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Preface and Acknowledgments

Quantum field theory (QFT) is the natural language and framework to study broad classes
of physical systems with an infinite number of degrees of freedom. This is certainly the
case in high-energy physics (and in nuclear physics), where QFT was born, but it is just
as important in wide areas of condensed matter and statistical physics as well. This is
particularly important in physical systems close to phase transitions, both quantum and
classical, regimes in which perturbation theories fail. In the perspective developed by
Kenneth Wilson, the renormalization group provides a framework for defining a QFT
as a theory tuned to be close enough to a continuous phase transition, represented by
critical fixed points. From this perspective, defining a QFT is the same as the problem of
understanding continuous phase transitions.Moreover, both perspectives complement each
other at the conceptual and the methodological levels. This point of view is the guiding
principle behind this book.

Yet it is remarkable that, even though the renormalization group was developed almost
50 years ago, this perspective is seldom found in the many (and excellent) textbooks on
the subject. Most textbooks on QFT focus, for good reasons, on relativistic field theory,
and their main aim is to present the foundations of our understanding of the Standard
Model of particle physics and to prepare students to do relevant computations. There are
also many excellent books on a subject traditionally called “many-body physics,” aimed
primarily at nuclear and condensed matter physicists. Most books of this type focus on
the computation of various Green functions and lay the groundwork for the perturbative
computation of susceptibilities (for instance) using Feynman diagrams. Finally, there are
also outstanding books on the theory of critical phenomena and phase transitions, both
classical and quantummechanical. It is my strongly held opinion that this fragmentation is
not a good way to learn the subject. Moreover, it tends tomake QFT rather formal and often
physically obscure.

One salient example is the treatment of the renormalization group. In more traditional
QFT textbooks, the renormalization group is presented almost entirely in the context
of perturbation theory and of renormalized perturbation theory. This is a time-honored
approach that has been highly successful. However, it mostly lacks physical transparency.
Here, after presenting the problems that arise in field-theoretic perturbation theory, instead
of proceeding directly to develop renormalized perturbation theory, I take a “detour” into
the theory of phase transitions. So, rather than learn how to “hide infinities,” one learns the
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concepts of the fixed point and universality, and how they provide a definition of a QFT.
In this sense, this is not a book on methods but rather on a way of thinking about systems
with an infinite number of degrees of freedom in the large-fluctuation regime. In class, and
in this book, I discuss the main ideas and principles, using examples from high-energy,
condensed matter, and statistical physics. The problem sets were designed so that students
see how these concepts work out in different settings.

This book is based on lecture notes that I prepared for a course on quantum field theory
that I have taught, off and on, at the Department of Physics of the University of Illinois at
Urbana-Champaign since the 1980s. In most physics departments, at least in the United
States, the teaching of QFT focuses primarily on training high-energy physics students. For
this and historical reasons, a typical QFT course deals almost exclusively with relativistic
field theory, focusing on quantum electrodynamics, quantum chromodynamics, and the
Standard Model of particle physics. Other students, particularly those in condensed matter
and statistical physics, are often taught a separate sequence of courses on many-body and
statistical physics. It is my strongly held opinion that this separation is both artificial and
detrimental to the understanding of the subject for both types of students (and others
as well). Similarly, I also find the separation between “formal” and “phenomenological,”
common among my high-energy friends, both artificial and detrimental.

The lectures were developed for a two-semester course in QFT intended for students
in high-energy, condensed-matter, and statistical physics, combined in a single course.
After completing these QFT courses, students go on to take other classes that are more
focused on their specific subfields. As can be expected, it is a challenge to cover the range
of material of interest to such a wide audience of graduate students. The result is that I
cover a fraction of the material in class, and its application to high-energy and condensed
matter physics is done in the problem sets, which the students have endured stoically.
During the first semester, I focus on basic material, mostly on free-field theories of different
types, both relativistic and nonrelativistic. The Hamiltonian and path integral approaches
are presented from the beginning. This basic material is covered in the first 11 chapters
of the book. It includes an important chapter (chapter 10) on relating measurements with
correlation functions, both in relativistic theories (the computation of cross sections) and in
nonrelativistic systems (the computation of susceptibilities). The remaining eleven chapters
cover the more advanced material taught in the second semester. Here, the focus is on the
renormalization group, nonperturbative phenomena, and topology.

While teaching the QFT sequence, in addition to the lecture notes on which this book is
based, I have recommended that students read several outstanding books. Prime examples
include the classic book An Introduction to Quantum Field Theory by Michael Peskin and
Daniel Schroeder (Peskin and Schroeder, 1995), which gives a modern perspective on
high-energy physics. There are of course many outstanding books on relativistic QFT,
such as Steven Weinberg’s monumental three-volume book, The Quantum Theory of Fields
(Weinberg, 2005). Two books that I really like are Alexander Polyakov’s Gauge Fields and
Strings (Polyakov, 1987), which has deep insights, and Sidney Coleman’s Aspects of Symme-
try (Coleman, 1985). On the condensed-matter side, I have often recommended Green’s
Functions for Solid State Physicists by Sebastian Doniach and E. Sondheimer (Doniach
and Sondheimer, 1998); Richard Feynman’s wonderful Statistical Physics, A Set of Lectures
(Feynman, 1972); John Cardy’s brilliant Scaling and Renormalization in Statistical Physics
(Cardy, 1996); and the more technical Field Theory, the Renormalization Group and Critical
Phenomena by Daniel Amit (Amit, 1980). I also often recommendedMethods of Quantum
Field Theory in Statistical Physics by Alexey Abrikosov, Lev Gorkov, and Igor Dzyaloshinskii
(Abrikosov et al., 1963), andmy Field Theories of CondensedMatter Systems (Fradkin, 2013).
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Some comments about the organization of the book are in order. The first few chapters
of the book cover fairly basic material, including classical field theory, with an emphasis
on both relativistic theories and classical statistical mechanics. Here the emphasis is on the
role of global and local symmetries at the classical level. The Aharonov-Bohm effect and
Wilson loops are introduced here. The quantum theory of free scalar fields using canonical
quantization is discussed in chapter 4, and path integral quantization both in quantum
mechanics and in scalar fields is discussed in chapter 5. The connection between relativistic
QFT (both at zero and finite temperatures) is discussed here as well. Chapter 6 is devoted
to nonrelativistic (for both bosons and fermions) QFT. The quantum theory of the free
Dirac field is discussed in chapter 7. Coherent-state path integrals for both bosons and
fermions are discussed in chapter 8, focusing on quantization of the free Dirac field and
the nonrelativistic Bose gas. The computation of functional determinants is discussed in
this chapter. Chapter 9 is devoted to the quantization of gauge field theories, both abelian
and non-abelian, using the Faddeev-Popov procedure.

The important problem of relating measurements to the computation of correlation
functions (i.e., the relation between observables and propagators) is the subject of chapter
10, including the computation of scattering cross sections in relativistic theories (including
the Lehmann, Symanzik, and Zimmermann (LSZ) formalism). Linear response theory
and the computation of susceptibilities in nonrelativistic systems are also discussed here,
emphasizing the role of conservation laws.

Feynman diagrams and Feynman rules are introduced in chapter 11. While the text
focuses entirely on φ4 scalar fields (both in Minkowski and Euclidean spacetimes), the
perturbative approach to other field theories of interest is the subject of exercises. The
subject of spontaneous breaking of a global symmetry is developed in chapter 12, including
the theory of the effective potential, Ward identities, and Goldstone’s theorem. Perturbative
renormalizability and regularization schemes are presented in chapter 13, with special
emphasis on dimensional regularization.

The connection between statistical mechanics and QFT is discussed in depth in chapter
14. The solution of the two-dimensional Ising model is discussed as an example of
how a QFT is defined nonperturbatively. The Wilson-Kadanoff conceptual framework of
the renormalization group is the subject of chapter 15, where the concepts of scaling,
universality, and fixed points are introduced, including a heuristic discussion of scale
invariance as an emergent symmetry, and renormalization group flows. These concepts
are introduced using block-spin transformations, momentum-shell effective actions, and
the operator product expansion. Armed with this physical framework, I return to the
development of the perturbative renormalization group in chapter 16. Several theories are
discussed, includingφ4 theory and the ε expansion, and asymptotically free theories, such as
the nonlinear sigma model (and a proof of renormalizability) and Yang-Mills gauge theory.

The remaining chapters focus on more advanced topics. Several field theories in the
large-N limit are discussed in chapter 17, including φ4 theory, (vector) nonlinear sigma
models, the Gross-Neveumodel, and quantum electrodynamics. I also give an introduction
to theories of planar diagrams (both with global and gauge symmetries). Chapter 18 is
devoted to the introduction of the basic aspects of lattice gauge theory and discusses
the phases of gauge theories, confinement, and the Higgs mechanism. Instantons and
solitons are the subject of chapter 19. An intuitive (and highly nonrigorous) introduction to
homotopy groups and the classification of topological excitations, drawing from examples
in QFT and statistical physics, is presented here. An introduction to anomalies in QFT is
presented in chapter 20. The concepts of conformal field theory are presented in chapter 21.
The book ends with an introduction to the ideas of topological field theory in chapter 22.
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Some comments about the relation between this book and the two-semester course that
I teach are required. This book has 22 chapters, ranging from fairly basic aspects of QFT to
more advanced material. During the first semester, I normally cover the first 11 chapters.
The students taking the first part of the course include both theorists and experimentalists
in high-energy, condensed matter, and statistical physics, and from time to time, some
students in electrical engineering. In the second semester, which involves more advanced
material, I typically cover nine of the remaining 11 chapters. The students taking the second
half of the course are theorists. The problem sets are designed so that the students can go
deeper into the subject, covering topics of interest in high-energy and condensed matter
physics. The students typically are assigned seven problem sets (drawn from the problems
I included in this book) during the first semester. In the second semester, they are assigned
four problem sets and also have to write a term paper on a subject of their choice from a
fairly long list of possible topics (with recommended/required bibliography). They also give
an oral presentation on their paper, in a workshop format.

In designing the course (and the book), I had to make some significant choices. One is
on the mathematical background that I assumed. At the University of Illinois, the students
taking this class either had taken already, or were taking concurrently, a two-semester
course, Mathematics for Physics, largely based on the outstanding book by my colleague
Michael Stone and my (former) colleague Paul Goldbart (Stone and Goldbart, 2009). This
is a thoroughly modern textbook, which I strongly recommend to my students (and to the
readers of this book). This has allowedme to avoid being distracted by formalmathematical
interludes on such subjects as group theory andmany others. It has also allowedme to keep
the discussion of field theory at a less formal level than otherwise would have been possible.

I also had to choose what topics to cover, at what level, and what not to cover. For
pedagogical reasons, and to level the playing field, I have included somematerial that should
also be covered in advanced quantum mechanics courses (and books). Another important
choice was to present the Hamiltonian and the path-integral pictures from the outset on
equal footing. Inmy opinion, this is essential. However, this approach has the downside that
it takes longer to get to a discussion of subjects such as Feynman diagrams, which in some
texts is done quite early on. As I noted above, chapter 10 on observables and correlation
functions is quite important. It is where I introduce the computation of both scattering cross
sections and susceptibilities, crucial to experiments. However, I cannot possibly discuss
cross sections at the same level of detail as done in such books as Peskin and Schroeder
(1995), or susceptibilities, as in Doniach and Sondheimer (1998). The result was that in the
text (and in class) I covered cross sections for some simple cases, such as φ4 theory and for
Dirac fermions, and susceptibilities only for the computation of the electrical conductivity
of a metal. The students did more detailed calculations in the exercises.

Some parts of this book have been available as informal lecture notes for my class.
Apparently, these notes have been well received. The present book came to be at the
(persistent) encouragement of Ingrid Gnerlich from Princeton University Press. She
persuaded me to organize all my lecture notes as a book. Eventually, I (reluctantly) agreed
to do it, even though I knew that it would take a lot of work. I am glad that the book is now
in its final form, albeit several years after my originally intended completion date. During
this period, which began in 2010, the people at Princeton University Press showed great
patience and understanding.

I thought of several possible titles for this book, searching for one that would reflect
its character while being concise. After several failed attempts (all long and boring titles),
I settled on the current title, An Integrated Approach to Quantum Field Theory, which
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reflects my broad approach to the subject. I am grateful to Jessica Yao, my current Princeton
University Press editor, for helping me converge on this title.

I must particularly thank Leonard Susskind, who was my PhD thesis advisor. Much
of what I know on QFT is based on what I learned from him. I also learned from many
other people—collaborators and friends. In particular, I thank TomFaulkner, Leo Kadanoff,
Steven Kivelson, John Kogut, Rob Leigh, Fidel Schaposnik, Stephen Shenker, and Michael
Stone. Over the years, I had many enlightening discussions on QFT with Michael Stone,
and several sections of this book reflect those discussions. I am particularly grateful for
a discussion of Noether’s theorem and its applications. The derivation of the classical
energy-momentum tensor presented in chapter 3 follows Mike’s very clear and elegant
presentation rather than my original version.

Many students have helped me with my lecture notes over the years. Several of them
have been teaching assistants in my class, and they had to write solutions to the exercises
that I include in the book. It has been my policy that each teaching assistant should write
his/her own solutions. This way I am sure they understand what they are doing (and learn!).
Consistent with this policy, I have not included here the solutions to the exercises. Of the
many students that helped me in this endeavor, I particularly thank Manuel Fuentes, Hart
Goldman, Eun-Ah Kim, and Ramanjit Sohal, among others. I am also thankful for the
patience shown by my collaborators, and my current students, with me during the past
few months while I was completing this project.
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1

Introduction to Field Theory

The purpose of this book is twofold. Here I will introduce field theory as a framework for the
study of systems with a very large number of degrees of freedom, N→∞. And I will also
introduce and develop the tools that will allow us to treat such systems. Systems that involve
a large (in fact, infinite) number of coupleddegrees of freedomarise inmany areas of physics,
notably in high-energy and in condensed matter physics, among others. Although the
physical meanings of these systems and their symmetries are quite different, they actually
have much more in common than it may seem at first glance. Thus, we will discuss, on
the same footing, the properties of relativistic quantum field theories, classical statistical
mechanical systems, and condensed matter systems at finite temperature. This is a very
broad field of study, and we will not be able to cover each area in great depth. Nevertheless,
we will learn that it is often the case that what is clear in one context can be used to expand
our knowledge in a different physical setting. We will focus on a few unifying themes, such
as the construction of the ground state (the “vacuum”), the role of quantum fluctuations,
collective behavior, and the response of these systems to weak external perturbations.

1.1 Examples of fields in physics

1.1.1 The electromagnetic field

Let us consider a very large box of linear size L→∞ and the electromagnetic field enclosed
inside it. At each point in space x, we can define a vector (which is a function of time as
well) A(x, t) and a scalar A0(x, t). These are the vector and scalar potentials. The physically
observable electric field E(x, t) and the magnetic field B(x, t) are defined in the usual way:

B(x, t)=�×A(x, t), E(x, t)=−1
c
∂A
∂t
(x, t)−�A0(x, t) (1.1)

The time evolution of this dynamical system is determined by a local Lagrangian density
(which we will consider in section 2.6). The equations of motion are just the Maxwell
equations. Let us define the 4-vector field

Aμ(x)= (
A0(x),A(x)

)
, A0≡A0 (1.2)
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where μ= 0, 1, 2, 3 are the time and space components. Here x stands for the 4-vector

xμ= (ct, x) (1.3)

To every point xμ of Minkowski spacetime M we associate a value of the vector potential
Aμ. The vector potentials are ordered sets of four real numbers and hence are elements of
R

4. Thus a field configuration can be viewed as a mapping of the Minkowski spacetimeM
onto R

4,
Aμ :M �→R

4 (1.4)

Since spacetime is continuous, we need an infinite number of 4-vectors to specify a
configuration of the electromagnetic field, even if the box were finite (which it is not).
Thus we have a infinite number of degrees of freedom for two reasons: spacetime is both
continuous and infinite.

1.1.2 The elastic field of a solid

Consider a three-dimensional crystal. A configuration of the system can be described by
the set of positions of its atoms relative to their equilibrium state (i.e., the set of deformation
vectors d at every time t). Lattices are labeled by ordered sets of three integers and are
equivalent to the set

Z
3=Z×Z×Z (1.5)

whereas deformations are given by sets of three real numbers and are elements ofR3. Hence
a crystal configuration is a mapping

d :Z3×R �→R
3 (1.6)

At length scales �, which are large compared to the lattice spacing a but small compared to
the linear size L of the system, we can replace the lattice Z

3 by a continuum description, in
which the crystal is replaced by a continuum three-dimensional Euclidean space R

3. Thus
the dynamics of the crystal requires a four-dimensional spacetime R

3×R=R
4. Hence the

configuration space becomes the set of continuous mappings

d :R4 �→R
3 (1.7)

In this continuum description, the dynamics of the crystal is specified in terms of the
displacement vector field d(x, t) and its time derivatives, the velocities ∂d

∂t (x, t), which define
the mechanical state of the system. This is the starting point of the theory of elasticity. The
displacement field d is the elastic field of the crystal.

1.1.3 The order-parameter field of a ferromagnet

Let us nowconsider a ferromagnet. This is a physical system, usually a solid, inwhich there is
a local averagemagnetization fieldM(x) in the vicinity of a point x. The local magnetization
is simply the sum of the local magnetic moments of each atom in the neighborhood of
x. At scales long compared to microscopic distances (the interatomic spacing a), M(x) is
a continuous real vector field. In some situations of interest, the magnitude of the local
moment does not fluctuate, but its local orientation does. Hence, the local state of the
system is specified locally by a three-component unit vector n. Since the set of unit vectors
is in one-to-one correspondence with the points on a sphere S2, the configuration space
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is equivalent (isomorphic) to the sets of mappings of Euclidean three-dimensional space
onto S2,

n :R3 �→ S2 (1.8)

In an ordered state, the individual magnetic moments become spontaneously oriented
along some direction. For this reason, the field n is usually said to be an order-parameter
field. In the theory of phase transitions, the order-parameter field represents the important
degrees of freedom of the physical system (i.e., the degrees of freedom that drive the phase
transition).

1.1.4 Hydrodynamics of a charged fluid

Charged fluids can be described in terms of hydrodynamics. In hydrodynamics, one
specifies the charge density ρ(x, t) and the current density j(x, t) near a spacetime point
xμ. The charge and current densities can be represented in terms of the 4-vector

jμ(x)= (
cρ(x, t), j(x, t)

)
(1.9)

where c is a suitably chosen speed (generally not the speed of light!). Clearly, the config-
uration space is the set of maps

jμ :R4 �→R
4 (1.10)

In general, we will be interested both in the dynamical evolution of such systems and
in their large-scale (thermodynamic) properties. Thus, we will need to determine how a
system that, at some time t0, is in some initial state, manages to evolve to some other state
after time T. In classical mechanics, the dynamics of any physical system can be described
in terms of a Lagrangian. The Lagrangian is a local functional of the field and of its space and
time derivatives. “Local” here means that the equations of motion can be expressed in terms
of partial differential equations. In other words, we do not allow for “action-at-a-distance,”
but only for local evolution. Similarly, the thermodynamic properties of these systems are
governed by a local energy functional, the Hamiltonian. That the dynamics is determined
by a Lagrangian means that the field itself is regarded as a mechanical system, to which
the standard laws of classical mechanics apply. Here the wave equations of the fluid are the
equations of motion of the field. This point of view will also tell us how to quantize a field
theory.

1.2 Why quantum field theory?

From a historical point of view, quantum field theory (QFT) arose as an outgrowth of
research in the fields of nuclear and particle physics. In particular, Dirac’s theory of electrons
and positrons was, perhaps, the first QFT. Nowadays, QFT is used, both as a picture and as
a tool, in a wide range of areas of physics. In this book, I will not follow the historical path
of the way QFT was developed. By and large, it was a process of trial and error in which
the results had to be reinterpreted a posteriori. The introduction of QFT as the general
framework of particle physics implied that the concept of particle had to be understood as an
excitation of a field. Thus, photons become the quantized excitations of the electromagnetic
field with particle-like properties (such as momentum), as anticipated by Einstein’s 1905
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paper on the photoelectric effect. Dirac’s theory of the electron implied that even such
“conventional” particles should also be understood as the excitations of a field.

Themainmotivation of these developments was the need to reconcile, or unify, quantum
mechanics with special relativity. In addition, the experimental discoveries of the spin of
the electron and of electron-positron creation by photons showed that not only was the
Schrödinger equation inadequate to describe such physical phenomena, but the very notion
of a particle itself had to be revised.

Indeed, let us consider the Schrödinger equation

H� = i�
∂�

∂t
(1.11)

where H is the Hamiltonian

H= p̂2

2m
+V(x) (1.12)

and p̂ is the momentum represented as a differential operator

p̂= �

i
� (1.13)

acting on the Hilbert space of wave functions�(x).
The Schrödinger equation is invariant under Galilean transformations, provided the

potential V(x) is constant, but not under general Lorentz transformations. Hence, quan-
tum mechanics, as described by the Schrödinger equation, is not compatible with the
requirement that the description of physical phenomena must be identical for all inertial
observers. In addition, it cannot describe pair-creation processes, since in the nonrelativistic
Schrödinger equation, the number of particles is strictly conserved.

Back in the late 1920s, two apparently opposite approaches were proposed to solve
these problems. We will see that these approaches actually do not exclude each other. The
first approach was to stick to the basic structure of “particle” quantum mechanics and to
write down a relativistically invariant version of the Schrödinger equation. Since in special
relativity, the natural Lorentz scalar involving the energy E of a particle of mass m is
E2− (p2c2+m2c4), it was proposed that the “wave functions” should be solutions of the
equation (the “square” of the energy)

[(
i�
∂

∂t

)2
−

((
�c
i

�
)2
+m2c4

)]

�(x, t)= 0 (1.14)

This is the Klein-Gordon equation. This equation is invariant under the Lorentz transfor-
mations

xμ=�μ,νx′ν xμ= (x0, x) (1.15)

provided that the “wave function” �(x) is also a scalar (i.e., invariant) under Lorentz
transformations

�(x)=� ′(x′) (1.16)

However, it soon became clear that the Klein-Gordon equation was not compatible with a
particle interpretation. In addition, it cannot describe particles with spin. In particular, the
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solutions of the Klein-Gordon equation have the (expected) dispersion law

E2= p2c2+m2c4 (1.17)

which implies that there are positive and negative energy solutions

E=±√
p2c2+m2c4 (1.18)

From a “particle” point of view, negative energy states are unacceptable, since they would
imply that there is no ground state.Wewill see in chapter 4 that inQFT, there is a natural and
simple interpretation of these solutions that in no way make the system unstable. However,
the meaning of the negative-energy solutions was unclear in the early 1930s.

To satisfy the requirement from special relativity that energy and momentum must be
treated equally, and to avoid the negative-energy solutions that came from working with
the square of the Hamiltonian H, Dirac proposed to look for an equation that was linear
in derivatives (Dirac, 1928). To be compatible with special relativity, the equation must be
covariant under Lorentz transformations (i.e., it should have the same form in all reference
frames). Dirac proposed amatrix equation that is linear in derivativeswith a “wave function”
�(x) in the form of a four-component vector, a 4-spinor�a(x) (with a= 1, . . . , 4):

i�
∂�a

∂t
(x)+ �c

i

3∑

j= 1

αabj ∂j�b(x)+mc2 βab�b(x)= 0 (1.19)

where αj and β are four 4× 4 matrices. For this equation to be covariant, it is necessary that
the 4-spinor field� should transform as a spinor under Lorentz transformations

� ′a(�x)= Sab(�)�b(x) (1.20)

where S(�) is a suitable matrix. The matrix elements of the matrices αj and β have to be
pure numbers that are independent of the reference frame. By further requiring that the
iterated form of this equation (i.e., the “square”) satisfies the Klein-Gordon equation for
each component separately, Dirac found that the matrices obey the (Clifford) algebra

{αj,αk}= 2δjk1, {αj,β}= 0, α2j =β2= 1 (1.21)

where 1 is the 4× 4 identity matrix. The solutions are easily found to have the energy
eigenvalues E=±√

p2c2+m2c4 . (Wewill come back to this in chapter 2.) It is also possible
to show that the solutions are spin-1/2 particles and antiparticles (we will discuss this
later on).

However, the particle interpretation of both the Klein-Gordon and the Dirac equations
was problematic. Although spin 1/2 appeared now in a natural way, the meaning of the
negative energy states remained unclear.

The resolution of all of these difficulties was the fundamental idea that these equations
should not be regarded as the generalization of Schrödinger’s equation for relativistic
particles but, instead, as the equations of motion of a field, whose excitations are the particles,
much in the same way as photons are the excitations of the electromagnetic field. In this
picture, particle number is not conserved, but charge is. Thus, photons interacting with
matter can create electron-positronpairs. Suchprocesses donot violate charge conservation,
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but the notion is lost of a particle as an object that is a fundamental entity and has a distinct
physical identity. Instead, the field becomes the fundamental object, and the particles
become the excitations of the field.

Thus, the relativistic generalization of quantum mechanics is QFT. This concept is the
starting point of QFT. The basic strategy is to seek a field theory with specific symmetry
properties andwhose equations ofmotion areMaxwell, Klein-Gordon, andDirac equations,
respectively. Notice that if the particles are to be regarded as the excitations of a field, there
can be as many particles as we wish. Thus, the Hilbert space of a QFT has an arbitrary (and
indefinite) number of particles. Such a Hilbert space is called a Fock space.

Therefore, in QFT, the field is not the wave function of anything. Instead the field
represents an infinite number of degrees of freedom. In fact, the wave function in a QFT is
a functional of the field configurations, which themselves specify the state of the system.We
will see in chapter 4 that the states in Fock space are given either by specifying the number
of particles and their quantum numbers or, alternatively, in terms of the amplitudes (or
configurations) of some properly chosen fields.

Different fields transform differently under Lorentz transformations and constitute
different representations of the Lorentz group. Consequently, their excitations are particles
with different quantum numbers that label the representation. Thus,

1) The Klein-Gordon field φ(x) represents charge-neutral scalar spin-0 particles.
Its configuration space is the set of mappings of Minkowski space onto the real
numbersφ :M �→R, or complex numbers for charged spin-0 particlesφ :M �→C.

2) TheDirac field represents charged spin-1/2 particles. It is a complex 4-spinor�α(x)
(α= 1, . . . , 4), and its configuration space is the set of maps�α :M �→C

4, while it
is real for neutral spin-1/2 particles (such as neutrinos).

3) The gauge field Aμ(x) represents the electromagnetic field, and its non-abelian
generalizations for gluons (and so forth).

The description of relativistic quantummechanics in terms of relativistic quantum fields
solved essentially all problems that originated in its initial development. Moreover, QFT
gives exceedingly accurate predictions of the behavior of quantized electromagnetic fields
and charged particles, as described by quantum electrodynamics (QED). QFT also gives
a detailed description of both the strong and weak interactions in terms of field theories
known as quantum chromodynamics (QCD), based on Yang-Mills gauge field theories, and
unified and grand unified gauge theories.

However, along with its successes, QFT also brought with it a completely new set of
physical problems and questions. Essentially, any QFT of physical interest is necessarily a
nonlinear theory, as it has to describe interactions. So even though the quantumnumbers of
the excitations (i.e., the “particle” spectrum) may be quite straightforward in the absence of
interactions, the intrinsic nonlinearities of the theory may actually unravel much of this
structure. Note that the equations of motion of QFT are nonlinear, as they also are in
quantum mechanics. However, the wave functional of a QFT obeys a linear Schrödinger
equation, just as the wave function does in nonrelativistic quantum mechanics.

In the early days of QFT, and indeed for some time thereafter, it was assumed that
perturbation theory could be used in all cases to determine the actual spectrum. It was
soon found out that while there are several cases of great physical interest in which some
sort of perturbation theory yields an accurate description of the physics, in many more
situations this is not the case. Early on it was found that, at every order in perturbation
theory, there are singular contributions to many physical quantities. These singularities
reflected the existence of an infinite number of degrees of freedom, both at short distances,
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since spacetime is a continuum (the ultraviolet (UV) domain), and at long distances,
since spacetime is (essentially) infinite (the infrared (IR) domain). Qualitatively, divergent
contributions in perturbation theory come about because degrees of freedom from a wide
range of length scales (or wavelengths) and energy scales (or frequencies) contribute to the
expectation values of physical observables.

Historically, the way these problems were dealt with was through the process of regular-
ization (i.e., making the divergent contributions finite), and renormalization (i.e., defining
a set of effective parameters which are functions of the energy and/or momentum scale at
which the system is probed). Regularization required that the integrals be cut off at some
high-energy scale (in the UV). Renormalization was then thought of as the process by
which these arbitrarily introduced cutoffs were removed from the expressions for physical
quantities. This was a physically obscure procedure, but it worked brilliantly in QED and, to
a lesser extent, in QCD. Theories for which such a procedure can be implemented with the
definition of only a finite number of renormalized parameters (the actual input parameters
to be taken from experiment) are said to be renormalizable QFTs. QED and QCD are the
most important examples of renormalizable QFTs, although there are many others.

Renormalization implies that the connection between the physical observables and the
parameters in the Lagrangian of a QFT is highly nontrivial, and that the spectrum of the
theory may have little to do with the predictions of perturbation theory. This is the case
for QCD, whose “fundamental fields” involve quarks and gluons but the actual physical
spectrum consists only of bound states whose quantum numbers are not those of either
quarks or gluons. Renormalization also implies that the behavior of the physical observables
depends on the scale at which the theory is probed. Moreover, a closer examination of
these theories also revealed that they may exist in different phases, in which the observables
have different behaviors with a specific particle spectrum in each phase. In this way, to
understand what a given QFT predicted became very similar to the study of phases in
problems in statistical physics. We will explore these connections in detail later in this book
when we develop the machinery of the renormalization group in chapter 15. In this picture,
the vacuum (or ground state) of a QFT corresponds to a phase, much in the same way as in
statistical (or condensed matter) physics.

While the requirement of renormalizability works for the Standard Model of particle
physics, it fails for gravity. The problem of unifying gravity with the rest of the forces of
Nature remains a major problem in contemporary physics. A major program to solve this
problem is string theory. String theory is the only known viable candidate to quantize gravity
in a consistent manner. However, in string theory, QFT is seen as an effective low-energy
(hydrodynamic) description of nature, and the QFT singularities are “regulated” by string
theory in a natural way (but at the price of locality).



2

Classical Field Theory

In what follows, we will consider rather general field theories. The only guiding principles
that we will use in constructing these theories are (a) symmetries and (b) a generalized least
action principle.

2.1 Relativistic invariance

In chapter 1, we considered three examples of relativistic wave equations. They are the
Maxwell equations for classical electromagnetism, the Klein-Gordon equation, and the
Dirac equation. Maxwell’s equations govern the dynamics of a vector field, the vector
potentialsAμ(x)= (A0(x),A(x)), whereas the Klein-Gordon equation describes excitations
of a scalar field φ(x), and the Dirac equation governs the behavior of the four-component
spinor field ψα(x), (α= 0, 1, 2, 3). Each of these fields transforms in a very definite way
under the group of Lorentz transformations (the Lorentz group). The Lorentz group is
defined as a group of linear transformations � of Minkowski spacetime M onto itself,
� :M �→M, such that the new coordinates are related to the old ones by a linear (Lorentz)
transformation

x′μ=�μ
ν x

ν (2.1)

The spacetime components of a Lorentz transformation, �0
i , are the Lorentz boosts.

Lorentz boosts relate inertial reference frames moving at relative velocity v with respect
to each other. Lorentz boosts along the x1-axis have the familiar form

x0′ = x0+ vx1/c
√
1− v 2/c2

x1′ = x1+ vx0/c
√
1− v 2/c2

x2′ = x2

x3′ = x3 (2.2)
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where x0= ct, x1= x, x2= y, and x3= z (note: the superscripts indicate components, not
powers!). If we use the notation γ = (1− v 2/c2)−1/2≡ coshα, we can write the Lorentz
boost as a matrix: ⎛

⎜⎜
⎝

x0′
x1′
x2′
x3′

⎞

⎟⎟
⎠=

⎛

⎜⎜
⎝

coshα sinhα 0 0
sinhα coshα 0 0

0 0 1 0
0 0 0 1

⎞

⎟⎟
⎠

⎛

⎜⎜
⎝

x0
x1
x2
x3

⎞

⎟⎟
⎠ (2.3)

The space components of �i
j are conventional rotations R of three-dimensional Euclidean

space.
Infinitesimal Lorentz transformations are generated by the hermitian operators

Lμν = i(xμ∂ν − xν∂μ) (2.4)

where ∂μ= ∂
∂xμ , and μ, ν= 0, 1, 2, 3. The infinitesimal generators Lμν satisfy the algebra

[Lμν , Lρσ ]= igνρLμσ − igμρLνσ − igνσLμρ + igμσLνρ (2.5)

where gμν is the metric tensor for flat Minkowski spacetime (see eq. 2.8). This is the algebra
of the Lie group SO(3, 1). Actually, any operator of the form

Mμν = Lμν + Sμν (2.6)

where the Sμν are 4× 4 matrices satisfying the algebra of eq. (2.5) are also generators of
SO(3, 1), defined in eq. (2.122).

Lorentz transformations form a group, since (a) the product of two Lorentz transforma-
tions is a Lorentz transformation, (b) there exists an identity transformation, and (c) Lorentz
transformations are invertible. Notice, however, that in general, two transformations do not
commute with each other. Hence, the Lorentz group is non-abelian.

The Lorentz group has the defining property of leaving invariant the relativistic interval

x2≡ x20− x2= c2t2− x2 (2.7)

The group of Euclidean rotations leaves invariant the Euclidean distance x2 and is a
subgroup of the Lorentz group. The rotation group is denoted by SO(3), and the Lorentz
group is denoted by SO(3, 1). This notation emphasizes that the signature of the metric has
one+ sign and three− signs.

The group SO(3, 1) of linear transformations is noncompact in the following sense.
Let us consider first the group of rotations in three-dimensional space, SO(3). The
linear transformations in SO(3) leave the Euclidean distance (squared) R2= x21+ x22+ x23
invariant. The set of points with a fixed value of R is the two-dimensional surface of a
sphere of radius R in three dimensions, which we will denote by S2. The elements of the
group of rotations SO(3) are in one-to-one correspondence with the points on S2. The area
of a 2-sphere S2 of unit radius is 4π . Then we say that the “volume” of the group SO(3)
is finite and equal to 4π . A group of linear transformations with finite volume is said to
be compact. In contrast, the Lorentz group is the set of linear transformations, denoted by
SO(3, 1), that leave the relativistic interval xμxμ invariant, which is not positive definite. As
we well know, Lorentz boosts map points along hyperbolas of Minkowski spacetime. In this
sense, the Lorentz group is noncompact, since its “volume” is infinite.
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We will adopt the following conventions and definitions:

1) Metric tensor: Wewill use the standard (“Bjorken andDrell”)metric forMinkowski
spacetime, in which the metric tensor gμν is

gμν = gμν =

⎛

⎜⎜
⎝

1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

⎞

⎟⎟
⎠ (2.8)

In this notation, the infinitesimal relativistic interval is

ds2= dxμdxμ= gμνdxμdxν = dx20− dx2= c2dt2− dx2 (2.9)

2) 4-vectors:

i) xμ is a contravariant 4-vector, xμ= (ct, x)
ii) xμ is a covariant 4-vector, xμ= (ct,−x)
iii) Covariant and contravariant vectors (and tensors) are related through the

metric tensor gμν
Aμ= gμνAν (2.10)

iv) x is a vector in R
3

v) pμ= ( Ec , p
)
is the energy-momentum 4-vector. Hence, pμpμ= E2

c2 − p2 is a
Lorentz scalar.

3) Scalar product:
p · q= pμqμ= p0q0− p · q≡ pμqνgμν (2.11)

4) Gradients: ∂μ≡ ∂
∂xμ and ∂μ≡ ∂

∂xμ . We define the d’Alambertian ∂2 as

∂2≡ ∂μ∂μ≡ 1
c2
∂2t −�2 (2.12)

which is a Lorentz scalar. From now on, we will use units of time [T] and length
[L] such that �= c= 1. Thus, [T]= [L], and we will use units like centimeters (or
any other unit of length).

5) Interval: The interval in Minkowski spacetime is x2:

x2= xμxμ= x20− x2 (2.13)

Time-like intervals have x2> 0, while space-like intervals have x2< 0 (see
figure 2.1).

Since a field is a function (or mapping) of Minkowski space onto some other (properly
chosen) space, it is natural to require that the fields should have simple transforma-
tion properties under Lorentz transformations. For example, the vector potential Aμ(x)
transforms like a 4-vector under Lorentz transformations, that is, if x′μ=�μ

ν xν , then
A′μ(x′)=�μ

ν Aν(x). In other words, Aμ transforms like xμ. Thus, it is a vector. All vector
fields have this property. In contrast, a scalar field �(x) remains invariant under Lorentz
transformations:

�′(x′)=�(x) (2.14)
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Time-like

Space-like

x0

x1

x2 > 0

x2 < 0

Figure 2.1 TheMinkowski spacetime and its light cone. Events at a relativistic interval with x2= x20−
x2> 0 are time-like (and are causally connected with the origin), while events with x2= x20− x2< 0
are space-like and are not causally connected with the origin.

A 4-spinor ψα(x) transforms under Lorentz transformations. Namely, there exists an
induced 4× 4 linear transformation matrix S(�) such that

S(�−1)= S−1(�) (2.15)

and

 ′(�x)= S(�)(x) (2.16)

In section 2.5, we give an explicit expression for S(�).

2.2 The Lagrangian, the action, and the least action principle

The evolution of any dynamical system is determined by its Lagrangian. In the classical
mechanics of systems of particles described by the generalized coordinates q, the Lagrangian
L is a differentiable function of the coordinates q and their time derivatives. L must be
differentiable, since otherwise, the equations ofmotionwould not be local in time (i.e., could
not be written in terms of differential equations). An argument à la Landau and Lifshitz
(1959a) enables us to “derive” the Lagrangian. For example, for a particle in free space, the
homogeneity, uniformity, and isotropy of space and time require that L be only a function
of the absolute value of the velocity |v |. Since |v | is not a differentiable function of v ,
the Lagrangian must be a function of v 2. Thus, L= L(v 2). In principle, there is no reason
to assume that L cannot be a function of the acceleration a (or rather, a2) or of its higher
derivatives. Experiment tells us that in classical mechanics, it is sufficient to specify the
initial position x(0) of a particle and its initial velocity v(0) to determine the time evolution
of the system. Thus we have to choose
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L(v 2)= const+ 1
2
mv 2 (2.17)

The additive constant is irrelevant in classical physics. Naturally, the coefficient of v 2 is just
one-half of the inertial mass.

However, in special relativity, the natural invariant quantity to consider is not the
Lagrangian but the action S. For a free particle, the relativistic invariant (i.e., Lorentz
invariant) action must involve the invariant interval, the proper length ds= c

√
1− v2

c2 dt.
Hence, we write the action for a relativistic massive particle as

S=−mc
∫ sf

si
ds=−mc2

∫ tf

ti
dt
√

1− v 2

c2
(2.18)

The relativistic Lagrangian is then

L=−mc2
√

1− v 2

c2
(2.19)

As a power series expansion, it contains all powers of v 2/c2. It is elementary to see that, as
expected, the canonical momentum p is

p= ∂L
∂v
= mv
√

1− v 2

c2

(2.20)

from which it follows that the Hamiltonian (or energy) is given by

H= mc2
√

1− v 2

c2

=√p2c2+m2c4 (2.21)

as it should be.
Once the Lagrangian is found, the classical equations of motion are determined by the

least action principle (figure 2.2). Thus, we construct the action S

S=
∫

dt L
(
q, q̇

)
(2.22)

where q̇= dq
dt , and demand that the physical trajectories q(t) leave the action S stationary

(i.e., δS= 0). The variation of S is

δS=
∫ tf

ti
dt
(
∂L
∂q
δq+ ∂L

∂ q̇
δq̇
)

(2.23)

Integrating by parts, we get

δS=
∫ tf

ti
dt

d
dt

(
∂L
∂ q̇
δq
)
+
∫ tf

ti
dt δq

[
∂L
∂q
− d

dt

(
∂L
∂ q̇

)]
(2.24)
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q

t

i

Figure 2.2 The least action principle: The solid curve is the classical trajectory and extremizes the
classical action. The dashed curve represents a variation.

Hence, we get

δS= ∂L
∂ q̇
δq
∣∣
∣∣

tf

ti

+
∫ tf

ti
dt δq

[
∂L
∂q
− d

dt

(
∂L
∂ q̇

)]
(2.25)

If we assume that the variation δq is an arbitrary function of time that vanishes at the initial
and final times ti and tf (i.e., δq(ti)= δq(tf )= 0), we find that δS= 0 if and only if the
integrand of eq. (2.25) vanishes identically. Thus,

∂L
∂q
− d

dt

(
∂L
∂ q̇

)
= 0 (2.26)

These are the equations of motion or Newton’s equations. In general, the equation
determining the trajectories that leave the action stationary is called the Euler-Lagrange
equation.

2.3 Scalar field theory

For the case of a field theory, we can proceed verymuch in the sameway. Let us consider first
the case of a scalar field�(x). The action Smust be invariant under Lorentz transformations.
Since we want to construct local theories, it is natural to assume that S is given in terms of a
Lagrangian density L:

S=
∫

d4xL (2.27)

where L is a local differentiable function of the field and its derivatives. These assumptions
in turn guarantee that the resulting equations of motion have the form of partial differential
equations. In other words, the dynamics does not allow for action at a distance.

Since the volume element of Minkowski space d4x is invariant under Lorentz transfor-
mations, the action S is invariant if L is a local, differentiable function of Lorentz invariants
that can be constructed out of the field�(x). Simple invariants are�(x) itself and all of its
powers. The gradient ∂μ�≡ ∂�

∂xμ is not an invariant, but the d’Alambertian ∂2� is. Bilinears,
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such as ∂μ�∂μ�, are also Lorentz invariant as well as under a change of the sign of �. So
we can write the following simple expression for L:

L= 1
2
∂μ�∂

μ�−V(�) (2.28)

whereV(�) is some potential, which we can assume is a polynomial function of the field�.
Let us consider the simple choice

V(�)= 1
2
m̄2�2 (2.29)

where m̄=mc/�. Thus,

L= 1
2
∂μ�∂

μ�− 1
2
m̄2�2 (2.30)

This is the Lagrangian density for a free scalar field. Notice, in passing, that we could have
added a term like ∂2�. However, this term, in addition to being odd under �→−�, is a
total divergence and, as such, it has an effect only on the boundary conditions and not on
the equations of motion. In what follows, unless stated to the contrary, we will not consider
surface terms.

The least action principle requires that S be stationary under arbitrary variations of the
field� and of its derivatives ∂μ�. Thus, we get

δS=
∫

d4x
[
δL
δ�

δ�+ δL
δ∂μ�

δ∂μ�

]
(2.31)

Notice that since L is a functional of �, we have to use functional derivatives (i.e., partial
derivatives at each point of spacetime). On integrating by parts, we get

δS=
∫

d4x ∂μ
(
δL
δ∂μ�

δ�

)
+
∫

d4x δ�
[
δL
δ�
− ∂μ

(
δL
δ∂μ�

)]
(2.32)

Instead of considering initial and final conditions, we now have to imagine that the field�
is contained in some very large box of spacetime. The termwith the total divergence yields a
surface contribution.Wewill consider field configurations such that δ�= 0 on that surface.
Thus, the Euler-Lagrange equations are

δL
δ�
− ∂μ

(
δL
δ∂μ�

)
= 0 (2.33)

More explicitly, we find
δL
δ�
=− ∂V

∂�
(2.34)

and, since
∂L
δ∂μ�

= ∂μ� (2.35)

then
∂μ

δL
δ∂μ�

= ∂μ∂μ�≡ ∂2� (2.36)
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By direct substitution, we get the equation of motion (or field equation):

∂2�+ ∂V
∂�
= 0 (2.37)

For the choice

V(�)= m̄2

2
�2,

∂V
∂�
= m̄2� (2.38)

the field equation is (
∂2+ m̄2)�= 0 (2.39)

where ∂2= 1
c2
∂2

∂t2 −�2. Thus, we find that the equation ofmotion for the freemassive scalar
field� is

1
c2
∂2�

∂t2
−�2�+ m̄2�= 0 (2.40)

This is precisely the Klein-Gordon equation if the constant m̄ is identified with mc
�
. Indeed,

the plane-wave solutions of these equations are

�=�0ei(p0x0−p·x)/� (2.41)

where p0 and p are related through the dispersion law:

p20= p2c2+m2c4 (2.42)

Thus for each momentum p, there are two solutions, one with positive frequency and one
with negative frequency. We will see in section 4.3 that, in the quantized theory, the energy
of the excitation is indeed equal to |p0|. Notice that 1

m̄ = �

mc has units of length and is equal
to the Compton wavelength for a particle of massm. From now on (unless it is stated to the
contrary), we will use units in which �= c= 1 andm= m̄.

2.4 Classical field theory in the canonical formalism

In classical mechanics, it is often convenient to use the canonical formulation in terms of
a Hamiltonian instead of the Lagrangian approach. For the case of a system of particles,
the canonical formalism proceeds as follows. Given a Lagrangian L(q, q̇), a canonical
momentum p is defined to be

∂L
∂ q̇
= p (2.43)

The classical Hamiltonian H(p, q) is defined by the Legendre transformation

H(p, q)= pq̇− L(q, q̇) (2.44)

If the Lagrangian L is quadratic in the velocities q̇ and separable, for example,

L= 1
2
mq̇2−V(q) (2.45)



16 . Chapter 2

then H(p, q) is simply given by

H(p, q)= pq̇−
(
mq̇2

2
−V(q)

)
= p2

2m
+V(q) (2.46)

where
p= ∂L

∂ q̇
=mq̇ (2.47)

The (conserved) quantity H is then identified with the total energy of the system.
In this language, the least action principle becomes

δS= δ
∫

L dt= δ
∫
[pq̇−H(p, q)] dt= 0 (2.48)

Hence ∫
dt
(
δp q̇+ p δq̇− δp ∂H

∂p
− δq ∂H

∂q

)
= 0 (2.49)

On integration by parts, we get
∫

dt
[
δp

(
q̇− ∂H

∂p

)
+ δq

(
−∂H
∂q
− ṗ

)]
= 0 (2.50)

which can only be satisfied for arbitrary variations δq(t) and δp(t) if

q̇= ∂H
∂p

ṗ=−∂H
∂q

(2.51)

These are Hamilton’s equations.
Let us introduce the Poisson bracket {A,B}PB of two functions A and B of q and p by

{A,B}PB≡ ∂A
∂q
∂B
∂p
− ∂A
∂p
∂B
∂q

(2.52)

Let F(q, p, t) be some differentiable function of q, p, and t. Then the total time variation of
F is

dF
dt
= ∂F
∂t
+ ∂F
∂q

dq
dt
+ ∂F
∂p

dp
dt

(2.53)

Using Hamilton’s equations, we get the result

dF
dt
= ∂F
∂t
+ ∂F
∂q
∂H
∂p
− ∂F
∂p
∂H
∂q

(2.54)

or, in terms of Poisson brackets:

dF
dt
= ∂F
∂t
+{F,H}PB (2.55)

In particular,
dq
dt
= ∂H
∂p
= ∂q
∂q
∂H
∂p
− ∂q
∂p
∂H
∂q
={q,H}PB (2.56)
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since
∂q
∂p
= 0 and

∂q
∂q
= 1 (2.57)

Also, the total rate of change of the canonical momentum p is

dp
dt
= ∂p
∂q
∂H
∂p
− ∂p
∂p
∂H
∂q
≡−∂H

∂q
(2.58)

since ∂p
∂q = 0 and ∂p

∂p = 1. Thus,
dp
dt
={p,H}PB (2.59)

Notice that, for an isolated system, H is time independent. So,

∂H
∂t
= 0 (2.60)

and
dH
dt
= ∂H
∂t
+{H,H}PB= 0 (2.61)

since
{H,H}PB= 0 (2.62)

Therefore, H can be regarded as the generator of infinitesimal time translations. Since it is
conserved for an isolated system, for which ∂H

∂t = 0, we can indeed identifyH with the total
energy. In passing, let us also notice that the above definition of the Poisson bracket implies
that q and p satisfy

{q, p}PB= 1 (2.63)

This relation is fundamental for the quantization of these systems.
Much of this formulation can be generalized to the case of fields. Let us first discuss the

canonical formalism for the case of a scalar field�with Lagrangian densityL(�, ∂μ,�). We
will choose �(x) to be the (infinite) set of canonical coordinates. The canonical momentum
�(x) is defined by

�(x)= δL
δ∂0�(x)

(2.64)

If the Lagrangian is quadratic in ∂μ�, the canonical momentum�(x) is simply given by

�(x)= ∂0�(x)≡ �̇(x) (2.65)

The Hamiltonian densityH(�,�) is a local function of�(x) and�(x); it is given by

H(�,�)=�(x) ∂0�(x)−L(�, ∂0�) (2.66)

If the Lagrangian density L has the simple form

L= 1
2
(∂μ�)

2−V(�) (2.67)
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then the Hamiltonian densityH(�,�) is

H=��̇−L(�, �̇, ∂j�)≡ 1
2
�2(x)+ 1

2
(��(x))2+V (�(x)) (2.68)

which is explicitly a positive-definite quantity if the potential V(�)≥ 0. This is the case for
a free massive scalar field where V(�)= m2

2 �
2. Thus, the energy of a plane-wave solution

of a massive scalar field theory (i.e., a solution of the Klein-Gordon equation) is always
positive, no matter the sign of the frequency. In fact, the lowest energy state is simply �=
constant. A solution made of linear superpositions of plane waves (i.e., a wave packet) has
positive energy. Therefore, in field theory, the energy is always positive. We will see that, in
the quantized theory, in the case of a complex field, the negative frequency solutions are
identified with antiparticle states, and their existence does not signal a possible instability
of the theory.

The canonical field �(x) and the canonical momentum �(x) satisfy the equal-time
Poisson bracket (PB) relations:

{�(x, x0),�(y, x0)}PB= δ(x− y) (2.69)

where δ(x) is the Dirac δ function and the Poisson bracket {A,B}PB is defined to be

{A,B}PB=
∫

d3x
[

δA
δ�(x, x0)

δB
δ�(x, x0)

− δA
δ�(x, x0)

δB
δ�(x, x0)

]
(2.70)

for any two functionals A and B of �(x) and �(x). This approach can be extended to
theories other than that of a scalar field without too much difficulty. We will come back
to these issues when considering the problem of quantization in section 4.2. Finally, note
that while Lorentz invariance is apparent in the Lagrangian formulation, it is not so in the
Hamiltonian formulation of a classical field.

2.5 Field theory of the Dirac equation

We now turn to the problem of a field theory for spinors. We will discuss the theory of
spinors as a classical field theory. It turns out that this theory is not consistent unless it is
properly quantized as a QFT of spinors. We will return to this problem in chapter 7.

Let us rewrite the Dirac equation

i�
∂

∂t
= �c

i
α ·� +βmc2 ≡HDirac (2.71)

in a manner so that relativistic covariance is apparent. The operator HDirac is the Dirac
Hamiltonian.

We first recall that the 4× 4 hermitian matrices α and β should satisfy the algebra

{αi,αj}= 2δij I, {αi,β}= 0, α2i =β2= I (2.72)

where I is the 4× 4 identity matrix.
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A simple representation of this algebra is the set of 2× 2 block (Dirac) matrices

αi=
(

0 σ i

σ i 0

)
β =

(
I 0
0 −I

)
(2.73)

where the σ i matrices are the three 2× 2 Pauli matrices,

σ 1=
(

0 1
1 0

)
σ 2=

(
0 −i
i 0

)
σ 3=

(
1 0
0 −1

)
(2.74)

and I is the 2× 2 identity matrix. This is the Dirac representation of the Dirac algebra.
It is now convenient to introduce the Dirac gamma matrices:

γ 0=β γ i=βαi (2.75)

The Dirac gamma matrices γ μ have the block form

γ 0=β =
(

I 0
0 −I

)
, γ i=

(
0 σ i

−σ i 0

)
(2.76)

and obey the Dirac algebra
{γ μ, γ ν}= 2gμν I (2.77)

where I is the 4× 4 identity matrix.
In terms of the gamma matrices, the Dirac equation takes the much simpler, covariant,

form (
iγ μ∂μ− mc

�

)
 = 0 (2.78)

where is a 4-spinor. It is also customary to introduce the notation (known as “Feynman’s
slash”)

/a≡ aμγ μ (2.79)

Using Feynman’s slash, we can write the Dirac equation in the form

(
i/∂ − mc

�

)
 = 0 (2.80)

From now on, we will use units in which �= c= 1. In these units, energy has units of
length−1 and time has units of length.

Notice that, if satisfies the Dirac equation, then it also satisfies

(i/∂ +m)(i/∂ −m) = 0 (2.81)

Also, we find that

/∂ · /∂ = ∂μ∂νγ μγ ν = ∂μ∂ν
(
1
2
{γ μ, γ ν}+ 1

2
[γ μγ ν]

)

= ∂μ∂νgμν = ∂2 (2.82)
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where we used that the commutator [γ μ, γ ν] is antisymmetric in the indices μ and ν. As a
result, we find that each component of the 4-spinor  must also satisfy the Klein-Gordon
equation

(
∂2+m2) = 0 (2.83)

2.5.1 Solutions of the Dirac equation

Let us briefly discuss the properties of the solutions of the Dirac equation. First consider
solutions representing particles at rest. Thus, must be constant in space, and all its space
derivatives must vanish. The Dirac equation becomes

iγ 0 ∂

∂t
=m (2.84)

where t= x0 (c= 1). Let us introduce the bispinors φ and χ

 =
(
φ

χ

)
(2.85)

We find that the Dirac equation reduces to a simple system of two 2× 2 equations:

i
∂φ

∂t
=+mφ, i

∂χ

∂t
=−mχ (2.86)

The four linearly independent solutions are

φ1= e−imt
(

1
0

)
φ2= e−imt

(
0
1

)
(2.87)

and

χ1= eimt
(

1
0

)
χ2= eimt

(
0
1

)
(2.88)

Thus, the upper component φ represents the solutions with positive energy +m, while χ
represents the solutions with negative energy −m. The additional two-fold degeneracy of
the solutions is related to the spin of the particle, as we will see below.

More generally, in terms of the bispinors φ and χ , the Dirac equation takes the form

i
∂φ

∂t
=mφ+ 1

i
σ ·�χ (2.89)

i
∂χ

∂t
=−mχ + 1

i
σ ·�φ (2.90)

Furthermore, in the nonrelativistic limit, taking formally c→∞, it should reduce to the
Schrödinger-Pauli equation. To see this, we define the slowly varying amplitudes φ̃ and χ̃ :

φ= e−imtφ̃

χ= e−imtχ̃ (2.91)
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The field χ̃ is small and nearly static. We will now see that the field φ̃ describes solutions
with positive energies close to+m. In terms of φ̃ and χ̃ , the Dirac equation becomes

i
∂φ̃

∂t
= 1

i
σ ·�χ̃ (2.92)

i
∂χ̃

∂t
=−2mχ̃ + 1

i
σ ·�φ̃ (2.93)

Indeed, in this limit, the left side of eq. (2.93) is much smaller than its right side. Thus we
can approximate:

2mχ̃ ≈ 1
i
σ ·�φ̃ (2.94)

We can now eliminate the “small component” χ̃ from eq. (2.92) to find that φ̃ satisfies

i
∂φ̃

∂t
=− 1

2m
�2 φ̃ (2.95)

which is indeed the Schrödinger-Pauli equation.

2.5.2 Conserved current

Let us introduce one last bit of useful notation. Define ̄ by

̄ =† γ 0 (2.96)

in terms of which we can write down the 4-vector jμ:

jμ= ̄γ μ (2.97)

which is conserved, that is,
∂μjμ= 0 (2.98)

Notice that the time component of jμ is the density

j0= ̄γ 0 ≡† (2.99)

and that the space components of jμ are

j= ̄γ =†γ 0γ =†α (2.100)

Thus the Dirac equation has an associated 4-vector field, jμ(x), which is conserved and
obeys a local continuity equation:

∂0j0+� · j= 0 (2.101)

However, it is easy to see that in general, the density j0 can be positive or negative.
Hence this current cannot be associated with a probability current (as in nonrelativistic
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quantum mechanics). Instead we will see that it is associated with the charge density and
current.

2.5.3 Relativistic covariance

Let� be a Lorentz transformation. Let(x) be a spinor field in an inertial frame, and ′(x′)
be the same Dirac spinor field in the transformed frame. The Dirac equation is covariant if
the Lorentz transformation

x′μ=�ν
μxν (2.102)

induces a linear transformation S(�) in spinor space,

 ′α(x
′)= S(�)αββ(x) (2.103)

such that the transformed Dirac equation has the same form as the original equation in the
original frame. That is, we will require that if

(
iγ μ

∂

∂xμ
−m

)

αβ

β(x)= 0, then
(
iγ μ

∂

∂x′μ
−m

)

αβ

 ′β(x
′)= 0 (2.104)

Notice two important facts: (1) both the field  and the coordinate x change under the
action of the Lorentz transformation, and (2) the gamma matrices and the mass m do not
change under a Lorentz transformation. Thus, the gamma matrices are independent of the
choice of a reference frame. However, they do depend on the choice of the basis in spinor
space.

What properties should the representation matrices S(�) have? Let us first observe that
if x′μ=�μ

ν xν , then
∂

∂x′μ
= ∂xν

∂x′μ
∂

∂xν
≡ (�−1)ν

μ

∂

∂xν
(2.105)

Thus, ∂
∂xμ is a covariant vector. By substituting this transformation law back into the Dirac

equation, we find

iγ μ
∂

∂x′μ
 ′(x′)= iγ μ(�−1)νμ

∂

∂xν
(S(�)(x)) (2.106)

Thus, the Dirac equation now reads

iγ μ
(
�−1

)
μ

ν S(�)
∂

∂xν
−mS (�) = 0 (2.107)

Or, equivalently,

S−1 (�) iγ μ
(
�−1

)
μ
ν S (�)

∂

∂xν
−m = 0 (2.108)

Therefore, covariance holds provided S (�) satisfies the identity

S−1 (�) γ μS (�)
(
�−1

)
μ

ν = γ ν (2.109)

Since the set of Lorentz transformations forms a group, the representation matrices S(�)
should also form a group. In particular, it must be true that the property

S−1 (�)= S
(
�−1

)
(2.110)
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holds. Recall that the invariance of the relativistic interval x2= xμxμ implies that � must
obey

�ν
μ�ν

λ= gμλ≡ δμλ (2.111)

Hence,
�μ

ν = (�−1) νμ (2.112)

So we can rewrite eq. (2.109) as

S (�) γ μS (�)−1= (�−1)μ ν γ ν (2.113)

Eq. (2.113) shows that a Lorentz transformation induces a similarity transformation on the
gamma matrices, which is equivalent to (the inverse of) a Lorentz transformation. From
this equation, it follows that, for the case of Lorentz boosts, eq. (2.113) shows that the
matrices S(�) are hermitian. Instead, for the subgroup SO(3) of rotations about a fixed
origin, thematrices S(�) are unitary. These different properties follow from the fact that the
matrices S(�) are a representation of the Lorentz group SO(3, 1), which is a noncompact Lie
group.

We will now find the form of S (�) for an infinitesimal Lorentz transformation. Since
the identity transformation is�μ

ν = gμν , a Lorentz transformation infinitesimally close to the
identity should have the form

�μ
ν = gμν +ωμν , and

(
�−1

)μ
ν
= gμν −ωμν (2.114)

where ωμν is infinitesimal and antisymmetric in its spacetime indices:

ωμν =−ωνμ (2.115)

Let us parametrize S (�) in terms of a 4× 4 matrix σμν , which is also antisymmetric in its
indices (i.e., σμν =−σνμ). Then we can write

S (�)= I− i
4
σμνω

μν + · · ·

S−1 (�)= I+ i
4
σμνω

μν + · · · (2.116)

where I stands for the 4× 4 identity matrix. If we substitute back into eq. (2.113), we get

(I− i
4
σμνω

μν + · · · )γ λ(I+ i
4
σαβω

αβ + · · · )= γ λ−ωλνγ ν + · · · (2.117)

Collecting all the terms linear in ω, we obtain

i
4
[
γ λ, σμν

]
ωμν =ωλνγ ν (2.118)

Or equivalently, the matrices σμν must obey

[γ μ, σνλ]= 2i(gμν γλ− gμλ γν) (2.119)
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This matrix equation has the solution

σμν = i
2
[γμ, γν] (2.120)

Under a finite Lorentz transformation x′ =�x, the 4-spinors transform as

 ′(x′)= S (�) (2.121)

with
S (�)= exp

(
− i
4
σμνω

μν

)
(2.122)

The matrices σμν are the generators of the group of Lorentz transformations in the spinor
representation. From this solution, we see that the space components σjk are hermitian
matrices, while the spacetime components σ0j are antihermitian. This feature is telling
us that the Lorentz group is not a compact unitary group, since in that case, all of its
generators would be hermitian matrices. Instead, this result tells us that the Lorentz group
is isomorphic to the noncompact group SO(3, 1). Thus, the representation matrices S(�)
are unitary only under space rotations with fixed origin.

The linear operator S (�) gives the field in the transformed frame in terms of the coor-
dinates of the transformed frame. However, we may also wish to ask for the transformation
U (�) that compensates for the effect of the coordinate transformation. In other words, we
seek a matrix U (�) such that

 ′(x)=U (�)(x)= S (�)(�−1x) (2.123)

For an infinitesimal Lorentz transformation, we seek a matrix U (�) of the form

U (�)= I− i
2
Jμνωμν + · · · (2.124)

and we wish to find an expression for Jμν . We find
(
I− i

2
Jμνωμν + · · ·

)
 =

(
I− i

4
σμνω

μν + · · ·
)

(
xρ −ωρν xν + · · ·

)

∼=
(
I− i

4
σμνω

μν + · · ·
) (
 − ∂ρ ωρν xν + · · ·

)
(2.125)

Hence,
 ′(x)∼=

(
I− i

4
σμνω

μν + xμωμν∂ν + · · ·
)
(x) (2.126)

From this expression, we see that Jμν is given by the operator

Jμν = 1
2
σμν + i(xμ∂ν − xν∂μ) (2.127)

Note that the second term is the orbital angular momentum operator (we will come back to
this issue shortly). The first term is then interpreted as the spin.
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In fact, let us consider purely spatial rotations, whose infinitesimal generators are the
space components of Jμν , that is,

Jjk= i(xj∂k− xk∂j)+ 1
2
σjk (2.128)

We can also define a three-component vector J� as the three-dimensional dual of Jjk:

Jjk= εjklJ� (2.129)

where εijk is the third-rank Levi-Civita tensor:

εijk=

⎧
⎪⎨

⎪⎩

1 if (ijk) is an even permutation of (123)
−1 if (ijk) is an odd permutation of (123)
0 otherwise

(2.130)

Thus, we get (after restoring the factors of �):

J�= i�
2
ε�jk(xj∂k− xk∂j)+ �

4
ε�jkσjk

= i � ε�jk xj∂k+ �

2

(
1
2
ε�jkσjk

)

J�≡
(
x× p̂

)
�
+ �

2
σ� (2.131)

The first term is clearly the orbital angularmomentum, and the second term can be regarded
as the spin. With this definition, it is straightforward to check that the spinors (φ,χ), which
are solutions of the Dirac equation, carry spin 1/2.

2.5.4 Transformation properties of field bilinears in the Dirac theory

We will now consider the transformation properties of several physical observables of the
Dirac theory under Lorentz transformations. Let � be a general Lorentz transformation,
and S(�) be the induced transformation for the Dirac spinorsa(x) (with a= 1, . . ., 4):

 ′a(x
′)= S(�)abb(x) (2.132)

Using the properties of the induced Lorentz transformation S(�) and of the Dirac
gamma matrices, it is straightforward to verify that the Dirac bilinears obey the following
transformation laws.

Scalar:
̄ ′(x′ ) ′(x′ )= ̄(x)(x) (2.133)

which transforms as a scalar.
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Pseudoscalar: Define the Dirac matrix γ5= iγ0γ1γ2γ3. Then the bilinear

̄ ′(x′ ) γ5 ′(x′ )= det�̄(x) γ5(x) (2.134)

transforms as a pseudoscalar.

Vector: Likewise,
̄ ′(x′ ) γ μ  ′(x′ )=�μ

ν ̄(x) γ
ν (x) (2.135)

transforms as a vector.

Pseudovector:
̄ ′(x′ ) γ5γ μ  ′(x′ )= det��μ

ν ̄(x) γ5γ
ν (x) (2.136)

transforms as a pseudovector.

Tensor: Finally,
̄ ′(x′ ) σμν  ′(x′ )=�μ

α �
ν
β ̄(x) σ

αβ (x) (2.137)

transforms as a tensor.
In the above equations, �μ

ν denotes a Lorentz transformation, and det� is its determi-
nant. We have also used that

S−1(�)γ5S(�)= det�γ5 (2.138)

Also, note that the Dirac algebra provides a natural basis for the space of 4× 4 matrices,
which we denote by

�S≡ I, �V
μ ≡ γμ, �T

μν ≡ σμν , �A
μ ≡ γ5γμ, �P= γ5 (2.139)

where S, V , T, A, and P stand for scalar, vector, tensor, axial vector (or pseudovector), and
parity, respectively. For future reference, note the following useful trace identities obeyed
by products of Dirac gamma matrices:

trI= 4, trγμ= trγ5= 0, trγμγν = 4gμν (2.140)

Also, if we denote by aμ and bμ two arbitrary 4-vectors, then

/a /b= aμbμ− iσμν aμbν , and tr
(
/a /b
)= 4a · b (2.141)

2.5.5 The Dirac Lagrangian

We now seek a Lagrangian density L for the Dirac theory. It should be a local differentiable
Lorentz-invariant functional of the spinor field . Since the Dirac equation is first order in
derivatives and it is Lorentz covariant, the Lagrangian should be Lorentz invariant and first
order in derivatives. A simple choice is

L= ̄(i/∂ −m) ≡ 1
2
̄i
←→
/∂  −m̄ (2.142)

where ̄
←→
/∂  ≡ ̄(/∂)− (∂μ̄)γ μ . This choice satisfies all the requirements.



Classical Field Theory . 27

The equations of motion are derived in the usual manner, that is, by demanding that the
action S= ∫ d4xL be stationary:

δS= 0=
∫

d4x
[ δL
δα

δα + δL
δ∂μα

δ∂μα + (↔ ̄)
]

(2.143)

The equations of motion are

δL
δα
− ∂μ δL

δ∂μα
= 0

δL
δ̄α
− ∂μ δL

δ∂μ̄α
= 0 (2.144)

By direct substitution, we find

(i/∂ −m) = 0, and ̄(i
←−
/∂ +m)= 0 (2.145)

Here,
←−
/∂ indicates that the derivatives are acting on the left.

Finally, we can alsowrite down theHamiltonian density that follows from the Lagrangian
of eq. (2.142). As usual, we need to determine the canonical momentum conjugate to the
field :

�(x)= δL
δ∂0(x)

= ī(x)γ 0≡ i†(x) (2.146)

Thus the Hamiltonian density is

H=�(x)∂0(x)−L= īγ 0∂0 −L
= ̄iγ ·� +m̄

=† (iα ·�+mβ) (2.147)

Thus we find that the “one-particle” DiracHamiltonianHDirac of eq. (2.71) appears naturally
in the field theory as well.

Since the Hamiltonian of eq. (2.147) is first order in derivatives, unlike its Klein-Gordon
relative, it is not manifestly positive. Thus, there is a question of the stability of this theory.
Wewill see below that the proper quantization of this theory as a QFT of fermions solves this
problem. In other words, it will be necessary to impose the Pauli principle for this theory
to describe a stable system with an energy spectrum that is bounded from below. In this
way, we will see that there is a natural connection between the spin of the field and the
statistics. This connection, which actually is an axiom of QFT, is known as the spin-statistics
theorem.

2.6 Classical electromagnetism as a field theory

We now turn to the problem of the electromagnetic field generated by a set of sources.
Let ρ(x) and j(x) represent the charge and current densities, respectively, at a point x of
spacetime. Charge conservation requires that a continuity equation has to be obeyed:
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∂ρ

∂t
+� · j= 0 (2.148)

Given an initial condition, which specifies the values of the electric field E(x) and the
magnetic field B(x) at some t0 in the past, the time evolution is governed by the Maxwell
equations:

� ·E= ρ � ·B= 0 (2.149)

�×B− 1
c
∂E
∂t
= j �×E+ 1

c
∂B
∂t
= 0 (2.150)

It is possible to reformulate classical electrodynamics in a manner in which (1) relativistic
covariance is apparent, and (2) the Maxwell equations follow from a least action principle.
A convenient way to see the above is to define the electromagnetic field tensor Fμν , which
is the (contravariant) antisymmetric real tensor whose components are given by

Fμν =−Fνμ=

⎛

⎜⎜
⎝

0 −E1 −E2 −E3

E1 0 −B3 B2

E2 B3 0 −B1

E3 −B2 B1 0

⎞

⎟⎟
⎠ (2.151)

Or, equivalently,

F0i=−Fi0=−Ei

Fij=−Fji= εijkBk (2.152)

The dual tensor F̃μν is defined as follows:

F̃μν =−F̃νμ= 1
2
εμνρσFρσ (2.153)

where εμνρσ is the fourth-rank Levi-Civita tensor, defined similarly to the third-rank
Levi-Civita tensor of eq. (2.130). In particular,

F̃μν =

⎛

⎜⎜
⎝

0 −B1 −B2 −B3

B1 0 E3 −E2

B2 −E3 0 E2

B3 E2 −E2 0

⎞

⎟⎟
⎠ (2.154)

With these notations, we can rewrite the left column of Maxwell’s equations, eq. (2.150),
in the more compact and manifestly covariant form

∂μFμν = jν (2.155)

which we will interpret as the equations of motion of the electromagnetic field. The right
column of the Maxwell equations, eq. (2.150), becomes the constraint

∂μF̃μν = 0 (2.156)
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which is known as the Bianchi identity. Then consistency of theMaxwell equations requires
that the continuity equation

∂μjμ= 0 (2.157)

be satisfied.
By inspection, we see that the field tensor Fμν and the dual field tensor F̃μν map into each

other on exchanging the electric and magnetic fields. This electromagnetic duality would be
an exact property of electrodynamics if in addition to the electric charge current jμ, the
Bianchi identity (eq. (2.156)) included a magnetic charge current (of magnetic monopoles).

At this point, it is convenient to introduce the vector potential Aμ, whose contravariant
components are

Aμ(x)=
(
A0

c
,A
)

(2.158)

The current 4-vector jμ(x) is

jμ(x)= (ρc, j)≡ (j0, j) (2.159)

The electric field strength E and the magnetic field B are defined to be

E=−1
c
�A0− 1

c
∂A
∂t

, B=�×A (2.160)

In a more compact, relativistically covariant notation, we write

Fμν = ∂μAν − ∂νAμ (2.161)

In terms of the vector potential Aμ, the Maxwell equations remain unchanged under the
(local) gauge transformation:

Aμ(x) �→Aμ(x)+ ∂μ�(x) (2.162)

where �(x) is an arbitrary smooth function of the spacetime coordinates xμ. It is easy to
check that, under the transformation of eq. (2.162), the field strength remains invariant
(i.e., Fμν �→ Fμν). This property is called gauge invariance, and it plays a fundamental role
in modern physics.

By directly substituting the definitions of the magnetic field B and the electric field E in
terms of the 4-vector Aμ into the Maxwell equations, we obtain the wave equation. Indeed,
the equation of motion

∂μFμν = jν (2.163)

yields the equation for the vector potential:

∂2Aν − ∂ν(∂μAμ)= jν (2.164)

which is the wave equation.
We can now use gauge invariance to further restrict the vector potential Aμ, which is

not completely determined. These restrictions are known as the procedure of fixing a gauge.
The choice

∂μAμ= 0 (2.165)
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known as the Lorentz gauge, yields the simpler and standard form of the wave equation:

∂2Aμ= jμ (2.166)

Notice that the Lorentz gauge preserves Lorentz covariance.
Another popular choice is the radiation (or Coulomb) gauge:

� ·A= 0 (2.167)

which yields (in units with c= 1)

∂2Aν − ∂ν(∂0A0)= jν (2.168)

which is not Lorentz covariant. In the absence of external sources, jν = 0, we can further
impose the restriction that A0= 0. This choice reduces the set of three equations, one for
each spatial component of A, which satisfy

∂2A= 0, provided � ·A= 0 (2.169)

The solutions are, as we well know, plane waves of the form

A(x)=A ei(p0x0−p·x) (2.170)

which are only consistent if p20− p2= 0 and p ·A= 0. For the last reason, this choice is also
known as the transverse gauge.

We can also regard the electromagnetic field as a dynamical system and construct a
Lagrangian picture for it. Since the Maxwell equations are local, gauge invariant, and
Lorentz covariant, we should demand that the Lagrangian density also be local, gauge
invariant, and Lorentz invariant. Since, in terms of the vector potential Aμ, the Maxwell
equations are second order in derivatives, we seek a local Lagrangian density that is also
second order in derivatives of the vector potential. A simple choice that satisfies all the
requirements is

L=−1
4
FμνFμν − jμAμ (2.171)

This Lagrangian density is manifestly Lorentz invariant. Gauge invariance is satisfied if
and only if jμ is a conserved current (i.e., if ∂μjμ= 0) since under a gauge transformation
Aμ �→Aμ+ ∂μ�(x), the field strength does not change. However, the source term changes
as follows:

∫
d4x jμAμ �→

∫
d4x

[
jμAμ+ jμ∂μ�

]

=
∫

d4x jμAμ+
∫

d4x ∂μ(jμ�)−
∫

d4x ∂μjμ � (2.172)

If the sources vanish at infinity (lim|x|→∞ jμ= 0), then the surface term can be dropped.
Thus the action S= ∫ d4xL is gauge invariant if and only if the current jμ is locally
conserved,



Classical Field Theory . 31

∂μjμ= 0 (2.173)

which is the continuity equation.
We can nowderive the equations ofmotion by demanding that the action S be stationary:

δS=
∫

d4x
[
δL
δAμ

δAμ+ δL
δ∂νAμ

δ∂νAμ
]
= 0 (2.174)

Much as we did before, we can now proceed to integrate by parts to get

δS=
∫

d4x ∂ν
[
δL

δ∂νAμ
δAμ

]
+
∫

d4x δAμ
[
δL
δAμ
− ∂ν

(
δL

δ∂νAμ

)]
(2.175)

By demanding that at the surface, the variation vanishes (δAμ= 0), we get

δL
δAμ
= ∂ν

(
δL

δ∂νAμ

)
(2.176)

Explicitly, we find
δL
δAμ
=−jμ, and

δL
δ∂νAμ

= Fμν (2.177)

Thus, we obtain
jμ=−∂νFμν (2.178)

or, equivalently,
jν = ∂μFμν (2.179)

Therefore, the least action principle implies the Maxwell equations.

2.7 The Landau theory of phase transitions as a field theory

We now turn to the problem of the statistical mechanics of a magnet. To be a little more
specific, we consider the simplest model of a ferromagnet: the classical Ising model. In this
model, one considers an array of atoms on some lattice (say, cubic). Each site is assumed
to have a net spin magnetic moment S(i). From elementary quantum mechanics, we know
that the simplest interaction among the spins is the Heisenberg exchange Hamiltonian,

H=−
∑

<i,j>
JijS(i) · S(j) (2.180)

where< i, j> are nearest neighboring sites on the lattice (see figure 2.3). Inmany situations,
in which there is magnetic anisotropy, only the z-component of the spin operators plays a
role. The Hamiltonian now reduces to that of the Ising model:

HI =−J
∑

<ij>
σ(i)σ (j)≡E[σ ] (2.181)

where [σ ] denotes a configuration of spins with σ(i) being the z-projection of the spin at
each site i.
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i j
S(j)S(i)

Figure 2.3 Spins on a lattice.

The equilibrium properties of the system are determined by the partition function Z,
which is the sum over all spin configurations [σ ] of the Boltzmann weight for each state,

Z=
∑

{σ }
exp

(
−E[σ ]

T

)
(2.182)

where T is the temperature, and {σ } is the set of all spin configurations.
In the 1950s, Landau developed a picture to study these types of problems, which in

general are very difficult. Landau first proposed to work not with the microscopic spins
but with a set of coarse-grained configurations (Landau, 1937). One way to do this, using
the more modern version of the argument due to Kadanoff (Kadanoff, 1966) and Wilson
(Wilson, 1971), is to partition a large system of linear size L into regions or blocks of smaller
linear size � such that a0 � L, where a0 is the lattice spacing. Each one of these regions
will be centered around a site, say, x. We will denote such a region byA(x). The idea is now
to perform the sum (i.e., the partition function Z), while keeping the total magnetization of
each regionA(x) fixed at the values

M(x)= 1
N[A]

∑

y∈A(x)
σ (y) (2.183)

where N[A] is the number of sites in A(x). The restricted partition function is now a
functional of the coarse-grained local magnetizationsM(x):

Z[M]=
∑

{σ }
exp

{
−E[σ ]

T

} ∏

x
δ

⎛

⎝M(x)− 1
N(A)

∑

y∈A(x)
σ (y)

⎞

⎠ (2.184)

The variablesM(x) have the property that, for N(A) very large, they effectively take values
on the real numbers. Also, the coarse-grained configurations {M(x)} are smoother than the
microscopic configurations {σ }.
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At very high temperatures, the average magnetization 〈M〉= 0 and the system is in a
paramagnetic phase. In contrast, at low temperatures, the average magnetization can be
nonzero, and the system may be in a ferromagnetic phase. Thus, at high temperatures,
the partition function Z is dominated by configurations that have 〈M〉= 0, while at very
low temperatures, the most frequent configurations have 〈M〉 �= 0. Landau proceeded to
write down an approximate form for the partition function in terms of sums over smooth,
continuous configurationsM(x), which formally, can be represented in the form

Z≈
∫

DM(x) exp
(
− E [M(x),T]

T

)
(2.185)

where DM(x) is an integration measure that means “sum over all configurations.” We will
define this more properly later on, in chapter 15.

Assume that for the dominant configurations in the sum (integral!) shown in eq. (2.185),
the local averagesM(x) are smooth functions of x and are small. Then the energy functional
E[M] can be written as an expansion in powers of M(x) and of its space derivatives. With
these assumptions, the free energy of the magnet in D dimensions can be approximated by
the Ginzburg-Landau form (Landau and Lifshitz, 1959a):

E(M)=
∫

dDx
(
1
2
K(T)|�M(x)|2+ 1

2
a(T)M2(x)+ 1

4!b(T)M
4(x)+ · · ·

)
(2.186)

Ginzburg and Landau made the additional (and drastic) assumption that there is a single
configurationM(x) that dominates the full partition function. Under this assumption, which
can be regarded as a mean-field approximation, the free energy F=−T lnZ takes the same
form as eq. (2.186). In chapter 12, we will develop the theory of the effective action and
return to this point.

Thermodynamic stability requires that the stiffness K(T) and the coefficient b(T) of the
quartic termmust be positive. The second term has a coefficient a(T), which can have either
sign. A simple choice of these parameters is

K(T)�K0, b(T)� b0, a(T)� ā (T−Tc) (2.187)

where Tc is an approximate value of the critical temperature.
The free energy F(M) defines a classical, or Euclidean, field theory. In fact, by rescaling

the fieldM(x) in the form
�(x)=√KM(x) (2.188)

we can write the free energy as

F(�)=
∫

ddx
{
1
2
(��)2+U(�)

}
(2.189)

where the potential U(�) is

U(�)= m̄2

2
�2+ λ

4!�
4+ · · · (2.190)

where m̄2= a(T)
K , and λ= b

K2 . Except for the absence of the term involving the canonical
momentum �2(x), F(�) has a striking resemblance to the Hamiltonian of a scalar field
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U(Ф)

Ф0

Ф

–Ф0

T > T0

T < T0

Figure 2.4 The Landau free energy for the order-parameter field �: For T>T0, the free energy has
a unique minimum at�= 0, while for T<T0, there are two minima at�=±�0.

in Minkowski space! We will see in section 2.8 that this is not an accident and that the
Ginzburg-Landau theory is closely related to a QFT of a scalar field with a�4 potential.

Let us now ask: Is there a configuration �c(x) that gives the dominant contribution to
the partition function Z? If so, we should be able to approximate

Z=
∫

D� exp{−F(�)}≈ exp{−F(�c)}{1+ · · · } (2.191)

This statement is usually called the mean field approximation. Since the integrand is an
exponential, the dominant configuration �c must be such that F has a (local) minimum
at �c. Thus, configurations �c that leave F(�) stationary are good candidates (we actually
need local minima!). The problem of finding extrema is simply the condition δF= 0. This is
the same problem we solved for classical field theory in Minkowski spacetime. Notice that
in the derivation of F, we have invoked essentially the same type of arguments as before:
(1) invariance and (2) locality (differentiability).

The Euler-Lagrange equations can be derived by using the same arguments that we
employed in the context of a scalar field theory. In the case at hand, they become

− δF
δ�(x)

+ ∂j
(

δF
δ∂j�(x)

)
= 0 (2.192)

For the case of the Landau theory, the Euler-Lagrange equation becomes the Ginzburg-
Landau equation:

0=−�2�c(x)+ m̄2�c(x)+ λ

3!�
3
c (x) (2.193)

The solution �c(x) that minimizes the energy is uniform in space and thus has ∂j�c= 0.
Hence,�c is the solution of the very simple equation

m̄2�c+ λ

3!�
3
c = 0 (2.194)

Since λ is positive and m̄2 may have either sign (depending on whether T>Tc or T<Tc),
we have to explore both cases (see figure 2.4).
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For T>Tc, m̄2 is also positive, and the only real solution is �c= 0. This is the
paramagnetic phase. But, for T<Tc, m̄2 is negative, and two new solutions are available:

�c=±
√
6 | m̄2 |
λ

(2.195)

These are the solutions with lowest energy, and they are degenerate. They both represent the
magnetized (or ferromagnetic) phase.

We now must ask whether this procedure is correct, or rather, when we can expect this
approximation to work. The answer to this question is the central problem of the theory
of phase transitions, which describes the behavior of statistical systems in the vicinity of
a continuous (or second-order) phase transition. It turns out that this problem is also
connected with a central problem of QFT, namely, when and how it is possible to remove
the singular behavior of perturbation theory and in the process, remove all dependence on
the short distance (or high energy) cutoff from physical observables. In QFT, this procedure
amounts to a definition of the continuum limit. The answer to these questionsmotivated the
development of the renormalization group, which solved both problems simultaneously.

2.8 Field theory and statistical mechanics

Let us now discuss a mathematical procedure that will allow us to connect QFT to classical
statistical mechanics. We will use a mapping called aWick rotation.

Go back to the action for a real scalar field�(x) in D= d+ 1 spacetime dimensions:

S=
∫

dDxL(�, ∂μ) (2.196)

where dDx is
dDx≡ dx0ddx (2.197)

Let us formally carry out the analytic continuation of the time component x0 of xμ from real
to imaginary time xD:

x0 �→−ixD (2.198)

under which
�(x0, x) �→�(x, xD)≡�(x) (2.199)

where x= (x, xD). Under this transformation, the action (or rather, i times the action)
becomes

iS≡ i
∫

dx0 ddxL(�, ∂0 , ∂j�) �→
∫

dDxL(�,−i∂D�, ∂j�) (2.200)

If L has the form

L= 1
2
(∂μ�)

2−V(�)≡ 1
2
(∂0�)

2− 1
2
(��)2−V(�) (2.201)

then the analytic continuation yields

L(�,−i∂D ,��)=−1
2
(∂D�)

2− 1
2
(��)2−V(�) (2.202)
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Then we can write

iS(�, ∂μ�) −−−−−−→x0→−ixD −
∫

dDx
[
1
2
(∂D�)

2+ 1
2
(��)2+V(�)

]
(2.203)

This expression has the same form as (minus) the potential energy E(�) for a classical field
� in D= d+ 1 space dimensions. However, it is also the same as the energy for a classical
statisticalmechanics problem in the same number of dimensions (i.e., the Landau-Ginzburg
free energy of section 2.7.)

In classical statistical mechanics, the equilibrium properties of a system are determined
by the partition function. For the case of the Landau theory of phase transitions, the partition
function is

Z=
∫

D� e−E(�)/T (2.204)

where the symbol “
∫ D�” means sum over all configurations. We will discuss the meaning

of this expression and the definition of the “measure” D� in section 5.3. If we choose for
the energy functional E(�) the expression

E(�)=
∫

dDx
[
1
2
(∂�)2+V(�)

]
(2.205)

where
(∂�)2≡ (∂D�)2+ (��)2 (2.206)

we see that the partition function Z is formally the analytic continuation of

Z =
∫

D� eiS(�, ∂μ�)/� (2.207)

where we have used �, which has units of action (instead of temperature).
What is the physical meaning of Z? This expression suggests that Z should have

the interpretation of a sum of all possible functions �(x, t) (i.e., the histories of the
configurations of the field �) weighed by the phase factor exp{ i

�
S(�, ∂μ�)}. We will

discover in section 5.3 that if T is formally identified with the Planck constant �, then Z
represents the path-integral quantization of the field theory! Notice that the semiclassical
limit �→ 0 is formally equivalent to the low-temperature limit of the statistical mechanical
system.

The analytic continuation procedure that we just discussed is called a Wick rotation. It
amounts to a passage from D= d+ 1-dimensional Minkowski space to a D-dimensional
Euclidean space. We will find that this analytic continuation is a very powerful tool. As
we will see, various difficulties will arise when the theory is defined directly in Minkowski
space. Primarily, the problem is the presence of ill-defined integrals, which are given precise
meaning by a deformation of the integration contours from the real time (or frequency)
axis to the imaginary time (or frequency) axis. The deformation of the contour amounts
to a definition of the theory in Euclidean rather than in Minkowski space. The underlying
assumption is that the analytic continuation can be carried out without problems. Namely,
the assumption is that the result of this procedure is unique and that, whatever singularities
may be present in the complex plane, they do not affect the result. It is important to stress
that the success of this procedure is not guaranteed. However, in almost all theories that we
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know of, this assumption holds. The only case in which problems are known to exist is the
theory of quantum gravity (which we will not discuss in this book).

Exercises

2.1 The Dirac equation

1) Use the Dirac equation to show that the 4-current jμ= ψ̄γ μψ is conserved.
2) Show that if ψ is a 4-spinor that satisfies the Dirac equation, then ψ also satisfies

the Klein-Gordon equation.
3) Verify that the following identities hold:

i)
/A/B=A ·B− iσμνAμBν (2.208)

where Aμ and Bν are two arbitrary 4-vectors.
ii)

tr /A/B= 4A ·B (2.209)

iii)
γ λγ μγλ=−2γ μ (2.210)

2.2 Transformation properties of field bilinears in the Dirac theory
In this problem, you will consider again the Dirac theory and study the transforma-
tion properties of its physical observable under Lorentz transformations. Let

x′μ=�ν
μ xν (2.211)

be a general Lorentz transformation, and S(�) be the induced transformation for the
Dirac spinors ψa(x) (with a= 1, . . ., 4):

ψ ′a(x
′)= S(�)ab ψb(x) (2.212)

Verify that the Dirac bilinears listed obey the following transformation laws:

1)
ψ̄ ′(x′ ) ψ ′(x′ )= ψ̄(x) ψ(x) (2.213)

2)
ψ̄ ′(x′ ) γ5 ψ ′(x′ )= det�ψ̄(x) γ5 ψ(x) (2.214)

3)
ψ̄ ′(x′ ) γ μ ψ ′(x′ )=�μ

ν ψ̄(x) γ
ν ψ(x) (2.215)

4)
ψ̄ ′(x′ ) γ5γ μ ψ ′(x′ )= det��μ

ν ψ̄(x) γ5γ
ν ψ(x) (2.216)

5)
ψ̄ ′(x′ ) σμν ψ ′(x′ )=�μ

α �
ν
β ψ̄(x) σ

αβ ψ(x) (2.217)

where�μ
ν is a Lorentz transformation, and det� is its determinant.
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2.3 Chiral symmetry
Let us again consider the Dirac equation

(
i/∂ −m

)
ψ = 0 (2.218)

but this time, in the chiral representation for the Dirac γ -matrices:

γ 0=−σ 1⊗ I=
(

0 −I
−I 0

)

�γ = iσ 2⊗ �σ =
(

0 �σ
−�σ 0

)

γ5= γ 5=
(

I 0
0 −I

)

σ 0i= i
(
σ i 0
0 −σ i

)

σ ij= εijk
(
σ k 0
0 σ k

)

where σ i are the three Pauli matrices, and I is the 2× 2 identity matrix. Recall the
definition of the matrix γ5= iγ 0γ 1γ 2γ 3.

1) Using the Dirac matrices in the chiral representation, write down the Dirac
equation in terms of the 2-spinors φ and χ , where

ψ =
(
φ

χ

)
(2.219)

2) Show that if the excitations have zero mass (i.e., m= 0), the Dirac equation,
written in the chiral basis, decouples into two 2× 2 equations. Find the plane-
wave solutions of these equations, and calculate their dispersion law (i.e., energy-
momentum relation). Assign a chirality (γ5) quantum number to each solution.

3) Consider the chiral transformation (CT)

ψ ′ = eiγ5θ ψ (2.220)

i) Find out how the 2-spinors φ and χ transform under a CT.
ii) Find out how ψ̄ transforms under a CT.
iii) Find the transformation laws under a CT of the bilinears ψ̄ψ and ψ̄γ μψ .
iv) Is the Dirac equation covariant under a CT if m �= 0? Find the form of the

Dirac equation, in terms of 4-spinors ψ , after a CT with angle θ has been
carried out. What new terms do you find?

2.4 The Landau theory of phase transitions as a classical field theory
In the Landau-Ginzburg approach to the theory of phase transitions, the thermody-
namic properties of a one-component classical ferromagnet in thermal equilibrium
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are described by a free energy functional of an order-parameter field φ(x) (the
local magnetization). This functional contains, in addition to gradient terms, con-
tributions proportional to various powers of the local order parameter. Under some
circumstances the coefficient λ of the φ4 term of the energy functional may become
negative. This happens when the local magnetic moments have spin 1 rather than
spin 1/2. In this case, we have to include, in the energy functional, a term with a
higher power of φ (e.g., φ6) to ensure the thermodynamic stability of the system.

The (free) energy density E for this system has the form

E = 1
2
(�φ(x))2+U(φ(x)) (2.221)

where the potential U(φ(�x)) is

U(φ(x))= m2
0
2
φ2(x)+ λ4

4! φ
4(x)+ λ6

6! φ
6(x) (2.222)

withm2
0= a(T−T0), and λ4< 0, λ6> 0.

1) Use a variational principle to derive the saddle-point equations (i.e., the Landau-
Ginzburg equations) for this system.

2) Plot the potentialU(φ) for a constant field φ̄ for λ4< 0 (and fixed) at several tem-
peratures. Show that, as the temperature T is lowered, there exists a temperature
T∗>T0 at which the state with lowest energy has 〈φ〉 �= 0 (for fixed λ4< 0 and
λ6> 0). Plot the qualitative behavior of 〈φ〉 as a function of T. Is this a continuous
function? Is this a first-order or a second-order transition? Find the value of the
energy of the system in the ordered state.

3) Consider now the case λ4> 0, and show that the transition now takes place at
T0. Plot the qualitative behavior of 〈φ〉 as a function of T for this case. Is this a
continuous function? Is this a first-order or a second-order transition?

4) Summarize your results for the previous parts of this exercise in the form of a plot
of λ4 as a function of T−T0. Indicate on the graph the areas in which the system
is ordered and those in which it is disordered. Indicate where the transition is
first order and where it is second order. Find an analytic expression for the phase
boundary (i.e., the curve that separates the ordered and disordered states).

2.5 Scalar electrodynamics
The dynamics of a charged (complex) scalar fieldφ(x) coupled to the electromagnetic
field Aμ(x) is governed by the Lagrangian density,

L= (Dμφ(x)
)∗
(Dμφ(x))−m2

0|φ(x)|2−
λ

2
(|φ(x)|2)2− 1

4
FμνFμν (2.223)

where Dμ is the covariant derivative

Dμ≡ ∂μ+ ieAμ (2.224)

e is the electric charge, and ∗ denotes complex conjugation.
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1) Show that this Lagrangian density is invariant under the local gauge trans-
formations

φ′(x)=φ(x) e−ie�(x)

φ′∗(x)=φ∗(x) e+ie�(x)
A′μ(x)=Aμ(x)+ ∂μ�(x)

2) Derive the classical equations of motion in a manifestly relativistically covariant
form.

3) Find the Hamiltonian density for this system.
4) Write the complex field φ(x) in its polar components

φ(x)= ρ(x) eiθ(x) (2.225)

and find the equations of motion obeyed by the real fields ρ and θ . Write these
equations of motion in the gauge θ = 0, known as the London or unitary gauge.
Find the Lagrangian for the field ρ.

5) Show that, if m2
0< 0, the equation of motion for the field ρ in the London gauge

(derived in part 4 of this exercise) has a solutionwith ρ= ρ̄= constant> 0. Freeze
the field ρ at the value ρ̄, and find the effective Lagrangian for the remaining
degrees of freedom Aμ. Show that this Lagrangian has a term that is quadratic
in Aμ, and calculate its coefficient. By solving the equations of motion for Aμ
(derived from this effective Lagrangian), show that the coefficient of this quadratic
term can be interpreted as a photon mass. Note: This phenomenon is known
as the Meissner effect. This theory represents a system in a superconducting
state.

2.6 Fluctuations of the surface of a crystal
In this problem in classical statistical mechanics, the field φ(x) represents the local
vertical displacement (or height) of a lattice of atoms in d = two-dimensional space
from their equilibrium positions. This model is used to describe the statistical
fluctuations of a two-dimensional surface of a three-dimensional cubic crystal
(known as a surface-roughening problem). The energy of a field configuration {φ(x)}
is made up of the sum of two terms. The first term represents the elastic part

Eelastic[φ(x)]= 1
2

∫
d2x (�φ(x))2 (2.226)

which arises from small deviations of the positions of the atoms from their
equilibrium positions. The second part of the energy, which we denote by V[φ(x)],
represents the interactions that tend to lock the height field φ(x) to some definite
periodically arranged values. As a simple model, take the potential to be

V[φ(x)]=−g
∫

d2x cos(βφ(x)) (2.227)

where g is a coupling constant, and 2π/β is the lock-in period. The total energy of a
configuration is then given by
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E[φ(x)]=
∫

d2x
[
K
2
(�φ(x))2− g cos(βφ(x))

]
(2.228)

1) What are the dimensions of: the fieldφ, the coupling constant g, and the parameter
β? Assume that we have normalized the units, so that the energy is dimensionless.

2) Find the differential equation satisfied by the field configurations that extremize
the energy, that is, the field equations.

3) By properly rescaling the field φ(x) and the space coordinate x, write the field
equations in a dimensionless form without any free parameters. What combina-
tion of parameters has dimensions of length?

4) Find a solution of the field equations that satisfies the following: the rescaled
(dimensionless) φ(x) is a function of only one coordinate (say, x), and it satisfies
the boundary conditions

lim
x→+∞φ(x)= 2π , and lim

x→−∞φ(x)= 0 (2.229)

Hint: This problem reduces to a differential equation that can be solved by
regarding it as a classical mechanics problem of a particle with coordinate q=φ as
a function of time labeled by x. Note: This solution is known as a kink, a soliton,
or a discommensuration.

5) Is this solution unique?
6) Estimate the width of the kink.
7) A strain in the displacement field φ can be represented by modifying the elastic

energy as follows:

Eelastic= 1
2

∫
d2x

(�φ(x)− p
)2 (2.230)

How does the strain pmodify the field equations?
8) Perform an analytic continuation of Minkowski spacetime (a Wick rotation) by

regarding the y direction as imaginary time.

i) Write down the resulting Lagrangian density of the relativistic (1+1)-
dimensional field theory that you have found (known as the sine-Gordon
field theory).

ii) Write down the action of a field configuration.
iii) Compare the potential terms of the original problem in classical statistical

mechanics with that of the relativistic field theory you just derived. Make sure
to write your expressions in a manifestly relativistically invariant form.

9) Write down the classical equations of motion in a manifestly covariant form.
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Classical Symmetries and Conservation Laws

We have used the existence of symmetries in a physical system as a guiding principle for
the construction of their Lagrangians and energy functionals. We will show now that these
symmetries imply the existence of conservation laws.

There are different types of symmetries, which can be classified roughly into two
classes: (1) spacetime symmetries and (2) internal symmetries. Some symmetries involve
discrete operations and hence are called discrete symmetries, while others are continuous
symmetries. Furthermore, in some theories, these are global symmetries, while in others,
they are local symmetries. The latter class of symmetries go under the name of gauge
symmetries. We will see that, in the fully quantized theory, global and local symmetries
play different roles.

Spacetime symmetries are the most common examples of symmetries that are encoun-
tered in physics. They include translation invariance and rotation invariance. If the system
is isolated, then time translation is also a symmetry. A nonrelativistic system is in general
invariant under Galilean transformations, while relativistic systems, are instead Lorentz
invariant. Other spacetime symmetries include time-reversal (T), parity (P), and charge
conjugation (C). These symmetries are discrete.

In classical mechanics, the existence of symmetries has important consequences. Thus,
translation invariance, which is a consequence of uniformity of space, implies the conser-
vation of the total momentum P of the system. Similarly, isotropy implies the conservation
of the total angular momentum L, and time-translation invariance implies the conserva-
tion of the total energy E.

All of these concepts have analogs in field theory. However, in field theory, new
symmetries also appear that do not have an analog in the classical mechanics of particles.
These are the internal symmetries, which will be discussed below in detail.

3.1 Continuous symmetries and Noether’s theorem

We will show now that the existence of continuous symmetries has very profound
implications, such as the existence of conservation laws. One important feature of these
conservation laws is the existence of locally conserved currents. This is the content of the
following theorem, due to Emmy Noether.
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Figure 3.1 A spacetime 4-volume.

Noether’s theorem: For every continuous global symmetry there exists a global conserva-
tion law.

Before we prove this statement, let us discuss the connection between locally conserved
currents and constants of motion. In particular, let us show that for every locally conserved
current, there exists a globally conserved quantity (i.e., a constant of motion). Let jμ(x) be
some locally conserved current (i.e., jμ(x)) that satisfies the local constraint

∂μjμ(x)= 0 (3.1)

Let � be a bounded 4-volume in spacetime, with boundary ∂�. Then the divergence
(Gauss) theorem tells us that

0=
∫

�

d4x ∂μjμ(x)=
∮

∂�

dSμjμ(x) (3.2)

where the r.h.s. is a surface integral on the oriented closed surface ∂� (a 3-volume). Suppose
that the 4-volume� extends all theway to infinity in space andhas a finite extent in time�T.

If there are no currents at spatial infinity (i.e., lim|x|→∞ jμ(x, x0)= 0), then only the top
(at time T+�T) and the bottom (at time T) of the boundary ∂� (shown in figure 3.1) will
contribute to the surface (boundary) integral. Hence, the r.h.s. of eq. (3.2) becomes

0=
∫

V(T+�T)
dS0 j0(x,T+�T)−

∫

V(T)
dS0 j0(x,T) (3.3)

Since dS0≡ d3x, the boundary contributions reduce to two oriented 3-volume integrals:

0=
∫

V(T+�T)
d3x j0(x,T+�T)−

∫

V(T)
d3x j0(x,T) (3.4)
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Thus, the quantity Q(T)

Q(T)≡
∫

V(T)
d3x j0(x,T) (3.5)

is a constant of motion, that is,

Q(T+�T)=Q(T) ∀�T (3.6)

Hence, the existence of a locally conserved current, satisfying ∂μjμ= 0, implies the existence
of a globally conserved charge (orNoether charge)Q= ∫

d3x j0(x,T), which is a constant of
motion. Thus, the proof of Noether’s theorem reduces to proving the existence of a locally
conserved current. In the following sections, we will prove Noether’s theorem for internal
and spacetime symmetries.

3.2 Internal symmetries

Let us begin, for simplicity, with the case of the complex scalar field φ(x) �=φ∗(x). The
arguments that follow below are easily generalized to other cases. Let L(φ, ∂μφ,φ∗, ∂μφ∗)
be the Lagrangian density. We will assume that the Lagrangian is invariant under the
continuous global internal symmetry transformation

φ(x) �→φ′(x)= eiαφ(x)

φ∗(x) �→φ′∗(x)= e−iαφ∗(x) (3.7)

where α is an arbitrary real number (not a function!). The system is invariant under the
transformation of eq. (3.7) if the Lagrangian L satisfies

L(φ′, ∂μφ′,φ′∗, ∂μφ′∗)≡L(φ, ∂μφ,φ∗, ∂μφ∗) (3.8)

Then we say that the transformation shown in eq. (3.7) is a global symmetry of the system.
In particular, for an infinitesimal transformation, we have

φ′(x)=φ(x)+ δφ(x)+ · · ·, φ′∗(x)=φ∗(x)+ δφ∗(x)+ · · · (3.9)

where δφ(x)= iαφ(x). Since L is invariant, its variation must be identically equal to zero.
The variation δL is

δL= δL
δφ
δφ+ δL

δ∂μφ
δ∂μφ+ δL

δφ∗
δφ∗ + δL

δ∂μφ∗
δ∂μφ

∗ (3.10)

Using the equation of motion

δL
δφ
− ∂μ

(
δL
δ∂μφ

)
= 0 (3.11)

and its complex conjugate, we can write the variation δL in the form of a total divergence:

δL= ∂μ
[ δL
δ∂μφ

δφ+ δL
δ∂μφ∗

δφ∗
]

(3.12)
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Thus, since δφ= iαφ and δφ∗ =−iαφ∗, we get

δL= ∂μ
[
i
(
δL
δ∂μφ

φ− δL
δ∂μφ∗

φ∗
)
α

]
(3.13)

Hence, since α is arbitrary, δLwill vanish identically if and only if the 4-vector jμ, defined by

jμ= i
( δL
δ∂μφ

φ− δL
δ∂μφ∗

φ∗
)

(3.14)

is locally conserved, that is,

δL= 0 iff ∂μjμ= 0 (3.15)

In particular, if L has the form

L= (∂μφ)∗(∂μφ)−V(|φ|2) (3.16)

which is manifestly invariant under the symmetry transformation of eq. (3.7), then the
current jμ is given by

jμ= i
(
∂μφ∗φ−φ∗∂μφ)≡ iφ∗←→∂μ φ (3.17)

Thus, the presence of a continuous internal symmetry implies the existence of a locally
conserved current.

Furthermore, the conserved chargeQ is given by

Q=
∫

d3x j0(x, x0)=
∫

d3x iφ∗←→∂0 φ (3.18)

In terms of the canonical momentum�(x), the globally conserved chargeQ of the charged
scalar field is

Q=
∫

d3x i(φ∗�−φ�∗) (3.19)

3.3 Global symmetries and group representations

Let us generalize the result of section 3.2. Consider a scalar field φa that transforms
irreducibly under a certain representation of a Lie groupG. In the case considered in section
3.2, the group G is the group of complex numbers of unit length, the group U(1). The
elements of this group, g ∈U(1), have the form g= eiα .

