
They include five Physics Reports articles [12,400,454,375,314] which were
reprinted together as a book [267]. An excellent review article by Scherk
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[392] and a book by Frampton [160] also appeared in the 1970s. More
recently, there have been review articles by Schwarz [407,410], Green
[228,232] and Brink [62]. The reviews [392,407,228] are reprinted together
with many original articles in a two-volume work edited by Schwarz [409].
Many useful survey articles, including some on subjects little developed
in this book, can be found in the proceedings of the 1985 Santa Barbara
workshop [233].

Chapter 2

As we have also pointed out in connection with chapter 1, the string
interpretation of 'dual resonance models' originated in independent work
of Nambu [341], Nielsen [357] and Susskind [433]. The formulation of
the world-sheet action as an area followed shortly thereafter in work of
Nambu [342] and Goto [217]. Reparametrization invariance of the world-
sheet action enabled Brink, Di Vecchia and Howe [56] and Deser and
Zumino [120] to express string theory in the language of two-dimensional
general relativity. Both groups carried out the construction for the RNS
model as well as the bosonic string.

The operator description of dual string models was first obtained by
studying the factorization properties of dual resonance amplitudes. The
factorization was achieved by Fubini and Veneziano, who also developed
the operator formalism in a series of important papers [185-188]. They
also proposed the idea of ghost cancellation via Ward identities. The
factorization was independently obtained by Bardakgi and Mandelstam
[33]. The SL(2,R) constraint conditions (generated by Li,Lo,L-i) were
pointed out by Gliozzi [201]. Virasoro noted that when the leading Regge
trajectory has intercept a(0) = 1 this can be extended to an infinite set
of Ln constraints [458]. The so-called 'Virasoro algebra' first appeared in
[188]. The occurrence of the anomaly term in the Virasoro algebra was
first obtained by J. Weis (unpublished). The gauge conditions that define
the physical states were derived by Del Giudice and Di Vecchia [116].
The first hint that D = 26 is special appeared in a study of nonplanar
loop amplitudes by Lovelace [303]. Brink and Nielsen described a relation
between the critical dimension and the mass of the ground state in terms
of zero-point fluctuations [53].

The use of light-cone gauge originated in a study of QED by Kogut
and Soper [292]. It soon found its home in string theory in the classic
work of Goddard, Goldstone, Rebbi and Thorn [206]. They succeeded
in putting the string interpretation of dual resonance models on a firm
mathematical foundation by quantizing the free bosonic string in the light-
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cone gauge and showing that the quantum theory is Lorentz invariant
only for D = 26. Del Giudice, Di Vecchia and Fubini [117] had earlier
constructed the transverse physical state operators (described in §2.3.2),
which constitute the spectrum generating algebra for D = 26. These
operators play a central role in two different proofs of the no-ghost theorem
given by Brower [66] and Goddard and Thorn [204]. The version of the
theorem presented in §2.3.3 draws heavily on recent work of Thorn [441].
The asymptotic density of states described in §2.3.5 provides a specific
implementation of a spectrum suggested earlier by Hagedorn [240] based
on quite different considerations.

Chapter 3

The necessity of introducing ghost modes in a covariant treatment of
nonabelian gauge theories in order to obtain unitary loop amplitudes was
first pointed out by Feynman [149]. Faddeev and Popov gave a system-
atic procedure for deriving the ghost action in the context of path-integral
quantization [144]. The modern approach to the path integral treatment
of string theory began with the classic papers of Polyakov [369,370] who
made use of the formulation of the string action that uses a world-sheet
metric [56,120] in order to properly take account of world-sheet symme-
tries. The Polyakov approach has been developed and elaborated by many
authors, notably Friedan [178], Alvarez [15], Durhuus et al. [133] and Fu-
jikawa [190]. The developments in string theory have spawned interesting
work in two-dimensional conformal field theory, which also has interesting
applications in statistical physics. Notable examples include the works of
Belavin, Polyakov and Zamolodchikov [38] and Friedan, Qiu and Shenker
[179,180].

The BRST symmetry of the quantum action with ghost terms was iden-
tified by Becchi, Rouet and Stora [36,37] and (independently) by Tyutin
[448]. Its application to string theory first appears in the work of Kato
and Ogawa [282]. An important subject which we have not treated is
the problem of showing that the BRST cohomology group of appropri-
ate ghost number coincides with the space of physical states. Several
treatments have appeared in the last two or three months [164,251,167].
Following observations of Siegel [421,422], the BRST approach is prov-
ing to be very important in the construction of a second-quantized string
field theory. This is a vast and rapidly developing subject not covered
in these volumes. However, references are listed at the end of the bib-
liographic section of volume 2. It was discovered long ago that in two
dimensions two fermions can be replaced by a single boson [426,428,94,
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315,307]. Bosonization of fermions and related tools in the theory of affine
Lie algebra have surprising applications to the proof of various classical
identities [298]. Our derivation of the Jacobi triple product identity in
§3.2.4 is a simple example.

Although the role of modular invariance originates with the closed-
string loop calculation of Shapiro [419] its central importance was only
appreciated much later. For example, global aspects of the string world-
sheet are discussed in the work of Alvarez [15,16]. The study of string
amplitudes associated with higher genus surfaces is a rapidly developing
subject. It involves many new techniques and results from algebraic geom-
etry. Unfortunately, this subject goes beyond the scope of our exposition
in this book, though some of the background at a very elementary level
can be found in chapters 12, 14, and 15.

The relationship between the conformal anomaly and the Virasoro
anomaly is due to Polyakov [369]. The derivation we give in §3.2.3 is
from [20].

Nonlinear sigma models as an approach to describing string propagation
in background fields were developed in [305,72,152-159,69,414,415,268].
There is a vast literature on conformal invariance in general nonlinear
models [177,176,163,17,18,19,332,174]. Some more recent references can
be found in the bibliography to chapter 16.

Chapter 4

The RNS model, referred to in the bibliography of chapter 1, was devel-
oped further by Neveu, Schwarz and Thorn [352], clarifying the role of the
super-Virasoro conditions. The world-sheet supersymmetry of that theory
was first clearly spelled out in a paper of Gervais and Sakita [195]. Related
results were reported by Aharonov, Casher and Susskind [9,10] and by
Iwasaki and Kikkawa [266]. At about the same time as world-sheet syper-
symmetry was being understood, Gol'fand and Likhtman proposed the
super-Poincare algebra as a new symmetry structure for four-dimensional
theories [215]. Two years later Wess and Zumino constructed the theory
that bears their name [465] and supersymmetry became an active area of
research.

The superspace approach to supersymmetry first appeared in the two-
dimensional world-sheet context in papers by Montonen [326] and Fairlie
and Martin [146]. Later it was developed further by Howe [256] and
Martinec [323]. Four-dimensional superspace was first proposed by Salam
and Strathdee [383].

The no-ghost theorem for the RNS model was proved in the work of
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Goddard and Thorn [204] cited earlier as well as in works by Schwarz
[398] and Brower and Friedman [67].

The N = 1, D = 4 supergravity theory was discovered by Freedman,
van Nieuwenhuizen and Ferrara [162] and by Deser and Zumino [119].
For reviews of supergravity see [450,466,192]. The tools of supergravity
technology were applied to the construction of a locally supersymmet-
ric superstring action in the previously cited work of Brink, Di Vecchia
and Howe [56] and Deser and Zumino [120]. This action was utilized by
Polyakov in the second of his pair of important papers [370].

The work of Gliozzi, Scherk and Olive [202,203] made clear for the first
time that, after a suitable truncation, a string spectrum with space-time
supersymmetry can be obtained. Their work strongly suggested a connec-
tion between superstrings and supergravity since the superstring spectrum
contains the massless Rarita-Schwinger field associated with local super-
symmetry. Their work also introduced the D = 10 super Yang-Mills
theory, as did a paper by Brink, Schwarz and Scherk [57]. These papers
also showed how ordinary field theories with extended supersymmetry,
such as the N = 4, D — 4 super Yang-Mills theory, could be obtained by
dimensional reduction.

The models with N = 2 and N = 4 superconformal symmetry on
the world-sheet were formulated by Ademollo et al. [5-7]. The locally
supersymmetric world-sheet action for the N = 2 theory was constructed
by Brink and Schwarz [58]. Other systematic studies of possibilities for
new theories by Nahm [336], Ramond and Schwarz [373] and Lovelace
[304] showed how limited the possibilities are.