This set of complex numbers forms a group in the sense that

1) It is closed under complex multiplication, i.e.,

g= eiα ∈U(1), and g′ = eiβ ∈U(1)⇒ g ∗ g′ = ei(α+β) ∈U(1) (3.20)

2) There is an identity element (i.e., g= 1).
3) For every element g= eiα ∈U(1), there is a unique inverse element g−1= e−iα ∈

U(1).
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|z | = 1

1

S1

Figure 3.2 TheU(1) group is isomorphic to the unit circle, while the real numbers R are isomorphic
to a tangent line.

ϕ = 0
ϕ = ϕ0

ϕ = ϕ0eiθ

θ

Figure 3.3 A vortex.

The elements of the groupU(1) are in one-to-one correspondence with the points of the
unit circle S1. Consequently, the parameter α that labels the transformation (or element
of this group) is defined modulo 2π , and it should be restricted to the interval (0, 2π ].
However, transformations infinitesimally close to the identity element, 1, lie essentially on
the line tangent to the circle at 1 and so are isomorphic to the group of real numbers R.
The group U(1) is compact, in the sense that the length of the natural parametrization of
its elements is 2π , which is finite. In contrast, the group R of real numbers is not compact
(see figure 3.2). Subsequently we will almost always work with internal symmetries with a
compact Lie group.

For infinitesimal transformations, the groupsU(1) andR are essentially identical. There
are, however, field configurations for which they are not. A typical case is the vortex
configuration in two dimensions. For a vortex, the phase of the field on a large circle of
radiusR→∞winds by 2π (figure 3.3). Such configurationswould not exist if the symmetry
group was R instead of U(1). (Note that analyticity requires that φ→ 0 as x→ 0.)

Another example is the N-component real scalar field φa(x), with a= 1, . . .,N. In this
case, the symmetry is the group of rotations in N-dimensional Euclidean space:

φ′a(x)=Rabφb(x) (3.21)
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The field φa is said to transform like the N-dimensional (vector) representation of the
orthogonal group O(N).

The elements of the orthogonal group, R∈O(N), satisfy
1) if R1 ∈O(N) and R2 ∈O(N), then R1R2 ∈O(N),
2) ∃I ∈O(N) such that ∀R∈O(N), RI= IR=R,
3) ∀R∈O(N) ∃R−1 ∈O(N) such that R−1=Rt ,

where Rt is the transpose of the matrix R.
Similarly, if the N-component vector φa(x) is a complex field, it transforms under the

group of N×N unitary transformations U:

φ′a(x)=Uabφb(x) (3.22)

The complex N×N matrices U are elements of the unitary group U(N) and satisfy

1) if U1 ∈U(N) and U2 ∈U(N), then U1U2 ∈U(N),
2) ∃I ∈U(N) such that ∀U ∈U(N), UI= IU=U,
3) ∀U ∈U(N), ∃U−1 ∈U(N) such that U−1=U†, where U†= (Ut)∗.

In the particular case discussed above, φa transforms like the fundamental (spinor)
representation of U(N). If we impose the further restriction that | detU| = 1, the group
becomes SU(N). For instance, if N= 2, the group is SU(2), and

φ=
(
φ1
φ2

)
(3.23)

it transforms like the spin-1/2 representation of SU(2).
In general, for an arbitrary continuous Lie group G, the field transforms like

φ′a(x)=
(
exp

[
iλkθ k

])
ab φb(x) (3.24)

where the vector θ is arbitrary and constant (i.e., independent of x). Thematrices λk are a set
ofN×N linearly independentmatrices that span the algebra of the Lie groupG. For a given
Lie group G, the number of such matrices is D(G), and it is independent of the dimension
N of the representation that was chosen. D(G) is called the rank of the group. The matrices
λkab are the generators of the group in this representation.

In general, from a symmetry point of view, the field φ does not have to be a vector,
as it can also be a tensor or, for that matter, transform under any representation of the
group. For simplicity, we will only consider the case of the vector representation of O(N),
and the fundamental (spinor) and adjoint (vector) (see later in this section and section 3.6)
representations of SU(N).

For an arbitrary compact Lie group G, the generators {λj}, j= 1, . . .,D(G), are a set of
hermitian (λ†

j = λj), traceless (trλj= 0)matrices, which obey the commutation relations

[λj, λk]= if jklλl (3.25)

The numerical constants f jkl are known as the structure constants of the Lie group and are
the same in all its representations. In addition, the generators have to be normalized. It is
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standard to require the normalization condition

trλaλb= 1
2
δab (3.26)

In the case considered above, the complex scalar field φ(x), the symmetry group is the
group of unit-length complex numbers of the form eiα . This group is known as the group
U(1). All its representations are one-dimensional, and it has only one generator.

A commonly used group is SU(2). This group, which is familiar from nonrelativistic
quantum mechanics, has three generators, J1, J2, and J3, that obey the angular momentum
algebra

[Ji, Jj]= iεijkJk (3.27)

with

tr(JiJj)= 1
2
δij and trJi= 0 (3.28)

The representations of SU(2) are labeled by the angular momentum quantum number J.
Each representation J is a 2J+ 1–fold degenerate multiplet (i.e., the dimension of the
representation is 2J+ 1).

The lowest nontrivial representation of SU(2) (i.e., J �= 0) is the spinor representation,
which has J= 1

2 and is two-dimensional. In this representation, the field φa(x) is a
two-component complex field, and the generators J1, J2, and J3 are given by the set of 2× 2
Pauli matrices Jj= 1

2σj.
The vector (or spin-1) representation is three-dimensional, and φa is a three-component

vector. In this representation, the generators are very simple:

(Jj)kl= εjkl (3.29)

Notice that the dimension of this representation (3) is the same as the rank (3) of the group
SU(2). In this representation, known as the adjoint representation, the matrix elements of
the generators are the structure constants. This is a general property of all Lie groups. In
particular, the group SU(N), whose rank is N2− 1, has N2− 1 infinitesimal generators,
and the dimension of its adjoint (vector) representation is N2− 1. For instance, for SU(3),
the number of generators is eight.

Another important case is the group of rotations of N-dimensional Euclidean space,
O(N). In this case, the group has N(N− 1)/2 generators, which can be labeled by
the matrices Lij (i, j= 1, . . .,N). The fundamental (vector) representation of O(N) is
N-dimensional, and in this representation, the generators are

(Lij)kl=−i(δikδj�− δi�δjk) (3.30)

It is easy to see that the Lijs generate infinitesimal rotations in N-dimensional space.
Quite generally, in a given representation, an element of a Lie group is labeled by a set

of Euler angles denoted by θ . If the Euler angles θ are infinitesimal, then the representation
matrix exp(iλ · θ) is close to the identity and can be expanded in powers of θ . To leading
order in θ , the change in φa is

δφa(x)= i(λ · θ)abφb(x)+ · · · (3.31)
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If φa is real, the conserved current jμ is

jkμ(x)=
δL

δ∂μφa(x)
λkab φb(x) (3.32)

where k= 1, . . .,D(G). Here, the generators λk are real hermitian matrices. In contrast, for
a complex field φa, the conserved currents are

jkμ(x)= i
(

δL
δ∂μφa(x)

λkab φb(x)−
δL

δ∂μφa(x)∗
λkab φb(x)

∗
)

(3.33)

Here the generators λk are hermitian matrices (but are not all real).
Thus, we conclude that the number of conserved currents is equal to the number of

generators of the group. For the particular choice

L= (∂μφa)∗(∂μφa)−V(φ∗a φa) (3.34)

the conserved current is
jkμ= i λkab φ

∗
a
←→
∂μ φb (3.35)

and the conserved charges are

Qk=
∫

V
d3x iλkab φ

∗
a
←→
∂0 φb (3.36)

where V is the volume of space.

3.4 Global and local symmetries: Gauge invariance

The existence of global symmetries assumes that, at least in principle, we can measure and
change all components of a field φa(x) at all points x in space at the same time. Relativistic
invariance tells us that, although the theory may possess this global symmetry, in principle,
this experiment cannot be carried out. One is then led to consider theories that are invariant
if the symmetry operations are performed locally. Namely, we should require that the
Lagrangian be invariant under local transformations

φa(x)→φ′a(x)=
(
exp

[
iλkθ k(x)

])
ab φb(x) (3.37)

For instance, we can demand that the theory of a complex scalar field φ(x) be invariant
under local changes of phase

φ(x)→φ′(x)= eiθ(x)φ(x) (3.38)

The standard local Lagrangian L

L= (∂μφ)∗(∂μφ)−V(|φ|2) (3.39)

is invariant under global transformations with θ = constant, but it is not invariant under
arbitrary smooth local transformations θ(x). Themain problem is that since the derivative of
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the field does not transform like the field itself, the kinetic energy term is no longer invariant.
Indeed, under a local transformation, we find

∂μφ(x)→ ∂μφ
′(x)= ∂μ

[
eiθ(x)φ(x)

]= eiθ(x)
[
∂μφ+ iφ∂μθ

]
(3.40)

TomakeL locally invariant, wemust find a newderivative operatorDμ, the covariant deriva-
tive, which transforms in the same way as the field φ(x) under local phase transformations:

Dμφ→D′μφ
′ = eiθ(x)Dμφ (3.41)

From a geometric point of view, we can picture the situation as follows. To define the phase
of φ(x) locally, we have to define a local frame (or fiducial field) with respect to which the
phase of the field is measured. Local gauge invariance is then the statement that the physical
properties of the system must be independent of the particular choice of frame. From this
point of view, local gauge invariance is an extension of the principle of relativity to the case
of internal symmetries.

Now, if we wish to make phase transformations that differ from point to point in
spacetime, we have to specify how the phase changes as we go from one point x in spacetime
to another one y. In other words, we have to define a connection that will tell us how to
parallel transport the phase of φ from x to y as we travel along some path �. Let us consider
the situation in which x and y are arbitrarily close to each other (i.e., yμ= xμ+ dxμ, where
dxμ is an infinitesimal 4-vector). The change in φ is

φ(x+ dx)−φ(x)= δφ(x) (3.42)

If the transport of φ along some path going from x to x+ dx is to correspond to a phase
transformation, then δφ must be proportional to φ. So we are led to define

δφ(x)= iAμ(x)dxμφ(x) (3.43)

where Aμ(x) is a suitably chosen vector field. Clearly, this implies that the covariant
derivative Dμ must be defined to be

Dμφ≡ ∂μφ(x)− ieAμ(x)φ(x)≡
(
∂μ− ieAμ

)
φ (3.44)

where e is a parameter, which we will give the physical interpretation of a coupling constant.
How shouldAμ(x) transform?Wemust choose its transformation law in such a way that

Dμφ transforms like φ(x) itself. Thus, if φ→ eiθφ, we have

D′φ′ = (∂μ− ieA′μ)(e
iθφ)≡ eiθDμφ (3.45)

This requirement can be met if

i∂μθ − ieA′μ=−ieAμ (3.46)

Hence, Aμ should transform like

Aμ→A′μ=Aμ+ 1
e
∂μθ (3.47)
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But this is nothing but a gauge transformation! Indeed, if we define the gauge trans-
formation�(x)

�(x)≡ 1
e
θ(x) (3.48)

we see that the vector field Aμ transforms like the vector potential of Maxwell’s electromag-
netism.

We conclude that we can promote a global symmetry to a local (i.e., gauge symmetry) by
replacing the derivative operator by the covariant derivative. Thus, we can make a system
invariant under local gauge transformations at the price of introducing a vector field Aμ,
the gauge field, which plays the role of a connection. From a physical point of view, this
result means that the impossibility of making a comparison at a distance of the phase of the
field φ(x) requires that a physical gauge field Aμ(x)must be present. This procedure, which
relates the matter and gauge fields through the covariant derivative, is known as minimal
coupling.

There is a set of configurations of φ(x) that changes only because of the presence of the
gauge field. These are the geodesic configurations φc(x). They satisfy the equation

Dμφc= (∂μ− ieAμ)φc≡ 0 (3.49)

which is equivalent to the linear equation (using eq. (3.43))

∂μφc= ieAμφc (3.50)

For example, let us consider two points x and y in spacetime at the ends of a path �(x, y).
For a given path �(x, y), the solution of eq. (3.49) is the path-ordered exponential of a line
integral:

φc(x)= e−ie
∫
�(x,y) dzμA

μ(z)
φc(y) (3.51)

Indeed, under a gauge transformation, the line integral transforms like

e
∫

�(x,y)
dzμAμ �→ e

∫

�(x,y)
dzμAμ+ e

∫

�(x,y)
dzμ

1
e
∂μθ

= e
∫

�(x,y)
dzμAμ(z)+ θ(y)− θ(x) (3.52)

Hence, we get

φc(y) e−ie
∫
� dzμAμ �→φc(y) e−ie

∫
� dzμAμe−iθ(y)eiθ(x)

≡ eiθ(x)φc(x) (3.53)

as it should be.
However, wemay nowwant to knowhow the change of phase ofφc depends on the choice

of the path �. Let φ�1c (y) and φ�2c (y) be solutions of the geodesic equations for two different
paths�1 and�2 with the same end points, x and y. Clearly, we have that the change of phase
�γ is given by

�γ =−e
∫

�1
dzμAμ+ e

∫

�2
dzμAμ≡−e

∮

�+
dzμAμ (3.54)
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Σ

Г
Figure 3.4 A closed path � is the boundary of the open surface�.

Here �+ is the closed oriented path

�+ =�+1 ∪�−2 (3.55)

and
∫

�−2
dzμAμ=−

∫

�+2
dzμAμ (3.56)

Using Stokes’ theorem, we see that, if �+ is an oriented surface whose boundary is the
oriented closed path �+, ∂�+ ≡�+ (see figure 3.4), then�γ is given by the flux �(�) of
the curl of the vector field Aμ through the surface�+:

�γ =− e
2

∫

�+
dSμνFμν =−e�(�) (3.57)

where Fμν is the field tensor
Fμν = ∂μAν − ∂νAμ (3.58)

dSμν is the oriented area element, and�(�) is the flux through the surface�. Both Fμν and
dSμν are antisymmetric in their spacetime indices. In particular, Fμν can also be written as
a commutator of two covariant derivatives:

Fμν = i
e
[Dμ,Dμ] (3.59)

Thus, Fμν measures the (infinitesimal) incompatibility of displacements along two indepen-
dent directions. In other words, Fμν is a curvature tensor. These results show very clearly
that if Fμν is nonzero in some region of spacetime, then the phase of φ cannot be uniquely
determined: The phase of φc depends on the path � along which it is measured.

3.5 The Aharonov-Bohm effect

The path dependence of the phase of φc is closely related to the Aharonov-Bohm effect. This
effect is subtle. It was first discovered in the context of elementary quantummechanics and
plays a fundamental role in (quantum) field theory as well.
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Σ+

Г+

Ф Г1Г2

r0

r

Figure 3.5 Geometric setup of theAharonov-Bohmeffect: amagnetic flux� �= 0 is threading through
the small hole in the punctured plane�+. Here�+ represents the sum of the oriented outer and inner
edges of the punctured plane �+; �1 and �2 are two inequivalent paths from r0 to r described in
the text.

Consider a quantummechanical particle of charge e andmassmmoving on a plane. The
particle is coupled to an external electromagnetic field Aμ (here μ= 0, 1, 2 only, since there
is no motion out of the plane). Let us consider the geometry shown in figure 3.5, in which
an infinitesimally thin solenoid pierces the plane in the vicinity of some point r= 0. The
Schrödinger equation for this problem is

H� = i�
∂�

∂t
(3.60)

where

H= 1
2m

(
�

i
�+ e

c
A

)2
(3.61)

is the Hamiltonian. The magnetic field B=Bẑ vanishes everywhere except at r= 0,

B=�0 δ(r) (3.62)

Using Stokes’ theorem, we see that the flux of B through an arbitrary region �+ with
boundary �+ is

�=
∫

�+
dS ·B=

∮

�+
d� ·A (3.63)

Hence, �=�0 for all surfaces �+ that enclose the point r= 0, and it is equal to zero
otherwise. Therefore, although the magnetic field is zero for r �= 0, the vector potential does
not (and cannot) vanish.

The wave function�(r) can be calculated in a very simple way. Let us define

�(r)= eiθ(r)�0(r) (3.64)
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where�0(r) satisfies the Schrödinger equation in the absence of the field, that is,

H0�0= i�
∂�0

∂t
(3.65)

with
H0=− �

2

2m
�2 (3.66)

Since the wave function � has to be differentiable and �0 is single valued, we must also
satisfy the boundary condition:

lim
r→0

�0(r, t)= 0 (3.67)

The wave function� =�0eiθ looks like a gauge transformation. But there is a subtlety here.
Indeed, θ can be determined as follows. By direct substitution, we get

(
�

i
�+ e

c
A

)
(eiθ�0)= eiθ

(
��θ + e

c
A+ �

i
�

)
�0 (3.68)

Thus, to succeed in our task, we only have to require that A and θ must obey the relation

��θ + e
c
A≡ 0 (3.69)

Or equivalently,
�θ(r)=− e

�c
A(r) (3.70)

However, if this relation holds, θ cannot be a smooth function of r. In fact, the line integral
of�θ on an arbitrary closed path �+ is given by

∫

�+
d� · �θ =�θ (3.71)

where �θ is the total change of θ in one full counterclockwise turn around the path �. It
follows immediately that�θ is given by

�θ =− e
�c

∮

�+
d� ·A (3.72)

Thus in general, θ(r)must be a multivalued function of r that has a branch cut going from
r= 0 out to some arbitrary point at infinity. The actual position and shape of the branch cut
is irrelevant, but the discontinuity�θ of θ across the cut is not irrelevant.

Hence,�0 is chosen to be a smooth, single-valued solution of the Schrödinger equation
in the absence of the solenoid, satisfying the boundary condition eq. (3.67). Such wave
functions are (almost) plane waves.

Since the function θ(r) is multivalued and, hence, path dependent, the wave function�
is also multivalued and path dependent. In particular, let r0 be some arbitrary point on the
plane, and�(r0, r) be a path that begins at r0 and ends at r. The phase θ(r) is, for that choice
of path, given by

θ(r)= θ(r0)− e
�c

∫

�(r0,r)
dx ·A(x) (3.73)
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The overlap of two wave functions that are defined by two different paths �1(r0, r) and
�2(r0, r) is (with r0 fixed)

〈�1|�2〉=
∫

d2r�∗�1(r)��2(r)

≡
∫

d2r |�0(r)|2 exp
{
+ ie

�c

(∫

�1(r0,r)
d� ·A−

∫

�2(r0,r)
d� ·A

)}
(3.74)

If �1 and �2 are chosen in such a way that the origin (where the solenoid is piercing the
plane) is always to the left of �1 but also always to the right of �2, the difference of the two
line integrals is the circulation of A

∫

�1(r0,r)
d� ·A−

∫

�2(r0,r)
d� ·A≡

∮

�+
(r0)

d� ·A (3.75)

on the closed, positively oriented, contour �+ =�1(r0, r)∪�2(r, r0). Since this circulation
is constant and equal to the flux�, we find that the overlap 〈�1|�2〉 is

〈�1|�2〉= exp
{
ie
�c
�

}
(3.76)

where we have taken �0 to be normalized to unity. Eq. (3.76) is known as the Aharonov-
Bohm effect.

We find that the overlap is a pure phase factor, which in general is different from 1.
Notice that, although the wave function is always defined up to a constant arbitrary phase
factor, phase changes are physical effects. In addition, for some special choices of�, the wave
function becomes single valued. These values correspond to the choice

e
�c
�= 2πn (3.77)

where n is an arbitrary integer. This requirement amounts to a quantization condition for
the magnetic flux�:

�= n
(
hc
e

)
≡ n�0 (3.78)

where�0 is the flux quantum,�0= hc
e .

In 1931, Dirac considered the effects of a monopole configuration of magnetic fields on
the quantum mechanical wave functions of charged particles (Dirac, 1931). In Dirac’s con-
struction, amagneticmonopole is represented as a long, thin solenoid in three-dimensional
space. The magnetic field near the end of the solenoid is the same as that of a magnetic
charge m equal to the magnetic flux going through the solenoid. Dirac argued that for the
solenoid (the “Dirac string”) to be unobservable, the wave function must be single valued.
This requirement leads to theDirac quantization condition for the smallestmagnetic charge:

me= 2π�c (3.79)

which is the same as the flux quantization condition of eq. (3.78).
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3.6 Non-abelian gauge invariance

Let us now consider systems with a non-abelian global symmetry. This means that the field
φ transforms like some representation of a Lie group G,

φ′a(x)=Uabφb(x) (3.80)

where U is a matrix that represents the action of a group element. The local Lagrangian
density,

L= ∂μφ∗a∂μφa−V(|φ|2) (3.81)

is invariant under global transformations.
Suppose now that we want to promote this global symmetry to a local one. However,

it is also true for this general case that although the potential term V(|φ|2) is invariant
even under local transformations U(x), the first term of the Lagrangian in eq. (3.81) is not.
Indeed, the gradient of φ does not transform properly (i.e., covariantly) under the action of
the Lie group G:

∂μφ
′(x)= ∂μ[U(x)φ(x)]
= (
∂μU(x)

)
φ(x)+U(x)∂μφ(x)

=U(x)[∂μφ(x)+U−1(x)∂μU(x)φ(x)] (3.82)

Hence ∂μφ does not transform in the same way as the φ field.
We can now follow the same approach that we used in the abelian case and define a

covariant derivative operator Dμ, which should have the property that Dμφ obeys the same
transformation law as the field φ:

(
Dμφ(x)

)′ =U(x)
(
Dμφ(x)

)
(3.83)

It is clear thatDμ is now both a differential operator and amatrix acting on the field φ. Thus,
Dμ depends on the representation that was chosen for the field φ. We can now proceed
in analogy with what we did in the case of electrodynamics, and guess that the covariant
derivative Dμ should be of the form

Dμ= I ∂μ− igAμ(x) (3.84)

where g is a coupling constant, I is the N×N identity matrix, and Aμ is a matrix-valued
vector field. If φ has N components, the vector field Aμ(x) is an N×N hermitian matrix
that can be expanded in the basis of the group generators λkab (with k= 1, . . .,D(G), and
a, b= 1, . . .,N), which span the algebra of the Lie group G:

(
Aμ(x)

)
ab=Ak

μ(x)λ
k
ab (3.85)

Thus, the vector field Aμ(x) is parametrized by the D(G)-component 4-vectors Ak
μ(x).

Let us choose the transformation properties of Aμ(x) in such a way that Dμφ transforms
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covariantly under gauge transformations:

D′μφ(x)
′ ≡D′μ (U(x)φ(x))=

(
∂μ− igA′μ(x)

)
(Uφ(x))

=U(x)[∂μφ(x)+U−1(x)∂μU(x)φ(x)− igU−1(x)A′μ(x)U(x)φ(x)]
≡U(x)Dμφ(x) (3.86)

This condition is met if we require that

U−1(x)igA′μ(x)U(x)= igAμ(x)+U−1(x)∂μU(x) (3.87)

or, equivalently, that Aμ obey the transformation law

A′μ(x)=U(x)Aμ(x)U−1(x)− i
g

(
∂μU(x)

)
U−1(x) (3.88)

Since the matrices U(x) are unitary and invertible, we have

U−1(x)U(x)= I (3.89)

and we can equivalently write the transformed vector field A′μ(x) in the form

A′μ(x)=U(x)Aμ(x)U−1(x)+ i
g
U(x)

(
∂μU−1(x)

)
(3.90)

This is the general form of a gauge transformation for a non-abelian Lie group G.
In the case of an abelian symmetry group, such as the groupU(1), the matrix reduces to

a simple phase factor, U(x)= eiθ(x), and the field Aμ(x) is a real-number vector field. It is
easy to check that, in this case, Aμ transforms as follows:

A′μ(x)= eiθ(x)Aμ(x)e−iθ(x)+ i
g
eiθ(x)∂μ

(
e−iθ(x)

)

≡Aμ(x)+ 1
g
∂μθ(x) (3.91)

which recovers the correct form for an abelian gauge transformation.
Returning now to the non-abelian case, we see that under an infinitesimal transformation

U(x),
(U(x))ab=

[
exp

(
iλkθ k(x)

)]
ab
∼= δab+ iλkab θ

k(x)+ · · · (3.92)

the scalar field φ(x) transforms as

δφa(x)∼= iλkabφb(x) θ
k(x)+ · · · (3.93)

while the vector field Ak
μ now transforms as

δAk
μ(x)∼= if ksjAj

μ(x) θ
s(x)+ 1

g
∂μθ

k(x)+ · · · (3.94)
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Thus,Ak
μ(x) transforms as a vector in the adjoint representation of the Lie groupG, since, in

that representation, the matrix elements of the generators are the group structure constants
f ksj. Notice that Ak

μ is always in the adjoint representation of the group G, regardless of the
representation in which φ(x) happens to be.

From this discussion, it is clear that the fieldAμ(x) can be interpreted as a generalization
of the vector potential of electromagnetism. Furthermore, Aμ provides for a natural
connection which tells us how the “internal coordinate system,” in reference to which
the field φ(x) is defined, changes from one point xμ of spacetime to a neighboring point
xμ+ dxμ. In particular, the configurations φa(x), which are solutions of the geodesic
equation

Dab
μ φb(x)= 0 (3.95)

correspond to the parallel transport of φ from some point x to some point y. This equation
can be written in the equivalent form

∂μφa(x)= igAk
μ(x) λ

k
ab φb(x) (3.96)

This linear partial differential equation can be solved as follows. Let xμ and yμ be two
arbitrary points in spacetime and �(x, y) be a fixed path with endpoints at x and y. This
path is parametrized by a mapping zμ from the real interval [0, 1] to Minkowski space M
(or any other space), zμ : [0, 1] �→M, of the form

zμ= zμ(t), t ∈ [0, 1] (3.97)

with the boundary conditions

zμ(0)= xμ and zμ(1)= yμ (3.98)

By integrating the geodesic equation, eq. (3.95), along the path �, we obtain

∫

�(x,y)
dzμ

∂φa(z)
∂zμ

= ig
∫

�(x,y)
dzμ Aμab(z) φb(z) (3.99)

Hence, we find that φ(x)must be the solution of the integral equation

φ(y)=φ(x)+ ig
∫

�(x,y)
dzμ Aμ(z)φ(z) (3.100)

where all the indices have been omitted to simplify the notation. In terms of the para-
metrization zμ(t) of the path �(x, y), we can write

φ(y)=φ(x)+ ig
∫ 1

0
dt

dzμ
dt

Aμ (z(t)) φ (z(t)) (3.101)

We will solve this equation by means of an iteration procedure, similar to what is used
for the evolution operator in quantum theory. By substituting repeatedly the l.h.s. of this
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equation into its r.h.s., we get the series

φ(y)=φ(x)+ ig
∫ 1

0
dt

dzμ(t)
dt

Aμ (z(t)) φ(x)

+ (ig)2
∫ 1

0
dt1

∫ t1

0
dt2

dzμ1(t1)
dt1

dzμ2(t2)
dt2

Aμ1 (z(t1))Aμ2 (z(t2)) φ(x)

+ · · ·+ (ig)n
∫ 1

0
dt1

∫ t1

0
dt2 · · ·

∫ tn−1

0
dtn

n∏

j=1

(dzμj(tj)
dtj

Aμj
(
z(tj)

))
φ(x)

+ · · · (3.102)

Here we need to keep in mind that the Aμs are matrix-valued fields that are ordered from
left to right.

The nested integrals in eq. (3.102) can be written in the form

In= (ig)n
∫ 1

0
dt1

∫ t1

0
dt2 · · ·

∫ tn−1

0
dtn F(t1) · · · F(tn)

≡ (ig)
n

n! P̂

[(∫ 1

0
dt F(t)

)n]

(3.103)

where the Fs arematrices, and the operator P̂means the path-ordered product of the objects
sitting to its right. If we formally define the exponential of an operator to be equal to its
power series expansion,

eA≡
∞∑

n=0

1
n!A

n (3.104)

where A is some arbitrary matrix, we see that the geodesic equation has the formal solution

φ(y)= P̂
[
exp

(
+ig

∫ 1

0
dt

dzμ
dt

Aμ(z(t))
)]

φ(x) (3.105)

or equivalently,

φ(y)= P̂
[
exp

(
ig

∫

�(x,y)
dzμ Aμ(z)

)]
φ(x) (3.106)

Thus, φ(y) is given by an operator, the path-ordered exponential of the line integral of the
vector potential Aμ, acting on φ(x).

By expanding the exponential in a power series, it is easy to check that, under an arbitrary
local gauge transformation U(z), the path-ordered exponential transforms as follows:

P̂
[
exp

(
ig

∫

�(x,y)
dzμ A′μ(z(t))

)]

≡U(y) P̂
[
exp

(
ig

∫

�(x,y)
dzμ Aμ(z)

)]
U−1(x) (3.107)



60 . Chapter 3

In particular, we can consider the case of a closed path �(x, x), where x is an arbitrary point
on �. The path-ordered exponential Ŵ�(x,x)

Ŵ�(x,x)= P̂
[
exp

(
ig

∫

�(x,x)
dzμ Aμ(z)

)]
(3.108)

is not gauge invariant, since under a gauge transformation, it transforms as

Ŵ ′�(x,x)= P̂
[
exp

(
ig

∫

�(x,x)
dzμ A′μ(z)

)]

=U(x) P̂
[
exp

(
ig

∫

�(x,x)
dzμ Aμ(t)

)]
U−1(x) (3.109)

Therefore, Ŵ�(x,x) transforms like a group element:

Ŵ�(x,x)=U(x) Ŵ�(x,x) U−1(x) (3.110)

However, the trace of Ŵ�(x,x), which we denote by

W� = tr Ŵ�(x,x)≡ tr P̂
[
exp

(
ig

∫

�(x,x)
dzμ Aμ(z)

)]
(3.111)

not only is gauge-invariant but is also independent of the choice of the point x. However,
it is a functional of the path �. The quantityW� , which is known as theWilson loop, plays
a crucial role in gauge theories. In quantum theory, this object becomes the Wilson loop
operator.

Let us now consider the case of a small closed path�. If� is small, then theminimal area
a(�) enclosed by � and its length �(�) are both infinitesimal. In this case, we can expand
the exponential in powers and retain only the leading terms. We get

Ŵ� ≈ I+ igP̂
∮

�

dzμAμ(z)+ (ig)
2

2! P̂
(∮

�

dzμAμ(z)
)2
+ · · · (3.112)

Stokes’ theorem says that the first integral (the circulation of the vector fieldAμ on the closed
path �) is given by

∮

�

dzμAμ(z)=
∫∫

�

dxμ ∧ dxν 1
2
(∂μAν − ∂νAμ) (3.113)

where ∂�=� is the infinitesimal area element bounded by�, and dxμ ∧ dxν is the oriented
infinitesimal area element. Furthermore, the quadratic term in eq. (3.112) can be expressed
as follows:

1
2! P̂

(∮

�

dzμAμ(z)
)2
≡ 1

2

∫∫

�

dxμ ∧ dxν (−[Aμ,Aν])+ · · · (3.114)
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Therefore, for an infinitesimally small loop, we get

Ŵ�(x,x′)≈ I+ ig
2

∫∫

�

dxμ ∧ dxν Fμν +O(a(�)2) (3.115)

where Fμν is the field tensor, defined by

Fμν ≡ ∂μAν − ∂νAμ− ig[Aμ,Aν]= i
[
Dμ,Dν

]
(3.116)

Keep in mind that since the fields Aμ are matrices, the field tensor Fμν is also a matrix.
Notice also that now Fμν is not gauge invariant. Indeed, under a local gauge transforma-

tion U(x), Fμν transforms as a similarity transformation:

F′μν(x)=U(x)Fμν(x)U−1(x) (3.117)

This property follows from the transformation properties of Aμ. However, although Fμν
itself is not gauge invariant, other quantities, such as tr(FμνFμν), are gauge invariant.

Let us finally consider the form of Fμν in components. By expanding Fμν in the basis of
the group generators λk (hence, in the algebra of the gauge group),

Fμν = Fk
μνλ

k (3.118)

we find that the components, Fk
μν , are

Fk
μν = ∂μAk

ν − ∂νAk
μ+ gf k�mA�μA

m
ν (3.119)

The natural local, gauge-invariant theory for a non-abelian gauge group is the Yang-
Mills Lagrangian

L=−1
4
trFμνFμν (3.120)

for a general compact Lie group G, which we will call the gauge group. Notice that the
apparent similarity with the Maxwell Lagrangian is only superficial, since in this theory,
it is not quadratic in the vector potentials. We will see in chapter 22 that other Lagrangians
are possible in other dimensions if some symmetry (e.g., time reversal) is violated.

3.7 Gauge invariance andminimal coupling

We are now in a position to give a general prescription for the coupling of matter and
gauge fields. Since the issue here is local gauge invariance, this prescription is valid for both
relativistic and nonrelativistic theories.

So far, we have considered two cases: (1) fields that describe the dynamics of matter and
(2) gauge fields that describe electromagnetism and chromodynamics. In our description of
Maxwell’s electrodynamics, we saw that, if the Lagrangian is required to respect local gauge
invariance, then only conserved currents can couple to the gauge field. However, we have
also seen that the presence of a global symmetry is a sufficient condition for the existence of
a locally conserved current. This is not only a necessary condition, since a local symmetry
also requires the existence of a conserved current.
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Wenow consider more general Lagrangians that include bothmatter and gauge fields. In
sections 3.4–3.7, we saw that if a system with Lagrangian L(φ, ∂μφ) has a global symmetry
φ→Uφ, then by replacing all derivatives by covariant derivatives, we promote a global
symmetry to a local (or gauge) symmetry. We will proceed with our general philosophy and
write down gauge-invariant Lagrangians for systems that contain both matter and gauge
fields. Next I give a few explicit examples.

3.7.1 Quantum electrodynamics

Quantum electrodynamics (QED) is a theory of electrons and photons. The electrons are
described byDirac spinor fieldsψα(x). The reason for this choice will become clear when we
discuss quantum theory and the spin-statistics theorem. Photons are described by a U(1)
gauge field Aμ. The Lagrangian for free electrons is just the free Dirac Lagrangian, LDirac:

LDirac(ψ , ψ̄)= ψ̄(i/∂ −m)ψ (3.121)

The Lagrangian for the gauge field is the free Maxwell Lagrangian, Lgauge(A):

Lgauge(A)=−1
4
FμνFμν ≡−1

4
F2 (3.122)

The prescription that we will adopt, known as minimal coupling, consists of requiring that
the total Lagrangian be invariant under local gauge transformations.

The free Dirac Lagrangian is invariant under the global phase transformation (i.e., with
the same phase factor for all the Dirac components),

ψα(x)→ψ ′α(x)= eiθψα(x) (3.123)

if θ is a constant, arbitrary phase, but it is not invariant under the local phase transformation:

ψα(x)→ψ ′α(x)= eiθ(x)ψα(x) (3.124)

As we saw before, the matter part of the Lagrangian can be made invariant under the local
transformations,

ψα(x)→ψ ′α(x)= eiθ(x)ψα(x)

Aμ(x)→A′μ(x)=Aμ(x)+ 1
e
∂μθ(x) (3.125)

if the derivative ∂μψ is replaced by the covariant derivative Dμ:

Dμ= ∂μ− ieAμ(x) (3.126)

The total Lagrangian is now given by the sum of two terms,

L=Lmatter(ψ , ψ̄ ,A)+Lgauge(A) (3.127)



Symmetries and Conservation Laws . 63

where Lmatter(ψ , ψ̄ ,A) is the gauge-invariant extension of the Dirac Lagrangian:

Lmatter(ψ , ψ̄ ,A)= ψ̄(i /D−m)ψ

= ψ̄ (
i/∂ −m

)
ψ + eψ̄γμψAμ (3.128)

Lgauge(A) is the usual Maxwell term, and /D is a shorthand for γ μDμ. Thus, the total
Lagrangian for QED is

LQED= ψ̄(i /D−m)ψ − 1
4
F2 (3.129)

Notice that now both matter and gauge fields are dynamical degrees of freedom.
The QED Lagrangian has a local gauge invariance. Hence, it also has a locally conserved

current. In fact, the argument that we used in section 3.1 to show that there are conserved
(Noether) currents if there is a continuous global symmetry, is also applicable to gauge-
invariant Lagrangians. As a matter of fact, under an arbitrary infinitesimal gauge transfor-
mation

δψ = iθψ , δψ̄ =−iθψ̄ , δAμ= 1
e ∂μθ (3.130)

the QED Lagrangian remains invariant (i.e., δL= 0). An arbitrary variation of L is

δL= δL
δψ
δψ + δL

δ∂μψ
δ∂μψ + (ψ↔ ψ̄)+ δL

δ∂μAν
δ∂μAν + δL

δAμ
δAμ (3.131)

After using the equations of motion and the form of the gauge transformation, δL can be
written in the form

δL= ∂μ[jμ(x)θ(x)]− 1
e
Fμν(x)∂μ∂νθ(x)+ δL

δAμ
1
e
∂μθ(x) (3.132)

where jμ(x) is the electron number current:

jμ= i
(
∂L
δ∂μψ

ψ − ψ̄ δL
δ∂μψ̄

)
(3.133)

For smooth gauge transformations θ(x), the term Fμν∂μ∂νθ in eq. (3.132) vanishes because
of the antisymmetry of the field tensor Fμν . Hence we can write

δL= θ(x)∂μjμ(x)+ ∂μθ(x)
[
jμ(x)+ 1

e
δL

δAμ(x)

]
(3.134)

The first term tells us that since the infinitesimal gauge transformation θ(x) is arbitrary, the
Dirac current jμ(x) locally is conserved (i.e., ∂μjμ= 0).

Let us define the charge (or gauge) current Jμ(x) by the relation

Jμ(x)≡ δL
δAμ(x)

(3.135)

which is the current that enters in the equations of motion for the gauge field Aμ (i.e., the
Maxwell equations). The vanishing of the second term in eq. (3.134), required since the
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changes of the infinitesimal gauge transformations are also arbitrary, tells us that the charge
current and the number current are related by

Jμ(x)=−ejμ(x)=−e ψ̄γμψ (3.136)

This relation tells us that since jμ(x) is locally conserved, the global conservation of Q0,

Q0=
∫

d3xj0(x)≡
∫

d3xψ†(x)ψ(x) (3.137)

implies the global conservation of the electric charge Q:

Q≡−eQ0=−e
∫

d3xψ†(x)ψ(x) (3.138)

This property justifies the interpretation of the coupling constant e as the electric charge.
In particular, the gauge transformation of eq. (3.125) tells us that the matter field ψ(x)
represents excitations that carry the unit of charge,±e. From this point of view, the electric
charge can be regarded as a quantum number. This point of view becomes very useful in
quantum theory in the strong coupling limit. In this case, under special circumstances, the
excitations may acquire unusual quantum numbers. This is not the case for QED, but it
is the case for a number of theories in one and two space dimensions, with applications
in condensed matter systems, such as polyacetylene, or the two-dimensional electron gas
in high magnetic fields (i.e., the fractional quantum Hall effect), or in gauge theories with
magnetic monopoles.

3.7.2 Quantum chromodynamics

Quantum chromodynamics (QCD) is the gauge field theory of strong interactions in hadron
physics. In this theory, the elementary constituents of hadrons, the quarks, are represented
by the Dirac spinor field ψ i

α(x). The theory also contains a set of gauge fields Aa
μ(x) that

represent the gluons. The quark fields have both Dirac indices α= 1, . . ., 4 and color indices
i= 1, . . .,Nc, where Nc is the number of colors. In the Standard Model of weak, strong, and
electromagnetic interactions in particle physics, and in QCD, there are in addition Nf = 6
flavors of quarks, grouped into three generations, each labeled by a flavor index, and six
flavors of leptons, also grouped into three generations. The flavor symmetry is a global
symmetry of the theory.

Quarks are assumed to transform under the fundamental representation of the gauge
(or color) group G, say, SU(Nc). The theory is invariant under the group of gauge
transformations. In QCD, the color group is SU(3), and so Nc= 3. The color symmetry
is a non-abelian gauge symmetry. The gauge field Aμ is needed to enforce local gauge
invariance. In components, we get Aμ=Aa

μλ
a, where the λa are the generators of SU(Nc).

Thus, a= 1, . . .,D(SU(Nc)), and D(SU(Nc))=N2
c − 1. So Aμ is an N2

c − 1-dimensional
vector in the adjoint representation of G. For SU(3),N2

c − 1= 8, and so there are eight
generators.

The gauge-invariant matter term of the Lagrangian, Lmatter, is

Lmatter(ψ , ψ̄ ,A)= ψ̄(i /D−m)ψ (3.139)
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where /D= /∂ − ig /A≡ /∂ − ig /Aa
λa is the covariant derivative. The gauge field term of the

Lagrangian Lgauge,

Lgauge(A)=−1
4
trFμνFμν ≡−1

4
Fa
μνF

μν
a (3.140)

is the Yang-Mills Lagrangian. The total Lagrangian for QCD is

LQCD=Lmatter(ψ , ψ̄ ,A)+Lgauge(A) (3.141)

Can we define a color charge? Since the color group is non-abelian, it has more than one
generator. In section 3.1, we showed before that there are as many conserved currents as
there are generators in the group. Now, in general, the group generators do not commute
with each other. For instance, in SU(2), there is only one diagonal generator, J3, while SU(3)
has only two diagonal generators, and so forth. Can all the global charges Qa

Qa≡
∫

d3xψ†(x)λaψ(x) (3.142)

be defined simultaneously? It is straightforward to show that the Poisson brackets of any
pair of charges are, in general, different from zero. In section 4.4 we will show, when we
quantize the theory, that the charges Qa obey the same commutation relations as the group
generators themselves do. So, in the quantum theory, the only charges that can be assigned
to states are precisely the same as the quantumnumbers that label the representations. Thus,
if the group is SU(2), we can only assign to the states the values of the quadratic Casimir
operator J2 and of the projection J3. Similar restrictions apply to the case of SU(3) and to
other Lie groups.

3.8 Spacetime symmetries and the
energy-momentum tensor

Until now we have considered only the role of internal symmetries. We now turn to
spacetime symmetries and consider the role of coordinate transformations. In this more
general setting, we will have to require the invariance of the action rather than only of the
Lagrangian, as we did for internal symmetries.

There are three continuous spacetime symmetries that will be important to us: (1) trans-
lation invariance, (2) rotation invariance, and (3) homogeneity of time. While rotations
are a subgroup of Lorentz transformation, space and time translations are examples
of inhomogeneous Lorentz transformations (in the relativistic case) and of Galilean
transformations (in the nonrelativistic case). Inhomogeneous Lorentz transformations also
form a group, known as the Poincaré group. Note that the transformations discussed in
section 3.7 are particular cases of more general coordinate transformations. However, it is
important to keep in mind that, in most cases, general coordinate transformations are not
symmetries of an arbitrary system. They are the symmetries of general relativity.

In what follows, we are going to consider the response of a system to infinitesimal
coordinate transformations of the form

x′μ= xμ+ δxμ (3.143)
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where δxμ can be a function of the spacetime point xμ. Under a coordinate transformation
the fields change as

φ(x)→φ′(x′)=φ(x)+ δφ(x)+ ∂μφ δxμ (3.144)

where δφ is the variation of φ in the absence of a change of coordinates (i.e., a functional
change). In this notation, a uniform infinitesimal translation by a constant vector aμ is
δxμ= aμ, and an infinitesimal rotation of the space axes is δx0= 0 and δxi= εijkθjxk.

In general, the action of the system is not invariant under arbitrary changes in both
coordinates and fields. Indeed, under an arbitrary change of coordinates xμ→ x′μ(xμ),
the volume element d4x is not xμ→ x′μ(xμ), the volume element d4x is not invariant and
changes by a multiplicative factor of the form

d4x′ = d4x J (3.145)

where J is the Jacobian of the coordinate transformation

J= ∂x
′
1 · · · x′4

∂x1 · · · x4 ≡
∣∣∣∣det

(
∂x′μ
∂xν

)∣∣∣∣ (3.146)

For an infinitesimal transformation x′μ= xμ+ δxμ(x), we get

∂x′μ
∂xν
= gνμ+ ∂νδxμ (3.147)

Since δxμ is small, the Jacobian can be approximated by

J=
∣∣∣∣det

(
∂x′μ
∂xν

)∣∣∣∣=
∣∣det

(
gνμ+ ∂νδxμ

)∣∣≈ 1+ tr(∂νδxμ)+O(δx2) (3.148)

Thus
J≈ 1+ ∂μδxμ+O(δx2) (3.149)

The Lagrangian itself is in general not invariant. For instance, even thoughwewill always be
interested in systems whose Lagrangians are not an explicit function of x, still they are not in
general invariant under the given transformation of coordinates. Also, under a coordinate
change, the fields might also transform. Thus, in general, δL does not vanish.

The most general variation of L is

δL= ∂μL δxμ+ δL
δφ
δφ+ δL

δ∂μφ
δ∂μφ (3.150)

If φ obeys the equations of motion,

δL
δφ
= ∂μ δL

δ∂μφ
(3.151)

then the general change δL obeyed by solutions of the equations of motion is

δL= δxμ ∂μL+ ∂μ
(
δL
δ∂μφ

δφ

)
(3.152)
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The total change in the action is a sum of two terms

δS= δ
∫

d4xL=
∫
δd4xL+

∫
d4x δL (3.153)

where the change in the integration measure is due to the Jacobian factor,

δd4x= d4x ∂μδxμ (3.154)

Hence, δS is given by

δS=
∫

d4x
[
(∂μδxμ)L+ δxμ ∂μL+ ∂μ

(
δL
δ∂μφ

δφ

)]
(3.155)

Since the total variation of φ, δTφ, is the sum of the functional change of the fields plus
the changes in the fields caused by the coordinate transformation,

δTφ≡ δφ+ ∂μφδxμ (3.156)

we can write δS as a sum of two contributions: one due to change of coordinates and another
due to functional changes of the fields:

δS=
∫

d4x
[
(∂μδxμ)L+ δxμ∂μL+ ∂μ

(
δL
δ∂μφ

(δTφ− ∂νφδxν)
)]

(3.157)

Therefore, for the change of the action, we get

δS=
∫

d4x
{
∂μ

[(
gμν L−

δL
δ∂μφ

∂νφ

)
δxν

]
+ ∂μ

[
δL
δ∂μφ

δTφ

]}
(3.158)

We have already encountered the second term when we discussed the case of internal
symmetries. The first term represents the change of the action S as a result of a change
of coordinates.

Let us now consider a few explicit examples. To simplify matters, we consider the effects
of coordinate transformations alone. For simplicity, here we restrict our discussion to the
case of the scalar field.

3.8.1 Spacetime translations

Under a uniform infinitesimal translation δxμ= aμ, the field φ does not change:

δTφ= 0 (3.159)

The change of the action now is

δS=
∫

d4x ∂μ
(
gμνL− δL

δ∂μφ
∂νφ

)
aν (3.160)

For a system that is isolated and translationally invariant, the action must not change under
a redefinition of the origin of the coordinate system. Thus, δS= 0. Since aμ is arbitrary, it
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follows that the tensor Tμν

Tμν ≡−gμνL+ δL
δ∂μφ

∂νφ (3.161)

is conserved:

∂μTμν = 0 (3.162)

The tensor Tμν is known as the energy-momentum tensor. The reason for this name is
the following. Given that Tμν is locally conserved, by Noether’s theorem, we can define the
4-vector Pν

Pν =
∫

d3x T0ν(x, x0) (3.163)

which is a constant of motion. In particular, P0 is given by

P0=
∫

d3x T00(x, x0)≡
∫

d3x
[
−L+ δL

δ∂0φ
∂0φ

]
(3.164)

But δL
δ∂0φ

is just the canonical momentum�(x):

�(x)= δL
δ∂0φ

(3.165)

Then we can easily recognize that the quantity in brackets in eq. (3.164) in the definition of
P0 is just the Hamiltonian densityH:

H=�∂0φ−L (3.166)

Therefore, the time component of Pν is just the total energy of the system:

P0=
∫

d3xH (3.167)

The space components P j are

P j=
∫

d3x T0j=
∫

d3x
[
−g0jL+ δL

δ∂jφ
∂ jφ

]
(3.168)

Thus, since g0j= 0, we get

P=
∫

d3x�(x) ∂φ(x) (3.169)

The vector P is identified with the total linear momentum, since (1) it is a constant of
motion, and (2) it is the generator of infinitesimal space translations. For the same reasons,
we will identify the component T0j(x) with the linear momentum density P j(x). It is
important to stress that the canonical momentum �(x) and the total linear momentum
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density P j are obviously completely different physical quantities. While the canonical
momentum is a field that is canonically conjugate to the field φ, the total momentum is
the linear momentum stored in the field (i.e., the linear momentum of the center of mass).

3.8.2 Rotations

If the action is invariant under global infinitesimal Lorentz transformations, of which spatial
rotations are a particular case,

δxμ=ωνμ xν (3.170)

whereωμν is infinitesimal and antisymmetric, then the variation of the action is zero: δS= 0.
Ifφ is a scalar field, then δTφ is also zero. This is not the case for spinor or vector fields, which
transformunder Lorentz transformations. Because of the transformation properties of these
fields, the angular momentum tensor that we define below will be missing the contribution
representing the spin of the field (which vanishes for a scalar field). Here we consider only
the case of scalars.

Then, since for a scalar field δTφ= 0, we find

δS= 0=
∫

d4x ∂μ
[(

gμνL− δL
δ∂μφ

∂νφ

)
ωνρ xρ

]
(3.171)

Since ωνρ is constant and arbitrary, the quantity in brackets must also define a conserved
current.

LetMμνρ be the tensor defined by

Mμνρ ≡Tμνxρ −Tμρxν (3.172)

in terms of which the quantity in brackets in eq. (3.171) becomes 1
2ωνρM

μνρ . Thus, for an
arbitrary constant ω, we find that the tensorMμνρ is locally conserved:

∂μMμνρ = 0 (3.173)

In particular, the transformation

δx0= 0, δxj=ωjkxk (3.174)

represents an infinitesimal rotation of the spatial axes with

ωjk= εjklθl (3.175)

where the θl are three infinitesimal Euler angles. Thus, we suspect thatMμνρ must be related
to the total angular momentum. Indeed, the local conservation of the currentMμνρ leads to
the global conservation of the tensorial quantity Lνρ :

Lνρ ≡
∫

d3xM0νρ(x, x0) (3.176)
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In particular, the space components of Lνρ are

Ljk=
∫

d3x (T0j(x) xk−T0k(x) xj)

=
∫

d3x (Pj(x) xj−Pk(x) xj) (3.177)

If we denote by Lj the (pseudo) vector

Lj≡ 1
2
εjkl Lkl (3.178)

we get

Lj≡
∫

d3x εjkl xk Pl(x)≡
∫

d3x �j(x) (3.179)

The vector Lj is the generator of infinitesimal rotations and is thus identified with the
total angular momentum, whereas �j(x) is the corresponding (spatial) angular momentum
density. Notice that, since we are dealing with a scalar field, there is no spin contribution to
the angular momentum density.

The generalized angular momentum tensor Lνρ of eq. (3.176) is not translationally
invariant, since under a displacement of the origin of the coordinate system by aμ, Lνρ
changes by an amount aνPρ − aρPν . A truly intrinsic angular momentum is given by the
Pauli-Lubanski vectorWμ,

Wμ=−1
2
εμνλρ

LνλPρ√
P2

(3.180)

which, in the rest frame P= 0, reduces to the angular momentum.
Finally, we find that if the angular momentum tensorMμνλ has the form

Mμνλ=Tμνxλ−Tμλxν (3.181)

then the conservation of the energy-momentum tensor Tμν and of the angular momentum
tensorMμνλ together lead to the condition that the energy-momentum tensor should be a
symmetric second rank tensor:

Tμν =Tνμ (3.182)

Thus, we conclude that the conservation of angular momentum requires that the energy-
momentum tensor Tμν for a scalar field be symmetric.

The expression for Tμν that we derived in eq. (3.161) is not manifestly symmetric.
However, if Tμν is conserved, then the “improved” tensor T̃μν

T̃μν =Tμν + ∂λKμνλ (3.183)

is also conserved, provided the tensorKμνλ is antisymmetric in (μ, λ) and (ν, λ). It is always
possible to find such a tensor Kμνλ to make T̃μν symmetric. The improved, symmetric,
energy-momentum tensor is known as the Belinfante energy-momentum tensor.
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In particular, for the scalar field φ(x) whose Lagrangian density L is

L= 1
2
(∂μφ)

2−V(φ) (3.184)

the locally conserved energy-momentum tensor Tμν is

Tμν =−gμνL+ δL
δ∂μφ

∂νφ≡−gμνL+ ∂μφ∂νφ (3.185)

which is symmetric. The conserved energy-momentum 4-vector is

Pμ=
∫

d3x (−g0μL+ ∂0φ∂μφ) (3.186)

Thus, we find that

P0=
∫

d3x (� ∂0φ−L)=
∫

d3x
[
1
2
�2+ 1

2
(�φ)2+V(φ)

]
(3.187)

is the total energy of the field, and

P=
∫

d3x�(x)�φ(x) (3.188)

is the linear momentum P of the field. Both are constants of motion.

3.9 The energy-momentum tensor for the
electromagnetic field

For the case of the Maxwell field Aμ, a straightforward application of these methods yields
an energy-momentum tensor Tμν of the form

Tμν=−gμνL+ δL
δ∂νAλ

∂μAλ

= 1
4
gμνFαβFαβ − Fνλ∂μAλ (3.189)

It obeys ∂μTμν = 0, and hence is locally conserved. However, this tensor is not gauge
invariant. We can construct a gauge-invariant and conserved energy-momentum tensor by
exploiting the ambiguity in the definition of Tμν . Thus, if we choose Kμνλ= FνλAμ, which
is antisymmetric in the indices ν and λ, we can construct the required gauge-invariant and
conserved energy-momentum tensor,

T̃μν = 1
4
gμνF2− FνλF

μλ (3.190)

where we used the equation of motion of the free electromagnetic field, ∂λFνλ= 0. Notice
that this “improved” energy-momentum tensor is both gauge invariant and symmetric.
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From here we find that the 4-vector

Pμ=
∫

x0 fixed
d3x T̃μ0 (3.191)

is a constant of motion. Thus, we identify

P0=
∫

x0 fixed
d3x T̃00=

∫

x0 fixed
d3x

1
2

(
E2+B2) (3.192)

with the Hamiltonian, and

Pi=
∫

x0 fixed
d3x T̃i0=

∫

x0 fixed
d3x (E×B)i (3.193)

with the linear momentum (or Poynting vector) of the electromagnetic field.

3.10 The energy-momentum tensor and
changes in the geometry

The energy-momentum tensor Tμν appears in classical field theory as a result of the
translation invariance, in both space and time, of the physical system. We have seen in
section 3.9 that for a scalar field, Tμν is a symmetric tensor as a consequence of the
conservation of angular momentum. The definition we found does not require that Tμν
should have any definite symmetry. However, we found that it is always possible to modify
Tμν by adding a suitably chosen antisymmetric conserved tensor to find a symmetric
version of Tμν . Given this fact, it is natural to ask whether there is a way to define the
energy-momentum tensor in a such a way that it is always symmetric. This issue becomes
important if we want to consider theories for systems containing fields that are not scalars.

It turns out that it is possible to regard Tμν as the change in the action due to a change
of the geometry in which the system lives. From classical physics, we know that when a
body is distorted in some manner, in general its energy increases, since we have to perform
some work against the body to deform it. A deformation of a body is a change of the
geometry, in which its component parts evolve. Examples of such changes of geometry
are shear distortions, dilatations, bending, and twists. In contrast, some changes do not
cost any energy, since they are symmetry operations. Examples of symmetry operations are
translations and rotations. These symmetry operations can be viewed as simple changes in
the coordinates of the parts of the body, which do not change its geometrical properties
(e.g., the distances and angles between different points). Thus, coordinate transformations
do not alter the energy of the system. The same type of arguments apply to any dynamical
system. In the most general case, we have to consider transformations that leave the action
invariant. This leads us to consider how changes in the geometry of the spacetime affect the
action of a dynamical system.

The information about the geometry in which a system evolves is encoded in themetric
tensor of the space (and spacetime). The metric tensor is a symmetric tensor that specifies
how to measure the distance |ds| between a pair of nearby points x and x+ dx:

ds2= gμν(x) dxμ dxν (3.194)
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Under an arbitrary local change of coordinates xμ→ xμ+ δxμ, the metric tensor changes
as follows:

g′μν(x
′)= gλρ(x)

∂xλ

∂x′μ
∂xρ

∂x′ν
(3.195)

For an infinitesimal change, the functional change in the metric tensor δgμν is then

δgμν =−1
2

(
gμλ∂νδxλ+ gλν∂μδxλ+ ∂λgμνδxλ

)
(3.196)

The volume element, invariant under coordinate transformations, is d4x√g, where g is the
determinant of the metric tensor.

Coordinate transformations change the metric of spacetime but do not change the
action. Physical or geometric changes are changes in the metric tensor that are not due
to coordinate transformations. For a system in a space with metric tensor gμν(x), not
necessarily theMinkowski (or Euclidean)metric, the change in the action is a linear function
of the infinitesimal change in the metric δgμν(x) (i.e., “Hooke’s law”). Thus, we can write
the change of the action due to an arbitrary infinitesimal change of the metric in the form

δS=
∫

d4x√g Tμν(x) δgμν(x) (3.197)

Below we will identify the proportionality constant, the tensor Tμν , with the conserved
energy-momentum tensor. This definition implies thatTμν can be regarded as the derivative
of the action with respect to the metric

Tμν(x)≡ δS
δgμν(x)

(3.198)

Since the metric tensor is symmetric, this definition always yields a symmetric energy-
momentum tensor.

To prove that this definition of the energy-momentum tensor agrees with the one we
obtained in section 3.9 (which was not unique!), we have to prove that the form of Tμν
just defined is a conserved current for coordinate transformations. Under an arbitrary local
change of coordinates, which leave the distance ds unchanged, the metric tensor changes by
the δgμν given in eq. (3.196). The change of the action δS must be zero in this case. If we
substitute the expression for δgμν in δS, then an integration by parts will yield a conservation
law. Indeed, for the particular case of a flat metric, such as the Minkowski or Euclidean
metrics, the change δS is

δS=−1
2

∫
d4x Tμν(x)

(
gμλ∂νδxλ+ gλν∂μδxλ

)
(3.199)

since for a global coordinate transformation, the Jacobian factor √g and the measure of
spacetime d4x are constant. Thus, if δS is to vanish for an arbitrary change δx, the tensor
Tμν(x) has to be a locally conserved current: that is, ∂μTμν(x)= 0. This definition can be
extended to the case of more general spaces. Note, however, that the energy-momentum
tensor can be made symmetric only if the space does not have a property known as torsion.

Finally, note that this definition of the energy-momentum tensor also allows us to
identify the spatial components of Tμν with the stress-energy tensor of the system.
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Indeed, for a change in geometry that does not vary with time, the change in the action
reduces to a change in the total energy of the system. Hence, the space components of
the energy-momentum tensor tell us how much the total energy changes for a specific
deformation of the geometry. But this is precisely what the stress energy tensor is!

Exercises

3.1 Symmetries and conservation laws of the abelian Higgs model
Here you will look again at a charged (complex) scalar field φ(x) coupled to the
electromagnetic field Aμ(x). Recall that the Lagrangian density L for this system is

L= (
Dμφ(x)

)∗ (Dμφ(x)
)−m2

0|φ(x)|2−
λ

2
(|φ(x)|2)2− 1

4
FμνFμν (3.200)

where Dμ is the covariant derivative,

Dμ≡ ∂μ+ ieAμ (3.201)

e is the electric charge, and ∗ denotes complex conjugation. In this problem set, you
will determine several important properties of this field theory at the classical level.

1) Derive an expression for the locally conserved current jμ(x), associated with the
global symmetry

φ(x)→φ′(x)= eiθφ(x)

φ∗(x)→φ′∗(x)= e−iθφ∗(x)

Aμ(x)→A′μ(x)=Aμ(x) (3.202)

in terms of the fields of the theory.
2) Show that the conservation of the current jμ implies the existence of a constant of

motion. Find an explicit form for this constant of motion.
3) Consider now the case of the local (or gauge) transformation

φ(x)→φ′(x)= eiθ(x)φ(x)

φ∗(x)→φ′∗(x)= e−iθ(x)φ∗(x)

Aμ(x)→A′μ(x)=Aμ(x)+ ∂μ�(x) (3.203)

where θ(x) and �(x) are two functions. What should be the relation between
θ(x) and�(x) for this transformation to be a symmetry of the Lagrangian of the
system?

4) Show that, if the system has the local symmetry of problem 3, there is a locally
conserved gauge current Jμ(x). Find an explicit expression for Jμ and discuss
in what way it is different from the current jμ of problem 1). Find an explicit
expression for the associated constant ofmotion, and discuss its physicalmeaning.
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5) Find the energy-momentum tensorTμν for this system. Show that it can bewritten
as the sum of two terms,

Tμν =Tμν(A)+Tμν(φ,A) (3.204)

where Tμν(A) is the energy-momentum tensor for the free electromagnetic field,
and Tμν(φ,A) is the tensor that results from modifying the energy-momentum
tensor for the decoupled complex scalar fieldφ by theminimal coupling procedure.

6) Find explicit expressions for the Hamiltonian H(x) and the linear momentum
P j(x) densities for this system. Give a physical interpretation for all terms that
you have found for each quantity.

7) Consider now the case of an infinitesimal Lorentz transformation

xμ→ x′μ+ωμνxν (3.205)

where ωμν is infinitesimal and antisymmetric. Show that the invariance of the
Lagrangian of this system under these Lorentz transformations leads to the
existence of a conserved tensor Mμνλ. Find the explicit form of this tensor. Give
a physical interpretation for its spatial components. Does the conservation of this
tensor impose any restriction on the properties of the energy-momentum tensor
Tμν? Explain.

8) In this problem, you will consider again the same system but in a polar rep-
resentation for the scalar field φ:

φ(x)= ρ(x) eiω(x) (3.206)

In exercise 2.5, you showed that form2
0< 0, the lowest energy states of the system

can be well approximated by freezing the amplitudemode ρ to a constant value ρ0,
which you obtained by an energyminimization argument. In the present problem,
find the form of (i) the conserved gauge current Jμ, (ii) the total energy E, and
(iii) the total linear momentum P in this limit.

9) Consider now the analytic continuation to imaginary time of this theory. Find the
energy functional of the equivalent system in classical statistical mechanics. Give
a physical interpretation for each of the terms of this energy functional. IfD is the
dimensionality of spacetime for the original system, what is the dimensionality of
space for the equivalent classical problem? Warning: Be very careful in the way
you continue the components of the vector potential.



4

Canonical Quantization

Wenowbegin the discussion of ourmain subject of interest: the role of quantummechanical
fluctuations in systems with infinitely many degrees of freedom. We begin with a brief
overview of quantum mechanics of a single particle.

4.1 Elementary quantummechanics

Elementary quantum mechanics describes the quantum dynamics of systems with a finite
number of degrees of freedom. Two axioms are involved in the standard procedure for
quantizing a classical system. Let L(q, q̇) be the Lagrangian of an abstract dynamical system
described by the generalized coordinate q. In chapter 2, we recalled that the canonical
formalism of classical mechanics is based on the concept of canonical pairs of dynamical
variables. So the canonical coordinate q has for its partner the canonical momentum p:

p= ∂L
∂ q̇

(4.1)

In the canonical formalism, the dynamics of the system is governed by the classical
Hamiltonian

H(q, p)= pq̇− L(q, q̇) (4.2)

which is the Legendre transform of the Lagrangian. In the canonical (Hamiltonian) formal-
ism, the equations of motion are just Hamilton’s equations:

ṗ=−∂H
∂q

, q̇= ∂H
∂p

(4.3)

The dynamical state of the system is defined by the values of the canonical coordinates
and momenta at any given time t. As a result of these definitions, the coordinates and
momenta satisfy a set of Poisson bracket relations,

{q, p}PB= 1, {q, q}PB={p, p}PB= 0 (4.4)



Canonical Quantization . 77

where

{A,B}PB≡ ∂A
∂q
∂B
∂p
− ∂A
∂p
∂B
∂q

(4.5)

In quantummechanics, the primitive (or fundamental) notion is the concept of a physical
state. A physical state of a system is represented by a state vector in an abstract vector
space, which is called the Hilbert spaceH of quantum states. The spaceH is a vector space
in the sense that if two vectors, |�〉 ∈H and |�〉 ∈H, represent physical states, then the
linear superposition |a� + b�〉= a|�〉+ b|�〉, where a and b are two arbitrary complex
numbers, also represents a physical state, and thus it is an element of the Hilbert space (i.e.,
|a� + b�〉 ∈H). The superposition principle is an axiom of quantum mechanics.

In quantum mechanics, the dynamical variables (i.e., the generalized coordinates q̂ and
the associated canonical momenta p̂), the Hamiltonian H, and so forth are represented by
operators that act linearly on the Hilbert space of states. Hence, quantum mechanics is a
linear theory, even though the physical observables obey nonlinear Heisenberg equations
of motion. Let us denote by Â an arbitrary operator acting on the Hilbert space H. The
result of acting on the state |�〉 ∈H with the operator Â is another state |�〉 ∈H:

Â|�〉= |�〉 (4.6)

The Hilbert space H is endowed with an inner product. An inner product is an operation
that assigns a complex number 〈�|�〉 to a given pair of states |�〉 ∈H and |�〉 ∈H.

Since H is a vector space, there exists a set of linearly independent states {|λ〉}, called a
basis, that spans the entire Hilbert space. Thus, an arbitrary state |�〉 can be expanded as a
linear combination of a complete set of states that form a basis ofH,

|�〉=
∑

λ

�λ |λ〉 (4.7)

which is unique for a fixed set of basis states. The basis states can be chosen to be
orthonormal with respect to the inner product:

〈λ|μ〉= δλμ (4.8)

In general, if |�〉 and |�〉 are normalized states,

〈�|�〉= 〈�|�〉= 1 (4.9)

then the action of an operator Â on a state |�〉 is proportional to a (generally different)
state |�〉:

Â|�〉=α|�〉 (4.10)

The coefficient α is a complex number that depends on the pair of states and on the operator
Â. This coefficient is thematrix element of Â between the states |�〉 and |�〉, which we write
with the notation

α=〈�|Â|�〉 (4.11)

Operators that act on a Hilbert space do not generally commute with each other. One of
the axioms of quantum mechanics is the correspondence principle, which states that in the
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classical limit, �→ 0, the operators should effectively become numbers and commute with
each other in the classical limit.

The procedure of canonical quantization consists of demanding that to the classical
canonical pair (q, p) that satisfies the Poisson bracket {q, p}PB= 1, we associate a pair of
operators q̂ and p̂, acting on the Hilbert space of states H, which obey the canonical
commutation relations:

[q̂, p̂]= i� [q̂, q̂]= [p̂, p̂]= 0 (4.12)

Here [Â, B̂] is the commutator of the operators Â and B̂:

[Â, B̂]= ÂB̂− B̂Â (4.13)

In particular, two operators that do not commute with each other cannot be diagonalized
simultaneously. Hence, it is not possible to measure simultaneously with arbitrary precision
in the same physical state two noncommuting observables. This is the uncertainty principle.

By following this prescription, we assign to the classical HamiltonianH(q, p), which is a
function of the dynamical variables q and p, an operator Ĥ(q̂, p̂) obtained by replacing the
dynamical variables with the corresponding operators. Other classical dynamical quantities
are similarly associated in quantum mechanics with quantum operators that act on the
Hilbert space of states. Moreover, in quantum mechanics, all operators associated with
classical physical quantities in quantum mechanics are hermitian operators relative to the
inner product defined in the Hilbert space H. Namely, if Â is an operator and Â† is the
adjoint of Â,

〈�|Â†|�〉≡ 〈�|Â|�〉∗ (4.14)

then Â is hermitian iff Â= Â† (with suitable boundary conditions).
The quantum mechanical state of the system at time t, |�(t)〉, obeys the Schrödinger

equation:

i�
∂

∂t
|�(t)〉= Ĥ(q̂, p̂) |�(t)〉 (4.15)

The state |�(t)〉 is uniquely determined by the initial state |�(0)〉. Thus, in quantummecha-
nics, just as in classical mechanics, the Hamiltonian is the generator of the (infinitesimal)
time evolution of the state of a physical system.

It is always possible to choose a basis in which a particular operator is diagonal. For
instance, if the operator is the canonical coordinate q̂, a possible set of basis states are the
eigenstates of q̂, labeled by q, that is,

q̂|q〉= q |q〉 (4.16)

The basis states {|q〉} are orthonormal and complete:

〈q|q′〉 = δ(q− q′), Î=
∫

dq |q〉〈q| (4.17)

A state vector |�〉 can be expanded in an arbitrary basis. If the basis of states is {|q〉}, the
expansion is

|�〉=
∑

q
�(q) |q〉≡

∫ +∞

−∞
dq�(q) |q〉 (4.18)
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where we used the property that the eigenvalues of the coordinate q are the real numbers.
The coefficients�(q) of this expansion,

�(q)=〈q|�〉 (4.19)

(i.e., the amplitude required to find the system at coordinate q in this state), are the values
of the wave function of the state |�〉 in the coordinate representation.

Since the canonical momentum p̂ does not commute with q̂, it is not diagonal in
this representation. Just as in classical mechanics, in quantum mechanics the momentum
operator p̂ is the generator of infinitesimal displacements. Consider the states |q〉 and
exp(− i

�
ap̂) |q〉. It is easy to prove that the latter is the state |q+ a〉, since

q̂ exp
(
− i

�
ap̂

)
|q〉≡ q̂

∞∑

n=0

1
n!

(−ia
�

)n
p̂n |q〉 (4.20)

Using the commutation relation [q̂, p̂]= i�, it is easy to show that

[q̂, p̂n]= i�np̂n−1 (4.21)

Hence, we can write

q̂ exp
(
− i

�
ap̂

)
|q〉= (q+ a) exp

(
− i

�
ap̂

)
|q〉 (4.22)

Thus,

exp
(
− i

�
ap̂

)
|q〉= |q+ a〉 (4.23)

This is a unitary transformation, that is,

(
exp

(
− i

�
ap̂

))−1
=

(
exp

(
− i

�
ap̂

))†

(4.24)

We can now use this property to compute the matrix element

〈q| exp
(
i
�
ap̂

)
|�〉≡�(q+ a) (4.25)

For a infinitesimally small, it can be approximated by

�(q+ a)≈�(q)+ i
�
a〈q|p̂|�〉+ · · · (4.26)

We find that the matrix element for p̂ has to satisfy

〈q|p̂|�〉= �

i
lim
a→0

�(q+ a)−�(q)
a

(4.27)
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Thus, the operator p̂ is represented by a differential operator:

〈q|p̂|�〉≡ �

i
∂

∂q
�(q)= �

i
∂

∂q
〈q|�〉 (4.28)

It is easy to check that the coordinate representation of the operator

p̂= �

i
∂

∂q
(4.29)

and the coordinate operator q̂ satisfy the commutation relation [q̂, p̂]= i�.

4.2 Canonical quantization in field theory

We will now apply the axioms of quantum mechanics to a classical field theory. The result
will be a QFT. For the sake of simplicity, we first consider the case of a scalar field φ(x). We
have seen before that, given a Lagrangian densityL(φ, ∂μφ), the Hamiltonian can be found
once the canonical momentum	(x) is defined:

	(x)= δL
δ∂0φ(x)

(4.30)

On a given time surface x0, the classical Hamiltonian is

H=
∫

d3x
[
	(x, x0)∂0φ(x, x0)−L(φ, ∂μφ)

]
(4.31)

We quantize this theory by assigning to each dynamical variable of the classical theory a
hermitian operator that acts on the Hilbert space of the quantum states of the system. Thus,
the field φ̂(x) and the canonical momentum 	̂(x) are operators acting on a Hilbert space.
These operators obey equal-time canonical commutation relations:

[
φ̂(x), 	̂(y)

]
= i�δ(x− y) (4.32)

In the field representation, the Hilbert space is the vector space of wave functions� , which
are functionals of the configurations of the field (at a fixed time), whichwe denote by {φ(x)}.
In this notation, the wave functionals (i.e., the amplitude to find the state of the field in a
given configuration) are

�[{φ(x)}]≡ 〈{φ(x)}|�〉 (4.33)

In this representation, the field is a diagonal operator:

〈{φ}|φ̂(x)|�〉≡φ(x) 〈{φ(x)}|�〉=φ(x)�[{φ}] (4.34)

The canonical momentum 	̂(x) is not diagonal in this representation, but it acts on the
wave functionals as a functional differential operator:

〈{φ}|	̂(x)|�〉≡ �

i
δ

δφ(x)
�[{φ}] (4.35)



Canonical Quantization . 81

What we just described is the Schrödinger picture of QFT. In this picture, as usual, the oper-
ators are time independent but the states are time dependent and satisfy the Schrödinger
equation:

i�∂0�[{φ}, x0]= Ĥ�[{φ}, x0] (4.36)

For the particular case of a scalar field φ with the classical Lagrangian L,

L= 1
2
(∂μφ)

2−V(φ) (4.37)

the quantum mechanical Hamiltonian operator Ĥ is

Ĥ=
∫

d3x
{
1
2
	̂2(x)+ 1

2
(�φ̂(x))2+V(φ(x))

}
(4.38)

The stationary states are the eigenstates of the Hamiltonian Ĥ.
While it is possible to proceed further with the Schrödinger picture, the manipulation of

wave functionals becomes very cumbersome rather quickly. For this reason, the Heisenberg
picture is commonly used.

In the Schrödinger picture, the time evolution of the system is encoded in the time
dependence of the states. In contrast, in the Heisenberg picture, the operators are time
dependent, while the states are time independent. The operators of the Heisenberg picture
obey quantum mechanical equations of motion.

Let Â be some operator that acts on the Hilbert space of states. Let us denote by ÂH(x0)
the Heisenberg operator at time x0, defined by

ÂH(x0)= e
i
�
Ĥx0 Â e−

i
�
Ĥx0 (4.39)

for a system with a time-independent Hamiltonian Ĥ. It is straightforward to check that
ÂH(x0) obeys the equation of motion:

i�∂0ÂH(x0)=[ÂH(x0), Ĥ] (4.40)

Notice that in the classical limit, the dynamical variable A(x0) obeys the classical equation
of motion

∂0A(x0)={A(x0),H}PB (4.41)

where it is assumed that all the time dependence in A comes from the time dependence of
the field (the “coordinates”) and of their canonical momenta.

In the Heisenberg picture, both φ̂(x, x0) and 	̂(x, x0) are time-dependent operators that
obey the quantum mechanical equations of motion:

i�∂0φ̂(x, x0)=
[
φ̂(x, x0), Ĥ

]
, i�∂0	̂(x, x0)=[	̂(x, x0), Ĥ] (4.42)

The Heisenberg field operators φ̂(x, x0) and 	̂(x, x0) (we will omit the subindex “H” from
now on) obey equal-time commutation relations:

[
φ̂(x, x0), 	̂(y, x0)

]
= i�δ(x− y) (4.43)
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4.3 Quantization of the free scalar field theory

We will now quantize the theory of a relativistic scalar field φ(x). In particular, we consider
a free real scalar field φ whose Lagrangian density is

L= 1
2
(∂μφ)(∂

μφ)− 1
2
m2φ2 (4.44)

The quantum mechanical Hamiltonian Ĥ for a free real scalar field is

Ĥ=
∫

d3x
[
1
2
	̂2(x)+ 1

2

(
�φ̂(x)

)2+ 1
2
m2φ̂2(x)

]
(4.45)

where φ̂ and 	̂ satisfy the equal-time commutation relations (in units with �= c= 1):

[φ̂(x, x0), 	̂(y, x0)]= iδ(x− y) (4.46)

In theHeisenberg representation, φ̂ and 	̂ are time-dependent operators, while the states
are time independent. The field operators obey the equations of motion:

i∂0φ̂(x, x0)=[φ̂(x, x0), Ĥ], i∂0	̂(x, x0)=[	̂(x, x0), Ĥ] (4.47)

These are operator equations. After some algebra, we find that the Heisenberg equations of
motion for the field and for the canonical momentum are

∂0φ̂(x, x0)=	̂(x, x0) (4.48)

∂0	̂(x, x0)=�2 φ̂(x, x0)−m2φ̂(x, x0) (4.49)

Upon substitution, we derive the field equation for the scalar field operator:

(
∂2+m2) φ̂(x)= 0 (4.50)

Thus, the field operators φ̂(x) satisfy the Klein-Gordon equation as their Heisenberg
equation of motion.

4.3.1 Field expansions

Let us solve the field equation of motion by a Fourier transform,

φ̂(x)=
∫ d3k
(2π)3

φ̂(k, x0) eik·x (4.51)

where the φ̂(k, x0) are the Fourier amplitudes of φ̂(x). By demanding that φ̂(x) satisfies the
Klein-Gordon equation, we find that φ̂(k, x0) should satisfy

∂20 φ̂(k, x0)+ (k2+m2)φ̂(k, x0)= 0 (4.52)
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Also, since φ̂(x, x0) is a real hermitian field operator, φ̂(k, x0)must satisfy

φ̂†(k, x0)= φ̂(−k, x0) (4.53)

The time dependence of φ̂(k, x0) is trivial. Let us write φ̂(k, x0) as the sum of two terms:

φ̂(k, x0)= φ̂+(k)eiω(k)x0 + φ̂−(k)e−iω(k)x0 (4.54)

The operators φ̂+(k) and φ̂†
+(k) are not independent, since the reality condition of the field

φ̂(x, x0) implies that
φ̂+(k)= φ̂†

−(−k) φ̂
†
+(k)= φ̂−(−k) (4.55)

This expansion is a solution of the equation of motion (the Klein-Gordon equation),
provided ω(k) is given by

ω(k)=
√
k2+m2 (4.56)

Let us define the operator â(k) and its adjoint â†(k) by

â(k)= 2ω(k)φ̂−(k) â†(k)= 2ω(k)φ̂†
−(k) (4.57)

The operators â†(k) and â(k) obey the (generalized) creation-annihilation operator algebra:

[â(k), â†(k′)]= (2π)32ω(k) δ3(k− k′) (4.58)

In terms of the operators â†(k) and â(k), the field operator becomes

φ̂(x)=
∫ d3k
(2π)32ω(k)

[
â(k)e−iω(k)x0+ik·x+ â†(k)eiω(k)x0−ik·x

]
(4.59)

where we have chosen to normalize the operators in such a way that the phase-space factor

takes the Lorentz-invariant form
d3k

2ω(k)
.

The canonical momentum can also be expanded in a similar way:

	̂(x)=−i
∫ d3k
(2π)32ω(k)

ω(k)
[
â(k)e−iω(k)x0+ik·x− â†(k)eiω(k)x0−ik·x

]
(4.60)

Notice that, in both expansions, there are terms with positive and negative frequency,
and that the terms with positive frequency have creation operators â†(k), while the terms
with negative frequency have annihilation operators â(k). This observation motivates the
notation

φ̂(x)= φ̂+(x)+ φ̂−(x) (4.61)

where the expansion of φ̂+ has only positive frequency terms and the expansion of φ̂− has
only negative frequency terms. This decomposition will turn out to be very useful.
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4.3.2 The Hamiltonian and its spectrum

Let us now write the Hamiltonian in terms of the operators â(k) and â†(k). The result is

Ĥ=
∫ d3k
(2π)32ω(k)

1
2
ω(k)

(
â(k)â†(k)+ â†(k)â(k)

)
(4.62)

This Hamiltonian needs to be normal-ordered relative to a ground state, which we will now
define.

A: Vacuum state Let |0〉 be the state that is annihilated by all the operators â(k):

â(k)|0〉= 0 (4.63)

Relative to this state, which we will call the vacuum state, the Hamiltonian can be written in
the form

Ĥ=: Ĥ:+E0 (4.64)

where : Ĥ: is normal ordered relative to the state |0〉. In other words, in : Ĥ:, all the
destruction operators appear to the right of all the creation operators. Therefore, the
normal-ordered operator : Ĥ: annihilates the vacuum state

: Ĥ: |0〉= 0 (4.65)

The real number E0 is the ground state energy. In this case, it is equal to

E0=
∫

d3k
1
2
ω(k) δ(0) (4.66)

where δ(0), the delta function at zero momentum, is the IR divergent quantity

δ(0)= lim
p→0

δ3( p)= lim
p→0

∫ d3x
(2π)3

eip·x= V
(2π)3

(4.67)

where V is the (infinite) volume of space. Thus, E0 is extensive and can be written as
E0= ε0V , where ε0 is the ground state energy density. We find

ε0=
∫ d3k
(2π)3

ω(k)
2
≡ 1

2

∫ d3k
(2π)3

√
k2+m2 (4.68)

Eq. (4.68) is the sum of the zero-point energies of all the oscillators. This quantity is
formally divergent, since the integral is dominated by the contributions with largemomenta
or, what is the same, short distances. This is a UV divergence. It is divergent because the
system has an infinite number of degrees of freedom even in a finite volume. We will
encounter other examples of similar divergences in field theory. It is important to keep in
mind that they are not artifacts of our scheme: They result from the fact that the system is
in continuous spacetime and has an infinite number of degrees of freedom.

We can take two different points of view with respect to this problem. One possibility is
simply to say that the ground state energy is not a physically observable quantity, since any
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experiment will only yield information on excitation energies, and in this theory, they are
finite. Thus, we can simply redefine the zero of the energy by dropping this term. Normal
ordering is then just the mathematical statement that all energies are measured relative to
that of the ground state. As far as free field theory is concerned, this subtraction is sufficient,
since it makes the theory finite.

However, once interactions are considered, divergences will show up in the formal
computation of physical quantities. This procedure then requires further subtractions.
An alternative approach consists of introducing a regulator or cutoff. The theory is now
finite, but one is left with the task of proving that the physics is independent of the cutoff
procedure. This is the program of the renormalization group. It is not presently known
whether there should be a fundamental cutoff in these theories (i.e., whether there is a more
fundamental description of nature at short distances and high energies, as postulated by
string theory). However, it is clear that if QFTs are to be regarded as effective hydrodynamic
theories valid below some high energy scale, then a cutoff is actually natural.

B:Hilbert space We can construct the spectrum of states by inspecting the normal-ordered
Hamiltonian:

: Ĥ:=
∫ d3k
(2π)32ω(k)

ω(k) â†(k)â(k) (4.69)

This Hamiltonian commutes with the linear momentum P̂

P̂=
∫

x0 fixed
d3x 	̂(x, x0)�φ̂(x, x0) (4.70)

which, up to operator ordering ambiguities, is the quantum mechanical version of the
classical linear momentum P:

P=
∫

x0
d3x T0j≡

∫

x0
d3x	(x, x0)�φ(x, x0) (4.71)

In Fourier space, P̂ becomes

P̂=
∫ d3k
(2π)32ω(k)

k â†(k)â(k) (4.72)

The normal-ordered Hamiltonian : Ĥ: also commutes with the occupation numbers of
the oscillators, n̂(k), defined by

n̂(k)≡ â†(k)â(k) (4.73)

Since {n̂(k)} and the Hamiltonian Ĥ commute with each other, we can use a complete set
of eigenstates of {n̂(k)} to span the Hilbert space. We will regard the excitations counted by
n̂(k) as particles that have energy and momentum (in more general theories, they will also
have other quantum numbers). Their Hilbert space has an indefinite number of particles,
and it is called a Fock space. The states {|{n(k)}〉} of the Fock space, defined by

|{n(k)}〉=
∏

k
N (k)[â†(k)]n(k)|0〉 (4.74)
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withN (k) being normalization constants, are eigenstates of the operator n̂(k):

n̂(k)|{n(k)}〉= (2π)32ω(k)n(k)|{n(k)}〉 (4.75)

These states span the occupation-number basis of the Fock space.
The total number operator N̂,

N̂≡
∫ d3k
(2π)32ω(k)

n̂(k) (4.76)

commutes with the Hamiltonian Ĥ, and it is diagonal in this basis.

N̂|{n(k)}〉=
∫

d3k n(k) |{n(k)}〉 (4.77)

The energy of these states is

Ĥ|{n(k)}〉=
[∫

d3k n(k)ω(k)+E0
]
|{n(k)}〉 (4.78)

Thus, the excitation energy ε({n(k)}) of this state is

ε(k)=
∫

d3k n(k)ω(k) (4.79)

The total linear momentum operator P̂ has an operator ordering ambiguity. It will be
fixed by requiring that the vacuum state |0〉 be translationally invariant:

P̂|0〉= 0 (4.80)

In terms of creation and annihilation operators, the total momentum operator is

P̂=
∫ d3k
(2π)32ω(k)

k n̂(k) (4.81)

Thus, P̂ is diagonal in the basis |{n(k)}〉, since

P̂|{n(k)}〉=
[∫

d3k k n(k)
]
|{n(k)}〉 (4.82)

The state with lowest energy, the vacuum state |0〉, has n(k)= 0 for all k. Thus the vacuum
state has zero momentum, and it is translationally invariant.

The states |k〉, defined by
|k〉≡ â†(k)|0〉 (4.83)

have excitation energy ω(k) and total linear momentum k. Thus, the states {|k〉} are
particle-like excitations that have an energy dispersion curve

E=
√
k2+m2 (4.84)
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characteristic of a relativistic particle of momentum k and massm. Thus, the excitations of
the ground state of this field theory are particle-like and have positive energy (relative to
the vacuum state). From this discussion, we can see that these particles are free, since their
energies and momenta are additive.

4.3.3 Causality

The starting point of the quantization procedure was to impose equal-time commutation
relations on the canonical fields φ̂(x) and their canonical momenta 	̂(x). In particular,
two field operators on different spatial locations commute at the same times. But do they
commute at different times?

To address this question, let us calculate the commutator(x− y):

i(x− y)=[φ̂(x), φ̂(y)] (4.85)

where φ̂(x) and φ̂(y) are Heisenberg field operators for spacetime points x and y,
respectively. From the Fourier expansion of the fields, we know that the field operator can
be split into a sum of two terms:

φ̂(x)= φ̂+(x)+ φ̂−(x) (4.86)

where φ̂+ contains only creation operators and positive frequencies, and φ̂− contains only
annihilation operators and negative frequencies. Thus the commutator is

i(x− y)= [φ̂+(x), φ̂+(y)]+ [φ̂−(x), φ̂−(y)]
+ [φ̂+(x), φ̂−(y)]+ [φ̂−(x), φ̂+(y)] (4.87)

The first two terms always vanish, since the φ̂+ operators commute among themselves and
so do the operators φ̂−. Thus, the only nonvanishing contributions are

i(x− y)= [φ̂+(x), φ̂−(y)]+ [φ̂−(x), φ̂+(y)]

=
∫

dk̄
∫

dk̄′
{
[â†(k), â(k′)] exp (−iω(k)x0+ ik · x+ iω(k′)y0− ik′ · y)

+[â(k), â†(k′)] exp (
iω(k)x0− ik · x− iω(k′)y0+ ik′ · y)

}
(4.88)

where ∫
dk̄≡

∫ d3k
(2π)32ω(k)

(4.89)

Furthermore, using the commutation relations of the creation and annihilation operators,
we find that the operator (x− y) is proportional to the identity operator, and hence, it is
actually a function. It is given by

i(x− y)=
∫

dk̄
[
eiω(k)(x0−y0)−ik·(x−y)− e−iω(k)(x0−y0)+ik·(x−y)

]
(4.90)
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Time

Forward light cone

Backward light cone

Space

x0
2 – x2 > 0

x0
2 – x2 > 0

x0
2 – x2 < 0x0

2 – x2 < 0

Figure 4.1 Minkowski spacetime.

With the help of the Lorentz-invariant function ε(k0), defined by

ε(k0)= k0

|k0| ≡ sign(k0) (4.91)

we can write(x− y) in the manifestly Lorentz invariant form:

i(x− y)=
∫ d4k
(2π)3

δ(k2−m2)ε(k0)e−ik·(x−y) (4.92)

The integrand of eq. (4.92) vanishes unless themass shell condition

k2−m2= 0 (4.93)

is satisfied.
Notice that(x− y) satisfies the initial condition

∂0|x0=y0 =−δ3(x− y) (4.94)

At equal times x0= y0 the commutator vanishes:

(x− y, 0)= 0 (4.95)

Furthermore, by Lorentz invariance, (x− y) also vanishes if the spacetime points x and
y are separated by a space-like interval, (x− y)2< 0. This must be the case, since (x− y)
is manifestly Lorentz invariant. Thus if it vanishes at equal times, where (x− y)2= (x0−
y0)2− (x− y)2=−(x− y2)2< 0, it must vanish for all events with negative values of (x−
y)2. This implies that, for events x and y that are not causally connected,(x− y)= 0, and
that (x− y) is nonzero only for causally connected events (i.e., in the forward light cone
shown in figure 4.1).
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4.4 Symmetries of the quantum theory

In our discussion of classical field theory, we discovered that the presence of continuous
global symmetries implied the existence of constants ofmotion. In addition, the constants of
motion were the generators of infinitesimal symmetry transformations. Let us now explore
what role symmetries play in the quantized theory.

In the quantized theory, all physical quantities are represented by operators that act on
theHilbert space of states. The classical statement that a quantityA is conserved if its Poisson
bracket with the Hamiltonian vanishes

dA
dt
={A,H}PB= 0 (4.96)

in quantum theory becomes the operator identity

i
dÂH

dt
=[ÂH , Ĥ]= 0 (4.97)

We are using the Heisenberg representation. Then the constants of motion of the quantum
theory are operators that commute with the Hamiltonian: [ÂH , Ĥ]= 0.

Therefore, the quantum theory has a symmetry iff the charge Q̂, which is a hermitian
operator associated with a classically conserved current jμ(x) via the correspondence
principle,

Q̂=
∫

x0 fixed
d3x ĵ0(x, x0) (4.98)

is an operator that commutes with the Hamiltonian Ĥ:

[Q̂, Ĥ]= 0 (4.99)

If so, then the charges Q̂ constitute a representation of the generators of the algebra of
the Lie group of the symmetry transformations in the Hilbert space of the theory. The
transformations Û(α) associated with the symmetry

Û(α)= exp(iαQ̂) (4.100)

are unitary transformations that act on the Hilbert space of the system.
For instance, we saw that for a translationally invariant system, the classical energy-

momentum four-vector Pμ,

Pμ=
∫

x0
d3x T0μ (4.101)

is conserved. In the quantum theory, P0 becomes the Hamiltonian operator Ĥ, and Pi

becomes the total momentumoperator P̂. In the case of a free scalar field, we saw before that
these operators commute with each other: [̂P, Ĥ]= 0. Thus, the eigenstates of the system
havewell-defined total energy and totalmomentum. SinceP is the generator of infinitesimal
translations of the classical theory, it is easy to check that its equal-time Poisson bracket with
the field φ(x) is

{φ(x, x0),Pj}PB= ∂ jxφ (4.102)
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In quantum theory, the equivalent statement is that the field operator φ̂(x) and the total
momentum operator P̂ satisfy the equal-time commutation relation:

[φ̂(x, x0), P̂j]= i∂ jxφ̂(x, x0) (4.103)

Consequently, the field operators φ̂(x+ a, x0) and φ̂(x, x0) are related by

φ̂(x+ a, x0)= eia·̂Pφ̂(x, x0)e−ia·̂P (4.104)

Translational invariance of the ground state |0〉 implies that it is a state with zero total
momentum: P̂|0〉= 0. For a finite displacement a, we get

eia·̂P|0〉= |0〉 (4.105)

which says that the state |0〉 is invariant under translations and belongs to a one-dimensional
representation of the group of global translations.

Let us now discuss what happens to global internal symmetries. The simplest case is
the free complex scalar field φ(x), whose Lagrangian L is invariant under global phase
transformations. If φ is a complex field, it can be decomposed into its real and imaginary
parts:

φ= 1√
2
(φ1+ iφ2) (4.106)

The classical Lagrangian for a free complex scalar field φ is

L= ∂μφ∗∂μφ−m2φ∗φ (4.107)

which now splits into a sum of two independent terms,

L(φ)=L(φ1)+L(φ2) (4.108)

where L(φ1) and L(φ2) are the Lagrangians for the free scalar real fields φ1 and φ2,
respectively. Likewise, the canonical momenta	(x) and	∗(x) decompose into

	(x)= δL
δ∂0φ

= 1√
2
(φ̇1− iφ̇2) 	∗(x)= 1√

2
(φ̇1+ iφ̇2) (4.109)

In quantum theory, the operators φ̂ and φ̂† are no longer equal to each other, and neither
are 	̂ and 	̂†. Still, the canonical quantization procedure tells us that φ̂ and 	̂ (and φ̂† and
	̂†) satisfy the equal-time canonical commutation relations:

[φ̂(x, x0), 	̂(y, x0)]= iδ3(x− y) (4.110)

The theory of the free complex scalar field is solvable by the same methods that we used for
a free real scalar field. Instead of a single creation-annihilation algebra, we must introduce
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now two algebras, with operators â1(k) and â†
1(k), and â2(k) and â†

2(k). Let â(k) and b̂(k)
be defined by

â(k)= 1√
2

(
â1(k)+ iâ2(k)

)
, â†(k)= 1√

2

(
â†
1(k)− iâ†

2(k)
)

b̂(k)= 1√
2

(
â1(k)− iâ2(k)

)
, b̂†(k)= 1√

2

(
â†
1(k)+ iâ†

2(k)
)

(4.111)

which satisfy the algebra

[â(k), â†(k′)]= [b̂(k), b̂†(k′)]= (2π)32ω(k) δ3(k− k′) (4.112)

while all other commutators vanish.
The Fourier expansion for the fields now is

φ̂(x)=
∫ d3k
(2π)32ω(k)

(
â(k)e−ik·x+ b̂†(k)eik·x

)

φ̂†(x)=
∫ d3k
(2π)32ω(k)

(
b̂(k)e−ik·x+ â†(k)eik·x

)
(4.113)

where ω(k)=
√
k2+m2, and k0=ω(k). In this notation, the normal-ordered Hamil-

tonian is

: Ĥ:=
∫ d3k
(2π)32ω(k)

ω(k)
(
â†(k)â(k)+ b̂†(k)b̂(k)

)
(4.114)

The normal-ordered total linear momentum P̂ is given by a similar expression:

P̂=
∫ d3k
(2π)32ω(k)

k
(
â†(k)â(k)+ b̂†(k)b̂(k)

)
(4.115)

We see that there are two types of quanta, a and b. The field φ̂ creates b-quanta, and it
destroys a-quanta. The vacuum state has no quanta and is annihilated by both operators:
â(k)|0〉= b̂(k)|0〉= 0. The one-particle states now have a twofold degeneracy, since the
states â†(k)|0〉 and b̂†(k)|0〉 have one particle of type a and one of type b, respectively. These
states have exactly the same energy ω(k) and the same momentum k. Thus, for each value
of the energy and of momentum, we have a two-dimensional space of possible states. This
degeneracy is a consequence of the symmetry: The states form multiplets.

What is the quantum operator that generates this symmetry? The classically conserved
current is

jμ= iφ∗∂μ
↔
φ (4.116)
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In the quantum theory, jμ becomes the normal-ordered operator : ĵμ:. The corresponding
global charge Q̂ is

Q̂= :
∫

d3x i
(
φ̂†∂0φ̂− (∂0φ̂†)φ̂

)
:

=
∫ d3k
(2π)32ω(k)

(
â†(k)â(k)− b̂†(k)b̂(k)

)

= N̂a− N̂b (4.117)

where N̂a and N̂b are the number operators for quanta of types a and b, respectively. Since
[Q̂, Ĥ]= 0, the difference N̂a− N̂b is conserved. Since this property is the consequence of
a symmetry, it is expected to hold in more general theories than the simple free-field case
that we are discussing here, provided that [Q̂, Ĥ]= 0. Thus, although N̂a and N̂b in general
may not be conserved separately, the difference N̂a− N̂b will be conserved if the symmetry
is exact.

Let us now briefly discuss how this symmetry is realized in the spectrum of states.

4.4.1 The vacuum state

The vacuum state has Na=Nb= 0. Thus, the generator Q̂ annihilates the vacuum

Q̂|0〉= 0 (4.118)

Therefore, the vacuum state is invariant (i.e., is a singlet) under the symmetry:

|0〉′ = eiQ̂α|0〉= |0〉 (4.119)

Because the state |0〉 is always defined up to an overall phase factor, it spans a one-
dimensional subspace of states that are invariant under the symmetry. This is the vacuum
sector and, for this problem, is trivial.

4.4.2 One-particle states

There are two linearly independent one-particle states, |+, k〉 and |−, k〉, defined by

|+, k〉= â†(k) |0〉, |−, k〉= b̂†(k) |0〉 (4.120)

Both states have the samemomentum k and energyω(k). The Q̂-quantumnumbers of these
states, which we will refer to as their charge, are

Q̂|+, k〉= (N̂a− N̂b)â†(k)|0〉= N̂a â†(k)|0〉=+|+, k〉
Q̂|−, k〉= (N̂a− N̂b) b̂†(k)|0〉=−|−, k〉 (4.121)

Hence
Q̂|σ , k〉= σ |σ , k〉 (4.122)
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where σ =±1. Thus, the state â†(k)|0〉 has positive charge, while b̂†(k)|0〉 has negative
charge.

Under a finite transformation Û(α)= exp(iαQ̂), the states |±, k〉 transform as follows:

|+, k〉′ = Û(α) |+, k〉= exp(iαQ̂) |+, k〉= eiα |+, k〉
|−, k〉′ = Û(α) |−, k〉= exp(iαQ̂) |−, k〉= e−iα |−, k〉 (4.123)

The field φ̂(x) itself transforms as

φ̂′(x)= exp(−iαQ̂) φ̂(x) exp(iαQ̂)= eiαφ̂(x) (4.124)

since
[Q̂, φ̂(x)]=−φ̂(x), [Q̂, φ̂†(x)]= φ̂†(x) (4.125)

Thus the one-particle states are doubly degenerate, and each state transforms nontrivially
under the symmetry group.

By inspection of the Fourier expansion for the complex field φ̂, we see that φ̂ is a sum
of two terms: a set of positive frequency terms, symbolized by φ̂+, and a set of negative
frequency terms, φ̂−. In this case, all positive frequency terms create particles of type b
(which carry negative charge) while the negative frequency terms annihilate particles of
type a (which carry positive charge). The states |±, k〉 are commonly referred to as particles
and antiparticles: Particles have rest mass m, momentum k, and charge +1, while the
antiparticles have the same mass and momentum but carry charge −1. This charge is
measured in units of the electromagnetic charge−e (see the discussion on the gauge current
in section 3.7).

Finally, note that this theory contains an additional operator: the charge conjugation
operator Ĉ, which maps particles into antiparticles and vice versa. This operator commutes
with theHamiltonian: [Ĉ, Ĥ]= 0. This property ensures that the spectrum is invariant under
charge conjugation. In other words, for every state of charge Q, there exists a state with
charge−Q, all other quantum numbers being the same.

Our analysis of the free complex scalar field can be easily extended to systems that are
invariant under a more general symmetry group G. In all cases, the classically conserved
charges become operators of the quantum theory. Thus, there are as many charge operators
Q̂a as there are generators in the group. The charge operators represent the generators of
the group in the Hilbert (or Fock) space of the system, and obey the same commutation
relations as the generators themselves do. A simple generalization of the arguments that we
have used here tells us that the states of the spectrum of the theory must transform under
the irreducible representations of the symmetry group.

However, one important caveat should be made. Our discussion of the free complex
scalar field showed us that, in that case, the ground state is invariant under the symmetry.
In general, the only possible invariant state is the singlet state. All other states are not
invariant and transform nontrivially.

But should the ground state always be invariant? In elementary quantum mechanics,
there is a theorem, due toWigner andWeyl, which states that for a finite system, the ground
state is always a singlet under the action of the symmetry group. However, there are many
systems in nature (e.g., magnets, Higgs phases, and superconductors) that have ground
states that are not invariant under the symmetries of the Hamiltonian. This phenomenon,
known as spontaneous symmetry breaking, does not occur in simple free-field theories,
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but it does happen in interacting-field theories. We will return to this important issue in
chapter 12.

Exercises

4.1 Two-component complex scalar field
Consider the theory of a two-component complex scalar field φa(x) (a= 1, 2), which
has the Lagrangian

L= (∂μφa(x))∗ (∂μφa(x))−V(φ(x)) (4.126)

where the potential V(φ(x)) is

V(φ(x))=m2
0 φ
∗
a (x) φa(x) (4.127)

As you know from the discussion in chapter 3, this theory is invariant under the
classical global symmetry:

φa(x)→φ′a(x)=Uab φb(x)

φ∗a (x)→φ′∗a (x)=U−1ab φ
∗
b (x)

L(φ′)=L(φ) (4.128)

where U is a 2× 2 unitary matrix (i.e., U−1=U†). This is the symmetry group
SU(2). Thus, φ transforms like the fundamental (spinor) representation of SU(2).
The matrices U can be expanded in the basis of 2× 2 Pauli matrices (σk)ab and are
parametrized by three Euler angles θk (k= 1, 2, 3):

Uab=
[
exp (iθk σk)

]
ab

= cos(|θ |)δab+ i
θ

|θ | · σ ab sin(|θ |) (4.129)

1) Use the classical canonical formalism to find (a) the canonical momentum 	a,
conjugate to the field φa; (b) the Hamiltonian H; and (c) the total momentum Pj.

2) Derive the classical constants of motion associated with the global symmetry
SU(2). Relate these constants of motion to the generators of infinitesimal SU(2)
transformations. Howmany constants ofmotion do you find? Explain your results.

3) Quantize this theory by imposing canonical commutation relations. Write an
expression for the quantum mechanical Hamiltonian and total momentum oper-
ators in terms of the field and canonical momentum operators.

4) Derive an expression for the quantummechanical generators of global infinitesimal
SU(2) transformations in the Hilbert space of states of the system. Explain what
relation, if any, they have with the conserved charges of the classical theory.

5) Derive the quantum mechanical equations of motion of the Heisenberg represen-
tation operators.
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6) Find an expansion of the field and canonical momentum operators in terms of a
suitable set of creation and annihilation operators. How many species of creation
and annihilation operators do you need? Justify your results.

7) Find an expression for the SU(2) generators in terms of creation and annihilation
operators.

8) Find the ground state of the system and its quantum numbers. Find the Hamilto-
nian, the total momentum, and the SU(2) generators normal-ordered relative to
the ground state.

9) Find the spectrum of single particle states. Derive an expression for their energies,
and assign quantum numbers to these states. Do you find any degeneracies? What
is the degree of this degeneracy and why?



5

Path Integrals in QuantumMechanics and
Quantum Field Theory

In chapter 4, we discussed the Hilbert space picture of quantummechanics and QFT for the
case of free relativistic scalar fields. Here we consider the path integral picture of quantum
mechanics and of relativistic scalar field theories.

The path integral picture is important for two reasons. First, it offers an alternative,
complementary picture of quantum mechanics in which the role of the classical limit is
apparent. Second, it gives a direct route to the study regimes where perturbation theory
is either inadequate or fails completely. In quantum mechanics, a standard approach to
such problems is the Wentzel, Kramers, and Brillouin (WKB) approximation. However, as
it happens, it is extremely difficult (if not impossible) to generalize theWKB approximation
to a QFT. Instead, the nonperturbative treatment of the Feynman path integral, which in
quantummechanics is equivalent to WKB, is generalizable to nonperturbative problems in
QFT. In this chapter, we use path integrals only for bosonic systems, such as scalar fields.
In subsequent chapters, we will also give a full treatment of the path integral, including
its applications to fermionic fields, abelian and non-abelian gauge fields, classical statistical
mechanics, and nonrelativistic many-body systems.

There is a huge literature on path integrals, going back to the original papers by Dirac
(1933), and particularly Feynman’s 1942 PhD thesis (Feynman, 2005) and his review paper
(Feynman, 1948). Popular textbooks on path integrals include the classic by Feynman and
Hibbs (1965), and Schulman’s book (Schulman, 1981), among many others.

5.1 Path integrals and quantummechanics

Consider a simple quantum mechanical system whose dynamics can be described by a
generalized coordinate operator q̂. We want to compute the amplitude

F(qf , tf |qi, ti)=〈qf , tf |qi, ti〉 (5.1)

known as the Wightman function. This function represents the amplitude of finding the
system at coordinate qf at the final time tf , knowing that it was at coordinate qi at the initial
time ti. The amplitude F(qf , tf |qi, ti) is just a matrix element of the evolution operator
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F(qf , tf |qi, ti)=〈qf |eiĤ(ti−tf )/�|qi〉 (5.2)

For simplicity, let us set |qi, ti〉= |0, 0〉 and |qf , tf 〉= |q, t〉. Then, from the definition of this
matrix element, we find out that it obeys

lim
t→0

F(q, t|0, 0)=〈q|0〉= δ(q) (5.3)

Furthermore, after some algebra, we also find that

i�
∂F
∂t
= i�

∂

∂t
〈q, t|0, 0〉= i�

∂

∂t
〈q|e−iĤt/�|0〉

= 〈q|Ĥe−iĤt/�|0〉

=
∫

dq′〈q|Ĥ|q′〉〈q′|e−iĤt/�|0〉 (5.4)

where we have used that, since {|q〉} is a complete set of states, the identity operator I has
the following expansion (called the resolution of the identity):

I=
∫

dq′|q′〉〈q′| (5.5)

Here we have assumed that the states are orthonormal:

〈q|q′〉 = δ(q− q′) (5.6)

Hence,
i�
∂

∂t
F(q, t|0, 0)=

∫
dq′〈q|Ĥ|q′〉F(q′, t|0, 0)≡ ĤqF(q, t|0, 0) (5.7)

In other words, F(q, t|0, 0) is the solution of the Schrödinger equation that satisfies the
initial condition, eq. (5.3). For this reason, the amplitude F(q, t|0, 0) is called the Schrödinger
propagator.

The superposition principle tells us that the amplitude to find the system in the final state
at the final time is the sum of amplitudes of the form

F(qf , tf |qi, ti)=
∫

dq′〈qf , tf |q′, t′〉〈q′, t′|qi, ti〉 (5.8)

where the system is in an arbitrary set of states at an intermediate time t′. Here we have
represented this situation by inserting the identity operator I at the intermediate time t′ in
the form of the resolution of the identity in eq. (5.8) (see figure 5.1).

Let us next define a partition of the time interval [ti, tf ] into N subintervals, each of
length�t:

tf − ti=N�t (5.9)

Let {tj}, with j= 0, . . .,N+ 1, denote a set of points in the interval [ti, tf ], such that

ti= t0≤ t1≤ · · · ≤ tN ≤ tN+1= tf (5.10)
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qf (qf, tf)

(q′, t′ )

(qi, ti)

q′

ti tft′

qi

Figure 5.1 The amplitude to go from |qi, ti〉 to |qf , tf 〉 is a sum of products of amplitudes through the
intermediate states |q′, t′〉.

Clearly, tk= t0+ k�t, for k= 1, . . .,N+ 1. By repeating the procedure used in eq. (5.8) of
inserting the resolution of the identity at the intermediate times {tk}, we find

F(qf , tf |qi, ti)=
∫

dq1 · · · dqN〈qf , tf |qN , tN〉〈qN , tN |qN−1, tN−1〉× · · ·

× · · · 〈qj, tj|qj−1, tj−1〉 · · · 〈q1, t1|qi, ti〉 (5.11)

Each factor 〈qj, tj|qj−1, tj−1〉 in eq. (5.11) has the form

〈qj, tj|qj−1, tj−1〉= 〈qj|e−iĤ(tj−tj−1)/�|qj−1〉≡ 〈qj|e−iĤ�t/�|qj−1〉 (5.12)

In the limit N→∞, with |tf − ti| fixed and finite, the interval �t becomes infinites-
imally small, and �t→ 0. Hence, as N→∞, we can approximate the expression for
〈qj, tj|qj−1, tj−1〉 in eq. (5.12) as follows (see figure 5.2):

〈qj, tj|qj−1, tj−1〉= 〈qj|e−iH�t/�|qj−1〉

= 〈qj|
{
I− i

�t
�
Ĥ+O((�t)2)

}
|qj−1〉

= δ(qj− qj−1)− i
�t
�
〈qj|Ĥ|qj−1〉+O((�t)2) (5.13)

which becomes asymptotically exact as N→∞.
We can also introduce at each intermediate time tj a complete set of momentum

eigenstates {|p〉}, using their resolution of the identity

I=
∫ ∞

−∞
dp |p〉〈p| (5.14)
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q(t)

∆t tf

t

ti

qi

qf

Figure 5.2 A history q(t) of the system.

Recall that the overlap between the states |q〉 and |p〉 is

〈q|p〉= 1√
2π�

eipq/� (5.15)

For a typical Hamiltonian of the form

Ĥ= p̂2

2m
+V(q̂) (5.16)

its matrix elements are

〈qj|Ĥ|qj−1〉=
∫ ∞

−∞

dpj
2π�

eipj(qj−qj−1)/�
[
p2j
2m
+V(qj)

]

(5.17)

To the same level of approximation, we can also write

〈qj, tj|qj−1, tj−1〉≈
∫ dpj

2π�
exp

[
i
(pj

�
(qj− qj−1)−�t H

(
pj,

qj+ qj−1
2

))]
(5.18)

where we have introduced the “mid-point rule,” which amounts to the replacement qj→
1
2
(
qj+ qj−1

)
inside the Hamiltonian H(p, q). Putting everything together, we find that the

matrix element 〈qf , tf |qi, ti〉 becomes

〈qf , tf |qi, ti〉= lim
N→∞

∫ N∏

j=1
dqj

∫ ∞

−∞

N+1∏

j=1

dpj
2π�

exp

⎧
⎨

⎩
i
�

N+1∑

j=1

[
pj(qj− qj−1)−�t H

(
pj,

qj+ qj−1
2

)]
⎫
⎬

⎭
(5.19)
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Therefore, in the limitN→∞, holding |ti− tf | fixed, the amplitude 〈qf , tf |qi, ti〉 is given by
the (formal) expression

〈qf , tf |qi, ti〉=
∫

DpDq e

i
�

∫ tf

ti
dt
[
pq̇−H(p, q)

]

(5.20)

where we have used the notation

DpDq≡ lim
N→∞

N∏

j=1

dpjdqj
2π�

(5.21)

which defines the integration measure. The functions, or configurations, (q(t), p(t)), must
satisfy the initial and final conditions:

q(ti)= qi, q(tf )= qf (5.22)

Thus thematrix element 〈qf , tf |qi, ti〉 can be expressed as a sum over histories in phase space.
The weight of each history is the exponential factor in eq. (5.20). Notice that the quantity in
brackets is just the Lagrangian,

L= pq̇−H(p, q) (5.23)

Thus the matrix element is just

〈qf , tf |q, t〉=
∫

DpDq e
i
�
S(q,p) (5.24)

where S(q, p) is the action of each history (q(t), p(t)). Also notice that the sum (or integral)
runs over independent functions q(t) and p(t), which are not required to satisfy any
constraint (apart from the initial and final conditions), and in particular, they are not the
solution of the equations of motion. Expressions of this type are known as path integrals.
They are also called “functional integrals,” since the integration measure is a sum over a
space of functions, instead of a field of numbers, as in a conventional integral.

Using a Gaussian integral of the form (which involves an analytic continuation),

∫ ∞

−∞
dp
2π�

e
i
(
pq̇− p2

2m

)
�t
� =

√
m

2π i��t
e
i
�t
2�

q̇2
(5.25)

we can integrate out explicitly the momenta in the path integral and find a formula that
involves only the histories of the coordinate alone. Notice that there are no initial and final
conditions on the momenta, since the initial and final states have well-defined positions.
The result is

〈qf , tf |qi, ti〉=
∫

Dq e

i
�

∫ tf

ti
dt L(q, q̇)

(5.26)

which is known as the Feynman path integral (Feynman, 1948, 2005). Here L(q, q̇) is the
Lagrangian,

L(q, q̇)= 1
2
mq̇2−V(q) (5.27)
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q(tf)

q(ti)

tf

t
ti

q

Figure 5.3 Two histories with the same initial and final states.

and the sum over histories q(t) is restricted by the boundary conditions q(ti)= qi and
q(tf )= qf .

The Feynman path integral tells us that in the correspondence limit, �→ 0, the only
history (or possibly, histories, such as those shown in figure 5.3) that contributes sig-
nificantly to the path integralmust be one that leaves the action S stationary, since otherwise,
the contributions of the rapidly oscillating exponential would add up to zero. In other
words, in the classical limit, there is only one history qc(t) that contributes. For this history,
qc(t), the action S is stationary, δS= 0, and qc(t) is the solution of the classical equation of
motion:

∂L
∂q
− d

dt
∂L
∂ q̇
= 0 (5.28)

In other terms, in the correspondence limit �→ 0, the evaluation of the Feynman path
integral reduces to the requirement that the least action principle should hold. This is the
classical limit.

5.2 Evaluating path integrals in quantummechanics

Let us first discuss the following problem. We wish to know how to compute the amplitude
〈qf , tf |qi, ti〉 for a dynamical system whose Lagrangian has the standard form of eq. (5.27).
For simplicity, we begin with a linear harmonic oscillator.

The Hamiltonian for a linear harmonic oscillator is

H= p2

2m
+ mω2

2
q2 (5.29)

and the associated Lagrangian is

L= m
2
q̇2− mω2

2
q2 (5.30)
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Let qc(t) be the classical trajectory. It is the solution of the classical equation of motion:

d2qc
dt2
+ω2qc= 0 (5.31)

Let us denote by q(t) an arbitrary history of the system and by ξ(t) its deviation from the
classical solution qc(t). Since all the histories, including the classical trajectory qc(t), obey
the same initial and final conditions,

q(ti)= qi, q(tf )= qf (5.32)

it follows that ξ(t) obeys instead vanishing initial and final conditions:

ξ(ti)= ξ(tf )= 0 (5.33)

After some trivial algebra, it is easy to show that the action S for an arbitrary history q(t)
becomes

S(q, q̇)= S(qc, q̇c)+ S(ξ , ξ̇ )+
∫ tf

ti
dt

d
dt

[
mξ

dqc
dt

]
+
∫ tf

ti
dt mξ

(
d2qc
dt2
+ω2qc

)
(5.34)

The third term vanishes due to the boundary conditions obeyed by the fluctuations ξ(t),
eq. (5.33). The last term also vanishes, since qc is a solution of the classical equation of
motion, eq. (5.31). These two features hold for all systems, even if they are not harmonic.
However, the Lagrangian (and hence the action) for ξ , the second term in eq. (5.34), in
general is not the same as the action for the classical trajectory (the first term). Only the
harmonic oscillator S(ξ , ξ̇ ) has the same form as S(qc, q̇c).

Hence, for a harmonic oscillator, we get the path integral

〈qf , tf |qi, ti〉= e
i
�
S(qc, q̇c)

∫

ξ(ti)=ξ(tf )=0
Dξ e

i
�

∫ tf

ti
dtL(ξ , ξ̇ )

(5.35)

Notice that the information on the initial and final states enters only through the factor
associated with the classical trajectory. For the linear harmonic oscillator, the quantum
mechanical contribution is independent of the initial and final states. Thus, we need to do
two things: (1) we need an explicit solution qc(t) of the equation of motion, for which we
will compute S(qc, q̇c), and (2) we need to compute the quantummechanical correction, the
last factor in eq. (5.35), which measures the strength of the quantum fluctuations.

For a general dynamical system whose Lagrangian has the form of eq. (5.27), the action
of eq. (5.34) takes the form

S(q, q̇)= S(qc, q̇c)+ Seff (ξ , ξ̇ ; qc)

+
∫ tf

ti
dt

d
dt

[
mξ

dqc
dt

]
+
∫ tf

ti
dt

(

m
d2qc
dt2
+ ∂V
∂q

∣∣∣∣
qc

)

ξ(t) (5.36)

where Seff is the effective action for the fluctuations ξ(t), which has the form

Seff (ξ , ξ̇ )=
∫ tf

ti
dt
1
2
mξ̇ 2− 1

2

∫ tf

ti
dt
∫ tf

ti
dt′

∂2V
∂q(t)∂q(t′)

∣∣∣
qc
ξ(t)ξ(t′)+O(ξ 3) (5.37)
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Once again, the boundary conditions ξ(ti)= ξ(tf )= 0 and the fact that qc(t) is a solution of
the equation ofmotion together imply that the last two terms of eq. (5.36) vanish identically.

Thus, to the extent that we are allowed to neglect the O(ξ 3) (and higher) corrections,
the effective action Seff can be approximated by an action that is quadratic in the fluctuation
ξ . In general, this effective action will depend on the actual classical trajectory, since in
general, V ′′(qc) is not constant but is a function of time determined by qc(t). However, if
one is interested in the quantum fluctuations about a minimum of the potential V(q), then
qc(t) is constant (and equal to the minimum). Below we will discuss this case in detail.

Before we embark on an actual computation, it is worthwhile to ask when it would be a
good approximation to neglect the termsO(ξ 3) (and higher). Since we are expanding about
the classical path qc, we expect that this approximation should be correct as we formally take
the limit �→ 0. In the path integral, the effective action always appears in the combination
Seff/�. Hence, for an effective action that is quadratic in ξ , we can eliminate the dependence
on � by the rescaling

ξ =√� ξ̃ (5.38)

This rescaling leaves the classical contribution S(qc)/� unaffected. However, terms with
powers higher than quadratic in ξ (say, O(ξ̃n)) scale like �

n/2. Thus the action (divided
by �) has an expansion of the form

S
�
= 1

�
S(0)(qc)+ S(2)(ξ̃ ; qc)+

∞∑

n=3
�
n/2−1S(n)(ξ̃ ; qc) (5.39)

Thus, in the limit �→ 0, we can formally expand the weight of the path integral in powers
of �. The matrix element we are calculating then takes the form

〈qf , tf |qi, ti〉= eiS(0)(qc)/� Z (2)(qc) (1+O(�)) (5.40)

The quantity Z (2)(qc) is the result of keeping only the quadratic approximation. The
higher-order terms are a power series expansion in � and are analytic functions of �. Here I
have used the fact that, by symmetry, inmost cases of interest the odd powers in ξ in general
do not contribute, although there are some cases where they do.

Let us now calculate the effect of the quantum fluctuations to quadratic order. This is
equivalent to the WKB approximation. Denote this factor by Z :

Z (2)(qc)=
∫

ξ̃ (ti)=ξ̃ (tf )=0
Dξ eiS(2)eff (ξ̃ ,

˙̃
ξ ;qc) (5.41)

It is elementary to show that, due to the boundary conditions, the action Seff (ξ , ξ̇ ) becomes

Seff (ξ̃ , ˙̃ξ)= 1
2

∫ tf

ti
dt ξ̃ (t)

[
−m d2

dt2
−V ′′(qc(t))

]
ξ̃ (t) (5.42)

The differential operator

Â=−m d2

dt2
−V ′′(qc(t)) (5.43)
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has the form of a Schrödinger operator for a particle on a “coordinate” t in a potential
−V ′′(qc(t)). Letψn(t) be a complete set of eigenfunctions of Â satisfying the boundary con-
ditionsψ(ti)=ψ(tf )= 0. Completeness and orthonormality imply that the eigenfunctions
{ψn(t)} satisfy

∑

n
ψ∗n (t)ψn(t′)= δ(t− t′),

∫ tf

ti
dtψ∗n (t)ψm(t)= δn,m (5.44)

An arbitrary function ξ̃ (t) that satisfies the vanishing boundary conditions of eq. (5.33) can
be expanded as a linear combination of the basis eigenfunctions {ψn(t)}:

ξ̃ (t)=
∑

n
cnψn(t) (5.45)

Clearly, we have ξ̃ (ti)= ξ̃ (tf )= 0, as we should.
For the special case of qi= qf = q0, where q0 is aminimumof the potentialV(q), we have

that V ′′(q0)=ωeff > 0 is a constant, and the eigenvectors of the Schrödinger operator are
just plane waves. For a linear harmonic oscillator, ωeff =ω. Thus, in this case the eigen-
vectors are

ψn(t)= bn sin(kn(t− ti)) (5.46)

where
kn= πn

tf − ti
n= 1, 2, 3, . . . (5.47)

and bn= 1/
√
tf − ti. The eigenvalues of Â are

An= k2n−ω2
eff =

π2

(tf − ti)2
n2−ω2

eff (5.48)

By using the expansion of eq. (5.45), we find that the action S(2) takes the form

S(2)= 1
2

∫ tf

ti
dt ξ̃ (t) Â ξ̃ (t)= 1

2
∑

n
Anc2n (5.49)

where we have used the completeness and orthonormality of the basis functions {ψn(t)}.
The expansion in eq. (5.45) is a canonical transformation ξ̃ (t)→ cn. More to the point,

the expansion is actually a parametrization of the possible histories in terms of a set of
orthonormal functions, and it can be used to define the integration measure to be

Dξ̃ =N
∏

n

dcn√
2π

(5.50)

with unit Jacobian. Here N is an irrelevant normalization constant that will be defined
shortly.

Finally, the (formal) Gaussian integral, which is defined by a suitable analytic continua-
tion procedure, is ∫ ∞

−∞
dcn√
2π

e
i
2Anc2n = [−iAn]−1/2 (5.51)
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and can be used to write the amplitude as

Z (2)=N
∏

n
A−1/2n ≡N (Det Â)−1/2 (5.52)

wherewe have used the definition that the determinant of an operator is equal to the product
of its eigenvalues. Therefore, up to a normalization constant, we obtain the result

Z (2)= (Det Â)−1/2 (5.53)

Wehave thus reduced the problemof the computation of the leading (Gaussian) fluctuations
in the path integral to the computation of a determinant of the fluctuation operator, a
differential operator defined by the choice of classical trajectory. Next we will see how this
is done.

5.2.1 Analytic continuation to imaginary time

It is useful to consider the related problemobtained by an analytic continuation to imaginary
time, t→−iτ . We saw in section 2.8 that this problem is related to statistical physics. We
will now work out one example that will be very instructive.

Formally, upon analytic continuation t→−iτ , the matrix element of the time evolution
operator becomes

〈qf |e− i
�
H(tf−ti)|qi〉→ 〈qf |e− 1

�
H(τf−τi)|qi〉 (5.54)

Let us choose
τi= 0 τf =β� (5.55)

where β = 1/T, and T is the temperature (in units of kB= 1). Hence, we find that

〈qf ,−iβ/�|qi, 0〉= 〈qf |e−βH|qi〉 (5.56)

The operator ρ̂
ρ̂= e−βH (5.57)

is the density matrix in the canonical ensemble of statistical mechanics for a system with
Hamiltonian H in thermal equilibrium at temperature T.

It is customary to define the partition function Z ,

Z = tre−βH ≡
∫

dq 〈q|e−βH|q〉 (5.58)

where I inserted a complete set of eigenstates of q̂. Using the results that were derived above,
we see that the partition function Z can be written as a (Euclidean) Feynman path integral
in imaginary time, of the form

Z =
∫

Dq[τ ] exp
{

− 1
�

∫ β�

0
dτ

[
1
2
m
(
∂q
∂τ

)2
+V(q)

]}

≡
∫

Dq[τ ] exp
{

−
∫ β

0
dτ

[
m
2�2

(
∂q
∂τ

)2
+V(q)

]}

(5.59)

where, in the last equality, we have rescaled τ→ τ/�.
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Since the partition function is a trace over states, we must use boundary conditions such
that the initial and final states are the same state, and to sum over all such states. In other
words, we must have periodic boundary conditions in imaginary time:

q(τ )= q(τ +β) (5.60)

Therefore, a quantummechanical system at finite temperature T can be described in terms
of an equivalent system in classical statistical mechanics with Hamiltonian (or energy)

H= m
2�2

(
∂q
∂τ

)2
+V(q) (5.61)

on a segment of length 1/T and obeying periodic boundary conditions. This effectively
means that the segment is actually a ring of length β = 1/T.

Alternatively, on inserting a complete set of eigenstates of the Hamiltonian, it is easy to
see that an arbitrary matrix element of the density matrix has the form

〈q′|e−βH|q〉=
∞∑

n=0
〈q′|n〉〈n|q〉e−βEn

=
∞∑

n=0
e−βEnψ∗n (q

′)ψn(q) −−−−→
β→∞ e−βE0ψ∗0 (q

′)ψ0(q) (5.62)

where {En} are the eigenvalues of the Hamiltonian, E0 is the ground state energy, andψ0(q)
is the ground state wave function.

Therefore, we can calculate both the ground state energy E0 and the ground state
wave function from the density matrix and, consequently, from the (imaginary time) path
integral. For example, from the identity

E0=− lim
β→∞

1
β
ln tre−βH (5.63)

we see that the ground state energy is given by

E0=− lim
β→∞

1
β
ln
∫

q(0)=q(β)
Dq exp

{

−
∫ β

0
dτ

[
m
2�2

(
∂q
∂τ

)2
+V(q)

]}

(5.64)

Mathematically, the imaginary time path integral is a better-behaved object than its real
time counterpart, since it is a sum of positive quantities (the statistical weights). In contrast,
the Feynman path integral (in real time) is a sum of phases and, as such, is an ill-defined
object. It is actually conditionally convergent, and to make sense of it, convergence factors
(or regulators) have to be introduced. The effect of these convergence factors is actually to
produce an analytic continuation to imaginary time. We will encounter the same problem
in the calculation of propagators. Thus, the imaginary time path integral, often referred to
as the “Euclidean” path integral (as opposed to Minkowski), can be used to describe both a
quantum system and a statistical mechanics system.

Finally, notice that at low temperatures T→ 0, the Euclidean path integral can be
approximated using methods similar to the ones we discussed for the (real time) Feynman
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path integral. The main difference is that we must sum over trajectories that are periodic
in imaginary time with period β = 1/T. In practice, this sum can only be done exactly
for simple systems, such as the harmonic oscillator; for more general systems, one has to
resort to some form of perturbation theory. Here we consider a physical system described
by a dynamical variable q and a potential energy V(q) that has a minimum at q0= 0. For
simplicity, takeV(0)= 0, andmake the identficationmω2=V ′′(0) (in other words, treat the
system as an effective harmonic oscillator). The partition function is given by the Euclidean
path integral

Z =
∫

Dq[τ ] exp
(
−1
2

∫ β

0
ξ(τ )ÂEξ(τ )dτ

)
(5.65)

where ÂE is the imaginary time (or Euclidean) version of the operator Â, and it is given by

ÂE=−m
�2

d2

dτ 2
+V ′′(qc(τ )) (5.66)

The functions this operator acts on obey periodic boundary conditions with period β .
Notice the important change in the sign of the term of the potential. Hence, once again, we
will need to compute a functional determinant, although the operator now acts on functions
obeying periodic boundary conditions. In chapter 8, we will see that in the case of fermionic
theories, the boundary conditions become antiperiodic.

5.2.2 The functional determinant

Let us now compute the determinant inZ (2) given in eq. (5.52).Wewill do the calculation in
imaginary time and then carry out the analytic continuation to real time. We follow closely
the method as explained in detail in Sidney Coleman’s book (Coleman, 1985).

We want to compute

D=Det
[
−m

�2
d2

dτ 2
+V ′′(qc(τ ))

]
(5.67)

subject to the requirement that the space of functions that the operator acts on obeys specific
boundary conditions in (imaginary) time. We are interested in two cases: (a) vanishing
boundary conditions, which are useful for studying quantum mechanics at T= 0, and
(b) periodic boundary conditions with period β = 1/T. The approach is somewhat different
in the two situations.

A: Vanishing boundary conditions We define the (real) variable x= �

mτ . The range of x is
the interval [0, L], with L= �β/

√
m. Let us consider the following eigenvalue problem for

the Schrödinger operator−∂2+W(x),

(−∂2+W(x)
)
ψ(x)= λψ(x) (5.68)

subject to the boundary conditionsψ(0)=ψ(L)= 0. Formally, the determinant is given by

D=
∏

n
λn (5.69)



108 . Chapter 5

where {λn} is the spectrum of eigenvalues of the operator −∂2+W(x) for a space of
functions satisfying a given boundary condition.

Let us define an auxiliary function ψλ(x), with λ a real number not necessarily in the
spectrum of the operator, such that the following requirements are met:

1)ψλ(x) is a solution of eq. (5.68), and
2)ψλ obeys the initial conditions, ψλ(0)= 0 and ∂xψλ(0)= 1.

It is easy to see that−∂2+W(x) has an eigenvalue at λn if and only if ψλn(L)= 0. (Because
of this property, this procedure is known as the shooting method.) Hence, the determinantD
of eq. (5.69) is equal to the product of the zeros of ψλ(x) at x= L.

Consider now two potentials W(1) and W(2), and the associated functions, ψ(1)
λ (x) and

ψ
(2)
λ (x). Let us show that

Det
[−∂2+W(1)(x)− λ]

Det
[−∂2+W(2)(x)− λ] =

ψ
(1)
λ (L)
ψ
(2)
λ (L)

(5.70)

The left-hand side of eq. (5.70) is a meromorphic function of λ in the complex plane and
has simple zeros at the eigenvalues of −∂2+W(1)(x) and simple poles at the eigenvalues
of −∂2+W(2)(x). Also, the left-hand side of eq. (5.70) approaches 1 as |λ|→∞, except
along the positive real axis, which is where the spectrum of eigenvalues of both operators
is located. Here we have assumed that the eigenvalues of the operators are nondegenerate,
which is the general case. Similarly, the right-hand side of eq. (5.70) is also a meromorphic
function of λ, which has exactly the same zeros and the same poles as the left-hand side. It also
goes to 1 as |λ|→∞ (again, except along the positive real axis), since the wave functions
ψλ asymptotically are plane waves in this limit. Therefore, the function formed by taking
the ratio of the right- to the left-hand side is an analytic function on the entire complex
plane, and it approaches 1 as |λ|→∞. Then general theorems of the theory of functions of
a complex variable tell us that this function is equal to 1 everywhere.

From these considerations, we conclude that the following ratio is independent ofW(x):

Det
(−∂2+W(x)− λ)

ψλ(L)
(5.71)

We now define a constantN such that

Det
(−∂2+W(x)

)

ψ0(L)
=π�N 2 (5.72)

Then we can write

N [
Det

(−∂2+W
)]−1/2= [π�ψ0(L)]−1/2 (5.73)

Thus we have reduced the computation of the determinant, including the normalization
constant, to finding the function ψ0(L). For the case of the linear harmonic oscillator, this
function is the solution of

[
− ∂

2

∂x2
+mω2

]
ψ0(x)= 0 (5.74)
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with the initial conditions ψ0(0)= 0 and ψ ′0(0)= 1. The solution is

ψ0(x)= 1√
mω

sinh(
√
mωx) (5.75)

Hence,

Z =N
[
Det

(
− ∂

2

∂x2
+mω2

)]−1/2
= [π�ψ0(L)]−1/2 (5.76)

and we find

Z =
[
π�√
mω

sinh(βω)
]−1/2

(5.77)

where we have used L= �β/
√
m. From this result, we find that the ground state energy is

E0= lim
β→∞

−1
β

lnZ = �ω

2
(5.78)

as it should be.
Finally, by means of an analytic continuation back to real time, we can use these results

to find, for instance, the amplitude to return to the origin after some time T. Thus, for
tf − ti=T and qf = qi= 0, we get

〈0,T|0, 0〉=
[

iπ�√
mω

sin(ωT)
]−1/2

(5.79)

B: Periodic boundary conditions Periodic boundary conditions imply that the histories
satisfy q(τ )= q(τ +β). Hence, these functions can be expanded in a Fourier series of the
form

q(τ )=
∞∑

n=−∞
eiωnτqn (5.80)

where ωn= 2πn/β . Since q(τ ) is real, we have the constraint q−n= q∗n. For such configura-
tions (or histories), the action becomes

S=
∫ β

0
dτ

[
m
2�2

(
∂q
∂τ

)2
+ 1

2
V ′′(0)q2

]

= β
2
V ′′(0)q20+β

∑

n≥1

[m
�2ω

2
n+V ′′(0)

]
|qn|2 (5.81)

The integration measure is now

Dq[τ ]=N dq0√
2π

∏

n≥1

dRe qn d Im qn
2π

(5.82)



110 . Chapter 5

whereN is a normalization constant that will be discussed below. After doing the Gaussian
integrals, the partition function becomes

Z =N 1√
βV ′′(0)

∏

n≥1

1
βm
�2 ω

2
n+βV ′′(0)

=N
[ ∞∏

n=−∞

1
βm
�2 ω

2
n+βV ′′(0)

]1/2

(5.83)

Formally, the infinite product in this equation is divergent. The normalization constant
N eliminates this divergence. This is an example of what is called a regularization. The
regularized partition function is

Z =
√

m
�2β

1√
βV ′′(0)

∏

n≥1

[
1+ �

2V ′′(0)
mω2

n

]−1
(5.84)

Using the identity
∏

n≥1

(
1+ a2

n2π2

)
= sinh a

a
(5.85)

we find
Z = 1

2 sinh

(
β�

2

(
V ′′(0)
m

)1/2
) (5.86)

which is the partition function for a linear harmonic oscillator; see Statistical Physics
(Landau and Lifshitz, 1959b).

5.3 Path integrals for a scalar field theory

Let us now develop the path-integral quantization picture for a scalar field theory. Our
starting point is the canonically quantized scalar field. As we have seen, in canonical quanti-
zation, the scalar field φ̂(x) is an operator that acts on a Hilbert space of states. We will use
the field representation, which is the analog of the conventional coordinate representation
in quantum mechanics.

Thus, the basis states are labeled by the field configuration at some fixed time x0, a set of
states of the form { |{φ(x, x0)}〉 }. The field operator φ̂(x, x0) acts trivially on these states:

φ̂(x, x0)|{φ(x, x0)}〉=φ(x, x0)|{φ(x, x0)}〉 (5.87)

The set of states {|{φ(x, x0)}〉} is both complete and orthonormal. Completeness heremeans
that these states span the entire Hilbert space. Consequently, the identity operator Î in the
full Hilbert space can be expanded in a complete basis in the usual manner, which for this
basis means

Î =
∫

Dφ(x, x0) |{φ(x, x0)}〉〈{φ(x, x0)}| (5.88)

Since the completeness condition is a sum over all the states in the basis, and since this basis
is the set of field configurations at a given time x0, we will need to define the integration
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measure that represents the sums over the field configurations. In this case, the definition
of the integration measure is trivial:

Dφ(x, x0)=
∏

x
dφ(x, x0) (5.89)

Likewise, orthonormality of the basis states is the condition

〈φ(x, x0)|φ′(x, x0)〉=
∏

x
δ
(
φ(x, x0)−φ′(x, x0)

)
(5.90)

Thus, we have a working definition of the Hilbert space for a real scalar field.
In canonical quantization, the classical canonical momentum�(x, x0), defined as

�(x, x0)≡ δL
δ∂0φ(x, x0)

= ∂0φ(x, x0) (5.91)

becomes an operator that acts on the same Hilbert space as the field φ itself does. The field
operator φ̂(x) and the canonical momentum operator �̂(x) satisfy equal-time canonical
commutation relations: [

φ̂(x, x0), �̂(y, x0)
]
= i�δ3(x− y) (5.92)

Here we consider a real scalar field whose Lagrangian density is

L= 1
2
(
∂μφ

)2−V(φ) (5.93)

It is a simple matter to generalize what follows to more general cases, such as complex
fields and/or several components. Let us also recall that the Hamiltonian for a scalar field is
given by

Ĥ=
∫

d3x
[
1
2
�̂2(x)+ 1

2

(
φ̂(x)

)2+V(φ̂(x))
]

(5.94)

For reasons that will become clear soon, it is convenient to add an extra term to the
Lagrangian density of the scalar field, eq. (5.93), of the form

Lsource= J(x) φ(x) (5.95)

The field J(x) is called an external source. The field J(x) is the analog of external forces acting
on a system of classical particles. Here we will always assume that the sources J(x) vanish
both at spatial infinity (at all times) and everywhere in both the remote past and in the
remote future:

lim|x|→∞ J(x, x0)= 0 lim
x0→±∞

J(x, x0)= 0 (5.96)

The total Lagrangian density is

L(φ, J)=L+Lsource (5.97)

Since the source J(x) is in general a function of space and time, theHamiltonian that follows
from this Lagrangian is formally time dependent.
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Let us derive the path integral for this QFT by following the same procedure we used
for the case of a finite quantum mechanical system. Hence we begin by considering the
Wightman function, defined as the amplitude

J〈{φ(x, x0)}|{φ′(y, y0)}〉J (5.98)

In other words, we want the transition amplitude in the background of the sources J(x). We
will be interested in situations where x0 is in the remote future and y0 is in the remote past.
It turns out that this amplitude is intimately related to the computation of ground state (or
vacuum) expectation values of time-ordered products of field operators in the Heisenberg
representation

G(N)(x1, . . ., xN)≡〈0|T[φ̂(x1) · · · φ̂(xN)]|0〉 (5.99)

which are known as the N-point functions (or correlators). In particular, the 2-point
function

G(2)(x1− x2)≡−i〈0|T[φ̂(x1)φ̂(x2)]|0〉 (5.100)

is called the Feynman propagator for this theory. We will see later on that all quantities of
physical interest can be obtained froma suitable correlation function of the type of eq. (5.99).

In eq. (5.99), we have used the notation T[φ̂(x1) . . . φ̂(xN)] for the time-ordered product
of Heisenberg field operators. For any pair of Heisenberg operators Â(x) and B̂(y) that
commute for space-like separations, their time-ordered product is defined to be

T[Â(x)B̂(y)]= θ(x0− y0)Â(x)B̂(y)+ θ(y0− x0)B̂(y)Â(x) (5.101)

where θ(x) is the step (or Heaviside) function:

θ(x)=
{
1 if x≥ 0,
0 otherwise

(5.102)

This definition is generalized by induction to the product of any number of operators.
Notice that inside a time-ordered product, the Heisenberg operators behave as if they were
c-numbers.

Let us now recall the structure of the derivation that we gave of the path integral in
quantum mechanics in section 5.1. Let us paraphrase that derivation for this field theory.
We consider the amplitude of eq. (5.98), and realize that this amplitude is actually a matrix
element of the evolution operator,

J〈{φ(x, x0)}|{φ′(y, y0)}〉J =〈{φ(x)}|T e−
i
�

∫ x0
y0 dx′0 Ĥ(x′0)|{φ′(y)}〉 (5.103)

where T stands for the time-ordering symbol (not temperature!), and Ĥ(x′0) is the
time-dependent Hamiltonian, whose Hamiltonian density is

Ĥ(x0)= 1
2
�̂2(x, x0)+ 1

2

(
φ̂(x, x0)

)2+V(φ̂(x, x0))− J(x, x0)φ̂(x, x0) (5.104)

Paraphrasing the construction used in the case of quantum mechanics of a particle, we
first partition the time interval into a large number of steps N, each of width �t, and then
insert a complete set of eigenstates of the field operator φ̂, since the field plays the role of
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the coordinate. Here too, we also have to insert complete sets of eigenstates of the canonical
momentum operator, which here means the canonical field operator �̂(x). On formally
taking the time-continuum limit,N→∞ and�t→ 0, while keepingN�t fixed, we obtain
the result that the phase-space path integral of the field theory is

J〈{φ(x, x0)}|{φ′(y, y0)}〉J =
∫

b.c.
DφD� e

i
�

∫
d4x

[
φ̇�−H(φ,�)+ Jφ

]

(5.105)

where “b.c.” indicates the boundary conditions specified by the requirement that the initial
and final states be |{φ(x, x0)}〉 and |{φ′(y, y0)}〉, respectively.

Exactly as in the case of the path integral for a particle, the Hamiltonian of this theory
is quadratic in the canonical momenta�(x). Hence, we can further integrate out the field
�(x) and obtain the Feynman path integral for the scalar field theory in the form of a sum
over histories of field configurations:

J〈{φ(x, x0)}|{φ′(y, y0)}〉J =N
∫

b.c.
Dφ e

i
�
S(φ, ∂μφ, J) (5.106)

where N is an (unimportant) normalization constant, and S(φ, ∂μφ, J) is the action for a
real scalar field φ(x) coupled to a source J(x):

S(φ, ∂μφ, J)=
∫

d4x
[
1
2
(
∂μφ

)2−V(φ)+ Jφ
]

(5.107)

5.4 Path integrals and propagators

In QFT, we are interested in calculating vacuum (ground state) expectation values of
field operators at various spacetime locations. Thus, instead of the amplitude J〈{φ(x, x0)}|
{φ′(y, y0)}〉J , we might be interested in a transition between an initial state, at y0→−∞,
which is the vacuum state |0〉 (i.e., the ground state of the scalar field in the absence of the
source J(x)), and a final state at x0→∞, which is also the vacuum state of the theory in the
absence of sources. Denote this matrix element by

Z[J]= J〈0|0〉J (5.108)

This matrix element is called the vacuum persistence amplitude.
Now let us see how the vacuum persistence amplitude is related to the Feynman path

integral for a scalar field, eq. (5.106). To do this, assume that the source J(x) is “on” between
times t< t′ and that we watch the system on amuch longer time intervalT< t< t′<T′. For
this interval, we can now use the superposition principle to insert complete sets of states at
intermediate times t and t′, and write the amplitude in the form:

J〈{�′(x,T′)}|{�(x,T)}〉J =
∫

Dφ(x, t)Dφ′(x, t′)〈{�′(x,T′)}|{φ′(x, t′)}〉

×J〈{φ′(x, t′)}|{φ(x, t)}〉J〈{φ(x, t)}|{�(x,T)}〉 (5.109)
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Figure 5.4 Analytic continuation.

The matrix elements 〈{φ(x, t)}|{�(x,T)}〉 and 〈{�′(x,T′)}|{φ′(x, t′)}〉 are given by

〈{φ(x, t)}|{�(x,T)}〉=
∑

n
�n[{φ(x)}]�∗n [{�(x)}] e−iEn(t−T)/�

〈{�′(x,T′)}|{φ′(x, t′)}〉=
∑

m
�m[{�′(x)}]�∗m[{φ′(x)}] e−iEm(T

′ − t′)/� (5.110)

where we have introduced complete sets of eigenstates |{�n}〉 of the Hamiltonian of the
scalar field (without sources) and the corresponding wave functions, {�n[�(x)]}.

At long times T and T′, these series expansions oscillate very rapidly, and a definition
must be provided to make sense of these expressions. To this end, let us now analytically
continue T along the positive imaginary time axis, and T′ along the negative imaginary time
axis, as shown in figure 5.4. After carrying out the analytic continuation, we find that the
following identities hold:

lim
T→+i∞ e−iE0T/�〈{φ(x, t)}|{�(x,T)}〉=�0[{φ}]�∗0 [{�}] e−iE0t/�

lim
T′→−i∞

eiE0T
′/�〈{�′(x,T′)}|{φ(x, t′)}〉=�0[{�′}]�∗0 [{φ′}] eiE0t

′/� (5.111)

This result is known as the Gell-Mann-Low theorem (Gell-Mann and Low, 1951). In this
limit, the contributions from excited states drop out, provided the vacuum state |0〉 is
nondegenerate. This procedure is equivalent to the standard adiabatic turning on and off of
the external sources. The restriction to a nondegenerate vacuum state can be done by lifting
a possible degeneracy by means of an infinitesimally weak external perturbation, which is
switched off after the infinite time limit is taken. We will encounter similar issues when
discussing spontaneous symmetry breaking in chapter 12.

Hence, in the same limit, we also find that the following relation holds:
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lim
T→+i∞ lim

T′→−i∞
〈{�′(x,T′)}|{�(x,T)}〉

exp [−iE0(T′ −T)/�] �∗0 [{�}]�0[{�′}]

=
∫

D�D�′�∗0 [{φ′(x, t′)}]�0[{φ(x, t)}] J〈{φ′(x, t′)}|{φ(x, t)}〉J
≡J〈0|0〉J (5.112)

Eq. (5.112) gives us a direct relation between the Feynman path integral and the vacuum
persistence amplitude of the form:

Z[J]= J〈0|0〉J =N lim
T→+i∞ lim

T′→−i∞

∫
Dφ e

i
�

∫ T′

T
d4x

[L(φ, ∂μφ)+ Jφ
]

(5.113)

In other words, in this asymptotically long-time limit, the amplitude of eq. (5.98) becomes
identical to the vacuum persistence amplitude J〈0|0〉J , regardless of the choice of the initial
and final states.

Hence we find a direct relation between the vacuum persistence function Z[J] and the
Feynman path integral, given by eq. (5.113). Notice that, in this limit, we can ignore the
“hard” boundary condition and work instead with free boundary conditions. Or equiva-
lently, physical properties become independent of the initial and final conditions imposed.

For these reasons, from now on, we will work with the simpler expression

Z[J]= J〈0|0〉J =N
∫

Dφ e
i
�

∫
d4x

[L(φ, ∂μφ)+ Jφ
]

(5.114)

This is a very useful relation. We will see now that Z[J] is the generating function(al) of all
the vacuum expectation values of time-ordered products of fields (i.e., the correlators of the
theory).

In particular, let us compute the expression

1
Z[0]

δ2Z[J]
δJ(x)δJ(x′)

∣∣∣∣
J=0
= 1
〈0|0〉

δ2J〈0|0〉J
δJ(x)δJ(x′)

∣∣∣∣
J=0
=
(
i
�

)2
〈0|T[φ(x)φ(x′)]|0〉 (5.115)

where T is the time-ordering symbol. Thus, the 2-point function (i.e., the Feynman
propagator or propagator of the scalar field φ(x)) becomes

〈0|T[φ(x)φ(x′)]|0〉=−i 1
〈0|0〉

∫
Dφ φ(x) φ(x′) exp

(
i
�
S[φ, ∂μφ]

)
(5.116)

Similarly, the N-point function 〈0|T[φ(x1) · · ·φ(xN)]|0〉 becomes

〈0|T[φ(x1) · · ·φ(xN)]|0〉= (−i�)N 1
〈0|0〉

δNJ〈0|0〉J
δJ(x1) · · · δJ(xN)

∣∣∣∣
J=0

= 1
〈0|0〉

∫
Dφ φ(x1) · · ·φ(xN) exp

(
i
�
S[φ, ∂μφ]

)
(5.117)
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where
Z[0]= 〈0|0〉=

∫
Dφ exp

(
i
�
S[φ, ∂μφ]

)
(5.118)

Therefore, we find that the path integral always yields vacuum expectation values of
time-ordered products of operators. The quantity Z[J] can thus be viewed as the generating
functional of the correlation functions of this theory. These are actually general results that
hold for the path integrals of all theories.

5.5 Path integrals in Euclidean spacetime and
statistical physics

In section 5.4, we saw how to relate the computation of transition amplitudes to path
integrals in Minkowski spacetime with specific boundary conditions dictated by the nature
of the initial and final states. In particular, we derived explicit expressions for the case of
fixed boundary conditions.

However, we could have chosen other boundary conditions. For instance, we could have
chosen the amplitude to begin in any state at the initial time and to go back to the same state
at the final time, but summing over all states. This is the same as to ask for the trace,

Z′[J]=
∫

D�J〈{�(x, t′)}|{�(x, t)}〉J

≡TrT e
− i

�

∫
d4x (H− Jφ)

≡
∫

PBC
Dφ e

i
�

∫
d4x (L+ Jφ)

(5.119)

where PBC stands for “periodic boundary conditions” on some generally finite time interval
t′ − t, and T is the time-ordering symbol.

Let us now carry the analytic continuation to imaginary time t→−iτ (i.e., known as
a Wick rotation). Upon Wick rotation, the theory has Euclidean invariance (i.e., rotations
and translations in D= d+ 1-dimensional space). Imaginary time plays the same role as
the other d spatial dimensions. Hereafter, we denote imaginary time by xD, and all vectors
will have indices μ that run from 1 to D.

Consider two cases: an infinite imaginary time interval and a finite imaginary time
interval.

5.5.1 Infinite imaginary time interval

In this case, the path integral becomes

Z′[J]=
∫

Dφ e
−
∫

dDx (LE− Jφ)
(5.120)

where D is the total number of spacetime dimensions. For the sake of definiteness, here we
discuss the four-dimensional case, but the results are obviously valid more generally. Here
LE is the Euclidean Lagrangian:
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LE= 1
2
(∂0φ)

2+ 1
2
(φ)2+V(φ) (5.121)

The path integral in eq. (5.120) has two interpretations.
The first interpretation is simply that the time limit (in imaginary time) is infinite and

therefore, the integral must be identical to the vacuum persistence amplitude J〈0|0〉J . The
only difference is that from this interpretation, we get all theN-point functions in Euclidean
spacetime (imaginary time). Therefore, the relativistic interval is

x20− x2→−τ 2− x2< 0 (5.122)

which is always space-like. Hence, with this procedure, we get the correlation functions for
space-like separations of its arguments. To get to time-like separations, we need to do an
analytic continuation back to real time. This we will do in section 5.6.4.

The second interpretation is that the path integral in eq. (5.120) is the partition function
of a system in classical statistical mechanics in D dimensions with energy density (divided
by T) equal to LE− Jφ. This will turn out to be a very useful connection (both ways!).

5.5.2 Finite imaginary time interval

In this case, we have
0≤ x0= τ ≤β = 1/T (5.123)

where T will be interpreted as the temperature. Indeed, in this case, the path integral is

Z′[0]=Tr e−βH (5.124)

and we are effectively looking at a problem of the same QFT but at finite temperature
T= 1/β . The path integral is once again the partition function but of a system in quantum
statistical physics! The partition function thus is (after setting �= 1)

Z′[J]=
∫

Dφ e
−
∫ β

0
dτ (LE− Jφ)

(5.125)

where the field φ(x, τ) obeys periodic boundary conditions in imaginary time:

φ(x, τ)=φ(x, τ +β) (5.126)

This boundary condition will hold for all bosonic theories. We will see in section 8.5 that
theories with fermions obey instead antiperiodic boundary conditions in imaginary time.

Hence, QFT at finite temperature T is just QFT on a Euclidean spacetime that is
periodic (and finite) in one direction: imaginary time. In other words, we have wrapped (or
compactified) Euclidean spacetime into a cylinder with perimeter (circumference) β = 1/T
(in units of �= kB= 1), as shown in figure 5.5.

The correlation functions in imaginary time (which we will call the “Euclidean correla-
tion functions”) are given by

1
Z′[J]

δNZ′[J]
δJ(x1) · · · J(xN)

∣∣
∣∣
J=0
=〈φ(x1) · · ·φ(xN)〉 (5.127)
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Figure 5.5 Periodic boundary conditions wrap spacetime into a cylinder.

which are just the correlation functions in the equivalent problem in statistical mechanics.
Upon analytic continuation, the Euclidean correlation functions 〈φ(x1) . . . φ(xN)〉 and the
N-point functions of the QFT are related by

〈φ(x1) · · ·φ(xN)〉↔ (i�)N〈0|Tφ(x1) · · ·φ(xN)|0〉 (5.128)

For the case of a QFT at finite temperature T, the path integral yields the correlation
functions of the Heisenberg field operators in imaginary time. These correlation functions
are often called the thermal correlation functions (or propagators). They are functions
of the spatial positions of the fields, x1, . . ., xN , and of their imaginary time coordinates,
xD1, . . ., xDN (here xD≡ τ ). To obtain the correlation functions as a function of the real time
coordinates x01, . . ., x0N at finite temperatureT, it is necessary to do an analytic continuation.
We will discuss how this is done in section 5.8.

5.6 Path integrals for the free scalar field

Let us now consider the case of a free scalar field. We consider Euclidean spacetime (i.e., in
imaginary time) and then will do the relevant analytic continuation back to real time at the
end of the calculation.

The Euclidean Lagrangian LE for a free field φ coupled to a source J is

LE= 1
2
(
∂μφ

)2+ 1
2
m2φ2− Jφ (5.129)

where we are using the notation

(
∂μφ

)2= ∂μφ∂μφ (5.130)

Here the index isμ= 1, . . .,D for an Euclidean spacetime ofD= d+ 1 dimensions. For the
most part (but not always), we will be interested in the case of d= 3, and so the Euclidean
space has four dimensions. Notice the way the Euclidean spacetime indices are placed in
eq. (5.130). This is not a misprint!
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We will compute the Euclidean path integral (or partition function) ZE[J] exactly. The
Euclidean path integral for a free field has the form

ZE[J]=N
∫

Dφ e
−
∫

dDx
[
1
2
(
∂μφ

)2+ 1
2
m2φ2− Jφ

]

(5.131)

In classical statistical mechanics, this theory is known as the Gaussian model.
In what follows, let us assume that the boundary conditions of the field φ (and the

source J) at infinity are either vanishing or periodic, and that the source J also either vanishes
at spatial infinity or is periodic. With these assumptions, all terms that are total derivatives
drop out identically. Therefore, upon integration by parts and after dropping boundary
terms, the Euclidean Lagrangian becomes

LE= 1
2
φ
[−∂2+m2]φ− Jφ (5.132)

Since this action is a quadratic formof the fieldφ, this path integral can be calculated exactly.
It has terms that are quadratic (or rather, bilinear) in φ and a term linear in φ, the source
term. By means of the following shift of the field φ,

φ(x)= φ̄(x)+ ξ(x) (5.133)

the Lagrangian becomes

LE= 1
2
φ
[−∂2+m2]φ− Jφ

= 1
2
φ̄
[−∂2+m2] φ̄− Jφ̄+ 1

2
ξ
[−∂2+m2] ξ + ξ [−∂2+m2] φ̄− Jξ (5.134)

Hence, we can decouple the source J(x) by requiring that the shift φ̄ be such that the
terms linear in ξ cancel each other exactly. This requirement leads to the condition that
the classical field φ̄ be the solution of the following inhomogeneous partial differential
equation: [−∂2+m2] φ̄= J(x) (5.135)

Equivalently, we can write the classical field φ̄ in terms of the source J(x) through the action
of the inverse of the operator−∂2+m2:

φ̄= 1
−∂2+m2 J (5.136)

The solution of eq. (5.135) is

φ̄(x)=
∫

dDx′ GE
0(x− x′) J(x′) (5.137)

where
GE
0(x− x′)=

〈
x
∣∣∣∣

1
−∂2+m2

∣∣∣∣ x
′
〉

(5.138)
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is the correlation function of the linear partial differential operator −∂2+m2. Thus,
GE
0(x− x′) is the solution of

[−∂2x +m2] GE
0(x− x′)= δD(x− x′) (5.139)

In terms of GE
0(x− x′), the terms of the shifted action become

∫
dDx

(1
2
φ̄(x)

[−∂2+m2]φ̄(x)− Jφ̄(x)
)

=− 1
2

∫
dDxφ̄(x)J(x)

=− 1
2

∫
dDx dDx′ J(x)GE

0(x− x′) J(x′) (5.140)

Therefore, the path integral for the generating function of the free Euclidean scalar field
ZE[J], defined in eq. (5.131), is given by

ZE[J]=ZE[0] e
1
2

∫
dDx

∫
dDx′ J(x)GE

0(x− x′) J(x′)
(5.141)

where ZE[0] is
ZE[0]=

∫
Dξ e

−1
2

∫
dDx ξ(x)

[−∂2+m2] ξ(x)
(5.142)

Eq. (5.141) shows that, after the decoupling, ZE[J] is a product of two factors: (1) a factor
that is a function of a bilinear form in the source J, and (2) a path integral, ZE[0], that is
independent of the sources.

5.6.1 Calculation of ZE[0]

The path integral ZE[0] is analogous to the fluctuation factor that we found in section 5.2
for the path integral for a harmonic oscillator in elementary quantummechanics. There we
saw that the analogous factor can be written as a determinant of a differential operator, the
kernel of the bilinear form that entered in the action. The same result holds here as well.
The only difference is that the kernel is now the partial differential operator Â=−∂2+m2,
whereas in quantummechanics, it is an ordinary differential operator. Here too, the operator
Â has a set of eigenstates {�n(x)} which, once the boundary conditions in spacetime are
specified, are both complete and orthonormal. The associated spectrum of eigenvaluesAn is

[−∂2+m2]�n(x)=An�n(x)
∫

dDx�n(x)�m(x)= δn,m
∑

n
�n(x)�n(x′)= δ(x− x′) (5.143)

Hence, once again we can expand the field φ(x) in the complete set of states {�n(x)}:

φ(x)=
∑

n
cn�n(x) (5.144)
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The field configurations are thus parametrized by the coefficients {cn}.
The action now becomes

S=
∫

dDxLE(φ, ∂φ)= 1
2
∑

n
Anc2n (5.145)

Thus, up to a normalization factor, we find that ZE[0] is given by

ZE[0]=
∏

n
A−1/2n ≡ (Det [−∂2+m2])−1/2 (5.146)

and we have reduced the calculation of ZE[0] to the computation of the determinant of a
differential operator, Det

[−∂2+m2].
In chapter 8, we will discuss efficient methods to compute such determinants. For the

moment, it is sufficient to notice that there is a simple, but formal, way to compute this
determinant. First, notice that if we are interested in the behavior of an infinite system at
T= 0, then the eigenstates of the operator −∂2+m2 are simply suitably normalized plane
waves. Let L be the linear size of the system, with L→∞. Then the eigenfunctions are
labeled by a D-dimensional momentum pμ (with μ= 0, 1, . . ., d)

�p(x)= 1
(2πL)D/2

ei pμ xμ (5.147)

with eigenvalues,
Ap= p2+m2 (5.148)

Hence the logarithm of the determinant is

lnDet
[−∂2+m2]=Tr ln

[−∂2+m2]

=
∑

p
ln(p2+m2)

=V
∫ dDp
(2π)D

ln(p2+m2) (5.149)

where V = LD is the volume of Euclidean spacetime. Hence,

lnZE[0]=−V2
∫ dDp
(2π)D

ln(p2+m2) (5.150)

This expression has two singularities: an infrared divergence and aUV divergence. As shown
in eq. (5.150), lnZ[0] diverges as V→∞. This IR singularity actually is not a problem,
since lnZE[0] should be an extensive quantity that must scale with the volume of spacetime.
In other words, this is how it should behave. However, the integral in eq. (5.150) diverges at
large momenta unless there is an upper bound (or cutoff ) for the allowed momenta. This is
a UV singularity. It has the same origin as the UV divergence of the ground state energy. In
fact, ZE[0] is closely related to the ground state (vacuum) energy, since

ZE[0]= lim
β→∞

∑

n
e−βEn ∼ e−βE0 + · · · (5.151)
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Thus,

E0=− lim
β→∞

1
β
lnZE[0]= 1

2
Ld

∫ dDp
(2π)D

ln(p2+m2) (5.152)

where Ld is the volume of space, and V = Ldβ . Notice that eq. (5.152) is UV divergent. In
section 8.8, we will discuss how to compute expressions of the form of eq. (5.152).

5.6.2 Propagators and correlators

Some interesting results are found immediately by direct inspection of eq. (5.141). We can
easily see that, once we set J= 0, the correlation function G(0)E (x− x′),

G(0)E (x− x′)=
〈
x
∣∣
∣
∣

1
−∂2+m2

∣∣
∣
∣ x
′
〉

(5.153)

is equal to the 2-point correlation function for this theory (at J= 0):

〈φ(x)φ(x′)〉= 1
ZE[0]

δ2ZE[J]
δJ(x)δJ(x′)

∣∣∣
∣
J=0
=G(0)E (x− x′) (5.154)

Likewise, we find that, for a free-field theory, the N-point correlation function 〈φ(x1) · · ·
φ(xN)〉 is equal to

〈φ(x1) · · ·φ(xN)〉= 1
ZE[0]

δNZE[J]
δJ(x1) · · · δJ(xN)

∣
∣∣
J=0

=〈φ(x1)φ(x2)〉 · · · 〈φ(xN−1)φ(xN)〉+ permutations (5.155)

Therefore, for a free field, up to permutations of the coordinates x1, . . ., xN , the N-point
function reduces to a sum of products of 2-point functions. Hence, N must be a positive
even integer. This result, eq. (5.155), which we derived in the context of a theory for a free
scalar field, is actually much more general. It is known as Wick’s theorem. It applies to all
free theories, theories whose Lagrangians are bilinear in the fields. And it is independent of
the statistics and on whether there is relativistic invariance or not. The only caveat is that
(as we will see in chapter 8) for the case of fermionic theories, a sign is associated with each
term in this sum.

It is easy to see that, for N= 2k, the total number of terms in the sum is

(2k− 1)(2k− 3) · · · = (2k)!
2kk! (5.156)

In eq. (5.155) each of a 2-point function 〈φ(x1)φ(x2)〉 is a free propagator. It is also called a
contraction. It is common to use the notation

〈φ(x1)φ(x2)〉=φ(x1)φ(x2) (5.157)

to denote a contraction or propagator.
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5.6.3 Calculation of the propagator

Let us now calculate the 2-point function, or propagator, G(0)E (x− x′) for infinite Euclidean
space. This is the case of interest in QFT at T= 0. In section 5.8, we will calculate the
propagator at finite temperature.

Eq. (5.139) tells us that G(0)E (x− x′) is the Green function of the operator−∂2+m2. We
will use Fourier transform methods and write G(0)E (x− x′) in the form

G(0)E (x− x′)=
∫ dDp
(2π)D

GE
0(p) e

i pμ(xμ− x′μ) (5.158)

which is a solution of eq. (5.139) if

G(0)E (p)=
1

p2+m2 (5.159)

Therefore, the correlation function in real (Euclidean!) space is the integral

G(0)E (x− x′)=
∫ dDp
(2π)D

ei pμ(xμ− x′μ)

p2+m2 (5.160)

We will often encounter integrals of this type and for that reason, let us evaluate this one in
some detail. We begin by using the identity

1
A
= 1

2

∫ ∞

0
dα e−

A
2 α (5.161)

where A> 0 is a positive real number. The variable α is called a “Feynman-Schwinger
parameter.”

Now choose A= p2+m2, and substitute this expression back in eq. (5.160), which takes
the form

G(0)E (x− x′)= 1
2

∫ ∞

0
dα

∫ dDp
(2π)D

e
−α
2
(p2+m2)+ ipμ(xμ− x′μ) (5.162)

The integrand is a Gaussian, and the integral can be calculated by a shift of the integration
variables pμ (i.e., by completing squares)

α

2
(p2+m2)− ipμ(xμ− x′μ)=

1
2

(√
αpμ− i

xμ− x′μ√
α

)2

− 1
2

(xμ− x′μ√
α

)2

(5.163)

and by using the Gaussian integral

∫ dDp
(2π)D

e
−1
2

(√
αpμ− i

xμ− x′μ√
α

)2

= (2πα)−D/2 (5.164)

After all of this is done, we find the formula

G(0)E (x− x′)= 1
2(2π)D/2

∫ ∞

0
dα α−D/2 e

−|x− x′|2
2α

− 1
2
m2α

(5.165)
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ξ = 1/ma Distance

Power-law decay Exponential decay

Figure 5.6 Behaviors of the Euclidean propagator.

Let us now define a rescaling of the variable α,

α= λt (5.166)

by which
|x− x′|2

2α
+ 1

2
m2α= |x− x′|2

2λt
+ 1

2
m2λt (5.167)

If we choose
λ= |x− x′|

m
(5.168)

then the exponent becomes

|x− x′|2
2α

+ 1
2
m2α= m|x− x′|

2

(
t+ 1

t

)
(5.169)

After this final change of variables, we find that the correlation function is

G(0)E (x− x′)= 1
(2π)D/2

(
m
|x− x′|

)D
2 −1

KD
2 −1(m|x− x′|) (5.170)

where Kν(z) is the modified Bessel function, which has the integral representation

Kν(z)= 1
2

∫ ∞

0
dt tν−1 e

− z
2

(
t+ 1

t

)

(5.171)

where ν= D
2 − 1, and z=m|x− x′|.

There are two interesting regimes: (1) long distances, m|x− x′|� 1, and (2) short
distances,m|x− x′|� 1. (See figure 5.6.)

A: Long-distance behavior In this regime, z=m|x− x′|� 1, a saddle-point calculation
shows that the Bessel function Kν(z) has the asymptotic behavior,

Kν(z)=
√
π

2z
e−z [1+O(1/z)] (5.172)

Thus, in this regime, the Euclidean propagator (or correlation function) behaves like

G(0)E (x− x′)=
√
π/2mD−2 e−m|x−x′|

(2π)D/2 (m|x− x′|)D−12
[
1+O

(
1

m|x− x′|
)]

(5.173)

Therefore, at long distances, the Euclidean (or imaginary time) propagator has an
exponential decay with distance (and imaginary time). The length scale for this decay is



Path Integrals and Field Theory . 125

1/m, which is natural, since it is the only quantity with units of length in the theory. In real
time, and in conventional units, this length scale is just the Compton wavelength, �/mc. In
statistical physics, this length scale is known as the correlation length ξ .

B: Short-distance behavior In this regime, we must use the behavior of the Bessel function
for small values of the argument:

Kν(z)= �(ν)

2
( z
2
)ν +O(1/zν−2) (5.174)

The correlation function now behaves instead like

G(0)E (x− x′)= �
(D
2 − 1

)

4πD/2|x− x′|D−2 + · · · (5.175)

where · · · are terms that vanish as m|x− x′|→ 0. Notice that the leading term is
independent of the massm. This is the behavior of the freemassless theory.

5.6.4 Behavior of the propagator inMinkowski spacetime

Let us find the behavior of the propagator in real time. Now we must do the analytic
continuation back to real time.

Recall that in going from Minkowski to Euclidean space, we continued x0→−ix4. In
addition, there is also a factor of i difference in the definition of the propagator. Thus, the
propagator in Minkowski spacetime, G(0)(x− x′), is the expression that results from the
analytic continuation:

G(0)(x− x′)= iG(0)E (x− x′)
∣∣
x4→ix0

(5.176)

We can also obtain this result from the path integral formulation in Minkowski
spacetime. Indeed, the generating functional for a free real massive scalar field Z[J] in
D= (d+ 1)-dimensional Minkowski spacetime is

Z[J]=
∫

Dφe
i
∫

dDx
[
1
2
(∂φ)2− m2

2
φ2+ Jφ

]

(5.177)

Hence, the expectation value of the time-ordered product of two fields is

〈0|Tφ(x)φ(y)|0〉=− 1
Z[J]

δZ[J]
δJ(x)δJ(y)

∣
∣∣
J= 0

(5.178)

In contrast, for a free field, the generating function is given by (up to a normalization
constantN )

Z[J]=N [
Det

(
∂2+m2)]−1/2 e

i
2

∫
dDx

∫
dDyJ(x)G(0)(x− y)J(y)

(5.179)

where G0(x− y) is the Green function of the Klein-Gordon operator and satisfies
(
∂2+m2)G(0)(x− y)= δD(x− y) (5.180)
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Hence, we obtain the expected result:

〈0|Tφ(x)φ(y)|0〉=−iG(0)(x− y) (5.181)

Let us compute the propagator in D= 4 Minkowski spacetime by analytic continuation
from the D= 4 Euclidean propagator. The relativistic interval s is given by

s2= (x0− x′0)
2− (x− x′)2 (5.182)

The Euclidean interval (length) |x− x′| and the relativistic interval s are related by

|x− x′| =
√
(x− x′)2→

√
−s2 (5.183)

Therefore, in D= 4 spacetime dimensions, the Minkowski space propagator is

G(0)(x− x′)= i
4π2

m√−s2 K1(m
√
−s2) (5.184)

We will need the asymptotic behavior of the Bessel function K1(z),

K1(z)=
√
π

2z
e−z

[
1+ 3

8z
+ · · ·

]
, for z� 1

K1(z)=1
z
+ z

2

(
ln z+C− 1

2

)
+ · · ·, for z� 1 (5.185)

where C= 0.577215 . . . is the Euler-Mascheroni constant. Let us examine the behavior of
eq. (5.184) in the regimes: (1) space-like, s2< 0, and (2) time-like, s2> 0, intervals.

A: Space-like intervals: (x− x′)2 = s2 < 0 This is the space-like domain. By inspecting eq.
(5.184), we see that for space-like separations, the factor

√−s2 is a positive real number.
Consequently, the argument of the Bessel function is real (and positive), and the propagator
is pure imaginary. In particular, we see that for s2< 0, the Minkowski propagator is
essentially the Euclidean correlation function:

G(0)(x− x′)= iG(0)E (x− x′), for s2< 0 (5.186)

Hence, for s2< 0, we have the asymptotic behaviors:

G(0)(x− x′)=i
√
π/2
4π2

m2

(
m
√−s2

)3/2 e
−m

√
−s2 , for m

√
−s2� 1

G(0)(x− x′)= i
4π2(−s2) , for m

√
−s2� 1 (5.187)

(see figure 5.7).
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Figure 5.7 Behaviors of the propagator in Minkowski spacetime.

B: Time-like intervals: (x− x′)2 = s2 > 0 This is the time-like domain. The analytic
continuation yields

G(0)(x− x′)= m
4π2
√
s2
K1(im

√
s2) (5.188)

For pure imaginary arguments, the Bessel functionK1(iz) is the analytic continuation of the
Hankel function, K1(iz)=−π

2H
(1)
1 (−z) . This function is oscillatory for large values of its

argument. Indeed, we now get the behaviors

G(0)(x− x′)=
√
π/2
4π2

m2

(
m
√
s2
)3/2 e

im
√
s2 , for m

√
s2� 1

G(0)(x− x′)= 1
4π2s2

, for m
√
s2� 1 (5.189)

Notice that, up to a factor of i, the short-distance behavior is the same for both time-like
and space-like separations. The main difference is that at large time-like separations, we
get oscillatory behavior instead of exponential decay. The length scale of the oscillations is,
once again, set by the only scale in the theory: the Compton wavelength.

5.7 Exponential decays andmass gaps

The exponential decay at long space-like separations (and the oscillatory behavior at long
time-like separations) is not a peculiarity of the free field theory. It is a general consequence
of the existence of a mass gap in the spectrum. We can see this by considering the 2-point
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function of a generic theory (for simplicity, in imaginary time). The 2-point function is

G(2)(x− x ′, τ − τ ′)=〈0|Tφ̂(x, τ)φ̂(x ′, τ ′)|0〉 (5.190)

where T is the imaginary time-ordering operator.
The Heisenberg representation of the operator φ̂ in imaginary time is (�= 1):

φ̂(x, τ)= eHτ φ̂(x, 0) e−Hτ (5.191)

Hence, we can write the 2-point function as

G(2)(x− x ′, τ − τ ′)=
= θ(τ − τ ′)〈0|eHτ φ̂(x, 0) e−H(τ − τ ′) φ̂(x ′, 0) e−Hτ ′ |0〉
+ θ(τ ′ − τ)〈0|eHτ ′ φ̂(x ′, 0) e−H(τ ′ − τ) φ̂(x, 0) e−Hτ |0〉
= θ(τ − τ ′) eE0(τ − τ ′) 〈0|φ̂(x, 0) e−H(τ − τ ′) φ̂(x ′, 0)|0〉
+ θ(τ ′ − τ) eE0(τ ′ − τ) 〈0|φ̂(x ′, 0) e−H(τ ′ − τ) φ̂(x, 0)|0〉 (5.192)

We now insert a complete set of eigenstates {|n〉} of the Hamiltonian Ĥ, with eigenvalues
{En}. The 2-point function now reads

G(2)(x− x ′,τ − τ ′)=
= θ(τ − τ ′)

∑

n
〈0|φ̂(x, 0)|n〉 〈n|φ̂(x ′, 0)|0〉 e−(En−E0)(τ − τ ′)

+ θ(τ ′ − τ)
∑

n
〈0|φ̂(x ′, 0)|n〉 〈n|φ̂(x, 0)|0〉 e−(En−E0)(τ ′ − τ) (5.193)

Since
φ̂(x, 0)= eiP̂ · xφ̂(0, 0)e−iP̂ · x (5.194)

and, in a translation-invariant system, the eigenstates of theHamiltonian are also eigenstates
of the total momentum P,

P̂|0〉= 0, P̂|n〉=Pn|n〉 (5.195)

where Pn is the linear momentum of state |n〉, we can write

〈0|φ̂(x, 0)|n〉 〈n|φ̂(x ′, 0)|0〉= |〈0|φ̂(0, 0)|n〉|2 e−iPn · (x− x ′) (5.196)

Using the above expressions, we can rewrite eq. (5.193) in the form

G(2)(x− x ′, τ − τ ′)
=
∑

n
|〈0|φ̂(0, 0)|n〉|2

[
θ(τ − τ ′)e−iPn · (x− x ′)e−(En−E0)(τ − τ ′)

+ θ(τ ′ − τ)e−iPn · (x ′ − x)e−(En−E0)(τ ′ − τ)] (5.197)
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Thus, at equal positions, x= x ′, we obtain the following simpler expression in the imaginary
time interval τ − τ ′:

G(2)(0, τ − τ ′)=
∑

n
|〈0|φ̂(0, 0)|n〉|2× e−(En−E0)|τ − τ ′| (5.198)

In the limit of large imaginary time separation, |τ − τ ′|→∞, there is always a largest
nonvanishing term in the sums. This is the term for the state |n0〉 thatmixeswith the vacuum
state |0〉 through the field operator φ̂, and with the lowest excitation energy, the mass gap
En0 −E0. Hence, for large imaginary time separations, |τ − τ ′|→∞, the 2-point function
decays exponentially,

G(2)(0, τ − τ ′)� |〈0|φ̂(0, 0)|n0〉|2× e−(En0 −E0)|τ − τ ′| (5.199)

a result that we already derived for a free field in eq. (5.173). Therefore, if the spectrum has
a gap, the correlation functions (or propagators) decay exponentially in imaginary time. In
real time, we will get instead an oscillatory behavior. This is a very general result.

Finally, notice that Lorentz invariance in Minkowski spacetime (real time) implies
rotational (Euclidean) invariance in imaginary time. Hence, exponential decay in imaginary
times, at equal positions, must imply (in general) exponential decay in real space at
equal imaginary times. Thus, in a Lorentz invariant system, the propagator at space-like
separations is always equal to the propagator in imaginary time.

5.8 Scalar fields at finite temperature

Let us now discuss briefly the behavior of free scalar fields in thermal equilibrium at finite
temperatureT. Wewill give amore detailed discussion in chapter 10, wherewe discussmore
extensively the relation between observables and propagators.

We saw in section 5.5 that the field theory is now defined on a Euclidean cylindrical
spacetime, which is finite and periodic along the imaginary time direction with circumfer-
ence β = 1/T, where T is the temperature (and the Boltzmann constant is set to kB= 1).
Hence the imaginary time dimension has been compactified.

5.8.1 The free energy

Let us begin by computing the free energy. We will work in D= d+ 1 Euclidean spacetime
dimensions. The partition function Z(T) is computed using the result of eq. (5.146) except
that the differential operator is now

Â=−∂2τ − ∂2+m2 (5.200)

In addition, the caveat is now that ∂2 denotes the Laplacian operator that acts only on the
spatial coordinates, x, and that the imaginary time is periodic. The mode expansion for the
field in this Euclidean (cylinder) space is

φ(x, τ)=
∞∑

n=−∞

∫ ddp
(2π)d

φ(ωn, p)eiωnτ+ip·x (5.201)
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where ωn= 2πTn are the Matsubara frequencies, and n∈Z. The field operator is periodic
in imaginary time τ with period β = 1/T. The Euclidean action now is

S=
∫ β

0
dτ

∫
ddx

[
1
2
(∂τφ)

2+ 1
2
(∂φ)2+ 1

2
m2φ2

]

= β
2

∫ ddp
(2π)d

(p2+m2)|φ0(p)|2

+β
∫ ddp
(2π)d

∑

n≥1

(
ω2
n+ p2+m2) |φ(ωn, p)|2 (5.202)

where the action has been split into the sum of the contribution from the zero-frequency
Matsubara mode, denoted by φ0(p)=φ(0, p), and the contributions of the modes for the
rest of the frequencies.

Since the free energy is given by F(T)=−T lnZ(T), we need to compute (again, up to
the usual UV-divergent normalization constant)

F(T)= T
2
lnDet

[− ∂2τ − ∂2+m2] (5.203)

We can now expand the determinant in the eigenvalues of the operator −∂2τ − ∂2+m2 to
obtain the formally divergent expression

F(T)= 1
2
VT

∫ ddp
(2π)d

∞∑

n=−∞
ln
(
β
[
ω2
n+ p2+m2]) (5.204)

whereV is the spatial volume. This expression is formally divergent both in the momentum
integrals and in the frequency sum and needs to be regularized. We already encountered
this problem in our discussion of path integrals in quantum mechanics (see section 5.2.2).
As in that case, recall that we have a formally divergent normalization constant, N , which
we have not made explicit here and that can be defined so as to cancel the divergence of the
frequency sum (as we did in eq. (5.84)).

The regularized frequency sum can now be computed:

F(T)=VT
∫ ddp
(2π)d

ln
[ (
β
(
p2+m2)1/2

) ∞∏

n=1

(
1+ p2+m2

ω2
n

)]
(5.205)

Using the identity in eq. (5.85), the free energy F(T) becomes

F(T)=VT
∫ ddp
(2π)d

ln

[

2 sinh

(√
p2+m2

2T

)]

(5.206)

which can be written in the form

F(T)=Vε0+VT
∫ ddp
(2π)d

ln

⎛

⎜
⎝1− e

−
√
p2+m2

T

⎞

⎟
⎠ (5.207)
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where

ε0= 1
2

∫ ddp
(2π)d

√
p2+m2 (5.208)

is the (UV divergent) vacuum (ground state) energy density. Notice that the UV divergence
is absent in the finite temperature contribution.

5.8.2 The thermal propagator

The thermal propagator is the time-ordered propagator in imaginary time. It is equiv-
alent to the Euclidean correlation function in cylindrical geometry. Denote the thermal
propagator by:

G(0)T (x, τ)=〈φ(x, τ)φ(0, 0)〉T (5.209)

It has the Fourier expansion

〈φ(x, τ)φ(0, 0)〉T = 1
β

∞∑

n=−∞

∫ ddp
(2π)d

eiωnτ+ip·x

ω2
n+ p2+m2 (5.210)

where, once again, ωn= 2πTn are the Matsubara frequencies.
We will now obtain two useful expressions for the thermal propagator. The expressions

follow from doing the momentum integrals first. The Matsubara frequencies act as mass
terms of a field in one dimension lower. This observation allows us to identify the integrals
in eq. (5.210) with the Euclidean propagators of an infinite number of fields, each labeled
by an integer n, in d Euclidean dimensions with mass squared equal to

m2
n=m2+ω2

n (5.211)

We can now use the result of eq. (5.170) for the Euclidean correlator (now in d Euclidean
dimensions) and write the thermal propagator as the following series:

G(0)T (x, τ)=
1
β

∞∑

n=−∞

eiωnτ

(2π)d/2

(
mn

|x− x′|
)d
2
− 1

Kd
2−1(mn|x|) (5.212)

where mn is given by eq. (5.211). Since the thermal propagator is expressed as an infinite
series of massive propagators, each with increasing mass, it implies that at distances large
compared with the length scale λT = (2πT)−1 (known as the thermal wavelength), all the
terms of the series become negligible compared with the term with vanishing Matsubara
frequency. In this limit, the thermal propagator reduces to the correlator of the classical
theory in d (spatial) Euclidean dimensions:

G(0)T (x, τ)�〈φ(x)φ(0)〉, for |x|� λT (5.213)

In other terms, at distances large compared with the circumference β of the cylindrical
Euclidean spacetime, the theory becomes asymptotically equivalent to the Euclidean theory
in one lower spacetime dimension.

Let us now find an alternative expression for the thermal propagator by doing the sum
over Matsubara frequencies shown in eq. (5.210). We will use the residue theorem to
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Figure 5.8 Contour integral for eq. (5.214).

represent the sum as a contour integral on the complex plane, as shown in figure 5.8,

1
β

∞∑

n=−∞

eiωnτ

ω2
n+ p2+m2 =

1
2

∮

C+∪C−

dz
2π i

eizτ

z2+m2+ p2
cot

( z
2T

)
(5.214)

where the (positively oriented) contour C=C− ∪C+ in the complex z plane is shown in
figure 5.8. The black dots on the real axis represent the integers z= n, while the black dots
on the imaginary axis represent the poles at ±i√m2+ p2. Upon distorting the contour C+
to the negatively oriented contour C+ of the upper half-plane, and the contour C− to the
negatively oriented contour C− of the lower half-plane, we can evaluate the integrals by
using the residue theorem once again, but now at the poles on the imaginary axis.

This computation yields the following result for the thermal propagator:

GT(x, τ)=
∫ ddp
(2π)d

coth

(√
p2+m2

2T

)

2
√
p2+m2

e−|τ |
√
p2+m2

eip · x (5.215)

This expression applies to the regime τ�β = 1/T, in which quantum fluctuations play a
dominant role. After a little algebra, we can now write the thermal propagator as

GT(x, τ)=
∫ ddp
(2π)d

e−|τ |
√
p2+m2eip · x

2
√
p2+m2

+
∫ ddp
(2π)d

1

exp

(√
p2+m2

T

)

− 1

e−|τ |
√
p2+m2eip · x

√
p2+m2

(5.216)
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By inspection of eq. (5.216), we see that the first term on the r.h.s. is the T→ 0 limit, and
that it is just (as it should be!) the propagator inD= d+ 1 Euclidean spacetime dimensions,
G(0)E (x, τ), after an integration over frequencies. The second term on the r.h.s. of eq. (5.216)
describes the contributions to the thermal propagator from thermal fluctuations, shown in
the form of the Bose occupation numbers, the Bose-Einstein distribution:

n(p,T)= 1

exp

(√
p2+m2

T

)

− 1
(5.217)

The appearance of the Bose-Einstein distribution is to be expected (and, in fact, required),
since the excitations of the scalar field are bosons.

Finally, we can find the time-ordered propagator, in real time x0, at finite temperature
T, which we denote by G(0)(x, x0;T). By means of the analytic continuation τ→ ix0 of the
thermal propagator of eq. (5.216), we find

G(0)(x, x0;T)=G(0)M (x)

+
∫ ddp
(2π)d

1

exp

(√
p2+m2

T

)

− 1

e−i|x0|
√
p2+m2eip · x

√
p2+m2

(5.218)

where G(0)M (x) is the (Lorentz-invariant) Minkowski spacetime propagator inD dimensions
(i.e., at zero temperature), given in section 5.6.4. Notice that the finite temperature contri-
bution is not Lorentz invariant. This result is to be expected, since at finite temperatures
space and time do not play equivalent roles.

Exercises

5.1 Path integral for a particle in a double-well potential
Consider a particle with coordinate q and mass m moving in the one-dimensional
double-well potential V(q):

V(q)= λ (q2− q20
)2 (5.219)

In this problem, you will use the path integral methods, in imaginary time, presented
in this chapter, to calculate the matrix element

〈q0, T2 | − q0, −T2 〉= 〈q0|e−
1
�
HT | − q0〉 (5.220)

to leading order in the semiclassical expansion, in the limit T→∞.

1) Write down the expression of the imaginary time path integral that is appropriate
for this problem. Write an explicit expression for the Euclidean Lagrangian (the
Lagrangian in imaginary time). How does it differ from the Lagrangian in real
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time? Make sure that you specify the initial and final conditions. Do not calculate
anything yet!

2) Derive the Euler-Lagrange equation for this problem (always in imaginary time).
Compare it with the equation of motion in real time. Find the explicit solution for
the trajectory (in imaginary time) that satisfies the initial and final conditions. Is
the solution unique? Explain. What is the physical interpretation of this trajectory
and of the amplitude? A simple way to solve for the trajectory that you need in
this problem is to think of this equation of motion as if imaginary time were real
time, then to find the analog of the classical energy, and to use the conservation of
energy to find the trajectory.

3) Compute the imaginary time action for the trajectory you found in part 2 of this
exercise.

4) Expand around the solution you found in part 3. Write a formal expression for the
amplitude to leading order. Find an explicit expression for the operator that enters
into the fluctuation determinant.

5.2 Path integral for a charged particle moving on a plane in the presence of a per-
pendicular magnetic field

Consider a particle of mass m and charge −e moving on a plane in the presence
of an external uniform magnetic field perpendicular to the plane and with strength
B. Let r= (x1, x2) and p= (p1, p2) represent the coordinates and momentum of the
particle, respectively. The Hamiltonian of the system is

H(q, p)= 1
2m

(
p+ e

c
A(r)

)2
(5.221)

where A(r) is the vector potential. In the gauge  ·A(r)= 0, the vector potential is
given by

A1(r)=−B
2
x2 (5.222)

and
A2(r)= B

2
x1 (5.223)

1) Derive a path integral formula for the transition amplitude of the process in
which the particle returns to its initial location r0 at time tf , having left that point
at ti:

〈r0, tf |r0, ti〉 (5.224)

where r0 is an arbitrary point of the plain and |tf − ti|→∞.
2) Consider now the “ultra-quantum” limit m→ 0. Find the form of the action S in

this limit for a path that begins and ends at r0. Find a geometric interpretation for
this formula. Hint: At some point you may have to use Stokes’ theorem.

3) Consider now the case in which instead of a plane the charged particle moves on
a torus of size L× L. Are there any ambiguities involved in the evaluation of this
formula? Think of the regions enclosed by the path and those left outside the path.
What condition should satisfy the field strength B for a torus of dimensions L× L
(with L→∞), so that the amplitude e

i
�
S is free from any ambiguities?
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5.3 Path integrals for a scalar field theory
Consider the problem of a charged (complex) free scalar field φ(x) in D= 4

spacetime dimensions. The action of this theory coupled to complex sources J(x) is

S =
∫

d4x
(
∂μφ(x)∗∂μφ(x)−m2φ(x)∗φ(x)− J(x)∗φ(x)− J(x)φ(x)∗

)
(5.225)

1) Find an explicit formula for the vacuum persistence amplitude J〈0|0〉J for this
theory in the form of a path integral in Minkowski space. Find the form of the
path integral in Euclidean space (imaginary time).

2) Using the methods discussed in the text, evaluate the path integral you just
wrote down, for a general set of complex sources J(x), both in Minkowski and in
Euclidean spacetimes.

3) Use the formulas you derived in part 2 to compute the following two-point
functions (in the limit J→ 0):

G2(x− x′)=〈0|Tφ(x)φ∗(x′)|0〉 (5.226)

G∗2(x− x′)=〈0|Tφ∗(x)φ(x′)|0〉 (5.227)

G′2(x− x′)=〈0|Tφ(x)φ(x′)|0〉 (5.228)

G′∗2 (x− x′)=〈0|Tφ∗(x)φ∗(x′)|0〉 (5.229)

In these equations, x and x′ are two arbitrary points in spacetime. Write your
solutions in terms of a propagator. Do not calculate the propagator yet.

4) Find the equation that is satisfied by the propagator in both Euclidean and
Minkowski spacetimes. Solve the equation for the Euclidean case, and find the
solution in Minkowski spacetime by analytic continuation. Discuss the different
asymptotic behaviors of the two-point functions in both Euclidean andMinkowski
spacetimes.

5) Find explicit expressions for the following four-point functions:

Ga
4(x1, x2, x3, x4)=〈0|Tφ(x1)∗φ(x2)∗φ(x3)φ(x4)|0〉 (5.230)

G′2(x1, x2, x3, x4)=〈0|Tφ(x1)φ(x2)φ(x3)φ(x4)|0〉 (5.231)

G′∗2 (x1, x2, x3, x4)=〈0|Tφ(x1)∗φ(x2)∗φ(x3)∗φ(x4)∗|0〉 (5.232)

Gb
2(x1, x2, x3, x4)=〈0|Tφ(x1)∗φ(x2)φ(x3)∗φ(x4)|0〉 (5.233)

Gc
2(x1, x2, x3, x4)=〈0|Tφ(x1)∗φ(x2)φ(x3)φ(x4)∗|0〉 (5.234)

in terms of the two-point functions. Find relations among these four-point
functions.
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Nonrelativistic Field Theory

In this chapter, we discuss the field-theory description of nonrelativistic systems. The
material presented here is, for the most part, introductory, as this topic is covered in depth
in many classic textbooks, such as Methods of Quantum Field Theory in Statistical Physics
(Abrikosov et al., 1963) and StatisticalMechanics, A Set of Lectures (Feynman, 1972) (among
many others). The discussion of “second quantization” is very standard and is similar to
Feynman’s presentation. It is presented here for completeness.

6.1 Second quantization and themany-body problem

Let us consider now the problem of a system of N identical nonrelativistic particles. For the
sake of simplicity, assume that the physical state of each particle j is described by its position
xj relative to some reference frame. This case is easy to generalize.

The wave function for this system is �(x1, . . ., xN). If the particles are identical, then
the probability density, |�(x1, . . ., xN)|2, must be invariant under arbitrary exchanges
of the labels that we use to identify (or designate) the particles. In quantum mechanics,
particles do not have well-defined trajectories. Only the states of a physical system are
well defined. Thus, even though at some initial time t0 the N particles may be localized
to a set of well-defined positions x1, . . ., xN , they will become delocalized as the system
evolves. Furthermore, theHamiltonian itself is invariant under a permutation of the particle
labels. Hence, permutations constitute a symmetry of a many-particle quantum mechanical
system. In other words, in quantum mechanics, identical particles are indistinguishable. In
particular, the probability density of any eigenstatemust remain invariant if the labels of any
pair of particles are exchanged.

If we denote by Pjk the operator that exchanges the labels of particles j and k, the wave
functions must satisfy

Pjk�(x1, . . ., xj, . . ., xk, . . ., xN)= eiφ�(x1, . . ., xj, . . ., xk, . . ., xN) (6.1)

Under a further exchange operation, the particles return to their initial labels, and we
recover the original state. This sample argument then requires that φ= 0,π , since 2φ must
not be an observable phase. We then conclude that there are two possibilities: either � is
even under permutation and P� =� , or� is odd under permutation and P� =−� .
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Systems of identical particles with wave functions that are even under a pairwise
permutation of the particle labels are called bosons. In the other case of� being odd under
pairwise permutation, they are called fermions. It must be stressed that these arguments
only show that the requirement that the state� can be either even or odd is only a sufficient
condition. It turns out that under special circumstances, the phase factor φ can take values
that are different from 0 or π . These particles are called anyons and are discussed in chapter
22. It turns out that the only cases in which they can exist is if the particles are restricted to
move on a line or in a plane.

In the case of relativistic QFTs, the requirement that the states have well-defined statistics
(or symmetry) is demanded by a very deep and fundamental theorem linking the statistics
of the states of spin of the field. This is the spin-statistics theorem and will be discussed in
section 7.1.6.

6.1.1 Fock space

Let us now discuss a procedure, known as second quantization, which will enable us to keep
track of the symmetry of the states in a simple way. Consider again a system of N particles.
The wave functions in the coordinate representation are �(x1, . . ., xN), where the labels
x1, . . ., xN denote both the coordinates and the spin states of the particles in the state |�〉.
For the sake of definiteness, we will discuss physical systems describable by Hamiltonians
Ĥ of the form:

Ĥ=− �
2

2m

N∑

j=1
�2

j +
N∑

j=1
V(xj)+ g

∑

j,k

U(xj− xk)+ · · · (6.2)

Let {φn(x)} be the wave functions for a complete set of one-particle states. Then an arbitrary
N-particle state can be expanded in a basis of the tensor product of the one-particle states,
namely,

�(x1, . . ., xN)=
∑

{nj}
C(n1, . . ., nN)φn1(x1) · · ·φnN(xN) (6.3)

Thus, if � is symmetric (antisymmetric) under an arbitrary exchange xj→ xk, then the
coefficients C(n1, . . ., nN)must be symmetric (antisymmetric) under the exchange nj↔ nk.

A set of N-particle basis states with well-defined permutation symmetry is the properly
symmetrized or antisymmetrized tensor product

|�1, . . .,�N〉≡ |�1〉× |�2〉× · · · × |�N〉= 1√
N!
∑

P
ξP|�P(1)〉× · · · × |�P(N)〉 (6.4)

where the sum runs over the set of all possible permutations P. The weight factor ξ is +1
for bosons and−1 for fermions. For fermions, the N-particle state vanishes if two particles
are in the same one-particle state. This is the exclusion principle.

The inner product of two N-particle states is

〈χ1, . . .,χN |ψ1, . . .,ψN〉= 1
N!
∑

P,Q
ξP+Q〈χQ(1)|ψP(1)〉 · · · 〈χQ(N)|ψP(1)〉=

=
∑

P′
ξP
′ 〈χ1|ψP(1)〉 · · · 〈χN |ψP(N)〉 (6.5)
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which is nothing but the permanent (determinant) of the matrix 〈χj|ψk〉 for symmetric
(antisymmetric) states:

〈χ1, . . .,χN |ψ1, . . .,ψN〉=

∣∣∣∣∣
∣∣∣

〈χ1|ψ1〉 . . . 〈χ1|ψN〉
...

...
〈χN |ψ1〉 . . . 〈χN |ψN〉

∣∣∣∣∣
∣∣∣
ξ

(6.6)

In the case of antisymmetric states, the inner product is the familiar Slater determinant.
Let us denote by {|α〉} the complete set of one-particle states satisfying

〈α|β〉= δαβ ,
∑

α

|α〉〈α| = 1 (6.7)

The N-particle states are given by {|α1, . . .,αN〉}. Because of the symmetry requirements,
the labels αj can be arranged in the form of a monotonic sequence α1≤α2≤ · · · ≤αN for
bosons, or in the form of a strict monotonic sequence α1<α2< · · ·<αN for fermions. Let
nj be an integer that counts how many particles are in the jth one-particle state. The boson
states |α1, . . .,αN〉must be normalized by a factor of the form

1√
n1! . . . nN !

|α1, . . .,αN〉, with α1≤α2≤ · · · ≤αN (6.8)

where nj are nonnegative integers. For fermions, the states are

|α1, . . .,αN〉, with α1<α2< · · ·<αN (6.9)

but now nj= 0, 1. These N-particle states are complete and orthonormal:

1
N!

∑

α1,...,αN

|α1, . . .,αN〉〈α1, . . .,αN | = Î (6.10)

where the sum over the αs is unrestricted, and the operator Î is the identity operator in the
space of N-particle states.

Now consider the more general problem in which the number of particles N is not fixed
a priori. Instead we consider an enlarged space of states in which the number of particles is
allowed to fluctuate. In the language of statistical physics, what we are doing is going from
the canonical ensemble to the grand canonical ensemble. Thus, denote by H0 the Hilbert
space with no particles;H1 the Hilbert space with only one particle; and in general,HN the
Hilbert space for N particles. The direct sumH of these spaces

H=H0⊕H1⊕ · · ·⊕HN ⊕ · · · (6.11)

is called the Fock space. An arbitrary state |ψ〉 in Fock space is the sum over the sub-
spacesHN :
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|ψ〉= |ψ(0)〉+ |ψ(1)〉+ · · · + |ψ(N)〉+ · · · (6.12)

The subspace with no particles is a one-dimensional space spanned by the vector |0〉,
which we will call the vacuum. The subspaces with well-defined numbers of particles are
defined to be orthogonal to one another in the sense that the inner product in the Fock
space,

〈χ |ψ〉≡
∞∑

j=0
〈χ( j)|ψ( j)〉 (6.13)

vanishes if |χ〉 and |ψ〉 belong to different subspaces.

6.1.2 Creation and annihilation operators

Let |φ〉 be an arbitrary one-particle state. Let us define the creation operator â†(φ) by its
action on an arbitrary state in Fock space:

â†(φ)|ψ1, . . .,ψN〉= |φ,ψ1, . . .,ψN〉 (6.14)

Clearly, â†(φ)maps theN-particle state with proper symmetry |ψ1, . . .,ψN〉 onto theN+ 1-
particle state |φ,ψ , . . .,ψN〉, also with proper symmetry. The destruction or annihilation
operator â(φ) is defined to be the adjoint of â†(φ):

〈χ1, . . .,χN−1|â(φ)|ψ1, . . .,ψN〉= 〈ψ1, . . .,ψN |â†(φ)|χ1, . . .,χN−1〉∗ (6.15)

Hence

〈χ1, . . .,χN−1|â(φ)|ψ1, . . .,ψN〉= 〈ψ1, . . .,ψN |φ,χ1, . . .,χN−1〉∗ =

=

∣∣
∣∣∣∣∣∣

〈ψ1|φ〉 〈ψ1|χ1〉 · · · 〈ψ1|χN−1〉
...

...
...

〈ψN |φ〉 〈ψN |χ1〉 · · · 〈ψN |χN−1〉

∣∣
∣∣∣∣∣∣

∗

ξ

(6.16)

We can now expand the permanent (or determinant) to get

〈χ1, . . .,χN−1|â(φ)|ψ1, . . .,ψN〉=

=
N∑

k=1
ξ k−1〈ψk|φ〉

∣∣∣
∣∣∣∣∣∣
∣

〈ψ1|χ1〉 . . . 〈ψ1|χN−1〉
...

...
. . . (noψk) . . .

〈ψN |χ1〉 . . . 〈ψN |χN−1〉

∣∣∣
∣∣∣∣∣∣
∣

∗

ξ

=
N∑

k=1
ξ k−1〈ψk|φ〉〈χ1, . . .,χN−1|ψ1, . . . , ψ̂k, . . .,ψN〉 (6.17)
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where ψ̂k denotes that the one-particle state ψk is absent. Thus, the destruction operator is
given by

â(φ)|ψ1, . . .,ψN〉=
N∑

k=1
ξ k−1〈φ|ψk〉|ψ1, . . ., ψ̂k, . . .,ψN〉 (6.18)

With these definitions, we can easily see that the operators â†(φ) and â(φ) obey the
commutation relations:

â†(φ1)â†(φ2)= ξ â†(φ2)â†(φ1) (6.19)

Let us introduce the notation
[
Â, B̂
]

ξ
≡ ÂB̂− ξ B̂Â (6.20)

where Â and B̂ are two arbitrary operators. For ξ =+1 (bosons), we have the commutator

[
â†(φ1), â†(φ2)

]
+1≡

[
â†(φ1), â†(φ2)

]= 0 (6.21)

while for ξ =−1, it is the anticommutator:

[
â†(φ1), â†(φ2)

]
−1≡

{
â†(φ1), â†(φ2)

}= 0 (6.22)

Similarly, for any pair of arbitrary one-particle states |φ1〉 and |φ2〉, we have
[
â(φ1), â(φ2)

]
−ξ = 0 (6.23)

It is also easy to check that the following identity holds:

[
â(φ1), â†(φ2)

]
−ξ =〈φ1|φ2〉 (6.24)

So far we have not picked any particular representation. Let us consider the occupation
number representation, in which the states are labeled by the number of particles nk in the
single-particle state k. In this case, we have

|n1, . . ., nk, . . .〉≡ 1√
n1!n2! · · ·

|1, . . ., 1, 2, . . ., 2, . . .〉 (6.25)

where the state has n1 particles in state 1, n2 particles in state 2, and so on.
In the case of bosons, the njs can be any nonnegative integer, while for fermions, they

can only be equal to zero or one. In general, we have that if |α〉 is the αth single-particle
state, then

â†
α|n1, . . ., nα , . . .〉=

√
nα + 1|n1, . . ., nα + 1, . . .〉

âα|n1, . . ., nα , . . .〉=√nα|n1, . . ., nα − 1, . . .〉 (6.26)
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Thus for both fermions and bosons, âα annihilates all states with nα = 0, while for fermions,
â†
α annihilates all states with nα = 1.
The commutation relations are

[âα , âβ ]= [â†
α , â

†
β ]= 0, [âα , â†

β ]= δαβ (6.27)

for bosons, and
{âα , âβ}= {â†

α , â
†
β}= 0, {âα , â†

β}= δαβ (6.28)

for fermions. Here, {Â, B̂} is the anticommutator of the operators Â and B̂

{Â, B̂}≡ ÂB̂+ B̂Â (6.29)

If a unitary transformation is performed in the space of one-particle state vectors, then a
unitary transformation is induced in the space of the operators themselves; that is, if |χ〉=
α|ψ〉+β|φ〉, then

â(χ)=α∗â(ψ)+β∗â(φ)
â†(χ)=αâ†(ψ)+βâ†(φ) (6.30)

and we say that â†(χ) transforms like the ket |χ〉, while â(χ) transforms like the bra 〈χ |.
For example, we can pick as the complete set of one-particle states the momentum states

{|p〉}. This is momentum space. For this choice, the commutation relations are

[
â†(p), â†(q)

]
ξ
= [â(p), â(q)]

ξ
= 0

[
â(p), â†(q)

]
ξ
= (2π)dδd(p− q) (6.31)

where d is the dimensionality of space. In this representation, an N-particle state is

|p1, . . ., pN〉= â†(p1) · · · â†(pN)|0〉 (6.32)

However, we can also pick the one-particle states to be eigenstates of the position operators:

|x1, . . ., xN〉= â†(x1) · · · â†(xN)|0〉 (6.33)

In position space, the operators satisfy

[â†(x1), â†(x2)]ξ =[â(x1), â(x2)]ξ = 0

[â(x1), â†(x2)]ξ = δd(x1− x2) (6.34)

This is the position space, or coordinate representation.
A transformation from position space to momentum space is the Fourier transform

|p〉=
∫

ddx |x〉〈x|p〉=
∫

ddx |x〉eip·x (6.35)
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and, conversely,

|x〉=
∫ ddp
(2π)d

|p〉e−ip·x (6.36)

Then, the operators themselves obey

â†(p)=
∫

ddx â†(x)eip·x

â†(x)=
∫ ddp
(2π)d

â†(p)e−ip·x (6.37)

6.1.3 General operators in Fock space

Let A(1) be an operator acting on one-particle states. We can always define an extension of
A acting on any arbitrary state |ψ〉 of the N-particle Hilbert space as follows:

Â|ψ〉≡
N∑

j=1
|ψ1〉× · · · ×A(1)|ψj〉× · · · × |ψN〉 (6.38)

For instance, if the one-particle basis states {|ψj〉} are eigenstates of A with eigenvalues {aj},
we get

Â|ψ〉=
⎛

⎝
N∑

j=1
aj

⎞

⎠ |ψ〉 (6.39)

We wish to find an expression for an arbitrary operator A in terms of creation and
annihilation operators. Let us first consider the operators A(1)αβ = |α〉〈β|, which act on
one-particle states. The operators A(1)αβ form a basis of the space of operators acting on
one-particle states. Then, the N-particle extension of Aαβ is

Âαβ |ψ〉=
N∑

j=1
|ψ1〉× · · · × |α〉× · · · × |ψN〉〈β|ψj〉 (6.40)

Thus

Âαβ |ψ〉=
N∑

j=1
|ψ1, . . .,

j
︷︸︸︷
α , . . .,ψN〉 〈β|ψj〉 (6.41)

In other words, we can replace the one-particle state |ψj〉 from the basis with the state |α〉 at
the price of a weight factor, the overlap 〈β|ψj〉. This operator has a very simple expression
in terms of creation and annihilation operators. Indeed,

â†(α)â(β)|ψ〉=
N∑

k=1
ξ k−1〈β|ψk〉 |α,ψ1, . . .,ψk−1,ψk+1, . . .,ψN〉 (6.42)
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We can now use the symmetry of the state to write

ξ k−1|α,ψ1, . . .,ψk−1,ψk+1, . . .,ψN〉= |ψ1, . . .,
k
︷︸︸︷
α , . . .,ψN〉 (6.43)

Thus the operator Aαβ , the extension of |α〉〈β| to the N-particle space, coincides with
â†(α)â(β):

Âαβ ≡ â†(α)â(β) (6.44)

We can use this result to find that the extension for an arbitrary operator A(1) of the form

A(1)=
∑

α,β

|α〉〈α|A(1)|β〉 〈β| (6.45)

is
Â=
∑

α,β

â†(α)â(β)〈α|A(1)|β〉 (6.46)

Hence the coefficients of the expansion are the matrix elements of A(1) between arbitrary
one-particle states. We now discuss a few operators of interest.

A: The identity operator The identity operator 1̂ of the one-particle Hilbert space

1̂=
∑

α

|α〉〈α| (6.47)

becomes the number operator N̂

N̂=
∑

α

â†(α)â(α) (6.48)

In position and in momentum space, we find

N̂=
∫ ddp
(2π)d

â†(p)â(p)=
∫

ddx â†(x)â(x)=
∫

ddx ρ̂(x) (6.49)

where ρ̂(x)= â†(x)â(x) is the particle density operator.

B: The linear momentum operator In the spaceH1, the linear momentum operator is

p̂(1)j =
∫ ddp
(2π)d

pj |p〉〈p| =
∫

ddx |x〉 �

i
∂j 〈x| (6.50)

Thus, we get that the total momentum operator P̂j is

P̂j=
∫ ddp
(2π)d

pjâ†(p)â(p)=
∫

ddx â†(x)
�

i
∂jâ(x) (6.51)
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â†( p + q)

V~(q)

p + q

p

q

â( p)

Figure 6.1 Feynman diagram of one-body scattering.

C: The Hamiltonian The one-particle Hamiltonian H(1)

H(1)= p 2

2m
+V(x) (6.52)

has the matrix elements

〈x|H(1)|y〉=− �
2

2m
�2 δd(x− y)+V(x)δd(x− y) (6.53)

Thus, in Fock space, we get

Ĥ=
∫

ddx â†(x)
(
− �

2

2m
�2+V(x)

)
â(x) (6.54)

in position space. In momentum space, we can define

Ṽ(q)=
∫

ddx V(x)e−iq·x (6.55)

which is the Fourier transform of the potential V(x), and we get

Ĥ=
∫ ddp
(2π)d

p 2

2m
â†(p)â(p)+

∫ ddp
(2π)d

∫ ddq
(2π)d

Ṽ(q)â†(p+ q)â(p) (6.56)

The last term has a very simple physical interpretation. When acting on a one-particle
state with well-defined momentum, say |p〉, the potential term yields another one-particle
state with momentum p+ q, where q is themomentum transfer, with amplitude Ṽ(q). This
process is usually depicted by the Feynman diagram shown in figure 6.1.

D: Two-body interactions A two-particle interaction is an operator V̂(2) that acts on the
space of two-particle statesH2 and has the form

V(2)= 1
2
∑

α,β

|α,β〉V(2)(α,β)〈α,β| (6.57)
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â†( p + k)
â†(q – k)

V~(k)

p + k q – k

p q

k

â( p) â( q)

Figure 6.2 Feynman diagram of a two-body interaction.