Chapter 5

The supersymmetric form of the superstring action was first described
by Green and Schwarz in the light-cone gauge [224,226]. Subsequently,
Brink and Schwarz found the covariant action for the superparticle [59]
and Siegel [420] pointed out the local fermionic symmetry that it pos-
sesses. This was a clue to formulation of the covariant superstring action
described in §5.1.2 and §5.1.3 [229]. An interpretation of the £2 term
as a sort of Wess-Zumino term was given by Henneaux and Mezincescu
[250]. Various attempts have been made to quantize this action covari-
antly [230,39,254], but they have not yet led to success. Some suggestions
that may prove helpful in future work have been made by Siegel [423,424].

The use of bosonization to relate the RNS and manifestly supersym-
metric light cone formulations was given in [468]. The formulation of the
covariant superstring action in a curved superspace background geometry
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was given in [470] for the heterotic string. This was generalized to type
II theories in [234] and to include non-vanishing Yang-Mills backgrounds
in [27,278].

Chapter 6

In the early days of dual models a scheme for attaching group-theory quan-
tum numbers to open strings was proposed by Chan and Paton [365]. This
was supposed to describe a global flavor symmetry, but a few years later
Neveu and Scherk noted that it in fact gives a local gauge symmetry [355].
The scheme was originally proposed for unitary groups. The extension to
orthogonal or symplectic groups was pointed out in [408]. Marcus and
Sagnotti proved that these were the only possibilities for schemes of this
type [318].

Following the discovery of anomaly cancellation (described in chapters
10 and 13) by Green and Schwarz [231] the search was on for an E% x Eg
superstring theory. Freund suggested that it could be derived by compact-
ification of the D — 26 string [173]. This turned out to be partly correct
in the heterotic string theory developed by Gross, Harvey, Martinec and
Rohm [238,239]. The construction employs a vertex operator representa-
tion of affine Lie algebras developed by mathematicians [148,297,413,165].
The subject had been made accessible for physicists in the papers of God-
dard and Olive [210,212]. Some aspects of these constructions already
appear in [246,30]. The construction of the Virasoro algebra in terms of
the currents on the world sheet goes back to the work of Sugawara [429].
A quantum field theory realization for an arbitrary highest weight repre-
sentation of affine Lie algebras was given in [469], along with a derivation
of the quantization of the central charge. The idea of using world-sheet
fermions to describe internal symmetry, which is also utilized in the work
of Gross et al., was first proposed by Bardakgi and Halpern [34].

More general discussions of toroidal compactification have appeared in
works of Englert and Neveu [141], Casher, Englert, Nicolai and Taormina
[79] and Narain [343].

Chapter 7

The four-particle Veneziano amplitude [453] was generalized to iV-particle
tree amplitudes by Bardakgi and Ruegg [32], Virasoro [457], Goebel and
Sakita [214] and Chan and Tsou [80,81]. The study of factorization and
development of the operator formalism, discussed in connection with chap-
ter 2, followed. In particular, the vertex operator and propagator were

https:/www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9781139248563.009
https:/www.cambridge.org/core


442 Bibliography

introduced by Fubini and Veneziano [187]. Koba and Nielsen re-expressed
the amplitudes in a manifestly dual form [290,291]. The twist operator
was introduced by Caneschi, Schwimmer and Veneziano [73] and by Am-
ati, Le Bellac and Olive [21]. The general vertex for coupling three open
strings was obtained by factorizing tree diagrams by Sciuto [412] and gen-
eralized to N strings by Lovelace [302].

The four-particle closed-string amplitude originated with an inspired
guess by Virasoro [456], somewhat like the guess Veneziano had made a
little earlier for the open strings. (Of course, the string picture was not yet
known at this time.) The TV-particle generalization of Virasoro's formula
was introduced by Shapiro [418]. The relationship between open- and
closed-string trees described in §7.2.3 was discovered recently by Kawai,
Lewellen and Tye [284].

Bosonic RNS trees were constructed in the original papers of Neveu and
Schwarz [351] and Neveu, Schwarz and Thorn [352]. Amplitudes with one
fermion line, discussed in §7.3.4, were developed independently by Neveu
and Schwarz [353] and by Thorn [437].

The development of the fermion-emission vertex and the calculation of
fermion-fermion scattering was a major challenge during the first three
years of superstring theory. The vertex operator was developed by Thorn
[437], Schwarz [396] and Corrigan and Olive [96]. However, since ghost
modes were not included it was still necessary to disentangle the effects of
the gauge conditions. This was done by Brink, Olive, Rebbi and Scherk
[54,363]. This resulted in the computation of the fermion-fermion scatter-
ing amplitude by Schwarz and Wu [399,404], This work was clarified and
expanded upon in subsequent papers by Corrigan, Goddard, Smith and
Olive [99] and Bruce, Corrigan and Olive [68]. The result was obtained
independently using light-cone gauge methods by Mandelstam [312].

Incorporation of the ghosts has made possible a much more satisfactory
understanding of the fermion emission vertex in work by Friedan, Martinec
and Shenker [181,184] and Knizhnik [289], We have sketched some parts
of this work in §7.3.5, though we have not discussed the picture changing
operation [181,184].

Vertex operators and tree amplitudes in the supersymmetric light-cone
formalism of chapter 5 were constructed by Green and Schwarz [225,226].
The tree amplitudes of the type II superstring theories were obtained by
Green, Schwarz and Brink [227]. These techniques were applied to the
calculation of heterotic string tree amplitudes by Gross, Harvey, Martinec
and Rohm [239].
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compactification on a circle, 318-321
compactification on a torus, 323
conformal dimension, see also anoma-

lous dimension, 87
Faddeev-Popov ghost, 130
holomorphic, 125

conformal equivalence, 157
conformal gauge, 23, 38, 74, 165
conformal invariance, 33, 36, 172-174,

361
background fields, 179

correlation function, 36
evaluation, 429-433

cosmological constant, 61
coupling constants, 53, 182
covariant derivative

complex world-sheet, 126
spinor, 226

superspace, 192

critical temperature
bosonic string, 118
superstring, 279

heterotic string, 341

current algebra
bosonic representation, 329ff
heterotic string, 305ff

E6 x Eg, 312-317, 337
50(32), 307-312

world-sheet, 302ff

curvature tensor, 126, 227

DDF operators, 101, see also spectrum-
generating algebra

Dedekind eta function, 117
density of states, see also modular func-

tions
bosonic string, 116-119
heterotic string, 340
superstring, 223-224, 276, 279

dilaton, 16, 115, 179
expectation value, 181-183

Dirac equation
Dirac matrices

ten-dimensional, 220
two-dimensional, 186
fermionic superstring, 206
light-cone gauge, 272
two-dimensional, 194

duality hypothesis, 5, 8
duality projection tensor, 256
Dynkin diagram, 284, 327

Eg, 304, 344-349
affine, 304
current algebra, 304
Dynkin diagram, 328
E6 subgroup, 347-348
50(16) subgroup, 346

Eisenstein series, 350
energy-momentum tensor, 24-25

bosonic string, 62
ghost contribution, 127-130
light-cone components, 64

bosonized ghost, 151
Sugawara construction, 305
superstring, 189ff, 231

ghost contribution, 234
light-cone components, 196

equations of motion, 69
bosonic string, 63
superstring, 197, 257

light-cone gauge, 262
Euler beta function, 373
Euler characteristic, 179
exceptional groups, 304, 349

conjugacy classes, 288

fermionic symmetry
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super-Weyl, 230
superparticle, 251

superstring, 255-257

Feynman diagrams, 27-29

string generalization, 29ff, 358

Fierz transformation
50(8), 271
ten-dimensional, 421
two-dimensional, 191

Fock space, 76, 79
Fi and F2 pictures, 391

gauge fixing
bosonic string

covariant, 62ff
light-cone, 93ff

superstring
covariant, 205
light-cone, 211, 260ff

G parity, 209, 218, 392
general relativity, 13, 26

string-theoretic corrections, 177
ghost conjugation invariance, 151
ghost number, 132ff
ghost number current, 135, 407