The methods developed above yield an extension of V(2) to Fock space of the form

V̂ = 1
2
∑

α,β

â†(α)â†(β)â(β)â(α)V(2)(α,β) (6.58)

In position space, ignoring spin, we get

V̂ = 1
2

∫
ddx
∫

ddy â†(x) â†(y) â(y) â(x)V(2)(x, y)

≡ 1
2

∫
ddx
∫

ddy ρ̂(x)V(2) (x, y)ρ̂(y)+ 1
2

∫
ddx V(2)(x, x) ρ̂(x) (6.59)

while in momentum space, we find

V̂ = 1
2

∫ ddp
(2π)d

∫ ddq
(2π)d

∫ ddk
(2π)d

Ṽ(k) â†(p+ k)â†(q− k)â(q)â(p) (6.60)

where Ṽ(k) is a function of only the momentum transfer k, represented in the Feynman
diagram in figure 6.2. This is a consequence of translation invariance. In particular, for a
Coulomb interaction,

V(2)(x, y)= e2

|x− y| (6.61)

for which we have

Ṽ(k)= 4πe2

k 2 (6.62)

6.2 Nonrelativistic field theory and second quantization

Wecannow reformulate the problemof anN-particle systemas a nonrelativistic field theory.
The procedure described in section 6.1 is commonly known as second quantization. If the
(identical) particles are bosons, the operators â(φ) obey canonical commutation relations.
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If the (identical) particles are fermions, the operators â(φ) obey canonical anticommutation
relations. In position space, it is customary to represent â(φ) by the operator ψ̂(x), which
obeys the equal-time algebra,

[
ψ̂(x), ψ̂†(y)

]

ξ
= δd(x− y)

[
ψ̂(x), ψ̂(y)

]

ξ
=
[
ψ̂†(x), ψ̂†(y)

]

ξ
= 0 (6.63)

where we have used the notation
[
Â, B̂
]

ξ
≡ ÂB̂− ξ B̂Â (6.64)

with ξ = 1 for bosons and ξ =−1 for fermions.
In this framework, the one-particle Schrödinger equation becomes the classical field

equation:
[
i�
∂

∂t
+ �

2

2m
�2−V(x)

]
ψ̂ = 0 (6.65)

Can we find a Lagrangian density L from which the one-particle Schrödinger equation
follows as its classical equation of motion? The answer is yes, and L is given by

L= i�ψ†∂tψ − �
2

2m
�ψ† · �ψ −V(x)ψ†ψ (6.66)

Its Euler-Lagrange equations are

∂t
δL
δ∂tψ†

=−� · δL
δ�ψ†

+ δL
δψ†

(6.67)

which are equivalent to the field equation, eq. (6.65). The canonical momenta ψ and


†
ψ are

ψ = δL
δ∂tψ

= i�ψ† (6.68)

and

ψ† = δL
δ∂tψ†

=−i�ψ (6.69)

Thus, the (equal-time) canonical commutation relations are

[
ψ̂(x), ̂ψ(y)

]

ξ
= i�δ(x− y) (6.70)

which require that
[
ψ̂(x), ψ̂†(y)

]

ξ
= δd(x− y) (6.71)
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Notice that the canonical momenta are proportional to the field. This is a consequence of
the Lagrangian being first order in time derivatives. It is also necessary for the equal-time
commutation and anticommutation relations to be those of creation and annihilation
operators.

6.3 Nonrelativistic fermions at zero temperature

The results of the previous sections tell us that the action for nonrelativistic fermions with
two-body interactions is, in D= d+ 1 spacetime dimensions,

S=
∫

dDx
[
ψ̂†i�∂tψ̂ − �

2

2m
�ψ̂† ·�ψ̂ −V(x)ψ̂†(x)ψ̂(x)

]

−1
2

∫
dDx
∫

dDx′ψ̂†(x)ψ̂†(x′)U(x− x′)ψ̂(x′)ψ̂(x) (6.72)

where U(x− x′) represents instantaneous pair-interactions:

U(x− x′)≡U(x− x′)δ(x0− x′0) (6.73)

The Hamiltonian Ĥ for this system is

Ĥ=
∫

ddx
[

�
2

2m
�ψ̂† ·�ψ̂ +V(x)ψ̂†(x)ψ(x)

]

+1
2

∫
ddx
∫

ddx′ψ̂†(x)ψ̂†(x′)U(x− x′)ψ̂(x′)ψ̂(x) (6.74)

For fermions, the fields ψ̂ and ψ̂† satisfy equal-time canonical anticommutation relations

{ψ̂(x), ψ̂†(x)}= δ(x− x′) (6.75)

while for bosons, they satisfy

[ψ̂(x), ψ̂†(x′)]= δ(x− x′) (6.76)

In both cases, the Hamiltonian Ĥ commutes with the total number operator N̂=∫
ddxψ̂†(x)ψ̂(x), since Ĥ conserves the total number of particles.
The Fock space picture of the many-body problem is equivalent to the grand canonical

ensemble of statistical mechanics. Thus, instead of fixing the number of particles, we can
introduce a Lagrange multiplier μ, the chemical potential, to weigh contributions from
different parts of the Fock space, and we define the operator H̃

H̃≡ Ĥ−μN̂ (6.77)

In a Hilbert space with fixed N̂, this amounts to a shift of the energy by μN.
Now let us allow the system to choose the sector of the Fock space but with the

requirement that the average number of particles 〈N̂〉 is fixed to be some number N̄. In
the thermodynamic limit (N→∞), the chemical potential μ represents the difference of
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the ground state energies between two sectors withN+ 1 andN particles, respectively. The
modified Hamiltonian H̃ is

H̃=
∫

ddx
∑

σ

ψ̂†
σ (x)

(
− �

2

2m
�2+V(x)−μ

)
ψ̂σ (x)

+ 1
2

∫
ddx
∫

ddy
∑

σ ,σ ′
ψ̂†
σ (x)ψ̂

†
σ ′(y)U(x− y)ψ̂σ ′(y)ψ̂σ (x) (6.78)

6.3.1 The ground state of free fermions

Let us discuss now the very simple problem of finding the ground state for a system of N
spinless free fermions. In this case, the interaction potential U(x− y) vanishes, and if the
system is isolated and translationally invariant, the external potential V(x) also vanishes.
In general, there is a complete set of one-particle states of eigenstates of the single-particle
Hamiltonian {|α〉}. In this basis, the second quantized Hamiltonian Ĥ is

Ĥ=
∑

α

Eα â†
αaα (6.79)

where the index α labels the one-particle states by increasing order of their single-particle
energies:

E1≤E2≤ · · · ≤En≤ · · · (6.80)

Since we are dealingwith fermions, we cannot putmore than one particle in each state. Thus
the state with the lowest energy is obtained by filling up all the first N single-particle states.
Let |gnd〉 denote this ground state

|gnd〉=
N∏

α=1
â†
α|0〉≡ â†

1 · · · â†
N |0〉= |1 · · · 1, 00 · · · 〉 (6.81)

where the ket on the extreme right side has the lowestN states occupied, and all other states
are empty. The energy of this state is Egnd, where

Egnd=E1+ · · ·+EN (6.82)

The energy of the topmost occupied single particle state, EN , is called the Fermi energy. The
set of occupied states is called the filled Fermi sea, shown in figure 6.3.

6.3.2 Excited states

A state such as |ψ〉
|ψ〉= |1 · · · 1010 · · · 〉 (6.83)

is an excited state. Here the ket denotes a state where the lowest N− 1 states plus the N+ 1
state are occupied, and all other states are empty. It is obtained by removing one particle
from the single-particle state N (thus leaving a hole behind), and putting the particle in the
unoccupied single-particle state N+ 1. This is a state with one particle-hole pair, and it has
the form

|1 · · · 1010 · · · 〉 = â†
N+1âN |gnd〉 (6.84)
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E
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Single-particle energy

Single-particle states

Occupied states Empty states

Fermi energy

Fermi sea

Figure 6.3 The Fermi sea.

Single-particle states

Single-particle states|gnd

|Ψ

â†
N+1âN

N N + 1

Figure 6.4 An excited (particle-hole) state.

See figure 6.4. The energy of this state is

Eψ =E1+ · · ·+EN−1+EN+1 (6.85)

Hence,

Eψ =Egnd+EN+1−EN (6.86)

Since EN+1≥EN ,Eψ ≥Egnd, the excitation energy εψ =Eψ −Egnd is positive:

εψ =EN+1−EN ≥ 0 (6.87)

6.3.3 Normal-ordering and particle-hole transformation:
Construction of the physical Hilbert space

It is apparent that, instead of using the empty state |0〉 for the reference state, it is physically
more reasonable to use instead the filled Fermi sea |gnd〉 as the physical reference state or
vacuum state. Thus, this state is a vacuum in the sense of an absence of excitations.
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These arguments motivate the introduction of the particle-hole transformation. Let us
introduce the fermion operators bα such that

b̂α = â†
α , for α≤N (6.88)

Since â†
α|gnd〉= 0 (for α≤N), the operators b̂α annihilate the ground state |gnd〉, that is,

b̂α|gnd〉= 0 (6.89)

The following canonical anticommutation relations hold:

{
âα , â′α

}=
{
âα , b̂β

}
=
{
b̂β , b̂′β

}
=
{
âα , b̂†

β

}
= 0

{
âα , â†

α′
}
= δαα′ ,

{
b̂β , b̂†

β ′
}
= δββ ′ (6.90)

where α,α′>N, and β ,β ′ ≤N. Thus, relative to the state |gnd〉, â†
α and b̂†

β behave like
creation operators. An arbitrary excited state has the form

|α1 · · ·αm,β1 · · ·βn; gnd〉≡ â†
α1 · · · â†

αmb̂
†
β1 · · · b̂†

βn |gnd〉 (6.91)

This state has m particles, in the single-particle states α1, . . .,αm, and n holes, in the
single-particle states β1, . . .,βn. The ground state is annihilated by the operators âα and b̂β :

âα|gnd〉= b̂β |gnd〉= 0, withα >N andβ ≤N (6.92)

The Hamiltonian Ĥ is normal ordered relative to the empty state |0〉 (i.e., Ĥ|0〉= 0),
but it is not normal ordered relative to the actual ground state |gnd〉. The particle-hole
transformation enables us to normal order Ĥ relative to |gnd〉,

Ĥ=
∑

α

Eα â†
α âα =

∑

α≤N
Eα +

∑

α>N
Eα â†

α âα −
∑

β≤N
Eβ b̂†

β b̂β (6.93)

where the minus sign in the last term reflects the Fermi statistics.
Thus

Ĥ=Egnd+ : Ĥ: (6.94)

where

Egnd=
N∑

α=1
Eα (6.95)

is the ground state energy, and the normal-ordered Hamiltonian is

: Ĥ:=
∑

α>N
Eα â†

α âα −
∑

β≤N
b̂†
β b̂β Eβ (6.96)
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The number operator N̂ is also not normal-ordered relative to |gnd〉. Thus, we write

N̂=
∑

α

â†
α âα =N+

∑

α>N
â†
αaα −

∑

β≤N
b̂†
β b̂β (6.97)

We see that particles raise the energy, while holes reduce it. However, if we deal with
Hamiltonians that conserve the particle number N̂ (i.e., [N̂, Ĥ]= 0), then for every particle
that is removed a hole must be created. Hence particles and holes can only be created in
pairs. A particle-hole state |α,β gnd〉 is

|α,β gnd〉≡ â†
α b̂

†
β |gnd〉 (6.98)

It is an eigenstate with energy

Ĥ|α,β gnd〉= (Egnd+ : Ĥ:
)
â†
α b̂

†
β |gnd〉

= (Egnd+Eα −Eβ
) |α,β gnd〉 (6.99)

and the excitation energy is Eα −Eβ ≥ 0. Hence the ground state is stable to the creation of
particle-hole pairs.

This state has exactly N particles, since

N̂|α,β gnd〉= (N+ 1− 1)|α,β gnd〉=N|α,β gnd〉 (6.100)

Let us finally notice that the field operator ψ̂†(x) in position space is

ψ̂†(x)=
∑

α

〈x|α〉â†
α =
∑

α>N
φα(x)â†

α +
∑

β≤N
φβ(x)b̂β (6.101)

where {φα(x)} are the single-particle wave functions.
The procedure of normal ordering allows us to define the physical Hilbert space. The

physical meaning of this approach becomes more transparent in the thermodynamic limit
N→∞ andV→∞ at constant density ρ. In this limit, the Hilbert space is the set of states
that is obtained by acting finitely with creation and annihilation operators on the ground
state (the vacuum). The spectrum of states that results from this approach consists of the
set of states with finite excitation energy. Hilbert spaces that are built on reference states
with macroscopically different numbers of particles are effectively disconnected from one
another. Thus, the normal ordering of a Hamiltonian of a system with an infinite number
of degrees of freedom amounts to a choice of the Hilbert space. This restriction becomes of
fundamental importance when interactions are taken into account.

6.3.4 The free Fermi gas

Let us consider the case of free spin-1/2 electrons moving in free space. The Hamiltonian
for this system is

H̃=
∫

ddx
∑

σ=↑,↓
ψ̂†
σ (x)

[
− �

2

2m
�2−μ

]
ψ̂σ (x) (6.102)
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where σ =↑,↓ indicates the z-projection of the spin of the electron. The value of the
chemical potential μ will be determined once we satisfy the condition that the electron
density is equal to some fixed value ρ̄.

In momentum space, we get

ψ̂σ (x)=
∫ ddp
(2π)d

ψ̂σ (p) e−ip·x/� (6.103)

where the operators ψ̂σ (p) and ψ̂†
σ (p) satisfy the canonical equal-time anticommutation

relations:
{
ψ̂σ (p), ψ̂†

σ ′(p)
}
= (2π)dδσσ ′δd(p− p′)

{
ψ̂†
σ (p), ψ̂

†
σ ′(p)

}
={ψ̂(p), ψ̂σ ′(p′)}= 0 (6.104)

The Hamiltonian has the very simple form

H̃=
∫ ddp
(2π)d

∑

σ=î,↓

(
ε(p)−μ) ψ̂†

σ (p)ψ̂σ (p) (6.105)

where ε(p) is given by

ε(p)= p2

2m
(6.106)

For this simple case, ε(p) is independent of the spin orientation.
It is convenient to measure the energy relative to the chemical potential (i.e., the Fermi

energy) μ=EF . The relative energy E(p) is

E(p)= ε(p)−μ (6.107)

Hence, E(p) is the excitation energy measured from the Fermi energy EF =μ. The energy
E(p) does not have a definite sign, since there are states with ε(p)>μ as well as those with
ε(p)<μ. Let us define pF as the value of |p| for which

E(pF)= ε(pF)−μ= 0 (6.108)

This is the Fermi momentum. Thus, for |p|< pF ,E(p) is negative, while for |p|> pF ,E(p) is
positive.

We can construct the ground state of the system by finding the state with the lowest
energy at fixed μ. Since E(p) is negative for |p| ≤ pF , we see that by filling up all of those
states, we get the lowest possible energy. It is then natural to normal order the system relative
to a state in which all one-particle states with |p| ≤ pF are occupied. Hence we make the
particle-hole transformation

b̂σ (p)= ψ̂†
σ (p) for |p| ≤ pF

âσ (p)= ψ̂σ (p) for |p|> pF
(6.109)
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In terms of the operators âσ and b̂σ , the Hamiltonian is

H̃=
∑

σ=↑,↓

∫ ddp
(2π)d

[E(p)θ(|p| − pF)â†
σ (p)âσ (p)+ θ(pF − |p|)E(p)b̂σ (p)b̂†

σ (p)] (6.110)

where θ(x) is the step function:

θ(x)=
{

1, x> 0
0, x≤ 0 (6.111)

Using the anticommutation relations in the last term, we get

H̃=
∑

σ=↑,↓

∫ ddp
(2π)d

E(p)[θ(|p| − pF)â†
σ (p)âσ (p)− θ(pF − |(p)|)b̂†

σ (p)b̂σ (p)]+ Ẽgnd

(6.112)

where Ẽgnd, the ground state energy measured from the chemical potential μ, is given by

Ẽgnd=
∑

σ=↑,↓

∫ ddp
(2π)d

θ(pF − |p|)E(p)(2π)dδd(0)=Egnd−μN (6.113)

Recall that

(2π)dδd(0)= lim
p→0

(2π)dδd(p)= lim
p→0

∫
ddxeip·x=V (6.114)

where V is the volume of the system. Thus, Ẽgnd is extensive,

Ẽgnd=V ε̃gnd (6.115)

and the ground state energy density ε̃gnd is

ε̃gnd= 2
∫

|p|≤pF

ddp
(2π)d

E(p)= εgnd−μρ̄ (6.116)

where the factor of 2 comes from the two spin orientations. Putting everything together,
we get

ε̃gnd= 2
∫

|p|≤pF

ddp
(2π)d

(
p2

2m
−μ
)
= 2
∫ pF

0
dp pd−1

Sd
(2π)d

(
p2

2m
−μ
)

(6.117)

where Sd is the area of the d-dimensional hypersphere. Our definitions tell us that the
chemical potential is μ= p2F

2m ≡EF , where EF is the Fermi energy. Thus the ground state
energy density εgnd (measured from the empty state) is

εgnd= 1
m

Sd
(2π)d

∫ pF

0
dp pd+1= pd+2F

m(d+ 2)
Sd

(2π)d
= 2EF

pdFSd
(d+ 2)(2π)d

(6.118)
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How many particles does this state have? To find that out, we need to look at the number
operator. The number operator can also be normal-ordered with respect to this state:

N̂=
∫ ddp
(2π)d

∑

σ=↑,↓
ψ̂†
σ (p)ψ̂σ (p)=

=
∫ ddp
(2π)d

∑

σ=↑,↓
{θ(|p| − pF)â†

σ (p)âσ (p)+ θ(pF − |p|)b̂σ (p)b̂†
σ (p)} (6.119)

Hence, N̂ can also be written in the form

N̂=: N̂:+N (6.120)

where the normal-ordered number operator : N̂: is

: N̂:=
∫ ddp
(2π)d

∑

σ=↑,↓
[θ(|p| − pF)â†

σ (p)âσ (p)− θ(pF − |p|)b̂†
σ (p)b̂σ (p)] (6.121)

and N, the number of particles in the reference state |gnd〉, is

N=
∫ ddp
(2π)d

∑

σ=↑,↓
θ(pF − |p|)(2π)dδd(0)= 2

d
pdF

Sd
(2π)d

V (6.122)

Therefore, the particle density ρ̄= N
V is

ρ̄= 2
d

Sd
(2π)d

pdF (6.123)

This equation determines the Fermi momentum pF in terms of the density ρ̄. Similarly, we
find that the ground state energy per particle is Egnd

N = 2d
d+2EF .

The excited states can be constructed in a similar fashion. The state

|+, σ , p〉= â†
α(p)|gnd〉 (6.124)

is a state representing an electron with spin σ and momentum p, while the state |−, σ , p〉

|−, σ , p〉= b̂†
σ (p)|gnd〉 (6.125)

represents a hole with spin σ and momentum p. We see that electrons have momentum
p with |p|> pF , while holes have momentum p with |p|< pF . The excitation energy of a
one-electron state is E(p)≥ 0 (for |p|> pF), while the excitation energy of a one-hole state
is−E(p)≥ 0 (for |p|< pF).

Similarly, an electron-hole pair is a state of the form

|σp, σ ′p′〉 = â†
σ (p)b̂

†
σ ′(p

′)|gnd〉 (6.126)
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with |p|> pF and |p′|< pF . This state has excitation energy E(p)−E(p′), which is positive.
Hence, states obtained from the ground state without changing the density can only increase
the energy. This proves that |gnd〉 is indeed the ground state. However, if the density is
allowed to change, we can always construct states with energy less than Egnd by creating
some number of holes without creating an equal number of particles.

Exercises

6.1 Spin waves in a quantum Heisenberg antiferromagnet
Consider the Heisenberg model of a one-dimensional quantum antiferromagnet. I
first give you a brief summary of the Heisenberg model. You do not need to have any
previous knowledge ofmagnetism (or theHeisenbergmodel) to do this problem. You
will be able to solve this problem using only the methods discussed in this chapter.

The one-dimensional Heisenberg model is defined for a linear chain (a one-
dimensional lattice) with N sites. The lattice spacing is taken to be equal to one (i.e.,
it is the unit of length). The quantum mechanical Hamiltonian for this system is

Ĥ= J
N/2∑

j=−N/2+1
Ŝk( j) · Ŝk( j+ 1) (6.127)

where the exchange constant J> 0 (i.e., an antiferromagnet), and the operators Ŝk
(k= 1, 2, 3) are the three angular momentum operators in the spin-S representation
(S is integer or half-integer) that satisfy the commutation relations

[Ŝj, Ŝk]= iεjklŜl (6.128)

For simplicity, assume periodic boundary conditions: Ŝk( j)≡ Ŝk( j+N).
In the semiclassical limit, S→∞, the operators act like real numbers, since the

commutators vanish. In this limit, the state with lowest energy has nearby spins that
point in opposite (but arbitrary!) directions in spin space. This is the classical Néel
state. In this state, the spins on one sublattice (say, the even sites) point up along
some direction in space, while the spins on the other sublattice (the odd sites) point
down. For finite values of S, the spins can only have a definite projection along
one axis but not along all three at the same time. Thus we should expect to see
some zero-point motion precessional effect that will depress the net projection of
the spin along any axis. But if the state is stable, even sites will have predominantly
up spins, while odd sites will have predominantly down spins. These observations
motivate the following definition of a set of basis states for the fullHilbert space of this
system.

The states |�〉 of the Hilbert space of this chain are spanned by the tensor product
of the Hilbert spaces of each individual jth spin |�j〉, |�〉=∏j⊗|�j〉. The latter are
simply the 2S+ 1 degenerate multiplet of states with angular momentum S of the
form {|S,M( j)〉}, with |M( j)| ≤ S, which satisfy

S2( j)|S,M( j)〉= S(S+ 1)|S,M( j)〉
S3( j)|S,M( j)〉=M( j)|S,M( j)〉 (6.129)
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The states in this multiplet can be obtained from the highest-weight state |S, S〉 by
using the lowering operator Ŝ− = Ŝ1− iŜ2. Its adjoint is the raising operator Ŝ+( j)=
Ŝ1( j)+ iŜ2( j). For reasons that will become clear below, it is convenient to define
for j even the spin-deviation operator n̂( j)≡ S− Ŝ3( j). For j odd, the spin-deviation
operator is n̂( j)≡ S+ Ŝ3( j). For j even, the highest-weight state |S, S〉 is an eigenstate
of n̂( j) with eigenvalue zero, while the state |S,−S〉 has eigenvalue 2S:

n̂( j)|S, S〉= (S− Ŝ3( j))|S, S〉= 0

n̂( j)|S,−S〉= (S− Ŝ3( j))|S,−S〉= 2S |S,−S〉 (6.130)

In contrast, for j odd, the state |S,−S〉 has eigenvalue zero while the state |S, S〉 has
eigenvalue 2S.

In terms of the operators n̂( j), the basis states are {|S,M( j)〉}≡ {|n( j)〉}, where
M( j)= S∓ n( j). For even sites, the raising and lowering operators Ŝ( j)± act on the
states of this basis as follows:

Ŝ+|n〉=
[
2S
(
1− n− 1

2S

)
n
] 1

2
|n− 1〉

Ŝ−|n〉=
[
2S(n+ 1)

(
1− n

2S

)] 1
2 |n+ 1〉 (6.131)

For odd sites, the action of the above two operators is interchanged.
The action of the operators Ŝ± is somewhat similar to that of annihilation and

creation operators in harmonic oscillator states. For this reason, we define a set of
creation and annihilation operators â† and â such that

â†|n〉=√n+ 1|n+ 1〉
â|n〉=√n|n− 1〉 (6.132)

which satisfy the conventional algebra [â, â†]= 1. Since we have two sublattices and
the operators Ŝ± are different on each sublattice, it is useful to introduce two types
of creation and annihilation operators: the operators â†( j) and â( j), which act on
even sites; and b̂†( j) and b̂( j), which act on odd sites. They obey the commutation
relations

[
â( j), â†(k)

]=
[
b̂( j), b̂†(k)

]
= δjk

[
â( j), â(k)

]=
[
b̂( j), b̂(k)

]
=
[
â( j), b̂(k)

]
= 0 (6.133)

and similar equations for their hermitian conjugates. It is easy to check that the action
of raising and lowering operators on the states {|n〉} is the same as the action of the
following operators on the same states:

Ŝ+( j)=√2S
[
1− n̂( j)

2S

] 1
2
â( j)
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Ŝ−( j)=√2Sâ†( j)
[
1− n̂( j)

2S

] 1
2

Ŝ3( j)= S− n̂( j), n̂( j)= â†( j)â( j) (6.134)

on even sites, and

Ŝ−( j)=√2S
[
1− n̂( j)

2S

] 1
2
b̂( j)

Ŝ+( j)=√2Sb̂†( j)
[
1− n̂( j)

2S

] 1
2

Ŝ3( j)=−S+ n̂( j), n̂( j)= b̂†( j)b̂( j) (6.135)

on odd sites. Notice that although the integers n can now range from 0 to infinity,
the Hilbert space is still finite, since (for even sites) Ŝ−|n= 2S〉= 0. Similarly, for odd
sites, Ŝ+|n= 2S〉= 0.

1) Derive the quantummechanical equations of motion obeyed by the spin operators
Ŝ±( j), Ŝ3( j) in the Heisenberg representation, for both j even and j odd. Are these
equations linear? Explain your result.

2) Verify that the definition for the operators S± and S3 of eqs. (6.134) and (6.135) are
consistent with those of eq. (6.131).

3) Use the definitions given above to show that the Heisenberg Hamiltonian can be
written in terms of two sets of creation and annihilation operators â†( j) and â( j)
(which act on even sites), and b̂†( j) and b̂( j) (which act on odd sites).

4) Find an approximate form for the Hamiltonian that is valid in the semiclassical
limit S→∞ (or 1

S→ 0). Include terms of order 1
S (relative to the leading-order

term). Show that the approximate Hamiltonian is quadratic in the operators a
and b.

5) Make the approximations from part 4 for the equations of motion of part 1. Show
that the equations of motion are now linear. Of what order in 1

S are the terms that
have been neglected?

6) Show that the Fourier transform

â(q)=
√

2
N
∑

j even
eiqj â( j)

b̂(q)=
√

2
N
∑

j odd

e−iqj b̂( j) (6.136)

followed by the canonical (Bogoliubov) transformation

ĉ(q)= cosh(θ(q)) â(q)+ sinh(θ(q)) b̂†(q)

d̂(q)= cosh(θ(q)) b̂(q)+ sinh(θ(q)) â†(q) (6.137)
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yields a diagonal HamiltonianHSW of the form

HSW=E0+
∫ + π2

− π2

dq
2π

ω(q)(n̂c(q)+ n̂d(q)) (6.138)

where n̂c(q)= ĉ†(q)ĉ(q), n̂d(q)= d̂†(q)d̂(q), provided that the angle θ(q) is chosen
properly. The operators ĉ(q) and d̂(q) and their hermitian conjugates obey the
algebra of eq. (6.133). Derive an explicit expression for the angle θ(q) and for the
frequency ω(q).

7) Find the ground state for this system in this approximation (usually called the
spin-wave approximation).

8) Find the single-particle eigenstates in this approximation. Determine the quantum
numbers of the excitations. Find their dispersion (or energy-momentum) rela-
tions. Find a set of values of the momentum q for which the energy of the excited
states goes to zero. Show that the energy of these states vanishes linearly as the
momentum approaches the special points, and determine the spin-wave velocity
vs at these points.

Note: This is the semiclassical or spin-wave approximation. The identities in
eq. (6.134) and eq. (6.135) are known as the Holstein-Primakoff identities.
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Quantization of the Free Dirac Field

7.1 The Dirac equation and quantum field theory

The Dirac equation is a relativistic wave equation that describes the quantum dynamics of
spinors. We will see in this section that a consistent description of this theory cannot be
done outside the framework of (local) relativistic QFT.

The Dirac equation
(i/∂ −m)ψ = 0 (7.1)

can be regarded as the equation of motion of a complex field ψ . Much as for the case of the
scalar field, and also in close analogy to the theory of nonrelativistic many-particle systems
discussed in chapter 6, we will regard the Dirac field as an operator that acts on a Fock space
of states.

We have already discussed that the Dirac equation also follows from a least action
principle. Indeed, the Lagrangian

L= i
2
[ψ̄ /∂ψ − (∂μψ̄)γ μψ]−mψ̄ψ ≡ ψ̄(i/∂ −m)ψ (7.2)

has the Dirac equation for its equation of motion. Also, the momentum�α(x) canonically
conjugate to ψα(x) is

�ψ
α (x)=

δL
δ∂0ψα(x)

= iψ†
α (7.3)

Thus, they obey the equal-time Poisson brackets:

{ψα(x),�ψ

β (y)}PB= δαβδ3(x− y) (7.4)

Thus,
{ψα(x),ψ†

β(y)}PB= iδαβδ3(x− y) (7.5)

In other words, the field ψα and its adjoint ψ†
α are a canonical pair. This result follows from

the fact that the Dirac Lagrangian is first order in time derivatives. Notice that the field
theory of nonrelativistic many-particle systems (for both fermions and bosons) also has a
Lagrangian that is first order in time derivatives. We will see that, because of this property,
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the QFT of both types of systems follows rather similar lines, at least at a formal level. As in
the case of the many-particle systems, two types of statistics are available to us: Fermi-Dirac
and Bose-Einstein. We will see that only the choice of Fermi statistics leads to a physically
meaningful theory of the Dirac equation.

The Hamiltonian for the Dirac theory is

H=
∫

d3x ψ̄α(x)
[
− iγ ·�+m

]

αβ
ψβ(x) (7.6)

where the fieldsψ(x) and ψ̄ =ψ†γ0 are operators that act on a Hilbert space to be specified
below. Notice that the one-particle operator in eq. (7.6) is just the one-particle Dirac
Hamiltonian obtained if we regard theDirac equation as a Schrödinger equation for spinors.
We will leave the issue of their commutation relations (i.e., Fermi or Bose) open for the time
being. In any event, the equations of motion are independent of that choice (i.e., they do not
depend on the statistics).

In the Heisenberg representation, we find

iγ0∂0ψ =
[
γ0ψ ,H

]
= (−iγ ·�+m)ψ (7.7)

which is just the Dirac equation.
We will solve this equation by means of a Fourier expansion in modes of the form

ψ(x)=
∫ d3p
(2π)3

m
ω(p)

(
ψ̃+(p)e−ip·x+ ψ̃−(p)eip·x

)
(7.8)

where ω(p) is a quantity with units of energy (which will turn out to be equal to p0=√
p2+m2), and p · x= p0x0− p · x. In terms of ψ̃±(p), the Dirac equation becomes

(p0γ0− γ · p±m) ψ̃±(p)= 0 (7.9)

In other words, ψ̃±(p) creates one-particle states with energy ±p0. Let us make the
substitution

ψ̃±(p)= (±/p+m)φ̃ (7.10)

We get
(/p∓m)(±/p+m)φ̃=±(p2−m2)φ̃= 0 (7.11)

This equation has nontrivial solutions only if the mass-shell condition is obeyed:

p2−m2= 0 (7.12)

Thus, we can identify p0=ω(p)=
√
p2+m2. At zero momentum, these states become

ψ̃±(p0, p= 0)= (±p0γ0+m)φ̃ (7.13)

where φ̃ is an arbitrary 4-spinor. Let us choose φ̃ to be an eigenstate of γ0. Recall that in the
Dirac representation, γ0 is diagonal:

γ0=
(
I 0
0 −I

)
(7.14)
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Thus the spinors u(1)(m, 0) and u(2)(m, 0),

u(1)(m, 0)=

⎛

⎜⎜
⎝

1
0
0
0

⎞

⎟⎟
⎠ , u(2)(m, 0)=

⎛

⎜⎜
⎝

0
1
0
0

⎞

⎟⎟
⎠ (7.15)

have γ0-eigenvalue+1

γ0u(i)(m, 0)=+u(σ )(m, 0), σ = 1, 2 (7.16)

and the spinors v (σ )(m, 0)(σ = 1, 2)

v (1)(m, 0)=

⎛

⎜⎜
⎝

0
0
1
0

⎞

⎟⎟
⎠ , v (2)(m, 0)=

⎛

⎜⎜
⎝

0
0
0
1

⎞

⎟⎟
⎠ (7.17)

have γ0-eigenvalue−1

γ0v (σ )(m, 0)=−v (σ )(m, 0), σ = 1, 2 (7.18)

Let ϕ(i)(m, 0) be the 2-spinors (σ = 1, 2)

ϕ(1)=
(
1
0

)
, ϕ(2)=

(
0
1

)
(7.19)

In terms of ϕ(i), the solutions are

ψ̃+(p)= u(σ )(p)= (/p+m)
√
2m(p0+m)

u(σ )(m, 0)=
⎛

⎜
⎝

√
p0+m
2m ϕ(σ)(m, 0)

σ ·p√
2m(p0+m)

ϕ(σ)(m, 0)

⎞

⎟
⎠ (7.20)

and

ψ̃−(p)= v (σ )(p)= (−/p+m)
√
2m(p0+m)

v (σ )(m, 0)=
⎛

⎜
⎝

σ ·p√
2m(p0+m)

ϕ(σ)(m, 0)

√
p0+m
2m ϕ(σ)(m, 0)

⎞

⎟
⎠ (7.21)

where the two solutions ψ̃+(p) have energy +p0=+
√
p2+m2, while the two solutions

ψ̃−(p) have energy−p0=−
√
p2+m2.

Therefore, the one-particle states of the Dirac theory can have both positive and negative
energy and, as it stands, the spectrum of the one-particle Dirac Hamiltonian, shown
schematically in figure 7.1, is not positive. In addition, each Dirac state has a twofold
degeneracy due to spin.
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| p|

E

m

–m

Figure 7.1 Single-particle spectrum of the Dirac theory.

The spinors u(i) and v (i) obey the orthogonality conditions

ū(σ )(p)u(ν)(p)= δσν
v̄ (σ )(p)v (ν)(p)=−δσν
ū(σ )(p)v (ν)(p)= 0 (7.22)

where ū= u†γ0 and v̄ = v †γ0. It is straightforward to check that the operators�±(p)

�±(p)= 1
2m
(±/p+m) (7.23)

are projection operators of the spinors onto the subspaces with positive (�+) energy and
negative (�−) energy, respectively. These operators satisfy

�2
± =�±, Tr�± = 2, �+ +�− = 1 (7.24)

Hence, the four 4-spinors u(σ ) and v (σ ) are orthonormal and complete natural bases of the
Hilbert space of single-particle states.

We can use these results to write the expansion of the field operator

ψ(x)=
∫ d3p
(2π)3

m
p0

∑

σ=1,2

[
aσ ,+(p)u(σ )+ (p)e−ip·x+ aσ ,−(p)v (σ )− (p)eip·x

]
(7.25)

where the coefficients aσ ,±(p) are operators with as-yet unspecified commutation relations.
The (formal) Hamiltonian for this system is

H=
∫ d3p
(2π)3

m
p0

∑

σ=1,2
p0[a†

σ ,+(p)aσ ,+(p)− a†
σ ,−(p)aσ ,−(p)] (7.26)

Since the single-particle spectrum does not have a lower bound, any attempt to quantize the
theory with canonical commutation relations will have the problem that the total energy of
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| p|

E

Figure 7.2 Ground state of the Dirac theory.

the system is not bounded from below. In other words, “Dirac bosons” do not have a ground
state, and the system is unstable, since we can put as many bosons as we wish in states with
arbitrarily large but negative energy.

Dirac realized that the simple and elegant way out of this problem was to require the
electrons to obey the Pauli exclusion principle, since, in that case, there is a natural and stable
ground state. However, this assumption implies that theDirac theorymust be quantized as a
theory of fermions. Hence we are led to quantize the theory with canonical anticommutation
relations

{as,σ (p), as′ ,σ ′(p′)}= 0

{as,σ (p), a†
s′ ,σ ′(p

′)}= (2π)3 p0
m
δ3(p− p′)δss′δσσ ′ (7.27)

where s=±. Let us denote by |0〉 the state annihilated by the operators as,σ (p):

as,σ (p)|0〉= 0 (7.28)

We will see now that this state is not the vacuum (or ground state) of the Dirac theory.

7.1.1 Ground state and normal ordering

Wewill show now that the ground state or vacuum |vac〉 is the state in which all the negative
energy states are filled (as shown in figure 7.2):

|vac〉=
∏

σ ,p
a†
−,σ (p)|0〉 (7.29)

Let us normal order all the operators relative to the vacuum state |vac〉. This amounts to
a particle-hole transformation for the negative energy states. Thus, we define the fermion
creation and annihilation operators bσ (p), b†

σ (p) and dσ (p), d†
σ (p) to be
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bσ (p)= aσ ,+(p)

dσ (p)= a†
σ ,−(p) (7.30)

which obey
bσ (p)|vac〉= dσ (p)|vac〉= 0 (7.31)

The Hamiltonian now reads

H=
∫ d3p
(2π)3

m
p0
p0
∑

σ=1,2
[b†
σ (p)bσ (p)− dσ (p)d†

σ (p)] (7.32)

We now normal order Ĥ relative to the vacuum state

H= : H:+E0 (7.33)

with a normal-ordered Hamiltonian

: H:=
∫ d3p
(2π)3

m
p0

∑

σ=1,2
p0
[
b†
σ (p)bσ (p)+ d†

σ (p)dσ (p)
]

(7.34)

The constant E0 is the (negative and divergent) ground state energy,

E0=−2V
∫

d3p
√
p2+m2 (7.35)

similar to the expression we already countered in the Klein-Gordon theory, but with
opposite sign. The factor of 2 is due to spin.

In terms of the operators bσ and dσ , the Dirac field has the mode expansion

ψα(x)=
∫ d3p
(2π)3

m
p0

∑

σ=1,2

[
bσ (p)u(σ )α (p)e−ip·x+ d†

σ (p)v (σ )α (p)eip·x
]

(7.36)

which satisfies equal-time canonical anticommutation relations

{ψα(x),ψ†
β(x′)}= δαβδ3(x− x′)

{ψα(x),ψβ(x′)}= {ψ†
α(x),ψ

†
β(x′)}= 0 (7.37)

7.1.2 One-particle states

The excitations of this theory can be constructed by using the same methods employed
for nonrelativistic many-particle systems. Let us first construct the total four-momentum
operator Pμ:

Pμ=
∫

d3x T0μ=
∫ d3p
(2π)3

m
p0
pμ

∑

σ=1,2
: b†
σ (p)bσ (p)− dσ (p)d†

σ (p) : (7.38)
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Hence

: Pμ:=
∫ d3p
(2π)3

m
p0
pμ

∑

σ=1,2

[
b†
σ (p)bσ (p)+ d†

σ (p)dσ (p)
]

(7.39)

The states b†
σ (p)|vac〉 and d†

σ (p)|vac〉 have energy p0=
√
p2+m2 and momentum p:

: H: b†
σ (p)|vac〉= p0b†

σ (p)|vac〉
: H: d†

σ (p)|vac〉= p0d†
σ (p)|vac〉

: Pi: b†
σ (p)|vac〉= pib†

σ (p)|vac〉
: Pi: d†

σ (p)|vac〉= pid†
σ (p)|vac〉 (7.40)

We see that there are four different states that have the same energy and momentum. Let us
find quantum numbers to classify these states.

7.1.3 Spin

The angular momentum tensorMμνλ for the Dirac theory is

Mμνλ=
∫

d3x ψ̄(x) γ μ
[
i
(
xν∂λ− xλ∂ν

)+ 1
2
σ νλ

]
ψ(x) (7.41)

where σ νλ is the matrix
σ νλ= i

2
[
γ ν , γ λ

]
(7.42)

The conserved angular momentum Jνλ is

Jνλ=M0νλ=
∫

d3xψ†(x)
[
i(xν∂λ− xλ∂ν)+ 1

2
σ νλ

]
ψ(x) (7.43)

In particular, out of its space components Jij, we can construct the total angular momentum
three-vector J:

Ji= 1
2
εijkJjk=

∫
d3xψ†

(
iεijkxj∂k+ 1

2
εijkσ jk

)
ψ (7.44)

It is easy to check that, in the Dirac representation, the last term represents the spin.
In the quantized theory, the angular momentum operator is

J= L+ S (7.45)

where L is the orbital angular momentum

L=
∫

d3xψ†(x)x× i∂ψ(x) (7.46)

while S is the spin

S=
∫

d3xψ†(x)� ψ(x) (7.47)
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where � is the 4× 4 matrix
�= 1

2

(
σ 0
0 σ

)
≡ 1

2
σ (7.48)

To measure the spin polarization of a state, we first go to the rest frame in which p= 0. In
this frame, we can consider the four-vectorWμ:

Wμ= (0,m�) (7.49)

Let nμ be the space-like 4-vector nμ= (0, n), where n has unit length. Thus, nμnμ=−1.
We will use nμ to fix the direction of polarization in the rest frame.

The scalar productWμnμ is a Lorentz-invariant scalar, and hence, its value is indepen-
dent of the choice of frame. In the rest frame, we have

Wμnμ=−mn ·�≡−m
2
�n · σ =−m

2

(
n · σ 0
0 n · σ

)
(7.50)

In particular, if n= ez, thenWμnμ is

Wμnμ=−m
2

(
σ3 0
0 σ3

)
(7.51)

which is diagonal. The operator − 1
mW · n is a Lorentz scalar that measures the spin

polarization:

− 1
m
W · nu(1)(p)=+ 1

2
u(1)(p)

− 1
m
W · nu(2)(p)=− 1

2
u(2)(p)

− 1
m
W · nv (1)(p)=+ 1

2
v (1)(p)

− 1
m
W · nv (2)(p)=− 1

2
v (2)(p) (7.52)

It is straightforward to check that− 1
mW · n is the Lorentz scalar

− 1
m
W · n= 1

4m
εμνλρnμpνσ λρ = 1

2m
γ5 /n /p (7.53)

which enables us to write the spin projection operator P(n),

P(n)= 1
2
(I+ γ5 /n) (7.54)

where we used the following relations:

1
2m
γ5 /n /p u(σ )(p)= 1

2
γ5 /n u(σ )(p)= (−1)σ 12u

(σ )(p)

1
2m
γ5 /n /p v (σ )(p)=− 1

2
γ5 /n v (σ )(p)= (−1)σ 1

2
v (σ )(p) (7.55)
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7.1.4 Charge

The Dirac Lagrangian is invariant under the global (phase) transformation

ψ→ψ ′ = eiαψ

ψ̄→ ψ̄ ′ = e−iαψ̄ (7.56)

Consequently, it has a locally conserved current jμ,

jμ= ψ̄γ μψ (7.57)

which is also locally gauge invariant. As a result, it has a conserved total charge Q=−e∫
d3xj0(x). The corresponding operator in the quantized theory Q is

Q=−e
∫

d3x j0(x)=−e
∫

d3xψ†(x)ψ(x) (7.58)

The total charge operator Q commutes with the Dirac Hamiltonian Ĥ:

[Q,H]= 0 (7.59)

Hence, the eigenstates of the Hamiltonian H have a well-defined charge.
In terms of the creation and annihilation operators, the total charge operatorQ becomes

Q=−e
∫ d3p
(2π)3

m
p0

∑

σ=1,2

(
b†
σ (p)bσ (p)+ dσ (p)d†

σ (p)
)

(7.60)

which is not normal-ordered relative to |vac〉. The normal-ordered charge operator : Q : is

: Q :=−e
∫ d3p
(2π)3

m
p0

∑

σ=1,2

[
b†
σ (p)bσ (p)− d†

σ (p)dσ (p)
]

(7.61)

and we can write
Q= : Q :+Qvac (7.62)

where Qvac is the unobservable (and divergent) vacuum charge

Qvac=−eV
∫ d3p
(2π)3

(7.63)

V being the volume of space. From now on, we will define the charge to be the subtracted
charge operator

: Q :=Q −Qvac (7.64)

which annihilates the vacuum state

: Q : |vac〉= 0 (7.65)
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(i.e., the vacuum is neutral). In other words, we measure the charge of a state relative to the
vacuum charge, which we define to be zero. Equivalently, this amounts to a definition of the
order of the operators in : Q :

: Q :=−e
∫

d3x
1
2
[ψ†(x),ψ(x)] (7.66)

The one-particle states b†
σ |vac〉 and d†

σ |vac〉 have well-defined charge:

: Q : b†
σ (p)|vac〉=− eb†

σ (p)|vac〉
: Q : d†

σ (p)|vac〉=+ ed†
σ (p)|vac〉 (7.67)

Hence we identify the state b†
σ (p)|vac〉 with an electron of charge−e, spin σ , momentum p,

and energy p0=
√
p2+m2. Similarly, the state d†

σ (p)|vac〉 is a positron with the same
quantum numbers and energy of the electron but with positive charge+e.

7.1.5 The Dirac energy-momentum tensor

The energy-momentum tensor of the Dirac theory is obtained following the stand-
ard approach presented in section 3.8. On general grounds, we expect that the energy-
momentum tensor should be given by

Tμν = iψ̄γ μ∂νψ −L (7.68)

Using the equation of motion of the free Dirac field (i.e., the Dirac equation), we find that
the energy-momentum tensor for the Dirac theory reduces to

Tμν = iψ̄γ μ∂νψ (7.69)

From this expression, it follows that the Hamiltonian is

H=
∫

d3x T00iψ̄γ 0∂0ψ =
∫

d3xψ†γ 0(−iγ · ∂ +m)ψ (7.70)

which is indeed the Hamiltonian of the Dirac field.

7.1.6 Causality and the spin-statistics connection

Let us finally discuss the question of causality and the spin-statistics connection in the Dirac
theory. To this end, we consider the anticommutator of two Dirac fields at different times:

i�αβ(x− y)={ψα(x), ψ̄β(y)} (7.71)

By using the field expansion, we obtain the expression

i�αβ(x− y)=
∫ d3p
(2π)3

m
p0

∑

σ=1,2

[
e−ip·(x−y)u(σ )α (p)ūσβ (p)+ eip·(x−y)v (σ )α (p)v̄ (σ )β (p)

]
(7.72)
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By using the (completeness) identities,

∑

σ=1,2
u(σ )α (p)ū(σ )β (p)=

(
/p+m
2m

)

αβ

∑

σ=1,2
v (σ )α (p)v̄ (σ )β (p)=

(
/p−m
2m

)

αβ

(7.73)

we can write the anticommutator in the form

i�αβ(x− y)=
∫ d3p
(2π)3

m
p0

[(
/p+m
2m

)

αβ

e−ip·(x−y)+
(
/p−m
2m

)

αβ

eip·(x−y)
]

(7.74)

After some straightforward algebra, we obtain the result

i�αβ(x− y)=
∫ d3p
(2π)3

1
2p0

(i/∂x+m)
[
e−ip·(x−y)− eip·(x−y)

]

= (i/∂x+m)αβ
∫ d3p
(2π)32p0

[
e−ip·(x−y)− eip·(x−y)

]
(7.75)

We recognize the integral on the r.h.s. of eq. (7.75) to be the commutator of two free scalar
(Klein-Gordon) fields,�KG(x− y).

Hence, the anticommutator of two Dirac fields of the Dirac theory is

i�αβ(x− y)= (i/∂ +m)αβ i�KG(x− y) (7.76)

Since �KG(x− y) vanishes at space-like separations, so does �αβ(x− y). Hence, the Dirac
theory quantized with anticommutators obeys causality.

However, had we quantized the Dirac theory with commutators (which, as we saw, leads
to a theory without a ground state), we would have also found a violation of causality.
Indeed, we would have obtained instead the result

�αβ(x− y)= (i/∂ +m)αβ�̃(x− y) (7.77)

where �̃(x− y) is given by

�̃(x− y)=
∫ d3p
(2π)32p0

(
e−ip·(x−y)+ eip·(x−y)

)
(7.78)

which does not vanish at space-like separations. Instead, at equal times and at long distances,
�̃(x− y) decays as

�̃(R, 0)	 e−mR

R2 , formR
 1 (7.79)

Thus, if the Dirac theory were to be quantized with commutators, the field operators would
not commute at equal times at distances shorter than the Compton wavelength. This would
be a violation of locality. The same result holds in the theory of the scalar field if it is
quantized with anticommutators.
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These results can be summarized in the spin-statistics theorem: Fields with half-integer
spin must be quantized as fermions (i.e., obey canonical anticommutation relations),
whereas fields with integer spinmust be quantized as bosons (i.e., obey canonical commuta-
tion relations). If a field theory is quantizedwith the wrong spin-statistics connection, either
the theory becomes nonlocal, with violations of causality, and/or it does not have a ground
state, or it contains states in its spectrumwith negative norms. Notice that the arguments we
have used were derived for free local theories. It is a highly nontrivial task to prove that the
spin-statistics connection also remains valid for interacting theories. Although this can be
done by making sufficiently strong assumptions about the behavior of perturbation theory,
in reality, the spin-statistics connection must be regarded as an axiom of local relativistic
QFTs.

7.2 The propagator of the Dirac spinor field

Let us now compute the propagator for a spinor fieldψα(x). We will find that it is essentially
the Green function for the Dirac operator. The propagator is defined by

Sαβ(x− x′)=−i〈vac|Tψα(x)ψ̄β(x′)|vac〉 (7.80)

where we have used the time-ordered product of two fermionic field operators, which is
defined by

Tψα(x)ψ̄β(x′)= θ(x0− x′0)ψα(x)ψ̄β(x
′)− θ(x′0− x0)ψ̄β(x′)ψα(x) (7.81)

Notice the change in sign with respect to the time-ordered product of bosonic operators.
The sign change reflects the anticommutation properties of the field. In other words, inside
a time-ordered product, Fermi fields behave as if they were anticommuting c-numbers.

We will show now that this propagator is closely connected to the propagator of the free
scalar field (i.e., the Green function for the Klein-Gordon operator ∂2+m2).

By acting with the Dirac operator on Sαβ(x− x′), we find

(
i/∂ −m

)
αβ

Sβλ(x− x′)=−i (i/∂ −m
)
αβ
〈vac|Tψβ(x)ψ̄λ(x′)|vac〉 (7.82)

Let us now use

∂

∂x0
θ(x0− x′0)= δ(x0− x′0) (7.83)

and the fact that the equation of motion of the Heisenberg field operators ψα is the Dirac
equation,

(
i/∂ −m

)
αβ
ψβ(x)= 0 (7.84)
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to show that

(i/∂ −m)αβSβλ(x− x′)=−i〈vac|T (i/∂ −m
)
αβ
ψβ(x)ψ̄λ(x′)|vac〉

+ δ(x0− x′0)
(
〈vac|γ 0

αβψβ(x)ψ̄λ(x
′)|vac〉

+ 〈vac|ψ̄λ(x′)γ 0
αβψβ(x)|vac〉

)

= δ(x0− x′0)γ
0
αβ〈vac|

{
ψβ(x),ψ†

ν (x
′)
} |vac〉γ 0

νλ

= δ(x0− x′0)δ
3(x− x′)δαλ (7.85)

Therefore we find that Sβλ(x− x′) is the solution of the equation

(
i/∂ −m

)
αβ

Sβλ(x− x′)= δ4(x− x′)δαλ (7.86)

Hence, Sβλ(x− x′)=−i〈vac|Tψβ(x)ψ̄λ(x′)|vac〉 is the Green function of the Dirac
operator.

We saw before that there is a close connection between the Dirac and the Klein-Gordon
operators.Wewill nowuse this connection to relate their propagators. Let uswrite theGreen
function Sαλ(x− x′) in the form

Sαλ(x− x′)= (i/∂ +m
)
αβ

Gβλ(x− x′) (7.87)

Since Sαλ(x− x′) satisfies eq. (7.86), we find that

(
i/∂ −m

)
αβ

Sβλ(x− x′)= (i/∂ −m
)
αβ

(
i/∂ +m

)
βν

Gνλ(x− x′) (7.88)

But
(
i/∂ −m

)
αβ

(
i/∂ +m

)
βν
=− (∂2+m2) δαν (7.89)

Hence, Gαν(x− x′)must satisfy

− (∂2+m2)Gαν(x− x′)= δ4(x− x′)δαν (7.90)

Therefore, Gαν(x− x′) is given by

Gαν(x− x′)=−G(0)(x− x′)δαν (7.91)

where G(0)(x− x′) is the propagator for a free massive scalar field (i.e., the Green function
of the Klein-Gordon equation):

(
∂2+m2)G(0)(x− x′)= δ4(x− x′) (7.92)

We then conclude that the Dirac propagator Sαβ(x− x′) and the Klein-Gordon propagator
G(0)(x− x′) are related by

Sαβ(x− x′)=− (i/∂ +m
)
αβ

G(0)(x− x′) (7.93)
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In particular, this relationship implies that they have essentially the same asymptotic
behaviors that we discussed for the free scalar field: a power-law behavior at short distances
(albeit with a different power) and exponential (or oscillatory) behavior at large distances.
The spinor structure of the Dirac propagator is determined by the operator in front of
G(0)(x− x′) in eq. (7.93).

In momentum space, the Feynman propagator for the Dirac field, given by eq. (7.93),
becomes

Sαβ(p)=
(

/p+m
p2−m2+ iε

)

αβ

(7.94)

Hence we get the same pole structure in the time-ordered propagator as we did for the
Klein-Gordon field.

7.3 Discrete symmetries of the Dirac theory

We now discuss three important discrete symmetries in relativistic field theories: charge
conjugation, parity, and time reversal. These discrete symmetries have a different role, and
a different standing, than the continuous symmetries discussed before. In a relativistic
QFT, the ground state (i.e., the vacuum) must be invariant under continuous Lorentz
transformations, but itmay not be invariant under C,P , or T . However, in a local relativistic
QFT, the product CPT is always a good symmetry. This is in fact an axiom of relativistic
local QFT. Thus, although C, P , or T may or may not be good symmetries of the vacuum
state, CPT must be a good symmetry. As in the case of the symmetries discussed in section
4.4 (in the case of the free scalar field), these symmetries must also be realized in the Fock
space of the QFT.

7.3.1 Charge conjugation

Charge conjugation is a symmetry that exchanges particles and antiparticles (or holes).
Consider a Dirac field minimally coupled to an external electromagnetic field Aμ. The
equation of motion for the Dirac field ψ is

(
i/∂ − e /A−m

)
ψ = 0 (7.95)

Let us define the charge conjugate field ψ c

ψ c(x)= Cψ(x)C−1 (7.96)

where C is the (unitary) charge conjugation operator, C−1= C†, such that ψ c obeys
(
i/∂ + e /A−m

)
ψ c= 0 (7.97)

The conjugate field ψ̄ =ψ†γ 0 obeys the equation

ψ̄
[
γ μ
(
−i←−∂ μ− eAμ

)
−m

]
= 0 (7.98)

which, when transposed, becomes
[
γ μ

T (−i∂μ− eAμ
)−m

]
ψ̄ T = 0 (7.99)
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where T is the transpose, and where we use the notation

ψ̄ T = γ 0 Tψ∗ (7.100)

Let C be an invertible 4× 4 matrix, where C−1 is its inverse. Then we can write

C
[
γ μ

T (−i∂μ− eAμ
)−m

]
C−1Cψ̄ T = 0 (7.101)

such that
C (γ μ)T C−1=−γ μ (7.102)

Hence,
[(
i/∂ + e /A

)−m
]
Cψ̄ T = 0 (7.103)

For eq. (7.103) to hold, we must have

CψC†=ψ c=Cψ̄ T =Cγ 0Tψ∗ (7.104)

Hence the field ψ c thus defined has positive charge+e.
We can find the charge conjugation matrix C explicitly:

C= iγ 2γ 0=
(

0 iσ 2

−iσ 2 0

)
=C−1 (7.105)

In particular, this definition means that ψ c is given by

ψ c=Cψ̄T =Cγ 0tψ∗ = iγ 2ψ∗ (7.106)

Eq. (7.106) provides us with a definition for a charge-neutral Dirac fermion (i.e., ψ
represents a neutral fermion if ψ =ψ c). Hence the condition is

ψ = iγ 2ψ∗ (7.107)

A Dirac fermion that satisfies the neutrality condition is known as aMajorana fermion.
To understand the action of C on physical states, we can look at the charge conjugate uc

of the positive energy, up spin, and charge −e spinor in the rest frame

u=
(
ϕ

0

)
e−imt (7.108)

which is

uc=
(

0
−iγ 2ϕ∗

)
eimt (7.109)

which has negative energy, down spin, and charge+e.
At the level of the full QFT, we will require the vacuum state |vac〉 to be invariant under

charge conjugation:
C|vac〉= |vac〉 (7.110)
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How do one-particle states transform? To determine that, let us look at the action of charge
conjugation C on the one-particle states, and demand that particle and antiparticle states be
exchanged under charge conjugation

Cb†
σ (p)|vac〉= Cb†

σ (p)C−1C|vac〉≡ d†
σ (p)|vac〉

Cd†
σ (p)|vac〉= Cd†

σ (p)C−1C|vac〉≡ b†
σ (p)|vac〉 (7.111)

Hence, for the one-particle states to satisfy these rules, it is sufficient to require that the field
operators bσ (p) and dσ (p) satisfy

Cbσ (p)C†= dσ (p); Cdσ (p)C†= bσ (p) (7.112)

Using

uσ (p)=−iγ 2 (vσ (p)
)∗ ; vσ (p)=−iγ 2 (uσ (p)

)∗ (7.113)

we find that the field operator ψ(x) transforms as

Cψ(x)C†= (−iψ̄γ 0γ 2)T (7.114)

and
Cψ̄(x)C†= (−iγ 0γ 2ψ

)T (7.115)

In particular, the fermionic bilinears defined in section 2.5.4 satisfy the transformation
laws:

Cψ̄ψC†=+ψ̄ψ , Ciψ̄γ 5ψC†= iψ̄γ 5ψ ,

Cψ̄γ μψC†=−ψ̄γ μψ , Cψ̄γ μγ 5ψC†=+ψ̄γ μγ 5ψ (7.116)

7.3.2 Parity

Define parity as the transformation P =P−1, which reverses the momentum of a particle
but not its spin. Once again, the vacuum state is invariant under parity. Thus, we must
require:

Pb†
σ (p)|vac〉=Pb†

σ (p)P−1P|vac〉≡ b†
σ (−p)|vac〉

Pd†
σ (p)|vac〉=Pd†

σ (p)P−1P|vac〉≡ d†
σ (−p)|vac〉 (7.117)

In real space, this transformation is equivalent to

Pψ(x, x0)P−1= γ 0ψ(−x, x0), Pψ̄(x, x0)P−1= ψ̄(−x, x0)γ0 (7.118)

7.3.3 Time reversal

Finally, we discuss time reversal T . Define T as the operator

T eiHx0T −1= e−iHx0 (7.119)



Quantization of the Free Dirac Field . 175

We will require the time-reversal operator to be unitary in the sense that

T −1= T † (7.120)

However, we also require the operator to act on c-numbers as complex conjugation, that is,

T (c-number)= (c-number)∗ T (7.121)

An operator with these properties is said to be antilinear (anti-unitary).
As a result, time reversal is the operator that reverses both the momentum and the spin

of the particles:

T bσ (p)T †= b−σ (−p), T dσ (p)T †= d−σ (−p) (7.122)

while leaving the vacuum state invariant:

T |vac〉= |vac〉 (7.123)

In real space, this implies:

T ψ(x, x0)T †=−γ 1γ 3 ψ∗(x,−x0) (7.124)

7.4 Chiral symmetry

Let us now discuss a global symmetry specific to theories of spinors and known as chiral
symmetry. Consider again the Dirac Lagrangian:

L= ψ̄ (i/∂ −m
)
ψ (7.125)

Define the chiral transformation

ψ ′ = eiγ5θψ (7.126)

where θ is a constant phase in the range 0≤ θ < 2π . We wish to find the Lagrangian for the
new transformed field ψ . From

L= ψ̄eiγ5θ (iγ μ∂μ−m
)
eiγ5θψ (7.127)

and the fact that {
γμ, γ5

}= 0 (7.128)

after some simple algebra, which uses the identity

γ μeiγ5θ = e−iγ5θ γ μ (7.129)

we find that the field ψ satisfies a modified Dirac Lagrangian of the form

L= ψ̄
(
i/∂ −me2iγ5θ

)
ψ (7.130)
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Thus for m �= 0, the form of the Dirac Lagrangian changes under a chiral transformation.
However, if the theory is massless, the Dirac theory has an exact global chiral symmetry.

It is also instructive to determine how various fermion bilinears transform under the
chiral transformation. We find that the Dirac mass, ψ̄ψ , and the axial mass, iψ̄γ 5ψ ,
transform as follows under a chiral transformation:

ψ̄ ′ψ ′ = cos(2θ)ψ̄ψ + sin(2θ)iψ̄γ5ψ

iψ̄ ′γ 5ψ ′ =− sin(2θ)ψ̄ψ + cos(2θ)iψ̄γ5ψ (7.131)

and, hence, are not invariant under this transformation. Instead, the Dirac mass, ψ̄ψ , and
the γ5 mass, iψ̄γ5ψ , transform (rotate) into each other. Finally, note that, although theDirac
Lagrangian is not chiral invariant ifm �= 0, the Dirac current

ψ̄ ′γ μψ ′ = ψ̄γ μψ (7.132)

is invariant under the chiral transformation, and so is the coupling of the Dirac field to a
gauge field.

7.5 Massless fermions

Let us look at the massless limit of the Dirac equation in more detail. Historically, this
problem grew out of the study of neutrinos (which we now know are not necessarily
massless, at least not all of them). For an eigenstate of 4-momentum pμ, theDirac equation is

(
/p−m

)
ψ(p)= 0 (7.133)

In the massless limitm= 0, the Dirac equation simply becomes

/pψ(p)= 0 (7.134)

which is equivalent to
γ5γ0/pψ(p)= 0 (7.135)

On expanding in components, we find

γ5p0ψ(p)= γ5γ0γ · pψ(p) (7.136)

However, since

γ5γ0γ =
[
σ 0
0 σ

]
=� (7.137)

we can write
γ5p0ψ(p)=� · pψ(p) (7.138)

Thus, the chirality γ5 is equivalent to the helicity � · p of the state. (But only in the massless
limit!) This suggests the introduction of the chiral basis in which γ5 is diagonal:

γ0=
(

0 −I
−I 0

)
, γ5=

(
I 0
0 −I

)
, γ =

(
0 σ

−σ 0

)
(7.139)
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In this basis, the massless Dirac equation becomes

(
σ 0
0 σ

)
· pψ(p)=

(
I 0
0 −I

)
p0ψ(p) (7.140)

Let us write the 4-spinor ψ in terms of two 2-spinors of the form

ψ =
(
ψR
ψL

)
(7.141)

in terms ofwhich theDirac equation decomposes into two separate equations for each chiral
component, ψR and ψL. Thus the right-handed (positive chirality) component ψR satisfies
the Weyl equation

(
σ · p− p0

)
ψR= 0 (7.142)

while the left-handed (negative chirality) component satisfies instead

(
σ · p+ p0

)
ψL= 0 (7.143)

Hence, one massless Dirac spinor is equivalent to two Weyl spinors.
We conclude that a theory of free massless Dirac fermions has a global chiral symmetry.

It is natural to assume that it must also have a locally conserved chiral (axial) current (as
required by Noether’s theorem), which we will denote by j5μ. An elementary calculation
gives the result

j5μ= iψ̄γ 5γμψ (7.144)

However, we also know that the Dirac theory has a global U(1) phase symmetry which,
when coupled to the vector field Aμ, becomes local U(1) gauge invariance and has a locally
conserved gauge current, jμ= ψ̄γμψ . Wewill see in chapter 20 that in an interacting theory,
its UV divergencesmake it impossible for both currents to be simultaneously conserved and
that, if the theory is to be gauge invariant, then the chiral current cannot be conserved. In
other words, a classically conserved currentmay not be conserved at the quantum level. The
phenomenon of nonconservation at the quantum level of a classically conserved current
is known as a quantum anomaly. In this case, the nonconservation of the chiral current is
known as the chiral (or axial) anomaly.

Exercises

7.1 The Dirac theory in a potential well
Consider the problem of trying to localize a Dirac fermion with an external
electrostatic potential well of width a and depthU0. Tomakematters simpler, assume
that the fermionsmove on a line (say, the axis x3≡ x) and that, as a result, the problem
is effectively one dimensional.

1) Find the second quantized Hamiltonian for the problem of a Dirac field coupled
to a static external electrostatic field E=−�A0(x), for the case of this one-
dimensional geometry.
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2) Find the single-particle states for the Dirac theory in the presence of the potential
well

A0(x)=
{−U0, for |x| ≤ a

2

0, otherwise
(7.145)

whereU0> 0. Be careful to include both extended and bound states, and to discuss
the behavior of these states as a function of the depth U0 and of the massm.

3) Construct the ground state and the excited state with lowest energy for the various
regimes that you found in part 2 of this exercise and give their quantum numbers.
Derive an expansion of the ground state in the presence of the potential in
terms of the eigenstates of the same theory without the potential. Give a physical
interpretation of the various terms in this expansion.

7.2 Currents in the Dirac theory
Consider a theory of massive Dirac fermions in four Minkowski spacetime dimen-
sions.

1) Show that the gauge current Jμ(x)= ψ̄(x)γμψ(x) is locally conserved.
2) Show that the axial current J5μ(x)= iψ̄(x)γ5γμψ(x) is not conserved if the Dirac

mass does not vanish.

7.3 Wick’s theorem for Dirac fermions
This is an exercise on the use of Wick’s theorem on a specific theory, the two-
component free Dirac field ψα,a(x), with α= 1, . . ., 4 being the components of the
spinor, and a= 1, 2, with the global SU(2) symmetry ψa(x)→Uabψb(x) (we are
not making the spinor components explicit), where Uab is an arbitrary 2× 2 SU(2)
matrix.

1) Use symmetry arguments to determinewhich of the following vacuumexpectation
values are nonzero (sums over repeated indices are implied, and the spinor labels
are not explicit):

a) 〈0|Tψ̄a(x)ψa(y)|0〉
b) 〈0|Tψ̄a(x)ψb(y)ψb(z)ψc(w)|0〉
c) 〈0|Tψ̄a(x)ψb(y)ψ̄b(z)ψa(w)|0〉

2) Use Wick’s theorem to find expressions for the vacuum expectation values for (b)
and (c) in (part 1) in terms of the value for (a).

7.4 Fermions in one dimension
Consider an application of the Dirac theory to a problem in condensed matter
physics: polyacetylene. Polyacetylene is a long polymer chain (CH)n. In the low-
energy regime, the important electronic states are close to the Fermi energy EF , with
momentum p close to the two Fermi points ±pF = π

2a0 (the band is half filled), the
right- and left-moving components of a two-component spinor Fermi field ψR,σ (x)
and ψL,σ (x); σ =↑,↓ are their spin polarizations. The important lattice vibrations
(phonons) that matter have lattice momentum 2pF =π/a0 and are described by a set
of heavy classical bosons�(x). The low-energy Hamiltonian density is

H=−ivFψ†
σ (x)σ3∂x ψσ (x)+

1
2
�2(x)+ g�(x) ψ̄σ (x)ψσ (x) (7.146)
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In this form, this system is closely related to the Gross-Neveu model. Here g is the
electron-phonon coupling constant, and σ3 is the Pauli matrix. The fermions are a
relativistic Dirac field with “speed of light” equal to the Fermi velocity, vF , and they
obey equal-time canonical anticommutation relations. Use the 2× 2 Dirac matrices,

γ0= σ2=
(
0 −i
i 0

)
, γ1= iσ1=

(
0 i
i 0

)
, γ5= γ0γ1= σ3 (7.147)

and the notation ψ̄ =ψ†γ0=ψ†σ2.

1) Find the ground state vector |gnd〉 and energy of the system in this limit by
calculating the constant value of� (it describes a staggered distortion of the lattice)
for which the ground state energy is minimized. You will have to cut off some of
the momentum integrals at a large cutoff momentum �. Note: The spontaneous
staggered distortion of the lattice is known as dimerization, and this phenomenon
is called the Peierls instability.

2) Determine the energy spectrum and quantum numbers of the single-particle
electronic states in this approximation.

3) Show that the continuumHamiltonian (and the associated Lagrangian) is invariant
under the global discrete symmetry transformation

ψ(x)→ γ5ψ(x), �(x)→−�(x) (7.148)

with γ5= σ3. Show that, in terms of the latticemodel, this transformation amounts
to a shift of all fields by one lattice site. In that language, the symmetry corresponds
to an ambiguity in the way the dimerized structure is placed on the lattice. Show
that the operator ψ̄σ (x)ψσ (x) is odd under the discrete symmetry, and hence, it is
an order parameter.

4) Compute the ground state expectation value for the order parameter of the
previous part,

�(x)=
∑

σ

〈gnd|ψ̄σ (x)ψσ (x)|gnd〉 (7.149)

in the M→∞ approximation. Show that this order parameter has nonvanish-
ing expectation value only if � �= 0, and establish a connection between both
quantities.
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Coherent-State Path-Integral Quantization
of Quantum Field Theory

8.1 Coherent states and path-integral quantization

The path integral that we have used so far is a powerful tool, but it can only be used in
theories based on canonical quantization. For example, it cannot be used in theories of
fermions (relativistic or not). In this chapter, we discuss a more general approach based
on the concept of coherent states. Coherent states and their application to path integrals
have been widely discussed. Excellent references include the 1975 Les Houches lectures by
Faddeev (1976) and the books by Perelomov (1986), Klauder (Klauder and Skagerstam,
1985), and Schulman (1981). The related concept of geometric quantization is insightfully
presented in the work by Wiegmann (1989).

8.2 Coherent states

Consider a Hilbert space spanned by a complete set of harmonic oscillator states {|n〉}, with
n= 0, . . .,∞. Let â† and â be a pair of creation and annihilation operators acting on this
Hilbert space and satisfying the commutation relations

[
â, â†

]= 1 ,
[
â†, â†

]= 0 ,
[
â, â

]= 0 (8.1)

These operators generate the harmonic oscillator states {|n〉} in the usual way,

|n〉= 1√
n!

(
â†

)n |0〉, â|0〉= 0 (8.2)

where |0〉 is the vacuum state of the oscillator.
Let us denote by |z〉 the coherent state

|z〉= ezâ† |0〉, 〈z| = 〈0| ez̄â (8.3)

where z is an arbitrary complex number, and z̄ is its complex conjugate. The coherent state
|z〉 has the defining property of being awave packet with optimal spread (i.e., theHeisenberg
uncertainty inequality is an equality for these coherent states).
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How does â act on the coherent state |z〉? Consider

â|z〉=
∞∑

n=0

zn

n! â
(
â†

)n |0〉 (8.4)

Since [
â,

(
â†)n

]
= n

(
â†)n−1 (8.5)

we find

â|z〉=
∞∑

n=0

zn

n! n
(
â†)n−1 |0〉≡ z |z〉 (8.6)

Therefore, |z〉 is a right eigenvector of â, and z is the (right) eigenvalue.
Likewise, we get

â†|z〉= â†
∞∑

n=0

zn

n!
(
â†

)n |0〉=
∞∑

n=1
n
zn−1

n!
(
â†

)n |0〉 (8.7)

Thus,
â†|z〉= ∂z |z〉 (8.8)

Therefore, the operators z and ∂z provide a representation of the algebra of creation and
annihilation operators.

Another quantity of interest is the overlap of two coherent states, 〈z|z′〉:

〈z|z′〉 = 〈0|ez̄â ez′â† |0〉 (8.9)

We will calculate this matrix element using the Baker-Hausdorff formulas

eÂ eB̂= eÂ+B̂+
1
2

[
Â, B̂

]

= e
[
Â, B̂

]

eB̂ eÂ (8.10)

which hold provided the commutator
[
Â, B̂

]
is a c-number (i.e., it is proportional to the

identity operator). Since
[
â, â†

]= 1, we find

〈z|z′〉 = ez̄z′ 〈0|ez′â† ez̄â|0〉 (8.11)

But
ez̄â |0〉= |0〉, 〈0| ez′â† =〈0| (8.12)

Hence we get
〈z|z′〉 = ez̄z′ (8.13)

An arbitrary state |ψ〉 of this Hilbert space can be expanded in the harmonic oscillator basis
states {|n〉}:

|ψ〉=
∞∑

n=0

ψn√
n! |n〉=

∞∑

n=0

ψn

n!
(
â†

)n |0〉 (8.14)
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The projection of the state |ψ〉 onto the coherent state |z〉 is

〈z|ψ〉=
∞∑

n=0

ψn

n! 〈z|
(
â†)n |0〉 (8.15)

Since
〈z| â†= z̄ 〈z| (8.16)

we find

〈z|ψ〉=
∞∑

n=0

ψn

n! z̄
n≡ψ(z̄) (8.17)

Therefore, the projection of |ψ〉 onto |z〉 is the antiholomorphic (i.e., anti-analytic) function
ψ(z̄). In other words, in this representation, the space of states {|ψ〉} is in one-to-one
correspondence with the space of anti-analytic functions.

In summary, the coherent states {|z〉} satisfy the following properties:

â|z〉= z|z〉, 〈z|â= ∂z̄〈z|
â†|z〉= ∂z|z〉, 〈z|â†= z̄〈z|
〈z|ψ〉=ψ(z̄), 〈ψ |z〉= ψ̄(z)

(8.18)

Next we will prove the resolution of identity:

Î=
∫ dzdz̄

2π i
e−zz̄|z〉〈z| (8.19)

Let |ψ〉 and |φ〉 be two arbitrary states,

|ψ〉=
∞∑

n=0

ψn√
n! |n〉, |φ〉=

∞∑

n=0

φn√
n! |n〉 (8.20)

such that their inner product is

〈φ|ψ〉=
∞∑

n=0

1
n! φ̄nψn (8.21)

Let us compute the matrix element of the operator Î given in eq. (8.19):

〈φ|Î|ψ〉=
∑

m,n

φ̄mψn

n! 〈n|Î|m〉 (8.22)

Thus we need to compute

〈n|Î|m〉=
∫ dzdz̄

2π i
e−|z|2〈n|z〉〈z|m〉 (8.23)
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Recall that the integration measure is defined to be given by

dzdz̄
2π i
= dRez d Imz

π
(8.24)

The overlaps are given by

〈n|z〉= 1√
n! 〈0|

(
â
)n |z〉= zn√

n! 〈0|z〉 (8.25)

and
〈z|m〉= 1√

m! 〈z|
(
â†)m |0〉= z̄m√

m! 〈z|0〉 (8.26)

Since |〈0|z〉|2= 1, we get

〈n|Î|m〉=
∫ dzdz̄

2π i
e−|z|2√
n!m!z

nz̄m

=
∫ ∞

0
ρdρ

∫ 2π

0

dϕ
2π

e−ρ2√
n!m!ρ

n+mei(n−m)ϕ (8.27)

Thus,

〈n|Î|m〉= δn,m
n!

∫ ∞

0
dx xne−x=〈n|m〉 (8.28)

Hence, we have found that

〈φ|Î|ψ〉= 〈φ|ψ〉 (8.29)

for any pair of states |ψ〉 and |φ〉. Therefore, Î is the identity operator in this Hilbert space.
We conclude that the set of coherent states {|z〉} is an overcomplete set of states.

Furthermore, since

〈z| (â†
)n (

â
)m |z′〉 = z̄nz′m〈z|z′〉 = z̄nz′mez̄z

′
(8.30)

we conclude that the matrix elements in generic coherent states |z〉 and |z′〉 of any arbitrary
normal-ordered operator of the form

Â=
∑

n,m
An,m

(
â†

)n (
â
)m (8.31)

are equal to

〈z|Â|z′〉 =
(

∑

n,m
An,mz̄nz′m

)

ez̄z
′

(8.32)

Therefore, if Â(â, â†) is an arbitrary normal-ordered operator (relative to the state |0〉), its
matrix elements are given by

〈z|Â(â, â†)|z′〉 =A(z̄, z′) ez̄z
′

(8.33)
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whereA(z̄, z′) is a function of two complex variables, z̄ and z′, obtained from Â by the formal
replacement

â↔ z′, â†↔ z̄ (8.34)

The complex functionA(z̄, z′) is often called the symbol of the (normal-ordered) operator Â.
For example, the matrix elements of the number operator N̂= â†â, which measures the

number of excitations, is
〈z|N̂|z′〉 = 〈z|â†â|z′〉 = z̄z′ ez̄z

′
(8.35)

8.3 Path integrals and coherent states

The concept of coherent states has been applied to broad areas of quantum mechanics
(Klauder and Skagerstam, 1985; Perelomov, 1986). Here we will focus on its application
to path integrals (Faddeev, 1976).

We want to compute the matrix elements of the evolution operator U ,

U = e
−iT

�
Ĥ(â†, â)

(8.36)

where Ĥ(â†, â) is a normal-ordered operator, and T= tf − ti is the total time lapse. Thus, if
|i〉 and |f 〉 denote two arbitrary initial and final states, respectively, we can write the matrix
element of U as

〈 f |e−i
T
�
Ĥ(â†, â)|i〉= lim

ε→0,N→∞〈 f |
(
1− i

ε

�
Ĥ(â†, â)

)N |i〉 (8.37)

However, instead of inserting a complete set of states at each intermediate time tj (with
j= 1, . . .,N), we will now insert an overcomplete set of coherent states {|zj〉} at each time tj
through the insertion of the resolution of the identity:

〈 f |
(
1− i

ε

�
Ĥ(â†, â)

)N |i〉=

=
∫ ( N∏

j=1

dzjdz̄j
2π i

)
e
−

N∑

j=1
|zj|2 [N−1∏

k=1
〈zk+1|

(
1− i

ε

�
Ĥ(â†, â)

)
|zk〉

]

×〈 f |
(
1− i

ε

�
Ĥ(â†, â)

)
|zN〉〈z1|

(
1− i

ε

�
Ĥ(â†, â)

)
|zi〉 (8.38)

In the limit ε→ 0, these matrix elements become

〈zk+1|
(
1− i

ε

�
Ĥ(â†, â)

)
|zk〉= 〈zk+1|zk〉− i

ε

�
〈zk+1|Ĥ(â†, â)|zk〉

= 〈zk+1|zk〉
[
1− i

ε

�
H(z̄k+1, zk)

]
(8.39)

whereH(z̄k+1, zk) is a function obtained from the normal-orderedHamiltonian by perform-
ing the substitutions â†→ z̄k+1 and â→ zk.
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Hence, we can write the following expression for the matrix element of the evolution
operator:

〈 f |e−i
T
�
Ĥ(â†, â)|i〉= lim

ε→0,N→∞

∫
⎛

⎝
N∏

j=1

dzjdz̄j
2π i

⎞

⎠ e
−

N∑

j=1
|zj|2

e

N−1∑

j=1
z̄j+1zj N−1∏

j=1

×
[
1− i

ε

�
H(z̄k+1, zk)

]
〈 f |zN〉〈z1|i〉

[

1− i
ε

�

〈 f |Ĥ|zN〉
〈 f |zN〉

]

×
[

1− i
ε

�

〈z1|Ĥ|i〉
〈z1|i〉

]

(8.40)

By further expanding the initial and final states in coherent states,

〈 f | =
∫ dzf dz̄f

2π i
e−|zf |2ψ̄f (zf )〈zf |

|i〉=
∫ dzidz̄i

2π i
e−|zi|2ψi(z̄i)|zi〉 (8.41)

we find the (formal) result:

〈 f |e−i
T
�
Ĥ(â†, â)|i〉=

=
∫

DzDz̄e

i
�

∫ tf

ti
dt

[
�

2i
(z∂t z̄− z̄∂tz)−H(z, z̄)

]

× e
1
2 (|zi|2+ |zf |2)ψ̄f (zf )ψi(z̄i) (8.42)

This is the coherent-state form of the path integral. In this expression, we can identify the
Lagrangian L as the quantity

L= �

2i
(z∂t z̄− z̄∂tz)−H(z, z̄) (8.43)

It is easy to check that this expression is equivalent to the phase-space path integral derived
in section 5.1.

Notice that the Lagrangian for the coherent-state representation presented in eq. (8.43)
is first order in time derivatives. Because of this feature, we are not guaranteed that the paths
are differentiable. This property leads to all kinds of subtleties that for the most part we will
ignore in what follows.

8.4 Path integral for a nonrelativistic Bose gas

The field-theoretic description of a gas of (spinless) nonrelativistic bosons is given in terms
of the creation and annihilation field operators φ̂†(x) and φ̂(x), which satisfy the equal-time



186 . Chapter 8

commutation relations (in d space dimensions):

[
φ̂(x), φ̂†(y)

]
= δd(x− y) (8.44)

Relative to the empty state |0〉, such that

φ̂(x)|0〉= 0 (8.45)

the normal-ordered Hamiltonian (in the grand canonical ensemble) is

Ĥ=
∫

ddx φ̂†(x)
[
− �

2

2m
�2−μ+V(x)

]
φ̂(x)

+ 1
2

∫
ddx

∫
ddy φ̂†(x)φ̂†( y)U(x− y)φ̂( y)φ̂(x) (8.46)

wherem is the mass of the bosons,μ is the chemical potential,V(x) is an external potential,
and U(x− y) is the interaction potential between pairs of bosons.

Following our discussion of the coherent-state path integral, we see that we can
immediately write down a path integral for a thermodynamically large system of bosons.
The boson coherent states are now labeled by a complex fieldφ(x) and its complex conjugate
φ̄(x),

|{φ(x)}〉= e

∫
dx φ(x)φ̂†(x)

|0〉 (8.47)

which has the coherent state property of being a right eigenstate of the field operator φ̂(x),

φ̂(x)|{φ}〉=φ(x)|{φ}〉 (8.48)

as well as obeying the resolution of the identity in this space of states:

I =
∫

DφDφ∗e
−

∫
dx |φ(x)|2

|{φ}〉〈{φ}| (8.49)

The matrix element of the evolution operator of this system between an arbitrary initial
state |i〉 and an arbitrary final state | f 〉, separated by a time lapse T= tf − ti (not to be
confused with the temperature!), now takes the form

〈 f |e−
i
�
ĤT |i〉=

∫
DφDφ̄ exp

{
i
�

∫ tf

ti
dt

(∫
ddx

�

i
[
φ(x, t)∂tφ̄(x, t)− φ̄(x, t)∂tφ(x, t)

]−H[φ, φ̄]
)}

× 
̄f (φ(x, tf ))
i(φ̄(x, ti)) e
1
2

∫
dx(|φ(x, tf )|2+ |φ(x, ti)|2)

(8.50)
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where the functionalH[φ, φ̄] is

H[φ, φ̄] =
∫

ddx φ̄(x)
[
− �

2

2m
�2−μ+V(x)

]
φ(x)

+ 1
2

∫
ddx

∫
ddy |φ(x)|2|φ(y)|2U(x− y) (8.51)

It is also possible to write the action S in the less symmetric but simpler form (where
dDx≡ dt ddx)

S=
∫

dDx φ̄(x)
(
i�∂t + �

2

2m
��2+μ−V(x)

)
φ(x)

− 1
2

∫
dDx

∫
dDy |φ(x)|2|φ(y)|2U(x− y) (8.52)

where U(x− y)=U(x− y)δ(tx− ty).
Therefore the path integral for a systemof nonrelativistic bosons, with chemical potential

μ, has the same form as the path integral of the charged scalar field (see section 5.6), except
that the action is first order in time derivatives. The fact that the field is complex follows
from the requirement that the number of bosons is a globally conserved quantity, which is
why we can introduce a chemical potential.

This formulation is useful for studying superfluid helium and similar problems. Suppose,
for instance, that we want to compute the partition function Z for this system of bosons at
finite temperature T,

Z= tre−βĤ (8.53)

where β = 1/T (in units with kB= 1). The coherent-state path integral representation of
the partition function is obtained by (1) restricting the initial and final states to be the
same (|i〉= | f 〉) and arbitrary, (2) summing over all possible states, and (3)Wick rotating to
imaginary time t→−iτ , with the time-span T→−iβ� and periodic boundary conditions
in imaginary time.

The result is the (imaginary time) path integral

Z=
∫

DφDφ̄ e−SE(φ, φ̄) (8.54)

where SE is the Euclidean action

SE(φ, φ̄)= 1
�

∫ β

0
dτ

∫
dx φ̄

[
�∂τ −μ− �

2

2m
�2+V(x)

]
φ

+ 1
2�

∫ β

0
dτ

∫
dx

∫
dyU(x− y) |φ(x)|2|φ(y)|2 (8.55)

The fields φ(x)=φ(x, τ) satisfy periodic boundary conditions in imaginary time:

φ(x, τ)=φ(x, τ +β�) (8.56)
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This requirement suggests an expansion of the field φ(x) in Fourier modes of the form

φ(x, τ)=
∞∑

n=−∞
eiωnτ φ(�x,ωn) (8.57)

where the frequencies ωn (theMatsubara frequencies) must be chosen so that φ obeys the
required periodic boundary conditions. We find

ωn= 2π
β�

n= 2πT
�

n, n∈Z (8.58)

where n is an arbitrary integer. In exercise 8.5 at the end of this chapter, you will evaluate
this path integral using a semiclassical approximation.

8.5 Fermion coherent states

In this section, we develop a formalism for fermions that follows closely what we have done
for bosons while taking into account the anticommuting nature of fermionic operators.

Let {c†
i } be a set of fermion creation operators, with i= 1, . . .,N, and {ci} the set of their

N adjoint operators, the associated annihilation operators. The number operator for the ith
fermion is ni= c†

i ci. Let us define the basis states of the ith fermion by the kets |0i〉 and |1i〉,
which obey the obvious definitions:

ci|0i〉= 0, c†
i |0i〉= |1i〉, c†

i ci|0i〉= 0, c†
i ci|1i〉= |1i〉 (8.59)

ForN fermions, the Hilbert space is spanned by the antisymmetrized states |n1, . . ., nN〉. Let

|0〉≡ |01, . . ., 0N〉 (8.60)

be the empty state. A general state in this Hilbert space is

|n1, . . ., nN〉=
(
c†
1

)n1
. . .

(
c†
N

)nN |0〉 (8.61)

As we saw before, the wave function 〈n1, . . ., nN |
〉 is fully antisymmetric. If the state |
〉
is a product state, then the wave function is a Slater determinant.

8.5.1 Definition of fermion coherent states

We now define fermion coherent states. Let {ξ̄i, ξi}, with i= 1, . . .,N, be a set of 2N
Grassmann variables, a set of symbols also known as the generators of a Grassmann algebra.
By definition, Grassmann variables satisfy the following properties:

{
ξi, ξj

}= {
ξ̄i, ξ̄j

}= {
ξi, ξ̄j

}= ξ 2i = ξ̄ 2i = 0 (8.62)

Therefore, Grassmann variables behave like a set of time-ordered fermion operators.
We also require that the Grassmann variables anticommute with the fermion operators:

{
ξi, cj

}=
{
ξ̄i, c†

j

}
= {

ξ̄i, c,j
}=

{
ξ̄i, c†

j

}
= 0 (8.63)
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Let us define the fermion coherent states to be

|ξ 〉≡ e−ξc† |0〉 (8.64)

〈ξ | ≡ 〈0| eξ̄c (8.65)

As a consequence of these definitions, we have:

e−ξc† = 1− ξc† (8.66)

Similarly, if ψ is a Grassmann variable, then

〈ξ |ψ〉= 〈0|eξ̄ce−ψc† |0〉= 1+ ξ̄ψ = eξ̄ψ (8.67)

For N fermions, we have

|ξ 〉≡ |ξ1, . . ., ξN〉=�N
i=1e
−ξic†

i |0〉≡ e
−

N∑

i=1
ξic†

i
|0〉 (8.68)

since the following commutator vanishes:
[
ξic†

i , ξjc
†
j

]
= 0 (8.69)

8.5.2 Analytic functions of Grassmann variables

We defineψ(ξ) to be an analytic function of the Grassmann variable if it has a power series
expansion in ξ ,

ψ(ξ)=ψ0+ψ1ξ +ψ2ξ
2+ · · · (8.70)

where ψn ∈C. Since
ξn= 0, ∀n≥ 2 (8.71)

then all analytic functions of a Grassmann variable reduce to a first-degree polynomial,

ψ(ξ)≡ψ0+ψ1ξ (8.72)

Similarly, we define complex conjugation by

ψ(ξ)≡ ψ̄0+ ψ̄1ξ̄ (8.73)

where ψ̄0 and ψ̄1 are the complex conjugates of ψ0 and ψ1, respectively.
We can also define functions of two Grassmann variables ξ and ξ̄ ,

A(ξ̄ , ξ)= a0+ a1ξ + ā1ξ̄ + a12ξ̄ ξ (8.74)

where a1, ā1, and a12 are complex numbers; a1 and ā1 are not necessarily complex conjugates
of each other.
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8.5.3 Differentiation over Grassmann variables

Since analytic functions ofGrassmann variables have such a simple structure, differentiation
is just as simple. Indeed, we define the derivative as the coefficient of the linear term:

∂ξψ(ξ)≡ψ1 (8.75)

Likewise, we also have
∂ξ̄ψ(ξ)≡ ψ̄1 (8.76)

Clearly, using this rule, we can write

∂ξ (ξ̄ ξ )=−∂ξ (ξ ξ̄ )=−ξ̄ (8.77)

A similar argument shows that

∂ξA(ξ̄ , ξ)= a1− a12 ξ̄ (8.78)

∂ξ̄A(ξ̄ , ξ)= ā1+ a12 ξ (8.79)

∂ξ̄ ∂ξA(ξ̄ , ξ)=−a12=−∂ξ ∂ξ̄A(ξ̄ , ξ) (8.80)

from which we conclude that ∂ξ and ∂ξ̄ anticommute:
{
∂ξ̄ , ∂ξ

}= 0, and ∂ξ ∂ξ = ∂ξ̄ ∂ξ̄ = 0 (8.81)

8.5.4 Integration over Grassmann variables

The basic differentiation rule of eq. (8.75) implies that

1= ∂ξ ξ (8.82)

which suggests the following definitions:
∫

dξ 1= 0,
∫

dξ ∂ξ ξ = 0,
∫

dξ ξ = 1 (8.83)

Analogous rules also apply for the conjugate variables ξ̄ .
It is instructive to compare the differentiation and integration rules:

∫
dξ 1= 0 ↔ ∂ξ1= 0

∫
dξ ξ = 1 ↔ ∂ξ ξ = 1

(8.84)

Thus, for Grassmann variables, differentiation and integration are exactly equivalent:

∂ξ⇐⇒
∫

dξ (8.85)

These rules imply that the integral of an analytic function f (ξ) is
∫

dξ f (ξ)=
∫

dξ
(
f0+ f1ξ

)= f1 (8.86)
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and
∫

dξA(ξ̄ , ξ)=
∫

dξ
(
a0+ a1ξ + ā1ξ̄ + a12ξ̄ ξ

)= a1− a12ξ̄

∫
dξ̄A(ξ̄ , ξ)=

∫
dξ

(
a0+ a1ξ + ā1ξ̄ + a12ξ̄ ξ

)= ā1+ a12ξ

∫
dξ̄dξA(ξ̄ , ξ)=−

∫
dξdξ̄A(ξ̄ , ξ)=−a12 (8.87)

It is straightforward to show that with these definitions, the following expression is a
consistent definition of a delta function:

δ(ξ ′, ξ)=
∫

dη e−η(ξ − ξ ′) (8.88)

where ξ , ξ ′, and η are Grassmann variables.
Finally, given that we have a vector space of analytic functions, we can define an inner

product as follows:

〈 f |g〉=
∫

dξ̄dξ e−ξ̄ ξ f̄ (ξ) g(ξ̄ )= f̄0g0+ f̄1g1 (8.89)

as expected.

8.5.5 Properties of fermion coherent states

In section 8.5.1 we defined above the fermion bra and ket coherent states:

|{ξj}〉= e
−

∑

j
ξjc†

j

|0〉, 〈{ξj}| = 〈0| e

∑

j
ξ̄jcj

(8.90)

After a little algebra, using the rules defined above, it is easy to see that the following
identities hold:

ci|{ξj}〉= ξi|{ξj}〉, c†
i |{ξj}〉=−∂ξi |{ξj}〉 (8.91)

〈{ξj}| ci= ∂ξ̄i〈{ξj}|, 〈{ξj}| c†
i = ξ̄i〈{ξj}| (8.92)

The inner product of two coherent states, |{ξj}〉 and |{ξ ′j }〉, is

〈{ξj}|{ξ ′j }〉= e

∑

j
ξ̄jξj

(8.93)

Similarly, we also have the resolution of the identity (which is easy to prove):

I=
∫ (

�N
i=1dξ̄idξi

)
e
−

N∑

i=1
ξ̄iξi

|{ξi}〉〈{ξi}| (8.94)
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Let |
〉 be some state. Thenwe can use eq. (8.94) to expand the state |
〉 in fermion coherent
states |ξ 〉,

|
〉=
∫ (

�N
i=1dξ̄idξi

)
e
−

N∑

i=1
ξ̄iξi


(ξ)|{ξi}〉 (8.95)

where

(ξ̄)≡
(ξ̄1, . . ., ξ̄N) (8.96)

We can use the rules derived above to compute the following matrix elements

〈ξ |cj|
〉= ∂ξ̄j
(ξ̄), 〈ξ |c†
j |
〉= ξ̄j
(ξ̄) (8.97)

which are consistent with what we concluded in section 8.5.1.
Let |0〉 be the “empty state.” We will not call it the “vacuum,” since it is not in the sector of

the ground state for the systems of interest. Let A
(
{c†

j }, {cj}
)
be a normal-ordered operator

(with respect to the state |0〉). By using the formalism worked out above, one can show
without difficulty that its matrix elements in the coherent states |ξ 〉 and |ξ ′〉 are

〈ξ |A
(
{c†

j }, {cj}
)
|ξ ′〉 = e

∑

i
ξ̄iξ
′
i
A

(
{ξ̄j}, {ξ ′j }

)
(8.98)

For example, the expectation value of the fermion number operator N̂,

N̂=
∑

j
c†
j cj (8.99)

in the coherent state |ξ 〉 is
〈ξ |N̂|ξ 〉
〈ξ |ξ 〉 =

∑

j
ξ̄jξj (8.100)

8.5.6 GrassmannGaussian integrals

Let us consider a Gaussian integral over Grassmann variables of the form

Z[ζ̄ , ζ ]=
∫ ( N∏

i=1
dξ̄idξi

)

e
−

∑

i,j
ξ̄iMijξj+ ξ̄iζi+ ζ̄iξi

(8.101)

where {ζi} and {ζ̄i} are a set of 2N Grassmann variables, and the matrix Mij is a complex
hermitian matrix. We now show that

Z[ζ̄ , ζ ]= (detM) e

∑

i,j
ζ̄i

(
M−1

)
ij ζj

(8.102)

Before showing that eq. (8.102) is correct, let us make a few observations:

1) Eq. (8.102) looks like the familiar expression for Gaussian integrals for bosons,
except that instead of a factor of (detM)−1/2, we have a factor of detM in the
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numerator. Except for the absence of a square root, the fluctuation determinant
appearing in the numerator is the main effect of the Fermi statistics!

2) Moreover, if we had considered a system ofN Grassmann variables (instead of 2N),
we would have obtained instead a factor of

(detM)1/2=Pf(M) (8.103)

whereM would now be an N×N real anti-symmetric matrix, and Pf(M) denotes
the Pfaffian of the matrixM.

To prove that eq. (8.102) is correct, it will be sufficient to consider the case ζi= ζ̄i= 0, since
the contribution from these sources is identical to the bosonic case (except for the ordering
of the Grassmann variables). Using the Grassmann identities, we can write the exponential
factor as

e
−

∑

i,j
ξ̄iMijξj

=
∏

i,j

(
1− ξ̄iMijξj

)
(8.104)

The integral that we need to do is

Z[0, 0]=
∫ ( N∏

i=1
dξ̄iξi

)
∏

i,j

(
1− ξ̄iMijξj

)
(8.105)

From the integration rules, we can easily see that the only nonvanishing terms in this
expression are those that have just one ξi and one ξ̄i (for each i). Hence we can write

Z[0, 0]= (−1)N
∫ ( N∏

i=1
dξ̄i dξi

)

ξ̄1M12ξ2ξ̄2M23ξ3 · · · + permutations

= (−1)NM12M23M34 · · ·
∫ ( N∏

i=1
dξ̄i dξi

)

ξ̄1ξ2ξ̄2ξ3ξ̄3 · · · ξ̄Nξ1+ permutations

= (−1)2NM12M23M34 · · ·MN,1+ permutations (8.106)

What is the contribution of the terms labeled “permutations”? It is easy to see that if we
permute any pair of labels, say, 2 and 3, we will get a contribution of the form

(−1)2N(−1)M13M32M24 · · · (8.107)

Hence we conclude that the Gaussian Grassmann integral is just the determinant of the
matrixM:

Z[0, 0]=
∫ ( N∏

i=1
dξ̄idξi

)

e
−

∑

i,j
ξ̄iMijξj

= detM (8.108)
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Alternatively, we can diagonalize the quadratic form and notice that the Jacobian is
“upside-down” compared to the result we found for bosons.

8.6 Path integrals for fermions

We are now ready to give a prescription for the construction of a fermion path integral in
a general system. Let H be a normal-ordered Hamiltonian, with respect to some reference
state |0〉, of a system of fermions. Let |
i〉 be the ket at the initial time ti and |
f 〉 be the final
state at time tf . Thematrix element of the evolution operator can be written as a Grassmann
path integral,

〈
f , tf |
i, ti〉= 〈
f |e
− i

�
H(tf − ti)|
i〉

≡
∫

Dψ̄Dψ e
i
�
S(ψ̄ ,ψ)× projection operators (8.109)

where we have not written down the explicit form of the projection operators onto the initial
and final states. The action S(ψ̄ ,ψ) is

S(ψ̄ ,ψ)=
∫ tf

ti
dt

[
i�ψ̄∂tψ −H(ψ̄ ,ψ)

]
(8.110)

This expression of the fermion path integral holds for any theory of fermions, relativistic
or not. Notice that it has the same form as the bosonic path integral. The only change is
that for fermions, the determinant appears in the numerator, while for bosons, it is in the
denominator!

8.7 Path-integral quantization of the Dirac field

Let us now apply the methods just developed to the case of the Dirac theory. Let ψα(x),
with α= 1, . . ., 4 be a free massive Dirac field in 3+1 spacetime dimensions. This field
satisfies the Dirac equation as an equation of motion,

(
i/∂ −m

)
ψ = 0 (8.111)

where ψ is a 4-spinor and /∂ = γ μ∂μ. Recall that the Dirac γ -matrices satisfy the algebra

{γ μ, γ ν}= 2gμν (8.112)

where gμν is the Minkowski space metric tensor (in the Bjorken-Drell form).
We saw before that in the QFT description of the Dirac theory, ψ is an operator acting

on the Fock space of (fermionic) states. We also saw that the Dirac equation can be regarded
as the classical equation of motion of the Lagrangian density,

L= ψ̄ (
i/∂ −m

)
ψ (8.113)
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where ψ̄ =ψ†γ 0. We also noted that the momentum canonically conjugate to the fieldψ is
iψ†, from which the standard fermionic equal-time anticommutation relations follow:

{
ψα(x, x0),ψ†

β(y, x0)
}
= δαβδ3(x− y) (8.114)

The Lagrangian density L for a Dirac fermion coupled to sources ηα and η̄α is

L= ψ̄ (
i/∂ −m

)
ψ + ψ̄η+ η̄ψ (8.115)

where the sources are “classical” (Grassmann) anticommuting fields.
We can follow the same steps described in the preceding sections to find the following

expression for the path integral of the Dirac field in terms of Grassmann fields ψ(x) and
ψ̄(x) (which here are independent variables!)

Z[η̄, η]= 1
〈0|0〉 〈0|T e

i
∫

d4x
(
ψ̄η+ η̄ψ)

|0〉

≡
∫

Dψ̄Dψe
iS+ i

∫
d4x(ψ̄η+ η̄ψ)

(8.116)

where S= ∫
d4xL.

From this result, it follows that the Dirac propagator is given by

iSαβ(x− y)=〈0|Tψα(x)ψ̄β(y)|0〉

= (−i)2
Z[0, 0]

δ2Z[η̄, η]
δη̄α(x)δηβ(y)

∣∣∣∣
η̄=η=0

=〈x,α| 1
i/∂ −m

|y,β〉 (8.117)

Similarly, the partition function for a theory of free Dirac fermions is

ZDirac=Det
(
i/∂ −m

)
(8.118)

In contrast, in the case of a free real scalar field, we found

Zscalar=
[
Det

(
∂2+m2)

]−1/2
(8.119)

Therefore for the case of the Dirac field, the partition function is a determinant, whereas
for the scalar field, it is the inverse of a determinant (actually, of its square root). The fact
that one result is the inverse of the other is a consequence of Dirac fields being quantized as
fermions, whereas scalar fields are quantized as bosons. As we saw, this is a general result for
Fermi and Bose fields, regardless of whether they are relativistic. Moreover, from this result,
it follows that the vacuum (ground state) energy of a Dirac field is negative, whereas the
vacuum energy for a scalar field is positive. We will see that in interacting field theories, eq.
(8.118) leads to the Feynman diagram rule that each fermion loop carries a minus sign that



196 . Chapter 8

reflects the Fermi-Dirac statistics; hence this rule holds even in the absence of relativistic
invariance.

Note that, due to the charge-conjugation symmetry of the Dirac theory, the spectrum of
the Dirac operator is symmetric. That is, for every positive eigenvalue of the Dirac operator,
there is a negative eigenvalue of equal magnitude. More formally, since {γ 5, γ μ}= 0,

γ5
(
i/∂ −m

)
γ5=

(−i/∂ −m
)

(8.120)

and γ 2
5 = I (the 4× 4 identity matrix), it follows that

Det
(
i/∂ −m

)=Det
(
i/∂ +m

)
(8.121)

Hence

Det
(
i/∂ −m

)=
[
Det

(
i/∂ −m

)
Det

(
i/∂ +m

) ]1/2

=
[
Det

(
∂2+m2)

]2
(8.122)

where we used that the “square” of the Dirac operator is the Klein-Gordon operator
multiplied by the 4× 4 identity matrix, which is why the exponent on the right side of eq.
(8.122) is 2= 4× 1

2 . It is easy to see that this result implies that the vacuum energy for the
Dirac fermion EDirac

0 and the vacuum energy of a scalar field Escalar
0 , with the same mass m,

are related by
EDirac
0 =−4Escalar

0 (8.123)

Here we have ignored the fact that both the left and right sides of this equation are divergent,
as we saw before. However, since they have the same divergence (or equivalently, they are
regularized in the same way), the comparison is meaningful.

In contrast, if instead of Dirac fermions (which are charged and hence complex fields),
we consider Majorana fermions (which are charge neutral and hence are real fields), we
would have obtained instead the results

ZMajorana=Pf
(
i/∂ −m

)=
[
Det

(
i/∂ −m

) ]1/2
(8.124)

where Pf is the Pfaffian, given by the square root of the determinant. Thus the vacuum
energy of a Majorana fermion is half the vacuum energy of a Dirac fermion.

Finally, since a massless Dirac fermion is equivalent to twoWeyl fermions (one for each
chirality), it follows that the vacuum energy of a Majorana Weyl fermion is equal and
opposite to the vacuum energy of a scalar field. Moreover, this relation holds for all the
states of their spectra, which are identical. This observation is the origin of the concept of
supersymmetry, in which the fermionic states and the bosonic states are precisely matched.
As a result, the vacuum energy of a supersymmetric theory is zero.