bosonized, 150

ghosts, 76, 79ff
decoupling from amplitudes, 362-363
Faddeev-Popov, 122ff, 231-235
reparametrization, 307
superconformal, 233, 406
zero modes, 160-162

global world-sheet geometry, 156ff
Grassmann coordinates, 190, 250
gravitino, 227, 229ff
graviton, 14, 115, 278, 320

mass of, 40

GSO conditions, 218-223, 311, 315, 392,
395

hadronic resonances, Iff
Hardy-Ramanujan formula, 118, 277
heterotic string, 305ff

bosonized description, 322ff
E8 x E8 theory, 312-316
50(32) theory, 307-312

infrared divergences, 17
internal symmetries, 47-49, 29Iff
Ising model, 404

Jacobi triple product formula, 155
Jacobian

Mobius transformation, 369
superconformal, 233

Kac-Moody algebra
affine E8 x Eg, 337
50(2), 240
5C/(2), 243

Kaluza-Klein gauge fields, 326
Klein-Gordon equation, 19

string analog, 355

lattice properties, 324-326
analog of Mandelstam invariants, 426
E8i 338
gauge invariance, 326-327

spin(32), 338

Lie algebra
affine, 302-305
Cartan subalgebra, 329, 337
conjugacy classes, 287
graded, 16
maximal torus, 322
simply laced, 283, 327

weight and root lattices, 287, 327-328

light-cone coordinates
space-time, 93

world-sheet, 64

light-cone gauge, 94
Lorentz invariance, 96-100, 269
superstring, 211, 260ff

Lorentz generators
bosonic string, 70, 79

anomaly in light-cone gauge, 98-
100

superstring, 202-203
anomaly in light-cone gauge, 212,

268

Majorana spinor
two-dimensional, 187

Majorana-Weyl spinor, 20, 221, 255
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mass-shell conditions
bosonic string, 73
circular compactification, 319
heterotic string, 309
superstring, 201

massless vector boson, 113, 293ff
Mobius group, 367, see also SL(2, R)
modular forms, 339, 350-351
modular group, 158, 339

multiloop generalization, 163

momentum generator
bosonic string, 69, 79

Neveu-Schwarz sector, 202
fermionic generators, 199
number of physical states, 223
super-Virasoro algebra, 204

no-ghost theorem, 9, 85, 102-113, 214-
218

Noether method, 68, 229
nonlinear sigma model, 166, 177ff
normal mode expansion

closed bosonic string, 66
open bosonic string, 68
space-time fermions, 263

superconformal ghost, 234

normal ordering, 77, 89
ghost number operator, 137

octonions, 349
oscillator modes

bosonic string, 76
ghost contribution, 128

superstring, 200

O5p(l|2) superalgebra, 395

partition function, 117
finite-volume bosonized, 154

heterotic string, 341

path integral, 28, 36ff, 359
curved space-time, 164
quantization, 12 Iff

physical states, see spectrum
Poincare invariance, 19, 25, 68
point particle

massive, 57-58

massless, 18
superparticle, 249-253

Polyakov approach, see path integral
quantization

propagator, 28, 355
closed bosonic string, 380
Fi RNS superstring, 394
F2 RNS superstring, 391
free-field, 39, 49, 139
open bosonic string, 361
space-time superstring, 418

QCD, 51
quantization

BRST, 131ff, 232ff
covariant

bosonic string, 75ff
path integral, 12Iff
superstring, 200ff, 280-281

Kaluza-Klein, 324
light-cone gauge

bosonic string, 93ff
superstring, 210ff, 260

quantization with constraints, 280, 323
quantum gravity, 14, 54

Ramond sector, 202
fermionic generators, 199
number of physical states, 224
super-Virasoro algebra, 204

Rarita-Schwinger field, see gravitino
Regge slope, 6, 8, 61, 71
Regge trajectory, 8, 386
Regge-pole theory, 6, 10
regularization, 167ff

zeta function, 96

reparametrization invariance, 18, 23, 5f
62, 156ff, 228, 250ff

Riemann normal coordinates, 168
Riemann tensor, see curvature tensor
Riemann-Roch theorem, 162
Riemann zeta function, 351

scattering amplitude
bosonic string, 354ff
bosonic string examples, 371-374

381-387
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closed and open-string relations, 389-
390

cyclic symmetry, 364-371, 418
generic M-particle, 357ff
heterotic string, 423fF
primitive, 296
RNS superstring, 391ff
space-time superstring, 41 Iff
superstring examples, 395-400, 418-