We end this section by discussing briefly the theory of Dirac fermions in Euclidean
spacetime. We focus on the theory in four dimensions, but this can be done in any
dimension. There are two equivalent ways to do this analytic continuation. One option is to
define a set of four antihermitian Dirac gamma matrices

γj= γ j, γ4=−iγ 0 (8.125)
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with j= 1, 2, 3, that satisfy the algebra

{γμ, γν}=−2δμν (8.126)

with μ= 1, . . ., 4. Similarly, define the hermitian γ5 matrix:

γ5= γ 5= γ1γ2γ3γ4 (8.127)

In this notation, the partition function is

Z=
∫

DψDψ̄ exp(−SE(ψ , ψ̄)) (8.128)

where SE is the Euclidean for a Dirac spinor, which, coupled to an abelian gauge field,
becomes

SE=
∫

d4xψ̄(i /D+m)ψ (8.129)

where Dμ= ∂μ+ iAμ, again for μ= 1, 2, 3, 4, with A4=−iA0. The Euclidean Dirac pro-
pagator in momentum space is given by

S(p)= 1
−/p+m

= /p+m
p2+m2 (8.130)

(with p0=−ip4). Alternatively, we can define the four gammamatrices to be hermitian and
satisfy the Clifford algebra {γμ, γν}= 2δμnu. In this notation, the Euclidean action is

SE=
∫

d4xψ̄( /D+m)ψ (8.131)

where the operator /∂ is antihermitian, and the propagator is

S(p)= 1
−i/p+m

= i/p+m
p2+m2 (8.132)

8.8 Functional determinants

We now face the problem of how to compute functional determinants. We have already
discussed how to do this for path integrals with a few degrees of freedom (i.e., in quantum
mechanics). Let us now generalize these ideas to QFT. We begin by discussing some simple
determinants that show up in systems of fermions and bosons at finite temperature and
density.

8.8.1 Functional determinants for coherent states

Consider a system of fermions (or bosons) with one-body Hamiltonian ĥ at nonzero
temperature T and chemical potential μ. The partition function is

Z= tr e
−β

(
Ĥ−μN̂

)

(8.133)
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where β = 1/kBT,

Ĥ=
∫

dx ψ̂†(x) ĥ ψ̂(x) (8.134)

and
N̂=

∫
dx ψ̂†(x) ψ̂(x) (8.135)

is the number operator. Here x denotes both spatial and internal (spin) labels.
The functional (or path) integral expression for the partition function is

Z=
∫

Dψ∗Dψ e
i
�

∫
dtψ∗

(
i�∂t − ĥ+μ

)
ψ

(8.136)

In imaginary time, set t→−iτ , with 0≤ τ ≤β�:

Z=
∫

Dψ∗Dψ e
−

∫ β�

0
dτ ψ∗

(
∂τ + ĥ−μ

)
ψ

(8.137)

The fields ψ(τ) can represent either bosons (in which case they are just complex
functions of x and τ ), or fermions (in which case they are complex Grassmann functions of
x and τ ). The only subtlety resides in the choice of boundary conditions.

1) Bosons. Since the partition function is a trace, in this case, the fields (complex or
real) must obey the usual periodic boundary conditions in imaginary time:

ψ(τ)=ψ(τ +β�) (8.138)

2) Fermions. In the case of fermions, the fields are complex Grassmann variables.
However, if we want to compute a trace, because of the anticommutation rules, it
is necessary to require the fields to obey instead antiperiodic boundary conditions:

ψ(τ)=−ψ(τ +β�) (8.139)

Let {|λ〉} be a complete set of eigenstates of the one-body Hamiltonian ĥ, and let {ελ} be
its eigenvalue spectrum with λ being a spectral parameter. Hence, we have a suitable set of
quantum numbers spanning the spectrum of ĥ. Also, let {φλ(τ)} be the associated complete
set of eigenfunctions. We now expand the field configurations in the basis of eigenfunctions
of ĥ:

ψ(τ)=
∑

λ

ψλ φλ(τ ) (8.140)

The eigenfunctions of ĥ are complete and orthonormal.
Thus, if we expand the fields, the path integral in eq. (8.136) becomes (with �= 1)

Z=
∫ (

∏

λ

dψ∗λdψλ

)

e
−

∫
dτ

∑

λ

ψ∗λ (−∂τ − ελ+μ)ψλ
(8.141)
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which becomes (after absorbing all uninteresting constant factors in the integration
measure)

Z=
∏

λ

[Det (−∂τ − ελ+μ)]σ (8.142)

where σ =+1 for fermions, and σ =−1 for bosons.
Let ψλ

n (τ ) be the solution of the equation

(−∂τ − ελ+μ)ψλ
n (τ )=αnψλ

n (τ ) (8.143)

where αn is the (generally complex) eigenvalue. The eigenfunctions ψλ
n (τ ) will be required

to satisfy either periodic or antiperiodic boundary conditions,

ψλ
n (τ )=−σψλ

n (τ +β) (8.144)

where, once again, σ =±1.
The eigenvalue condition, eq. (8.143), is solved by

ψn(τ )=ψn eiαnτ (8.145)

provided αn satisfies
αn=−iωn+μ− ελ (8.146)

where the Matsubara frequencies are given by (with kB= 1):

ωn=
{
2πT

(
n+ 1

2
)
, for fermions

2πTn, for bosons
(8.147)

Let us consider now the function ϕα(τ), which is an eigenfunction of−∂τ − ελ+μ,

(−∂τ − ελ+μ) ϕα(τ)=α ϕα(τ) (8.148)

which satisfies only an initial condition for ϕλα(0), such as

ϕλα(0)= 1 (8.149)

Notice that since the operator is linear in ∂τ , we cannot impose additional conditions on the
derivative of ϕα .

The solution of
∂τ lnϕλα(τ )=μ− ε−α (8.150)

is
ϕλα(τ )=ϕλα(0) e(μ− ελ−α) τ (8.151)

After imposing the initial condition eq. (8.149), we find

ϕλα(τ )= e− (α+ ελ−μ) τ (8.152)
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But even though this function ϕλα(τ ) satisfies all the requirements, it does not have the same
zeros as the determinant Det(−∂τ +μ− ελ−α). However, the function

σFλα(τ )= 1+ σ ϕλα(τ ) (8.153)

does satisfy all the requirements. Indeed,

σFλα(β)= 1+ σ e− (α+ ελ−μ) β (8.154)

which vanishes for α=αn. Then, a version of Coleman’s argument, discussed in
section 5.2.2, tells us that

Det (−∂τ +μ− ελ−α)
σFλα(β)

= constant (8.155)

where the right side is a constant in the sense that it does not depend on the choice of the
eigenvalues {ελ}.

Hence,
Det (−∂τ +μ− ελ)= const. σFλ0 (β) (8.156)

The partition function is

Z= e−βF =
∏

λ

[Det (−∂τ +μ− ελ)]σ (8.157)

where F is the free energy, which is given by

F=−σT
∑

λ

lnDet (−∂τ +μ− ελ−α)

=−σT
∑

λ

ln
(
1+ σ eβ(μ− ελ)

)
+ f (βμ) (8.158)

which is the correct result for noninteracting fermions and bosons. Here we have set

f (βμ)=
{
0, fermions
−2TN ln

(
1− eβμ

)
, bosons

(8.159)

whereN is the number of states in the spectrum {λ}.
In some cases, the spectrum has the symmetry ελ=−ε−λ (e.g., the Dirac theory, whose

spectrum is ε± =±
√
p2+m2), and these expressions can be simplified further,

∏

λ

Det (−∂t + iελ)=
∏

λ>0
[Det (−∂t + iελ)Det (−∂t − iελ)]

=
∏

λ>0

Det
(
∂2t + ε2λ

)

≡
∏

λ>0

Det
(−∂2τ + ε2λ

)
(8.160)
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where, in the last step, we performed a Wick rotation. This last expression we have en-
countered before. The result is

∏

λ>0

Det
(−∂2τ + ε2λ

)= const.ψ0(β) (8.161)

where ψ0(τ ) is the solution of the differential equation
(−∂2τ + ε2λ

)
ψ0(τ )= 0 (8.162)

which satisfies the initial conditions

ψ0(0)= 0, ∂τψ0(0)= 1 (8.163)

The solution is
ψ0(τ )= sinh(|ελ|τ)

|ελ| (8.164)

Hence

ψ0(β)= sinh(|ελ|β)
|ελ| −→ e|ελ|β

2|ελ| , as β→∞ (8.165)

In particular, since

∏

λ>0

e|ελ|β
2|ελ| = e

β
∑

λ>0

|ελ|
= e
−β

∑

λ<0

ελ

(8.166)

we get that the ground state energy EG is the sum of the single-particle energies of the
occupied (negative energy) states:

EG=
∑

λ<0

ελ (8.167)

8.8.2 Functional determinants, heat kernels, and ζ -function regularization

We have seen before that the evaluation of the effects of quantum fluctuations involves
the calculation of the determinant of a differential operator. In the case of nonrelativistic
single-particle quantummechanics, in section 5.2.2, we discussed in detail how to calculate
a functional determinant of the form Det

[−∂2t +W(t)
]
. However, the method we used

for that purpose becomes unmanageably cumbersome if applied to the calculation of
determinants of partial differential operators of the form Det

[−D2+W(x)
]
, where x≡ xμ

and D is some differential operator. Fortunately, there are better and more efficient ways of
doing such calculations.

Let Â be an operator, and
{
fn(x)

}
be a complete set of eigenstates of Â, with the eigenvalue

spectrum {an}, such that
Âfn(x)= anfn(x) (8.168)

We will assume that Â has a discrete spectrum of real positive eigenvalues, and hence it is
bounded from below. For the case of a continuous spectrum, we will put the system in a
finite box, which makes the spectrum discrete, and take limits at the end of the calculation.

The function ζ(s),

ζ(s)=
∞∑

n=1

1
ns
, for Re s> 1 (8.169)
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is the well-known Riemann ζ -function. We will now use the eigenvalue spectrum of the
operator Â to define the generalized ζ -function

ζA(s)=
∑

n

1
asn

(8.170)

where the sum runs over the labels (here denoted by n) of the spectrum of the operator Â.
Assume that the sum (infinite series) is convergent, which, in practice, will require that we
introduce some sort of regularization at the high end (high energies) of the spectrum.

On differentiation, we find

dζA
ds
=

∑

n

d
ds

e−s ln an =−
∑

n

ln an
asn

(8.171)

where we have assumed convergence. Then, in the limit s→ 0+, we find that the following
identity holds:

lim
s→0+

dζA
ds
=−

∑

n
ln an=− ln

∏

n
an≡− lnDetA (8.172)

Hence, we can formally relate the generalized ζ -function, ζA, to the functional determinant
of the operator A:

dζA
ds

∣∣∣
∣
s→0+
=− lnDetA (8.173)

We have thus reduced the computation of a determinant to the computation of a function
with specific properties.

Let us define now the generalized heat kernel,

GA(x, y; τ)=
∑

n
e−anτ fn(x)f ∗n ( y)≡〈x|e−τ Â|y〉 (8.174)

where τ > 0. The heat kernel GA(x, y; τ) clearly obeys the differential equation

− ∂τGA(x, y; τ)= ÂGA(x, y; τ) (8.175)

which can be regarded as a generalized heat equation. Indeed, for Â=−D�2, this is the
regular heat equation (where D is the diffusion constant) and, in this case, τ represents
time. In general, we will refer to τ as proper time.

The heat kernel GA(x, y; τ) satisfies the initial condition

lim
τ→0+

GA(x, y; τ)=
∑

n
fn(x)f ∗n (y)= δ(x− y) (8.176)

where we have used the completeness relation of the eigenfunctions
{
fn(x)

}
. Hence,

GA(x, y; τ) is the solution of a generalized heat equation with kernel Â. It defines a
generalized random walk or Markov process.

We now show that GA(x, y; τ) is related to the generalized ζ -function ζA(s). Indeed, let
us consider the heat kernel GA(x, y; τ) at short distances, y→ x, and compute the integral



Coherent-State Quantization . 203

(below, we denote by D the dimensionality of spacetime)
∫

dDx lim
y→x

GA(x, y; τ)=
∑

n
e−anτ

∫
dDx fn(x)f ∗n (x)

=
∑

n
e−anτ ≡ tr e−τ Â (8.177)

where we assumed that the eigenfunctions are normalized to unity:
∫

dDx
∣∣fn(x)

∣∣2= 1 (8.178)

(i.e., normalized inside a box).
We will now use that, for s> 0 and an> 0 (or at least, it has a positive real part), we can

write ∫ ∞

0
dτ τ s−1 e−anτ = �(s)

asn
(8.179)

where �(s) is the Euler gamma function:

�(s)=
∫ ∞

0
dτ τ s−1 e−τ (8.180)

Then, we obtain the identity

∫ ∞

0
dτ τ s−1

∫
dDx lim

y→x
GA(x, y; τ)=

∑

n

�(s)
asn

(8.181)

Therefore, we find that the generalized ζ -function, ζA(s), can be obtained from the
generalized heat kernel GA(x, y; τ):

ζA(s)= 1
�(s)

∫ ∞

0
dτ τ s−1

∫
dDx lim

y→x
GA(x, y; τ) (8.182)

This result suggests the following strategy for the computation of determinants. Given
the hermitian operator Â, we solve the generalized heat equation

Â GA=−∂τ GA (8.183)

subject to the initial condition

lim
τ→0+

GA(x, y; τ)= δD(x− y) (8.184)

Next we find the associated ζ -function, ζA(s), using the expression

ζA(s)= 1
�(s)

∫ ∞

0
dτ τ s−1

∫
dDx lim

y→x
GA(x, y; τ) (8.185)
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where we recognize the identity

tr e−τ Â≡
∫

dDx lim
y→x

GA(x, y; τ) (8.186)

We next take the limit s→ 0+ to relate the generalized ζ -function to the determinant:

lim
s→0+

dζA(s)
ds
=− ln det Â (8.187)

In practice, we will have to exercise some care in this step, since singularities arise as we take
this limit. Most often, we will keep the points x and y apart by a small but finite distance a,
which we will eventually attempt to take to zero. Hence, we need to understand in detail the
short-distance behavior of the heat kernel.

Furthermore, the propagator of the theory

SA(x, y)=〈x| Â−1 |y〉 (8.188)

can also be related to the heat kernel. Indeed, by expanding eq. (8.188) in the eigenstates of
Â, we find

SA(x, y)=
∑

n

〈x|n〉 〈n|y〉
an

=
∑

n

fn(x)f ∗n (y)
an

(8.189)

We can now write the integral of the heat kernel as
∫ ∞

0
dτ GA(x, y; τ)=

∑

n
fn(x)f ∗n (y)

∫ ∞

0
dτ e−anτ =

∑

n

fn(x)f ∗n (y)
an

(8.190)

Hence, the propagator SA(x, y) can be expressed as an integral of the heat kernel:

SA(x, y)=
∫ ∞

0
dτ GA(x, y; τ) (8.191)

Equivalently, since GA(x, y; τ) satisfies the heat equation

ÂGA=−∂τGA, then GA(x, y; τ)=〈x| e−τ Â |y〉 (8.192)

thus,
SA(x, y)=

∫ ∞

0
dτ 〈x| e−τ Â |y〉= 〈x| Â−1 |y〉 (8.193)

and which is indeed the Green function of Â,

ÂxS(x, y)= δ(x− y) (8.194)

It is worth noting that the heat kernel GA(x, y; τ), as can be seen from eq. (8.192), is
also the Gibbs density matrix of the bounded Hermitian operator Â. As such, it has an
imaginary time (τ !) path-integral representation. Here, to actually ensure convergence, we
must also require that the spectrum of Â be positive. In that picture, we view GA(x, y; τ) as
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the amplitude for the imaginary time (proper time) evolution from the initial state |y〉 to the
final state |x〉. In other words, we picture SA(x, y) as the amplitude needed to go from y to x
in an arbitrary time.

8.9 The determinant of the Euclidean Klein-Gordon operator

As an example of the use of the heat kernel method, let us use it to compute the
determinant of the Euclidean Klein-Gordon operator. Thus, we take the hermitian operator
Â to be

Â=−�2+m2 (8.195)

inDEuclidean spacetime dimensions. This operator has a bounded positive spectrum. Here
we are interested in a system with infinite size L→∞, and a large volume V = LD. We will
follow the steps outlined above.

We begin by constructing the heat kernelG(x, y; τ). By definition, it is the solution of the
partial differential equation

(−�2+m2)G(x, y; τ)=−∂τG(x, y; τ) (8.196)

satisfying the initial condition

lim
τ→0+

G(x, y; τ)= δD(x− y) (8.197)

We will find G(x, y; τ) by Fourier transforms:

G(x, y; τ)=
∫ dDp
(2π)D

G( p, τ) e ip · (x− y) (8.198)

ForG(x, y; τ) to satisfy eq. (8.196), its Fourier transformG( p; τ)must satisfy the differential
equation

− ∂τG( p; τ)=
(
p 2+m2) G( p; τ) (8.199)

The solution of this equation, consistent with the initial condition of eq. (8.197), is

G( p; τ)= e−
(
p 2+m2) τ (8.200)

We can now easily find G(x, y; τ) by simply finding the inverse transform of G( p; τ):

G(x, y; τ)=
∫ dDp
(2π)D

e−
(
p 2+m2) τ + ip · (x− y)

= 1
(4πτ)D/2

e
−

(

m2τ +
∣∣x− y

∣∣2

4τ

)

(8.201)
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Notice that for m→ 0, G(x, y; τ) reduces to the usual diffusion kernel (with unit diffusion
constant)

lim
m→0

G(x, y; τ)= 1
(4πτ)D/2

e
−

∣∣x− y
∣∣2

4τ (8.202)

Next we construct the ζ -function

ζ−�2+m2(s)= 1
�(s)

∫ ∞

0
dτ τ s−1

∫
dDx lim

y→x
G(x, y; τ) (8.203)

We first do the integral

∫ ∞

0
dτ τ s−1

∫
dDx G(x, y; τ)

= V
(4π)D/2

∫ ∞

0
dτ τ s−1−D/2 e

−
(
m2τ + R2

4τ

)

(8.204)

where R= |x− y|. Upon scaling the variable τ = λt, with λ=R/2m, we find that

∫ ∞

0
dτ τ s−1 G(x, y; τ)= 2

(4π)D/2

(
R
2m

)s−D
2
KD

2 −s(mR) (8.205)

where Kν(z),

Kν(z)= 1
2

∫ ∞

0
dt tν−1e

− z
2

(
t+ 1

t

)

(8.206)

is a modified Bessel function. Its short-argument behavior is

Kν(z)∼ �(ν)2

(
2
z

)ν
+ · · · (8.207)

As a check, notice that for s= 1, the integral of eq. (8.204) does reproduce the Euclidean
Klein-Gordon propagator discussed in section 5.6.3.

The next step is to take the short-distance limit:

lim
R→0

∫ ∞

0
dτ τ s−1G(x, y; τ)= lim

R→0

21−s

(2π)D/2
mD−2s

(mR)D2 −s
KD

2 −s(mR)

= �
(
s− D

2
)

(4π)D/2m2s−D (8.208)

Notice that the order of the limit and the integration have been exchanged. Also, after taking
the short-distance limitR→ 0, the expression above acquired a factor of� (s−D/2), which
is singular as s−D/2 approaches zero (or any negative integer). Thus, a small but finite R
smears this singularity.
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Finally we find the ζ -function by doing the (trivial) integration over space

ζ(s)= 1
�(s)

∫ ∞

0
dτ

∫
dDx lim

y→x
G(x, y; τ)

=Vμ−2s
mD

(4π)D/2
�

(
s− D

2
)

�(s)

(
m
μ

)−2s
(8.209)

where μ= 1/R plays the role of a cutoff mass (or momentum) scale that we will need to
make some quantities dimensionless. The appearance of this quantity is also a consequence
of the singularities.

Let us now consider the specific case of D= 4 dimensions. For D= 4, the ζ -function is

ζ(s)=V
m4

16π2
μ−2s

(s− 1)(s− 2)

(
m
μ

)−2s
(8.210)

We can now compute the desired (logarithm of the) determinant for D= 4 dimensions:

lnDet
[−�2+m2]=− lim

s→0+
dζ
ds
= m4

16π2

[
ln

m
μ
− 3

4

]
V (8.211)

where V = L4. A similar calculation for D= 2 yields the result

lnDet
[−�2+m2]=−m2

2π

[
ln

m
μ
− 1

2

]
V (8.212)

where V = L2.

8.10 Path integral for spin

We now discuss the use of path-integral methods to describe a quantum mechanical spin.
Consider a quantum mechanical system that consists of a spin in the spin-S representation
of the group SU(2). The space of states of the spin-S representation is 2S+1-dimensional,
and it is spanned by the basis {|S,M〉} which consists of the eigenstates of the operators S2
and S3, that is,

S2 |S,M〉= S(S+ 1) |S,M〉
S3 |S,M〉=M |S,M〉 (8.213)

with |M| ≤ S (in integer-spaced intervals). This set of states is complete, and it forms a basis
of this Hilbert space. The operators S1, S2, and S3 obey the SU(2) algebra,

[Sa, Sb]= iεabcSc (8.214)

where a, b, c= 1, 2, 3.
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n0 × n

n0

nθ

Figure 8.1 Geometry for a spin coherent state |n〉.

The simplest physical problem involving spin is the coupling to an external magnetic
field B through the Zeeman interaction

HZeeman=μB · S (8.215)

where μ is the Zeeman coupling constant (i.e., the product of the Bohr magneton and the
gyromagnetic factor).

Let us denote by |0〉 the highest weight state |S, S〉. Define the spin raising and lowering
operators S± as

S± = S1± iS2 (8.216)

The highest weight state |0〉 is annihilated by S+:

S+|0〉= S+|S, S〉= 0 (8.217)

Clearly, we also have

S2|0〉=S(S+ 1)|0〉
S3|0〉=S|0〉 (8.218)

Let us consider now the spin coherent state |n〉 (Perelomov, 1986),

|n〉= eiθn0× n · S |0〉 (8.219)

where n is a three-dimensional unit vector (n2= 1), n0 is a unit vector pointing along the
direction of the quantization axis (i.e., the “north pole” of the unit sphere), and θ is the
colatitude (see figure 8.1),

n · n0= cos θ (8.220)

As we will see, the state |n〉 is a coherent spin state that represents a spin polarized along the
n-axis. The state |n〉 can be expanded in the basis |S,M〉:
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n1 n2

n3

Figure 8.2 Spherical triangle with vertices at the unit vectors, n1, n2, and n3.

|n〉=
S∑

M=−S
D(S)MS(n) |S,M〉 (8.221)

Here the D(S)MS(n) are the representation matrices in the spin-S representation.
It is important to note that many rotations lead to the same state |n〉 from the highest

weight |0〉. For example, any rotation along the direction n results only in a change in the
phase of the state |n〉. These rotations are equivalent to amultiplication on the right by a rota-
tion about the z-axis. However, in quantummechanics, this phase has no physically observ-
able consequence. Hence we will regard all of these states as being physically equivalent.

In other words, the states form equivalence classes (or rays), and we must pick one and
only one state from each class. These rotations are generated by S3, the (only) diagonal
generator of SU(2). Hence, the physical states are not in one-to-one correspondence with
the elements of SU(2) but instead with the elements of the right coset SU(2)/U(1), with
the U(1) generated by S3. In the case of the coherent state of a more general Lie group, the
coset is obtained by dividing out the maximal torus generated by all diagonal generators of
the group. In mathematical language, if we consider all rotations at once, the spin coherent
states are said to form a hermitian line bundle.

A consequence of these observations is that the D matrices do not form a group under
matrix multiplication. Instead they satisfy

D(S)(n1)D(S)(n2)=D(S)(n3) ei�(n1, n2, n3)S3 (8.222)

where the phase factor is usually called a cocycle. Here�(n1, n2, n3) is the (oriented) area of
the spherical triangle with vertices at n1, n2, n3 (see figure 8.2).

However, since the sphere is a closed surface, which area do we actually mean? “Inside”
or “outside”? Thus, the phase factor is ambiguous by an amount determined by 4π , the total
area of the sphere:

ei4πM (8.223)

However, since M is either an integer or a half-integer, this ambiguity in � has no conse-
quence whatsoever:

ei4πM = 1 (8.224)
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We can also regard this result as a requirement that M be quantized to be an integer or a
half-integer (i.e., the representations of SU(2)).

The states |n〉 are coherent states that satisfy the following properties (Perelomov, 1986).
The overlap of two coherent states |�n1〉 and |n2〉 is

〈n1|n2〉= 〈0|D(S)(n1)†D(S)(n2)|0〉

= 〈0|D(S)(n0)ei�(n1, n2, �n0)S3 |0〉

=
(
1+ n1 · n2

2

)S
ei�(n1, n2, n0)S (8.225)

The (diagonal) matrix element of the spin operator is

〈n|S|n〉= S n (8.226)

Finally, the (overcomplete) set of coherent states {|n〉} has a resolution of the identity of the
form

Î=
∫

dμ(n) |n〉〈n| (8.227)

where the integration measure dμ(n) is

dμ(n)=
(
2S+ 1
4π

)
δ(n2− 1)d3n (8.228)

Let us now use the coherent states {|n〉} to find the path integral for a spin. In imaginary
time τ (and with periodic boundary conditions), the path integral is simply the partition
function

Z= tr e−βH (8.229)

where β = 1/T (T is the temperature), andH is theHamiltonian. As usual, the path-integral
form of the partition function is found by splitting up the imaginary time interval 0≤ τ ≤β
into Nτ steps, each of length δτ , such that Nτ δτ =β . Hence we have

Z= lim
Nτ→∞,δτ→0

tr
(
e−δτH

)Nτ
(8.230)

and must insert the resolution of the identity at every intermediate time step:

Z= lim
Nτ→∞,δτ→0

⎛

⎝
Nτ∏

j=1

∫
dμ(nj)

⎞

⎠

⎛

⎝
Nτ∏

j=1
〈n(τj)|e−δτH |n(τj+1)〉

⎞

⎠

� lim
Nτ→∞,δτ→0

⎛

⎝
Nτ∏

j=1

∫
dμ(�nj)

⎞

⎠

⎛

⎝
Nτ∏

j=1

[〈n(τj)|�n(τj+1)〉− δτ 〈n(τj)|H|n(τj+1)〉
]
⎞

⎠ (8.231)
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However, since
〈n(τj)|H|n(τj+1)〉
〈n(τj)|n(τj+1)〉 � 〈n(τj)|H|n(τj)〉=μSB · n(τj) (8.232)

and

〈n(τj)|n(τj+1)〉=
(1+ n(τj) · n(τj+1)

2

)S
ei�(n(τj), n(τj+1), n0)S (8.233)

we can write the partition function in the form

Z= lim
Nτ→∞,δτ→0

∫
Dn e−SE[n] (8.234)

where SE[n] is given by

−SE[n]= iS
Nτ∑

j=1
�(n(τj), �n(τj+1), n0)

+ S
Nτ∑

j=1
ln

(1+ n(τj) · �n(τj+1)
2

)
−

Nτ∑

j=1
(δτ )μS n(τj) ·B (8.235)

The first term on the right side of eq. (8.235) contains the expression �(n(τj), �n(τj+1), n0),
which has a simple geometric interpretation: It is the sum of the areas of the Nτ contiguous
spherical triangles. These triangles have the pole n0 as a common vertex, and their other
pairs of vertices trace a spherical polygon with vertices at {n(τj)}. In the time-continuum
limit, this spherical polygon becomes the history of the spin, which traces a closed oriented
curve �={n(τ )} (with 0≤ τ ≤β). Let us denote by �+ the region of the sphere whose
boundary is � and which contains the pole n0. The complement of this region is�−, and it
contains the opposite pole−n0. Hence we find that

lim
Nτ→∞,δτ→0

�(n(τj), n(τj+1), n0)=A[�+]= 4π −A[�−] (8.236)

where A[�] is the area of the region �. Once again, the ambiguity of the area leads to the
requirement that S should be an integer or a half-integer.

There is a simple and elegant way to write the area enclosed by �. Let n(τ ) be a history
and � be the set of points on the 2-sphere traced by n(τ ) for 0≤ τ ≤β . Define n(τ , s) (with
0≤ s≤ 1) to be an arbitrary extension of n(τ ) from the curve � to the interior of the upper
cap�+, as shown in figure 8.3, such that

n(τ , 0)= n(τ ), n(τ , 1)= n0, n(τ , 0)= n(τ +β , 0) (8.237)

Then the area can be written in the compact form

A[�+]=
∫ 1

0
ds

∫ β

0
dτ n(τ , s) · ∂τn(τ , s)× ∂sn(τ , s)≡ SWZ[n] (8.238)

In mathematics, this expression for the area is called the (simplectic) 2-form, and in the
literature, it is usually called a Wess-Zumino action (Witten, 1984), SWZ, or a Berry phase
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n0Ω+

Ω–

n(τj)

n(τj+1)

Figure 8.3 The function n(τ , s) as an arbitrary extension of the history n(τ ) to the upper cap �+ of
the sphere S2.

(Simon, 1983; Berry, 1984). The coherent-state path integral for spin is a special case of the
method of geometric quantization (Wiegmann, 1989).

Thus, in the (formal) time continuum limit, the action SE becomes (Fradkin and Stone,
1988)

SE=−iSSWZ[n]+ Sδτ
2

∫ β

0
dτ (∂τn(τ ))2+

∫ β

0
dτ μSB · n(τ ) (8.239)

Notice that we have kept (temporarily) a term of order δτ , which we will drop shortly.
How should we interpret eq. (8.239)? Since n(τ ) is constrained to be a point on the

surface of the unit sphere (i.e., n2= 1), the action SE[n] can be interpreted as the action of a
particle of massM= Sδτ→ 0, and �n(τ ) is the position vector of the particle at (imaginary)
time τ . Thus, the second term is a (vanishingly small) kinetic energy term, and the last term
in eq. (8.239) is a potential energy term.

What is the meaning of the first term? In eq. (8.238), we saw that SWZ[n], the so-called
Wess-Zumino or Berry phase term in the action, is the area of the (positively oriented)
regionA[�+] “enclosed” by the “path” n(τ ). In fact,

SWZ[n]=
∫ 1

0
ds

∫ β

0
dτn · ∂τn× ∂sn (8.240)

is the area of the oriented surface �+, whose boundary is the oriented path �= ∂�+ (see
figure 8.3). Using the Stokes’ theorem, we can write the expression SA[n] as the circulation
of a vector field A[n],

∮

∂�

dn ·A[n(τ )]=
∫∫

�+
dS ·�n×A[n(τ )] (8.241)

provided the “magnetic field” �n×A is “constant,” namely,

B=�n×A[n(τ )]= S n(τ ) (8.242)
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Total flux
Ф = 4πS

Figure 8.4 A hairy ball or monopole.

In other words, this is the magnetic field of a magnetic monopole located at the center of
the sphere (see figure 8.4). What is the total flux� of this magnetic field?

�=
∫

sphere
dS ·�n×A[n]= S

∫
dS · n≡ 4πS (8.243)

Thus, the total number of flux quanta Nφ piercing the unit sphere is

Nφ = �

2π
= 2S=magnetic charge (8.244)

We reach the conclusion that the magnetic charge is quantized, a result known as the Dirac
quantization condition.

Is this result consistent with what we know about charged particles in magnetic fields?
In particular, how is this result related to the physics of spin? To answer these questions, let
us go back to real time and write the action

S[n]=
∫ T

0
dt

[
M
2

(
dn
dt

)2
+A[n(t)] · dn

dt
−μSn(t) ·B

]

(8.245)

with the constraint n 2= 1 and where the limitM→ 0 is implied.
The classical Hamiltonian associated to the action in eq. (8.245) is

H= 1
2M

[
n× (

p−A[n])
]2+μSn ·B≡H0+μSn ·B (8.246)

It is easy to check that the vector �,

�= n× (
p−A

)
(8.247)

satisfies the algebra
[�a,�b]= i�εabc (�c− �Snc) (8.248)
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where a, b, c= 1, 2, 3; εabc is the (third rank) Levi-Civita tensor; and with

� · n= n ·�= 0 (8.249)

the generators of rotations for this system are

L=�+ �Sn (8.250)

The operators L and � satisfy the (joint) algebra

[La, Lb]=−i�εabcLs,
[
La, L2

]= 0

[La, nb]= i�εabcnc, [La,�b]= i�εabc�c

(8.251)

Hence
[
La,�2]= 0 ⇒ [La,H]= 0 (8.252)

Since the operators La satisfy the angular momentum algebra, we can diagonalize L2 and L3
simultaneously. Let |m, �〉 be the simultaneous eigenstates of L2 and L3,

L2|m, �〉= �
2�(�+ 1)|m, �〉 (8.253)

L3|m, �〉= �m|m, �〉 (8.254)

H0|m, �〉= �
2

2MR2

(
�(�+ 1)− S

2S

)
|m, �〉 (8.255)

where R= 1 is the radius of the sphere. The eigenvalues � are of the form �= S+ n, |m| ≤ �,
with n∈Z

+ ∪ {0} and 2S∈Z
+ ∪ {0}. Hence each level is (2�+ 1)-fold degenerate, or what

is equivalent, (2n+ 1+ 2S)-fold degenerate. Then we get

� 2= L 2− n 2
�
2S2= L 2− �

2S2 (8.256)

Since M= Sδt→ 0, the lowest energies in the spectrum of H0 are those with the smallest
values of � (i.e., states with n= 0 and �= S). The degeneracy of this “Landau” level is 2S+ 1,
and the gap to the next excited states diverges as M→ 0. Thus, in the M→ 0 limit, the
lowest energy states have the same degeneracy as the spin-S representation. Moreover, the
operators L 2 and L3 become the corresponding spin operators. Thus the equivalency found
is indeed correct.

Thus we have shown that the quantum states of a scalar (nonrelativistic) particle bound
to a magnetic monopole of magnetic charge 2S, obeying the Dirac quantization condition,
are identical to those of a spinning particle (Wu and Yang, 1976)!

We close this section with some observations on the semiclassical motion. From the (real
time) action (already in theM→ 0 limit),

S =−
∫ T

0
dtμS n ·B+ S

∫ T

0
dt

∫ 1

0
ds n · ∂tn× ∂sn (8.257)
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we can derive a classical equation ofmotion by looking at the stationary configurations. The
variation of the second term in eq. (8.257) is

δS = S δ
∫ T

0
dt

∫ 1

0
ds n · ∂tn× ∂sn= S

∫ T

0
dtδn(t) · n(t)× ∂tn(t) (8.258)

and the variation of the first term in eq. (8.257) is

δ

∫ T

0
dtμSn(t) ·B=

∫ T

0
dt δn(t) ·μSB (8.259)

Hence,

δS =
∫ T

0
dt δn(t) ·

(
−μSB+ Sn(t)× ∂tn(t)

)
(8.260)

which implies that the classical trajectories must satisfy the equation of motion

μB= n× ∂tn (8.261)

If we now use the vector identity

n× n× ∂tn= (n · ∂tn) n− n 2∂tn (8.262)

and
n · ∂tn= 0, n 2= 1 (8.263)

we get the classical equation of motion:

∂tn=μB× n (8.264)

Therefore, the classical motion is precessional, with an angular velocity �pr=μB.

Exercises

8.1 Hilbert space of analytic functions
Let â and â† be a pair of creation and annihilation operators that act on a Hilbert
space of statesH to be specified below. The operators satisfy the algebra

[
â, â†

]= 1,
[
â, â

]= [
â†, â†

]= 0

The Hilbert space H is defined to be the space of (locally) analytic functions f (z)
of a complex variable z= x+ iy. The inner product in the space H for two analytic
functions f and g is defined to be

(
f , g

)=
∫ dzdz̄

2π i
e−|z|2 f̄ (z)g(z) (8.265)



216 . Chapter 8

where z̄ is the complex conjugate of z, |z|2= zz̄, and the integration measure is

dzdz̄
2π i
≡ dxdy

π
(8.266)

1) Show that â†≡ z and â≡ d
dz are a representation of the algebra in this space (i.e.,

show that they satisfy the algebra when acting on the spaceH).
2) Show that the monomials ψn(z)= zn√

n! are orthonormal with the inner product
defined above.

3) Show that ψn(z) is an eigenfunction of the number operator N̂= â†â. Find its
eigenvalue.

8.2 Bose coherent states
Let |z〉 be the coherent state

|z〉= ezâ† |0〉 (8.267)

where |0〉 is the state annihilated by â.

1) Let |ψ〉 denote the state
|ψ〉=

∞∑

n=0

ψn

n! (â
†)n|0〉 (8.268)

Evaluate the inner product 〈ψ |z〉.
2) Compute the inner product 〈u|w〉, where u and w are two arbitrary complex

numbers.
3) Let Â be the normal-ordered operator

Â=
∞∑

n,m=0
An,m(â†)n(â)m (8.269)

Prove the formula
〈u|Â|w〉=A(ū,w)〈u|w〉 (8.270)

where A(ū,w) is obtained from Â by means of the substitutions

â†→ ū, â→w (8.271)

4) Prove the formula (“resolution of the identity”)

Î=
∫ dzdz̄

2π i
e−|z|2 |z〉〈z| (8.272)

where Î is the identity operator.

8.3 Grassmann variables

1) Let a and a∗ be a pair of Grassmann variables. Let g(a∗) be an analytic function of
a single Grassmann variable a∗, that is,

g(a∗)= g0+ g1a∗ (8.273)
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and let f (a) be another such function. Show that the inner product 〈 f |g〉 defined
by

〈 f |g〉=
∫

da∗da e−a∗af (a∗)∗g(a∗) (8.274)

implies that
〈 f |g〉= f̄0g0+ f̄1g1 (8.275)

where x̄ stands for the complex conjugate of x.
2) Show that

(Af )(a∗)=
∫

dα∗dαA(a∗,α)f (α∗)e−α∗α = g(a∗) (8.276)

is equivalent to (
g0
g1

)
=

(
A00 A10
A01 A11

) (
f0
f1

)
(8.277)

and that

(AB) (a∗, a)=
∫

dα∗dα e−α∗α A(a∗,α)B(α∗, a)=C(a∗, a) (8.278)

is equivalent to the standard definition of the product of two 2× 2 matrices.
3) Show that the operators â∗ and â, defined by

â∗f (α∗)= a∗f (a∗), âf (a∗)= d
da∗

f (a∗) (8.279)

satisfy canonical anticommutation relations, that is, â∗ â∗ = â â= 0 and
{â∗, â}= 1.

4) Show that, if {ξj} is a set of N Grassmann variables ( j= 1, . . . ,N), then the
Grassmann integral is

Z =
∫ N∏

j=1
dξ ∗j dξj exp

{
−

∑
ξ ∗k Mklξl

}
=DetM (8.280)

8.4 Path integral for Dirac fermions
The Lagrangian density L for the free massive Dirac field in four-dimensional
Minkowski space is

L= ψ̄ (
i/∂ −m

)
ψ (8.281)

1) Consider the path integral for a free Dirac field in four spacetime dimensions,
coupled to a set of Grassmann sources η̄α(x) and ηα(x). Derive an expression for
this generating function in terms of the sources and a fermion determinant. Do
not compute the determinant.

2) Use the results of the first part of this exercise to show that the Feynmanpropagator
of the Dirac theory is given by

SαβF (x− y)=〈x,α| 1
i/∂ −m

|y,β〉 (8.282)
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3) Use the results of the first part of this exercise to derive an expression for the
four-point function

S(4)F (x1, x2, x3, x4)α,β ,γ ,δ =〈0|ψα(x1)ψβ(x2)ψ̄γ (x3)ψ̄δ(x4)|0〉 (8.283)

in terms of products of propagators. Beware of the signs!

8.5 The weakly interacting Bose gas
Consider a gas of nonrelativistic Bose particles at fixed density ρ inside a very
large box of linear size L in three space dimensions. Let φ†(x) and φ(x) be a set
of boson creation and annihilation operators, respectively. The second quantized
Hamiltonian is

H=
∫

d3x

[

φ†(x)
(
p̂2

2m
−μ

)

φ(x)+ n̂(x)V(x− x′)n̂(x′)
]

(8.284)

where μ is the chemical potential, n̂=φ†φ, and V(r) is a rotationally invariant
short-range interaction, which we will take to be equal to

V(x− x′)= λδ3(x− x′) (8.285)

The positive constant λ is the scattering amplitude andwill play the role of a coupling
constant for this system.

1) Use the method of Bose coherent states to find a path-integral formula for the
partition function of this system at temperature T. Do not compute the path
integral at this stage. Assume constant boundary conditions at spatial infinity
(i.e., the field amplitude approaches a constant value at the boundaries). Carefully
specify the boundary conditions in the imaginary time dimension. Write your
answer down in the form

Z =
∫

Dφ∗Dφ e−SE(φ∗,φ) (8.286)

and give an explicit expression for the Euclidean action SE.
2) Use the method of semiclassical quantization (i.e., the saddle point expansion) to

determine the classical path at temperature T. What condition should be satisfied
by φ(x) for it to be such a classical path? Find the relationship between the ground
state of the system atT= 0 and this classical path in the limitT→ 0. Is the solution
unique? Justify your answer. Hint: Think of the symmetries of the Lagrangian.
This will give you an idea about the uniqueness of the classical path. Youmay find
it convenient to write the classical path φ(x) in the form of an amplitude times a
phase.

3) Compute the time-ordered Green function

G(x− y)=−i 〈T̂φ̂(x)φ̂†(y)〉 (8.287)

at T= 0, in the semiclassical limit. What is the asymptotic value of G in the limit
of equal times and large space separation? Give a physical interpretation of this
result.
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4) Consider small quantum fluctuations around the classical path found in part 2 of
this exercise. Write an arbitrary configuration φ(x) in the form

φ(x)=√
ρ0+ δρ(x) eiθ(x) (8.288)

Expand the action in powers of δρ and θ up to second order in both variables.
Check the cancellation of the linear terms. Integrate out the density fluctuations,
and find an effective action for the phase variable

e−Seff (θ(x))=
∫

Dδρ e−SE (8.289)

which is quadratic in θ .
5) Show that, for configurations {θ(x)} that are slowly varying, the effective action

has the form

Seff =
∫

d4x
1
2

[
a (∂τ θ)2+ b (�θ(x))2] (8.290)

and calculate the coefficients a and b. Find the analytic continuation of this
expression back in real time. Find the time-ordered propagator of the phase field
θ(x). What equation of motion does it satisfy? Draw an analogy between this
equation and the equation of motion for a relativistic massless scalar field.

8.6 Functional determinants and the Casimir effect
Consider a free scalar field φ(x, t) in 1+1 spacetime dimensions. The Lagrangian
density L is

L= 1
2
∂μφ(x)∂μφ(x)− 1

2
m2φ(x)2 (8.291)

where x≡ (x, t). Consider the case in which the total length of the system along
the space coordinate is equal to L, and assume periodic boundary conditions,
that is,

φ(x, t)=φ(x+ L, t) (8.292)

for all times t.

1) Calculate the classical value of the ground state energy of the system with the
boundary conditions specified above.

2) Use path integral methods to derive a formal expression for the total ground
state energy density (i.e., energy per unit length). This formula should contain
a determinant, which you should not compute for the moment.

3) Use the method of the ζ -function to compute the quantum correction to the
ground state energy density. Consider the massless limit m→ 0 only. Write your
answer in the form of an extensive term and a finite-sized term that vanishes as
L→∞ like A/Lη, with η> 0. Find the value of this exponent η as well as that of
the coefficient A, sign included. Note: You may have to keep a dependence on the
mass in one of the two terms. Keep just the leading behavior in the small-mass
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limit. Hint: At some point in the calculation, the following Poisson summation
formula may be useful:

∞∑

n=−∞
f (n)=

∞∑

m=−∞

∫ ∞

−∞
dx f (x) e2π imx (8.293)

4) If you interpret the dependence of the ground state energy on the linear size of the
system L as a potential energy for the “walls” that confine the system, what can
you say about the force that the zero-point fluctuations exert on these so-called
walls? Note: To speak about walls, we should have used vanishing, instead of
periodic boundary conditions, aswe have done. The calculation is somewhatmore
complicated in that case. This effect (i.e., a force exerted on the walls of a system
by the zero-point motion of a field) is known as the Casimir effect.



9

Quantization of Gauge Fields

We now turn to the problem of the quantization of gauge theories. We begin with the
simplest gauge theory: the free electromagnetic field. This is an abelian gauge theory.
After that we will discuss at length the quantization of non-abelian gauge fields. Unlike
abelian theories, such as the free electromagnetic field, even in the absence of matter fields,
non-abelian gauge theories are not free fields and have highly nontrivial dynamics.

9.1 Canonical quantization of the free electromagnetic field

Maxwell’s theory was the first field theory to be quantized. The quantization procedure of
a gauge theory, even for a free field, involves various subtleties not shared by the other
problemswe have considered so far. The issue is that this theory has a local gauge invariance.
Unlike systems that only have global symmetries, not all the classical configurations of
vector potentials represent physically distinct states. It could be argued that one should
abandon the picture based on the vector potential and go back to a picture based on electric
and magnetic fields instead. However, no local Lagrangian can describe the time evolution
of the system in that representation. Furthermore, is not clear which field, E or B (or some
other field), plays the role of coordinates andwhich can play the role ofmomentum. For that
reason (and others), one sticks with the Lagrangian formulation with the vector potential
Aμ as its independent coordinate-like variable.

The Lagrangian for Maxwell’s theory,

L=−1
4
FμνF μν (9.1)

where Fμν = ∂μAν − ∂νAμ, can be written in the form

L= 1
2
(E2−B2) (9.2)

where
Ej=−∂0Aj− ∂jA0, Bj=−εjk�∂kA� (9.3)
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The electric field Ej and the space components of the vector potential Aj form a canonical
pair, since by definition, the momentum�j that is conjugate to Aj is

�j(x)= δL
δ∂0Aj(x)

= ∂0Aj+ ∂jA0=−Ej (9.4)

Notice that since L does not contain any terms that include ∂0A0, the momentum �0,
conjugate to A0, vanishes:

�0= δL
δ∂0A0

= 0 (9.5)

A consequence of this result is that A0 is essentially arbitrary, and it plays the role of a
Lagrange multiplier. Indeed, it is always possible to find a gauge transformation φ

A′0=A0+ ∂0φ, A′j=Aj− ∂jφ (9.6)

such that A′0= 0. The solution is
∂0φ=−A0 (9.7)

which is consistent, provided that A0 vanishes both in the remote past and in the remote
future, x0→±∞.

The canonical formalism can be applied toMaxwellian electrodynamics by noticing that
the fields Aj(x) and�j′(x′) obey the equal-time Poisson brackets,

{Aj(x),�j′(x′)}PB= δjj′δ3(x− x′) (9.8)

or, in terms of the electric field E,

{Aj(x),Ej′(x′)}PB=−δjj′δ3(x− x′) (9.9)

Thus, the spatial components of the vector potential and the components of the electric
field are canonical pairs. However, the time component of the vector field, A0, does not
have a canonical pair. Thus, the quantization procedure treats it separately, as a Lagrange
multiplier field that imposes a constraint, which we will see is Gauss’s law. However, at the
operator level, the condition �0= 0 must then be imposed as a constraint. This fact led
Dirac to formulate the theory of quantization of systems with constraints (Dirac, 1966).
There is, however, another approach, also initiated by Dirac, consisting of setting A0= 0
and imposing Gauss’s law as a constraint on the space of quantum states. As we will see, this
approach amounts to fixing the gauge first (at the price of manifest Lorentz invariance).

The classical Hamiltonian density is defined in the usual manner:

H=�j∂0Aj−L (9.10)

We find
H(x)= 1

2
(E2+B2)−A0(x)� ·E(x) (9.11)

Except for the last term, this is the usual form. It is easy to see that the last term is a constant
of motion. Indeed, the equal-time Poisson bracket between the Hamiltonian densityH(x)
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and � ·E(y) is zero. By explicit calculation, we get

{H(x),� ·E(y)}PB=
∫

d3z
[
− δH(x)
δAj(z)

δ� ·E(y)
δEj(z)

+ δH(x)
δEj(z)

δ� ·E(y)
δAj(z)

]
(9.12)

But

δH(x)
δAj(z)

=
∫

d3w
δH(x)
δBk(w)

δBk(w)
δAj(z)

=
∫

d3wBk(w)δ(x−w)εk�j�w
� δ(w− z)

=−εk�j�z
�

∫
d3wBk(w)δ(x−w)δ(w− z) (9.13)

Hence,
δH(x)
δAj(z)

= εj�k�z
� (Bk(x)δ(x− z))= εj�kBk(x)�x

� δ(x− z) (9.14)

Similarly, we get
δ� ·E(y)
δEj(z)

=�y
j δ(y− z),

δ� ·E(y)
δAj(z)

= 0 (9.15)

Thus, the Poisson bracket is

{H(x),� ·E(y)}PB=
∫

d3z[−εj�kBk(x)�x
� δ(x− z)�y

j δ(y− z)]

=−εj�kBk(x)�x
��y

j δ(x− y)

= εj�kBk(x)�x
��x

j δ(x− y)= 0 (9.16)

provided that B(x) is nonsingular. Thus, � ·E(x) is a constant of motion. It is easy to
check that� ·E generates infinitesimal gauge transformations. We will prove this statement
directly in the quantum theory.

Since � ·E(x) is a constant of motion, if we pick a value for it at some initial time x0 it
will remain constant in time. Thus we can write

� ·E(x)= ρ(x) (9.17)

which we recognize to be Gauss’s law. Naturally, an external charge distribution can be
explicitly time dependent, and then we have

d
dx0

(� ·E)= ∂

∂x0
(� ·E)= ∂

∂x0
ρext(x, x0) (9.18)

Before turning to the quantization of this theory, notice that A0 plays the role of a Lagrange
multiplier field, whose variation yields Gauss’s law, � ·E= 0. Hence, Gauss’s law should
be regarded as a constraint rather than as an equation of motion. This issue becomes very
important in quantum theory. Indeed, without the constraint � ·E= 0, the theory is both
absolutely trivial and wrong.
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Constraints impose very tight restrictions on the allowed states of a quantum theory.
For instance, consider a particle of mass m moving freely in three-dimensional space. Its
stationary states have plane wave functions 
p(r, x0), with energy E(p)= p 2

2m . If we con-
strain the particle to move only on the surface of a sphere of radius R, it becomes equivalent
to a rigid rotor of moment of inertia I=mR2 and energy eigenvalues ε�m= �

2

2I �(�+ 1)
where �= 0, 1, 2, . . ., and |m| ≤ �. Thus, even the simple constraint r 2=R2 has nontrivial
effects.

Unlike the case of a particle forced tomove on the surface of a sphere, the constraints that
we have to impose when quantizing Maxwellian electrodynamics do not change the energy
spectrum. This is because we can reduce the number of degrees of freedom to be quantized
by taking advantage of the gauge invariance of the classical theory. This procedure is called
gauge fixing. For example, the classical equation of motion

∂2Aμ− ∂μ(∂νAν)= 0 (9.19)

in the Coulomb gauge, A0= 0 and � ·A= 0, becomes

∂2Aj= 0 (9.20)

However, the Coulomb gauge is not compatible with the Poisson bracket,

{
Aj(x),�j, (x′)

}
PB= δjj′δ(x− x′) (9.21)

since the spatial divergence of the delta function does not vanish. It follows that the
quantization of the theory in the Coulomb gauge is achieved at the price of a modification
of the commutation relations.

Since the classical theory is gauge invariant, we can always fix the gauge without any
loss of physical content. The procedure of gauge fixing is attractive, because the number
of independent variables is greatly reduced. A standard approach to the quantization of a
gauge theory is to fix the gauge first, at the classical level, and to quantize later.

However, some problems arise immediately. For instance, in most gauges (e.g., the
Coulomb gauge), Lorentz invariance is lost, or at least it is manifestly so. Thus, although
the Coulomb gauge (also known as the radiation or transverse gauge) spoils Lorentz
invariance, it has the attractive feature that the nature of the physical states (the photons) is
quite transparent. In section 9.2, we will see that the quantization of the theory in this gauge
has some peculiarities.

Another standard choice is the Lorentz gauge

∂μAμ= 0 (9.22)

whose main appeal is its manifest covariance. The quantization of the system in this gauge
follows the method developed by Suraj Gupta and Konrad Bleuer. While highly successful,
it requires the introduction of states with negative norms (known as ghosts), which cancel
all the gauge-dependent contributions to physical quantities. This approach is described in
detail in the book by Itzykson and Zuber (1980).

More general covariant gauges can also be defined. A general approach consists not of
imposing a rigid restriction on the degrees of freedom, but of adding new terms to the
Lagrangian that eliminate the gauge freedom. For instance, the modified Lagrangian
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L=−1
4
F2
μν +

1
2α
(∂μAμ(x))2 (9.23)

is not gauge invariant because of the presence of the last term. We can easily see that this
term weighs gauge-equivalent configurations differently, and the parameter 1/α plays the
role of a Lagrange multiplier field. In fact, in the limit α→ 0, we recover the Lorentz
gauge condition. In the path integral quantization of Maxwell’s theory, it is proven that this
approach is equivalent to averaging physical quantities over gauges. If α= 1, the equations
of motion become very simple (i.e., ∂2Aμ= 0). This is the Feynman gauge. In this gauge,
the calculations are simplest, although here too, the quantization of the theory has subtleties
(such as ghosts).

Still, in the Hamiltonian or canonical quantization procedure, a third approach has been
developed. In this approach, one fixes the gauge A0= 0. This condition is not enough to
eliminate completely the gauge freedom. In this gauge, a residual set of time-independent
gauge transformations are still allowed. In this approach, quantization is achieved by
replacing the Poisson brackets by commutators, and Gauss’s law now becomes a constraint
on the space of physical quantum states. So, we quantize first and constrain later.

In general, it is a nontrivial task to prove that all the different quantizations yield a theory
with the same physical properties. In practice, what one has to prove is that these different
gauge choices yield theories whose states differ from one another by, at most, a unitary
transformation. Otherwise, the quantized theories would be physically inequivalent. In
addition, the recovery of Lorentz invariance may be a bit tedious in some cases. There
is, however, an alternative, complementary approach to the quantum theory, in which
most of these issues become transparent. This is the path-integral approach. This method
has the advantage that all symmetries are taken care of from the outset. In addition, the
canonical methods encounter very serious difficulties in the treatment of the non-abelian
generalizations of Maxwellian electrodynamics.

We will consider here two canonical approaches: 1) quantization in the Coulomb gauge
and 2) canonical quantization in the A0= 0 gauge in the Schrödinger picture.

9.2 Coulomb gauge

Quantization in the Coulomb gauge follows very closely the methods developed for the
scalar field. Indeed, the classical constraints A0= 0 and � ·A= 0 allow for a Fourier
expansion of the vector potential A(x, x0). In Fourier space, we write

A(x, x0)=
∫ d3p
(2π)32p0

A(p, x0) exp(ip · x) (9.24)

where A(p, x0)=A∗(−p, x0). Maxwell’s equations yield the classical equation of motion,
the wave equation:

∂2A(x, x0)= 0 (9.25)

The Fourier expansion is consistent only if the amplitude A(p, x0) satisfies

∂20A(p, x0)+ p 2A(p, x0)= 0 (9.26)
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The constraint � ·A= 0 in turn becomes the transversality condition:

p ·A(p, x0)= 0 (9.27)

Hence, A(p, x0) has the time dependence

A(p, x0)=A(p)eip0x0 +A(−p)e−ip0x0 (9.28)

where p0= |p|. Then, the mode expansion takes the form

A(x, x0)=
∫ d3p
(2π)32p0

[
A∗(p)eip·x+A(p)e−ip·x

]
(9.29)

where p · x= pμxμ. The transversality condition, eq. (9.27), is satisfied by introducing two
polarization unit vectors, ε1(p) and ε2(p), such that ε1 · ε2= ε1 · p= ε2 · p= 0, and ε21=
ε22= 1. Hence, if the amplitude A has to be orthogonal to p, it must be a linear combination
of ε1 and ε2,

A(p)=
∑

α=1,2
εα(p)aα(p) (9.30)

where the factors aα(p) are complex amplitudes. In terms of aα(p) and a∗α(p), the
Hamiltonian looks like a sum of oscillators.

In the Coulomb gauge, the passage to the quantum theory is achieved by assigning to
each amplitude aα(p) aHeisenberg annihilation operator âα(p). Similarly, a∗α(p)maps onto
the adjoint operator, the creation operator â†

α(p). The expansion of the vector potential in
modes is now

Â(x)=
∫ d3p
(2π)32p0

∑

α=1,2
εα(p)

[
âα(p)e−ip·x+ â†

α(p)eip·x
]

(9.31)

with p2= 0 and p0= |p|. The operators âα(p) and â†
α(p) satisfy canonical commutation

relations:

[âα(p), â†
α′(p

′)]= 2p0(2π)3δ(p− p ′)

[âα(p), âα′(p ′)]= [â†
α(p), â

†
α′(p

′)]= 0 (9.32)

It is straightforward to check that the vector potential A(x) and the electric field E(x) obey
the (unconventional) equal-time commutation relation,

[Aj(x),Ej′(x ′)]=−i
(
δjj′ − �j�j′

�2

)
δ3(x− x ′) (9.33)

where the symbol 1/�2 represents the inverse of the Laplacian (i.e., the Laplacian Green
function). In the derivation of this relation, the following identity was used:

∑

α=1,2
εjα(p)εj

′
α(p)= δjj′ −

pjpj′
p2

(9.34)
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These commutation relations are an extension of the canonical commutation relation and
are a consequence of the transversality condition, � ·A= 0.

In this gauge, the (normal-ordered) Hamiltonian is

Ĥ=
∫ d3p
(2π)32p0

p0
∑

α=1,2
â†
α(p)âα(p) (9.35)

The ground state (i.e., the vacuum state |0〉) is annihilated by both polarizations âα(p)|0〉=
0. The single-particle states are â†

α(p)|0〉 and represent transverse photons withmomentum
p, energy p0= |p|, and with the two possible linear polarizations labeled by α= 1, 2. Cir-
cularly polarized photons can be constructed in the usual manner.

The Coulomb gauge has the advantage that, in this picture, the electromagnetic field
can be regarded as a collection of linear harmonic oscillators, which are then quantized.
Of course, this is a simple reflection of the fact that Maxwell electrodynamics is a free field
theory. It has, however, several problems. One is that Lorentz invariance is violated from
the outset and has to be recovered afterward in the computation of observables. The other
is that (as we will discuss below) in non-abelian theories, the Coulomb gauge does not exist
globally. For these reasons, its usefulness is essentially limited to Maxwell’s theory.

9.3 The gauge A0 =0

In this gauge, we directly apply the canonical formalism. In what follows, we fix A0= 0 and
associate to the three spatial components Aj of the vector potential an operator, Âj, which
acts on a Hilbert space of states. Similarly, to the canonical momentum�j=−Ej, we assign
an operator �̂j. These operators obey the equal-time commutation relations

[Âj(x), �̂j′(x ′)]= iδ(x− x ′)δjj′ (9.36)

Hence, the vector potential A and the electric field E are not canonically conjugate
operators and do not commute with each other:

[Âj(x), Êj′(x ′)]=−iδjj′δ(x− x ′) (9.37)

Let us now specify theHilbert space to be the space of states |
〉with wave functions that, in
the field representation, have the form
({Aj(x)}). When acting on these states, the electric
field is the functional differential operator:

Êj(x)≡ i
δ

δAj(x)
(9.38)

In this Hilbert space, the inner product is

〈{Aj(x)}|{Aj(x)}〉≡�x,jδ
(
Aj(x)−Aj(x)

)
(9.39)

This Hilbert space is actually much too large. Indeed, states with wave functions that differ
by time-independent gauge transformations


φ({Aj(x)})≡
({Aj(x)−�jφ(x)}) (9.40)
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are physically equivalent, since the matrix elements of the electric field operator Êj(x) and
magnetic field operator B̂j(x)= εjk��k Â�(x) are the same for all gauge-equivalent states:

〈
 ′φ′({Aj(x)})|Êj(x)|
φ({Aj(x)})〉= 〈
 ′({Aj(x)})|Êj(x)|
({Aj(x)})〉
〈
 ′φ′({Aj(x)})|B̂j(x)|
φ({Aj(x)})〉= 〈
 ′({Aj(x)})|B̂j(x)|
({Aj(x)})〉 (9.41)

The (local) operators Q̂(x),
Q̂(x)=� · Ê(x) (9.42)

commute locally with the Hamiltonian and with each other:

[Q̂(x), Ĥ]= 0, [Q̂(x), Q̂(y)]= 0 (9.43)

Hence, all the local operators Q̂(x) can be diagonalized simultaneously with Ĥ.
Let us show now that Q̂(x) generates local infinitesimal time-independent gauge

transformations. From the canonical commutation relation,

[Âj(x), Êj′(x ′)]=−iδjj′δ(x− x ′) (9.44)

we get (by differentiation):

[Âj(x), Q̂(x′)]= [Âj(x),�jÊj′(x ′)]= i�x
j δ(x− x ′) (9.45)

Hence, we also find

[i
∫

dzφ(z)Q̂(z), Âj(x)]=−
∫

dzφ(z)�z
j δ(z− x)=�jφ(x) (9.46)

and

e
i
∫

dzφ(z)Q̂(z)
Âj(x)e

−i
∫

dzφ(z)Q̂(z)

= e
−i
∫

dz�k φ(z)Êk(z)
Âj(x) e

i
∫

dz�k φ(z)Êk(z)

= Âj(x)+�jφ(x) (9.47)

The physical requirement that states differing by time-independent gauge transformations
be equivalent to one another leads to the demand that we should restrict the Hilbert space
to the space of gauge-invariant states. These states, which we will denote by |Phys〉, satisfy

Q̂(x)|Phys〉≡� · Ê(x)|Phys〉= 0 (9.48)

Thus, the constraint means that only states that obey Gauss’s law are in the physical Hilbert
space. Unlike the quantization in the Coulomb gauge, in theA0= 0 gauge, the commutators
are canonical, and the states are constrained to obey Gauss’s law.
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In the Schrödinger picture, the eigenstates of the system obey the Schrödinger equation

∫
dx

1
2

[
− δ2

δAj(x)2
+Bj(x)2

]

[A]= E
[A] (9.49)

where 
[A] is a shorthand for the wave functional 
({Aj(x)}). In this notation, the
constraint of Gauss’s law is

�x
j Êj(x)
[A]≡ i�x

j
δ

δAj(x)

[A]= 0 (9.50)

This constraint can be satisfied by separating the real fieldAj(x) into longitudinalAL
j (x) and

transverse AT
j (x) parts,

Aj(x)=AL
j (x)+AT

j (x)=
∫ d3p
(2π)3

(
AL
j (p)+AT

j (p)
)
eip·x (9.51)

where AL
j (x) and AT

j (x) satisfy

�j AT
j (x)= 0, AL

j (x)=�jφ(x) (9.52)

and φ(x) is, for the moment, arbitrary. In terms of AL
j and AT

j , the constraint of Gauss’s law
simply becomes

�x
j

δ

δAL
j (x)


[A]= 0 (9.53)

and the Hamiltonian now is

Ĥ=
∫

d3p
1
2

[
− δ2

δAT
j (p)δAT

j (−p)
− δ2

δAL
j (p)δAL

j (−p)
+ p2AT

j (p)AT
j (−p)

]
(9.54)

We satisfy the constraint by looking only at gauge-invariant states. Their wave functions do
not depend on the longitudinal components of A(x). Hence, 
[A]=
[AT]. When acting
on those states, the Hamiltonian is

H
 =
∫

d3p
1
2

[
− δ2

δAT
j (p)δAT

j (−p)
+ p 2AT

j (p)AT
j (−p)

]

 = E
 (9.55)

Let ε1(p) and ε2(p) be two vectors that, together with the unit vector np= p/|p|, form an
orthonormal basis. Let us define the operators (α= 1, 2; j= 1, 2, 3):

â(p,α)= 1
√
2|p|ε

α
j (p)

[
δ

δAT
j (−p)

+ |p|AT
j (p)

]

â†(p,α)= 1
√
2|p|ε

α
j (p)

[

− δ

δAT
j (p)
+ |p|AT

j (−p)
]

(9.56)
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These operators satisfy the commutation relations

[â(p,α), â†(p ′,α′)]= δαα′δ3(p− p ′) (9.57)

In terms of these operators, the Hamiltonian Ĥ and the expansion of the transverse part of
the vector potential are

Ĥ=
∫

d3p
|p|
2
∑

α=1,2
[â†(p,α)â(p,α)+ â(p,α)â†(p,α)]

AT
j (x)=

∫ d3p
√
(2π)32|p|

∑

α=1,2
εjα(p)[â(p,α)eip·x+ â†(p,α)e−ip·x] (9.58)

These expressions are the same ones that we obtained before in the Coulomb gauge (except
for the normalization factors).

It is instructive to derive the wave functional for the ground state. The ground state |0〉
is the state annihilated by all the oscillators â(p,α). Hence its wave function
0[A] satisfies

〈{Aj(x)}|â(p,α)|0〉= 0 (9.59)

This equation is the functional differential equation

εjα(p)
[

δ

δAT
j (−p)

+ |p|AT
j (p)

]


0({AT
j (p)})= 0 (9.60)

It is easy to check that the unique solution of this equation is


0[A]=N exp
[
−1
2

∫
d3p |p|AT

j (p)AT
j (−p)

]
(9.61)

Since the transverse components of Aj(p) satisfy

AT
j (p)= εjk�

pkA�(p)
|p| =

(
p×A(p)
|p|

)

j
(9.62)

we can write
0[A] in the form


0[A]=N exp
[
−1
2

∫ d3p
|p|

(
p×A(p)

) · (p×A(−p))
]

(9.63)

It is instructive to write this wave function in position space (i.e., as a functional of the
configuration of magnetic fields {B(x)}). Clearly, we have

p×A(p)=−i
∫ d3x
(2π)3/2

(�x×A(x)
)
e−ip·x

p×A(−p)= i
∫ d3x
(2π)3/2

(�x×A(x)
)
eip·x (9.64)
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By substitution of these identities back into the exponent of the wave function, we get


0[A]=N exp
(
− 1

2

∫
d3x

∫
d3x′B(x) ·B(x′)G(x− x′)

)
(9.65)

where G(x− x′) is given by

G(x− x′)=
∫ d3p
(2π)3

e−ip·(x−x′)

|p| (9.66)

This function has singular behavior at large values of |p|. Define a smoothed version
G(x− x′) to be

G(x− x′)=
∫ d3p
(2π)3

e−ip·(x−x′)

|p| e−|p|/ (9.67)

which cuts off the contributions for |p|�. Also, G(x− x′) formally goes back to
G(x− x′) as→∞. G(x− x′) can be evaluated explicitly to give

G(x− x′)= 1
2π2|x− x′|2

∫ ∞

0
dt sin t e−t/|x−x′|

= 1
2π2|x− x′|2 Im

[
1

1
|x−x′| − i

]

(9.68)

Thus,
lim
→∞G(x− x′)= 1

2π2|x− x′|2 (9.69)

Hence, the ground state wave functional
0[A] is


0[A]=N exp
(
− 1

4π2

∫
d3x

∫
d3x

B(x) ·B(x′)
|x− x′|2

)
(9.70)

which is only a functional of the configuration of magnetic fields.

9.4 Path-integral quantization of gauge theories

We have discussed at length the quantization of the abelian gauge theory (i.e., Maxwell
electromagnetism), within canonical quantization in the A0= 0 gauge and a modified
canonical formalism in the Coulomb gauge. Although conceptually what we have done is
correct, it poses some questions.

The canonical formalism is natural in the gauge A0= 0 and can be generalized to other
gauge theories. However, this gauge is highly noncovariant, and it is necessary to prove
covariance of physical observables in the end. In addition, the gauge field propagator in this
gauge is very complicated.

The particle spectrum is most transparent in the transverse (or Coulomb) gauge.
However, in addition to being noncovariant, it is not possible to generalize this gauge to
non-abelian gauge theories (or even to abelian gauge theories on a compact gauge group)
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due to subtle topological problems known as Gribov ambiguities (or Gribov “copies”). The
propagator is equally awful in this gauge. The commutation relations in real space look quite
different from those in scalar field theory. In addition, for non-abelian gauge groups, even
in the absence of matter fields, the theory is already nonlinear and needs to be regularized
in amanner that preserves gauge invariance. Although it is possible to use covariant gauges,
such as the Lorentz gauge ∂μAμ= 0, the quantization of the theory in these gauges require
an approach, known as Gupta-Bleuer quantization, that is difficult to generalize.

At the root of this problem is the issue of quantizing a theory that has a local (or gauge)
invariance in which both Lorentz and gauge invariance are kept explicitly. It turns out that
path-integral quantization is the most direct approach to deal with these problems.

Let us now construct the path integral for the free electromagnetic field. However, the
procedure that we develop holds, at least formally, for any gauge theory.

We begin with the theory quantized canonically in the gauge A0= 0 (Dirac, 1966). We
saw in section 9.3 that, in the gauge A0= 0, the electric field E is (minus) the momentum
canonically conjugate to the vector potential A (the spatial components of the gauge field),
and both fields obey equal-time canonical commutation relations:

[
Ej(x),Ak(x′)

]= iδ3(x− x′) (9.71)

In addition, in this gauge, Gauss’s law becomes a constraint on the space of states,

� ·E(x)|Phys〉= J0(x)|Phys〉 (9.72)

which defines the physical Hilbert space. Here J0(x) is a charge density distribution. In the
presence of a set of conserved sources, Jμ(x), that satisfy ∂μJμ= 0, the Hamiltonian of the
free-field theory is

Ĥ=
∫

d3x
1
2
(
E2+B2)+

∫
d3x J ·A (9.73)

Let us construct the path integral in the Hilbert space of gauge-invariant states defined by
the condition eq. (9.72).

Denote by Z[Jμ] the partition function

Z[J]= tr′Te
−i
∫

dx0Ĥ ≡ tr

⎛

⎜
⎝Te
−i
∫

dx0Ĥ
P̂

⎞

⎟
⎠ (9.74)

where tr′ means a trace (or sum) over the space of states that satisfy Gauss’s law, eq.
(9.72). We implement this constraint by means of the operator P̂ that projects onto the
gauge-invariant states:

P̂=
∏

x
δ
(
� · Ê(x)− J0(x)

)
(9.75)

We now follow the standard construction of the path integral, while making sure that we
only sum over histories that are consistent with the constraint. In principle, all we need to
do is to insert complete sets of states that are eigenstates of the field operator Â(x) at all
intermediate times. These states, denoted by |{A(x, x0)}〉, are not gauge invariant, and they
do not satisfy the constraint. However, the projection operator P̂ projects out the unphysical
components of these states.
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Hence, if the projection operator is included in the evolution operator, the inserted states
actually are gauge invariant. Thus, to insert at every intermediate time xk0 (k= 1, . . .,N
with N→∞ and �x0→ 0) a complete set of gauge-invariant states amounts to writing
Z[J] as

Z[J]=
N∏

k=1

∫
DAj(x, xk0)

×〈{Aj(x, xk0)}|
(
1− i�x0Ĥ

)∏

x
δ
(� ·E(x, xk0)− J0(x, xk0)

) |{Aj(x, xk+10 )}〉 (9.76)

As an operator, the projection operator P̂ is naturally spanned by the eigenstates of the
electric field operator |{E(x, x0)}〉:

∏

x
δ (� ·E(x, x0)− J0(x, x0))

≡
∫

DE(x, x0) |{E(x, x0)}〉〈{E(x, x0)}|
∏

x
δ (� ·E(x, x0)− J0(x, x0)) (9.77)

The delta function has the integral representation

∏

x
δ (� ·E(x, x0)− J0(x, x0))

=N
∫

DA0(x, x0)e
i�x0

∫
d3x A0(x, x0) (� ·E(x, x0)− J0(x, x0))

(9.78)

Hence, the matrix elements of interest become

∫
DA

∏

x0

〈{A(x, x0)}|
(
1− i�x0Ĥ

)∏

x
δ
(
�jÊj− J0

)
|{A(x, x0+�x0)}〉

=
∫

DA0DADE
∏

x0

〈{A(x, x0)}|{E(x, x0)}〉〈{E(x, x0)}|{A(x, x0+�x0)}〉

× exp
[
i�x0

∫
d3x A0(x, x0) (� ·E(x, x0)− J0(x, x0))

]
exp

[
− 〈{A(x, x0)}|Ĥ|{E(x, x0)}〉〈{A(x, x0)}|{E(x, x0)}〉

]

(9.79)

The overlaps are equal to

〈{A(x, x0)}|{E(x, x0)}〉= e
i
∫

d3xA(x, x0) ·E(x, x0)
(9.80)
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Hence, we find that the product of the overlaps is given by

∏

x0

〈{A(x, x0)}|{E(x, x0)}〉〈{E(x, x0)}|{A(x, x0+�x0)}〉=

= e
−i
∫

dx0
∫

d3x E(x, x0) · ∂0A(x, x0)
(9.81)

The matrix elements of the Hamiltonian are

〈{A(x, x0)}|Ĥ|{E(x, x0)}〉
〈{A(x, x0)}|{E(x, x0)}〉 =

∫
d3x

[
1
2
(
E2+B2)+ J ·A

]
(9.82)

Putting everything together, we find that the path-integral expression for Z[J] has the form

Z[J]=
∫

DAμDE eiS[Aμ ,E] (9.83)

where
DAμ=DADA0 (9.84)

and the action S[Aμ,E] is given by

S[Aμ,E]=
∫

d4x
[
−E · ∂0A− 1

2
(
E2+B2)− J ·A+A0 (� ·E− J0)

]
(9.85)

Notice that the Lagrange multiplier field A0, which appeared when we introduced the
integral representation of the delta function, has become the time component of the vector
potential.

Since the action is quadratic in the electric fields, we can integrate them out explicitly to
find

∫
DE e

i
∫

d4x
(
−1
2
E2−E · (∂0A+�A0)

)

= const. e
i
∫

d4x
1
2
(−∂0A−�A0)

2

(9.86)

Collecting everything, we find that the path integral is

Z[J]=
∫

DAμ e
i
∫

d4xL
(9.87)

where the Lagrangian is

L=−1
4
FμνFμν + JμAμ (9.88)

which is what we should have expected. Note that this formal argument is valid for all gauge
theories, abelian or non-abelian. In other words, the path integral is always the sum over
the histories of the field Aμ with a weight factor that equals the exponential of i/� times the
action S of the gauge theory.
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Therefore, we found that, at least formally, we can write a functional integral that will
play the role of the generating functional of the N-point functions of these theories:

〈0|TAμ1(x1) · · ·AμN (xN)|0〉 (9.89)

9.5 Path integrals and gauge fixing

The expression for the path integral in eq. (9.87) is formal, because we are summing over
all histories of the field without restriction. In fact, since the action S and the integration
measure DAμ are both gauge invariant, histories that differ by gauge transformations have
the same weight in the path integral, and the partition function has an apparent divergence
of the form v(G)V , where v(G) is the volume of the gauge group G, and V is the (infinite)
volume of spacetime.

To avoid this problem, we must implement a procedure that restricts the sum over
configurations in such a way that configurations differing by local gauge transformations
are counted only once. This procedure is known as gauge fixing. We will follow that
approach, introduced by L. Faddeev and V. Popov (Faddeev and Popov, 1967; Faddeev,
1976). Although the method works for all gauge theories, the non-abelian theories have
subtleties and technical issues that we will address here (and in section 9.8). Let us begin
with a general discussion of the method, and then we will specialize it first for the case of
Maxwell’s theory (the U(1) gauge theory without matter fields) and later to the case of a
general compact gauge group.

Let the vector potential Aμ be a field that takes values in the algebra of a gauge group G
(i.e., Aμ is a linear combination of the group generators). LetU(x) be a unitary-matrix field
that takes values on a representation of the group G (recall our discussion on this subject in
section 3.6). For the abelian group U(1), we have

U(x)= eiφ(x) (9.90)

where φ(x) is a real (scalar) field. A gauge transformation is, for a group G,

AU
μ =UAμU†− iU∂μU† (9.91)

For the abelian group U(1), we have

AU
μ =Aμ+ ∂μφ (9.92)

To avoid infinities in Z[J], we must impose restrictions on the sum over histories
such that histories that are related via a gauge transformation are counted exactly once.
To do this, we must find a way to classify the configurations of the vector field Aμ into
classes. Let us do this by defining gauge-fixing conditions. Each class is labeled by a
representative configuration, and other elements in the class are related to it by smooth
gauge transformations. Hence, all configurations in a given class are characterized by a set
of gauge-invariant data, such as field strengths in the case of the abelian theory. The set
of configurations that differ from one another by a local gauge transformation belong to
the same class. We can think of the class as a set obtained by the action on some reference
configuration by the gauge group, and the elements of a class constitute an orbit of the gauge
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Classes

Representative
of a class

Gauge
transformations

Figure 9.1 The gauge-fixing condition selects a manifold of configurations.

group. Mathematically, the elements of the gauge class form a vector bundle. The geometry
of the configurations of gauge fields is shown in figure 9.1.

We must choose gauge conditions such that the theory remains local and, if possible,
Lorentz covariant. It is essential that, whatever gauge condition we use, each class is counted
exactly once by the gauge condition. It turns out that for the Maxwell gauge theory, this is
always (and trivially) the case. However, in non-abelian theories, and in gauge theories with
an abelian compact gauge group, there aremany gauges inwhich a class can be countedmore
than once. The origin of this problem is a topological obstruction first shown by I. Singer.
This issue is known as the Gribov problem. The Coulomb gauge is well known to always
have this problem, except for the trivial case of Maxwell’s theory.

Finally, we must also keep in mind that we are only fixing the local gauge invariance,
but we should not alter the boundary conditions, since they represent physical degrees of
freedom. In particular, if the theory is defined on a closed manifold (e.g., a sphere or tori)
large gauge transformations, which wrap around the manifold, represent global degrees of
freedom (or states). Large gauge transformations play a key role in gauge theories at finite
temperature, where the transformation wraps around the (finite and periodic) imaginary
time direction. Also, there is a class of gauge theories, known as topological field theories,
whose only physical degrees of freedom are represented by large gauge transformations on
closed manifolds. We will discuss these theories in chapter 22.

How do we impose a gauge condition consistently? We will do it in the following way.
Let us denote the gauge condition that we wish to impose by

g(Aμ)= 0 (9.93)

where g(Aμ) is a local differentiable function of the gauge fields and/or of their derivatives.
Examples of such local conditions are g(Aμ)= ∂μAμ for the Lorentz gauge, and g(Aμ)=
nμAμ for an axial gauge.

The discussion that follows is valid for all compact Lie groups G of volume v(G). For
the special case of the Maxwell gauge theory, the gauge group is U(1). Up to topological
considerations, the group U(1) is isomorphic to the real numbers R, even though the
volume of the compactU(1) group is finite (v(U(1))= 2π), while for the noncompact case,
the group is the real numbers R, whose “volume” is infinite (v(R)=∞).
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Naively, to impose a gauge conditionwouldmean to restrict the path integral by inserting
eq. (9.93) as a delta function in the integrand:

Z[J]∼
∫

DAμ δ
(
g(Aμ)

)
eiS[A, J] (9.94)

In general, this is an inconsistent (and wrong) prescription, as now shown. Following
Faddeev and Popov, we begin by considering the expression defined by the integral

�−1g [Aμ]≡
∫

DU δ
(
g(AU

μ)
)

(9.95)

where the AU
μ(x) are the configurations of gauge fields related by the gauge transformation

U(x) to the configuration Aμ(x) (i.e., we move inside one class). In other words, the integral
in eq. (9.95) is a sum over the orbit of the gauge group. Thus, by construction, �g[Aμ] de-
pends only on the class defined by the gauge-fixing condition g or, what is the same, it is
gauge invariant.

Let us show that �−1g [Aμ] is gauge invariant. We first observe that the integration
measureDU, called the “Haar measure,” is invariant under the composition ruleU→UU ′,

DU=D(UU ′) (9.96)

where U ′ is an arbitrary but fixed element of G. For the case of G=U(1), U= exp(iφ) and
DU≡Dφ.

Using the invariance of the measure, eq. (9.96), we can write

�−1g [AU′
μ ]=

∫
DU δ

(
g(AU′U

μ )
)
=
∫

DU ′′ δ
(
g(AU′′

μ )
)
=�−1g [Aμ] (9.97)

where we have set U ′U=U ′′. Therefore,�−1g [Aμ] is gauge invariant (i.e., it is a function of
the class and not of the configuration Aμ itself). Obviously, we can also write eq. (9.95) in
the form

1=�g[Aμ]
∫

DU δ
(
g(AU

μ)
)

(9.98)

Let us now insert the number 1, as given by eq. (9.98), in the path integral for a general
gauge theory to find

Z[J]=
∫

DAμ × 1 × eiS[A, J]

=
∫

DAμ �g[Aμ]
∫

DU δ
(
g(AU

μ)
)
eiS[A, J] (9.99)

Now make the change of variables
Aμ→AU′

μ (9.100)

where U ′ =U ′(x) is an arbitrary gauge transformation, to find

Z[J]=
∫

DU
∫

DAU′
μ eiS[AU′ , J]�g[AU′

μ ] δ
(
g(AU′U

μ )
)

(9.101)
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(Notice the order of integration has been changed.) Now choose U ′ =U−1, and use the
gauge invariance of the action S[A, J], of the measure DAμ, and of �g[A] to write the
partition as

Z[J]=
[∫

DU
] ∫

DAμ �g[Aμ] δ
(
g(Aμ)

)
eiS[A, J] (9.102)

The factor in brackets in eq. (9.102) is the infinite constant
∫

DU= v(G)V (9.103)

where v(G) is the volume of the gauge group, and V is the (infinite) volume of spacetime.
This infinite constant is nothing but the result of summing over gauge-equivalent states
inside each class.

Thus, provided the quantity �g[Aμ] is finite, and that it does not vanish identically, we
find that the consistent rule for fixing the gauge consists of dividing out the (infinite) factor
of the volume of the gauge group, and more importantly, of inserting, together with the
constraint δ

(
g(Aμ)

)
, the factor�g[Aμ] in the integrand of Z[J]:

Z[J]∼
∫

DAμ �g[Aμ] δ
(
g(Aμ)

)
eiS[A, J] (9.104)

Therefore, the measure DAμ has to be understood as a sum over classes of configurations
of the gauge fields and not over all possible configurations.

We have only to compute �g[Aμ]. Let us first show that �g[Aμ] is a determinant of a
certain operator and is known as the Faddeev-Popov determinant. We first compute only
this determinant for the case of the abelian theory U(1). The non-abelian case, relevant for
Yang-Mills gauge theories, is discussed in section 9.8.

Let us compute�g[Aμ] by using the fact that g[AU
μ ] can be regarded as a function ofU(x)

(forAμ(x)fixed).Wenow change variables fromU to g. The pricewe pay is a Jacobian factor,
since

DU=Dg Det
∣∣∣∣
δU
δg

∣∣∣∣ (9.105)

where the determinant is the Jacobian of the change of variables. Since this is a nonlinear
change of variables, we expect a nontrivial Jacobian. Therefore, we can write

�−1g [Aμ]=
∫

DU δ
(
g(AU

μ)
)=

∫
Dg Det

∣∣∣∣
δU
δg

∣∣∣∣ δ(g) (9.106)

to obtain
�−1g [Aμ]=Det

∣∣
∣∣
δU
δg

∣∣
∣∣
g=0

(9.107)

or, conversely,

�g[Aμ]=Det
∣∣
∣∣
δg
δU

∣∣
∣∣
g=0

(9.108)

The results obtained thus far hold for all gauge theories with a compact gauge group. We
specialize our discussion first to the case of the U(1) gauge theory, Maxwell electromag-
netism. We then discuss how this applies to non-abelian Yang-Mills gauge theories.
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For example, for the particular case of the abelian U(1) gauge theory, the Lorentz
gauge condition is obtained by the choice g(Aμ)= ∂μAμ. Then, for a general U(1) gauge
transformation, U(x)= exp(iφ(x)), we get

g(AU
μ)= ∂μ (Aμ+ ∂μφ)= ∂μAμ+ ∂2φ (9.109)

Hence,
δg(x)
δφ(y)

= ∂2δ(x− y) (9.110)

Thus, for the Lorentz gauge of the abelian theory, the Faddeev-Popov determinant is
given by

�g[Aμ]=Det∂2 (9.111)

which is a constant independent of Aμ. This is a peculiarity of the abelian theory and, as
shown below, it is not true in the non-abelian case.

Let us return momentarily to the general case of eq. (9.104) and modify the gauge
condition from g(Aμ)= 0 to g(Aμ)= c(x), where c(x) is some arbitrary function of x. The
partition function now reads

Z[J]∼
∫

DAμ �g[Aμ] δ
(
g(Aμ)− c(x)

)
eiS[A, J] (9.112)

Averaging over the arbitrary functions with a Gaussian weight (properly normalized to
unity) yields

Zα[J]=N
∫

DAμDc e
−i
∫

d4x
c(x)2

2α �g[Aμ] δ
(
g(Aμ)− c(x)

)
eiS[A, J]

=N
∫

DAμ �g(Aμ) e
i
∫

d4x
[
L[A, J]− 1

2α
(
g(Aμ)

)2
]

(9.113)

From now the discussion is restricted to theU(1) abelian gauge theory (the electromag-
netic field) and g(Aμ)= ∂μAμ. From eq. (9.113), we find that in this gauge, the Lagrangian is

Lα =−1
4
F2
μν + JμAμ− 1

2α
(
∂μAμ

)2 (9.114)

The parameter α labels a family of gauge-fixing conditions known as the Feynman–’t Hooft
gauges. For α→ 0, we recover the strong constraint ∂μAμ= 0, the Lorentz gauge. From the
point of view of doing calculations, the simplest gauge is α= 1, the Feynman gauge, as we
will see now.

In this family of gauges parametrized by α, it is straightforward to see that, up to surface
terms, the Lagrangian is

Lα = 1
2
Aμ
[
gμν ∂2− α− 1

α
∂μ∂ν

]
Aν + JμAμ (9.115)
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and the partition function reduces to

Z[ J]=N Det
[
∂2
] ∫ DAμ e

i
∫

d4xLα[A, J]
(9.116)

Hence, in a general gauge labeled by α, we get

Z[J]=N Det
[
∂2
]
Det

[
gμν ∂2− α− 1

α
∂μ∂ν

]−1/2

× exp
( i
2

∫
d4x

∫
d4y Jμ(x)Gμν(x− y) Jν(y)

)
(9.117)

where

Gμν(x− y)=−〈x|
(
gμν ∂2− α− 1

α
∂μ∂ν

)−1
|y〉 (9.118)

is the propagator in this gauge, parametrized by α. By inspection, we see that the propagator
of the gauge fieldGμν(x− y) is related to the vacuum expectation value of the gauge fields by

Gμν(x− y)= i〈0|TAμ(x)Aν(y)|0〉 (9.119)

The form of eq. (9.117) may seem to imply that Z[J] depends on the choice of gauge.
However, this cannot be correct, since the path integral is, by construction, gauge invariant.
We will see in section 9.7 that gauge invariance is indeed protected. This result comes about
because Jμ is a conserved current, and so it satisfies the continuity equation ∂μJμ= 0.

For the Feynman–’t Hooft family of gauges, the propagator takes the form

Gμν(x− y)=−
[
gμν + (α− 1)

∂μ∂ν

∂2

]
G(0)(x− y) (9.120)

where G(0)(x− y) is the propagator of the free massless scalar field and hence satisfies the
Green function equation

∂2G(0)(x− y)= δ4(x− y) (9.121)

where we set the mass of the scalar field to zero.
Thus, as expected for a free-field theory, Z[J] is a product of two factors: a functional (or

fluctuation) determinant, and a factor that depends solely on the sources Jμ and contains
all the information on the correlation functions. For the case of a single scalar field, we also
found a contribution in the form of a determinant factor, but its power was −1/2. In the
present case, there are two such factors. The first one is the Faddeev-Popov determinant. The
second one is the determinant of the fluctuation operator for the gauge field. However, in the
Feynman gauge, α= 1, this operator is just gμν∂2, and its determinant has the same form as
the Faddeev-Popov determinant except that it has a power of−4/2. This is what one would
have expected for a theory with four independent fields (one for each component of Aμ).
The Faddeev-Popov determinant has power+1. Thus the total power is just 1− 4/2=−1,
which is the correct answer for a theory with only two independent (real) fields.
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9.6 The propagator

For general α, Gμν(x− y) is the solution of the Green function equation

−
[
gμν ∂2− α− 1

α
∂μ∂ν

]
Gνλ(x− y)= gμλ δ

4(x− y) (9.122)

Notice that in the special case of the Feynman gauge, α= 1, this equation becomes

− ∂2Gμν(x− y)= gμνδ4(x− y) (9.123)

Hence, in the Feynman gauge, Gμν(x− y) takes the form

Gμν(x− y)=−gμν G(0)(x− y) (9.124)

where G(0)(x− y) is just the propagator of a free massless scalar field, that is,

∂2G(0)(x− y)= δ4(x− y) (9.125)

However, in a general gauge, the propagator of the gauge fields

Gμν(x− y)= i〈0|TAμ(x)Aν(y)|0〉 (9.126)

does not coincide with the propagator of a scalar field. Therefore, Gμν(x− y), as expected,
is a gauge-dependent quantity.

In spite of being gauge dependent, the propagator does contain physical information.
Let us examine this issue by calculating the propagator in a general gauge α. The Fourier
transform of Gμν(x− y) in D spacetime dimensions is

Gμν(x− y)=
∫ dDp
(2π)D

G̃μν(p) e−ip · (x− y) (9.127)

This is a solution of eq. (9.122), provided G̃μν(p) satisfies

[
gμνp2− α− 1

α
pμpν

]
G̃νλ(p)= gμλ (9.128)

The formal solution is

G̃μν(p)= 1
p2

[
gμν + (α− 1)

pμpν

p2

]
(9.129)

In spacetime, the form of this (still formal) solution is given by eq. (9.120).
In particular, in the Feynman gauge α= 1, (formally) we get

G̃F
μν(p)=

gμν

p2
(9.130)
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whereas in the Lorentz gauge, we find instead

G̃L
μν(p)=

1
p2

[
gμν − pμpν

p2

]
(9.131)

Hence, in all cases, there is a pole in p2 in front of the propagator and a matrix structure
that depends on the gauge choice. Notice that the matrix in brackets in the Lorentz gauge,
α→ 0, becomes the transverse projection operator, which satisfies

pμ
[
gμν − pμpν

p2

]
= 0 (9.132)

which follows from the gauge condition ∂μAμ= 0.
The physical information for this propagator is contained in its analytic structure. It

has a pole at p2= 0, which implies that p0=
√
p 2= |p | is the singularity of G̃μν(p). Hence

the pole in the propagator tells us that this theory has a massless particle, the photon.
To actually compute from G̃μν(p) the propagator in spacetime requires that we define

the integrals in momentum space carefully. As it stands, the Fourier integral eq. (9.127) is
ill defined, due to the pole in G̃μν(p) at p2= 0. A proper definition requires that we move
the pole into the complex plane by shifting p2→ p2+ iε, where ε is real and ε→ 0+. This
prescription yields the Feynman propagator. We will see in chapter 10 that this rule applies
to any theory, and that it always yields the vacuum expectation value of the time-ordered
product of fields. For the rest of this chapter, we will use the propagator in the Feynman
gauge, which reduces to the propagator of a scalar field. This is a quantity we know quite
well, both in Euclidean and Minkowski spacetimes.

9.7 Physical meaning of Z[J] and theWilson loop operator

We have already discussed that a general property of the path integral of any theory is that,
in Euclidean spacetime, Z[0] is just

Z[0]= 〈0|0〉∼ e−TE0 (9.133)

where T is the time span, which in general is such that T→∞ (beware: Here T is not
the temperature!), and E0 is the vacuum energy. Thus, if the sources Jμ are static (or
quasi-static), we get instead

Z[J]
Z[0] ∼ e−T [E0(J)−E0] (9.134)

Thus, the change in the vacuum energy due to the presence of the sources is

U(J)=E0(J)−E0=− lim
T→∞

1
T
ln

Z[J]
Z[0] (9.135)

As we will see, the behavior of this quantity has a lot of information about the physical
properties of the vacuum (i.e., the ground state) of a theory. Quite generally, if the
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Adiabatic
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Adiabatic
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Г
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Figure 9.2 The Wilson loop operator can be viewed as representing a pair of quasi-static sources of
charge±e separated by a distance R from each other.

quasi-static sources Jμ are well separated from each other, U(J) can be split into two terms:
a self-energy of the sources, and an interaction energy,

U(J)=Eself-energy[J]+Vint[J] (9.136)

As an example, let us now compute the expectation value of the Wilson loop operator,

W� =〈0|Pe
ie
∮

�

dxμAμ |0〉 (9.137)

where � is the closed path in spacetime shown in figure 9.2, and P is the path-ordering
symbol. Physically, what we are doing is looking at the electromagnetic field created by the
current

Jμ(x)= eδ(xμ− sμ) ŝμ (9.138)

where sμ is the set of points in spacetime on the loop �, and ŝμ is a unit vector field tangent
to �. The loop � has time span T and spatial size R.

We will be interested in loops such that T�R, so that the sources are turned on
adiabatically in the remote past and switched off (also adiabatically) in the remote future.
By current conservation, the loop must be oriented. Thus, at a fixed time x0, the loop looks
like a pair of static sources with charges±e at±R/2. In other words, we are looking for the
effects of a particle-antiparticle pair that is created at rest in the remote past. Themembers of
the pair are then slowly separated (to avoid bremsstrahlung radiation) and live happily apart
from each other, at a prudent distanceR, for a long timeT. And finally, they are adiabatically
annihilated in the remote future. Thus, we are in the quasi-static regime described above,
and Z[J]/Z[0] should tell us what the effective interaction is between this pair of sources (or
“electrodes”).
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What are the possible behaviors of theWilson loop operator in general (i.e., for any gauge
theory)? The answer to this depends on the nature of the vacuum state. In chapter 18,
we will see that a given theory may have different vacua or phases (as in thermodynamic
phases), and that the behavior of the physical observables is different in different vacua (or
phases). Here we will do an explicit computation for the case of the simple Maxwell U(1)
gauge theory. However, the behavior that we find only holds for a free field, and it is not
generic.

What are the possible behaviors, then? A loop is an extended object. In contrast to a local
operator, the Wilson loop expectation value is characterized by its geometric properties:
its area, perimeter, aspect ratio, and so on. We will see in chapter 18 that these geometric
properties of the loop characterize the behavior of the Wilson loop operator. Here are the
generic cases (Wilson, 1974; Kogut and Susskind, 1975a):

1) Area law: Let A=RT be the minimal area of a surface bounded by the loop. One
possible behavior of the Wilson loop operator is the area law:

W� ∼ e−σRT (9.139)

We will see that this is the fastest possible decay of the Wilson loop operator as a
function of size. If the area law is obeyed, the effective potential for R large (but
still small compared to the time span T) behaves as

Vint(R)= lim
T→∞

−1
T

lnW� = σR (9.140)

Hence, in this case, the energy to separate a pair of sources grows linearly with
distance, and the sources are confined. We will say that in this case, the theory is in
the confined phase. The quantity σ is known as the string tension.

2) Perimeter law: Another possible decay behavior, weaker than the area law, is a
perimeter law,

W� ∼ e−ρ(R+T)+O
(
e−R/ξ

)
(9.141)

where ρ is a constant with units of energy, and ξ is a length scale. This decay law
implies that in this case,

Vint∼ ρ+ const. e−R/ξ (9.142)

Thus the energy to separate two sources to infinite distance is finite. This is a
deconfined phase. However, since it is massive, with a mass scale m∼ ξ−1, there
are no long-range gauge bosons. We will see that this phase can also be regarded as
a Higgs phase. Since the gauge bosons are massive, this phase bears a close analogy
with a superconductor.

3) Scale invariant law: Yet another possibility is that the Wilson loop behavior is
determined by the aspect ratio R/T or T/R, for example,

W� ∼ e
−α

(
R
T
+ T

R

)

(9.143)
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where α is a dimensionless constant. This behavior leads to an interaction

Vint∼−αR (9.144)

which coincides with the Coulomb law in four dimensions. We will see that this is
a deconfined phase with massless gauge bosons (photons).

Let us now compute the expectation value of the Wilson loop operator in the Maxwell
U(1) gauge theory. We will return to the general problem when we discuss the strong cou-
pling behavior of gauge theories in chapter 18. We begin by using the analytic continuation
of eq. (9.117) to imaginary time,

Z[J]=N Det
[
∂2
]−1 e
−1
2

∫
d4x

∫
d4y Jμ(x) 〈Aμ(x)Aν(y)〉 Jν(y)

=N Det
[
∂2
]−1 e
−e2

2

∮

�

dxμ
∮

�

dyν 〈Aμ(x)Aν(y)〉
(9.145)

where 〈Aμ(x)Aν(y)〉 is the Euclidean propagator of the gauge fields in the family of gauges
labeled by α. Here we have also analytically continued the temporal component of the gauge
fieldA0→ iAD, so that the inner products, such asAμAμ→−A2

μ (where nowμ= 1, . . .,D),
behave as they should in D-dimensional Euclidean spacetime.

In the Feynman gauge α= 1, the propagator is given by the expression

〈Aμ(x)Aν(y)〉= δμν
∫ dDp
(2π)D

1
p2

eipμ · (xμ− yμ) (9.146)

where μ= 1, . . .,D. After doing the integral, we find that the Euclidean propagator (the
correlation function) in the Feynman gauge is

〈Aμ(x)Aν(y)〉= δμν �
(D
2 − 1

)

4πD/2 ∣∣x− y
∣∣D−2

(9.147)

Notice that the propagator has a short-distance singularity∼R−(D−2), whereR is a length
scale. This singularity can be easily understood fromdimensional analysis. Indeed, since the
Lagrangian density must have units of inverse spacetime volume, [L]= L−D, it follows that
the gauge field has units of [Aμ]= L−(D−2)/2, just as in the case of the scalar field. Thus,
the circulation of the gauge field has units of L(D−4)/2, and the electric charge has units of
[e]= L(D−4)/2. We will see below that this scaling is consistent.

To carry out this calculation, let us assume that the time span T of the Wilson loop is
much larger than its spatial extent R, as shown in figure 9.2. We further assume that the loop
is everywhere smooth and that both at long times in the past and in the future, the loop was
turned on and off arbitrarily slowly (adiabatically). These assumptions are needed to avoid
singularities that have the physical interpretation of the production of a large number of soft
photons in the form of bremsstrahlung radiation, as noted above. With these assumptions,



246 . Chapter 9

the contributions to the expectation value of the Wilson loop operator from the top and
bottom of the loop in figure 9.2 can be neglected. Therefore, E[J]−E0 is equal to

E[J]−E0= lim
T→∞

e2

2T

∮

�

∮

�

dx · dy �
(D
2 − 1

)

4πD/2 ∣∣x− y
∣∣D−2

= 2× self-energy− e2

2T
2
∫ +T/2

−T/2
dxD

∫ +T/2

−T/2
dyD

�
(D
2 − 1

)

4πD/2 ∣∣x− y
∣∣D−2

(9.148)

where
∣
∣x− y

∣
∣2= (xD− yD)2+R2. The integral in eq. (9.148) is equal to

∫ +T/2

−T/2
dxD

∫ +T/2

−T/2
dyD

�
(D
2 − 1

)

4πD/2 ∣∣x− y
∣∣D−2

=
∫ +T/2

−T/2
ds
∫ +(T/2−s)/R

−(T/2+s)/R
dt

(t2+ 1)(D−2)/2
1

RD−3 ×
�
(D−2

2
)

4πD/2

 1
RD−3

∫ +T/2

−T/2
ds
∫ +∞

−∞
dt

(t2+ 1)(D−2)/2
× �

(D−2
2
)

4πD/2

= T
√
π

RD−3
�
(D−3

2
)

�
(D−2

2
) × �

(D−2
2
)

4πD/2 (9.149)

where

�(ν)=
∫ ∞

0
dt tν−1e−t (9.150)

is the Euler gamma function. In eq. (9.149), we have already taken the limit T/R→∞.
Putting it all together, the interaction energy of a pair of static sources of charges±e separated
a distance R in D-dimensional spacetime is given by

Vint(R)=− �(D−12 )

2π(D−1)/2(D− 3)
e2

RD−3 (9.151)

This is the Coulomb potential in D spacetime dimensions. It is straightforward to see that
this result is consistent (as it should be) with our dimensional analysis. In the particular case
of D= 4 dimensions, we find

Vint(R)=−
(
e2

4π

)
1
R

(9.152)

where the (dimensionless) quantity α= e2/(4π) is the fine structure constant. Notice that in
D= 4 spacetime dimensions, the charge e is dimensionless. This fact plays a key role in the
perturbative analysis of quantum electrodynamics. In contrast, inD= 1+1 dimensions, this
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result implies that the Coulomb interaction is a linear function of the separation R between
the sources (i.e., the charged sources are confined).

Therefore we find that, even at the quantum level, the effective interaction between a
pair of static sources is the Coulomb interaction. This is true because Maxwell’s theory
is a free-field theory. It is also true in quantum electrodynamics (QED), the QFT of
electrons and photons, at distances R much greater than the Compton wavelength of the
electron. However, it is not true at short distances, where the effective charge is screened
by fluctuations of the Dirac field, and the potential becomes exponentially suppressed. In
quantum chromodynamics (QCD), the situation is quite different: Even in the absence of a
matter field, for R large compared with a scale ξ determined by the dynamics of Yang-Mills
theory, the effective potential V(R) grows linearly with R. This long-distance behavior is
known as confinement. The existence of the nontrivial scale ξ , known as the confinement
scale, cannot be obtained in perturbation theory. Conversely, the potential is Coulomb-like
at short distances, a behavior known as asymptotic freedom.

9.8 Path-integral quantization of non-abelian gauge theories

In this section, we discuss the general properties of the path-integral quantization of non-
abelian gauge theories. Most of what we did for the abelian case carries over to non-abelian
gauge theories, where, as we will see, it plays a much more central role. However, here
we will not deal with the nonlinearities, which ultimately require the use of the ideas of
the renormalization group and a nonperturbative treatment. We will do this in chapter 15.
A more detailed presentation can be found in the classic books by Claude Itzykson and
Jean-Bernard Zuber (1980) and Michael Peskin and Daniel Schroeder (1995).

The path integral Z[J] for a non-abelian gauge field Aμ with gauge condition(s) ga[A] is

Z[J]=
∫

DAa
μ e

iS[A, J] δ(g[A])�FP[A] (9.153)

where �FP[A] is the Faddeev-Popov determinant, and Aμ=Aa
μλ

a is in the algebra of a
simply connected compact Lie group G, whose generators are the Hermitian matrices λa.
We will use the family of covariant gauge conditions

ga[A]= ∂μAa
μ(x)+ ca(x)= 0 (9.154)

Notice that one gauge condition is imposed for each direction in the algebra of the gauge
group G. We will proceed as we did in the abelian case and consider an average over
gauges. In other words, we will work in the manifestly covariant Feynman–’t Hooft gauges.
Notice that in the partition function of eq. (9.153), we have dropped the overall divergent
factor v(G)V (or, rather, that we defined the integration measure DAμ so that this factor is
explicitly canceled).

Let us work out the structure of the Faddeev-Popov determinant for a general
gauge-fixing condition ga[A]. Let U be an infinitesimal gauge transformation,

U 1+ iεa(x)λa+ · · · (9.155)

Under a gauge transformation, the vector field Aμ transforms as

AU
μ =UAμU−1+ i

(
∂μU

)
U−1≡Aμ+ δAμ (9.156)



248 . Chapter 9

For an infinitesimal transformation, the change in Aμ is

δAμ= iεa
[
λa,Aμ

]− ∂μεaλa+O(ε2) (9.157)

where the λa are the generators of the algebra of the gauge group G.
In components, we can also write

δAc
μ= 2iεb tr

(
λc
[
λb,Aμ

])− 2 ∂μεb tr
(
λcλb

)+O(ε2)

= iεbtr
(
λc
[
λb, λd

])
Ad
μ− ∂μεbδbc+O(ε2)

=−2 f bde εbtr (λcλe)Ad
μ− ∂μεb δbc+O(ε2)

=−f bdc εb Ad
μ− ∂μεb δbc+O(ε2) (9.158)

where f abc are the structure constants of the Lie group G.
Therefore, we find

δAc
μ(x)

δεb(y)
=− [∂μδbc+ f bcd Ad

μ

]
δ(x− y)≡−Dcd

μ [A]δ(x− y) (9.159)

where we have denoted by Dμ[A] the covariant derivative in the adjoint representation,
which in components is given by

Dab
μ [A]= δab ∂μ− f abc Ac

μ (9.160)

Using these results, we can put the Faddeev-Popov determinant (or Jacobian) in the form

�FP[A]=Det
(
δg
δε

)
=Det

(
∂ga

∂Ac
μ

δAc
μ

δεb

)

(9.161)

where we used the expression
δga

δεb
= ∂ga

∂Ac
μ

δAc
μ

δεb
(9.162)

We will now define an operatorMFP, whose matrix elements are

〈x, a|MFP|y, b〉= 〈x, a| ∂g
∂Ac

μ

δAc
μ

δε
|y, b〉

=
∫

z

∂ga(x)
∂Ac

μ(z)
δAc

μ(z)
δεb(y)

=−
∫

z

∂ga(x)
∂Ac

μ(z)
Dcb
μ δ(z− y) (9.163)

For the case of ga[A]= ∂μAa
μ(x)− ca(c), appropriate for the Feynman–’t Hooft gauges,

we have
∂ga(x)
∂Ac

μ(z)
= δac ∂μδ(x− z) (9.164)
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and also

〈x, a|MFP|y, b〉= −
∫

z
δac∂

μ
x δ(x− z)Dcb

μ [A]δ(z− y)

= −
∫

z
δacδ(x− z) ∂μz D

cb
μ δ(x− y)

= − ∂μDab
μ δ(x− y) (9.165)

Thus, the Faddeev-Popov determinant is now

�FP=Det
(
∂μDμ[A]

)
(9.166)

Notice that in the non-abelian case, this determinant is an explicit function of the gauge
field Aμ.

Since�FP[A] is a determinant, it can be written as a path integral over a set of fermionic
fields, denoted by ηa(x) and η̄a(x) (and known as ghosts), with one per gauge condition (i.e.,
one per generator):

Det
[
∂μDμ

]=
∫

DηaDη̄a e
i
∫

dDx η̄a(x) ∂μDab
μ [A] ηb(x)

(9.167)

Notice that these ghost fields are not spinors, and hence are quantized with the “wrong”
statistics. In other words, these “particles” do not satisfy the general conditions for causality
and unitarity. Hence, ghosts cannot create physical states (thus their ghostly character).

The full form of the path integral of a Yang-Mills gauge theory with coupling constant g,
in the Feynman–’t Hooft covariant gauges with gauge parameter λ, is given by

Z=
∫

DADηDη̄ e
i
∫

dDxLYM[A, η, η̄]
(9.168)

where LYM is the effective Lagrangian density (defined in section 3.7.2)

LYM[A, η, η̄]=− 1
4g2

tr
(
FμνFμν

)+ λ

2g2
(
∂μAμ

)2− η̄ ∂μDμ[A] η (9.169)

Thus the pure gauge theory, even in the absence of matter fields, is nonlinear. We
will return to this problem in chapters 16–18, when we look at both the perturbative and
nonperturbative aspects of Yang-Mills gauge theories.

9.9 BRST invariance

In section 9.8, we developed in detail the path-integral quantization of non-abelian
Yang-Mills gauge theories. We paid close attention to the role of gauge invariance and
how to consistently fix the gauge to define the path integral. Here we will show that the
effective Lagrangian of a Yang-Mills gauge field, eq. (9.169), has an extended symmetry,
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closely related to supersymmetry. This extended symmetry plays a crucial role in proving
the renormalizability of non-abelian gauge theories.

Let us consider the QCD Lagrangian in the Feynman–’t Hooft covariant gauges (with
gauge parameter λ and coupling constant g). The Lagrangian density L of this theory is

L= ψ̄ (i/D−m) ψ − 1
4
Fa
μνF

μν
a −

1
2λ

BaBa+Ba∂
μAa

μ− η̄a∂μDab
μ η

b (9.170)

Hereψ is a Dirac Fermi field that represents quarks and transforms under the fundamental
representation of the gauge group G. The “Hubbard-Stratonovich” field Ba is an auxiliary
field that has no dynamics of its own; it transforms as a vector in the adjoint representation
of G.

Becchi, Rouet, and Stora (Becchi et al., 1974, 1976) and Tyutin (2008) realized that this
gauge-fixed Lagrangian has the following (“BRST”) symmetry, where ε is an infinitesimal
anticommuting parameter:

δAa
μ= εDab

μ ηb (9.171)

δψ = igεηataψ (9.172)

δηa=−1
2
gεf abcηbηc (9.173)

δη̄a= εBa (9.174)

δBa= 0 (9.175)

Equation (9.171) and eq. (9.172) are local gauge transformations, and as such, leave
invariant the first two terms of the effective Lagrangian L of eq. (9.170). The third term in
eq. (9.170) is trivial. The invariance of the fourth and fifth terms holds, because the change
of δA in the fourth term cancels the change of η̄ in the fifth term. Finally, it remains to
determine whether the changes of the fields Aμ and η in the fifth term of eq. (9.170) cancel
out. To see that this is the case, check that

δ
(
Dab
μ η

b)=Dab
μ δη

b+ gf abcδAb
μη

c

= − 1
2
g2εf abcf cde

(
Ab
μη

dηe+Ad
μη

eηb+Ae
μη

bηd
)

(9.176)

which vanishes due to the Jacobi identity for the structure constants,

f adef bcd+ f bdef cad+ f cdef abd= 0 (9.177)

or, equivalently, from the nested commutators of the generators ta:

[
ta,
[
tb, tc

]]+ [tb, [tc, ta]]+ [tc, [ta, tb]]= 0 (9.178)

Hence, BRST is at least a global symmetry of the gauge-fixed action with gauge-fixing
parameter λ.
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This symmetry has a remarkable property that follows from its fermionic nature. Let φ
be any of the fields of the Lagrangian and Qφ be the BRST transformation of the field:

δφ= εQφ (9.179)

For instance,
QaAa

μ=Dab
μ η

b (9.180)

and so on. It follows that for any field φ

Q2φ= 0 (9.181)

(i.e., the BRST transformation of Qφ vanishes). This rule works for the field Aμ due to the
transformation property of δ(Dab

μ η
b). It also holds for the ghosts, since

Q2ηa= 1
2
g2f abcf bdeηcηdηe= 0 (9.182)

which holds due to the Jacobi identity.
What are the implications of the existence of BRST as a continuous symmetry? To begin

with, it implies that there is a conserved self-adjoint chargeQ thatmust necessarily commute
with the Hamiltonian H of the Yang-Mills gauge theory. In eq. (9.181), we saw how Q acts
on the fields, Q2φ= 0, for all the fields in the Lagrangian. Hence, as an operator, Q2= 0;
that is, the BRST charge Q is nilpotent, and it commutes with H.

Let us now show that Q divides the Hilbert space of the eigenstates of H into three
sectors:

1) For Q2= 0 to hold, many eigenstates of H must be annihilated by Q. Let H1 be
the set of eigenstates of H that are not annihilated by Q. Hence, if |ψ1〉 ∈H1, then
Q|ψ1〉 �= 0. Thus, the states inH1 are not BRST invariant.

2) Let us consider the subspace of states H2 of the form |ψ2〉=Q|ψ1〉; that is, H2=
QH1. Then for these states, Q|ψ2〉=Q2|ψ1〉= 0. Hence, the states inH2 are BRST
invariant but are the BRST transform of states inH1.

3) Finally, let H0 be the set of eigenstates of H that are annihilated by Q, Q|ψ0〉= 0,
but are not in H2 (i.e., |ψ0〉 �=Q|ψ1〉). Hence, the states in H0 are BRST invariant
and are not the BRST transform of any other state. This is the physical space of
states.

It follows from the above classification that any pair of states inH2, |ψ2〉 and |ψ ′2〉, has a zero
inner product:

〈ψ2|ψ ′2〉= 〈ψ1|Q|ψ ′2〉= 0 (9.183)

where we used the property that |ψ2〉 is the BRST transform of a state inH1, |ψ1〉. Similarly,
one can show that if |ψ0〉 ∈H0, then 〈ψ2|ψ0〉= 0.

What is the physical meaning of BRST and of this classification? Peskin and Schroeder
(1995) give a simple argument. Consider the weak coupling limit of the theory, g→ 0. In
this limit, we can find out what BRST does by looking at the transformation properties of
the fields that appear in the Lagrangian of eq. (9.170). In particular,Q transforms a forward
polarized (i.e., longitudinal) component of Aμ into a ghost. At g= 0, we see that Qη= 0
and that the anti-ghost η̄ transforms into the auxiliary field B. Also, at the classical level,
B= λ∂μAμ. Hence, the auxiliary fields B are backward (longitudinally) polarized quanta
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of Aμ. Thus, forward polarized gauge bosons and anti-ghosts are inH1, since they are not
the BRST transform of states created by other fields. Ghosts and backward polarized gauge
bosons are inH2, since they are the BRST transform of the former. Finally, transverse gauge
bosons are inH0. Hence, in general, states with ghosts, anti-ghosts, and gauge bosons with
unphysical polarization belong to either H1 or H2. Only the physical states belong to H0.
It turns out that the S-matrix, when restricted to the physical space H0, is unitary (as it
should be).

Finally, note that BRST symmetry appears in all theories with constraints (Henneaux and
Teitelboim, 1992). For example, it plays a key role in the study of critical dynamics in the
path-integral approach to the Langevin equation description of systems out of equilibrium,
and in the statisticalmechanics of disordered systems (Martin et al., 1973; Parisi, 1988;Hertz
et al., 2016).

Exercises

9.1 Path-integral quantization of the free electromagnetic field
Use the path-integral quantization of the free electromagnetic (Maxwell) gauge field,
in the Feynman–’t Hooft family of gauges, with gauge-fixing parameter α (see the
text for definitions).

1) Find an expression, in momentum space, for the Feynman propagator for the free
electromagnetic field, DF

μν(x, x′):

DF
μν(x, x

′)=−i〈0|T Aμ(x)Aν(x′)|0〉 (9.184)

Make sure to specify your iε prescription.
2) Use your results from part 1 to derive an inhomogeneous partial differential

equation obeyed by the propagator in this family of gauges.
3) Show that the expression that you derived in part 2 contains a Lorentz covariant

term of the form
DF
μν(x, x

′)= gμν DF(x, x′)+ · · · (9.185)

where · · · are the other terms. Find a relation betweenDF(x, x′) and the Feynman
propagator for a free real scalar field. Use this relationship to calculate an explicit
formula for the dependence of DF(x, x′) on the coordinates.

4) Derive an explicit expression for the path integral for a Maxwell gauge field, in
the Feynman–’t Hooft family of gauges, coupled to a set of classical (i.e., not
quantized) currents Jμ(x).

a) Derive an explicit formula for the Faddeev-Popov determinant for this family
of gauges, and show that for a Maxwell field, it does not depend on the gauge
field configuration.

b) Show that the explicit expression for the path integral does not depend on the
choice of gauge if the currents are conserved.

c) Show the explicit dependence of the path integral on the propagator you com-
puted in part 2. Show that this expression is independent of the gauge-fixing
parameter α.
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Observables and Propagators

In earlier chapters, we considered the properties of several field theories that describe
physical systems isolated from the outside world. However, the only way to investigate the
properties of a physical system is to interact with it. Thus, wemust consider physical systems
that are somehow coupled to external fields (or sources).

We should consider two cases. In one case, we will look at the problem of the interaction
of states of an isolated system (i.e., a scattering problem). In this case, we prepare states
(or wave packets) that are sufficiently far apart so that their mutual interactions can be
neglected. The prototype is the scattering of particles off a target or each other in a particle
accelerator experiment. Here the physical properties are encoded in a suitable set of cross
sections.

In the second case, we want to understand properties of a large system “from outside,”
and we will consider the role of small external perturbations. Here we will develop a general
approach, known as linear response theory. Our results will be couched in terms of a
suitable set of susceptibilities. This is the typical situation of interest in many experiments
in condensed matter physics.

In both cases, all quantities of physical interest will be derived from a suitably defined
correlation function or propagator. Our task is twofold. First, wemust determine the general
expected properties of the propagators (in particular, their analytic properties). Second, we
will show that their analytic properties largely determine the behavior of cross sections and
susceptibilities.

10.1 The propagator in classical electrodynamics

In a classical field theory, such as classical electrodynamics, we can investigate the properties
of the electromagnetic field by considering the effect of a set of highly localized external
sources. These can be electric charges or, more generally, some well-defined distribution of
electric currents. The result is familiar: The external currents set up a radiation field that
propagates in space—a propagating electromagnetic field. In Maxwell’s electrodynamics,
these effects are described by Maxwell’s equations, the equations of motion of the electro-
magnetic field generated by a current distribution jμ(x):

∂2Aμ(x)= jμ(x) (10.1)
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where we have imposed the Lorentz gauge condition, ∂μAμ= 0, and hence the equation of
motion reduces to the wave equation.

In classical electrodynamics, the solutions to this equation are found using the Green
function G(x, x′),

∂2xG(x, x
′)= δ4(x− x′) (10.2)

which satisfies the boundary condition (or, rather, initial condition) that

G(x, x′)= 0, if x0< x′0 (10.3)

This is the retarded Green function, denoted by GR(x− x′), which vanishes for events in the
past, x0< x′0.

The wave equation in the presence of a set of currents jμ(x) is an inhomogeneous partial
differential equation. For times in the remote past, before any currents were present, there
should be no electromagnetic field present. The choice of retarded boundary conditions
guarantees that the system obeys causality. The solution to the inhomogeneous partial
differential equation is, as usual, the sum of an arbitrary solution of the homogeneous
equation,Aμin, which represents a preexisting electromagnetic field, and a particular solution
of the inhomogeneous field equation. We write the general solution in the form

Aμ(x)=Aμin(x)+
∫

d4x′GR(x− x′)jμ(x′) (10.4)

where Aμin(x) is a solution of the wave equation in free space (in the absence of sources):

∂2Aμin(x)= 0 (10.5)

Thus, all we need to know is the retarded Green function,GR(x− x′). Notice that the choice
of retarded boundary conditions ensures that, for x0< x′0, Aμ(x)=Aμin(x), since GR(x−
x′)= 0 for x0< x′0.

Let us solve for the Green function G(x, x′). This is most easily done in terms of the
Fourier transform of G(x, x′),

G(x, x′)=
∫ d4p
(2π)4

e−ip · (x− x′)G̃(p) (10.6)

where p≡ pμ, and p · x≡ p0x0− p · x. It is easy to check that, formally, the Fourier transform
G̃(p) should be given by

G̃(p)=− 1
p2

(10.7)

Nowwe have two problems. One is that G̃(p) has a singularity at p2≡ p20− p2= 0 (i.e., at the
eigenfrequencies of the normal modes of the free electromagnetic field p0=±|p |). Thus,
the integral is ill defined, and we must specify what to do with the singularity. The other
problem is that this function G(x, x′) does not satisfy, at least not in any obvious way, the
boundary conditions.

We will solve both problems simultaneously. Let us define the retarded Green function by

GR(x, x′)≡�(x0− x′0)G(x, x
′) (10.8)
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Im ω

Re ω

x < 0

x > 0

Figure 10.1 Contour in the complex plane that defines the function�(x).

where�(x) is the step (or Heaviside) function:

�(x)=
{
1 x≥ 0,
0 x< 0

(10.9)

Therefore, GR(x, x′) vanishes for x0< x′0 and is equal to G(x− x′) for x0> x′0.
The step function�(x) has the formal integral representation (a Fourier transform):

�(x)= lim
ε→0+

∫ +∞

−∞
dω
2π i

eiωx

ω− iε
(10.10)

where the integral is interpreted as an integral over the contour shown in figure 10.1. Thus,
when closing the contour on the lower half-plane, as in the case where x< 0, shown in
figure 10.1, the closed contour does not contain a pole, and the integral vanishes by the
Cauchy theorem. Conversely, for x> 0, we close the contour on a large arc in the upper half-
plane and pick up a contribution from the enclosed pole equal to the residue, e−εx, which
converges to 1 as ε→ 0+. Notice that the integral on the large arc in the upper half-plane
converges to zero, for arcs with radius R→∞, only if x> 0.

Define the retarded Green function, GR(x− x′), by the following expression (see figure
10.2):

GR(x− x′)=− lim
ε→0+

∫ d4p
(2π)4

e−ip · (x− x′)

(p0+ iε)2− p 2 (10.11)

which satisfies all the requirements.
We can also define the advanced Green function,GA(x− x′), which vanishes in the future

but not in the past,
GA(x− x′)= 0, for x0− x′0> 0 (10.12)

by changing the sign of ε:

GA(x− x′)=− lim
ε→0+

∫ d4p
(2π)4

e−ip · (x− x′)

(p0− iε)2− p 2 (10.13)
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Re p0

Im p0

γ+

γ–

|p|–|p|

Figure 10.2 Contour in the complex plane that defines the retarded Green function.

Re p0

Im p0

γ+

γ–

|p|

–|p|

Figure 10.3 Contour in the complex plane that defines the Feynman propagator, or time-ordered
Green function.

Now the poles are in the upper half-plane, and the integral vanishes for x0− x′0> 0.
However, for x0− x′0< 0, we pick up the poles when we close on the lower half-plane, and
this contribution does not vanish.

There are still two other possible choices of contours, such as the one shown in
figure 10.3. In this case, when we close on the contour γ−, in the lower half-plane, we
pick up the contribution of the positive frequency pole at +|p |. The resulting frequency
integral is

∮

γ−

dp0
2π

e−ip · (x− x′)

p20− p 2+ iε
=− i

2|p| e
ip · (x− x ′)− i|p |(x0− x′0), for x0> x′0 (10.14)

In the opposite case, we close on the contour γ+ in the upper half-plane, which encloses
the negative frequency pole at−|p|. The integral now becomes
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∮

γ+

dp0
2π i

e−ip · (x− x′)

p20− p 2+ iε
= i
−2|p|e

ip · (x− x ′)− i|p |(x0− x′0), for x0< x′0 (10.15)

With this choice, the contour integral yields the time-ordered Green function

GF(x− x′)=−
∫ d4p
(2π)4

e−ip·(x−x′)

p2+ iε

= i
∫ d3p
(2π)32|p |

{
�(x0− x′0) e

−i|p |(x0− x′0)+ ip · (x− x ′)

+�(x′0− x0)e+i|p |(x0− x′0)− ip · (x− x ′)} (10.16)

which is known as the Feynman propagator and bears a close formal resemblance to the
mode expansions of a free-field theory. Here, too, the integration measure is Lorentz
invariant. Also notice that this Feynman propagator or Green function propagates the
positive frequency modes forward in time and the negative frequency modes backward in
time. The alternative choice of contour simply yields the negative of GF(x− x′).

10.2 The propagator in nonrelativistic quantummechanics

In nonrelativistic quantum mechanics, the evolution of quantum states is governed by the
Schrödinger equation:

(i�∂t −H)ψ = 0 (10.17)

LetH=H0+V , andV be some position- and time-dependent potential that vanishes (very
slowly) both in the remote past (t→−∞) and in the remote future (t→+∞). In this case,
the eigenstates of the system are, in both limits, eigenstates ofH0. IfV(x, t) varies slowlywith
time, the states of H evolve smoothly, or adiabatically. Thus, we are describing scattering
processes between free particle states (see figure 10.4). Let F(x′, t′|x, t) denote the amplitude

F(x′, t′|x, t)≡〈x′, t′|x, t〉 (10.18)

Wehave already seen this amplitudewhenwediscussed the path integral picture of quantum
mechanics.

Let us suppose that, at some time t, the system is in the state |ψ(t)〉= |x, t〉. At some
time t′> t, the state of the system is |ψ , t′〉, which is obtained by solving the Schrödinger
equation

i�∂t|ψ〉=H|ψ〉 (10.19)

where H is generally time dependent. The formal solution of this equation is

|ψ(t′)〉=T e
− i

�

∫ t′

t
dt′′H(t′′)

|ψ(t)〉 (10.20)
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Outgoing wave
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Scattering
region

Figure 10.4 A scattering process.

where T is the time ordering symbol, that is,

T e

−i
�

∫ t′

t
dt′′H(t′′)

≡
∞∑

n=0

1
n!
(−i

�

)n ∫ t′

t
dt1 · · ·

∫ tn−1

t
dtnH(t1) · · ·H(tn) (10.21)

Thus, the amplitude F(x′, t′|x, t) is

F(x′, t′|x, t)=〈x′, t′|x, t〉≡ 〈x′|ψ(t′)〉 (10.22)

Hence, if the initial state is |ψ(t)〉= |x〉, then we get

F(x′, t′|x, t)=〈x′|T e
− i

�

∫ t′

t
dt′′H(t′′)

|x〉 (10.23)

For an arbitrary initial state |ψ(t)〉, we get

〈x′|ψ(t′)〉= 〈x′| e
− i

�

∫ t′

t
dt′′H(t′′)

|ψ(t)〉 (10.24)

Since the states {|x〉} are complete, we have the completeness relation

1=
∫

dx|x〉〈x| (10.25)

which allows us to write

〈x′|ψ(t′)〉=
∫ +∞

−∞
dx〈x′| e

− i
�

∫ t′

t
dt′′H(t′′)

|x〉〈x|ψ(t)〉 (10.26)
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so we get

ψ(x′, t′)=
∫ +∞

−∞
dx〈x′, t′|x, t〉ψ(x, t) (10.27)

In other words, the amplitude F(x′, t′|x, t) is the kernel of the time evolution for arbitrary
states. The amplitude F(x′, t′|x, t) is known as the Schwinger function.

The initial state |ψ(t)〉 and the final state |ψ(t′)〉 are connected by the evolution operator
U(t′, t)

U(t′, t)≡T e
− i

�

∫ t′

t
dt′′H(t′′)

(10.28)

Here T is the time ordering symbol.U(t, t′) is unitary, since, as a result of the hermiticity of
the Hamiltonian,

U†(t′, t)=T e

i
�

∫ t′

t
dt′′H(t′′)

=T e
− i

�

∫ t

t′
dt′′H(t′′)

=U(t, t′) (10.29)

By definition, U(t, t′) is the inverse of U(t′, t), since it evolves the states backward in time.
In addition, the operator U(t′, t) obeys the initial condition

lim
t′→t

U(t′, t)= I (10.30)

where I is the identity operator. If the Hamiltonian is time independent, the evolution
operator is

U(t′, t)=T e
− i

�

∫ t′

t
dt′′H(t′′)

= e−
i
�
H(t′−t) (10.31)

where the last step holds only for a time-independent Hamiltonian.
These ideas will also allow us to introduce the scattering matrix (or S-matrix). If ψi(x, t)

is some initial state and ψf (x′, t′) is some final state, then the matrix elements of the
S-matrix between states ψi and ψf , Sfi, are obtained by evolving the state ψi up to time t′
and projecting it onto the state ψf :

Sfi= lim
t′→+∞

lim
t→−∞

∫
dx
∫

dx′ψ∗f (x′, t′)〈x′, t′|x, t〉ψi(x, t) (10.32)

Let us define the Green function or propagator G(x′, t′|x, t):

G(x′, t′|x, t)≡− i
�
�(t′ − t)〈x′, t′|x, t〉=− i

�
�(t′ − t)F(x, t′|x, t) (10.33)

It satisfies the equation

(i�∂t′ −H)G(x′, t′|x, t)= δ(x− x′)δ(t− t′) (10.34)

with the boundary condition

G(x′, t′|x, t)= 0, if t′< t (10.35)

Hence, G(x′, t′|x, t) is known as the retarded Schrödinger propagator.
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In terms of G, the S-matrix is given by (recall that t′> t):

Sfi= i lim
t′→+∞

lim
t→−∞

∫
dx
∫

dx′ψ∗f (x′, t′)G(x′, t′|x, t)ψi(x, t) (10.36)

Let us consider now the case of a free particle with Hamiltonian H0 that is coupled to
an external perturbation represented by a potential V(x, t). The free Green function, G0,
satisfies the equation

(i�∂t′ −H0)G0= δ(x′ − x)δ(t′ − t) (10.37)

G0 can be regarded as the matrix elements of the following operator:

G0(x′, t′|x, t)=〈x′, t′|(i�∂t −H)−1|x, t〉 (10.38)

Clearly, G satisfies the same equation but with the full H:

(i�∂t −H)G= 1 (10.39)

Hence, we can write
[(i�∂t −H0)−V]G= 1 (10.40)

By using the definition of G0, we get the operator equation

(G−10 −V)G= 1 (10.41)

Thus, G satisfies the integral equation

G(x′, t′|x, t)=G0(x′, t′|x, t)+
∫

dx′′
∫

dt′′G0(x′, t′|x′′, t′′)V(x′′, t′′)G(x′′, t′′|x, t) (10.42)

which is known as the Dyson equation. It has the formal operator solution

G−1=G−10 −V (10.43)

The integral equation can be solved by an iterative procedure, which amounts to a
perturbative expansion in powers ofV . The result is theBorn series. Using an obviousmatrix
notation, we get

G=G0+G0VG0+G0VG0VG0+ · · · (10.44)

We can represent this series by a set of diagrams. Let us consider the first term, to which we
assign the diagram in figure 10.5. The oriented arrow ranging from (x, t) to (x′, t′) represents
the unperturbed propagatorG0(x′t′|x, t). Because of the causal boundary conditions obeyed
by G0, it can only propagate forward in time. The second term of the series, the Born
approximation, δG(1),

δG(1)(x′, t′|x, t)=
∫

dx′
∫

dt′′G0(x′, t′|x′′, t′′)V(x′′, t′′)G0(x′′, t′′|x, t) (10.45)

is represented by figure 10.6a, where the shaded circle represents the action of the potential
V . In general, we get a diagram of the form of figure 10.6b, which represents a multiple
scattering process. Notice that all contributions propagate strictly forward in time.
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Figure 10.5 The zeroth-order term.
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Figure 10.6 (a) The first-order term: the Born approximation. (b) A multiple scattering process.

Let us compute the propagatorG0(x′t′|xt) for a free spinless particle in three-dimensional
space. The Hamiltonian H is just H=− �

2

2m
2. Thus, G0 obeys the equation

(
i�∂t′ + �

2

2m

2

x

)
G0(x′t′|xt)= δ3(x′ − x)δ(t′ − t) (10.46)

with causal boundary conditions (i.e.,G(x′t′|xt)= 0 for t′< t). Given the symmetries of this
very simple system, we can Fourier expand G0:

G0(x′t′|xt)=
∫ d3p
(2π)3

∫ dω
2π

G̃0(p,ω)e−
i
�
p·(x′−x)+iω(t′−t) (10.47)

By direct substitution, we find that G̃0(p,ω) is given by

G̃0(p,ω)= 1
�ω− p 2

2m

(10.48)
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Notice that, once again, G̃0(p,ω) has a pole at �ω= p 2
2m , on the real frequency axis, which is

the dispersion law or the “mass shell” condition.
Apart from being singular, this “solution” does not obey the causal boundary condition.

We will enforce the boundary condition by deforming the integration contour in the
complex frequency plane. Following our discussion of the Green function for classical
electrodynamics, we move the pole by an infinitesimal positive amount iε into the upper
half of the complex frequency plane. Write the retarded propagator as

Gret
0 (p,ω)=

1

�ω− p 2

2m
− iε

(10.49)

and we will take the limit ε→ 0+ at the end of our calculations.
The frequency integral is equal to

∫ +∞

−∞
dω
2π

eiω(t′−t)

�ω− p 2

2m
− iε
= i

�
�(t′ − t)e

i
�

p 2

2m
(t′ − t)

(10.50)

Hence, the Green function G0(x′, t′|x, t) is

G0(x′, t′|x, t)= i
�
�(t′ − t)

∫ d3p
(2π)3

e
i
�

p 2

2m
(t′ − t)− i

�
p · (x′ − x)

(10.51)

Let ψp(x, t) denote the wave functions for the stationary states |p〉,

ψp(x, t)= 1
(2π)3/2

e
− i

�
p · x+ i

�
E(p )t

(10.52)

where E(p)= p 2

2m
. We see that G0(x′, t′|x, t) can be written in the form

G0(x′, t′|x, t)= i
�
�(t′ − t)

∫ d3p
(2π)3

ψp(x′, t′)ψ∗p (x, t) (10.53)

In general, if the Hamiltonian has a complete set of stationary states {|n〉} with wave
functions ψn(x) and eigenvalues En, the Green function is

Gret
0 (x′, t′|x, t)=

i
�
�(t′ − t)

∑

n
ψn(x′, t′)ψ∗n (x, t) (10.54)

where
ψn(x, t)=ψn(x)e−

i
�
Ent (10.55)

If the system is isolated, the Hamiltonian is time independent, and the Green function is a
function of t′ − t. In this case, it is convenient to consider the Fourier transform

Gret
0 (x′, x; t′ − t)=

∫ ∞

−∞
dω
2π

Gret
0 (x′, x;ω) eiω(t

′−t)/� (10.56)

where we have to pick the correct integration contour so that Gret
0 is retarded.
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Quite explicitly, we find

Gret
0 (x′, x;ω)= lim

ε→0+

∑

n

ψn(x′)ψ∗n (x)
�ω−En− iε

(10.57)

Here too, the denominators in this equation have zeros on the real frequency axis as ε→ 0+.
Thus, the Green function is a series of distributions. In the limit ε→ 0+, we can write

lim
ε→0+

1
x− iε

=P 1
x
+ iπδ(x) (10.58)

where P denotes the principal value, and δ(x) is the Dirac delta function. Using these
results, we can write the following expressions for the real and imaginary parts of the Green
function:

ReGret
0 (x′, x;ω)=

∑

n
Pψn(x′)ψ∗n (x)

�ω−En

ImGret
0 (x′, x;ω)=π

∑

n
ψn(x′)ψ∗n (x)δ(�ω−En) (10.59)

We can use these results to write an expression for the density of states ρ(ω)

ρ(ω)=
∑

n
δ(�ω−En) (10.60)

in terms of the retarded Green function of the form

ρ(ω)= 1
π
Im

∫
dxGret

0 (x, x;ω) (10.61)

In other words, the spectral density is determined by the imaginary part of the Green
function. In section 10.4, we will find similar relationships for other quantities of physical
interest.

Let us close by noting that there is a close connection between the Green function in
quantum mechanics and the kernel of the diffusion equation. In d-dimensional space, the
Green function is

G0(x′ − x, t′ − t)=− i
�
�(t′ − t)

∫ ddp
(2π)d

e
− i

�

p 2

2m
(t′ − t)+ i

�
p · (x ′ − x)

(10.62)

By completing squares inside the exponent,

p 2

2m
(t′ − t)− p′ · (x ′ − x)= (t

′ − t)
2m

[
p− 2mp · x

′ − x
(t′ − t)

]

=
(
t′ − t
2m

)[
p−

(
x ′ − x
t′ − t

)
m
]2
− m|x ′ − x|2

2|t′ − t| (10.63)
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we can write

G0(x′ − x, t′ − t)=

− i
�
�
(
t′ − t

) ∫ ddp
(2π)d

e
− i

�

(
t′ − t
2m

)(
p−

(
x ′ − x
t′ − t

)
m
)2
+ i

2�
m
|x ′ − x|2
|t′ − t| (10.64)

After a straightforward integration, we find that G0 is equal to

G0(x′ − x, t′ − t)=− i
�
�(t′ − t)

(
m�

2π(t′ − t)

)d/2
e
im
2�
|x ′ − x|2
(t′ − t) (10.65)

This formula is strongly reminiscent of the kernel for the heat equation (or diffusion
equation) that was discussed in section 8.8.2:

∂τψ =D
2 ψ (10.66)

where D is the diffusion constant, and τ is the diffusion time. Indeed, after an analytic
continuation to imaginary time, t→ iτ , the Schrödinger equation becomes a diffusion
equation with a diffusion constantD= �

2m . The Green function (or heat kernel) for the heat
equation is

K(x′ − x, τ ′ − τ)= �(τ ′ − τ) 1
(4πDτ)d/2

e
− |x

′ − x|2
4D(τ ′ − τ) (10.67)

which, of course, agrees with the analytic continuation of the Feynman propagator G0(x′ −
x, t′ − t). This connection between quantum mechanics and diffusion processes is central
to the path integral picture of quantum mechanics.

10.3 Analytic properties of the propagators of
free relativistic fields

10.3.1 Properties of the propagator of the real scalar field

The propagator for a free real relativistic field,

G(0)(x− x′)= i〈0|Tφ(x)φ(x′)|0〉 (10.68)

is the solution of the partial differential equation,

(∂2+m2
0)G

(0)(x− x′)= δ4(x− x′) (10.69)

which we discussed and solved in section 5.6.3. G(0)(x− x′) can be calculated by the usual
Fourier expansion methods:

G(0)(x− x′)=
∫ d4p
(2π)4

G̃(0)(p) e−ip·(x−x′) (10.70)

where G̃(0)(p) is given by
G̃(0)(p)= −1

p2−m2 (10.71)

where p2= pμpμ.
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Once again, we have to give a prescription for going around the poles of G̃0(p) which
yields the correct boundary conditions. We will adopt the same conventions used in
section 10.1. For the Feynman (or time-ordered) propagator, we shift the denominator by iε:

G̃(0)(p)= −1
p2−m2+ iε

(10.72)

The poles of G̃(0)(p) are located at p0=±
√
p 2+m2∓ iε. Thus, the positive frequency pole

is in the lower half-plane and the negative frequency pole is in the upper half-plane.
We will use the integration paths shown in figure 10.3. For x0> x′0, we close the

integration contour on the path γ− and pick up the contribution from the positive frequency
pole at+√p2+m2− iε. Thus, for x0> x′0, we find:

∮

γ+

dp0
2π

e−ip0(x0−x′0)

p20− (p 2+m2)+ iε
−−−→
ε→0+

−i e
−i
√

p 2+m2(x0−x′0)

2
√
p 2+m2

(10.73)

Similarly, for x0< x′0, we close the integration contour on the path γ+ on the upper half-
plane, where we pick up the contribution from the negative frequency pole at −√p2+m2

+ iε. Thus, for x0< x′0, we obtain

∮

γ−

dp0
2π

e−ip0(x0−x′0)

p20− (p 2+m2)+ iε
−−−→
ε→0+

i
ei
√

p 2+m2(x0−x′0)

−2√p 2+m2
0

(10.74)

By collecting terms, we get

G(0)(x− x′)= i�
(
x0− x′0

) ∫ d3p
(2π)32ω(p)

e+ip·(x−x ′)−iω(p)(x0−x′0)

+ i�(x′0− x0)
∫ d3p
(2π)32ω(p)

e−ip·(x−x ′)+iω(p)(x0−x′0) (10.75)

This result shows that G(0)(x− x′) does satisfy the required boundary condition. It also
shows that the positive frequency components of the field propagate forward in time, while
the negative frequency components propagate backward in time.

The simplest way to computeG0(x− x′) is bymeans of an analytic continuation (orWick
rotation) to imaginary time, x0→ ix4. This amounts to a rotation of the integration contour
from the real p0 axis to the imaginary p0 axis, namely, p0→ ip4, as shown in figure 10.7. The
Wick-rotated or Euclidean correlation function GE

0(x− x′), the Euclidean propagator that
we calculated before, is given by

G(0)(x− x′)= i
∫ d4p
(2π)4

e−ip·(x−x′)

p2+m2 ≡−iGE
0(x, x

′) (10.76)

where p2=−∑4
i=1 pipi, and p · x=−∑4

i=1 pixi.
The time-ordered (or Feynman) propagator does not obey causality, since it does not

vanish for space-like separated events, s2< 0.We can define a causal, or retarded, propagator
that obeys the causal boundary condition (i.e., G(0)(x− x′)= 0) except inside the forward
light-cone. Similarly, we can also define as advanced that which vanishes outside the
backward light-cone. We will discuss only the retarded propagator G(0)ret (x− x′).
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Im p0

Re p0–ω(p)
ω(p)

Figure 10.7 Wick rotation.

The retarded propagator is defined by computing the frequency integral on the path
shown in figure 10.2 (using the replacement |p|→ω(p)). The retarded propagatorG(0)ret (x−
x′) is given by

G(0)ret (x− x′)=−
∫ d3p
(2π)3

eip · (x− x′)
∫ +∞

−∞
dp0
2π

e−ip0(x0− x′0)

p20−ω2(p)

≡−i
∫ d3p
(2π)32ω(p)

eip · (x− x′)
∫ +∞

−∞
dp0
2π i

e−ip0(x0− x′0)

×
[

1
p0−ω(p)+ iε

− 1
p0+ω(p)+ iε

]
(10.77)

Hence, we get

G(0)ret (x− x′)=−i�(x0− x′0)
∫ d3p
(2π)32ω(p)

×
[
eiω(p)(x0−x′0)−ip·(x−x′)− e−iω(p)(x0−x′0)+ip·(x−x′)

]
(10.78)

The integral over the momentum variables is just the quantity i(x− x′) that we have
encountered before (cf. eq. (4.90)),

i(x− x′)= [φ(x),φ(x′)]≡ 〈0∣∣[φ(x),φ(x′)]∣∣0〉 (10.79)

which allows us to write

G(0)ret (x− x′)=�(x0− x′0)(x− x′)=−i�(x0− x′0)
〈
0
∣∣[φ(x),φ(x′)

]∣∣0
〉

(10.80)

10.3.2 Properties of the propagator of the Dirac field

The same line of argument we have used for the scalar field can be used for the Dirac field.
The vacuum state of the Dirac theory is defined by filling up all negative-energy states.
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Figure 10.8 (a) Scattering processes of a Dirac field. (b) A pair-creation process.
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Figure 10.9 An intermediate state with an electron-positron pair.

Now imagine that an electron is propagating in free space, and then an external potential is
adiabatically switched on. If the potential is not too strong, we can still describe its effects
by means of a Born series of multiple scattering processes, as shown in figure 10.8a.

The electron scatters off the potential at point 1 in figure 10.8a, and as a result, it
propagates up to point 3. If the potential has the correct matrix elements, at point 3, the
positive energy state may turn into a negative energy state. In general, this won’t be allowed,
since all negative energy states are filled, unless a negative energy state was emptied (by
the action of the potential) before the electron became scattered into that state. Indeed, the
potential can create an electron-positron pair out of the vacuum, as in the process shown in
figure 10.8b.

Thus, the process can remove an electron from an occupied negative energy state and
promote it to a previously empty positive energy state. Hence, if the time t lies between t2
and t3, there are three different states propagating in the system (see figure 10.9):

1) a positive energy state that disappears at point 3,
2) a negative energy state that propagates backwards in time from point 3 to point 2,
3) a positive energy state that appeared at point 2.
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An alternative interpretation is that an electron-positron pair was created at point 2 and
that the positron annihilated the original electron at point 3. This process clearly shows that
the Dirac theory is a quantum field theory, and it cannot be described in the framework of
quantum mechanics with a fixed number of particles, as in the nonrelativistic case. Thus,
the Fock-space description is essential to the relativistic case.

These arguments suggest that we may want to seek a propagator that propagates positive
energy states forward in time, while negative energy states propagate backward in time. This
is the Feynman, or time-ordered, propagator, Sαα′F (x− x′). It is straightforward to see that
these requirements are met by the following expression:

Sαα′F (x− x′)=−i〈0|Tψα(x)ψ̄α′(x′)|0〉 (10.81)

which satisfies the equation of motion

(i/∂ −m)SF(x− x′)= δ4(x− x′) (10.82)

The samemethods that we used for the scalar field yield the solution (dropping the spinor
indices)

SF(x− x′)=
∫ d4p
(2π)4

/p+m
p2−m2+ iε

e−ip·(x−x′) (10.83)

where an iε has been introduced in order to get the correct boundary conditions. We have
also shown that SF(x− x′) satisfies

SF(x− x′)= (i/∂ +m)
∫ d4p
(2π)4

e−ip·(x−x′)

p2−m2+ iε
=−(i/∂ +m)G(0)(x− x′) (10.84)

where G(0)(x− x′) is the Feynman or time-ordered propagator for the free massive scalar
field. The iε prescription ensures that positive energy states propagate forward in time and
that negative energy states propagate backward in time.

10.4 The propagator of the nonrelativistic electron gas

Let us now discuss the propagator, or one-particle Green function, for a nonrelativistic free
electron gas at finite density and zero temperature. It is defined in the usual way:

Gαα′0 (x, x′)=−i〈gnd|Tψα(x)ψ†
α′(x

′)|gnd〉 (10.85)

where α and α′ are spin indices. Here, |gnd〉 is the ground state of the system. To simplify
the notation, in what follows, all expectation values are taken with respect to the ground
state (but will not be denoted explicitly). This propagator can be used to compute various
quantities of physical interest. For example, the average electron density 〈n̂(x)〉 is

〈n(x)〉= 〈ψ†(x)ψ(x)〉=−i lim
x′→x

lim
x′0→x0

trG(x, x′) (10.86)
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Likewise, the current density 〈j(x)〉 is

〈j(x)〉= �

2mi
tr 〈ψ†(x)

(�xψ(x)
)− (�xψ

†(x)
)
ψ(x)〉

=− 1
m

lim
x′→x

lim
x′0→x0

(�x−�x′
)
trG(x, x′) (10.87)

and themagnetization density,M(x)=〈ψ†
α(x)σ αβψβ(x)〉, is

M(x)=−i lim
x′→x

lim
x′0→x0

tr [G(x, x′)σ ] (10.88)

Let us compute G(x, x′) by the standard method of Fourier transforms:

G(x, x′)=
∫ d3p
(2π)3

∫ dω
2π

G̃(p,ω) ei[p·(x−x′)−ω(t−t′)]

≡
∫ d4p
(2π)4

G̃(p) eip·(x−x′) (10.89)

where p0=ω and t= x0. Let E(p) be the single-particle energies measured from the
chemical potential μ, E(p)= p2

2m −μ. Then we get

G(x, t)=− i
∫ d3p
(2π)3

�(t)〈gnd|ψ(p)ψ†(p)|gnd〉ei(p·x−E(p) t)

+ i
∫ d3p
(2π)3

�(−t)〈gnd|ψ†(p)ψ(p)|gnd〉ei(p·x−E(p)t) (10.90)

Recall that |gnd〉 is the state in which all negative energy states, with E(p)< 0 (or, equi-
valently, ε(p)<μ) are filled. Thus, the Green function becomes

G(x, t)=−i
∫ d3p
(2π)3

[
�(t)

(
1− n(p)

)−�(−t)n(p)] ei(p·x−E(p)t) (10.91)

where n(p)=〈gnd|ψ†(p)ψ(p)|gnd〉 is the Fermi-Dirac distribution (or “Fermi function”
for short) at zero temperature:

n(p)=
{

1, |p| ≤ pF
0, otherwise

(10.92)

We can write the Fourier transform G(p,ω) in the form

G(p,ω)=−i
{
�(|p| − pF)

∫ ∞

0
ei(ω−E(p))tdt−�(pF − |p|)

∫ ∞

0
dte−i(ω−E(p))t

}
(10.93)

The integrals in this expression define distributions of the form
∫ ∞

0
dt eist = lim

ε→0+

∫ ∞

0
dt eist−ε t = i lim

ε→0+
1

s+ iε
= i

(
P 1
s
− iπδ(s)

)
(10.94)
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Im ω

μ
Re ω

Figure 10.10 Analytic structure of the nonrelativistic fermion propagator at finite chemical potential
μ. The broken lines show the location of the poles for different momenta p on the upper and lower
half-planes.

where P 1
s is the principal value,

P 1
s
= lim
ε→0

s
s2+ ε2 (10.95)

and δ(s) is the Dirac δ-function,

δ(s)= 1
π

lim
ε→0

ε

s2+ ε2 (10.96)

We can use these results to write G̃(p,ω) as

G̃(p,ω)= �(|p| − pF)
ω−E(p)+ iε

+ �(pF − |p|)
ω−E(p)− iε

(10.97)

where E(p)= ε(p)−μ. An equivalent, and more compact, expression is

G̃(p,ω)= 1
ω−E(p)+ iε sign(|p| − pF)

(10.98)

Notice that

Im G̃(p,ω)=−π�(|p| − pF)δ(ω− ε(p)+μ)+π�(pF − |p|)δ(ω− ε(p)+μ)
=−πδ(ω− ε(p)+μ)

[
�
(|p| − pF

)−�(pF − |p|)
]

(10.99)

The last identity shows that

sign ImG̃(p,ω)=−signω (10.100)

Hence, we can also write G̃(p,ω) as

G̃(p,ω)= 1
ω−E(p)+ iε signω

(10.101)

In this expression, G̃(p,ω) has poles at ω=E(p), and all the poles with ω> 0 are
infinitesimally shifted down to the lower half-plane, while the poles with ω< 0 are raised
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to the upper half-plane by the same amount. Since E(p)= ε(p)−μ, all poles with ε(p)>μ
are shifted down, while all poles with ε(p)<μ are shifted up (figure 10.10).

10.5 The scatteringmatrix

The problems of real physical interest very rarely involve free fields. In general, we have to
deal with interacting fields. For the sake of definiteness, let us consider a scalar field, but the
ideas discussed have general applicability.

The field φ(x, t) in the Heisenberg representation is related to the Schrödinger operator
φ(x) through the time-evolution operator generated by the Hamiltonian

φ(x, t)≡φ(x)= eiHt φ(x, 0) e−iHt (10.102)

(for �= 1). Recall that in the Schrödinger representation, the fields are fixed but the states
evolve according to the Schrödinger equation

H|�〉= i∂t|�〉 (10.103)

whereas, in the Heisenberg representation, the states are fixed but the fields evolve according
to the equations of motion

i∂tφ(x)=[φ(x),H] (10.104)

In an interacting system, the problem is precisely how to determine the evolution operator
eiHt . Thus, the Heisenberg representation cannot be constructed a priori.

Let us assume that the Hamiltonian can be split into a sum of two terms:

H=H0+Hint (10.105)

where H0 represents a system whose states are fully known to us (a problem that we know
how to solve), and in this sense are “free.” Hint represents the interactions. For technical
reasons, we have to assume that Hint(t), as a function of time, vanishes (very smoothly)
both in the remote past and in the remote future.

We now define the interaction representation. In this representation, one defines the fields
φin, which evolve as Heisenberg fields with Hamiltonian H0:

i∂tφin(x)=[φin,H0] (10.106)

These operators create and destroy free incoming states. We call these states incoming, since
as t→−∞, there are no interactions. In the absence of interactions, the states do not evolve;
but if interactions are present, they do. A unitary operator U(t) governs the time evolution
of the states and the S-matrix.

We want to find an operator U(t) such that

φ(x, t)=U−1φin(x, t)U(t) (10.107)

where φ(x, t) is the Heisenberg field operator for the full HamiltonianH. The operatorU(t)
must be unitary and satisfy the initial condition

lim
t→−∞U(t)= I (10.108)
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Since U(t) is unitary and invertible, it must satisfy the condition U−1(t)=U†(t). Thus

∂tU(t)U−1(t)+U(t)∂tU−1(t)= 0 (10.109)

Since the operatorsφin andφ are defined by theHeisenberg evolution equation, eq. (10.107),
we get

∂tφin= ∂tU φ U−1+U ∂tφ U−1+U φ ∂tU−1

= ∂tU φ U−1+ iU [H,φ]U−1+U φ U−1 U ∂tU−1 (10.110)

In other words,

∂tφin= iU(t)[H(φ),φ]U−1(t)+ ∂tUU−1φin+φinU∂tU−1 (10.111)

Similarly, the Hamiltonian must obey the identity

H(φin)=U(t)H(φ)U−1(t) (10.112)

which implies that φin should obey

∂tφin= i[H(φin),φin]+ [(∂tU) U−1,φin] (10.113)

Since φin obeys the free equation ofmotion, eq. (10.106), we find that the evolution operator
U(t)must satisfy the condition

[iHint(φin)+ (∂tU) U−1,φin]= 0 (10.114)

for all operators φin. Therefore, the operator in the left argument of the commutator
must be a c-number (i.e., it is proportional to the identity operator). However, since
limt→−∞Hint(φin)= 0, and limt→−∞ U(t)= I, this c-number must be equal to zero.

We thus arrive at an operator equation for U(t):

i∂tU=Hint(φin)U(t) (10.115)

The operator U governs the time evolution of the states in the interaction representation,
since the state |�〉in becomes

U(t)|�〉in= |�(t)〉 (10.116)

In particular, the outgoing states |�〉out (i.e., the states at t→+∞, which are also free states)
are related to the in-states by the operator U(t) in the limit t→+∞

|�〉out= lim
t→+∞U(t)|�〉in≡ S|�〉in (10.117)

where S= limt→+∞ U(t) is the S-matrix.
The solution is

U(t)=Te−i
∫ t
−∞ dt′Hint(φin(t′)) (10.118)
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where T is the time-ordering operator. In terms of the interaction part Lint of the
Lagrangian, we find that the S-matrix is given by the expression

S= lim
t→+∞U(t)=T e

−i
∫ +∞

−∞
dt′Hint

(
φin(t′)

)

=T e
i
∫

d4xLint(φin)
(10.119)

This result is the starting point for the computation of the S-matrix using perturbation
theory in Hint.

10.6 Physical information contained in the S-matrix

Let us compute transition matrix elements between arbitrary in and out states. Let |i, in〉 be
the initial incoming state, and |f , out〉 be the final outgoing state. The transition probability
Wi→f is then given by a matrix element of the S-matrix,

Wi→f = |〈f , out|i, in〉|2≡ |〈f , in|S|i, in〉|2 (10.120)

since 〈f , out|S=〈f , in|. We can split S into noninteracting and interacting parts

S= I+ iT (10.121)

where I, the identity operator, represents the free part, and the T-matrix (not to be confused
with the time-ordering symbol!) represents the interactions. In terms of the T-matrix, the
transition probability is

Wi→f = |〈f |i〉+ i〈f |T|i〉|2 (10.122)

From now on we will discuss the case of a scalar field, but the arguments can be generalized
to all other problems of interest with only minor modifications.

Let us consider the situation in which the initial state |i, in〉 consists of two wave packets
with only positive frequency components:

|i, in〉=
∫ d3p1

2p01(2π)3

∫ d3p2
2p02(2π)3

f1(p1)f2(p2)|p1, p2; in〉 (10.123)

The incoming flux is equal to
∫ d3p

2p0(2π)3
|f (p)|2. Each component |p1, p2; in〉 will have a

matrix element with the final state | f , out〉.
Since we have translation invariance, the total 4-momentum should be conserved. If we

denote by Pf the momentum of the state |f , out〉, we can write the matrix element of the
T-matrix as

〈 f |T|p1p2〉= (2π)4δ4(Pf − p1− p2)〈 f |T |p1p2〉 (10.124)

where T is the reduced operator, which, as we see, acts only on the energy shell, p2=m2.
If we neglect the forward-scattering contribution, the transition probability Wi→f

becomes
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Wi→f =
∫ d3p1

2p01(2π)3

∫ d3p2
2p02(2π)3

∫ d3q1
2q01(2π)3

∫ d3q2
2q02(2π)3

× (2π)4δ4(p1+ p2− q1− q2) (2π)4δ4(Pf − p1− p2)

× f ∗1 (p1)f
∗
2 (p2)f1(q1)f2(q2)〈 f |T |p1p2〉∗〈 f |T |q1q2〉 (10.125)

The incoming states are assumed to be sharply peaked around some momenta p̄1 and p̄2
with a spreadp, such that we can approximate the matrix element as follows:

〈 f |T |p1p2〉≈ 〈 f |T |q1q2〉≈ 〈 f |T |p̄1p̄2〉 (10.126)

Under these assumptions, the form for the transition probability is

Wi→f =
∫

d4x| f̃1(x)|2| f̃2(x)|2(2π)4δ4(Pf − p̄1− p̄2)|〈 f |T |p̄1p̄2〉|2 (10.127)

where f̃ (x) is the Fourier transform of f (p). The integrand of eq. (10.127) is the transition
probability per unit time and volume:

dWi→f

dtdV
= | f̃1(x)|2| f̃ (x)|2(2π)4δ4(Pf − p̄1− p̄2)|〈 f |T |p̄1p̄2〉|2 (10.128)

In position space, the flux is i
∫
d3x̃f ∗(x)∂0

↔
f̃ (x). If f̃ (x) is sufficiently smooth, we can make

the following approximation:

ĩf ∗(x) ∂0
↔
f̃ (x)≈ 2p̄0| f̃ (x)|2 (10.129)

Let us assume that particle 1 is incident in the laboratory reference frame, and that in the
laboratory frame, particle 2 is at rest. The density of particles in the target is

dn2
dV
= 2p̄02| f̃2(x)|2 (10.130)

where p̄02=m2, since particle 2 is at rest. The incident flux is the velocity multiplied by the
density of particles in the beam:

�in= |p̄1||p̄10|
2p̄01 |̃f1(x)|2= 2|p̄1||̃f1(x)|2 (10.131)

Then the differential cross section dσ is related to the transition probability by the relation

dWi→f

dtdV
= dn2

dV
·�in · dσ (10.132)

Hence

2m2| f̃2(x)|22| p̄1|| f̃1(x)|2dσ =
| f̃1(x)|2| f̃2(x)|2(2π)4δ4(Pf − p̄1− p̄2)|〈 f |T |p̄1p̄2〉|2 (10.133)
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Figure 10.11 A 2→ n scattering process.

Therefore, the differential cross section dσ is

dσ = (2π)4δ4(Pf − p̄1− p̄2)
1

4m2|p̄1| |〈 f |T |p̄1p̄2〉|
2 (10.134)

The quantity in the denominator,m2|p̄1|, can be written in the relativistic invariant way:

m2|p̄1| =m2

√
p̄021 −m2

1=
[
(p̄2 · p̄1)2−m2

1m
2
2
]1/2 (10.135)

Thus far, we have notmade any assumptions about the nature of the final state. If the process
that we consider involves two particles going in andn particles coming out (see figure 10.11),
the total differential cross section becomes

dσ = 1
4
[
(p̄2 · p̄1)2−m2

1m2
2
]1/2

∫



d3p3
(2π)32p03

. . .

∫



d3pn+2
(2π)32p0n+2

× |〈p3, . . ., pn+2|T |p1p2〉|2(2π)4δ
(

p1+ p2−
n+2∑

i=3
pi

)

(10.136)

where  is an energy-momentum resolution. This expression shows that the central issue
is to compute matrix elements of the reduced operator T .

10.7 Asymptotic states and the analytic properties
of the propagator

Let us now show that the S-matrix elements can be calculated if we know the vacuum
expectation value (v.e.v.) of time-ordered products of field operators φ(x) in the Heisenberg
representation. This is the Lehmann, Symanzik, and Zimmermann (LSZ) approach.

To make this connection, it is necessary to relate the interacting fields φ(x) to a set of
fields that create (or destroy) the actual states in the spectrum of the system, representing
particles that are far from one another. In any scattering experiment, the initial states are
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sharply peaked wave packets that can be constructed to be arbitrarily close to the eigenstates
of the system. Of course, the true eigenstates are plane waves, and any two such states will
necessarily have a nonvanishing overlap in space. But wave packets that are essentially made
of just one state will not overlap if the wave packets (the “particles”) are sufficiently far apart
from each other at the initial time. Since they do not overlap, they do not interact. In this
sense, the spectrum of incoming states can be generated by a set of free fields. Let us make
the further assumption that the in and out states, the so-called asymptotic states, are created
by such a set of free fields. We denote these free fields by φin(x).

These assumptions amount to saying that the states of the fully interacting theory are in
one-to-one correspondence with the states of a noninteracting theory. In some loose sense,
this hypothesis implies that the information that we can obtain from perturbation theory is
always qualitatively correct. In other words, it is assumed that the states of the interacting
theory are adiabatically connected to those of a noninteracting theory.

However, these assumptions can fail in several possible ways. Amild failure would be the
appearance of bound states, which, of course, are not present in the unperturbed theory. This
situation is actually rather common, and it can be remedied without too much difficulty.
Two examples of this case are positronium states in QED and the collective modes of the
Landau theory of the Fermi liquid.

However, there are several ways in which this picture can fail in a rather serious way. One
case is when the fields of the Lagrangian do not describe any of the asymptotic states of the
theory. An example of this case is quantum chromodynamics (QCD), whose Lagrangian
describes the dynamics of quarks and gluons, which are not present in the asymptotic
states, since quarks are confined and gluons are screened. The asymptotic states of QCD
are mesons, baryons, and glue-balls, which are bound states of quarks and gluons.

Another possible failure of this hypothesis is the case in which the states created by the
fields of the Lagrangian are not the true elementary excitations; instead they behave like an
effective composite object of more elementary states. In such cases, the true one-particle
states may be orthogonal to the states created by the fields of the Lagrangian. This is a
rather common situation in theories in 1+ 1 dimensions, whose spectrum is generated by
a set of soliton-like states, which are extended objects in terms of the bare fields of the
Lagrangian. Something very similar happens in the theory of the fractional quantum Hall
states of two-dimensional electron fluids in strong magnetic fields.

A third way in which the hypothesis may fail is that the quantum fluctuations may be
so strong that the particle interpretation simply fails. We will see that this happens if the
field theory is at a nontrivial fixed point of the renormalization group. In general, at a
fixed point, most (but not all) observables develop anomalous dimensions. In this case, the
result of a scattering process is not a set of well-defined particles. Then we will see that
the scattering amplitude does not have poles (which are associated with particle states) but
instead has branch cuts. Hence, in this case, the conventional particle interpretation of QFT
fails.

In this chapter, we do not consider these very interesting situations (which will be
discussed in other chapters). Instead, we assume that the adiabatic hypothesis (or scenario)
actually holds. For the sake of concreteness, we will deal with scalar fields, and we require
φin to be a free massive field that obeys the Klein-Gordon equation

(
∂2+m2)φin= 0 (10.137)

where m is the physical mass. In general, the physical mass is different from the mass
parameterm0 that enters in the Lagrangian of the interacting theory.
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As the initial state evolves in time, the particles approach each other and begin to
overlap. Interactions take place, and after some time, the system evolves to some final state,
consisting of a set of well-defined particles, the out state. The unitary operator that connects
the in and out states is precisely the S-matrix of the interaction representation. The only
difference here is that the in and out states are not eigenstates of some unperturbed system
but are the actual eigenstates of the full theory.

This picture assumes that there is a stable vacuum state |0〉 such that the observed
particles are the elementary excitations of this vacuum. The free fieldsφin(x) are just a device
to generate the spectrum and have no real connection with actual dynamics. However, the
interacting field φ(x) creates not only one-particle states but also many-particle states. This
is so because its equations of motion are nonlinear. Hence the matrix elements of φ(x) and
φin(x) between the vacuum |0〉 and one-particle in-states |1〉 are generally different, sinceφin
creates only one-particle states. This must be true even as t→−∞. We state this difference
by writing

〈1|φ(x)|0〉=Z1/2〈1|φin|0〉 (10.138)

The proportionality constant Z is known as the wave-function renormalization. If Z �= 1,
the operator φ(x)must have a nonzero multiparticle projection. Notice that this is only an
identity of these matrix elements and is not an identity between the fields themselves.

In the interaction representation, it is possible to derive a similar looking identity
that originates because the unperturbed and perturbed states do not have the same
normalization. It is important to stress that this approach makes the essential assumption
that the states that are reached through perturbation theory in the interaction representation
can approximate, with arbitrary precision, all of the exact states of the theory. This
assumption is the hypothesis that the asymptotic states are generated by free fields.

The operators that create the physical asymptotic states satisfy canonical commutation
relations, and the commutator of a pair of such fields is

〈0|[φin(x),φin(x′)]|0〉= i(x− x′;m) (10.139)

wherem is the physical mass. In contrast, the interacting fields satisfy

〈0|[φ(x),φ(x′)]|0〉=
∑

n

[〈0|φ(x)|n〉〈n|φ(x′)|0〉− (x↔ x′)
]

(10.140)

where {|n〉} is a complete set of physical (in) states. The operators φ(x) are related to the
operator φ(0) at the origin at some time x0= 0 by

φ(x)= eiP·xφ(0)e−iP·x (10.141)

where Pμ is the total 4-momentum operator. If Pμn is the 4-momentum of the state |n〉, we
can write

〈0|[φ(x),φ(x′)]|0〉=
∑

n

[
〈0|φ(0)|n〉e−iPn·(x−x′)〈n|φ(0)|0〉− (x↔ x′)

]
(10.142)

Let us now insert the identity

1=
∫

d4Q δ4(Q−Pn) (10.143)
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to get

〈0|[φ(x),φ(x′)]|0〉=
∫

d4Q
∑

n
δ4(Q−Pn)|〈0|φ(0)|n〉|2

(
e−iQ·(x−x′)− eiQ·(x−x′)

)

(10.144)

We can rewrite this expression in terms of a spectral density ρ(Q):

〈0|[φ(x),φ(x′)]|0〉=
∫ d4Q
(2π)3

ρ(Q)
(
e−iQ·(x−x′)− eiQ·(x−x′)

)
(10.145)

where ρ(Q) is given by

ρ(Q)= (2π)3
∑

n
δ4(Q−Pn)|〈0|φ(0)|n〉|2 (10.146)

Recall that(x− x′;m) is given by

i(x− x′;m)=
∫ d3Q
(2π)32Q0

(
e−iQ·(x−x′)− eiQ·(x−x′)

)

=
∫ d4Q
(2π)3

ε(Q0)δ4(Q2−m2)e−iQ·(x−x′) (10.147)

where ε(Q0)= sign(Q0). Thus we can write

〈0|[φ(x),φ(x′)]|0〉=
∫ d4Q
(2π)3

ρ(Q)ε(Q0)e−iQ·(x−x′) (10.148)

Since ρ(Q) is Lorentz invariant, by construction, it can only be a real and positive function
of Q2:

ρ(Q)= σ(Q2)> 0 (10.149)

Hence

〈0|[φ(x),φ(x′)]|0〉=
∫ d4Q
(2π)3

σ(Q2)ε(Q0)e−iQ·(x−x′) (10.150)

where σ(Q)2 is known as the spectral function.
Let us now rewrite this expression in the form of an integral over the spectrum. Insert

the identity

1=
∫ ∞

0
dμ2δ(Q2−μ2) (10.151)

where μ2 is a spectral parameter, to obtain

〈0|[φ(x),φ(x′)]|0〉=
∫ d4Q
(2π)3

[∫ ∞

0
dμ2δ(Q2−μ2)

]
σ(Q2)ε(Q0)e−iQ·(x−x

′)

=
∫ ∞

0
dμ2σ(μ2)

[∫ d4Q
(2π)3

ε(Q0)δ(Q2−μ2)e−iQ·(x−x′)
]

(10.152)
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where σ(μ2) is

σ(μ2)= (2π)3
∑

n
δ(P2

n−μ2)|〈0|φ(0)|n〉|2 (10.153)

Thus, we can write the v.e.v. of the commutator of the interacting fields as

〈0|[φ(x),φ(x′)]|0〉= i
∫ ∞

0
dμ2σ(μ2)(x− x′;μ2) (10.154)

If we assume that the theory has a physical particle with mass m and one-particle states of
massm, we can write the final expression:

− i〈0|[φ(x),φ(x′)]|0〉=Z(x− x′;m2)+
∫ ∞

m2
1

dμ2σ(μ2)(x− x′;μ2) (10.155)

where the first term represents the one-particle states, and the integral represents the
continuum of multiparticle states with a threshold atm1, as shown in figure 10.12. In other
words, if there is a stable particle with massm, the spectral function must have a δ-function
at μ2=m2 with strength Z, the spectral weight of the one-particle state.

Since the field φ(x) obeys equal-time canonical commutation relations with the canon-
ical momentum�(x)= ∂0φ(x), we get

−i〈0|[�(x, x0),φ(x′, x0)]|0〉=Z lim
x′0→x0

∂0(x− x′;m2)

+
∫ ∞

m2
1

dμ2σ(μ2) lim
x′0→x0

∂0(x− x′;μ2) (10.156)
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In contrast, the free-field commutator(x− x′;m2) obeys the initial condition

lim
x′0→x0

∂0(x− x′;m2)= lim
x′0→x0
[�(x),φ(x′)]=−iδ3(x− x′) (10.157)

Hence, we find that the spectral function σ(μ2) obeys the spectral sum rule:

1=Z+
∫ ∞

m2
1

dμ2σ(μ2) (10.158)

Since σ(μ2)> 0, we find that 0≤Z≤ 1. The lower end of the integration range, the
threshold for multiparticle production m2

1, is equal to 4m2, since we must create at least
two elementary excitations.

A similar analysis can be done for the Feynman (time-ordered) propagator

GF(x− x′;m)=−i〈0|Tφ(x)φ(x′)|0〉 (10.159)

which has the spectral representation

GF(x− x′;m)=ZG0(x− x′;m)+
∫ ∞

m2
1

dμ2σ(μ2)G0(x− x′;μ2) (10.160)

This decomposition is known as the Lehmann representation.
In eq. (10.160), G0(x− x′;m2) is the Feynman propagator for a free field:

G0(x− x′)=−
∫ d4p
(2π)4

e−ip · (x− x′)

p2−m2+ iε
(10.161)

In the limit ε→ 0+, the poles of the integrand can be manipulated to give

lim
ε→0+

1
p2−m2+ iε

=P 1
p2−m2 − iπδ(p2−m2) (10.162)

Using this identity, we get that, in momentum space, the propagator is

GF(p;m)=− Z
p2−m2+ iε

−
∫ ∞

m1
dμ2 σ(μ2)

p2−μ2+ iε
(10.163)

Its imaginary part is given by

ImGF(p;m)=πZ δ(p2−m2)+π
∫ ∞

m2
1

σ(μ2)δ(p2−μ2) (10.164)

Hence
1
π
ImGF(p;m)=Z δ(p2−m2)+ σ(p2)�(p2−m2

1) (10.165)
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Figure 10.13 The analytic structure of the propagator is encoded in the spectral density σ(Q2).

Once the imaginary part is known, the real part can be found by using the Kramers-Krönig
or dispersion relation:

ReGF(p,m2)= 1
π
P
∫ ∞

0
dμ2 ImGF(p,μ2)

μ2− p2− iε
(10.166)

We see that, in general, there are two contributions to ImGF(p;m). The first term is the
contribution from the single-particle states. In addition, there is a smooth contribution (the
second term), which results from multiparticle production. While the single-particle states
contribute with an isolated pole (a δ-function in the imaginary part), the multiple particle
states (or continuum) are represented by a branch cut (see figure 10.13).

There is a simple and natural physical interpretation of these results. If the incoming
state has Q2<m2, it cannot propagate, since the allowed value must be at least m2 (the
physical mass). If Q2>m2

1, and if there are no bound states, the incoming state can
decay into at least two single-particle states. Hence m2

1= 4m2. These states should form
a continuum, since given the initial momentum Pi, there are many multiparticle states with
the same total momentum. Thus, those processes are incoherent. Notice that without inter-
actions, the incoming state would not have been able to decay into several single-particle
states.

Note that the propagators of all theories that we have previously discussed have the same
type of analytic structure as discussed here.

10.8 The S-matrix and the expectation value of
time-ordered products

We are now in a position to find the connection between S-matrix elements and the v.e.v.
of time-ordered fields. For simplicity, keep in mind the case of scalar fields, but the results
are easily generalizable. The actual derivation is rather lengthy and unilluminating. We will
discuss its meaning and refer to standard textbooks for details.



282 . Chapter 10

Let’s assume that we want to evaluate the matrix element

〈p1, . . ., pn; out|q1, . . ., qm; in〉= 〈p1, . . ., pn|S|q1, . . ., qm〉 (10.167)

Assume that all incoming and outgoingmomenta are different. Thismatrix element is given
by the reduction formula

〈p1, . . ., pn|S|q1, . . ., qm〉= i
Z(n+m)/2

∫
d4y1 · · · d4ynd4x1 · · · d4xn

× exp

[

i

( n∑

�=1
p� · y�−

m∑

k=1
qk · xk

)] n∏

�=1

(
∂2y� +m2

) m∏

k=1

(
∂2xk +m2

)

×〈0|T (φ(y1) . . . φ(yn)φ(x1) . . . φ(xm)
) |0〉
(10.168)

where m2 is the physical mass, and the external momenta p and q are on the mass shell:
p2= q2=m2.

Let us consider, for example, the 2→ 2 process:

〈p1, p2; out|q1, q2; in〉= 〈p1p2, in|S|q1, q2; in〉= 〈p1p2, out|a†
in(q1)|q2, in〉 (10.169)

where a†
in(q1) is (using the notation introduced in eq. (3.17))

a†
in(q1)=−i

∫

fixed t
d3x e−iq1 · x∂0

↔
φin(x) (10.170)

Hence, the matrix element is

〈p1p2; out|q1q2; in〉=−i lim
t→−∞

∫

t
d3x e−iq1 · x ∂0

↔
〈p1p2; out|φin(x)|q2; in〉

≡−i lim
t→−∞

1
Z1/2

∫

t
d3x e−iq1 · x ∂0

↔
〈p1p2; out|φ(x)|q2; in〉

(10.171)

where we have made the replacement of φin by 1
Z1/2φ inside the matrix element (t→−∞).

But

〈0|φ(x)|1〉=Z1/2〈0|φin(x)|1〉=Z1/2〈0|φout(x)|1〉 (10.172)

and

(
lim

tf→+∞
− lim

ti→−∞

)∫
d3x F(x, t)= lim

tf→+∞
lim

ti→−∞

∫ tf

ti
dt
∂

∂t

∫
d3x F(x, t) (10.173)
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These formulas allow us to write

lim
tf→+∞

∫
d3x 〈p1p2, out|a†

in(q1)|q2, in〉

= lim
ti→−∞

∫
d3x 〈p1p2, out|a†

in(q1)|q2, in〉+
∫

d4x ∂0〈p1p2, out|a†
in(q1)|q2, in〉

= 〈p1p2, out|a†
out(q1)|q2, in〉 (10.174)

Thus, the matrix element is

〈p1p2, out|q1q2, in〉= 〈p1p2, out|a†
out(q1)|q2, in〉

+ i
Z1/2

∫
d4x ∂0

[
e−iq1 · x∂0

↔
〈p1p2, out|φ(x)|q2, in〉

]
(10.175)

The first contribution is a disconnected term, and it is given by

〈p1p2, out|a†
out(q1)|q2, in〉

= (2π)32p01δ3(p1− q1)〈p2, out|q1, in〉+ (2π)32p02δ3(p2− q1)〈p1, out|q1, in〉
(10.176)

Notice that q1 is on the mass shell, q21=m2, and e−iq1x is a solution of the Klein-Gordon
equation

(∂2+m2)eiq1 · x= 0 (q21=m2) (10.177)

The second contribution to the matrix element can also be evaluated (for arbitrary states α
and β):

∫
d4x ∂0

[
e−iq1·x∂0

↔
〈β , out|φ(x)|α, in〉

]
=

=
∫

d4x
[
e−iq1·x∂20 〈β , out|φ(x)|α, in〉+ (−∂20 e−iq1·x)〈β , out|φ(x)|α, in〉

]

=
∫

d4x
[
e−iq1·x∂20 〈β , out|φ(x)|α, in〉+

[(−
2+m2) e−iq1·x
] 〈β , out|φ(x)|α, in〉]

=
∫

d4xe−iq1·x(∂2+m2)〈β , out|φ(x)|α, in〉 (10.178)

where we have integrated by parts. Hence, the matrix element is

〈p1p2, out|q1q2, in〉= i
Z1/2

∫
d4x1e−iq1·x1(∂2+m2)〈p1p2, out|φ(x1)|q2, in〉

+(2π)32p01δ3(p1− q1)〈p2, out|q2, in〉+ (2π)32p02δ3(p2− q1)〈p1, out|q2, in〉 (10.179)
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The matrix element inside the integrand of the first term is equal to

〈p1p2, out|φ(x1)|q2, in〉= lim
y01→+∞

i
Z1/2

∫
d3y1eip1·y1∂

↔
y01
〈p2, out|φ(y1)φ(x1)|q2, in〉

(10.180)
where (by definition) y01> x01. This expression is also equal to

〈p1p2, out|φ(x1)|q2, in〉=〈p2, out|φ(x1)ain(p1)|q2, in〉

+ i
Z1/2

∫
d4y1eip1 · y1(∂2y1 +m2)〈p2, out|Tφ(y1)φ(x1)|q2, in〉 (10.181)

By substituting back into the expression from the matrix element, we find that the latter is
equal to

〈p1p2, out|q1q2, in〉=
= (2π)32p01δ3(p1− q1)〈p2, out|q2, in〉+ (2π)32p02δ3(p2− q1)〈p1, out|q2, in〉

+ i
Z1/2

∫
d4x1e−iq1 · x1(∂2x1 +m2)〈p2, out|φ(x1)|0, in〉(2π)32q02δ3(q2− p1)

+
(

1
Z1/2

)2 ∫
d4x1d4y1ei(p1 · y1− q1 · x1)(∂2x1 +m2)(∂2y1 +m2)

×〈p2, out|Tφ(y1)φ(x1)|q2, in〉 (10.182)

By iterating this process once more, we obtain the reduction formula of eq. (10.168) plus
disconnected terms.

The reduction formula provides the connection between the on-shell S-matrix elements
and the v.e.v. of time-ordered products. Notice that the reduction formula implies that the
v.e.v. of time-ordered products of the field operators must have poles in the variables p21
(where pi is conjugate to xi) and that the matrix element is the residue of this pole.

The reduction formula shows that all scattering data can be understood in terms of an
appropriate v.e.v. of a time-ordered product of field operators. The problem that we are left
to solve is the computation of these v.e.v.s. In chapter 11, we will use perturbation theory to
compute these expectation values.

10.9 Linear response theory

In addition to the problem of evaluating S-matrix elements, it is of interest to consider the
response of a system to weak localized external perturbations. These responses will tell us
much about the nature of both the ground state and of the low-lying states of the system.
This method is of great importance for the study of systems in condensed matter physics.

LetH be the full Hamiltonian of a system.We will consider the coupling of the system to
weak external sources. Let Ô(x, t) be a hermitian operator representing a local observable,
such as the charge density, the current density, or the local magnetic moment. Let us
represent the coupling to the external source by an extra term Hext(t) in the Hamiltonian.
The total Hamiltonian is now

HT =H+Hext (10.183)
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If the source is adiabatically switched on and off, then the Heisenberg representation for the
isolated system becomes the interaction representation for the full system. Hence, exactly
as in the interaction representation, all the observables obey the Heisenberg equations of
motion of the system in the absence of the external source, while the states will follow the
external source in their evolution.

Let |gnd〉 be the exact ground state (or vacuum) of the system in the absence of any
external sources. The external sources perturb this ground state and cause the v.e.v. of the
local observable Ô(x, t) to change:

〈gnd|Ô(x, t)|gnd〉→ 〈gnd|U−1(t) Ô(x, t)U(t)|gnd〉 (10.184)

where the time-evolution operator U(t) is now given by

U(t)=T exp
{
− i

�

∫ t

−∞
dt′Hext(t′)

}
(10.185)

Linear response theory consists of evaluating the changes in the expectation values of
the observables to leading order in the external perturbation. Thus, to leading order in the
external sources, the change of the v.e.v. is

δ〈gnd|Ô(x, t)|gnd〉= i
�

∫ t

−∞
dt′ 〈gnd|[Hext(t′), Ô(x, t)]|gnd〉+ · · · (10.186)

Quite generally, we will be interested in the case whereHext represents the local coupling of
the system to an external source f (x, t) through the observable Ô(x, t). Thus, let us choose
the perturbation Hext(t) to have the form

Hext(t)=
∫

d3x f (x, t) Ô(x, t) (10.187)

The function f (x, t) is usually called the force.
If the observable is normal ordered relative to the ground state of the isolated system, it

must have a vanishing expectation value in the ground state: 〈gnd|Ô(x, t)|gnd〉= 0. Hence,
the change of its expectation value will be equal to the final value and is given by

δ〈gnd|Ô(x, t)|gnd〉=

= i
�

∫ t

−∞
dt′
∫

d3x′ 〈gnd|[Ô(x, t′), Ô(x, t)]|gnd〉 f (x′, t′)+ · · · (10.188)

The main assumption of linear response theory is that the response is proportional to the
force. The proportionality constant is interpreted as a generalized susceptibility χ . Thus, we
write the change in the v.e.v. in the form

δ〈gnd|Ô(x, t)|gnd〉=χ · f ≡
∫

d3x′
∫ t

−∞
dt′ χ(x, x′) f (x′)+ · · · (10.189)

where χ(x, x′) is the susceptibility.
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Let DR(x, x′) represent the retarded correlation function of the observable Ô(x, t):

DR(x, x′)=−i�(x0− x′0)〈gnd|[Ô(x), Ô(x′)]|gnd〉 (10.190)

We see that 〈O(x)〉 is determined by DR(x, x′), since

δ〈gnd|O(x)|gnd〉= 1
�

∫
d4x′DR(x, x′)f (x′)+ · · · (10.191)

Therefore, the responses and the susceptibilities are given by retarded correlation functions,
not by time-ordered ones. However, since the retarded and time-ordered correlation func-
tions are related by an analytic continuation, the knowledge of the latter gives the infor-
mation about the former.

Let us Fourier transform the time dependence of the ground state expectation value
〈O(x, t)〉. The Fourier transform, 〈O(x,ω)〉, is given by the expression

δ〈gnd|O(x,ω)|gnd〉=
∫

d3x′
{
− i

�

∫ 0

−∞
dτ 〈gnd|[O(x, t),O(x′, t+ τ)]|gnd〉 eiωτ

}
f (x ′,ω) (10.192)

where f (x,ω) is the Fourier transform of f (x, t). Thus, the Fourier transform of the
generalized susceptibility χ(x, x ′;ω) is given by

χ(x, x ′;ω)=− i
�

∫ 0

−∞
dτ eiωτ 〈gnd|[O(x, 0),O(x ′, τ)]|gnd〉 (10.193)

which is known as the Kubo formula. Hence

χ(x, x ′;ω)= 1
�

∫ +∞

−∞
dτ eiωτDR(x, x′) (10.194)

If we also Fourier transform the space dependence, we get

〈O(p,ω)〉= 1
�
DR(p,ω)f (p,ω) (10.195)

The generalized susceptibility χ(p,ω) now becomes

χ(p,ω)= 〈O(p,ω)〉
f (p,ω)

= 1
�
DR(p,ω) (10.196)

In practice we will compute the time-ordered correlation functionD(x, x′). Recalling our
discussion of the propagator, we expectD(p,ω) to have poles on the real frequency axis. For
D(x, x′) to be time ordered, all poles with ω< 0 should be moved (infinitesimally) into the
upper half of the complex frequency plane, while all poles with ω> 0 should be moved into
lower half-plane. Thus, D(p,ω) is not analytic on either half-plane. However, the retarded
correlation function DR(p,ω) is (given our conventions for Fourier transforms) analytic in
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the lower half-plane. Thus, we can relate the time-ordered correlation function D(p,ω) to
the retarded correlation function DR(p,ω) by

ReDR(p,ω)=ReD(p,ω)≡ �Reχ(p,ω) (10.197)

ImDR(p,ω)= ImD(p,ω) signω≡ �Imχ(p,ω) (10.198)

The time-ordered correlation function D(p,ω) (i.e., the propagator for the observable
Ô(x, t)) admits a spectral (or Lehmann) representation similar to that of the propagator
for the relativistic scalar field of eq. (10.160). Similarly, we can define the spectral function
A(p,ω) of the observable to be

A(p,ω)= ImDret(p,ω) (10.199)

The relations of eq. (10.197) and eq. (10.198) imply that the susceptibility χ(p,ω) obeys the
Kramers-Krönig (or dispersion) relation

Reχ(p,ω)= 1
π
P
∫ +∞

−∞
dω′

Imχ(p,ω′)
ω′ −ω (10.200)

where P denotes the principal value of the expression.
Finally, let us recast the formulas for a general change of an arbitrary operator into amore

compact form. We can apply the formulas derived for the interaction representation just to
the part of the Hamiltonian that involves the coupling to the external sources Hext(t). The
interaction representation S-matrix is

S= lim
t→+∞U(t)=T e

− i
�

∫ +∞

−∞
dt Hext(t)

(10.201)

Let 〈gnd, out|gnd, in〉 be the vacuum persistence amplitude

〈gnd, out|gnd, in〉= 〈gnd|S|gnd〉

= 〈gnd|T e
− i

�

∫ +∞

−∞
dt Hext(t)|gnd〉 (10.202)

which is a functional of the forces (or sources) f (x, t). Wewill denote the vacuumpersistence
amplitude by Z[ f ]:

Z[ f ]= 〈gnd|T e
− i

�

∫
d4x f (x)O(x)

|gnd〉 (10.203)

In the limit in which the sources are weak, we can expand Z[ f ] in powers of f (x) to obtain

Z[ f ]=1− i
�

∫
d4xf (x)〈gnd|O(x)|gnd〉

+ 1
2!
(
− i

�

)2 ∫
d4x

∫
d4x′f (x)f (x′)〈gnd|TO(x)O(x′)|gnd〉+ · · · (10.204)
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The second term vanishes if the operatorO(x, t) is normal-ordered. With the same degree
of precision, we can re-exponentiate the resulting expression:

Z[ f ]= e
i
2�

∫
d4x

∫
d4x′f (x)K(x, x′)f (x′)+O(f 3)

(10.205)

where the kernel K(x, x′) is the time-ordered correlation function of the observable A(x):

K(x, x′)= i
�
〈gnd|TO(x)O(x′)|gnd〉 (10.206)

In general, the observables of physical interest are, at least, bilinear functions of the
fields. Thus, the kernels K(x, x′) represent not one-particle propagators, but, in general,
propagators for two or more excitations (i.e., they involve four-point functions of the field
operators, or higher).

We can learn a lot from a physical system if the spectral functions of the kernels K(x, x′)
are known. In general, we expect that the spectral function will have a structure similar to
that of the propagator: one (or more) delta-function contributions and a branch cut. The
delta functions are two (or more) particle bound states, which are known as the collective
modes. The branch cuts originate from the two or multi-particle continuum. Examples of
collective modes are plasmons (or sound waves) in electron liquids, spin waves in magnets,
and phase modes in superconductors and superfluids.

10.10 The Kubo formula and the electrical
conductivity of a metal

As an application, let us now consider the response of an electron gas to weak external
electromagnetic fields Aμ(x). The formalism can be generalized easily to other systems
(relativistic or not) and responses. In particular, we discuss how to relate response functions
to the electrical conductivity of ametal. More general applications can be found in the classic
text by Martin (1968).

There are three effects (and couplings) that we need to take into consideration:
(1) electrostatic, (2) diamagnetic (or orbital), and (3) paramagnetic. The electrostatic
coupling is simply the coupling of the local charge density of the electron fluid to an external
(scalar) potential. In this case, Hext is given by

Hext=
∑

σ=↑,↓

∫
d3x eφ(x, t) ψ†

σ (x, t)ψσ (x, t) (10.207)

where φ(x, t)≡A0(x, t) is the scalar potential (or time component) of the vector potential
Aμ(x).

The diamagnetic (or orbital) coupling follows from the minimal coupling to the space
components of the external vector potentialA(x). The kinetic energy termHKin is modified
following the minimal coupling prescription to become

HKin(A)=
∫

d3x
∑

σ=↑,↓

�
2

2m

(
�+ ie

�c
A(x)

)
ψ†
σ (x) ·

(
�− ie

�c
A(x)

)
ψσ (x) (10.208)

which can be written as a sum of two terms

HKin(A)=HKin(0)+Hext(A) (10.209)
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whereHKin(0) is the Hamiltonian in the absence of the field andHext(A) is the perturbation:

Hext(A)=
∫

d3x

[

J(x, t) ·A(x, t)− e2

2mc2
A 2(x, t)

∑

σ

ψ†
σ (x, t)ψσ (x, t)

]

(10.210)

Here J(x) is the gauge-invariant charge current

J(x)= ie�
2mc

∑

σ

[
ψ†
σ (x)�ψσ (x)−�ψ†

σ (x)ψσ (x)
]− e2

mc2
A(x)

∑

σ

ψ†
σ (x)ψσ (x)

≡ ie�
2mc

∑

σ

[
ψ†
σ (x)Dψσ (x)− (Dψσ (x))† ψσ (x)

]
(10.211)

whereD=�+ i e
�cA(x) is the covariant derivative (in space). Clearly J(x) is the sum of two

terms, the mass current and the diamagnetic term, e2
mc2A

2∑
σ ψ

†
σψσ .

We can write the total perturbation, including the scalar potential A0, in the form

Hext=
∫

d3x

[

Jμ(x)Aμ(x)− e2

2mc2
A2
∑

σ

ψ†
σψσ

]

(10.212)

Finally, consider the paramagnetic coupling of the external magnetic field to the spin
degrees of freedom of the system, which has the form of a Zeeman interaction

HZeeman
ext =

∫
d3x gB(x) ·

∑

σ ,σ ′
ψ†
σ (x)Sσσ ′ψσ ′(x) (10.213)

where g is typically of the order of the BohrmagnetonμB, and S= �

2 σ for spin-1/2 systems.
A straightforward application of the linear response formulas derived above yields the

following expression for the expectation value of the current 〈Jμ〉′ in the presence of the
perturbation:

〈Jμ(x)〉′ = 〈Jμ(x)〉gnd− i
�

∫ t

−∞
dt′
∫

d3x′〈gnd|[Jν(x′), Jμ(x)]|gnd〉Aν(x′) (10.214)

This formula suggests that we should define the retarded current correlation function
Dret
μν(x, x′):

Dret
μν(x, x

′)=−i�(x0− x′0)〈gnd|[Jμ(x), Jν(x′)]|gnd〉 (10.215)

The induced current 〈Jμ〉ind
〈Jμ〉ind=〈Jμ〉′ − 〈jμ〉gnd (10.216)

(where jμ is the mass current) has a very simple form in terms of the retarded correlation
functionDret

μν(x, x′):

〈Jμ(x)〉ind= 1
�

∫
d4x′DRet

μν (x, x
′)Aν(x′)− e2

mc2
Ak(x)〈n(x)〉δμk+O(A2) (10.217)

Below we will see that 〈Jμ(x)〉ind is conserved (i.e., ∂xμ〈Jμ(x)〉ind= 0) and gauge invariant.



290 . Chapter 10

We can express these results in terms of an effective action for the external electromag-
netic field Aμ,

Zeff [Aμ]=N e
i
2�

∫
d4x

∫
d4y Aμ(x)�μν(x−y)Aν (y) (10.218)

such that

〈Jμ(x)〉ind= �

i
1

Zeff [Aμ]
δZeff [Aμ]
δAμ(x)

=
∫

d4y�μν(x− y)Aν(y) (10.219)

By inspection, we see that the effective polarization tensor �μν(x− y) is related to the
current correlation functionDμν(x− y),

�μν(x− y)= 1
�
Dμν(x− y)+ eρ

mc2
δ(x− y)g̃μν (10.220)

where we introduced the diagonal tensor

g̃μν =
{
0, ifμ= 0 and/or ν= 0
−δij, ifμ, ν= i, j

(10.221)

Since 〈Jμ(x)〉ind is gauge invariant, we can compute its form in any gauge. In the gauge
A0= 0, the spatial components of 〈Jμ(x)〉ind are

〈Jk(x)〉ind=− eρ
mc2

Ak(x)+
∫

d4x′Dret
k� (x− x′)A�(x′)+O(A2) (10.222)

where ρ= e〈n〉 is the expectation value of the charge density, and we will assume that it is
uniform.

In the A0= 0 gauge, the external electric field Eext and magnetic fieldH are

Eext=−∂0A, H=�×A (10.223)

Now, in Fourier space, we can write

〈Jk(p,ω)〉ind=− e2〈n〉
mc2

Ak(p,ω)+Dret
k� (p,ω)A�(p,ω)

≡
(
Dret

k� (p,ω)−
e2〈n〉
mc2

δk�

)
Eext
�

iω
(p,ω) (10.224)

This expression is almost the conductivity. It is not quite that, since the conductivity is a
relation between the total current J= J ind+ Jext and the total electric field E. To take these
electromagnetic effects into account, we must use Maxwell’s equations in a medium, which
involves the vector fields E, D, B, andH

� ·D=ρ, �×E=− ∂H
∂t

� ·B=0, �×H=∂E
∂t
+ J (10.225)
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where
B=H+M, E=Eext+Eind (10.226)

Here M and Eind are the magnetic and electric polarization vectors, respectively. In
particular,

J ind= ∂tEind (10.227)

and
∂tD= ∂tE+ J ind (10.228)

Linear response theory is the statement that D (not to be confused with the covariant
derivative!) must be proportional to E,

Dj= εjkEk (10.229)

where εjk is the dielectric tensor.
E and Eext satisfy similar equations:

−�×�×E= ∂2t E+ ∂tJ
−�×�×Eext= ∂2t Eext+ ∂tJext (10.230)

Since �×�×E=�(� ·E)−
2E, we can write, in Fourier space,

pipjEj(p,ω)− p2Ei(p,ω)=−ω2Ej(p,ω)− iωJi(p,ω)

pipjEext
j (p,ω)− p2Eext

i (p,ω)=−ω2Eext
i (p,ω)− iωJexti (p,ω) (10.231)

Thus, we get

pipjEj(p,ω)− p2Ei(p,ω)+ω2Ei(p,ω)=−iωJindi (p,ω)

+ pipjEext
j (p,ω)− p2Eext

i (p,ω)+ω2Eext
i (p,ω) (10.232)

and

− iωJindi (p,ω)=
(
δij
e2〈n〉
mc2
−Dret

ij (p,ω)
)
Eext
j (p,ω) (10.233)

From these results we conclude that

(pipj− p2δij+ω2δij)Ej(p,ω)=
(
δij
e2〈n〉
mc2
−Dret

ij (p,ω)+ pipj− p2δij+ω2δij

)
Eext
j (p,ω) (10.234)

In matrix form, these equations have the simpler form:

(p⊗ p− p2I+ω2I)E(p,ω)=
(
e2〈n〉
mc2

I−Dret+ p⊗ p− p2I+ω2I
)
Eext(p,ω) (10.235)
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This equation allows us to write Eext in terms of E. We find that the induced current is

iωJ ind(p,ω)=
(
Dret− e2〈n〉

mc2
I
)[

e2〈n〉
mc2

I−Dret+ p⊗ p− p2I+ω2I
]−1(

p⊗ p− p2I+ω2I
)
E(p,ω)

(10.236)

and we find that the conductivity tensor σjk is

iωσ(p,ω)=
(
Dret(p,ω)− e2〈n〉

mc2
I
)
+
(
Dret(p,ω)− e2〈n〉

mc2
I
)

×
[
e2〈n〉
mc2

I−Dret(p,ω)+ p⊗ p− p2I+ω2I
]−1 (

Dret(p,ω)− e2〈n〉
mc2

I
)

(10.237)

Also, since D= εE, the dielectric tensor εjk and the conductivity tensor σjk are related by

ε= I+ i
ω
σ (10.238)

10.11 Correlation functions and conservation laws

In the problem discussed in section 10.10, we saw that we had to consider a correlation
function of currents. Since the currents are conserved,

∂μJμ= 0 (10.239)

we expect that the correlation function Dμν(x, x′) should obey a similar equation. Let us
compute the divergence of the retarded correlation function:

∂μx Dret
μν(x, x

′)= ∂μx
(−i�(x0− x′0)〈gnd|[Jμ(x), Jν(x′)]|gnd〉

)
(10.240)

Except for the contribution coming from the step function, it is apparent that we can operate
with the derivative inside the expectation value to get

∂μx Dret
μν(x, x

′)=− i
(
∂μx �(x0− x′0)

) 〈gnd|[Jμ(x), Jν(x′)]|gnd〉
− i�(x0− x′0)〈gnd|[∂μx Jμ(x), Jν(x′)]|gnd〉 (10.241)

The second term vanishes since Jμ(x) is a conserved current, and the first term is nonzero
only if μ= 0. Hence we obtain the identity

∂μx Dret
μν(x, x

′)=−iδ(x0− x′0)〈gnd|
[
J0(x), Jν(x′)

] |gnd〉 (10.242)

which is the v.e.v. of an equal-time commutator.
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These commutators are given by (Kadanoff and Martin, 1961)

〈gnd| [J0(x, x0), J0(x, x0)
] |gnd〉= 0

〈gnd| [J0(x, x0), Ji(x′, x0)
] |gnd〉= ie2

mc2
∂xk
[
δ(x− x′)〈n(x)〉] (10.243)

Identities of this type also arise in relativistic systems (e.g., the theory of Dirac fermions),
where they are known as Schwinger terms. However, the Schwinger terms of relativisticQFT
have a subtle origin (Schwinger, 1959). They are related to anomalies, and we will discuss
them in chapter 20. In the nonrelativistic case, they arise because in these systems, the Fermi
sea has a bottom, and hence there is always a high-energy regulator (or cutoff) that preserves
gauge invariance.

Hence, the divergence ofDret
μν is

∂μx Dret
μk(x, x

′)= e2

mc2
∂xk
[
δ4(x− x′)〈n(x)〉] , ∂

μ

x′Dret
0μ(x, x

′)= 0

∂νx′Dret
kν (x, x

′)=− e2

mc2
∂xk
[
δ4(x− x′)〈n(x′)〉] , ∂

μ

x′Dret
0μ(x, x

′)= 0 (10.244)

Notice that the time-ordered functions also satisfy the same identities. These identities can
be used to prove that 〈J ind〉 is indeed gauge invariant and conserved.

However, by comparing eq. (10.220) (which relates the polarization tensor �μν with
the current correlation function Dμν) with eq. (10.244), we see that the presence of the
Schwinger terms in the divergence of Dμν ensures that the polarization tensor �μν is
conserved and hence transverse,

∂μ�μν = 0 (10.245)

as required by gauge invariance.Wewill return to this issue in section 12.6, wherewe discuss
the relation between Ward identities and gauge invariance.

Furthermore, in momentum and frequency space, the identities become

−iωDret
00 (p,ω)− ipkDret

k0 (p,ω)= 0

−iωDret
0k (p,ω)− ip�Dret

�k (p,ω)=−
e2〈n〉
mc2

ipk

−iωDret
00 (p,ω)− ipkDret

0k (p,ω)= 0

−iωDret
k0 (p,ω)− ip�Dret

k� (p,ω)=−
e2〈n〉
mc2

ipk (10.246)

We can combine them to obtain the result

ω2Dret
00 (p,ω)− p�pkDret

�k (p,ω)=−
e2〈n〉
mc2

p 2 (10.247)

Hence, the density-density and the current-current correlation functions are not indepen-
dent.



294 . Chapter 10

A number of interesting identities follow from this equation. In particular, if we take the
static limit ω→ 0 at fixed momentum p, we get

lim
ω→0

p�pkDret
�k (p,ω)=

e2n̄
mc2

p 2 (10.248)

provided that limω→0 Dret
00 (p,ω) is not singular for p �= 0. Also, from the equal-time

commutator,

〈gnd|[Jk(x, x0), J0(x, x0)]|gnd〉= ie2

mc2
∂xk
(
δ(x− x′)〈n(x)〉) (10.249)

we get

lim
x′0→x0

∂xkDret
k0 (x, x

′)= e2

mc2

2

x
(
δ(x− x′)〈n(x)〉) (10.250)

If the system is uniform, 〈n(x)〉= n̄, we can Fourier transform this last identity to obtain
∫ +∞

−∞
dω
2π

ipkDret
k0 (p,ω)=−

e2n̄
mc2

p 2 (10.251)

Using the conservation laws, we find the identity
∫ +∞

−∞
dω
2π

iωDret
00 (p,ω)=

e2n̄
mc2

p 2 (10.252)

This identity is known as the f -sum rule.
If the system is isotropic, these relations can be used to yield a simpler form for

the conductivity tensor. Indeed, for an isotropic system, Dret
k� (p,ω) can only have the form

of a sum of a longitudinal partDret
‖ and a transverse partDret

⊥ :

Dret
�k (p,ω)=Dret

‖ (p,ω)
p�pk
p 2 +Dret

⊥ (p,ω)
(
p�pk
p 2 − δ�k

)
(10.253)

Thus, we get a relation betweenDret
00 andDret

‖ :

ω2Dret
00 (p,ω)− p 2Dret

‖ (p,ω)=−
e2n̄
mc2

p 2 (10.254)

Hence
Dret

00 (p,ω)=
p 2

ω2

(
Dret
‖ (p,ω)−

e2n̄
mc2

)
(10.255)

and
lim
ω→0

Dret
‖ (p,ω)=

e2n̄
mc2

(10.256)

for all p.
The conductivity tensor can also be separated into longitudinal (σ‖) and transverse (σ⊥)

pieces:

σij= σ‖ pipjp 2 + σ⊥
(pipj

p 2 − δij
)

(10.257)
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We find

σ‖ = iω

[
Dret
‖ − e2n̄

mc2

−Dret
‖ + e2n̄

mc2 +ω2

]

(10.258)

and

σ⊥ = 1
iω

(
Dret
⊥ −

e2n̄
mc2

)[

1+ Dret
⊥ − e2n̄

mc2
e2n̄
mc2 −Dret

⊥ +ω2− p 2

]

(10.259)

These relations tell us that the real part of σ‖ is determined by the imaginary part of Dret
‖ .

Thus, the resistive part (the real part) of the longitudinal conductivity σ‖, which reflects the
dissipation in the system, is determined by the imaginary part of a response function. This
general result is known as the fluctuation-dissipation theorem.

10.12 The Dirac propagator in a background
electromagnetic field

Let us consider briefly the Dirac propagator in a background electromagnetic field and
use it to compute the S-matrix for Coulomb scattering. By a “background field,” we mean
a classical (fixed but possibly time-dependent) electromagnetic field Aμ(x). Denote by
SF(x, x′|A) the propagator for a free Dirac field in a background gauge field Aμ.

SF(x, x′|A) obeys the Green function equation

(i/∂ − e/A−m) SF(x, x′|A)= δ4(x− x′) (10.260)

In the absence of a background field, the Dirac propagator SF(x, x′) obeys instead

(i/∂ −m) SF(x, x′)= δ4(x− x′) (10.261)

Thus, we can also write eq. (10.260) as

(
S−1F − e/A

)
SF(A)= 1 (10.262)

Hence

SF(x, x′|A)= SF(x− x′)+ e
∫

d4y SF(x− y) /A(y) SF(y, x′|A) (10.263)

or, in components,

SαβF (x, x
′|A)= SαβF (x− x′)+ e

∫
d4y SαλF (x− y)

[
Aμ(y)γ μ

]λσ SσβF (y, x
′|A) (10.264)

As an explicit application, consider the case of Coulomb scattering of (free) Dirac elec-
trons from a fixed nucleus with positive electric charge Ze. Let us now compute the S-matrix
for this problem in the Born approximation. As in nonrelativistic quantum mechanics,
in this approximation, we replace the propagator in the integrand of eqs. (10.263) and
(10.264) by the free Dirac propagator, SF(x− x′).
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Consider now an incoming state, a spinor denoted by�i(x), with a particle with positive
energy (an electron) and spin up (say, in the z direction), andmomentum pi. This incoming
(initial) state is (for x0→−∞)

�i(x)= 1√
V

u(α)(pi)
√
m
Ei

e−ipi · x (10.265)

The outgoing (final) state�f (x) is a spinor representing a particle with positive energy (an
electron) with spin up (also in the z direction) and momentum pf , and it is given by

�f (y)= 1√
V

u(β)(pf )
√

m
Ef

e−ipf · y (10.266)

The S-matrix is

Sfi= i lim
x0→−∞

lim
y0→+∞

∫
d3x

∫
d3y� f (y, y0) SF(y, x|A)�i(x, x0) (10.267)

At the level of the Born approximation, we can write

Sfi= i lim
x0→−∞

lim
y0→+∞

∫
d3x

∫
d3y� f (y, y0) SF(y, x)�i(x, x0)

+ i lim
x0→−∞

lim
y0→+∞

∫
d3x

∫
d3y

∫
d4z� f (y, y0) SF(y, z) /A(z) SF(z, x)�i(x, x0)

+ · · · (10.268)

Recall the expression for the free Dirac propagator:

SF(x− x′)=− i〈0|Tψα(x)ψ̄α′(x′)|0〉

=− i
∫ d3p
(2π)3

(
m

E(p)

) (
�(x′0− x0)e−ip · (x

′ − x)�+(p)

+�(x0− x′0)e
−ip · (x− x′)�−(p)

)
(10.269)

where �±(p) are projection operators onto positive (particle) and negative (antiparticle)
energy states:

�±(p)= 1
2m

(±/p+m
)

(10.270)

Alternatively, we can express the propagator in terms of the basis spinors uσ (p) (which span
the positive energy states) and vσ (p) (which span the negative energy states), as

SF(x′ − x)=− i�(x′0− x0)
∫

d3p
∑

σ=1,2
u(σ )p (x′)ū(σ )p (x)

+ i�(x0− x′0)
∫

d3p
∑

σ=1,2
v (σ )p (x′)v̄ (σ )p (x) (10.271)
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where we have used the notation

u(σ )p (x)≡ u(σ )(p) e−ip · x, v (σ )p (x)= v (σ )(p) e−ip · x (10.272)

Let us begin by computing the first term in eq. (10.268), the projection of the free propagator
onto the initial and final states. By expanding the propagator, we find

∫
d3x

∫
d3y ψ̄f (y)SF(y− x)ψi(x)=

− i�(y0− x0)
∫

d3p
∑

σ=1,2

∫
d3xd3y ψ̄f (y)u(σ )p (y)ū(σ )p (x)ψi(x)

+ i�(x0− y0)
∫

d3p
∑

σ=1,2

∫
d3xd3y ψ̄f (y)v (σ )p (y)v̄ (σ )p (x)ψi(x) (10.273)

We now use the orthogonality relations of the Dirac basis spinors to find

∫
d3y ψ̄(β)

f (y)u(σ )p (y)=δβσ δ3(p− pf )
∫

d3x ū(σ )p (x)ψ(α)
i (x)=δσαδ3(p− pi) (10.274)

Hence, to leading order, the matrix element Sfi of the S-matrix is

Sfi= δ3(pf − pi)δαβ +Born term (10.275)

Let us now compute the Born term (the first Born approximation). We first need to
compute an expression for

∫
d3y ψ̄f (y)SF(y, z) (10.276)

and for
∫

d3x SF(z, x)ψi(x) (10.277)

Using once again the expansion of the propagator, we find that eq. (10.276) is

∫
d3y ψ̄f (y)SF(y, z)=

∫
d3y ψ̄(β)

f (y)(−i)�(y0− z0)
∑

σ=1,2

∫
d3p u(σ )p (y)ū(σ )p (z)

+
∫

d3y ψ̄(β)

f (i)�(z0− y0)
∑

σ=1,2
v (σ )p (y)v̄ (σ )p (z)
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=− i�(y0− z0)
∑

σ=1,2

∫
d3p

(∫
d3y ψ̄(β)

f (y)u(σ )p (y)
)
ū(σ )p (z)

+ i�(z0− y0)
∑

σ=1,2

∫
d3p

(∫
d3y ψ̄(β)

f (y)v (σ )p (y)
)

v̄ (σ )p (z)

=
⎧
⎨

⎩

−i�(y0− z0) ψ̄(β)

f (z), if the final state is a particle

+i�(z0− y0) ψ̄(β)

f (z), if the final state is an antiparticle
(10.278)

The other expression, eq. (10.277), can be computed similarly. Putting it all together, we
find that the Born term is

Born term=−ie
∫

d4z ψ̄(β)

f (z) /Aψ(α)
i (z)�(y0− z0)�(z0− x0) (10.279)

corresponding to an electron propagating forward in time.
Let us evaluate this expression for the case of a Coulomb potential,

Aμ= (A0, 0), A0= −Ze4πr
(10.280)

with r= |z|. The Born term now becomes

Born term=− ie
∫ ∞

−∞
dz0

∫
d3z ψ̄(β)

f (z)γ0ψ(α)
i (z)�(y0− z0)

(−Ze
4πr

)

= ie
V

m
√
EiEf

Ze
4π

∫ ∞

−∞
dz0

∫
d3z ei(pf − pi) · z 1

r
ū(β)(pf )γ0u(α)(pi) (10.281)

where V is the volume. Using that
∫ ∞

−∞
dz0 ei(Ef −Ei)z0 = 2πδ(Ef −Ei) (10.282)

we can write the Born term as

Born term= iZα
V

m
√
EiEf 2πδ(Ei−Ef )

∫
d3r

e−iq · r
r

ū(β)(pf )γ0u(α)(pi) (10.283)

where α= e2
4π is the fine structure constant, q= pf − pi is the momentum transfer, and

∫
d3r

e−iq · r
r
= 4π
|q| (10.284)

The matrix element of the S-matrix, in the Born approximation, is then equal to

Sfi= δαβδ3(pf − pi)+ i
Zα
V

M
√
EiEf

2πδ(Ei−Ef )
4π
q2

ū(β)(pf )γ0u(α)(pi) (10.285)
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Since

# states with pf within d3pf =V
d3pf
(2π)3

(10.286)

we can write the transition probability per particle into these final states as

|Sfi|2 V d3pf
(2π)3

=Z2 (4πα)2

EiV
m2 |ū(β)(pf )γ0u(α)(pi)|2

|q|4
d3pf

(2π)3Ef
2πδ(Ef −Ei)T (10.287)

where T is the time of measurement (this is Fermi’s golden rule).
Thus, the number of transitions per particle and unit time is

dPfi
dt
=
∫ ∣∣
∣∣∣
iZα
V

m
√
Ef Ei

4π
|q|2 ū

(β)(pf )γ0u(α)(pi)

∣∣
∣∣∣

2

2πδ(Ef −Ei)V
d3pf
(2π)3

(10.288)

Dividing out this expression by the incoming flux, 1
V
|pi|
Ei
, we obtain an expression for the

differential cross section:

dσfi=
(∫

dpf p2f
4Z2α2m2

|pi|Ef |q|4
|ū(β)(pf )γ0u(α)(pi)|2δ(Ef −Ei)

)2

d�f (10.289)

For elastic scattering, |pi| = |pf | = pf and EdE= pf dpf , we obtain that the differential cross
section is

dσfi= 4Z2α2m2

|q|4 |ū(β)(pf )γ0u(α)(pi)|2d�f (10.290)

For an unpolarized beam, we get

dσfi
d�

∣∣∣
unpolarized

= Z2α2

4|p|2β2 sin4(�/2)

(
1−β2 sin2

�

2

)
(10.291)

where β = v/c.