423
tachyon, 38-40

Shapiro-Virasoro model, 25
extended, 115
restricted, 116

SX(-2,C), 38-41
generators, 161

vacuum symmetry, 385

SL(2,R), 47
vacuum symmetry, 365-367

SL(2}Z), 158, see also modular group

5O(2n), 282-288
Dynkin diagram, 284
spin(2n) covering group, 282

spinor representations, 285-287

SO(n), 294, 299

affine, 302ff

Sp(n), 294

spectrum
bosonic string, 25

closed, 115-116
open, 100-102, 113-114

heterotic string, 339-343
E8 x E8, 314-317
50(32), 310-312

superstring
closed, 277-279
open, 205-207, 270-277

spectrum-generating algebra
bosonic string, 100-113
superstring, 214-218

spin connection, 226

spin operator, 404
light-cone gauge, 410
superconformal ghost, 406ff, 409

spin(8) Clifford algebra, 288
spurious states, 363, 392

bosonic string, 83
Fi RNS superstring, 395

Stirling's formula, 10
string tension, 61, 70
supercharges, 267

Lorentz transformation, 269
superconformal invariance, 230, 237, 239
supercurrent

light-cone components, 196
N=2 world-sheet, 240
world sheet, 189, 229, 231

superfield, 190
supergravity, 16, 20

11-dimensional, 276
N=l, 310
N=l four dimensional, 227
type I, 278
type IIA, 278
type IIB, 278

super-Poincare algebra, 266-270
superspace, 190-193

Leibniz rule, 191

supersymmetry
light-cone transformation, 273
space-time, 16, 250ff
world-sheet, 16

extended, 237-244
global, 188ff
local, 224ff

super-Virasoro algebra, 204
super Yang-Mills theory

action and invariance, 244-247
multiplet, 278

tachyon, 16-17, 113, 115, 326
tadpole diagrams, 174-176
Teichmuller parameter, 231
Teichmuller space, 163
theta function of a lattice, 339, 351
tree amplitudes

bosonic strings
closed, 378-390
open, 354-378

cyclic symmetry, 364-371
decoupling of ghosts, 362-363
heterotic strings, 423-428
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superstrings
RNS formulation, 390-411
supersymmetric formulation, 411-

423
triality, 287
twist operator, 377-378

U(n), 298
ultraviolet divergences, 17, 31, 167
unification, 15-16
unitarity, 52-54, 295-298, 358, 391
USp(2n), 299

Veneziano amplitude, 6ff, 50, 373
high-energy behavior, 10-11
Koba-Nielsen generalization, 50, 374

Veneziano model, 25
vertex operator, 34ff

bosonic string, 356ff

open, 87-92
closed-string factorization, 379
conformal dimension, 89-92, 356, 380
current algebra, 328ff
dilaton, 35, 176
graviton, 34, 165, 176
massless vector, 91, 209, 357
superstring, 207ff

boson emission, 208-210
fermion emission, 401ff
massless particle, 412ff

supersymmetry transformation, 413

tachyon, 34, 208, 357
vielbein, 58, 225
Virasoro algebra, 74

central extension, 80
Poisson brackets, 73
superstring, 204

N=2 world-sheet, 241

Virasoro amplitude, 40, 387
Virasoro constraints

bosonic string, 72ff
light-cone gauge, 95

Fi RNS superstring, 391ff
F2 RNS superstring, 391ff
N=2 world-sheet, 241
superstring, 197, 205-207, 230

Virasoro operators
bosonic string, 73, 77

ghost contribution, 129
superstring, 203

ghost contribution, 235

Ward identities, 42-46
Weyl scaling, 60, 62, 75, 156ff, 230, see

also conformal invariance

Yang-Mills theory, 13, 26
supersymmetric, 244-247, 271

zero mode operator, 357
zero-norm states, 82, 375-376
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