Exercises

10.1 Spectral function for the Dirac propagator

1) Derive a formal expression for the spectral function ραα′(p) of the Feynman
propagator for the Dirac theory,

Sαα′F (p)=
∫ ∞

0
dm′2

ραα′(p)
p2−m′2+ iε

(10.292)

in terms of matrix elements of the field operators. Recall that the Dirac
propagator is

Sαα′F (x, x′)=−i〈0|T ψα(x) ψ̄α′(x′)|0〉 (10.293)
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2) Show that, if the vacuum is invariant under parity P ,

Pψ(x)P−1≡ γ0ψ (10.294)

then ραα′ has the simpler form

ραα′ = ρ1(p2) /pαα′ + ρ2(p2) δαα′ (10.295)

Compute explicitly ρ1(p2) and ρ2(p2) for the free Dirac theory.

10.2 Wick’s theorem for the scalar field
This is an exercise on the application of Wick’s theorem for a specific theory, the
3-component free scalar field φa(x), with a= 1, 2, 3, with the globalO(3) invariance
φa(x)→Oabφb(x), where Oab is an arbitrary 3× 3 rotation matrix.

1) Use symmetry arguments to determine which of the following v.e.v.s are nonzero
(summation over repeated indices is implied):

a) 〈0|Tφa(x)φa(x′)|0〉
b) 〈0|Tφa(x)φb(x′)φb(x′′)|0〉
c) 〈0|Tφa(x)φb(x′)φb(x′′)φa(x′′′)|0〉

2) Use Wick’s theorem to find expressions for the v.e.v.s of (b) and (c) in (part 1) in
terms of the v.e.v. of (a).

10.3 Reduction formulas
Consider a theory of a complex scalar field φ(x) (“pions” π±) coupled to the
quantized electromagnetic field Aμ(x). Consider the process γ→π+ +π− (pair
creation) with a photon of 4-momentum pi and polarization α in the initial state
and pions of momenta p+ and p− in the final state. The S-matrix element is

〈p+p−|Ŝ|pi,α〉 (10.296)

Find a reduction formula that relates this matrix element to the v.e.v. of a set of
time-ordered fields for this particular process.

10.4 Cross sections for a real scalar field
Find the analog for this problem of the reduction formula shown in eq. (10.168) for
the real scalar field, and derive an explicit formula that relates the differential cross
section for a 2→ 2 process to a suitable four-point function, where the in state has
two particles of positive charge andmomenta p1 and p2 (with p1− p2→ 0), and the
out state also has two particles with positive charge and momenta q1 and q2 (with
q1− q2→ 0). Calculate the cross section to lowest order in perturbation theory (i.e.,
to order λ).

10.5 Complex scalar field coupled to a classical electromagnetic field
Consider a complex scalar field coupled to an external classical (i.e., not quantized)
electromagnetic field Aμ(x).

1) Write the Lagrangian density of this theory coupled to the gauge field.
2) Verify that the theory is gauge invariant.
3) Derive an expression for the classical current Jμ, and show that the current is

conserved and gauge invariant.
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4) Show that, in the Heisenberg representation of the full theory, the current
operator Ĵμ obeys the local conservation equation ∂μĴμ= 0.

5) Consider the current-current correlation function

Dμν(x, x′)=〈0|T Ĵμ(x)Ĵν(x′)|0〉 (10.297)

(where |0〉 is the exact ground state of the full theory). Use your results to find an
expression for ∂μx Dμν(x, x′). When is it equal to zero?

10.6 Propagators and correlation functions for the one-dimensional quantum Heisen-
berg antiferromagnet.
In exercise 6.1 of chapter 6, you studied the one-dimensional quantum Heisenberg
antiferromagnet in the spin wave (or semiclassical) approximation. In that problem,
you constructed the ground state and the single-particle excitations, the spin waves.
In this problem, you will study the response of that system to an external space-
and time-dependent magnetic field. This external field will be represented by an
additional term to the Hamiltonian of the form

Hext=
N/2∑

n=−N/2+1
Bk(n, t) Ŝk(n, t) (10.298)

which we will regard as a perturbation.

1) Consider for the moment that the external field has been switched off. Derive an
expression for the following propagators:

D33(nt, n′t′)=−i〈gnd|T Ŝ3(n, t)Ŝ3(n′, t′)|gnd〉 (10.299)

D+−(nt, n′t′)=−i〈gnd|T Ŝ+(n, t)Ŝ−(n′, t′)|gnd〉 (10.300)

in momentum and frequency space. Be very careful and very explicit in the way
you treat the poles of these propagators. Show that your choice of frequency
integration contour yields a propagator that satisfies the correct boundary
conditions.

2) Use linear response theory to derive an expression for the magnetic susceptibil-
ities χ33 and χ+− (in position space) of this system in terms of correlation (or
retarded) functions of the system.

3) Use Wick’s theorem to find an expression for the corresponding time-ordered
functions in the spin-wave approximation in momentum and frequency space.

4) Use the results of the previous parts of this exercise to show that χ+−(p,ω) has,
in the limit ω→ 0, a pole at p=π . Calculate the residue of this pole. The residue
is the square of the order parameter of the system in this approximation.
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Perturbation Theory and Feynman
Diagrams

Let us now turn our attention to interacting quantumfield theories. All of the results derived
in this chapter apply equally to both relativistic and nonrelativistic theories with only minor
changes. Here we will use the path-integral approach developed in previous chapters.

The properties of any field theory can be understood if theN-point correlation functions
are known:

GN(x1, . . ., xN)=〈0|Tφ(x1) · · ·φ(xN)|0〉 (11.1)

Much of what we will do below can be adapted to any field theory of interest. We will
discuss in detail the simplest case, the relativistic self-interacting scalar field theory. It is
straightforward to generalize this case to other theories of interest. Only a summary of
results will be given for the other cases.

11.1 The generating functional in perturbation theory

The N-point function of a scalar field theory,

GN(x1, . . ., xN)=〈0|Tφ(x1) · · ·φ(xN)|0〉 (11.2)

can be computed from the generating functional Z[ J]:

Z[ J]= 〈0|Te
i
∫

dDxJ(x)φ(x)
|0〉 (11.3)

In D= d+1-dimensional Minkowski spacetime, Z[ J] is given by the path integral

Z[ J]=
∫

Dφ e
iS[φ]+ i

∫
dDxJ(x)φ(x)

(11.4)

where the action S[φ] is the action for a relativistic scalar field. The N-point function,
eq. (11.1), is obtained by functional differentiation:

GN(x1, . . ., xN)= (−i)N 1
Z[ J]

δNZ[ J]
δJ(x1) · · · δJ(xN)

∣∣∣
J=0

(11.5)
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Similarly, the Feynman propagatorGF(x1− x2), which is essentially the 2-point function, is
given by

GF(x1− x2)= i〈0|Tφ(x1)φ(x2)|0〉=−i 1
Z[ J]

δ2Z[ J]
δJ(x1)δJ(x2)

∣∣∣
J=0

(11.6)

Thus, in principle, all we need to do is to compute Z[ J], and once it is determined, to use it
to compute the N-point functions.

We will derive an expression for Z[ J] in the simplest theory, the relativistic real scalar
field with a φ4 interaction, but the methods are very general. We will work in Euclidean
spacetime (i.e., in imaginary time), where the generating function takes the form

Z[ J]=
∫

Dφ e
−S[φ]+

∫
dDxJ(x)φ(x)

(11.7)

where S[φ] now is

S[φ]=
∫

dDx
[
1
2
(∂φ)2+ m2

2
φ2+ λ

4!φ
4
]

(11.8)

In the Euclidean theory, the N-point functions are

GN(x1, . . ., xN)=〈φ(x1) · · ·φ(xN)〉= 1
Z[ J]

δNZ[ J]
δJ(x1) · · · δJ(xN)

∣∣∣
J=0

(11.9)

Let us denote by Z0[ J] the generating action for the free scalar field, with action S0[φ].
In chapter 5, we already calculated Z0[ J] and obtained the result (see eq. (5.141) and eq.
(5.146)):

Z0[ J]=
∫

Dφ e
−S0[φ]+

∫
dDxJ(x)φ(x)

= [Det (−∂2+m2)]−1/2 e
1
2

∫
dDx

∫
dDyJ(x)G0(x− y)J(y)

(11.10)

where ∂2 is the Laplacian operator in D-dimensional Euclidean space, and G0(x− y) is the
free-field Euclidean propagator (i.e., the two-point correlation function):

G0(x− y)=〈φ(x)φ(y)〉0=〈x| 1
−∂2+m2 |y〉 (11.11)

and the sub-index label 0 denotes a free-field expectation value.
We can write the full generating function Z[ J] in terms of the free-field generating

function Z0[ J] by noting that the interaction part of the action contributes with a weight
of the path integral, which, on expanding in powers of the coupling constant λ, takes the
form

e−Sint[φ] = e
−
∫

dDx
λ

4!φ
4(x)

=
∞∑

n=0

(−1)n
n!

(
λ

4!
)n ∫

dDx1 · · ·
∫

dDxn φ4(x1) · · ·φ4(xn) (11.12)



304 . Chapter 11

Hence, on expanding in powers of λ, the generating function Z[ J] is

Z[ J]=
∫

Dφ e
−S0[φ]+

∫
dDxJ(x)φ(x)− Sint[φ]

=
∞∑

n=0

(−1)n
n!

(
λ

4!
)n

×
∫

dDx1 · · ·
∫

dDxn
∫

Dφ φ4(x1) · · ·φ4(xn) e
−S0[φ]+

∫
dDxJ(x)φ(x)

=
∞∑

n=0

(−1)n
n!

(
λ

4!
)n ∫

dDx1 · · ·
∫

dDxn
δ4

δJ(x1)4
· · · δ4

δJ(xn)4
Z0[ J]

≡ e
− λ
4!
∫

dDx
δ4

δJ(x)4 Z0[ J] (11.13)

where the operator of the last line is defined by its power series expansion. We see that this
amounts to the formal replacement

Sint[φ] �→ Sint
(
δ

δJ

)
(11.14)

This expression allows us to write the generating function of the full theory Z[ J] in terms
of Z0[ J], the generating function of the free-field theory:

Z[ J]= e
−Sint

(
δ

δJ

)

Z0[ J] (11.15)

Notice that this expression holds for any theory, not just a φ4 interaction. This result is the
starting point of perturbation theory.

Before we embark on explicit calculations in perturbation theory, it is worthwhile to see
what assumptions have been made along the way. We assumed (a) that the fields obey Bose
commutation relations, and (b) that the vacuum (or ground state) is nondegenerate.

The restriction to Bose statistics was made at the level of the path integral of the scalar
field. This approach is, however, of general validity, and it also applies to theories with Fermi
fields, which are path integrals over Grassmann fields. As we saw before, in all cases, the
generating functional yields vacuum (or ground state) expectation values of time-ordered
products of fields. The assumption of relativistic invariance is also not essential, although it
simplifies the calculations significantly.

The restriction to a nondegenerate vacuum state has more subtle physical consequences.
We have noted that, in some cases, the vacuum may be degenerate if a global symmetry is
spontaneously broken. Here, the thermodynamic limit plays an essential role. For example,
if the vacuum is doubly degenerate, we can do perturbation theory on one of the two
vacuum states. If they are related by a global symmetry, the number of orders in perturbation
theory that are necessary to have a mixing with its degenerate partner is proportional to
the total number of degrees of freedom. Thus, in the thermodynamic limit, they will not
mix unless the vacuum is unstable. Such an instability usually shows up in the form of IR
divergent contributions in the perturbation expansion. However, this is not a sickness of
the expansion, but the consequence of having an inadequate starting point for the ground
state! In general, the “safe procedure” to deal with degeneracies that are due to symmetry is
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to add an additional term (like a source) to the Lagrangian that breaks the symmetry and to
do all the calculations in the presence of such a symmetry-breaking term. This term should
be removed only after the thermodynamic limit is taken.

The case of gauge symmetries has other and important subtleties. In the case ofMaxwell’s
electrodynamics, in chapter 9 we saw that the ground state is locally gauge invariant and
that, as a result, it is unique. It turns out that this is a generic feature of theories that are
locally gauge invariant for all symmetry groups and in all dimensions. There is a very
powerful theorem (due to S. Elitzur, and which will be discussed in section 18.6), which
states that not only the ground state of theories with gauge invariance is unique and gauge
invariant, but also that this restriction extends to the entire spectrum of the system. Thus
only gauge-invariant operators have nonzero expectation values, and only such operators
can generate the physical states. To put it differently, a local symmetry cannot be broken
spontaneously even in the thermodynamic limit. The physical reason behind this statement
is that if the symmetry is local, it takes only a finite order in perturbation theory to mix all
symmetry-related states. Thus, whatever may happen at the boundaries of the system has
no consequence for what happens in the interior, and the thermodynamic limit no longer
plays a role. This is why we can fix the gauge and remove the enormous redundancy of the
description of the states.

Nevertheless, we have to be very careful about two issues. First, the gauge-fixing pro-
cedure must select one and only one state from each gauge class. Second, the perturbation
theory is based on the propagator of the gauge fields, Gμν(x− x′)=−i〈0|TAμ(x)Aν(x′)|0〉,
which is not gauge invariant and, unless a gauge is fixed, it vanishes. If a gauge is fixed,
this propagator has contributions that depend on the choice of gauge, but the poles of this
propagator do not depend on the choice of gauge since they describe physical excitations
(e.g., photons). Furthermore, although the propagator is gauge dependent, it will only
appear in combination with matter currents, which are conserved. Thus, the gauge-
dependent terms of the propagator do not contribute to physical processes.

Except for these caveats, we can now proceed to do perturbation theory for all field
theories of interest.

11.2 Perturbative expansion for the two-point function

Let us discuss the perturbative computation of the two-point function in φ4 field theory
in D-dimensional Euclidean spacetime. Recall that, under a Wick rotation, the analytic
continuation to imaginary time ix0 �→ xD, the two-point function in D-dimensional
Minkowski spacetime, 〈0|Tφ(x1)φ(x2)|0〉, maps onto the correlation function of two fields
in D-dimensional Euclidean spacetime:

〈0|Tφ(x1)φ(x2)|0〉 �→ 〈φ(x1)φ(x2)〉 (11.16)

Let us formally write the two-point function G(2)(x1− x2) as a power series in the
coupling constant λ:

G(2)(x1− x2)=
∞∑

n=0

λn

n! G
(2)
n (x1− x2) (11.17)
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Using the generating functional Z[ J], we can write

G(2)(x1− x2)= 1
Z[ J]

δ2Z[ J]
δJ(x1)δJ(x2)

∣∣
∣
J=0

(11.18)

where

Z[ J]= e
−Sint

(
δ

δJ

)

Z0[ J] (11.19)

Hence, the two-point function can be expressed as a ratio of two series expansions in powers
of the coupling constant. The numerator of eq. (11.18) is given by an expansion in powers
of the coupling constant λ, which can formally be written as

δ2Z[ J]
δJ(x1)δJ(x2)

∣∣
∣
J=0
=
∞∑

n=0

(−1)n
n!

( λ
4!
)n

×
∫

dDy1 · · ·
∫

dDyn
δ2

δJ(x1)δJ(x2)
δ4

δJ(y1)4
· · · δ4

δJ(yn)4
Z0[ J]

∣∣∣
J=0

(11.20)

Likewise, the denominator of eq. (11.18) is given by the expansion of Z[0] in powers of λ,
which has a similar expression but without a contribution corresponding to the functional
derivatives with respect to the source at the external points x1 and x2. The equivalent
expansions in Minkowski spacetime are obtained, term by term, by the replacement

− λ �→ iλ (11.21)

at every order in the expansion.
Let us now look at the form of the first few terms of the expansion of the two-point

function in perturbation theory.

11.2.1 Zeroth order in λ

To zeroth order in λ, O(λ0), the numerator of eq. (11.18) reduces to

δ

δJ(x1)
δ

δJ(x2)
Z[ J]

∣∣∣
J=0
= δ

δJ(x1)
δ

δJ(x2)
Z0[ J]

∣∣∣
J=0
+O(λ)

=G0(x1− x2)+O(λ) (11.22)

while the denominator of eq. (11.18) is simply equal to one:

Z[0]=Z0[0]+O(λ)= 1+O(λ) (11.23)

where the contribution of the determinant in Z0[0] has been dropped, since it does not
contribute to the expectation values of the local observables. Hence, we find that to zeroth
order, the two-point function is simply given by

G(2)(x1− x2)=G0(x1− x2)+O(λ) (11.24)
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11.2.2 First order in λ

To first order in λ, the denominator Z[0] of eq. (11.18) is given by

Z[0]= 1+ −1
1!
(
λ

4!
)∫

dy
δ4

δ J(y)4
Z0[ J]

∣∣∣
J=0
+O(λ2) (11.25)

The expression in the integrand can be calculated from the Taylor expansion of Z0[ J] in
powers of J(x). To find a nonzero contribution, we need to bring down from the exponent
enough factors of J so that they can be canceled by the functional derivatives. Since the
argument of the exponential factor in Z0[ J] is a bilinear functional of J(x),

Z0[ J] ∝ e
1
2

∫
dDx

∫
dDyJ(x)G0(x− y)J(y)

(11.26)

only an even number of derivatives in J(x) can be canceled to a given order. In particular, to
first order in λ, we have to cancel four derivatives. Thus we need to expand the exponential
in Z0[ J] to second order in its argument to obtain the only nonvanishing contribution to
first order in λ to Z[ J] at J= 0:

Z[0]= 1+ (−1)
1!

(
λ

4!
)

×
∫

dDx
δ4

δJ(x)4
1
2!
(
1
2

∫
dDy1

∫
dDy2J(y1)G0(y1− y2)J(y2)

)2 ∣∣
∣
J=0

+O(λ2) (11.27)

The derivatives yield a set of δ functions

δ4

δJ(x)4
[ J(y1) · · · J(y4)]

∣∣
∣
J=0
=
∑

P

4∏

j=1
δ(ypj− x) (11.28)

where P runs over the 4! permutations of the arguments y1, y2, y3, and y4.
We can now write the first-order correction to Z[0] in the form

Z[0]= 1+
(−1

1!
)(

λ

4!
)

1
2!
(
1
2

)2

×
∫

dDx
∫

dDy1 · · · dDy4G0(y1− y2)G0(y3− y4)
∑

P

4∏

j=1
δ(ypj− x)

+O(λ2)

= 1+ (−1)
1!

(
λ

4!
)
S
∫

dDx G0(x, x)G0(x, x)+O(λ2) (11.29)

where S= 3 is the multiplicity factor, which counts the number of times this picture is
obtained by contracting all the lines in a pairwise fashion without changing the topology
of this term.
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Figure 11.1 Vacuum fluctuations: first-order correction to Z[0].

It is useful to introduce a picture or Feynman diagram to represent this contribution. Let
us mark four points y1, . . ., y4 and an additional point at x (which we call a vertex) with four
legs coming out of it. Let us join y1 and y2 by a line and y3 with y4 by another line. To each
line, we assign a factor of G0(y1− y2) and G0(y3− y4), respectively:

G0(x− y)=
x y

(11.30)

Next, because of the δ functions, we have to identify each of the points y1, . . ., y4 with each
one of the legs attached to y in all possible ways. The resulting expression has to be integrated
over all values of the coordinates and of x. The result is

Z[0]= 1− λ
8

∫
dDx (G0(x, x))2+O(λ2) (11.31)

Physically, the first-order contribution represents corrections to the ground state energy due
to vacuum fluctuations. This expression can be represented more simply by the Feynman
diagram shown in figure 11.1.

Here, and below, a solid line denotes the bare propagator G0(x− y).

Let us now compute the first-order corrections to
δ2Z[ J]

δJ(x1)δJ(x2)

∣∣∣
J=0

:

(−1)
1!

λ

4!
∫

dDy
δ2

δJ(x1)δJ(x2)
δ4

δJ(y)4
Z[ J]

∣
∣∣
J=0

= (−1)
1!

λ

4!
∫

dDy
δ2

δJ(x1)δJ(x2)
δ4

δJ(y)4

× 1
3!
(
1
2

∫
dDz1

∫
dDz2J(z1)G0(z1− z2)J(z2)

)3 ∣
∣∣
J=0

(11.32)

The nonvanishing contributions are obtained bymatching the derivatives in eq. (11.32)with
an equal number of powers of J. We see that there are six factors of the source J at points
z1, . . ., z6 and six derivatives, one at x1 and at x2, and four at y. To match derivatives with
powers amounts to finding all possible pairwise contractions of these two sets of points.
Once the δ functions have acted, we are left with just one integral over the position y of the
internal vertex. Hence, the result amounts to finding all possible contractions among the
external legs at x1 and x2, with each other and/or with the internal vertex at y. Notice that
for each contraction, we get a power of the bare (unperturbed) propagator G0.

The only nonvanishing terms resulting from this process are represented by the Feynman
diagrams in figure 11.2.
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y

y
x1 x2

+
x1 x2

(b)(a)
Figure 11.2 First-order contributions to the two-point function.

G(2) = 
++

1 +
Figure 11.3 Diagrams for the two-point function to first order in λ.

G(2) = 
(1 + + O(λ2))

+(1 + + O(λ2)) ( + O(λ2))

Figure 11.4 Factorization of Feynman diagrams for the two-point function to first order in λ.

The first contribution, figure 11.2a, is the product of the bare propagator G0(x1− x2)
between the external points and the first-order correction of the vacuum diagrams:

(a)=G0(x1− x2)×
[
−
(
λ

8

)∫
dDy

(
G0(y, y)

)2]
(11.33)

The second term, the “tadpole” diagram of figure 11.2b, is given by the expression

(b)=−
(
λ

4!
)

S
∫

dDy G0(x1, y)G0(y, y)G0(y, x2) (11.34)

where the multiplicity factor is S= 4× 3. It counts the number of ways (12) of contracting
the external points to the internal vertex: There are four different ways of contracting one
external point to one of the four lines attached to the internal vertex at y, and three different
ways of contracting the remaining external point to one of the three remaining lines of the
internal vertex. There is only one way to contract the two leftover internal lines attached to
the vertex at y.

By collecting terms, we get the result shown in figure 11.3.
To first order in λ, the expansion of the two-point function can also be written in the

form shown in figure 11.4.
At least to this order in perturbation theory, some of the diagrams that contribute to

the expansion of the numerator get exactly canceled by the expansion of the denominator,
the vacuum diagrams. The diagrams that get canceled are unlinked in the sense that one
can split a diagram in two by drawing a line that does not cut any of the propagator lines.
These diagrams contain a factor consisting of terms of the vacuum diagrams. We will see in
section 11.3 that this is a feature of this expansion to all orders in λ.
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G(2) = + + . . .

Figure 11.5 The two-point function to first order in λ.

Thus, to first order in λ, the two-point function is given by

G(2)(x1, x2)=G(2)0 (x1, x2)−
λ

2

∫
dDyG(2)0 (x1, y)G

(2)
0 ( y, y)G

(2)
0 ( y, x2)+O(λ2) (11.35)

as shown in figure 11.5.

11.3 Cancellation of the vacuum diagrams

The cancellation of the vacuum diagrams is a general feature of perturbation theory. Let us
reexamine this issue in more general terms. We will go through the arguments for the case
of the two-point function, but they are trivial to generalize to any N-point function. This
feature also holds in all theories, relativistic or not, bosonic or fermionic, provided the fields
satisfy local canonical commutation (or anticommutation) relations.

The expansion of the two-point function has the form

〈φ(x1)φ(x2)〉= 1
Z[0]

∞∑

n=0

∫
dDy1 · · · dDyn (−1)

n

n!

〈

φ(x1)φ(x2)
n∏

j=1
Lint

(
φ(yj)

)
〉

0

.

(11.36)
The denominator factor Z[0] has a similar expansion

Z[0]=
∞∑

n=0

(−1)n
n!

∫
dDy1 · · · dDyn

〈 N∏

j=1
Lint

(
φ(yj)

)
〉

0

(11.37)

where 〈O[φ]〉0 denotes the expectation value of the operatorO[φ] in free-field theory.
Consider first the numerator. Each expectation value involves a sum of products of

pairwise contractions. If we assign a Feynman diagram to each contribution, it is clear
that we can classify these terms into two classes: (a) linked and (b) unlinked diagrams. A
diagram is said to be unlinked if it contains a sub-diagram, in which a set of internal vertices
are linked with each other but not to an external vertex. The linked diagrams satisfy the
opposite property. Since the vacuum diagrams by definition do not contain any external
vertices, they are unlinked.

All the expectation values that appear in the numerator of eq. (11.36) can be written as a
sum of terms, each of the form of a linked diagram times a vacuum graph, that is,

〈φ(x1)φ(x2)Lint
(
φ(y1)

) · · ·Lint
(
φ(yn)

)〉0=

=
n∑

k=0

(
n
k

)〈

φ(x1)φ(x2)
k∏

j=1
Lint

(
φ(yj)

)
〉�

0

〈 n∏

j=k+1
Lint

(
φ(yj)

)
〉

0

(11.38)
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where the super-index � denotes a linked factor (i.e., a factor that does not contain any
vacuum sub-diagram). Thus, the numerator has the form

∞∑

n=0

n∑

k=0

(−1)n
n!

(
n
k

)〈

φ(x1)φ(x2)
k∏

j=1
Lint(yk)

〉�

0

〈 N∏

j=k+1
Lint

(
φ(yj)

)
〉

0

(11.39)

which factorizes into
⎛

⎝
∞∑

k=0

(−1)k
k!

∫
dDy1 · · · dDyk

〈

φ(x1)φ(x2)
k∏

j=1
Lint

(
φ(yj)

)
〉�

0

⎞

⎠

×
⎛

⎝
∞∑

n=0

(−1)n
n!

∫
dDy1 · · · dDyn

〈 n∏

j=1
Lint

(
φ(yj)

)
〉

0

⎞

⎠ (11.40)

We can clearly recognize that the second factor is identically equal to the denominator Z[0].
Hence we can write the two-point function as a sum of linked Feynman diagrams:

〈φ(x1)φ(x2)〉=
∞∑

n=0

(−1)n
n!

∫
dDy1 · · · dDyn 〈φ(x1)φ(x2)

n∏

j=1
Lint

(
φ(yn)

)〉�0 (11.41)

This result is known as the linked-cluster theorem. This theorem, which proves that the
vacuum diagrams cancel out exactly to all orders in perturbation theory, is valid for all
N-point functions (not just for two-point functions) and for any local theory. It also holds
inMinkowski spacetime on the replacement (−1)n↔ in. It holds for all theories with a local
canonical structure, relativistic or not.

11.4 Summary of Feynman rules for φ4 theory

11.4.1 Position space

The general rules to construct the diagrams in position space for the N-point function
〈0|Tφ(x1) · · ·φ(xN)|0〉 inφ4 theory inMinkowski space and 〈φ(x1) · · ·φ(xN)〉 in Euclidean
space are

1) A general graph for the N-point function has N external points and n internal
interaction vertices, where n is the order in perturbation theory. Each vertex is
a point with a coordinate label and four lines (for a φ4 theory) coming out of it.

2) Draw all topologically distinct graphs obtained by connecting the external points
and the internal vertices in all possible ways. Discard all graphs that contain
sub-diagrams not linked to at least one external point.

3) The following weights are assigned to each graph:

i) For every vertex, a factor of −i λ4! in Minkowski space and − λ
4! in Euclidean

space.
ii) For every line connecting a pair of points z1 and z2, a propagator factor of
〈0|Tφ(z1)φ(z2)|0〉0=−iG(2)0 (z1, z2) in Minkowski space, or
〈φ(z1)φ(z2)〉0=G0(z1− z2) in Euclidean space.

iii) An overall factor of 1
n! .
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(a)

x1

y1 y2

x2

x3

x4

(b)

x1

y2 y1

x2

x3

x4

Figure 11.6 Two topologically distinct contributions to the four-point function to order λ2 that have
the same analytic expression.

4) There is a multiplicity factor that counts the number of ways in which the lines can
be joined without changing the topology of the graph.

5) Integrate over all internal coordinates {zi}.
For example, the 4-point function

G(4)(x1, x2, x3, x4)=〈φ(x1)φ(x2)φ(x3)φ(x4)〉 (11.42)

has the two contributions to order λ2 shown in figure 11.6. These two diagrams have
exactly the sameweight (ifG(2)0 (1, 2)=G(2)0 (2, 1)), and their total contribution to the 4-point
function is

1
2!
(−λ

4!
)2

S
∫

dDy1
∫

dDy2 G(2)0 (x1, y1)G
(2)
0 (x2, y1)

×
[
G(2)0 (y1, y2)

]2
G(2)0 (x3, y2)G

(2)
0 (x4, y2) (11.43)

but they are topologically distinct and thus count as separate contributions. Themultiplicity
factor is S= (4× 3)2× 2× 2.

11.4.2 Momentum space

TheN-point functions can also be computed in momentum space. The rules for construct-
ing Feynman diagrams in momentum space are:

1) A graph hasN external legs, labeled by a set of externalmomenta k1, . . ., kN , flowing
into the diagram and n internal vertices (for order n in perturbation theory). Each
vertex has four lines (for φ4 theory), each carrying amomentum q1, . . ., q4 (flowing
out of the vertex). All lines must be connected in pairs. All vacuum terms have to
be discarded.

2) All topologically different graphs must be drawn.
3) The weight of each diagram is determined as follows:

• Each vertex contributes a factor of (−λ4! )(2π)
DδD(

∑4
i=1 qi).

• Each line carries a momentum pμ and contributes to the weight with a factor
G(2)0 (p)= 1

p2+m2 , in Euclidean space. In Minkowski space, the factor becomes
−iG(2)0 = −i

p2−m2+iε .
• All the numerical factors are the same as in position space.
• All the internal momenta must be integrated over.
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p p

q

Figure 11.7 First-order contribution to the two-point function in momentum space.

For example, the first-order contribution to the two-point function is the tadpole diagram
shown in figure 11.7. It has the algebraic weight

(−λ
4!
)

1
1! (4× 3)

∫ dDq
(2π)D

1
q2+m2

(
1

p2+m2

)2
(11.44)

11.5 Feynman rules for theories with fermions and
gauge fields

The Feynman rules that we derived for φ4 theory can be easily extended to other theories,
relativistic or not. An important difference occurs in theories with fermions, in which the
rules need to be modified to account for the Fermi-Dirac statistics. As an example, let us
consider the case of quantum electrodynamics (QED), the theory of electrons and photons.
Similar rules are formulated in quantum chromodynamics (QCD), which we will discuss in
section 16.8. Feynman rules for self-interacting fermions are also devised in the case of the
Gross-Neveumodel (or the Nambu-Jona-Lasiniomodel) and in the case of a nonrelativistic
electron gas.

The Lagrangian density of QED, in the Feynman– ’t Hooft gauges, is

LQED= ψ̄ i /Dψ − 1
4
F2
μν −

1
2α
(∂μAμ)2 (11.45)

In the presence of separate sources η̄(x) for the Dirac (spinor) field ψ(x) (and η(x) for the
adjoint Dirac field ψ̄(x), and Jμ(x) for the electromagnetic gauge field Aμ(x)), the partition
function is

Z[η, η̄, Jμ]=
∫

DψDψ̄DAμ e
i
∫

d4x
[LQED+ Jμ(x)Aμ(x)+ η̄(x)ψ(x)+ ψ̄(x)η(x)

]

(11.46)
where the Faddeev-Popov determinant has been dropped, since it is trivial in this abelian
gauge theory (see section 9.5). In what follows, we drop the spinor labels to simplify the
notation.

As in the case of φ4 theory, the partition function Z[η, η̄, Jμ] in eq. (11.46) can be
expressed in terms of the partition function of a free-field theory with sources. In this case,
we have two partition functions of free-field theories: the partition function for free Dirac
fields with sources,

ZDirac[η, η̄]=
∫

DψDψ̄ exp
[
i
∫

d4x
(
ψ̄(i/∂ −m)ψ + η̄ψ + ψ̄η)

]
(11.47)
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p + q

p

q

Figure 11.8 The bare interaction vertex of QED: The solid lines are Dirac fermion propagators, and
the wavy line is a photon propagator. The bare vertex has a weight eγμ.

and the partition function of the free Maxwell field, in the Feynman–’t Hooft gauges, with
sources Jμ given by

ZMaxwell[ Jμ]=
∫

DAμ exp
[
i
∫

d4x
(
−1
4
F2
μν −

1
2α
(
∂μAμ

)2
)
+ JμAμ

]
(11.48)

where, here too, the Faddeev-Popov determinant has been dropped.
In QED, the interaction term of the Lagrangian is

Lint[ψ , ψ̄ ,Aμ]= eAμψ̄γ μψ (11.49)

Then the full generating function of eq. (11.46) is expressed as

Z[η, η̄, Jμ]= exp
(
i
∫

d4xLint

[
−i δ
δη̄

,−i δ
δη

,−i δ
δJμ

])
ZDirac[η, η̄]ZMaxwell[ Jμ] (11.50)

where the replacements

ψ(x)→−i δ

δη̄(x)
, ψ̄(x)→−i δ

δη(x)
, Aμ(x)→−i δ

δJμ(x)
(11.51)

have been made inside the interaction term of the Lagrangian.
The Feynman rules then follow by the same line of argument that we used in φ4 theory.

The main differences are

1) Now we have two propagators: the propagator of the free massive Dirac field,
SF(x− y)=−i〈0|Tψ(x)ψ̄(y)|0〉, which was given explicitly in section 7.2, and the
propagator of the Maxwell field (in the Feynman–’t Hooft gauges) Gμν(x− y,α)=
i〈0|TAμ(x)Aν(y)|0〉, given explicitly in section 9.6.

2) The interaction vertex involves two Dirac fermions and a gauge field, shown in
figure 11.8. Each bare vertex has a weight in a Feynman diagram of eγμ.

3) Each closed Dirac fermion loop contributes with a minus sign, and each diagram
now has a weight (−1)F , where F is the number of fermion loops. This rule follows
from the form of the path integral for fermions (see chapter 7). It applies to all
theories of fermions, relativistic or not.

Aside from these changes, the Feynman rules are the same.
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Figure 11.9 The set of all one-particle reducible diagrams of the two-point function to leading order
in λ.

= +

Figure 11.10 The Dyson equation for the two-point function.

11.6 The two-point function and the self-energy in φ4 theory

We now return to φ4 theory. To first order in λ, and in momentum space, the two-point
function in Euclidean space is

G(2)(p)= 1
p2+m2 +

−λ
4! (4× 3)

(∫ dDq
(2π)D

1
q2+m2

)(
1

p2+m2

)2
+O(λ2) (11.52)

Let us define by μ2 the effective or renormalized mass (squared) such that

1
p2+μ2 =

1
p2+m2

{
1− λ

2

(∫ dDq
(2π)D

1
q2+m2

)(
1

p2+m2

)
+O(λ2)

}
(11.53)

Again, to first order in λ, we can write the equivalent expression

G(2)(p)= 1

p2+m2+ λ
2

∫ dDq
(2π)D

1
q2+m2

+O(λ2) (11.54)

This expression leads us to define μ2 to be

μ2=m2+ λ
2

∫ dDq
(2π)D

1
q2+m2 + · · · (11.55)

This equation is equivalent to a sum of a large number of diagrams with higher order in
λ. How do we know that it is consistent? First note that we have summed diagrams of the
form shown in figure 11.9. These diagrams have the very special feature that it is possible to
split the diagram into two sub-diagrams by cutting only a single internal line. Momentum
conservation requires that the momentum of that line be equal to the momentum on the
incoming external leg. Thus, once again, we have two types of diagrams: (a) one-particle
reducible diagrams (which satisfy the property defined above) and (b) the one-particle
irreducible graphs that do not. Hence, the total contribution to the two-point function is
the solution of the equation shown in figure 11.10.
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= + + + …

Figure 11.11 Feynman diagrams summed by the Dyson equation.

Here the thick lines are the full propagator, the thin line is the bare propagator, and the
shaded circle represents all the irreducible diagrams (i.e., diagrams with amputated external
legs). We represent the shaded circle by the self-energy operator�(p), shown in figure 11.11.

Thus, the total sum satisfies the Dyson equation

G(2)(p)=G(2)0 (p)+G(2)0 (p)�(p)G(2)(p) (11.56)

The inverse of G(2)(p), �(2)(p), satisfies

�(2)(p)=G(2)0 (p)−1−�(p)= p2+m2−�(p) (11.57)

To first order in λ,�(p) is just the tadpole term

�(p)=−λ
2

∫ dDq
(2π)D

1
q2+m2 +O(λ2) (11.58)

which, to this order in λ, happens to be independent of the external momentum pμ. Of
course, the higher-order terms in general will be functions of pμ.

In terms of the renormalized mass μ2, to order one-loop (i.e., O(λ)), we get

μ2=m2−�(p)=m2+ λ
2

∫ dDq
(2π)D

1
q2+m2 +O(λ2) (11.59)

Thus, we conclude that, to O(λ), vacuum fluctuations renormalize the mass. However,
a quick look at eq. (11.59) reveals that this is a very large renormalization. Indeed,
fluctuations of all momenta, ranging from long wavelengths (and low energies) with q∼ 0,
to short wavelengths (or high energies), contribute to the mass renormalization. In fact,
the high-energy fluctuations, with q2�m2, yield the largest contributions to eq. (11.59),
since the mass effectively cuts off the contributions in the infrared (IR), q→ 0. Moreover,
for all dimensions D≥ 2, the high-energy (or ultraviolet, (UV), q→∞) contribution is
divergent. If wewere to cut off the integral at a high-momentumscale� in general spacetime
dimension D, the contribution from this diagram will diverge as �D−2. In particular, the
tadpole contribution to themass renormalization is logarithmically divergent forD= 2 (i.e.,
1+ 1) dimensions, and it is quadratically divergent for D= 4 dimensions.

Thus, although it is consistent (and quite physical) to regard the leading effect of
fluctuations as a mass renormalization, they amount to a divergent change. The reason
for this divergence is that all wavelengths contribute, from the IR to the UV. This happens
because spacetime is continuous, and we assumed that there is no intrinsic short-distance
scale below which local field theory should not be valid.

There is away to think about this problem. The problemof how to understand the physics
of these singular contributions, indeed, of how the continuum limit (a theorywithout cutoff)
of QFT is defined is the central purpose of the renormalization group (RG). We will study
this approach in detail in chapters 15 and 16. Here we discuss some qualitative features.
From the point of view of the RG, the problem is that the continuum theory (i.e., defining a
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Figure 11.12 A typical tree diagram.

theory without a UV cutoff) cannot be defined naively. Wewill see that for such a procedure
to work, it is necessary to be able to define the theory in a regime in which there is no scale
(i.e., in a scale-invariant regime). This requirement means that one should look at a regime
in which the renormalized mass becomes arbitrarily small, μ2→ 0. As we will see in this
section, this requires fine-tuning the bare coupling constant and the bare mass to some
pre-determined critical values. It turns out that, near such a critical point, a continuum
field theory (without a UV cutoff) can be defined. The RG point of view relates the problem
of the definition of a QFT to that of finding a continuous phase transition, which is a central
problem in statistical physics.

However, there are alternative descriptions, such as string theory, that postulate that
local field theory is not the correct description at short distances, typically near the Planck
scale, �Planck=

√
�G
c3 ∼ 10−33cm (!), where G is Newton’s gravitational constant. From this

viewpoint, these singular contributions at high energies signal a breakdown of the theory at
those scales.

Before we try to compute �(p), it is worth mentioning the Hartree approximation. It
consists of summing up all tadpole diagrams (and only the tadpole diagrams) to all orders
in λ. A typical graph is shown in figure 11.12.

The sum of all the tadpole diagrams can be done by means of a very simple trick. Let us
modify the expression for the self-energy to make it self-consistent, that is,

�0(p)=−λ2
∫ dDq
(2π)D

1
q2+m2−�0(q)

(11.60)

This formula is equivalent to a Dyson equation in which the internal propagator is replaced
by the full propagator, as in figure 11.13. This approximation becomes exact for a theory of
anN-component real scalar fieldφa(x) (a= 1, . . .,N), withO(N) symmetry, and interaction
(shown in figure 11.14)

Lint[φ]= λ

4!
(
(φ )2

)2= λ

4!

( N∑

a=1
φa(x)φa(x)

)2

(11.61)

in the large-N limit, N→∞. Otherwise, the solution of this integral equation just yields
the leading correction. The reason this works can be seen by directly counting the powers
ofN in the expansion of the two-point function to order one-loop, as shown in figure 11.15.
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G(0) G(2)

Figure 11.13 The self-energy in the one-loop (Hartree) approximation.

a

a

b

b

Figure 11.14 The vertex for the real scalar field with O(N) symmetry; here a, b= 1, . . .,N.

a a

a

a

b

Figure 11.15 The two-point function to one-loop order in theO(N) theory; here a, b= 1, . . .,N. The
diagram on the left is of order N, while the diagram on the right is of order 1.

Equation (11.60) is an integral nonlinear equation for �0(p). Equations of this type
are common in many-body physics. For example, the gap equation of the Bardeen-Cooper-
Schrieffer (BCS) theory of superconductivity has a similar form (although in BCS theory,
one sums ladder diagrams instead of bubble diagrams).

Let us now evaluate the integral in the equation for �0(p), eq. (11.60). Clearly, �0(p)
is a correction due to virtual fluctuations with momenta qμ ranging from zero to infinity.
These “off-shell” fluctuations do not obey the mass shell condition p2=m2. Notice that, at
this level of approximation, �(p) is independent of the momentum. This is only correct to
order one-loop.

Before computing the integral, let us rewrite eq. (11.60) in terms of the effective or
renormalized mass μ2:

μ2=m2−�(p)=m2+ λ
2

∫ dDq
(2π)D

1
q2+μ2 (11.62)

Let us denote by m2
c the value of the bare mass such that the renormalized mass vanishes,

μ2= 0:

0=m2
c +

λ

2

∫ dDq
(2π)D

1
q2

(11.63)

Clearly, m2
c is IR divergent for D≤ 2 and UV divergent for D≥ 2. Let us now express the

renormalized mass μ2 in terms ofm2
c , and define δm2=m2−m2

c . We find
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μ2= δm2+m2
c +

λ

2

∫ dDq
(2π)D

1
q2+μ2

= δm2+ λ
2

∫ dDq
(2π)D

(
1

q2+μ2 −
1
q2

)

= δm2−μ2 λ

2

∫ dDq
(2π)D

1
q2(q2+μ2)

(11.64)

In D= 4 dimensions, the integral contributes with a logarithmic divergence (cf. eq. (11.99)
of section 11.8):

μ2= δm2− λ
2
μ2
(

1
8π2 ln

(
�

μ

)
− γ

16π2

)
(11.65)

Thus, although the stronger, quadratic divergence was absorbed by a renormalization of
the mass, a weaker logarithmic singularity remains. It turns out, as we discuss in chapter
16, that this remaining singular contribution can be absorbed only by a renormalization
of the coupling constant λ. In any case, what is clear is that, already at the lowest order in
perturbation theory, the leading corrections can (and do) yield a larger contribution to the
behavior of physical quantities than the bare, unperturbed values, and these corrections are
not small.

Let us end this section with a discussion of what these large perturbative corrections
mean in the context of the theory of phase transitions, since, after all, these transitions are
also described by a theory with the same form. We saw in section 2.7 that in the Landau
theory of phase transitions, themass (squared) parameter (i.e., the coefficient of the φ2 term
in the action) is related to the differencem2≡T−T0, where the temperature T is measured
from the mean field critical temperature, T0. We can think of m2

c ≡Tc−T0 as defining a
corrected critical temperature Tc:

Tc=T0− λ2
∫ dDq
(2π)D

1
q2

(11.66)

This shows that fluctuations suppress Tc downward from T0 due to (precisely) the large
contributions from fluctuations at short distances. Thus, the UV singular effects can be
absorbed in a new (and lower) Tc. The subtracted mass, δm2≡T−Tc, is now the new
control parameter, as shown in the last line of eq. (11.64).

Returning to the mass renormalization of eq. (11.64), we can use the integral of eq.
(11.98) (of section 11.8) to find

μ2= δm2− λ(μ
2)

D
2 −1

(4π)D/2
�
(
2− D

2
)

D− 2
(11.67)

Since δm2=T−Tc, we can write this result in the suggestive form

δm2=T−Tc=μ2+
[

λ

(4π)D/2
�
(
2− D

2
)

D− 2

]

(μ2)
D
2 −1 (11.68)

Let us now look at the IR behavior, where the renormalized mass μ2→ 0. We see that if
D> 4, the exponent of μ2 in the second term of the r.h.s. of eq. (11.68) is always larger
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than 1, and hence this contribution is small compared to the first term. However, forD< 4,
the reverse is true and forμ2 small enough, the fluctuations dominate. Hence, perturbation
theory breaks down for some small value ofμ2 where the two contributions are comparable.
As a result, perturbation theory is reliable (in the IR) for

δT �μ2≈
(

λ

(4π)D/2
�
(
2− D

2
)

D− 2

)2/(4−D)
(11.69)

and breaks down for δT (or μ2) smaller than that value. This is known as the Ginzburg
criterion, which gives an estimate of the width of the critical region: the range temperatures
(or renormalized mass) for which the perturbation theory breaks down in the IR and does
not describe the true behavior.

Recall that the relation between the susceptibility and the effective (or renormalized)
mass is μ2=χ−1. Hence, at one-loop order, we would predict that

χ(T)∝

⎧
⎪⎨

⎪⎩

(T−Tc)
−2/(D−2) , D< 4

(T−Tc)
−1, D> 4

(T−Tc)
−1× small logarithmic corrections, D= 4

(11.70)

Thus one effect of these fluctuations can be to change the dependence of a physical quantity,
such as the susceptibility, on the control parameter, T−Tc, which sets how close the theory
is to the massless or critical regime. A key purpose of the RG program is the prediction
of critical exponents, such as the one we found in eq. (11.70). We will see that this result
is actually the beginning of a set of controlled approximations to the exact values. Just as
important will be the fact that the RG will give a deeper interpretation of the meaning of
renormalization.

11.7 The four-point function and the effective
coupling constant

Let us now discuss briefly the perturbative contributions to the four-point function,

G(4)(x1, x2, x3, x4)=〈φ(x1)φ(x2)φ(x3)φ(x4)〉 (11.71)

which is also known as the “two-particle” correlation function. We will discuss its con-
nection with the effective (or renormalized) coupling constant.

To zeroth order in perturbation theory, O(λ0), the four-point function factorizes into a
product of all (three) possible two-point functions obtained by pairwise contractions of the
four field operators (shown in figure 11.16):

G(4)(x1, x2, x3, x4)

=G0(x1, x3)G0(x2, x4)+G0(x1, x2)G0(x3, x4)+G0(x1, x4)G0(x2, x3)+O(λ) (11.72)

As it is apparent, to zeroth order in λ, the four-point function reduces to just products of
bare two-point functions and hence, nothing new is learned from it. We will show in the
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1 2

+ +

3 4

1 2

3 4

1 2

3 4
Figure 11.16 The four-point function G(4)(1, 2, 3, 4) to order O(λ0).

=

Г(4) λ

Figure 11.17 The one-particle irreducible four-point (vertex) function at the tree level.

next chapter (eq. (12.40)) that to all orders of perturbation theory, the four-point function
has the following structure:

G(4)(x1, x2, x3, x4)=G(2)(x1, x3)G(2)(x2, x4)

+G(2)(x1, x2)G(2)(x3, x4)+G(2)(x1, x4)G(2)(x2, x3)

−
∫

dDy1 · · ·
∫

dDy4 G(2)(x1, y1)G(2)(x2, y2)G(2)(x3, y3)G(2)(x4, y4)

×�(4)(y1, y2, y3, y4) (11.73)

where the factors of G(2)(x, x′) represent the exact two-point function, and the new four-
point function, �(4)(y1, y2, y3, y4), is known as the four-point vertex function. The vertex
function is defined as the set of one-particle irreducible (1-PI) Feynman diagrams (i.e.,
diagrams that cannot be split in two by cutting a single propagator line), with the external
lines “amputated” (they are already accounted for in the propagator factors).

In momentum space, due to momentum conservation at the vertex, �(4) has the form

�(4)(p1, . . ., p4)= (2π)D δD
( 4∑

i=1
pi

)

�(4)(p1, . . ., p4) (11.74)

The lowest-order contribution to �(4)(y1, y2, y3, y4) appears at order λ

�(4)(y1, y2, y3, y4)= λ+O(λ2) (11.75)

depicted by the tree-level diagrams in figure 11.17. In momentum space, the one-particle
irreducible four-point function is

�(4)(p1, . . ., p4)= λ+O(λ2) (11.76)
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p1 q

 p1 + p2 – q

p2

p3 p4

Figure 11.18 The one-loop contribution to the one-particle irreducible four-point (vertex) function.

q
+ …+ +

q1 q2 q1 q3q2

Figure 11.19 The sum of bubble diagrams.

To one-loop order, O(λ2), the four-point vertex function is a sum of (three) Feynman
diagrams of the form shown in figure 11.18. The total contribution to the vertex function
�(4), to order one-loop, is

�(4)(p1, . . ., p4)=

λ− λ
2

2

{ ∫ dDq
(2π)D

1
(
q2+m2

) (
(p1+ p2− q)2+m2

) + two permutations
}

+O(λ3) (11.77)

This expression has a logarithmic UV divergence inD= 4, andmore severe divergences for
D> 4. To address this problem, let us proceed by analogy with the mass renormalization
and define the physical or renormalized coupling constant g by the value of �(4)(p1, . . ., p4)
at zero external momenta, p1= · · ·= p4= 0 (it is up to us to define it at any momentum
scale we wish):

g≡ lim
pi→0

�(4)(p1, . . ., p4)=�(4)(0, . . ., 0) (11.78)

This definition is convenient and simple, but it is problematic if the renormalized mass
μ2 vanishes (i.e., in the massless or critical theory). To order one-loop, the renormalized
coupling constant g is

g= λ− 3
λ2

2

∫ dDq
(2π)D

1
(
q2+m2

)2 +O(λ3) (11.79)

Using the same line of argument we used to define the self-energy �, let us now sum all
the one-loop diagrams, as shown in figure 11.19. This “bubble” sum is a geometric series,
and it is equivalent to the replacement of eq. (11.79) by

g= λ− 3
g2

2

∫ dDq
(2π)D

1
(
q2+m2

)2 +O(λ3) (11.80)
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or, alternatively, to write the bare coupling constant λ in terms of the renormalized
coupling g:

λ= g+ 3
2
g2
∫ dDq
(2π)D

1
(
q2+μ2

)2 +O(g3) (11.81)

where we have replaced the bare massm2 with the renormalizedmassμ2. This replacement
amounts to adding tadpole diagrams in the internal propagators. This result is consistent at
this order in perturbation theory.

Written in terms of the renormalized coupling constant g and of the renormalized mass
μ2, the vertex function becomes

�(4)(p1, . . ., p4)

= g− g2

2

∫ dDq
(2π)D

[
1

(
q2+μ2

) (
(p1+ p2− q)2+μ2

) − 1
(
q2+μ2

)2

]

+ two permutations+O(g3) (11.82)

which is UV finite for D< 6. Thus, the renormalization of the coupling constant leads to a
subtraction of the singular expression for the vertex function.

After the renormalization of the coupling constant, the singular behavior of the integral
now appears only in the relation between the bare coupling constant λ and the renormalized
coupling constant g, given in eq. (11.81). Clearly there are several ways of interpreting this
relation. One interpretation is to say that at a fixed value of the bare coupling constant λ,
eq. (11.81) relates the regulator� needed to make the integral finite (which is a momentum
scale) and the renormalized coupling constant. In other terms, the effective or renormalized
coupling constant g has become a function of a momentum (or energy) scale! Conversely,
we can fix the renormalized coupling and ask how we have to change the bare coupling
constant λ as we send the regulator to infinity.

It will be useful to work with dimensionless quantities. Since the bare and the renor-
malized coupling constants have units of�4−D, we define the dimensionless bare coupling
constant u by

λ=�4−Du (11.83)

Then

u=�D−4
(

g+ 3
2
g2
∫ dDq
(2π)D

1
(
q2
)2 +O(g3)

)

=�D−4
(
g+ 1

(4π)D/2
6

(D− 2)(D− 4)
�D−4g2+O(g3)

)
(11.84)

Wewill vary themomentum scale� and the dimensionless bare coupling constant u at fixed
g. The differential change of the dimensionless coupling constant is known as the RG beta
function,

β(u)=−� ∂u
∂�

∣∣∣
g

(11.85)
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(b) D = 4 (c) D > 4(a) D < 4

u u u

u u u

u*

β(u) β(u) β(u)

Figure 11.20 The beta function (top) and the IR RG flows (bottom) for (a) D< 4, (b) D= 4, and
(c) D> 4. The UV RG flows are the reverse of their IR counterparts.

where I have used the sign convention standard in statistical physics (opposite to that in
high-energy physics!). Hence (for D→ 4),

β(u)= (4−D)u− 3
16π2 u

2+O(u3) (11.86)

The behavior of the RG beta function (or Gell-Mann-Low function) for D< 4, D= 4, and
D> 4 is shown in figure 11.20. The IR RG flows (i.e., the flow of the dimensionless coupling
constant u as the momentum scale λ is decreased) is also shown in figure 11.20 (bottom).
TheUVflows, i.e., the flow of u as themomentum scale is increased, is obtained by reversing
the direction of the RG flows.

Clearly for D≥ 4, the dimensionless coupling constant flows to 0 in the IR (at low
energies and long distances). Thus in the IR regime, �→ 0, the theory becomes weakly
coupled, and perturbation theory becomes reliable in that regime. However, at short
distances (or at high energies),�→∞, the opposite happens: The dimensionless coupling
becomes large, and perturbation theory breaks down. Four dimensions is special in that
the approach and departure from the decoupled limit, u= 0, is very slow and leads to
logarithmic corrections to the free-field values.

However, forD< 4, something newhappens: There is a nontrivial fixed point at u∗where
β(u∗)= 0. At the fixed point, the coupling constant does not flow as the momentum scale
changes. Hence, at a fixed point, it is possible to send the momentum scale �→∞ and
effectively have a theory without a cutoff. Notice that even infinitesimally away from the
fixed point, the UV flows are unstable. Also (and for the same reason) at the fixed point, it
is possible to go into the deep IR regime and have a theory with a finite coupling constant
u∗. It turns out that this behavior is central to the theory of phase transitions. We will come
back to the problem of the RG in chapter 16, where we will develop it in detail and discuss
its application to different theories.

11.8 One-loop integrals

Let us now sketch the computation of one-loop integrals (in Euclidean spacetime). We
introduce amomentum cutoff� and to suppress the contributions at largemomenta, q��
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of integrals of the form

ID
(
μ2

�2

)
=
∫ dDq
(2π)D

1
q2+μ2 e

− q2

�2 (11.87)

where we have used a Gaussian cutoff function (or regulator). We will only be interested in
the regime μ2��2. Using a Feynman-Schwinger parametrization, we can write

ID
(
μ2

�2

)
=
∫ ∞

0
dα
∫ dDq
(2π)D

e
− q2

�2 −α(q2+μ2)

=
∫ ∞

0
dα e−αμ2

∫ dDq
(2π)D

e
−
(

1
�2 +α

)
q2

= e
μ2
�2

(
μ2)D2 −1

(4π)D/2

∫ ∞

μ2/�2
dt t−

D
2 e−t (11.88)

Hence

ID
(
μ2

�2

)
=
(
μ2)D2 −1

(4π)D/2
�

(
1− D

2
,
μ2

�2

)
e
μ2
�2 (11.89)

where �(ν, z) is the incomplete gamma function, with z= μ2

�2 and ν= 1− D
2 ,

�(ν, z)=
∫ ∞

z
dt tν−1e−t (11.90)

and �(ν, 0)=�(ν) is the gamma function

�(ν)=
∫ ∞

0
dt tν−1e−t (11.91)

If the regulator� is removed (i.e., if we take the limit�→∞), ID(μ2) formally becomes:

ID(μ2)=
(
μ2)D2 −1

(4π)D/2
�

(
1− D

2

)
(11.92)

For general D, �(1−D/2) is a meromorphic function of the complex variable D, and
has simple poles for ν= 0 or any negative integer. Hence, �(1−D/2) has poles for D=
2, 4, 6, . . ..

InD= 4 dimensions, ν=−1, where �(ν) has a pole, the incomplete gamma function at
ν=−1 is (as z→ 0)

�(−1, z)=
(
1
z
− ln

1
z

)
e−z+ γ (11.93)

where γ is the Euler-Mascheroni constant

γ =−
∫ ∞

0
dt e−t ln t= 0.5772 . . . (11.94)
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Hence, for μ2��2, I4 is

I4
(
μ2

�2

)
= �2

16π2 −
μ2

8π2 ln
(
�

μ

)
+ γ

16π2 μ
2 (11.95)

Here we see that the leading singularity is quadratic in the regulator�, with a sub-leading
logarithmic component.

In two dimensions, I2 has instead a logarithmic singularity for μ2��2:

I2
(
μ2

�2

)
= 1

4π
�

(
0,
μ2

�2

)

= 1
2π

ln
(
�

μ

)
− γ

4π
(11.96)

A second integral of interest is

JD
(
μ2

�2

)
=
∫ dDq
(2π)D

1
q2
(
q2+μ2

)

= 1
μ2

(
ID(0)− ID

(
μ2

�2

))
(11.97)

JD(μ2/�2) is UV finite if D< 4, where it is given by

JD
(
μ2)=

(
μ2)D2 −2

(4π)D/2
�
(D
2 − 2

)

D
2 − 1

(11.98)

In four dimensions, J4 has a logarithmic divergence:

J4
(
μ2

�2

)
= 1

8π2 ln
(
�

μ

)
− γ

16π2 (11.99)

A third useful integral is

I′D
(
μ2

�2

)
=
∫ dDq
(2π)D

1
(
q2+μ2

)2 e
− q2
�2 =− ∂ID

∂μ2 (11.100)

In the massless limit, it becomes

I′D(0)=
1

(4π)D/2
4

(D− 2)(D− 4)
�D−4 (11.101)

In four dimensions, it becomes

I′4
(
μ2

�2

)
= 1

8π2 ln
(
�

μ

)
−
(
γ + 1
16π2

)
(11.102)
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Exercises

11.1 Feynman diagrams for a complex scalar field
In this problem, you will study the properties of a theory of a self-interacting
complex scalar field φ(x), in perturbation theory. The Lagrangian density for this
theory in four-dimensional Minkowski spacetime is

L= ∂μφ∗(x) ∂μφ(x)−m2
0 φ
∗(x)φ(x)

− λ (φ∗(x) φ(x))2+ J(x)∗φ(x)+ J(x)φ∗(x) (11.103)

Assume that m2
0> 0 and that the coupling constant λ> 0. Here the J(x) are a set of

(complex) sources. You are asked to do calculations using both canonical (operator)
and path integral methods.

1) Use path integral methods to derive an explicit expression for the generating
function for the vacuum expectation values (v.e.v.s) of time-ordered products
Z0 [ J, J∗] for the free field theory both in Minkowski spacetime and in Euclidean
spacetime (imaginary time). Assume that the spacetime has infinite extent and
that the sources (and the fields) vanish at infinity. Write your answer as an
expression involving the sources J(x), and a suitable v.e.v. of a time-ordered
product of two free fields.

2) Use the path integral method to calculate, at the level of the free field theory (i.e.,
λ= 0) the following time-ordered products of the field φ(x):

a) 〈0|T φ(x)φ(x′)|0〉,
b) 〈0|T φ∗(x)φ(x′)|0〉,
c) 〈0|T φ(x)φ∗(x′)|0〉,
d) 〈0|T φ∗(x)φ∗(x′)|0〉.
Determine which of these expectation values are different from zero, and explain
why. Use this result to define a set of Feynman propagators for this system. You
can give your answer in terms of the Feynman propagator for a real scalar field,
G0(x, x′), which was discussed in this chapter.

3) Use path integral methods to derive a formula for the generating function
Z [ J, J∗] of the full interacting theory in terms ofZ0 [ J, J∗] and of the interaction
part of the Lagrangian. Use this formula to derive the Feynman rules for this
theory both in Minkowski spacetime and in Euclidean spacetime.

4) Give a general argument to prove that the vacuum diagrams cancel out from the
computation of v.e.v.s of any number of field operators.

5) Use the Feynman rules that you derived in part 1 of this exercise to obtain the
perturbation theory expansion in Euclidean spacetime for

a) the vacuum diagrams,
b) the two-point functions, and
c) the four-point functions

in position space and up to and including all terms up to second order in the
coupling constant λ. Assign a Feynman diagram to each term. Give an explicit
formula for each term, including the multiplicity factors. Do not do the integrals!
Verify the cancellation of the vacuum diagrams.
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6) Calculate the two-point functions and the four-point functions in Euclidean
spacetime in momentum space to order λ for the two-point functions and to
order λ2 for the four-point functions. Draw a Feynman diagram for each term
in momentum space. Do not do the integrals!

7) Derive an expression for the self-energy to first order in λ in Euclidean spacetime.
Use this result to get a formula for the effective (or renormalized) massm to first
order in λ. Does the mass get renormalized up or down? Can you give a simple
explanation for this result? Hint: think of the shift of the energy levels in quantum
mechanics.

8) Use a procedure analogous to the one you employed in section 11.7 to define
an effective or renormalized coupling constant g in terms of the bare coupling
constant λ and of the renormalized massm, to leading order in λ.

9) Consider the free propagators in Minkowski spacetime. Rotate the integration
contour to the imaginary frequency axis. Explain the relation between this
procedure and the analytic continuation to imaginary time. What domain of
spacetime events is actually described by this procedure? Show that the integrals
that you get are equivalent to integrals in Euclidean spacetime with dimension
D= 4.

10) Calculate themomentum integrals of part 7 and part 8 for the domain indicated in
section 11.8. Here, assume that the spacetime Euclidean dimensionD is arbitrary.
Show that the corrections to the two-point functions diverge forD≥ 2, and for the
four-point functions, they diverge forD≥ 4. Use the formulas given at the end of
this problem to show that, in the complex D plane, the integrals have isolated
poles in D. Assume that the external momenta in the case of the four-point
functions are taken to be at the symmetry point pj · pk=− 1

4κ
2, p2j = κ2, where

κ is an arbitrary momentum scale.
You will find it useful to know the following integrals in Euclideanmomentum

space:
1

AnBm =
�(n+m)
�(n)�(m)

∫ 1

0
dx

xn−1(1− x)m−1

(xA+ (1− x)B)n+m
(11.104)

ID,n=
∫ dDp
(2π)D

1
(
p2+ 2p · q+m2

0
)n =

1
2

SD
(2π)D

�(D2 )�(n− D
2 )

�(n)
(
m2

0− q2
)D
2 −n

(11.105)
where SD is the volume of the D-dimensional unit hypersphere

SD= 2π D
2

�
(D
2
) (11.106)

and �(s) is the �-function

�(s)=
∫ ∞

0
dt ts−1e−t (11.107)

For s→ 0, the �-function has the asymptotic behavior

�(s)= �(s+ 1)
s
= 1

s
− γ +O(s) (11.108)
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where γ is the Euler constant

γ = 0.57721...= lim
m→∞

[
1+ 1

2
+ 1

3
+ · · ·+ 1

m
− lnm

]
(11.109)

11.2 Perturbative SU(2) Yang-Mills gauge theory
Here you will consider the SU(2) Yang-Mills gauge field Aμ(x) in a four-
dimensional Minkowski spacetime, coupled to a Fermi field ψ(x). Under local
gauge transformations, the Fermi field (e.g., quarks) is assumed to transform like
the spinor (fundamental) representation of SU(2). The Lagrangian density for this
SU(2) analog of QCD (with one species of quark) Yang-Mills gauge theory in the
Feynman–’t Hooft gauge is

L= ψ̄ i /Dψ − 1
2
tr
(
FμνFμν

)+ λ
2
tr
(
∂μAμ

)2− η̄a∂μDμabηb (11.110)

where ψ is a 4-spinor Dirac fermion, Aμ is the gauge field, and η and η̄ are
Faddeev-Popov ghosts. Recall the following definitions:

/D= γ μDμ (11.111)

where
Dμ= ∂μ+ igAμ= ∂μ+ itaAa

μ (11.112)

is the covariant derivative in the fundamental representation,

Dμab= ∂μδab+ gfabcAμc (11.113)

is the covariant derivative in the adjoint representation, and

Fμν = taFa
μν (11.114)

is the field strength, where

Fa
μν = ∂μAa

ν − ∂νAa
μ+ g f abcAb

μA
c
ν (11.115)

Here the f abc are SU(2) structure constants (i.e., f abc= εabc), and the ta (with a=
1, 2, 3) are three generators of SU(2) that satisfy

[
ta, tb

]= if abctc, tr
(
tatb
)= 1

2
δab (11.116)

For SU(2) in the fundamental (spinor) representation, the generators are simply
related to the three 2× 2 hermitian Pauli matrices {σ a}:

ta= 1
2
σ a (11.117)

1)Write down the Feynman propagators in momentum space for the quark fields
ψ , the gluons (gauge fields) Aa

μ, and the Faddeev-Popov ghosts ηa and η̄a.
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2) Use the Lagrangian density of eq. (11.110) to derive the Feynman rules for this
theory in position space. Draw diagrams that you feel may be necessary.

3) Use the (Feynman gauge) Feynman rules derived in the previous part to find the
one-loop correction in a perturbation expansion in powers of the gauge coupling
constant g for

a) the fermion propagator
b) the gauge field propagator
c) the fermion-gauge field vertex
d) the three- and four-gauge field vertices

in this gauge. Do not do the integrals. Draw a Feynman diagram for each
contribution.



12

Vertex Functions, the Effective
Potential, and Symmetry Breaking

12.1 Connected, disconnected, and irreducible propagators

In this chapter, we return to the structure of perturbation theory in a canonical local field
theory that we discussed in chapter 11. The results derived here for the simpler case of a
scalar field theory apply, with some changes, to any local field theory, relativistic or not.

Let us suppose that we want to compute the four-point function in φ4 theory of a scalar
field, G4(x1, x2, x3, x4). Obviously, there is a set of graphs in which the four-point function
is reduced to products of two-point functions:

G4(x1, x2, x3, x4)=〈φ(x1)φ(x2)φ(x3)φ(x4)〉
=G2(x1, x2)G2(x3, x4)+ permutations+ other terms (12.1)

An example of such diagrams is shown in figure 12.1. This graph is linked (i.e., it has no
vacuum part), but it is disconnected, since we can split the graph into two pieces by drawing
a line without cutting any propagator line.

However, as we have already seen, the N-point function can be computed from the
generating functional Z[ J] by functional differentiation with respect to the sources J(x),
that is,

GN(x1, . . ., xN)= 1
Z[ J]

δNZ[ J]
δJ(x1) · · · δJ(xN)

∣∣
∣∣
J=0

(12.2)

Let us now compute instead the following expression:

Gc
N(x1, . . ., xN)=

δN lnZ[ J]
δJ(x1) · · · δJ(xN)

∣∣∣
∣
J=0

(12.3)

We will now see that G(c)N (x1, . . ., xN) is an N-point function that contains only connected
Feynman diagrams.
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1

2

3

4
Figure 12.1 A factorized contribution to the four-point function.

As an example, let us consider first the two-point function Gc
2(x1, x2), which is formally

given by the expression:

Gc
2(x1, x2)=

δ2 lnZ[ J]
δJ(x1)δJ(x2)

∣∣∣∣
J=0

(12.4)

= δ

δJ(x1)
1

Z[ J]
δZ[ J]
δJ(x2)

∣
∣∣∣
J=0

(12.5)

= 1
Z[ J]

δ2Z[ J]
δJ(x1)δJ(x2)

∣∣∣∣
J=0
− 1

Z[ J]
δZ[ J]
δJ(x1)

∣∣∣∣
J=0

1
Z[ J]

δZ[ J]
δJ(x2)

∣∣∣∣
J=0

(12.6)

Thus, we find that the connected two-point function can be expressed in terms of the
two-point function and the one-point functions,

Gc
2(x1, x2)=G2(x1, x2)−G1(x1)G1(x2) (12.7)

We can express this result equivalently in the form

〈φ(x1)φ(x2)〉c=〈φ(x1)φ(x2)〉− 〈φ(x1)〉〈φ(x2)〉 (12.8)

and the quantity

Gc
2(x1, x2)=〈φ(x1)φ(x2)〉c=〈[φ(x1)−〈φ(x1)〉] [φ(x2)−〈φ(x2)〉]〉 (12.9)

is called the connected two-point function. Hence, it is the two-point function of the
field φ(x)−〈φ(x)〉 that has been normal ordered with respect to the true vacuum. It
is straightforward to show that the same identification holds for the connected N-point
functions.

The generating functional of the connected N-point functions F[ J],

F[ J]= lnZ[ J] (12.10)

is identified with the free energy (or vacuum energy) of the system. The connected N-point
functions are obtained from the free energy by

Gc
N(x1, . . ., xN)=

δNF[ J]
δJ(x1) · · · δJ(xN)

∣∣∣
J=0

(12.11)
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Notice that the connected N-point functions play a role analogous to the cumulants (or
moments) of a probability distribution.

Recall that in the theory of phase transitions, the source J(x) plays the role of the
symmetry-breaking field H(x) that breaks the global symmetry of the scalar field theory
(e.g., the externalmagnetic field in the Landau theory ofmagnetism). For a uniform external
field H(x)=H, we find

δF
δJ
= dF

dH
=
∫

ddx〈φ(x)〉=V〈φ〉 (12.12)

In terms of the free-energy density f = F
V , we can write

df
dH
=〈φ〉=m (12.13)

wherem is the magnetization density. Similarly, the magnetic susceptibility χ ,

χ = dm
dH
= d2f

dH2 (12.14)

is given by an integral of the two-point function:

χ = 1
V

d
dH

〈 ∫
ddx1φ(x1)

〉

= 1
V

〈 ∫
ddx1

∫
ddx2φ(x1)φ(x2)

〉
− 1

V

〈 ∫
ddx1φ(x1)

〉〈 ∫
ddx2φ(x2)

〉
(12.15)

Using the fact that in a translation-invariant system, the expectation value of the field is
constant, and that the two-point function is only a function of distance, we find

χ = 1
V

∫
ddx1

∫
ddx2 G2(x1, x2)−V〈φ〉2

=
∫

ddy G2(|y|)−V〈φ〉2

=
∫

ddy Gc
2(|y|)= lim

k→0
Gc
2(k) (12.16)

Hence, the magnetic susceptibility is the integral of the connected two-point function,
which is also known as the correlation function.

12.2 Vertex functions

So far, we have been able to reduce the number of diagrams to be considered by:

1) showing that vacuum parts do not contribute to GN(x1, . . ., xN), and
2) showing that disconnected parts need not be considered by working instead with

the connected N-point function, Gc
N(x1, . . ., xN).
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p

q q′

p p
Figure 12.2 A reducible contribution to the two-point function.

p p p p

Figure 12.3 Three blobs.

There is still another set of graphs that can be handled easily. Consider the second-order
contribution to the connected two-point function Gc

2(x1, x2) shown in figure 12.2. The
explicit form of this contribution is, inmomentum space, given by the following expression:

(
− λ
4!
)2 1

2! (4× 3) · (4× 3)
(
G0(p)

)3
∫ ddq
(2π)d

G0(q)
∫ ddq′

(2π)d
G0(q′) (12.17)

Note two features of this contribution. One is that the momentum in the middle propagator
line is the same as the momentum p of the external line. This follows from momentum
conservation. The other feature is that this graph can be split in two by a line that cuts either
the middle propagator line or any of the two external propagator lines. A graph that can
be split into two disjoint parts by cutting a single propagator line is said to be one-particle
reducible. Nomatter how complicated the graph is, that linemust have the samemomentum
as the momentum on an incoming leg (again, by momentum conservation).

In general, we need to do a sum of diagrams with the structure shown in figure 12.3,
which represents the expression

G4
0(p)(�(p))

3 (12.18)

and where the shaded circles in figure 12.3 represent the self-energy �(p) (i.e., the sum of
one-particle irreducible diagrams of the two-point function). In fact, we can do this sum to
all orders and obtain

G2(p)=G0(p)+G0(p)�(p)G0(p)+G3
0(p)(�(p))

2+ · · ·

=G0(p)
∞∑

n=0
(�(p)G0(p))n

= G0(p)
1−�(p)G0(p)

(12.19)

We can write this result in the equivalent form

G−12 (p)=G−10 (p)−�(p) (12.20)

Armed with this result, we can express the relation between the bare and the full two-point
function as the Dyson equation

G2(p)=G0(p)+G0(p)�(p)G2(p) (12.21)
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One-particle reducible One-particle irreducible
Figure 12.4 One-particle reducible and one-particle irreducible diagrams.

(a) (b)
Figure 12.5 A contribution (a) to a one-particle reducible vertex function, and (b) to a one-particle
irreducible vertex function.

where, as before, �(p) represents the set of all possible connected one-particle irreducible
graphs with their external legs amputated as in the example shown in figure 12.4.

The one-particle irreducible two-point function�(p) is known as themass operator or as
the self-energy (or two-point vertex). Why? In the limit p→ 0, the inverse bare propagator
reduces to the bare mass (squared):

G−10 (0)=m2
0 (12.22)

Similarly, also in the zero-momentum limit, the inverse full propagator takes the value of
the effective (or renormalized) mass (squared)

G−12 (0)=m2
0−�(0)=m2 (12.23)

Thus,�(0) represents a renormalization of the mass.
Let us now extend the concept of the sum of one-particle irreducible diagrams to a

general N-point function, the vertex functions. Examples of reducible and one-particle
irreducible contributions to the four-point vertex function are shown in figure 12.5. To this
end, we will need to find a suitable generating functional for these correlators.

In chapter 11, we considered the free energy F[J] and showed that it is the generating
functional of the connected N-point functions. F[J] is a function of the external sources J.
However, in many cases, this is inconvenient, since in systems that exhibit spontaneous
symmetry breaking, as J→ 0, we may still have 〈φ〉 �= 0. Thus, it will be desirable to have
a quantity that is a functional of the expectation values of the observables instead of the
sources. So we will seek instead a functional of the expectation values rather than of
the external sources. We will find this functional by means of a Legendre transformation
from the sources J to the expectation values 〈φ〉. This procedure is closely analogous to the
relation in thermodynamics between the Helmholtz free energy and the Gibbs free energy.
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The local expectation value of the field, 〈φ(x)〉≡ φ̄(x), is related to the functional F[ J] by

〈φ(x)〉= δF
δJ(x)

(12.24)

The Legendre transform of F[ J], denoted by �
[
φ̄
]
, is defined by

�[φ̄]=
∫

ddx φ̄(x)J(x)− F[ J] (12.25)

where, for simplicity, we have omitted all other indices (e.g., components of the scalar
field). What we do below can be easily extended to theories with other types of fields and
symmetries.

Let us now compute the functional derivative of the generating functional �[φ̄] with
respect to φ̄(x). After some simple algebra, we find

δ�[φ̄]
δφ̄(x)

=
∫

ddy J(y)δ(y− x)+
∫

ddy φ̄(y)
δJ(y)
δφ̄(x)

−
∫

ddy
δF
δJ(y)

δJ(y)
δφ̄(x)

= J(x)+
∫

ddy φ̄(y)
δJ(y)
δφ̄(x)

−
∫

ddy φ̄(y)
δJ(y)
δφ̄(x)

(12.26)

Since the last two terms on the right-hand side cancel each other, we find

δ�[φ̄]
δφ̄(x)

= J(x) (12.27)

However, let us consider a theory in which, even in the limit J→ 0, φ̄(x) may still be
nonzero. On symmetry grounds, one expects that if the source vanishes, then the expec-
tation value of the field should also vanish. However, in many situations, the expectation
value of the field does not vanish in the limit of a vanishing source. In this case, we say that
a symmetry is spontaneously broken if φ̄(x) �= 0 as J→ 0. An example is a magnet, where
φ is the local magnetization, and J is the external magnetic field. Another example, from
the theory of Dirac fermions, is the bilinear ψ̄ψ which is the order parameter for chiral
symmetry breaking, and the fermion mass is the symmetry-breaking field.

Returning to the general case, since the expectation value φ̄(x) satisfies the extremal
condition δ�[φ̄]

δφ̄(x) = 0, this state is an extremum of the potential �. Naturally, for the state to
be stable, it must also be a minimum, not just an extremum. The value of φ̄(x) is known as
the classical field.

The functional �[φ̄] can be formally expanded in a Taylor series expansion of the form

�[φ̄]=
∞∑

N=0

1
N!
∫

dz1...dzN
�(N)(z1, . . ., zN)φ̄(z1) · · · φ̄(zN) (12.28)

The coefficients
�(N)(z1, . . ., zN)= δ�[φ]

δφ̄(z1) · · · δφ̄(zN)
(12.29)

are the N-point vertex functions.
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To find relations between the vertex functions and the connected functions, differentiate
the classical field φ̄(x) by φ̄(y), resulting in

δ(x− y)= δ2F
δJ(x)δφ̄(y)

=
∫

z

δ2F
δJ(x)δJ(z)

δJ(z)
δφ̄(y)

=
∫

z

δ2F
δJ(x)δJ(z)

δ2�

δφ̄(z)δφ̄(y)
(12.30)

Since the connected two-point function Gc
2(x− z) is given by

Gc
2(x− z)= δ2F

δJ(x)δJ(z)

∣
∣∣
J=0

(12.31)

we see that the operator

�(2)(x− y)= δ2�

δφ̄(x)φ̄(y)

∣∣∣
J=0

(12.32)

is the inverse of Gc
2(x− y) (as an operator).

We can gain further insight by passing to momentum space, where we find

�(2)(p)= [Gc
2(p)

]−1= p2+m2
0−�(p) (12.33)

Thus, �(2)(p) is essentially the negative of the self-energy, and it is the sum of all 1-PI graphs
of the two-point function.

To find relations of this type for more generalN-point functions, differentiate eq. (12.30)
by J(u) to obtain

δ

δJ(u)
δ(x− y)= 0

=
∫

z

[ δ3F
δJ(x)δJ(z)δJ(u)

δJ(y)
δφ̄(y)

+ δ2F
δJ(x)δJ(z)

δ2J(z)
δJ(u)δφ̄(y)

]
(12.34)

But since

δ2J(z)
δJ(u)δφ̄(y)

=
∫

w

δ3�

δφ̄(w)δφ̄(z)δφ̄(y)
δφ̄(w)
δJ(u)

=
∫

w

δ3�

δφ̄(w)δφ̄(z)δφ̄(y)
δ2F

δJ(u)δJ(w)
(12.35)

we get

0=
∫

z
Gc
3(x, z, y)�

(2)(z− y)+
∫

z,w
Gc
2(x− z)Gc

2(u−w)�(3)(w, z, y) (12.36)

where �(2)=[G2]−1. Hence, we find the expression for the connected three-point function
at points x1, x2, and x3:

Gc
3(x1, x2, x3)=−Gc

2(x1, y1)G
c
2(x2, y2)G

c
2(x3, y3)�

(3)(y1, y2, y3) (12.37)

where repeated labels are integrated over.
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3
Г(3)

Gc3 = −

Figure 12.6 The three-point vertex function.

4
Г(4)

Gc4 = − + 3
Г(3)

3
Г(3) *

Figure 12.7 The four-point vertex function.

− 3
Г(3)

3
Г(3)

3
Г(3)

5
Г(5)

Gc5 = − + 4
Г(4)

3
Г(3)

Figure 12.8 The five-point vertex function.

Notice in passing that we can write the two-point function in a similar fashion:

Gc
2(x1, x2)=Gc

2(x1, y1)G
c
2(x2, y2)�

(2)(y1, y2) (12.38)

(again with repeated labels being integrated over), since Gc
2=[�(2)]−1.

Thus, �(3) is the 1-PI three-point vertex function. Eq. (12.37) has the pictorial represen-
tation shown in figure 12.6, where the circle is the three-point vertex function, and the sticks
are connected two-point functions.

If we now further differentiate eq. (12.34) with respect to additional fields φ̄, we
obtain relations between the four-point function (and the lower-point functions) shown
in figure 12.7. Here the circles are four- and three-point vertex functions, and the sticks are
again connected two-point functions.

This procedure generalizes to the higher-point functions. Figure 12.8 and figure 12.9
show the pictorial representation for the connected five- and six-point functions in terms
of the corresponding vertex functions and connected two-point functions. In figure 12.9,
the symbol (*) means that the respective diagram is one-particle reducible by a body cut. In
each diagram, the summation over all possible equivalent combinations is implied. Clearly,
a graph can be reducible either by a cut of only an external line or by a body cut.

In general, from the definition of the vertex function �(N),

�(N)(1, . . .,N)= δN�(φ̄)

δφ̄(1) · · · δφ̄(N) |J=0 (12.39)
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+ +4
Г(4) Г(4)

3
Г(3)

3
Г(3)

3
Г(3)
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Г(3)

6
Г(6)

Gc6 = − + 5
Г(5)

3
Г(3) *

*

+ 3
Г(3)

3
Г(3)

3
Г(3)

3
Г(3) *

+ 4 4
Г(4)Г(4) *

Figure 12.9 The six-point vertex function.

we find that the connected N-point function, for N> 2, is related to the vertex function by
(repeated labels are again integrated over)

Gc
N(1, . . .,N)=−Gc

2(1, 1
′) · · ·Gc

2(N,N ′)�(N)(1′, . . .,N ′)+Q(N)(1, . . .,N) (12.40)

where the first term is one-particle reducible only via cuts of the external legs and the second
by body cuts. Notice that for the r-point function in a φr theory, this second term vanishes.

In momentum space, these expressions become simpler. Thus, the connected two-point
function obeys

Gc
2(k1, k2)= (2π)dδd(k1+ k2)Gc

2(k1) (12.41)

By using eq. (12.33), we can write the two-point vertex function as

�(2)(k1, k2)= (2π)dδd(k1+ k2)�(2)(k1) (12.42)

In the general case, N> 2, we have

Gc
N(k1, . . ., kN)=−Gc

2(k1) · · ·Gc
2(kN)�

(N)(k1, . . ., kN)+Q(N)(k1, . . ., kN) (12.43)

In what follows, we focus on the vertex functions.

12.3 The effective potential and spontaneous
symmetry breaking

Let v = φ̄=〈φ〉. Then, with the above definition for the vertex functions �(N), we can write
the generating function �[φ̄] as a power series expansion of the form

�
[
φ̄
]=

∞∑

N=1

1
N!
∫

ddx1 · · ·
∫

ddxN�(N)(x1, . . ., xN |v)[φ̄(x1)− v ] · · · [φ̄(xN)− v ]

(12.44)
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If J→ 0, then the sum starts atN= 2. Here v = limJ→0 φ̄, which is a local minimum of�[φ̄]
since

δ�

δφ̄

∣∣
∣
φ̄=v
= J 	→ 0, and �(2)

∣
∣
φ̄=v ≥ 0 (12.45)

In the symmetric phase of the theory, the generating function �[φ̄] has the form

�
[
φ̄
]=

∞∑

N=1

1
N!
∫

ddx1 · · ·
∫

ddxN�(N)(x1, . . ., xN)φ̄(x1) · · · φ̄(xN) (12.46)

The classical field φ̄= v is defined by the condition δ�

δφ̄
= 0. If φ̄ �= 0, then the global

symmetry φ↔−φ is spontaneously broken. Moreover, for 〈φ〉= φ̄= const., the generating
functional � becomes

�
[
φ̄
]=

∞∑

N=2

1
N!
[∫

ddx1 · · ·
∫

ddxN�(N)(x1, . . ., xN)
]
φ̄N (12.47)

The Fourier transform of �(N)(x1, . . ., xN) is

�(N)(x1, . . ., xN)=
∫ ddk1
(2π)d

· · ·
∫ ddkN
(2π)d

�(N)(k1, . . ., kN)e
−i�N

j=1kj·xj (12.48)

Momentum conservation requires that �(N)(k1, . . ., kN) should take the form

�(N)(k1, . . ., kN)= (2π)dδd
⎛

⎝
∑

j
kj

⎞

⎠ �̃(N)(k1, . . ., kN) (12.49)

So we find that �(φ̄) is given by the expression

�(φ̄)=V
∞∑

N=2

1
N! �̃

(N)(0, . . ., 0) φ̄N (12.50)

where V is the volume of Euclidean spacetime. Clearly, we can also write �(φ̄)=VU(φ̄),
where

U(φ̄)=
∞∑

N=2

1
N! �̃

(N)(0, . . ., 0) φ̄N (12.51)

is the effective potential.
Note that the �̃(N)(0, . . ., 0) terms are computed in the symmetric theory. In this

framework, if U has a minimum at φ̄ �= 0 for J= 0, then the vacuum state (i.e., the ground
state) is not invariant under the global symmetry of the theory: We have a spontaneously
broken global symmetry (or spontaneous symmetry breaking). If we identify J(x)≡H with
the external physical field, then it follows from eq. (12.27) that dU

dφ̄ =H. From this relation,
the equation of state follows:

H=
∞∑

N=1

1
N! �̃

(N+1)(0, . . ., 0) φ̄N (12.52)
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These results provide the following strategy. Compute the effective potential and from
it the vacuum (ground state). Next, compute the full vertex functions, either in the
symmetric or broken symmetry state, by identifying in�[φ̄] the coefficients of the products∏

i(φ̄(xi)− v), where v is the classical field that minimizes the effective potential U(φ̄),
that is,

�(N)(1, . . .,N|v)= δN�[φ̄]
δφ̄(1) · · · δφ̄(N)

∣∣∣
φ̄=v

(12.53)

12.4 Ward identities

Let us now discuss the consequences of the existence of a continuous global symmetry G.
We begin with a discussion of the simpler case, in which the symmetry group isG=O(2)�
U(1). Consider the case of a two-component real scalar field φ(x)= (φπ(x),φσ (x)), whose
Euclidean Lagrangian is

L(φ)= 1
2
[
(∂φ)2+m2

0φ
2]+ λ

4! (φ
2)2+ J(x) ·φ(x) (12.54)

where J(x) is a set of sources. In the absence of such sources, J= 0, the Lagrangian L is
invariant under global O(2) transformations:

φ′ = exp(iθσ2)φ=
(

cos θ sin θ
− sin θ cos θ

)
φ≡Tφ (12.55)

For an infinitesimal angle θ , we can approximate

T= I+ ε
(

0 1
−1 0

)
+ · · · (12.56)

The partition function Z[J]

Z[ J]=
∫

Dφ exp
(
−
∫

ddxL[φ, J ]
)

(12.57)

is invariant under the global symmetry φ′ =Tφ if the sources transform accordingly: J ′ =
TJ. Then J(x) ·φ(x) is also invariant. Provided the integration measure of the path integral
is invariant,Dφ=Dφ′, it follows that

Z[J ′] =Z[ J] (12.58)

Thus, the partition functionZ[ J], the generating function of the connected correlators F[ J],
and the generating functional of the vertex (one-particle irreducible) functions �[φ] are
invariant under the action of the global symmetry.

In our discussion of classical field theory in section 3.1, we proved Noether’s theorem,
which states that a system with a global continuous symmetry has a locally conserved
current and a globally conserved charge. However, this result only held at the classical level,
since the derivation required the use of the classical equations of motion. We will now show
that in the full quantum theory, the correlators of the fields obey a set of identities, known as
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Ward identities, that follow from the existence of a global continuous symmetry. Moreover,
these identities will also allow us to find consequences that hold if the global continuous
symmetry is spontaneously broken.

To derive the Ward identities, consider the action of infinitesimal global transforma-
tions on the generating functionals. For an infinitesimal transformation T, the sources
transform as

J ′ = J+ ε
(

0 1
−1 0

)
J (12.59)

In terms of the components of the source, J= ( Jσ , Jπ ), the infinitesimal transformation is

J′σ = Jσ + εJπ (12.60)

J′π = Jπ − εJσ (12.61)

Or, equivalently, δJσ = εJπ and δJπ =−εJσ . Since the generating functional F[ J] is invariant
under the global symmetry, we find

δF=
∫

ddx
[
δF[ J]
δJσ (x)

δJσ (x)+ δF[ J]
δJπ (x)

δJπ (x)
]
= 0

=
∫

ddx ε
[
δF[ J]
δJσ (x)

Jπ (x)− δF[ J]
δJπ (x)

Jσ (x)
]
= 0 (12.62)

which implies that
∫

ddx
[
φ̄σ (x)Jπ (x)− φ̄π (x)Jσ (x)

]= 0 (12.63)

Therefore, the generating functional �[φ̄] satisfies the identity
∫

ddx

[

φ̄σ (x)
δ�[φ̄]
δφ̄π (x)

− φ̄π (x) δ�[φ̄]
δφ̄σ (x)

]

= 0 (12.64)

Eq. (12.64) is called theWard identity for the generating functional �[φ]. It states that �[φ]
is invariant under the global transformation φ→Tφ. This identity is always valid (i.e., to
all orders in perturbation theory).

We will now find several (many!) Ward identities that follow by differentiation of the
Ward identity of eq. (12.64). By differentiating eq. (12.64) with respect to φ̄π (y), we find

0=
∫

ddx
{ δ2�

δφ̄π (y)δφ̄π (x)
φ̄σ (x)− δ2�

δφ̄π (y)δφ̄σ (x)
φ̄π (x)− δ�

δφ̄σ (x)
δd(x− y)

}
(12.65)

From this equation, it follows that

δ�

δφ̄σ (y)
=
∫

ddx
[

δ2�

δφ̄π (x)δφ̄π (y)
φ̄σ (x)− δ2�

δφ̄σ (x)δφ̄π (y)
φ̄π (x)

]
(12.66)
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(a)

U(ϕ)

ϕπ ϕπ

ϕσ ϕσ

U(ϕ)

(b)
Figure 12.10 The effective potential with O(2) symmetry (a) in the symmetric phase, and (b) in the
broken symmetry phase.

If theO(2) symmetry is spontaneously broken, and the minimum of the effective poten-
tial U(φ) is on the circle shown in figure 12.10b, say φ̄= (v , 0), then eq. (12.66) becomes

v
∫

ddx
δ2�

δφ̄π (x)δφ̄π (y)
=H (12.67)

where H denotes the uniform component of J along the direction of symmetry breaking,
Jσ =H. Eq. (12.67) can be recast as

v
∫

ddx�(2)ππ (x− y)=H (12.68)

or, equivalently,
lim
p→0

v �̃(2)ππ (p)=H (12.69)

So if the O(2) symmetry is broken spontaneously, then the vacuum expectation
value is nonzero (v �= 0) as the symmetry-breaking field is removed (H→ 0). Then the
1-PI two-point function of the transverse components vanishes at long wavelengths,
limp→0 �̃

(2)
ππ (p)→ 0, as H→ 0. Notice the important order of limits: first p→ 0 and then

H→ 0. Therefore, the connected transverse two-point function G̃c
2,ππ (p) has a pole at zero

momentum with zero energy in the spontaneously broken phase. In other terms, in the
broken symmetry state, the transverse components of the field, φπ , describe a massless
excitation known as the Goldstone boson.

Conversely, in the symmetric phase, in which v→ 0 as H→ 0, we find instead that

lim
H→0

lim
p→0

�̃(2)ππ (p)= lim
H→0

H
v
�= 0 (12.70)

and the “transverse”modes are alsomassive.Wewill see shortly that in the symmetric phase,
all masses are equal (as they should be!). In fact, the limiting value of H

v in the symmetric
phase is just equal to the inverse susceptibility χ−1ππ .

Thus we conclude that there is an alternative: either (a) the theory is in the symmetric
phase (i.e., v = 0), or (b) the symmetry is spontaneously broken (v �= 0with J→ 0) and there
are massless excitations (Goldstone bosons). This result, known as the Goldstone theorem,
is actually generally valid in a broken symmetry state of a system with a global continuous
symmetry.
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Let us now consider the more general case of a global symmetry with group O(N).
The analysis for other Lie groups (e.g., U(N)) is similar. In the O(N) case, the group has
N(N− 1)/2 generators

(Lij)kl=−i
[
δikδjl− δilδjk

]
(12.71)

where i, j, k, l= 1, . . .,N. Assume that the O(N) symmetry is spontaneously broken along
the direction φ= (v , 0), where 0 has N− 1 components. More generally, we can write
the field as φ̄= (φ̄σ , φ̄π ). In the broken symmetry state, only the φ̄σ component has
a nonvanishing expectation value. In this state there is a residual, unbroken, O(N− 1)
symmetry obtained by rotating transverse components among one another. Thus, the
symmetry, which is actually broken, rather than O(N), is in the coset O(N)/O(N− 1),
which is isomorphic to the N-dimensional sphere SN .

Under the action of O(N), the field φ̄ transforms as follows:

φ̄′a=
(
eiλ·L
)

ab
φ̄b (12.72)

where λij=−λji (with i, j= 1, . . .,N) are the Euler angles of the SN sphere. The broken
generators (the generators that mix with the direction of the broken symmetry) are Li1, and
the Lij (with i, j �= 1) are the generators of the unbroken O(N− 1) symmetry.

Let us perform an infinitesimal transformation away from the direction of symmetry
breaking with the Li1 (with i= 2, . . .,N) generators:

δφ̄a= iλi1 (Li1)ab φ̄b= λi1[δiaδ1b− δibδ1a]φ̄b= λa1φ̄1− λb1δ1aφ̄b (12.73)

or, what is the same,
δφ̄σ = λ1bφ̄π ,b, δφ̄π ,a= −λ1aφ̄σ (12.74)

Likewise,
δJσ = λ1bJπb , δJπa =−λ1aJσ (12.75)

Thus,

δF=
∫

ddx
[

δF
δJσ (x)

δJσ (x)+ δF
δJπ ,a(x)

δJπ ,a(x)
]

=
∫

ddxλ1a
[
− δ�

δφ̄σ (x)
φ̄π ,a(x)+ δ�

δφ̄π ,a(x)
φ̄σ (x)

]
= 0 (12.76)

Since the infinitesimal Euler angles λ1a are arbitrary, we have a Ward identity for each
component (a= 2, . . .,N):

∫
ddx
[

δ�

δφ̄σ (x)
φ̄π ,a(x)− δ�

δφ̄π ,a(x)
φ̄σ (x)

]
= 0 (12.77)

We will proceed as in the O(2) theory and differentiate eq. (12.76) with respect to a
transverse field component, φ̄π ,b, to obtain
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∫
ddx
[

δ2�

δφ̄σ (x)δφ̄π ,b(y)
φ̄π ,a(x)+ δ�

δφ̄σ (x)
δabδ(x− y)− δ2�

δφ̄π ,a(x)δφ̄π ,b(y)
φ̄σ (x)

]
= 0

(12.78)

Let us now assume that the O(N) symmetry is spontaneously broken and that the field has
the expectation value φ̄= (v , 0). Then eq. (12.78) becomes

δabJσ (y)= v
∫

ddx�(2)πaπb(x− y)= v lim
p→0

�(2)πaπb(p) (12.79)

which requires that Jσ be uniform. From this equation, the following conclusions can be
drawn:

1) �(2)πaπb(0) must be diagonal: �(2)πaπb(0)≡ δab�ππ(0). Hence the masses of the trans-
verse components, φ̄a, are equal,m2

πa =m2
πb
, and we have a degenerate multiplet.

2) In the limit in which the source along the symmetry-breaking direction is removed,
Jσ→ 0, it must hold that v limp→ �(2)πaπa(p)= 0. Thus, we find that there are two
possible cases:

2a) if v �= 0, all transverse φ̄π ,a excitations aremassless, and there areN− 1massless
excitations (Goldstone bosons);

2b) if v = 0, the theory is in the symmetric phase, all excitations are massive, and
m2
σ =�(2)σσ (0) �= 0.

These results are exact identities, and hence are valid order by order in perturbation theory.
Following the same procedure, we can get, in fact, an infinite set of identities. For

example, in the O(2) theory (for simplicity), by differentiating eq. (12.65) with respect to
the field φσ , we find the relation

�(2)σσ (p)−�(2)ππ (p)= v �(3)σππ (0, p,−p) (12.80)

In the symmetric phase (v = 0), eq. (12.80) implies that the irreducible two-point functions
for the φσ and φπ components must be equal: �(2)σσ (p)=�(2)ππ (p), and that in particular, the
masses must be equal: m2

σ =m2
π . However, in the broken symmetry phase, where v �= 0,

this equation and the requirement that the φπ field must be a Goldstone boson (and hence
massless) implies that the mass of the φσ field must be related to the three-point function
(with all momenta equal to zero): �(2)σσ (0)= v�(3)σππ (0, 0, 0). This result implies that in the
broken symmetry phase, the φσ field is massive. In the Minkowski space interpretation,
this result also implies that the φσ particle has an amplitude to decay into two Goldstone
modes (at zeromomentum) and hence that, as a state, itmust have a finitewidth (or lifetime)
determined by its mass and by the vacuum expectation value v .

Also, by further differentiating the identity eq. (12.65) with respect to the φσ field two
more times, and using the identity eq. (12.80), we can derive one more identity relating the
four-point functions of the φσ and the φπ fields:

�(4)ππσσ (z, y, t,w)+�(4)ππσσ (w, y, z, t)+�(4)ππσσ (t, y, z,w)=�(4)σσσσ (y, z, t,w) (12.81)

The Fourier transforms of the above identity at a symmetric point of the four incoming
momenta (e.g., for p→ 0) satisfy the relation 3�(4)ππσσ =�(4)σσσσ , which ensures that O(2)
invariance holds.
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12.5 The low-energy effective action and the
nonlinear sigmamodel

In section 12.4, we showed that if a continuous global symmetry is spontaneously broken,
then the theory has exactly massless excitations known as Goldstone bosons. These states
constitute the low-energy manifold of states. It makes sense to find the possible forms the
effective action takes for these low-energy states. We will now see that the form of their
effective action is completely determined by the global symmetry.

To find the effective low-energy action, rather than using the Cartesian decomposition
φ(x)= (φπ(x),φσ (x)) into longitudinal and transverse fields, it will be more instructive
to use instead a nonlinear representation. In the case of the O(N) theory, let us write
the field φ(x) in terms of an amplitude field ρ(x) and an N-component unit-vector
field n(x),

φ(x)= ρ(x) n(x), provided n2(x)= 1 (12.82)

where the unit-length condition has been imposed as a constraint. This constraint ensures
that we have not changed the number of degrees of freedom in the factorization of
eq. (12.82). We will see that the constrained field n(x) describes the manifold of Goldstone
states. Clearly, the target space of the field n is the sphere SN−1.

Formally, the partition function now becomes

Z[J]=
∫

DρDn
∏

x
δ(n2(x)− 1) exp

(
−
∫

ddxL[ρ, n]+
∫

ddxρ(x)n(x) · J(x)
)

(12.83)
where the Lagrangian L[ρ, n] is

L[ρ, n]= 1
2
(
∂μρ
)2+ 1

2
ρ2
(
∂μn
)2+ m2

0
2
ρ2+ λ

4!ρ
4 (12.84)

Notice that, due to the constraint on the n field, the integration measure of the path integral
has changed:

Dφ→DρDn
∏

x
δ(n2(x)− 1) (12.85)

to preserve the number of degrees of freedom.
It is clear that in this nonlinear representation, the global O(N) transformations leave

the amplitude field ρ(x) invariant and only act on the nonlinear field n(x). This field
represents the Goldstone manifold, which only enters in the second term of the Lagrangian
of eq. (12.84). In fact, the field ρ(x) represents the fluctuations of the amplitude about the
minimum of the potential shown in figure 12.10(b). In contrast, the field n represents the
Goldstone bosons: the field fluctuations along the “flat” directions of the potential at the
bottom of the sombrero (or of a wine bottle). The other important observation is that
only the derivatives of the field n enter in the Lagrangian and that, in particular, there
is no mass term for this field. This is a consequence of the symmetry and of the Ward
identities.

Let us look closer at what happens in the broken-symmetry state, where m2
0< 0. In

this phase, the field ρ has a v.e.v. equal to ρ̄= v =√|m2
0|/(6λ). Let us represent the
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amplitude fluctuations in terms of the field η= ρ− v . The Lagrangian for the fields η and n
reads

L[η, n]= 1
2
(
∂μη
)2+ m2

eff
2
η2+ λ

6
vη3+ λ

4!η
4+ v 2

2
(
∂μn
)2+ vη

(
∂μn
)2+ 1

2
η2
(
∂μn
)2

(12.86)

where m2
eff = λv 2/3= 2|m2

0| is the effective mass (squared) of the amplitude field ρ. (Here
we have ignored the downward shift of the classical vacuum energy, −λv 4/24, in the
broken-symmetry phase.)

Several comments are now in order. One is that the amplitude field η is massive, and
its mass grows parametrically larger when moving deeper into the broken symmetry state.
Thus its effects should become weak at low energies (and long distances). The other
comment is that in the broken-symmetry state, there is a trilinear coupling term (the
next-to-last term in eq. (12.86)). This term is linear in the amplitude field η and quadratic in
the Goldstone field n, and its coupling constant is the expectation value v . This is precisely
what follows from the Ward identities (cf. eq. (12.80)). For this reason, v 2 plays the role of
the decay rate of the (massive) amplitude mode (into massless Goldstone modes).

Let us consider the effective Lagrangian of the massless Goldstone field n. We can
deduce what it is by integrating out the amplitude fluctuations—the massive field η—in
perturbation theory. By carrying out this elementary calculation, we find that, to lowest
order, the effective Lagrangian for the Goldstone field n has the form (recall the constraint
n2= 1):

Leff [n]= 1
2g2

(
∂μn
)2+ 1

2g2m2
eff

(
∂μn
)4+ · · · (12.87)

where g2= 1/v 2 plays the role of the coupling constant. The first term of this effective
Lagrangian is known, in this case, as the O(N) nonlinear sigma model. This theory seems
free, since it is quadratic in n, but it is actually nonlinear due to the constraint n2= 1. The
correction term is clearly small in the low-energy regime:

(
∂μn
)2�m2

eff . So this is actually
a gradient expansion, which is accurate in the asymptotic low-energy regime.

In the low-energy (and long-wavelength) regime, the quartic term of eq. (12.87) can be
neglected (in chapter 15, we will see that this is an example of an irrelevant operator). In
this IR regime, the effective action becomes

LNLSM[n]= 1
2g2

(
∂μn
)2 (12.88)

where the field n(x) obeys the local constraint n2(x)= 1. This theory is the O(3) nonlinear
sigma model.

The nonlinear sigma model is of interest in many areas of physics. It was originally
introduced as a model for pion physics and chiral symmetry breaking in high-energy
physics. In this context, the coupling constant g2 is identified with the inverse of the pion
decay constant. It is also of wide interest in classical statisticalmechanics, where it is amodel
of the long-wavelength behavior of the free energy in the classical Heisenberg model of a
ferromagnet, and in quantum magnets, where it is the effective Lagrangian for a quantum
antiferromagnet. We will return to a detailed discussion of the behavior of the nonlinear
sigma model in section 16.4, where we discuss the perturbative renormalization group, and
in section 17.2, where we discuss the large-N limit.
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12.6 Ward identities, Schwinger-Dyson equations,
and gauge invariance

Let us now take a somewhat different look atWard identities, focusing on the implications of
the global symmetry on the correlators of a theory. We will derive a set of equations obeyed
by the correlators as a consequence of the global symmetry. These equations take the form
of Schwinger-Dyson equations. We will discuss two cases. The first is a scalar field theory,
which, for simplicity, is that of a single complex scalar field with the global symmetryU(1).
The other case is the globalU(1) symmetry of QED. Both cases can be easily generalized to
other continuous symmetry groups.

12.6.1 Schwinger-Dyson equation for the complex scalar field

Consider a complex scalar field with Lagrangian

L(φ,φ∗)= |∂μφ|2−V(|φ|2) (12.89)

which has the global U(1) symmetry

φ(x) 	→ eiθφ(x), φ∗(x) 	→ e−iθφ∗(x) (12.90)

Or, in infinitesimal form,

δφ(x)= iθφ(x), δφ∗(x)=−iθφ∗(x) (12.91)

The (Euclidean) two-point function

G(2)(x− y)=〈φ(x)φ∗(y)〉= 1
Z

∫
DφDφ∗ φ(x)φ∗(y) e

−
∫

dDxL(φ,φ∗)
(12.92)

and the partition function Z

Z=
∫

DφDφ∗ e
−
∫

dDxL(φ,φ∗)
(12.93)

are invariant under the global U(1) symmetry transformation.
Next we make the (infinitesimal) change of variables,

φ(x)→φ′(x)=φ(x)+ iθ(x)φ(x), φ(x)∗→φ′(x)∗ =φ(x)∗ − iθ(x)φ(x)∗ (12.94)

where θ(x) is an arbitrary (and small) function of the coordinate x, which vanishes at
infinity. The path integral of eq. (12.92) does not change under a change of the integration
variable (the field), since the integration measure is invariant, so we can readily derive the
identity

∂zμ〈jμ(z)φ(x)φ∗(y)〉= δ(z− x)〈φ(x)φ∗(y)〉− δ(z− y)〈φ(x)φ∗(y)〉 (12.95)

where jμ(z)= i(φ(z)∂μφ∗(z)−φ∗(z)∂μφ(z)) is the Noether current for this global symme-
try. An expression of this type is known as a Schwinger-Dyson equation. It has an obvious
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generalization to a general N-point function for any continuous global symmetry group.
Notice that, at the classical level, we would have predicted that the left-hand side of eq.
(12.95) should be identically zero. The so-called contact terms that appear on the right-hand
side of this equation have a quantum origin.

12.6.2 Ward identity and gauge invariance

The result just presented can be easily generalized to the case of a gauge theory, such as
QED. The QED Lagrangian

LQED[φ, ψ̄ ,Aμ]= ψ̄ iγ μ∂μψ − eAμψ̄γ μψ − 1
4
F2
μν (12.96)

is invariant under the local U(1) gauge transformations ψ(x)→ eieθ(x)ψ(x), ψ̄(x)→
e−ieθ(x)ψ̄(x), and Aμ(x)→Aμ(x)+ ∂μθ(x).

However, the QED Lagrangian is also invariant under the global symmetry ψ(x)→
eiθψ(x), ψ̄(x)→ e−iθ ψ̄(x), and Aμ(x)→Aμ(x). This is a global symmetry of the Dirac
sector of the theory. We can now derive a Ward identity (or Schwinger-Dyson equation)
for the global U(1) symmetry of QED. On repeating the same arguments used in the
derivation of the Ward identity of eq. (12.95), we now obtain a similar-looking relation for
the two-point function of the Dirac field:

∂zμ〈jμ(z)ψ(x)ψ̄(y)〉=−eδ(z− x)〈ψ(x)ψ̄(y)〉+ eδ(z− y)〈ψ(x)ψ̄(y)〉 (12.97)

where jμ= eψ̄γμψ is the (gauge-invariant) Dirac current. Equivalently, we can write

− i∂zμ〈jμ(z)ψ(x)ψ̄(y)〉=−eδ(z− x)SF(x− y)+ eδ(z− y)SF(x− y) (12.98)

where SF(x− y)=−i〈ψ(x)ψ̄(y)〉 is the (Feynman) Dirac propagator. This Ward identity
relates the change of theDirac propagator to the vertex function resulting from the insertion
of a current (i.e., the coupling to the gauge field). In momentum space, this Ward identity
can be brought into the form

− iqμ�μ(p+ q, p, q)= S−1F (p+ q)− S−1F (p) (12.99)

where�μ(p+ q, p) is the vertex function, and SF(p) is the Feynman propagator for theDirac
field. Pictorially, we can represent the Ward identity of eq. (12.99) in terms of Feynman
diagrams as follows:

qμ ·

⎛

⎜
⎜⎜⎜⎜⎜
⎝
p

p+ q

q

µ
⎞

⎟
⎟⎟⎟⎟⎟
⎠

= p p − (12.100)

which relates the insertion of a photon of momentum q to the change of the fermion
propagator with the momentum of the photon.

Let us now discuss a different derivation of the Ward identities, following an approach
similar towhat we did in section 12.4 forφ4 theorywithO(N) symmetry. Consider theQED
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Lagrangian in the Feynman–’t Hooft gauges parametrized by α, coupled to a conserved
external current Jμ(x) and to Dirac sources η(x) and η̄(x). The full gauge-fixed Lagrangian
is now

L= ψ̄ i/Dψ − 1
4
F2
μν −

1
2α
(∂μAμ)2+ Jμ(x)Aμ(x)+ η̄(x)ψ(x)+ ψ̄(x)η(x) (12.101)

where, as usual, /D= γ μ(∂μ+ ieAμ(x)). The partition function is now

Z[Jμ, η, η̄]=
∫

Dψ̄DψDAμe
i
∫

d4xL
(12.102)

where L is the Lagrangian of QED with sources (eq. (12.101)). Here we ignored the
Faddeev-Popov determinant factor which, as we have seen, is unimportant in QED.

As in other theories, we focus now on F= i lnZ[Jμ, η, η̄], the generating function of
connected N-point functions of Dirac fermions and gauge fields, which satisfies

δF
δJμ(x)

=Aμ(x),
δF
δη(x)

= ψ̄(x), δF
δη̄(x)

=ψ(x) (12.103)

where the expectation values have been omitted to simplify the notation. Let us now
define�[Aμ,ψ , ψ̄], the generating function of the one-particle irreducible vertex functions,
obtained from F by the Legendre transform

�[Aμ,ψ , ψ̄]=
∫

d4x(Jμ(x)Aμ(x)+ η̄(x)ψ(x)+ ψ̄(x)η(x))− F (12.104)

such that
δ�

δAμ(x)
= Jμ(x),

δ�

δψ(x)
= η̄(x), δ�

δψ̄(x)
= η(x) (12.105)

We next make a change of variables in the partition function Aμ→Aμ+ δAμ, ψ→
ψ + δψ , and ψ̄→ ψ̄ + δψ̄ , which corresponds to an infinitesimal gauge transformation

δAμ(x)= ∂μ�(x), δψ(x)=−ie�(x)ψ(x), δψ̄(x)= ie�(x)ψ̄(x) (12.106)

where�(x) is infinitesimal and local. From this we readily find that the generating function
�[Aμ,ψ , ψ̄] satisfies the generation function of all Ward identities:

∂μ
δ�

δAμ(x)
− ie

(
ψ(x)

δ�

δψ(x)
− ψ̄(x) δ�

δψ̄(x)

)
= 1
α
∂2∂μAμ(x) (12.107)

where the right-hand side arises from the gauge-fixing condition.
Now, on functional differentiation of eq. (12.107) with respect to ψ(x) and ψ̄(x), we

obtain the identity

∂μz
δ3�

δψ̄(x)δψ(y)δAμ(z)
+ ie

(
δ2�

δψ̄(x)δψ(y)
δ(x− z)− δ2�

δψ̄(x)δψ(y)
δ(y− z)

)
= 0

(12.108)
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where we readily identify the first term with the one-particle irreducible three-point vertex
function 〈ψ(x)ψ̄(y)Aμ(z)〉 and the second and third termswith the one-particle irreducible
propagators of the Dirac fields. The Fourier transform of this identity is just eq. (12.99).

By functional differentiation of eq. (12.107) with respect to Aν(y), we obtain the Ward
identity:

∂xμ
δ2�

δAμ(x)δAν(y)
= ∂μx �(2)μν (x− y)= 1

α
∂2x∂

μ
x δ(x− y) (12.109)

In contrast, the 1-PI photon two-point function �(2)μν (x− y) is given by

�(2)μν (x− y)=G−1μν (x− y)−�μν(x− y) (12.110)

where Gμν(x− y) is the bare photon propagator (i.e., in free Maxwell theory) in the
’t Hooft–Feynman gauges. Since the Ward identity eq. (12.109) is also obeyed by the
free-field propagatorG(2)μν(x− y), we find that the QED photon self-energy, the polarization
function�μν(x− y), must satisfy the exact identity

∂μx �μν(x− y)= 0 (12.111)

Note that, although we derived it in the context of QED, all that this Ward identity requires
is global symmetry. In fact, it also applies to nonrelativistic systems, such as the electron gas
andFermi liquids (see section 10.11). Naturally, the propagators that enter in the expressions
abovewill be different in these theories. This identity ensures that gauge invariance is exactly
respected, order by order, in perturbation theory.

Exercises

12.1 Vertex functions, effective potential, and Ward identities
In this problem, you will study the effects of interactions on the physical properties
of a system of interacting relativistic fermions in 1+1 dimensions, known as the
chiral Gross-Neveu model. This model is a reasonable description of the physics
in quasi-one-dimensional systems, and it is also of interest for investigating the
behavior of quantum field theories of relativistic Fermi fields.

In 1+1 dimensions, Fermi fields ψa(x) are two-component spinors of the form

ψa=
(
ψR,a
ψL,a

)
(12.112)

The upper component, ψR,a is the right-moving component of the fermion, and
the lower component ψL,a is the left-moving component of the fermion. In what
follows, consider the case in which there are N species of fermions labeled by an
index a= 1, . . .,N.

Next, define the following set of two-dimensional Dirac γ matrices

γ0= σ1=
(
0 1
1 0

)
γ1= i σ2=

(
0 1
−1 0

)
γ5= γ0γ1= − σ3=

(−1 0
0 1

)

(12.113)
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with the notation
/∂ = ∂μγ μ= γ0∂0− γ1∂1 (12.114)

where μ= 0, 1 denotes the indices of a 1+1-dimensional Minkowski spacetime.
Introduce the operators

ψ̄ψ =ψ†γ0ψ ≡ψ†
RψL+ψ†

LψR (12.115)

and
ψ̄γ5ψ =ψ†γ1ψ ≡ψ†

RψL−ψ†
LψR (12.116)

Using this notation, the Lagrangian density of the chiral Gross-Neveu model is
(setting the speed of light to c= 1)

L= ψ̄a(x)i/∂ψa(x)+ g
2
[
(ψ̄a(x)ψa(x))2− (ψ̄a(x)γ 5ψa(x))2

]
(12.117)

where we have not written down the spinor indices explicitly. In all the parts of this
exercise, you have to use path-integral methods.

1) Derive an expression for the free-fermion propagator in momentum space.
2) Derive the Feynman rules for a perturbation expansion of the fermion two-point

function
Sα,βa,b (p) (12.118)

(with p= (p0, p1)) in powers of the coupling constant g.
3) Derive an expression for the quantities listed in parts (a) and (b) up to and

including their second-order corrections (i.e.,O(g2)). Draw a Feynman diagram
for each contribution. Check the cancellation of the vacuum diagrams. Give a
consistent sign for each contribution. Do not do the integrals!

a) The fermion two-point function.
b) The effective coupling constant g. What correlation function should you

consider? Is it a connected Green function or a one-particle irreducible vertex
function? Justify your answer.

4) a) Show that the Lagrangian of the chiral Gross-Neveu model is invariant under
the continuous global chiral symmetry

ψαa(x)→
(
eiθγ5

)
αβ
ψβa (12.119)

b) Find the transformation law obeyed by the operators �̂0≡ ψ̄aψa and �̂5≡
iψ̄a γ5ψa under this symmetry.

c) Give a physical interpretation of this symmetry. What is the meaning of the
operators �̂0 and �̂5 in terms of the right- and left-moving components of the
fermions?

5) Now let us add chiral symmetry-breaking terms to the Lagrangian of the form

Lchiral=H0(x)�̂0(x)+H5(x)�̂5(x) (12.120)

where H0(x) and H5(x) are the symmetry-breaking fields. Consider the path
integral for this problem in the presence of the symmetry-breaking terms.
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Assume that the operators �̂0 and �̂5 have uniform expectation values given by
�̄0 and �̄5, respectively. Find the transformation law obeyed by the symmetry-
breaking fieldsH0 andH5 under a global chiral transformation of the Fermi fields
by an angle θ .

6) Derive a formal expression for the effective potential U(�̄0, �̄5) in terms of a
series expansion in powers of the expectation values. Relate the coefficients of
this expansion in terms of vertex functions. What is the meaning of these vertex
functions in terms of fermion operators?

7) Find a perturbation theory expression for all coefficients of the effective potential
U to leading order (i.e., the first nonvanishing term) in an expansion in terms
of the coupling constant g. Do not do the integrals! Draw the Feynman diagram
associated with each contribution.

8) Derive the chiral Ward identity for the generating functional of the vertex
functions for the operators �̄0 and �̄5.

9) Derive a Ward identity that relates the vertex functions �00 and �55 in the limit
p→ 0 (p≡ pμ). Assume that, as H0→ 0 and H5→ 0, only �̄0 has a nonzero
expectation value (i.e., that the chiral symmetry is spontaneously broken).

10) Is there a Goldstone boson in this system? Justify your answer. Explain the
significance of your answer for the original fermion problem. What does it say
about its two-particle spectrum? And of the one-particle spectrum?
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Perturbation Theory, Regularization,
and Renormalization

13.1 The loop expansion

We now return to perturbation theory. For the sake of definiteness, we will focus on the
theory of the real scalar field. But this approach is general. The perturbative expansion
developed in chapters 11 and 12 is limited to situations in which the coupling constant λ is
small. This is a serious limitation. The perturbative expansion presented in those chapters
is also ambiguous, even when the theory has many coupling constants and/or several fields
that are coupled. In these cases, the naive expansion does not provide a criterion for how
to organize the expansion. There are, however, other expansion schemes that, in principle,
do not have these limitations. One such scheme is the familiar semiclassical WKB method
in quantum mechanics. The problem is that WKB is really difficult to generalize to a field
theory, and it is not a feasible option. We will see in chapter 19 that semiclassical methods
also play an important role in QFT. Another nonperturbative approach, to be discussed
in chapter 17, involves taking the limit in which the rank of the symmetry group of the
theory is large. These limits have proven very instructive for elucidating the behavior of
many theories beyond perturbation theory.

Implicit in the use of perturbation theory (and even more so when defining the theory
by its perturbative expansion, as is often done) is the assumption that this expansion is,
in some sense, convergent in the weak-coupling regime. It is obvious that this cannot be
the case. Thus, in φ4 theory, changing the sign of the coupling constant λ from positive to
negative turns a theory with a stable classical vacuum state into one with a metastable vac-
uum state. This argument, originally formulated by Dyson in the context of QED, implies
that all perturbative expansions have at most a vanishing radius of convergence and that
the perturbation-theory series is, at most, an asymptotic series. This fact is also true even in
the simpler problem of the quantum anharmonic oscillator. Nevertheless, it is often the case
(and the anharmonic oscillator is a useful example in this sense) that the nonanalyticities
may be of the form of an essential singularity that cannot be detected to any finite order
in perturbation theory. Another example is QED, which is to date the most precise theory
in physics. In this case, changing the sign of the fine structure constant turns repulsion
between like charges into an attraction, leading to a massive instability of the ground state.

For these (and other) reasons, it would be desirable to have other types of expansions.
Within the framework of perturbation theory, there is a way to organize the expansion to



Regularization and Renormalization . 355

p q

k

Figure 13.1 A three-loop contribution, L= 3, to the N= 4-point function at order n= 4 in
perturbation theory. The three internal momentum integrals run over the momenta labeled by p,
q, and k.

make it more general and effective: the loop expansion. Although the loop expansion does
not escape from these problems, nevertheless, it is a great formal tool. In this chapter, we
follow in spirit (and in some detail) the presentation in the excellent text by Amit (1980)
and that by Zinn-Justin (2002).

The loop expansion is essentially an expansion in powers of the number of internal
momentum integrals (“loops”) that appear in the perturbative expansion. The loop
expansion involves introducing a formal expansion parameter, which we will call a, and
organizing perturbation theory as a series expansion in powers of a. Naturally, this
procedure is formal, since in the theory, we must have a= 1, and it is far from obvious
that this can be set consistently. Here, for simplicity, we will work with φ4 theory
for a one-component real scalar field in D Euclidean dimensions, but this procedure
generalizes to any theory we may be interested in. Let us introduce the parameter a in
the partition function in much the same way as � enters in the expression of the path
integral:

Z[ J]=
∫

Dφ e− 1
a S[φ]

= e
−1
a

∫
dDxLint[ δ

δJ
]
×
∫

Dφ e
−1
a

∫
dDxL0[φ]+

∫
ddxJ(x)φ(x)

(13.1)

= e
−1
a

∫
dDxLint[ δ

δJ
]
× e

a
2

∫
dDx

∫
ddx′J(x)G0(x, x′)J(x′)

(13.2)

Thus the Feynman diagrammatic rules are the same as in chapter 11, with the following
changes: (1) every vertex now acquires a weight 1

a , and (2) every propagator acquires a
factor a. Therefore, at order n in perturbation theory, a graph with N external points and I
internal lines will have a weight aI−n. We now ask: Howmanymomentum integrations does
a Feynman diagram have? In each diagram, there are n δ functions (which enforce
momentum conservation at each vertex). However, each diagram must have one δ
function for overall momentum conservation. Since each internal propagator line carries
momentum, and total momentum is conserved at each vertex, the number of independent
momentum integrations L in each diagram is L= I− (n− 1). Thus theweight of a Feynman
diagram is aI−n= aL−1. Hence the expansion in powers of a is really an expansion in powers
of the number of independent integrals or loops.

An example is presented in figure 13.1, which is a Feynman diagram for N= 4-point
function to n= 4 order in perturbation theory. This diagram has I= 6 internal propagator
lines. Our rules imply that the number of loops is L= 3. In this case, the loop expansion
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Figure 13.2 Tree-level contribution to the four-point vertex function �(4).

coincides with an expansion in powers of λ. However, if we had a theory with several
coupling constants, the situation would be different.

13.1.1 The tree-level approximation

Let us compute the generating function �[φ̄] to the tree-level order, L= 0 (no loops).

�(2): At the tree level, the 1-PI two-point function �(2)0 is just

�
(2)
0 (k1, k2)= (2π)DδD(k1+ k2)(k21+m2

0) (13.3)

since at the tree level, all 1-PI graphs to the self-energy� contain at least one loop,
and hence,�0= 0.

�(3): The three-point function �(3) vanishes by symmetry at the tree level (and in fact to
all orders in the loop expansion): �(3)= 0.

�(4): At the tree level, the four-point function �(4)0 is just given by (see figure 13.2)

�
(4)
0 (k1, . . ., k4)= λ(2π)DδD(k1+ · · ·+ k4) (13.4)

�(N): In φ4 theory, all vertex functions with N> 4 vanish at the tree level.

So, at the tree level, the generating function �[φ] is

�[φ̄]=
∞∑

N=1

1
N!
∫ dDq1
(2π)D

· · ·
∫ dDqN
(2π)D

�(N)(q1, . . ., qN)φ̄(−q1) · · · φ̄(−qN)

= 1
2!
∫ dDq1
(2π)D

∫ dDq2
(2π)D

(2π)dδd(q1+ q2)(q21+m2
0)φ̄(−q1)φ̄(−q2)

+ 1
4!λ

∫ dDq1
(2π)D

· · ·
∫ dDq4
(2π)D

(2π)dδd(q1+ · · ·+ q4)φ̄(−q1) · · · φ̄(−q4)+O(λ2) (13.5)

On Fourier transformation back to real space, we find that the tree-level effective action is
just the classical action of φ4 theory:

�0(φ̄)=
∫

dDx
[
1
2
(∂μφ̄)

2+ m2
0
2
φ̄2+ λ

4! φ̄
4
]

(13.6)

Then, at the tree level, we find two phases. If m2
0> 0, then φ̄≡	= 0, and we are in the

symmetric phase (with an unbroken symmetry), while form2
0< 0,	=±

√
6|m2

0|
λ

, we are in
the phase in which the symmetry is spontaneously broken. Here and below, 	 denotes the
physical expectation value.
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(a)

q
q

q

(b) (c)
Figure 13.3 One-loop contributions to (a) �(2), (b) �(4), and (c) �(6); q is the internal momentum of
the loop.

q

p4

p3

p1 p2n

p2n–1p2

Figure 13.4 One-loop contribution to �(N), with N= 2n; q is the internal momentum of the loop,
and the pi (with i= 1, . . ., 2n) are the 2n external momenta.

13.1.2 One loop

Let us now examine the role of quantum fluctuations by computing the effective potential
at the one-loop level. At one loop, L= 1, which implies that the Feynman diagrams that
contribute must have order n in perturbation theory equal to the number I of internal lines:
I= n. In φ4 theory, a graph withN external points, I internal lines, and order nmust satisfy
the identity

4n=N+ 2I (13.7)

since all the 4n lines that are emerging from the n verticesmust either be contracted together
pairwise or be attached to the N external points. From this we deduce that the one-loop
diagrams must be such that N= 2n. The one-loop corrections to �(2), �(4), and �(6) are
shown in figure 13.3.

To compute the one-loop contribution to effective potential,U1(	), we need to compute
the one-loop contribution to the N-point function �(N)1 (0, . . ., 0), and with N= 2n, and
with all the external momenta set to zero: p1= p2= · · ·= p2n−1= p2n= 0. A one-loop
contribution to �(N) is shown in figure 13.4. We find:

�
(N)
1 (0, . . ., 0)=−

(
− λ
4!
)n 1

n!Sn
∫ dDq
(2π)D

(
1

q2+m2
0

)n
× (N− 1)! (13.8)

where the multiplicity factor is Sn= (4× 3)n× n!, where n! is the number of ways of
reordering the vertices, and (N− 1)! is the number of ways of assigning the external
momenta, pi (i= 1, . . ., 2n), to the external vertices.
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We can compute the corrections to the effective potential:

U1[	]=
∞∑

N=1

1
N!	

N�
(N)
1 (0, . . ., 0)

=−
∞∑

n=1

1
(2n)!

(
−λ	

2

4!
)n
(4× 3)n

n! n!(2n− 1)!
∫ dDq
(2π)D

(
1

q2+m2
0

)n

=−
∞∑

n=1

1
2n

∫ dDq
(2π)D

(
− λ	

2/2
q2+m2

0

)n

(13.9)

Using the power series expansion of the logarithm, ln(1+ x)=−∑∞n=1 1
n (−x)n, we obtain

U1[	]= 1
2

∫ dDq
(2π)D

ln
(
1+ λ	2/2

q2+m2
0

)
(13.10)

Therefore, the effective potential U(	), including the one-loop corrections, is:

U[	]= m2
0
2
	2+ λ

4!	
4+ 1

2

∫ dDq
(2π)D

ln
(
q2+m2

0+
λ	2

2

)
(13.11)

where we canceled a constant,	-independent, term in eq. (13.10) against the contribution
of the functional determinant to the effective potential for the free massive scalar field
theory.

Let us examine what we have donemore carefully. In going from eq. (13.9) to eq. (13.10),
we switched the order of the momentum integral with the sum over the index n of the
order of perturbation theory and, in so doing, we used the Taylor series expansion of
the logarithm. This is valid if the terms of the series are smaller than 1 and the series is
convergent. The problem is that, for dimensionality D, the first D/2 terms of this series are
divergent, since themomentum integrals diverge. In particular, forD= 4, the first two terms
diverge in the UV. These are, of course, the quadratic UV divergence of the self-energy and
the logarithmic UV divergence of the effective coupling constant, which we discussed in
sections 11.6 and 11.7.

The solution to this problem, as we have already seen, is to define a renormalizedmassμ2

and a renormalized coupling constant g. The renormalizedmass is defined by the condition

μ2=�(2)(0)=m2
0+

λ

2

∫ dDq
(2π)D

1
q2+m2

0
+ · · · (13.12)

where we used the one-loop result. To one-loop order, we can invert the series as an
expression of the bare massm2

0 in terms of the renormalized mass μ2:

m2
0=μ2− λ

2

∫ dDq
(2π)D

1
q2+μ2 + · · · (13.13)

We will see shortly that the error made in replacing the bare mass with the renormalized
mass in the integral is canceled by a two-loop correction. Furthermore, to one-loop order,
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the renormalized two-point function �(2)R (p) is finite:

�
(2)
R (p)= p2+μ2 (13.14)

Similarly, we define a renormalized coupling constant g by the value of the four-point
vertex function at zero external momenta, pi= 0:

g=�(4)(0)= λ− 3
2
λ2
∫ dDq
(2π)D

(
1

q2+m2
0

)2
+ · · · (13.15)

where we have used the result at one-loop order. At this order in the loop expansion, we can
express the bare coupling λ as a power series of the renormalized coupling g:

λ= g+ 3
2
g2
∫ ddq
(2π)d

(
1

q2+μ2

)2
+ · · · (13.16)

where we have replaced the bare mass with the renormalized mass, which is consistent
to one-loop order. Similarly, in the expression of the bare mass, it is consistent to replace
the bare coupling constant with the renormalized coupling constant. We will see that these
replacements amount to taking into account two-loop corrections.

Thus the one-loop relation between the bare and the renormalized mass becomes

m2
0=μ2− g

2

∫ dDq
(2π)D

1
q2+μ2 + · · · (13.17)

To one-loop order, the renormalized four-point function, �(4)R (p1, . . ., p4), is

�
(4)
R (p1, . . ., p4)= g− g2

2

∫ dDq
(2π)D

[
1

(q2+μ2)((p1+ p2− q)2+μ2)
−
(

1
q2+μ2

)2
]

+ 2 permutations (13.18)

where the two permutations involve terms with the external momenta p1 and p3, and p1 and
p4, respectively.

Finally, to one-loop order, the (renormalized) effective potential UR[	] is

UR[	]= μ
2

2
	2+ g

4!	
4+ 1

2

∫ dDq
(2π)D

ln
(
q2+μ2+ g	2

2

)

− g
2
	2
∫ dDq
(2π)D

1
q2+μ2 +

g2

16
	4
∫ dDq
(2π)D

(
1

q2+μ2

)2
(13.19)

which is finite for D< 6 dimensions. The renormalized mass μ2 and the renormalized
coupling constant are defined in terms of the renormalized effective potential UR[	] by
the renormalization conditions:

μ2=�(2)R (0)=
∂2UR

∂	2

∣∣∣
	=0

, g=�(4)R (0)=
∂4UR

∂	4

∣∣∣
	=0

(13.20)
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Let us end this one-loop discussion with several observations. One is that we have
formally manipulated divergent integrals. In what follows, we will see that it is necessary
to go through a procedure of making them finite known regularizations. This amounts
to defining the theory at short distances, which can be done in several possible ways.
Another observation is that we have chosen to define the renormalized mass and coupling
constant as the values of the two- and four-point vertex functions at zero external momenta.
While this choice is intuitive, it is nevertheless arbitrary. One problem with this choice of
renormalization conditions is that if we were to be interested in the renormalized massless
theory (which defines a critical system), now the integrals contain IR divergences, which
will play an important role and will require a change in the definition of the renormalized
parameters. This is an important physical question that involves an operational definition
of what the mass and the coupling constant are and how are they measured.

Last, but not least, is the following observation. To one-loop order, we defined two
renormalized quantities: themass and the coupling constant. Is this sufficient to all orders in
perturbation theory?Wewill see next that already at two-loop order, a new renormalization
condition is needed: the wave function renormalization. But, how do we know that the
number of renormalized (or effective) parameters does not grow (or even explode) with the
order in perturbation theory? If that were to be the case, this theory would not have much
predictive power!Wewill see that theories with a finite number of renormalized parameters
are what is called renormalizable field theories, which play a key role in physics.

13.2 Perturbative renormalization to two-loop order

We have just seen that, to one-loop order, the corrections to the two- and four-point
functions amount to a redefinition of the bare massm2

0 and of the bare coupling constant λ
in terms of a renormalized mass μ2 and a renormalized coupling constant g. All of the
singular behavior (i.e., the sensitive dependence on the UV cutoff) is contained in the
relation between these bare and renormalized quantities. We will now look at what happens
to next order in perturbation theory. Thus, we will consider the two-loop diagrams and
examine whether this program works at the two-loop level or if new physical effects appear.

13.2.1 Mass renormalization for two loops

The two-loop contributions to the one-particle irreducible two-point function �(2) are the
last two terms of the following Feynman diagrams:

�(2)(p)= + + + (13.21)

At two-loop level, the renormalized mass μ2 is given by zero momentum limit of �(2) and
has the formal expression

μ2≡�(0)(0)=m2
0+

λ

2
E1(m2

0)−
λ2

4
E2(m2

0)E1(m
2
0)−

λ2

6
E3(0,m2

0)+ 0(λ2) (13.22)

where we used the notation
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E1(m2
0,
)=

∫ 
 dDq
(2π)D

1
q2+m2

0

E2(m2
0,
)=

∫ 
 dDq
(2π)D

(
1

q2+m2
0

)2

E3(p,m2
0,
)=

∫ 
 dDq1
(2π)D

∫ 
 dDq2
(2π)D

1
(q21+m2

0)(q22+m2
0)((p− q1− q2)2+m2

0)
(13.23)

where 
 is a UV cutoff scale (or regulator). Clearly, for UV scale 
, the degree of UV
divergence of E1 is 
D−2, of E2 is 
D−4, and of E3(0) is 
2D−6. In particular, in D= 4
dimensions, E1 and E3 are quadratically divergent, while E2 is logarithmically divergent.
Hence, some UV regularization (or rather, definition) must be supplied. We will do this
shortly below.

By inspection, we see that the first two-loop contribution to�(2)(p), the third term in eq.
(13.21), is just an insertion of the one-loop digram (the second term) inside the propagator.
Indeed, if we carry the definition of the bare massm2

0 in terms of the renormalized mass μ2

of eq. (13.17) beyond the leading term (i.e., the terms denoted by the ellipsis), we find

E1(m2
0)=

∫ 
 dDq
(2π)D

1
q2+m2

0
=
∫ 
 dDq

(2π)D
1

q2+μ2− λ
2E1(μ2)+O(λ2)

=E1(μ2)+ λ
2
E1(μ2)E2(μ2)+O(λ2) (13.24)

Thus, the expression of the renormalized mass at two-loop order becomes

μ2=m2
0+

λ

2

(
E1(μ2)+ λ

2
E1(μ2)E2(μ2)

)
− λ

2

4
E2(m2

0)E1(m
2
0)−

λ2

6
E3(0,m2

0)

=m2
0−

λ

2
E1(μ2)− λ

2

6
E3(μ2)+O(λ3) (13.25)

Equivalently, at two-loop order, the expression of the bare mass m2
0 in terms of the

renormalized mass μ2 is

m2
0=μ2− λ

2
E1(μ2)+ λ

2

6
E3(0,μ2)+O(λ3) (13.26)

Notice that the one-loop renormalization has partially canceled the two-loop contribution.

13.2.2 Coupling constant renormalization for two loops

Let us now turn to the renormalization of the coupling constant at two loops. At the
two-loop level, the bare one-particle irreducible four-point function is given by the
following Feynman diagrams:

�(4)(p1, . . ., p4)= + + + +
(13.27)
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The actual expression is

�(4)(p1, . . ., p4)= λ− λ
2

2
[
I(p1+ p2;m2

0)+ 2 permutations
]

+ λ
3

4
[
I(p1+ p2;m2

0)
2+ 2 permutations

]

+ λ
3

2
[
I3(p1+ p2;m2

0)E1(m
2
0)+ 2 permutations

]

+ λ
3

2
[
I4(p1, . . ., p4;m2

0)+ 5 permutations
]+O(λ4) (13.28)

where the (singular) integrals are given by

I(p;m2
0)=

∫

q

1
(q2+m2

0)((p− q)2+m2
0)

(13.29)

I3(p;m2
0)=

∫

q

1
(q2+m2

0)
2((p− q)2+m2

0)
(13.30)

I4({pi};m2
0)=

∫ ∫

q1,q2

1
(q21+m2

0)(q22+m2
0)((p1+ p2− q1)2+m2

0)((p3+ q1− q2)2+m2
0)

(13.31)

and we used the notation ∫

q
≡
∫ 
 dDq

(2π)D
(13.32)

By counting powers, we see that I(p;m2
0) scales with the UV cutoff as 
D−4 (and it has a

ln
 divergence for D= 4), whereas I3 scales as 
D−6 (and is finite for D= 4 dimensions),
and I4 scales as
2(D−4) (and has a ln2
 divergence for D= 4).

Let us first carry out the mass renormalization of the expressions involved in eq. (13.28),
which lead to a partial cancellation. After that is done, eq. (13.28) becomes

�(4)(p1, . . ., p4)= λ− λ
2

2
[
I(p1+ p2;μ2)+ 2 permutations

]

+ λ
3

4
[
I(p1+ p2;μ2)2+ 2 permutations

]

+ λ
3

2
[
I4(p1, . . ., p4;μ2)+ 5 permutations

]+O(λ4) (13.33)

Next, define the renormalized coupling constant at the two-loop level:

g=�(4)([pi= 0])= λ− 3
2
λ2E2(μ2)+ 3

4
λ3E2

2(μ
2)+ 3λ3I4([pi= 0];μ2) (13.34)

which is inverted as

λ= g+ 3
2
g2E2(μ2)+ 15

4
g3E2

2(μ
2)− 3g3I4([pi= 0];μ2)+O( g4) (13.35)
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pp p – q1 – q2

q2

q1

Figure 13.5 Feynman diagram with the leading contribution to the wave-function renormalization.

After this renormalization, the four-point function becomes

�(4)(p1, . . ., p4)= g− g2

2
{[I(p1+ p2;μ2)−E2(μ2)]+ 2 permutations

}

+ g3

4
{[I(p1+ p2;μ2)−E2(μ2)]2+ 2 permutations

}

+ g3

2
{[I4(p1, . . ., p4;μ2)− I4([pi= 0];μ2)]

−E2(μ2)[I(p1+ p2;μ2)−E2(μ2)]+ 5 permutations
}+O( g4) (13.36)

The coupling-constant renormalization changes the two-point function to

�(2)(p;μ2)= p2+μ2− g2

6
[
E3(p;μ2)−E3(0;μ2)

]+O( g3) (13.37)

and the relation between the bare and the renormalized mass is:

m2
0=μ2− g

2
E1(μ2)− 3

4
g2E1(μ2)E2(μ2)+ g2

6
E3(0;μ2)+O( g3) (13.38)

13.2.3 Wave-function renormalization

The preceding results now tell us that, after mass renormalization at the two-loop level, the
one-particle irreducible two-point function �(2)(p) becomes

�(2)(p)= p2+μ2− g2

6
[
E3(p,μ2)−E3(0,μ2)

]+O( g3) (13.39)

There is still, however, the momentum-dependent contribution of �(2)(p), the third term
of the right-hand side of eq. (13.39). The subtracted expression, E3(p,μ2)−E3(0,μ2),
is logarithmically divergent in D= 4 dimensions. Clearly, this behavior is unaffected
by the mass renormalization. It is also obvious that it cannot be taken care of by the
coupling-constant renormalization. Hence, we need a new renormalization, which, for
historical reasons, is known as the wave-function renormalization (see figure 13.5). We now
discuss this renormalization.

Since the remaining singular behavior in�(2)(p) comes from itsmomentumdependence,
it enters as a factor in front of p2. Equivalently, this new renormalization is a change in the
prefactor of the gradient termof the action (as discussed below). This suggests that we define
a renormalized one-particle irreducible two-point function by a rescaling of the form
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�
(2)
R (p,μ

2
R)=Zφ( g,μ2,
)�(2)(p,μ2,
) (13.40)

such that
�
(2)
R (p,μ

2
R)= p2+μ2

R (13.41)

Notice that the rescaling of the two-point function is forcing us to change the definition
of the renormalized mass from μ2 to μ2

R. The introduction of the new renormalization
“constant” Zφ( g,μ2,
) is equivalent to a rescaling of the field φ by Z1/2

φ . For this reason,
this procedure is known as the wave-function renormalization. This name, invented in the
context of QED in the late 1940s, is still retained, even though it is a highly misleading term.

The wave-function renormalization constant Zφ has the expansion

Zφ = 1+ z1g+ z2g2+ · · · (13.42)

Since the wave-function renormalization only appears (in φ4 theory) at the two-loop level,
we see that wemust set z1= 0. Furthermore, demanding that�(2)R has the form of eq. (13.41)
or, what is the same, that

�
(2)
R (0)=μ2

R, and
∂�

(2)
R (p)
∂p2

∣∣
∣
p=0
= 1 (13.43)

we find

1=Zφ
(
1− g2

6
∂E3(p,μ2)

∂p2
∣
∣∣
p=0

)
(13.44)

from which we conclude that the (logarithmically divergent) quantity z2 is

z2= 1
6
∂E3(p,μ2)

∂p2
∣∣∣
p=0

(13.45)

However, this rescaling changes the new renormalized mass to μ2
R:

μ2
R= (1+ z2g2)μ2 (13.46)

The introduction of thewave-function renormalization, in turn, also affects the definition of
the renormalized coupling. The renormalized one-particle irreducible four-point function
is defined as

�
(4)
R ({pi}; gR,μ2

R)=Z2
φ�

(4)({pi}; g,μ2) (13.47)

This definition accounts for the contributions of two-loop corrections in the internal
propagators. Similarly, the renormalized one-particle irreducible N-point functions are
defined to be

�
(N)
R ({pi}; gR,μ2

R)=ZN/2
φ �(N)({pi}; g,μ2) (13.48)

13.2.4 Renormalization conditions

Let us summarize the procedure of perturbative renormalization outlined so far, which we
carried out to the two-loop level:
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1)We computed the bare two-point and four-point one-particle irreducible functions
�(2) and �(4) as functions of the bare massm2

0 and the bare coupling constant λ.
2) We replaced the baremassm2

0 first byμ2 and later byμ2
R=μ2Zφ . The renormalized

mass was defined by the renormalization condition

lim
p→0

�
(2)
R (p)=μ2

R (13.49)

3)We replaced the bare coupling constant λ first by g and later by the renormalized
coupling constant gR= gZ2

φ . The renormalized coupling constant was defined by
the renormalization condition

lim{pi}→0
�
(4)
R (p1, . . ., p4)= gR (13.50)

4) The wave-function renormalization Zφ was obtained by demanding the renormal-
ization condition

∂�
(2)
R (p)
∂p2

∣∣∣
p=0
= 1 (13.51)

5)We defined the renormalized functions

�
(N)
R =ZN/2

φ �(N), (13.52)

which areUV-finite functions of the renormalizedmassμ2
R and of the renormalized

coupling constant gR.

Notice that these are definitions that we chose to make, and that many such definitions are
possible. In particular, all of the singular (divergent) behavior is “hidden” in the relation
between the bare and the renormalized quantities. By this procedure, at least up to two
loops, we succeeded in removing the strong dependence on the UV definition of the theory.
However, how do we know if this procedure will suffice to all orders in perturbation
theory? In other words, how do we know if the number of renormalized parameters does
not grow with the order of the perturbation theory? Clearly, a theory with an infinite
number of arbitrary parameters would not be a theory at all! We will address this problem
shortly.

Formally, the renormalized mass μ2
R, the renormalized coupling constant gR, and the

wave function renormalization Zφ are functions of the bare mass m2
0, the bare coupling

constant λ, and the UV regulator (or cutoff scale)
, of the form

μ2
R=Zφμ2(m2

0, λ,
)

gR=Z2
φg(m

2
0, λ,
)

Zφ =Zφ(m2
0, λ,
) (13.53)

which are given by their expressions in the perturbation theory expansion in powers of the
coupling constant λ. Alternatively, we can invert these relations and write expressions for
the bare parameters in terms of the renormalized ones:
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m2
0=Zφm2

0(μ
2
R, gR,
)

λ=Z2
φg(μ

2
R, gR,
)

Zφ =Zφ(μ2
R, gR,
) (13.54)

Then the renormalized vertex functions

�
(N)
R ({pi},μ2

R, gR,
)=ZN/2
φ �(N)(m2

0, λ,
) (13.55)

have a finite limit as the regulator
→∞ to every order in an expansion in powers of the
renormalized coupling constant gR.

We will now consider the computation of the renormalization constants to two-loop
order in φ4 theory in D= 4 dimensions. In general, in φ4 theory in D= 4 dimensions, we
have three renormalization conditions

�
(2)
R (0,μ

2
R, gR)=μ2

R (13.56)
∂

∂p2
�
(2)
R (p,μ

2
R, gR)

∣
∣∣
p=0
= 1 (13.57)

�
(4)
R ({pi= 0},μ2

R, gR)= gR (13.58)

where eq. (13.56) fixes the renormalized mass, eq. (13.57) fixes the wave-function renor-
malization, and eq. (13.58) fixes the coupling-constant renormalization.

For simplicity, we will discuss only the massless case, and hence we require that the
normalized mass μ2

R= 0. However, the renormalization conditions used so far are fine for
the massive case, but not for the massless case, μ2

R= 0, due to the IR divergences present in
the expressions of the Feynman diagrams. For this reason, in the massless case, we instead
impose renormalization conditions at a fixed momentum scale κ :

�
(2)
R (0, gR)= 0

∂

∂p2
�
(2)
R (p, gR)

∣∣
∣
p2=κ2
= 1

�
(4)
R ({pi}, gR)

∣∣
∣
SP
= gR (13.59)

where SP denotes the symmetric arrangement of the four external momenta {pi} (with i=
1, . . ., 4), such that pi · pj= κ2

4 (4δij− 1).With this choice, we haveP2= (pi+ pj)2= κ2. Since
the renormalized quantities are defined at a fixed momentum scale κ , the renormalization
constants will also be functions of that scale.

To proceed, we first need to find the value of the baremassm2
0 for which the renormalized

mass vanishes, μ2
R= 0. Let us call this value of the bare massm2

c (λ,
), which is a function
of the bare coupling constant and of the UV regulator. We have already done something
like this at the one-loop level in section 11.6, where we observed that this approach is
equivalent to finding the correction due to fluctuations to the critical temperature for the
phase transition in the Landau theory of phase transitions. In that case, we identified
m2

c =Tc−T0, with T0 being the bare (or mean field) value of the critical temperature, and
Tc being its value corrected by fluctuations.
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At two-loop order, we find thatm2
c (λ,
) is the solution of the equation

0=m2
c +

λ

2
D1(m2

c ,
)−
λ2

4
D1(m2

c ,
)E2(m
2
c ,
)−

λ2

6
E3(0,m2

c ,
)+O(λ3) (13.60)

The solution to this equation as a power series expansion in powers of the bare coupling
constant λ is

m2
c (λ,
)=−

λ

2
E1(0,
)+ λ

2

6
E3(0, 0,
)+O(λ3) (13.61)

where, as before, we have used the notation

E1(0,
)=
∫ 
 dDq

(2π)D
1
q2

E3(0, 0,
)=
∫ 
 dDq1

(2π)D

∫ 
 dDq2
(2π)D

1
q21q22(q1+ q2)2

(13.62)

where 
 is an unspecified UV regulator (or cutoff). Notice that both integrals diverge like

2 in the UV in D= 4 dimensions and are finite in the IR.

Next we need to do the wave-function and the coupling constant renormalizations. In
each case, let us write the bare coupling constant λ and the wave-function renormalization
Zφ as power series in the renormalized coupling constant gR, of the form

λ= gR+ λ2g2R+ λ3g3R+O( g4R)

Zφ = 1+ z2g2R+O( g3R) (13.63)

These expressions use the fact that nowave-function renormalization occurs at the one-loop
level and hence, z1= 0.

The renormalization condition eq. (13.57) dictates that Zφ must obey the condition

1=Zφ

[

1− λ
2

6
∂

∂p2

]

p2=κ2
(13.64)

From this, it follows that z2 is given by the expression

z2= 1
6
∂

∂p2
E3(p, 0,
)

∣∣∣
p2=κ2

(13.65)

Note that, although the integral E3(p, 0,
) diverges quadratically in the UV as
2 in D= 4
dimensions, the derivative ∂E3

∂p2 diverges logarithmically with the UV cutoff
.
Likewise, eq. (13.58) leads to the requirement that the renormalized coupling constant

gR should obey

gR=Z2
φ

⎡

⎢
⎣λ− 3

2
λ2 + 3

4
λ3 + 3λ3

⎤

⎥
⎦

SP

(13.66)
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Collecting terms and expanding order by order, we find that the constantsλ2 andλ3 (defined
in eq. (13.63)) are given by

λ2=3
2
ISP

λ3=15
4
I2SP− 3I4SP− 2z2 (13.67)

where ISP and I4SP are the integrals for the bubble diagrams defined in eqs. (13.29), (13.30),
and (13.31) and computed in the massless theory at the symmetric point of the external
momenta with momentum scale κ .

Thus we have reduced the problem of computing the renormalization constants to
the evaluation of singular integrals, which themselves are ill-defined unless we supply a
definition of the theory of short distances. This is done in section 13.6, where we discuss
different regularization schemes.

13.3 Subtractions, counterterms, and
renormalized Lagrangians

The procedure of renormalized perturbation theory relates the bare connected N-point
functions, G(N)c ({pi};m2

0, λ,
), which depend on N external momenta {pi} (with
i= 1, . . .,N), the bare mass m2

0, and the bare coupling constant λ (and some as-yet
unspecified UV regulator, or cutoff, 
), to a renormalized connected N-point function
G(N)cR ({pi};μ2

R, gR), which depends on the N external momenta, the renormalized mass μ2
R,

and the renormalized coupling constant gR:

G(N)cR ({pi};μ2
R, gR)=Z−N/2φ G(N)c ({pi};m2

0, λ,
) (13.68)

In this way, the renormalized N-point functions formally do not depend on the regulator
scale
, although (as wewill see later on) they do depend on the renormalization procedure.
At least at a formal level, the renormalized N-point functions describe a continuum QFT
(i.e., without a cutoff). All the strong dependence on the UV definition of the theory (i.e.,
the regulator) is encoded in the relation between the bare and the renormalized quantities.

The bare connected N-point functions are determined by the generating functional
F[J]= lnZ[J], where Z[J] is the partition function for a theory with the bare Lagrangian
(density) LB:

LB= 1
2
(
∂μφ

)2+ 1
2
m2

0φ
2+ λ

4!φ
4− Jφ (13.69)

Formally, we should expect that the renormalized connected N-point functions should be
determined from a generating functional FR[J] for a renormalized Lagrangian LR of the
same form: that is,

LR= 1
2
(
∂μφR

)2+ 1
2
μ2
Rφ

2+ gR
4! φ

4
R− JφR (13.70)

which depends on the renormalized mass μ2
R and the renormalized coupling constant gR.

Here φR is the renormalized field,
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φR≡Z−1/2φ φ (13.71)

which differs from the field φ by a multiplicative rescaling factor Z−1/2φ .
On rescaling the field as in eq. (13.71), we can write the bare Lagrangian, eq (13.69), as

LB= 1
2
Zφ
(
∂μφR

)2+ 1
2
Zφm2

0φ
2
R+

1
4!λZ

2
φφ

4
R− JφR

√
Zφ (13.72)

Then the difference�L=LB−LR between the bare and the renormalized Lagrangians is

�L= 1
2
(Zφ − 1)

(
∂μφR

)2+ 1
2
(Zφm2

0−μ2
R)φ

2
R+

1
4! (λZ

2
φ − gR)φ4

R− JφR(
√
Zφ − 1)

(13.73)

The procedure of renormalizing a theory can then be regarded as a series of steps in which
the bare Lagrangian LB is subtracted by a set of counterterms, such as those shown in eq.
(13.73), which have the same form as the bare Lagrangian.

Thus, the program of renormalizing a QFT, defined in terms of its perturbation theory,
can be recast as a systematic classification of the possible counterterms needed to make the
perturbation theory UV finite. Here we have assumed that the bare and the renormalized
Lagrangians have the same structure (and not just the same symmetries), and hence, so
do the counterterms. If additional operators were to arise at some order in perturbation
theory, these operators and their counterterms must be added to the Lagrangian to ensure
consistency, or renormalizability.

This program traces its origins to the work by Feynman, Schwinger, and Tomonaga, later
expanded by Bogoliubov, Symanzik, and many others, in QED, which, to date, is the most
precise and the most successful QFT. But despite its many notable successes, this program
has several drawbacks. First, it relies entirely on the perturbative definition of the theory. As
we discussed, the perturbation series is at best an asymptotic series with a vanishing radius
of convergence. Hence, it cannot be an analytic function of the bare coupling, even when
a UV regulator is defined, since changing the sign of the coupling constant λ from positive
to negative turns a theory with a stable vacuum state to one without a stable vacuum state
(unless operators with higher powers of the field are added explicitly to the action to ensure
stability).

Second, andmore seriously, the procedure that we followed is physically obscure. A lot of
important physics is hidden away in the relation between bare and renormalized quantities.
We will clarify these problems when we discuss the renormalization group in chapter 15.
There we will see that, at a price, we can formulate a nonperturbative definition of the
theory beyond a definition in terms of its perturbation series. One important concept that
we will encounter is that the coupling constants (and for that matter, all the parameters of
the Lagrangian) are not really fixed quantities but depend on the energy (and momentum)
scale at which they are defined (or measured).

13.4 Dimensional analysis and perturbative renormalizability

The previous sections showed that, at least to second order in the loop expansion, it is
possible to recast the effects of fluctuations in a renormalization of a set of parameters (i.e.,
the coupling constant, the mass, and the wave function renormalization). Here we have
made the implicit assumption that there is a finite number of such renormalized parameters.
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When this is the case, we will say that a theory, such as φ4 theory in D= 4 dimensions, is
“renormalizable.” Or, to be more precise, we should say “perturbatively renormalizable,”
since it is a statement about the perturbative expansion. In chapter 15, we discuss the
renormalization group, and we will see that several possible renormalized theories are
defined by a fixed point of the renormalization group.

For now, let us discuss perturbative renormalization in the weak coupling regime,
in several theories focusing specifically on the case of φ4 theory. We begin by doing
dimensional analysis in several theories of physical interest that we have discussed in other
chapters. Here the term “dimensional analysis” always implies that this analysis is done at
the level of the free field theory. We will see in chapters 15 and 16 that interactions can (and
do) change this analysis in profound ways. Here we introduce two key concepts: scaling
dimensions of operators and critical dimensions of spacetime. We will see that an intimate
relation exists between critical dimensions and perturbative renormalizability.

13.4.1 Scalar fields

Let us begin with a theory of a scalar field φ, which, for simplicity, we take to have only one
real component. The extension to many components (real or complex) will not change the
essence of our analysis. The Euclidean action has the general form

S=
∫

dDxL=
∫

dDx

[
1
2
(∂μφ)

2+ m2
0
2
φ2+

∑

n

λn

n! φ
n

]

(13.74)

Since the action S should be dimensionless, the Euclidean Lagrangian (density) must scale
as the inverse volume, [L]= L−D, where L is a length scale. It then follows that the field φ
must have units of [φ]= L−(D−2)/2. Or, in terms of a momentum scale
, the field scales as
[φ]=
(D−2)/2. By consistency, we find that themass has units of [m0]= L−1=
. Similarly,
the operators φn have units of [φn]= L−n(D−2)/2, and the coupling constants λn, defined in
the action of eq. (13.74), scale as [λn]= LnD

2 −D−n=
D+n−nD/2.
We will say that an operator O has scaling dimension �O if its units are [O]= L−�O .

Clearly, the free scalar field φ has scaling dimension�φ = (D− 2)/2, and φn has (free-field)
scaling dimension�n= n�φ .

When can the coupling constant λn be dimensionless? For this to happen, the scaling
dimension of the operator φn must be equal to the dimensionality D of Euclidean space.
This can only happen at a certain critical dimension Dc

n= 2n/(n− 2). Hence, the critical
dimension for φ3 is 6, for φ4 is 4, for φ6 is 3, and so forth. Also, we see that as n→∞,
the critical dimension decreases:Dc

n→ 2. Hence inD= 2 dimensions, the field φ and all its
powers are dimensionless and their scaling dimensions are zero.

This dimensional analysis also tells us that the connected N-point functions of the
scalar field, GN(x1, . . ., xN)=〈φ(x1) · · ·φ(xn)〉, have units [GN]= [φ]N = L−N(D−2)/2=

N(D−2)/2. Their Fourier transforms G̃N(p1, . . ., pN) have units [G̃N]
−ND=
−N(D+2)/2.
It is easy to see that the Fourier transforms of the one-particle irreducible N-point
vertex functions �̄N (where we have factored out the delta function for momentum
conservation) have units [�̄N]=
N+D−ND/2, which are the same units as those of the
coupling constants λN .

13.4.2 Nonlinear sigmamodels

Nonlinear sigma models are a class of scalar field theories in which the field obeys
certain local constraints. In such theories, the global symmetry is realized nonlinearly.
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The prototype nonlinear sigma model is an N-component real scalar field na(x) (with
a= 1, . . .,N) that satisfies the local constraint

n2(x)= 1 (13.75)

The global symmetry in this theory is O(N). The Euclidean action of the nonlinear sigma
model is

S= 1
2g

∫
dDx

(
∂μn(x)

)2 (13.76)

where g is a coupling constant.
The constraint of the nonlinear sigma model, eq. (13.75), requires that the field n

be dimensionless. Hence, the coupling constant g must have units [ g]= LD−2. It follows
that the critical dimension of the nonlinear sigma model is Dc= 2. We will come back to
nonlinear sigmamodels in chapter 16, where we will find that this analysis holds for all such
models.

13.4.3 Fermi fields

Let us now discuss the theory of an N-component relativistic Fermi field ψa, with a=
1, . . . ,N (here we drop the Dirac indices). The action has a free-field Dirac term plus some
local interaction terms:

S=
∫

dDx
[
ψ̄a
(
iγ μ∂μ−m0

)
ψa+ g(ψ̄aψa)

2] (13.77)

This is the Gross-Neveu model with a global SU(N) symmetry and a discrete chiral
symmetry. Here, as before, g is the coupling constant.

Once again, by requiring that the action S be dimensionless, we find the scaling
dimension of the field, which is now�ψ = (D− 1)/2, and the mass has units [m0]= L−1=

 (as it should). The scaling dimension of the interaction operator (ψ̄ψ)2 is �= 4�ψ =
2(D− 1). It follows that the coupling constant g must have units [ g]=−D+ 2(D− 1)
=D− 2. Hence, g is dimensionless in Dc= 2, which is the critical dimension of the
Gross-Neveu model. Notice that this dimension is the same as the critical dimension of
the nonlinear sigma model.

Another case of interest is a theory of a Dirac fieldψ and a scalar field φ coupled through
a Yukawa coupling of the form gYψ̄ψφ. Since the scaling dimension of the Dirac field is
�ψ = (D− 1)/2 and the scaling dimension of the scalar field is �φ = (D− 2)/2, the units
of the Yukawa coupling are [ gY ]= (D− 4)/2. Hence, the critical dimension for the Yukawa
coupling is Dc= 4.

13.4.4 Gauge theories

We now turn to the case of gauge theories. Consider the general case of a non-abelian
Yang-Mills theory. This analysis also holds for the special case of the abelian (Maxwell)
gauge theory. Here the gauge field Aμ is a connection and takes values in the algebra of a
gauge groupG. The covariant derivative isDμ= ∂μ− iAμ. In this case, dimensional analysis
is useful in the asymptotically weak coupling regime, g→ 0, where the gauge fieldsmight be
expected to essentially behave classically. We will see in the next section that, here too, this
analysis can also serve to assess the importance of low-order quantum fluctuations (i.e., one
loop). We will see that our expectations are correct in some cases (e.g., QED) but incorrect
in other cases (e.g., Yang-Mills).
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From this definition, it follows that the gauge field Aμ has units of inverse length, and
hence its scaling dimension is�A= 1, regardless of the dimension of spacetime. Notice that
we have not included the coupling constant in the definition of the covariant derivative.
Since the field tensor is the commutator of two covariant derivatives, Fμν = i[Dμ,Dν], it has
scaling dimension�F = 2.

In contrast, the Yang-Mills action is

S= 1
4g2

∫
dDx tr(FμνFμν) (13.78)

where the Yang-Mills coupling constant g has been introduced. Again, since S is dimension-
less, it follows that the Yang-Mills coupling constant g has units [ g]= L−(D−4)/2.

Hence, the critical dimension of all gauge theories (with a continuous gauge group) is
Dc= 4. This analysis also holds for gauge theories (minimally) coupled to matter fields,
which is the case for Dirac fermions (as in QED and QCD) and for complex scalar fields (as
in scalar electrodynamics and in Higgs models). In all cases, gauge invariance requires that
there should be only one coupling constant. In chapter 18, we discuss gauge theories with a
discrete gauge group, and we will see that their critical dimension is Dc= 2.

13.5 Criterion for perturbative renormalizability

In section 13.2, we discussed in detail the program of perturbative renormalization in φ4

field theory. There we worked laboriously to repackage the results, up to two-loop order, in
the same form as the classical theory by defining a finite number of renormalized parameters
(e.g., the renormalized mass and the renormalized coupling constant). We also saw that
at the two-loop level, we needed to introduce a new concept, the wave-function (or field)
renormalization. Although we have not yet discussed it, products of fields at short distances
become composite operators, which have their own renormalizations.

With some variants, this program has been carried out for all the theories mentioned
in section 13.4. For instance, in the case of nonlinear sigma models and Yang-Mills gauge
theories, the expansion in powers of the coupling constant is an expansion about the classical
vacuum state. In all cases, one makes the (explicit or implicit) assumption that the theory
has a small parameter that, at least qualitatively, might control the use of a perturbative
expansion. This is the case inQED,whose expansion parameter is the fine structure constant
α= 1/137, but it is not the case in most other theories, particularly in Yang-Mills.

Theories that require a finite number of renormalizations to account for their UV
divergences are said to be (perturbatively) renormalizable field theories. This criterion
implicitly always uses free-field (or classical) theory as a reference theory. In chapters 15
and 16, when we discuss the renormalization group, we will see that one can define
theories with respect to other fixed points, where the theory is not free (or classical).
From now on, when we use the term “renormalizable,” it will be understood to mean
“perturbatively renormalizable.” Examples of renormalizable field theories are φ4 theory
in D= 4 dimensions, nonlinear sigma models in D= 2 dimensions, Gross-Neveu models
in D= 2 dimensions, gauge theories in D= 4 dimensions, QED and QCD in D= 4
dimensions, and scalar field theories in D= 4 dimensions.

We will see that the theories mentioned here are renormalizable at their critical
dimensions, where their coupling constants are dimensionless. Let us consider why this
is the case. To make the argument concrete, we examine perturbative φ4 field theory and
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(b) (c)(a)
Figure 13.6 Primitively UV-divergent diagrams in φ4 theory: (a) the tadpole diagram, (b) the bubble
diagram, and (c) the watermelon diagram.

(b) (c)(a)
Figure 13.7 Examples of nonprimitively UV-divergent diagrams in φ4 theory: (a) the tadpole
insertion in a tadpole diagram, (b) the tadpole insertion in the bubble diagram, and (c) thewatermelon
insertion in the bubble diagram.

its divergent Feynman diagrams. The same framework works, with little change, for other
theories.

There are two types of divergent diagrams, such as the ones shown in figure 13.6. At
higher orders in perturbation theory, we will find more complex divergent diagrams, such
as those shown in figure 13.7. However, this class of diagrams results from insertions
of lower-order diagrams into themselves. Divergent diagrams that do not arise from
lower-order insertions (i.e., those of figure 13.6) are said to be primitively divergent. In
φ4 theory in D= 4 dimensions, these are the only primitively divergent diagrams. Clearly,
the number and type of primitively divergent diagrams depend on the theory and on the
dimension D.

When we say that a diagram is “divergent,” we use implicitly its superficial degree of
divergence, which follows from a simple power-counting argument. For instance, consider
a scalar field theory with a φr interaction. Let us consider the perturbative contributions to
the N-point vertex function to nth order in perturbation theory. As a function of the UV
regulator 
, these contributions scale as 
δ(r,D,N,n), where the exponent δ(r,D,N, n) is the
superficial degree of divergence of a Feynman diagram. For a diagramwith L internal loops,
the quantity δ(r,D,N, n)must be just the difference between the phase-space contribution
and the number I of propagators in the integrand of the diagram. Thus, we must have

δ(r,D,N, n)= LD− 2I, where L= I− (n− 1) (13.79)

However, in a diagram for the N-point function, the propagator lines must either connect
the internal vertices with themselves or with the external points. Hence, we must have

nr=N+ 2I (13.80)

We then find that the superficial degree of divergence δ(r,D,N, n) is

δ(r,D,N, n)=
(
r+D− ND

2

)
− nδr (13.81)
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where
δr = r+D− rD

2
≡D−�r (13.82)

and we have introduced the (free-field) scaling dimension �r = r�φ = r(D− 2)/2 of the
operator φr in spacetime dimension D, defined in section 13.4. Thus the quantity δr gives
the units of the coupling constant λr of the operator φr.

This dimensional analysis tells us that the superficial degree of UV divergence of the
diagrams that contribute to a vertex function depends on the canonical scaling dimension
�r of the operatorφr. Eq. (13.81) depends linearly on the order n of the perturbation theory.
We have three cases:

1) If δ(r,D,N, n)< 0, then the superficial degree of UV divergence of the N-point
function will increase as the order n of the perturbation theory increases. Clearly,
if the degree of UV divergence increases with the order of the perturbation theory,
we will have to introduce an infinite number of parameters (couplings) to account
for this singular behavior. For this reason, a theory with δr < 0 is said to be
“nonrenormalizable.”

2) If δr > 0, the superficial degree of UV divergence decreases as the order of pertur-
bation theory increases. In this case, the theory is said to be “super-renormalizable.”

3) If δr = 0, the superficial degree of divergence does not depend on the order n of
the perturbation theory. However, from eq. (13.82), we see that δr = 0 only if the
scaling dimension satisfies �r =D. Hence, the dimension D must be equal to the
critical dimension for φr, where the coupling constant λr is dimensionless.

We can now change the question somewhat and ask: What vertex functions �(N)
have primitive divergences in φr theory at its critical dimension Dc(r)= 2r/(r− 2)? The
answer is those vertex functions for which δ(Dc(r))≥ 0. This yields the condition N+
Dc(r)−NDc(r)/2≥ 0. Hence, vertex functions �(N) with N ≤ 2Dc(r)/(Dc(r)− 2)= r have
primitively divergent diagrams. In particular, in φ4 theory in D= 4 dimensions, �(2) and
�(4) vertex functions have, respectively, quadratic and logarithmically primitively divergent
diagrams. But in φ6 theory in D= 3 dimensions, �(2), �(4), and �(6) vertex functions have
quadratic, linear, and logarithmically divergent primitive diagrams, and so forth.

This analysis only sets the stage for the proof of renormalizability at the critical
dimension. In addition, a more sophisticated analysis is needed to prove renormalizability.
This analysis is rather technical, and we will not do it here. In chapter 16, we will prove the
renormalizability of the O(N) nonlinear sigma model, where the proof makes heavy use of
a Ward identity.

In this section, we have focused exclusively on the UV behavior of a theory of the type of
φ4. However, the IR behavior is just as interesting, and in some sense, it is physically more
important, because IR divergences signal a breakdown of perturbation theory, indicating
that the perturbative ground statemay be unstable. IR divergences are suppressed (or, rather,
controlled) by a finite renormalized mass, μR. However, IR divergences come back, with a
vengeance, in the massless limit, μR→ 0. So it is natural to ask: How does perturbation
theory behave in the IR? It is easy to see that if a theory is nonrenormalizable, δr < 0, then
the vertex functions are finite in the IR. Conversely, super-renormalizable theories, with
δr > 0, are nontrivial in the IR, and their degree of IR divergence increases with the order in
perturbation theory. Only in the renormalizable case, for which δr = 0, is the degree of UV
and IR divergence independent of the order of the perturbation theory. In particular, at the
critical dimension, the theory has logarithmic divergences that blow up at both the IR and
the UV limits.
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p1 + p2 – q
p1

p2

p3

p4q
Figure 13.8 Feynman diagram with the leading contribution to the four-point vertex function.

In chapters 15 and 16, when we discuss the theory of the renormalization group,
operators with δ < 0 are called irrelevant operators (because their effect is negligible in
the IR), those with δ > 0 will be called relevant operators (which dominate in the IR), and
those with δ= 0 will be calledmarginal operators. In the framework of the renormalization
group, a renormalizable theory is one whose Lagrangian has only marginal and relevant
operators.

13.6 Regularization

Wenowmust face theUVdivergences of the Feynman diagrams and devise some procedure
to define the theory in the UV. These procedures are known as regularizations. In principle
there are many ways to regularize the theory, and we will consider a few. Most regulari-
zation procedures break one symmetry or another, such as Lorentz/Euclidean invariance
or some internal symmetry. Hence the effects of the regularization must be considered
with care.

13.6.1 Momentum cutoffs

The simplest and most intuitive approach is to define some sort of cutoff procedure that
suppresses the contributions from very large momenta to each Feynman diagram. This can
be done in momentum space, invoking a UV momentum space cutoff 
, or in position
space, by invoking a short-distance cutoff a. For the sake of definiteness, let us consider
the one-loop contribution to the one-particle irreducible four-point function in φ4 theory,
shown in figure 13.8.

We can regularize the diagram in figure 13.8 by using a sharp momentum cutoff 
 to
make the following expression UV finite:

Ireg(p)= λ
2

2

∫ dDq
(2π)D

1
(q2+m2

0)((q− p)2+m2
0)

f
(p)+ 2 permutations (13.83)

where p= p1+ p2 is the momentum transfer, f
(p)= θ(
− |p|), and 
 is the UV
momentum cutoff. Here θ(x) is the Heaviside (step) function: θ(x)= 1 if x> 0, and zero
otherwise.

A sharp momentum cutoff is a simple procedure that is useful only at one-loop order.
However, multi-loop integrals with momentum cutoff are cumbersome analytically, to
say the least, and are not compatible with full Lorentz (and Euclidean) invariance. More
importantly, the cutoff procedure is not compatible with gauge invariance, which makes it
ineffective outside the boundaries of theories with only global symmetries.
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To improve the analytic tractability, other momentum cutoff regularizations are used.
Thus, instead of cutting off the momentum integrals at a definite momentum scale 
, as
in eq. (13.83), smooth cutoff procedures have been introduced. They amount to multi-
plying the integrand of the Feynman diagrams by a smooth cutoff function f
(p), such as a
Gaussian regulator, f
(p)= exp(−p2/
2). More common is the use of rational functions,
for example,

f
(p)=
(


2

p2+
2

)n

(13.84)

where the integer n is chosen to make the diagram UV finite.

13.6.2 Lattice regularization

Another possible regularization is a lattice cutoff. This entails defining the (Euclidean)
theory on a lattice, normally a hypercubic lattice of dimension D with lattice spacing a.
In other words, the Euclidean field theory then becomes identical to a system in classical
statistical mechanics. In the case of φ4 theory, the degrees of freedom are real fields defined
on the sites of the lattice. Once this is done, the momenta of the fields is restricted to the
first Brillouin zone of a hypercubic lattice, which, in the thermodynamic limit (where the
linear size of the lattice is infinite), is defined on the D-dimensional torus |qμ| ≤π/a (with
μ= 1, . . .,D).

In this approach, the bare propagators become

G(p,m2
0)=

1
2
a2
∑D

μ=1[1− cos(qμa)]+m2
0

(13.85)

Much as for a momentum cutoff, to compute the loop integrals (even one-loop!) is a
challenging task. In practice, theories regularized on a lattice can be studied numerically
using classical Monte Carlo simulation techniques, which are outside the framework of
perturbation theory. However, the lattice regularization breaks the continuous rotational
and translational Euclidean invariance down to the point-group symmetry and discrete
translation symmetries of the lattice. The recovery of these continuous symmetries can only
be achieved by tuning the theory close enough to a critical point, where the lattice effects
are encoded in “irrelevant operators” of the renormalization group, as will be discussed in
chapter 15. Note that, in contrast with naive cutoff procedures, lattice regularization is (or
can be) compatible with local gauge invariance, as shown by Wilson (1974) and Kogut and
Susskind (1975a). We will discuss these questions in chapter 18.

13.6.3 Pauli-Villars regularization

Given the drawbacks of sharp momentum cutoff procedures, other approaches have
been devised. A procedure widely applied to the regularization of Feynman diagrams in
QED is known as Pauli-Villars (PV) regularization (Pauli and Villars, 1949). A detailed
presentation of PV regularization can be found in chapter 7 of Itzykson and Zuber (1980).
In the Pauli-Villars approach, the bare propagator G0(p;m0) is replaced by a regularized
propagator Greg

0 (p;m0), which differs from the bare propagator by enough subtractions to
render the Feynman diagramsUVfinite. This is done by introducing a set of (unobservable)
very massive fields with massesMi. The regularized propagator is defined to be
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Greg
0 (p;m0)=G0(p;m0)+

∑

i
ciG0(p;Mi) (13.86)

where the G0(p;Mi) are the propagators of the regulating heavy fields. The coefficients, ci
in this sum, are chosen in such a way that the Feynman diagrams are finite in the UV and
the regularized propagator is smooth. Let us consider the case of a single heavy field with
massM�m0. To suppress the strong divergent behavior in the UV, we need to subtract the
behavior at large momenta. In this case, the regularized propagator is

Greg
0 (p;m0)=G0(p;m0)−G0(p;M)

= 1
p2+m2

0
− 1

p2+M2

= M2−m2
0

(p2+m2
0)(p2+M2)

(13.87)

Hence, the regularized propagator behaves as 1/p4 for largemoment.With this prescription,
clearly the one-loop diagram of figure 13.8 is now finite forD< 8 dimensions. However, eq.
(13.87) shows that the propagator of the heavy regulator fields is negative. In theMinkowski
signature, this implies a violation of unitarity. The result is that in a theory regulated à la
Pauli-Villars, it is necessary to prove that unitarity is preserved. Nevertheless, for some
theories, such as those with anomalies, Pauli-Villars regularization is the only practical
regularization method available.

13.6.4 Dimensional regularization

The complex analytic structure of multi-loop Feynman diagrams regularized with
Pauli-Villars regulators (and, for that matter, with any soft cutoff as well) motivated the
introduction of so-called analytic regularization methods. In section 8.8.2, we encountered
one such method, the ζ -function regularization approach for the calculation of functional
determinants (Hawking, 1977).

In the case of Feynman diagrams, an early analytic regularization approach consisted of
replacing the Euclidean propagators as follows:

1
p2+m2

0
�→ lim

η→1

1
(p2+m2

0)
η

(13.88)

Thus, since the Feynman diagram shown in figure 13.8 is logarithmically divergent inD= 4
dimensions, it becomes finite for any η> 1. However, this regularization has the serious
drawback that it changes the analytic structure of the Feynman diagrams, since for any value
of η, the poles of the propagators are replaced by branch cuts. In fact, the free-field theory
of such propagators is nonlocal.

The most powerful and widely used regularization procedure is dimensional regulariza-
tion. In this regularization, introduced in 1972 by Gerard ’t Hooft and Martinus Veltman
(1972) and, independently and simultaneously, by Carlos Bollini and Juan José Giambiagi
(1972a,b), the Feynman diagrams are computed in a general dimension D>Dc (where Dc
is typically 4), where they are convergent. The resulting expressions are then analytically
continued to the complexD plane. In these expressions, the UV divergences are replaced by
poles as functions ofD−Dc. The regularized expressions of Feynmandiagrams are obtained
by subtracting these poles, a procedure known asminimal subtraction.
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One key advantage of dimensional regularization is that it is manifestly compatible
with gauge invariance. For this reason, dimensional regularization was the key tool in
the proof of renormalizability of non-abelian Yang-Mills gauge theories and had (and
still does have) a huge impact on our understanding of modern-day particle physics.
Dimensional regularization is also the key analytic tool in high-precision computation of
critical exponents in the theory of phase transitions.

However, for all its successes and its great power, dimensional regularization has limita-
tions. By construction, it relies on the assumption that the quantities of interest depend
smoothly on the dimensionality D, and it cannot be used for quantities that cannot be
continued in dimension. This is a problem in relativistic QFTs that involve fermions (Dirac
or Majorana). Indeed, while many properties of spinors can be continued in dimension,
some cannot. One such problem is chiral symmetry and the associated chiral anomaly,
which exists only in even spacetime dimensions D and whose expression involves the
Levi-Civita totally antisymmetric tensor. Similarly, in odd spacetime dimensions, fermionic
theories have parity (or time-reversal) anomalies, which also involve the Levi-Civita
tensor. The expressions for these anomalies are specific for a given dimension and cannot
be unambiguously analytically continued in dimensionality. Consequently, dimensional
regularization does not work for such problems.

13.7 Computation of regularized Feynman diagrams

Let us now compute the Feynman diagram shown in figure 13.8 in different regularization
schemes and compare the results. More specifically, we will do the computation using (a) a
Pauli-Villars regularization and (b) dimensional regularization.

Let us regularize one of the terms for the Feynman diagram given in eq. (13.83) with a
cutoff function roughly of the form eq. (13.84) with n= 2, resulting in the expression

IregD (p2)= λ
2

2

∫ dDq
(2π)D

1
(q2+m2

0)((q− p)2+m2
0)

(

2

q2+
2

)(

2

(q− p)2+
2

)
(13.89)

By counting powers, we see that this regularized expression is finite for dimension D< 8.
Using partial fractions in pairs of factors, we obtain

IregD (p2)= λ
2

2

×
∫ dDq
(2π)D

[
1

(q2+m2
0)
− 1

q2+
2

] [
1

((q− p)2+m2
0)
− 1
(q− p)2+
2

]

(13.90)

where we have omitted a prefactor [
2/(
2−m2
0)]2, which approaches 1 for 
�m0.

Hence, we have obtained essentially the same expression as we would have found with
Pauli-Villars regularization with a large regulatormassM=
. Notice that instead we could
have chosen to use a single smooth cutoff function f
(p) with n= 1, which would have
rendered the diagram finite for D< 6. Clearly there is some degree of leeway in how one
chooses to regularize the Feynman diagram.

Let us now proceed to compute the regularized expression IregD (p2), shown in eq. (13.90).
To this end, let A be a positive real number. Then introduce the Feynman-Schwinger
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parameter x through the integral

1
A
= 1

2

∫ ∞

0
dx e−Ax/2 (13.91)

to raise all the denominator factors in eq. (13.90) to the arguments of exponentials. Since
eq. (13.90) has two factors inside the momentum integral, we will need to introduce an
expression of the form of eq. (13.91) for each factor, resulting in the expression:

IregD (p2)= λ
2

8

∫ ∞

0
dx
∫ ∞

0
dy
∫ dDq
(2π)D

(
e−x(q2+m2

0)/2− e−x(q2+
2)/2
)

×
(
e−x((q−p)2+m2

0)/2− e−x((q−p)2+
2)/2
)

(13.92)

Using the Gaussian integral identity (with A> 0),

∫ dDq
(2π)D

e−
A
2 q

2−Bq·p= 1
(2πA)D/2

e+
B
2A p2 (13.93)

eq. (13.92) becomes

IregD (p2)= λ
2

8

∫ ∞

0
dx
∫ ∞

0
dy

e−
xy

2(x+y) p2

(2π(x+ y))D/2
(
e−xm2

0/2− e−x
2/2
) (

e−ym2
0/2− e−y
2/2

)

(13.94)

Next, after the change of variables

x= uv , y= (1− u)v (13.95)

with 0≤ v <∞ and 0≤ u≤ 1, eq. (13.94) becomes

IregD (p2)= λ2

8(2π)D/2

∫ 1

0
du
∫ ∞

0
dvv (2−D)/2e−uv(1−u)p2/2

×
(
e−vm2

0/2+ e−v
2/2− e−
1
2 uvm

2
0− 1

2 (1−u)v
2 − e−
1
2 uv


2− 1
2 (1−u)vm2

0
)

(13.96)

We can now explicitly carry out the integral over the variable v using the result

∫ ∞

0
dv v (2−D)/2e−γv = γ (D−4)/2�(2−D/2) (13.97)

where �(z) is the Euler gamma function

�(z)=
∫ ∞

0
dt tz−1e−t (13.98)
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which is well defined in the domain Re z> 0. We obtain

IregD (p2)= λ
2

2
�(2−D/2)
4(2π)D/2

∫ 1

0
du
{[ 2

u(1− u)p2+m2
0

]2−D/2+
[ 2
u(1− u)p2+
2

]2−D/2

−
[ 2
u(1− u)p2+ um2

0+ (1− u)
2

]2−D/2−
[ 2
u(1− u)p2+ u
2+ (1− u)m2

0

]2−D/2}

(13.99)

In D= 4 dimensions, the regularized expression for Ireg4 (p2) becomes (for
�m0)

Ireg4 (p2)= λ2

32π2 ln
(

2

m2
0

)
− λ2

16π2 −
λ2

32π2

∫ 1

0
du ln

[
1+ u(1− u)

p2

m2
0

]
(13.100)

where a logarithmically divergent part has been separated from a finite part. This reg-
ularized result is manifestly rotationally invariant in Euclidean space and is Lorentz in-
variant when continued to Minkowski spacetime.

A similar expression is found for the massless case,m0→ 0,

Ireg4 (p2)= λ2

32π2 ln
(

2

μ2

)
− λ2

16π2 −
λ2

32π2

∫ 1

0
du ln

[
u(1− u)

p2

μ2

]
(13.101)

where μ is an arbitrary mass scale needed for dimensional reasons. Doing the integral in
eq. (13.101), we find the simpler result for the masslessm0= 0 case:

Ireg4 (p2)= λ2

32π2 ln
(

2

p2

)
(13.102)

This result shows that in the massless case, there is an IR logarithmic divergence as p→ 0.
In both cases, massive and massless, the UV regulator
 enters in an essential and singular
way.

13.8 Computation of Feynman diagrams with
dimensional regularization

Let us now compute the same Feynman diagram (see figure 13.8 and eq. (13.83)) using
dimensional regularization. Thus, as explained above, we will compute the Feynman
diagram without any explicit UV regularization as a function of the dimension of the
Euclidean spacetime D. We will seek the domain of dimensions D for which the diagram
is finite and define its value at the dimension of physical interest (say, D= 4) by means of
an analytic continuation. The UV singular behavior will appear in the form of poles in the
dependence on the dimension D, regarded as a complex variable.

The expression for the Feynman diagram of eq. (13.83) in general dimension D is
obtained by setting the regulator
→∞ in eq. (13.99). The result is

ID(p2)= λ
2

2
�(2−D/2)
4(2π)D/2

∫ 1

0
du
[

2
u(1− u)p2+m2

0

]2−D/2
(13.103)
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Except for the singularities of the gamma function, this expression is finite.
The Euler gamma function, �(z), is an analytic function of z in the domain Re z> 0. In

the complex plane, the gamma function has simple poles at the negative integers, z=−n,
with n∈N, and z= 0. More explicitly, this can be seen using theWeierstrass representation
of the gamma function:

�(z)=
∫ ∞

0
dt tz−1e−t =

∫ 1

0
dt tz−1e−t +

∫ ∞

1
dt tz−1e−t (13.104)

The second integral is clearly finite, since the integration range does not reach down to t= 0.
The first integral has a finite integration range, the interval [0, 1], and hence we can expand
the exponential in its power series expansion and integrate term by term. The result is the
Weierstrass representation

�(z)=
∞∑

n=0

(−1)n
n!(z+ n)

+�reg(z) (13.105)

where �reg(z), the regularized gamma function, is

�reg(z)=
∫ ∞

1
dt tz−1e−t (13.106)

Thus, theWeierstrass representation of eq. (13.105) expresses the gamma function as a sum
of a regularized function �reg(z) and a series of simple poles on the negative real axis at the
negative integers and zero. It also tells us how to analytically continue the gamma function
from the domain Re z> 0 to the complex plane C.

Furthermore, in the vicinity of its leading pole at z= 0, the gamma function has the
asymptotic behavior

�(z)= 1
z
− γ +O(z), as z→ 0 (13.107)

where

γ = lim
n→∞

(

− ln n+
n∑

k=1

1
k

)

= 0.5772 . . . (13.108)

is the Euler-Mascheroni constant.
Armed with these results, we can write eq. (13.103), setting ε= 4−D, in the form

ID(p2)= λ
2

2
μ−ε

4(2π)D/2
2ε/2�

(ε
2

) ∫ 1

0
du
[

μ2

u(1− u)p2+m2
0

]ε/2
(13.109)

where once again, μ is an arbitrary mass scale.
In the limit D→ 4 dimensions, eq. (13.109) becomes

ID(p2)= λ2

32π2

[
2
ε
+ ln(4π)− γ +

∫ 1

0
du ln

(
μ2

u(1− u)p2+m2
0

)]
(13.110)

Thus, the expression of this Feynman diagram is split into a singular term, with a pole in ε,
and a finite regular term inD= 4 dimensions. Dimensional regularization defines the value
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of this Feynman diagram as this expression with the pole term subtracted. Clearly, one also
could have subtracted some piece of the finite term, and that prescription would have been
equally correct. The procedure of subtracting just the contribution of the pole is known as
dimensional regularization with minimal subtraction (or MS).

In the massless limit,m0→ 0, eq. (13.110) becomes

ID(p2)= λ2

32π2

[
2
ε
+ ln(4π)− γ + 2+ ln

(
μ2

p2

)]
(13.111)

which should be compared with the same result using Pauli-Villars regularization, eq.
(13.102). Clearly, the factor ln(
2/μ2) in the Pauli-Villars result corresponds to the pole
2/ε in dimensional regularization. The same comparison holds for themassive case. Notice,
however, that the finite parts are different in different regularizations.

That the finite parts of Feynmandiagrams depend on the regularization should have been
expected. Although superficially it may seem surprising, finite parts depend on different
definitions of the theory at short distances. However, if we compute the difference of the
diagram for two different momentum scales, computed with the same regularization, the
regularization-dependent contributions should cancel each other out. Indeed, we can check
explicitly that the dimensional regularization result of eq. (13.111) yields

ID(p)− ID(p∗)= λ2

16π2 ln
(
p∗

p

)
(13.112)

which agrees with the result obtained using the Pauli-Villars regularization of eq. (13.102).
This is a general result.

Exercises

13.1 Renormalization of the O(N) scalar φ4 theory
Consider the φ4 theory in a regime in which the renormalized mass is nonzero for
an N-component real scalar field φa, where a= 1, . . .,N, with an O(N)-invariant
Lagrangian density in D Euclidean dimensions of the form

L= 1
2
(
∂μφa

)2+ m2
0
2
φ2
a +

λ

4!
(
φ2
a
)2 (13.113)

As usual, repeated indices are summed over.
In the symmetric theory (i.e., in the absence of spontaneous symmetry breaking),

the two-point and four-point 1-PI vertex functions�(2)ab (p) and�
(4)
abcd(p1, . . ., p4) take

the symmetric form
�
(2)
ab (p)= δab �̄(2)(p) (13.114)

and
�
(4)
abcd(p1, . . ., p4)= Sabcd �̄(4)(p1, . . ., p4) (13.115)

where
Sabcd= 1

3
(δabδcd+ δacδbd+ δadδbc) (13.116)
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1) Find all the contributions to �(2) and �(4) to one-loop order for this N-
component theory. Write down and draw all Feynman diagrams and their
associated analytic expressions. Write your results in terms of the integrals
discussed in section 11.8 (for the one-component theory). Do not do the
integrals. Derive the explicit dependence of each diagram on the number of
components N.

2) Define a set of renormalization conditions, at zero external momentum, for the
vertex functions �̄(2)(p) and �̄(4)(p1, . . ., p4) in the symmetric massive theory.

3) Determinem2
0 and λ in terms of the renormalized massμ and coupling constant

g at fixedmomentum cutoff
, to one-loop order. Express your answers in terms
of the integrals defined in this chapter. Do not do the integrals!

4) Show that the renormalization conditions of part 2 and the renormalization
constants obtained in part 3 yield finite vertex functions at arbitrary values of
the external momentum to one-loop order in perturbation theory.

The following are useful identities:

∑

c
Sabcc= N+ 2

3
δab

∑

ij
SabijSijcd= 2

3
Sabcd+ N+ 2

3
δabδcd
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Quantum Field Theory and Statistical
Mechanics

Until nowwe have been following the standard approach of definingQFT by its perturbative
Feynman diagrammatic expansion around the free field theory. In chapter 13, we saw that
each Feynman diagram needs to be regularized in the UV. In other words, the theory needs
a definition in the UV. In this chapter, we will take a detour into statistical mechanics, which
has a naturalUVdefinition (as it is often defined on a lattice).Wewill see that the perspective
of statistical mechanics offers a way to define QFT without the use of perturbation theory.
In chapter 15, we will introduce the framework of the RG, which will make precise how
to define a continuum field theory. We will return to renormalized perturbation theory in
chapter 16.

We have seen in earlier chapters that there is a connection between QFT in D spacetime
dimensions (atT= 0) and classical statisticalmechanics inDEuclidean dimensions.Wewill
now explore this correspondence further. This correspondence has profound consequences
for the physics of both QFT and statistical mechanics, particularly in the vicinity of a
continuous phase transition.

In section 2.8, we used heuristic arguments to show that the partition function of an Ising
model in D dimensions can be represented by the path integral of a continuum φ4 scalar
field theory in a D-dimensional Euclidean spacetime. There are, however, some important
differences. Since the configurations of the Ising model cannot vary on scales smaller than
the lattice spacing, the expectation values of the physical observables do not have the UV
divergences discussed in chapter 11. In other words, the Ising model can be regarded as
a Euclidean scalar field theory with a lattice regularization. In addition, the microscopic
degrees of freedom of the Ising model, the spins, obey the constraint σ 2= 1. Instead, the
fields of a scalar field theory are unconstrained, but in the path integral, its configurations
are weighted by the potential V(φ)= g

4!φ
4.

The purpose of this chapter is not to present a complete theory of phase transitions, for
which there aremany excellent texts, such as the books by Cardy (1996), Goldenfeld (1992),
and Amit (1980). The goal here is to present the perspective that QFTs can be defined in
terms of regularized theories near a phase transition. This perspective was formulated and
developed byK.G.Wilson (1983). The connection between statisticalmechanics andQFT is
the key to this framework. To this end, in this chapter, we revisit the Isingmodel and discuss
its phase transition in some detail. We will see that its behavior near its phase transition
provides an example of the definition of a QFT.
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τ = Nτ

τ = 1
“T

im
e”

“Space”
Figure 14.1 The Euclidean spacetime lattice.

14.1 The classical Isingmodel as a path integral

Let us consider a typical problem in equilibrium statistical mechanics. For the sake of
simplicity, consider the Ising model in D dimensions. The arguments given below are
straightforward to generalize to other cases.

Consider a D-dimensional hypercubic lattice of unit spacing. At each site r, there is an
Ising spin variable σ(r), which can take one of two possible values,±1. We will refer to the
state of this lattice (or configuration) [σ ] to a particular set of values of this collection of
variables. Let H[σ ] be the classical energy ( j= 1, . . .,D)

H[σ ]=−J
∑

r,j=1,...,D
σ(r)σ (r+ êj)− h

∑

r
σ(r) (14.1)

where J is the exchange constant, and h represents the Zeeman coupling to an external
uniform magnetic field of the Ising spins. The partition function Z is (on setting kB= 1)
the sum over the configuration space [σ ] of the Gibbs weight for each configuration:

Z=
∑

[σ ]
e−H[σ ]/T (14.2)

where T is the temperature.
Assume that the system is on a hypercubic lattice and obeys periodic boundary

conditions, and hence that the Euclidean spacetime is a torus inD dimensions. Also assume
that the interactions are ferromagnetic, and hence J> 0. Clearly the partition function is a
function of the ratios J/T and h/T. The discussion that follows can be easily extended to any
other lattice provided the interactions are ferromagnetic, and it applies to antiferromagnetic
(J< 0) interactions if the lattice is bipartite. We will not consider the interesting problem of
frustrated lattices.

Let us regard one of the spatial dimensions labeled by D as time, or more precisely, as
imaginary time. Then we have D− 1 space dimensions and one time dimension. This is
clearly an arbitrary choice, given the symmetries of this problem. Thus, each hyperplane of
the hypercubic lattice will be labeled by an integer-valued variable τ = 1, . . .,Nτ , where Nτ
is the linear size of the system along the direction τ (see figure 14.1).
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In this picture, we can regard each configuration [σ ] as the imaginary-time evolution of
an initial configuration at some initial imaginary time τ = 1 (i.e., the configuration on the
first “row” or hyperplane, in time τ , as we go from row to row along the time direction,
all the way to τ =N). The integers τ will be regarded as a discretized imaginary time. The
partition function is thus interpreted as a sumover the histories of these spin configurations,
and hence, it is a path integral with a discretized imaginary (Euclidean) time.

14.2 The transfer matrix

Let us now show that the partition function can be written in the form of the trace of a
matrix, known as the transfer matrix (see, e.g., Schultz et al. 1964),

Z=
∑

[σ ]
e−H[σ ]/T ≡ tr T̂N (14.3)

whereN is the number of rows or, in general, hyperplanes. To this end, we define a complete
set of states {|σ 〉τ } on each row (or hyperplane) labeled by τ = 1, . . .,N. Since each row
contains ND−1 sites, and for the Ising model, we have two states per site (the two spin
projections), the number of states in this basis is 2ND−1 . This concept is easily generalizable
to systems with other degrees of freedom.

Let us find an explicit expression for thematrix T̂. In particular, wewill look for a transfer
matrix T̂ with the factorized form

T̂= T̂1/2
1 T̂2 T̂1/2

1 (14.4)

It turns out that for a large number of interesting problems in equilibrium classical statistical
mechanics, the transfer matrix T̂ can be chosen to be a hermitian matrix. From the point of
view of classical statistical mechanics, this follows (in part) because the Boltzmann weights
are positive real numbers. However, this condition is not sufficient. We will show below
that there is a sufficient condition known as reflection positivity, which is the Euclidean
equivalent of unitarity in quantum mechanics and QFT.

For the particular case of the Ising model, it is possible to write the matrices T̂1 and T̂2 in
terms of a set of real Pauli matrices σ̂1(r) and σ̂2(r) defined on each site r of the row, which
act on the states defined on each row. For the case at hand, after some algebra, we find

T̂2= exp

⎧
⎨

⎩
Js
T
∑

r,j
σ̂3(r)σ̂3(r+ êj)+ h

T
∑

r
σ̂3(r)

⎫
⎬

⎭
(14.5)

T̂1=
[
1
2
sinh

(
2Jτ
T

)]Ns/2
exp

{

b
∑

r
σ̂1(r)

}

(14.6)

whereNs is the number of sites in each hyperplane (row), and j= 1, . . .,D− 1. Here we have
assumed that Js and Jτ , the coupling constants along the space and time directions, are not
necessarily equal to each other, and the parameter b is given by

e−2b= tanh(Jτ /T) (14.7)
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The correlation functions of the Ising model, for spins located at sites R= (R, τ) and
R′ = (R′, τ ′),

〈
σ(R) σ (R′)

〉= 1
Z
∑

[σ ]
σ(R)σ (R′)e−H[σ ] (14.8)

can be expressed in terms of the transfer T̂ in the suggestive form

〈
σ(R) σ (R′)

〉= 1
Z
tr
(
T̂τ σ̂3(R)T̂τ

′−τ σ̂3(R′)T̂τ−τ
′)

≡〈T[σ̂3(R, τ) σ̂3(R′, τ ′)]〉 (14.9)

where T is the imaginary-time time ordering symbol. Here the (pseudo) Heisenberg
representation of the spin operators has been introduced:

σ̂3(R, τ)≡ T̂τ σ̂3(R)T̂−τ (14.10)

Let {λn} be the eigenvalues of the eigenstates |n〉 of the (hermitian) transfer matrix T̂

T̂|n〉= λn|n〉 (14.11)

Since the transfer matrix is hermitian, its eigenvalues are real numbers. Moreover, since the
transfer matrix is also real and symmetric, its eigenvalues are positive real numbers, λn> 0
(for all n).

14.3 Reflection positivity

Let us now consider the case in which the correlation function is computed along the
imaginary time coordinate only, and the spatial coordinates are set to be equal: R=R′. By
following the line of argument used in section 5.7 for the computation of the correlators in
QFT, we can formally compute the correlation function as a sum over the matrix elements
of the operators on the eigenstates of the transfer matrix. In the thermodynamic limit,
Nτ→∞ and Ns→∞, the result simplifies to the following expression:

〈σ(R, τ)σ (R, τ ′)〉= lim
Nt→∞

1
Z
tr
(
T[σ̂3(R, τ)σ̂3(R, τ ′)]

)

=
∑

n

∣∣〈G|σ̂3|n〉
∣∣2
(
λn

λmax

)τ ′−τ
(14.12)

where |G〉 is the eigenstate of the transfer matrix with largest eigenvalue gmax. A comparison
with the analogous expression of eq. (5.198) suggests that the quantity ξ defined by

ξ−1= ln
(
λmax

λn0

)
(14.13)

is the correlation length of the system. Here |n0〉 is the eigenstate of the transfer matrix with
the largest possible eigenvalue, λn0 , that is mixed with the state |G〉 by the spin operator
σ̂3(r).
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From eq. (14.12) it is apparent that the correlation function is real and positive. A
similar result can be derived for the correlation function on two general coordinates (not
necessarily along a given axis). Hence, if thematrix T̂ is hermitian, the correlation functions
are positive.

There is a natural and important interpretation of this result in terms of a Hilbert space
that will allow us to find a more precise connection between classical statistical mechanics
and QFT. The positivity requirement for the correlators can be relaxed to the condition of
reflection positivity, which states the following. Let Ar[σ ] be some arbitrary local operator
localized near r= (r, τ), and define the operation of the reflection across a hyperplaneP . Let
APr[σ ] be the same operator after reflection across the hyperplane P . Then the positivity
requirement

〈Ar[σ ]APr [σ ]〉 ≥ 0 (14.14)

implies that the transfer matrix T̂, defined in a direction normal to the hyperplane P , must
be a hermitian operator for all its eigenstates to have positive norm. This is the analog of
unitarity in QFT (i.e., the requirement that all states in the spectrum must have positive
norm), which is a requirement for the probabilistic interpretation of quantum mechanics
and of QFT. This condition is clearly obeyed in the ferromagnetic Ising model and in many
systems of physical interest. However, many interesting problems in classical statistical
mechanics do not satisfy the condition of reflection positivity.

14.4 The Isingmodel in the limit of extreme
spatial anisotropy

Let us now go back to the Isingmodel and consider the spatial symmetries of the correlation
functions. If the coupling constants are equal, Jτ = Js, then the system is invariant under the
point-group symmetries of the hypercubic lattice. This means that the correlation functions
must have these symmetries as well. Now, if the correlation length is very large (much larger
than the lattice constant), it should be possible to approximate the point-group symmetry
by the symmetries ofD-dimensional Euclidean rotations. Hence, in this limit (which, as we
will see, means that the system is close to a continuous phase transition) the hypersurfaces
of equal correlation, on which the correlators take constant values, are, to an excellent
approximation, the boundary of a D-dimensional hypersphere, SD.

However, this line of reasoning alsomeans that it should be possible to change the system
by smoothly deforming it away from isotropy to a spatially anisotropic system, by changing
Jτ and Js away from the isotropy condition, without changing its properties in any essential
way. Thus if we shear the lattice by increasing the coupling Jτ and decreasing the coupling
Js in a suitable way, all that must change is that the hypersurfaces of equal correlation
must become hyper-ellipsoids. In such a process of deformation, the correlation length
in lattice units increases along the direction we agreed to call time, and it decreases along
the orthogonal (space) directions. We can now imagine compensating for this deformation
by adding more hyperplanes, so that the hypersurfaces of equal correlation become, to a
desired degree of approximation, spherical once again (see figure 14.2).

If this process of deformation is repeated ad infinitum, the coupling constant along the
time direction becomes very large, Jτ→∞, and the coupling constant along the space
direction becomes very small, Js→ 0. In this limit, the time direction becomes continuous.
This limit also requires that we tune down the magnetic field: h→ 0.
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(a) (b) (c)
Figure 14.2 Curves of constant correlation and the time continuum limit: (a) isotropic lattice with
Jτ = Js; (b) anisotropic lattice with J′τ > Jτ and J′s< Js, such that the correlation length is doubled along
the (vertical) time axis and halved along the (horizontal) space axis; (c) lattice with twice as many
rows in the time direction such that the correlation lengths along the two orthogonal directions are
now equal to each other.

In this limit, the transfer matrix takes a much simpler form

T̂1/2
1 T̂2 T̂1/2

1 ≈ e−εĤ+O(ε2) (14.15)

where Ĥ is a local hermitian operator, and ε is a suitably chosen small parameter. Also, since
tanh b= e−2Jτ /T , the limit of b small is the limit of Jτ

T large. Thus we write

Js
T
= g e−2Jτ /T , h

T
= h̄ e−2Jτ /T (14.16)

By choosing
ε= e−2Jτ /T (14.17)

we find that the operator Ĥ of eq. (14.15) is given by

Ĥ=−
∑

r
σ̂1(r)− g

∑

r,j
σ̂3(r)σ̂3(r+ êj)− h̄

∑

r
σ̂3(r) (14.18)

where g can be regarded as a coupling constant and h̄ as a uniform longitudinal magnetic
field.

In this picture, “time” is continuous. The equivalence of the sequence of deformed
systems holds, provided that we require

Nτ e−2Jτ /T = fixed= β̄ (14.19)

Thus, as Jτ
T →∞, we should let Nτ→∞. The fixed number β̄ should be infinite if the

original system is thermodynamically large along that direction. Thus

Z= tr T̂ Nτ 

Nτ→∞

tr e−β̄Ĥ (14.20)

and we recognize β̄ as the effective inverse temperature of a quantummechanical system in
D− 1 dimensions whose Hamiltonian is given by eq. (14.18). This quantum spin system is



390 . Chapter 14

known as the Isingmodel in a transverse field (and a longitudinal field h). The reader should
recognize that what we have done is the reverse of the procedure that we did to define a path
integral: instead of discretizing the time variable, we have made it continuous.

Further taking the parameter β̄→∞ (to restore full symmetry) amounts to taking the
effective temperature of the equivalent system to zero. Hence, in the thermodynamic limit,
we get

Z= lim
Nτ∞

trT̂Nτ → λNτmax= e−β̄E0 (14.21)

where λmax is the largest eigenvalue of the transfer matrix, and E0 is the lowest eigenvalue
of Ĥ (i.e., its ground state).

We conclude that, if we know the ground-state energy of Ĥ (or equivalently, the largest
eigenvalue of the transfer matrix T̂), we know the partition function Z in the thermo-
dynamic limit. This observation is the key (for one of the very many methods) to solving
the Ising model in D= 2 dimensions.

In summary, we showed that the classical statistical mechanics of the Ising model in D
dimensions is equivalent to the quantummechanics of the Ising model in a transverse field
in D− 1 space dimensions (Fradkin and Susskind, 1978). This mapping also holds for any
classical models, with global or local symmetries, and with real and positive Gibbs weight.
And it satisfies reflection positivity. This mapping is simply the lattice version of the path
integral of quantum theory.

14.5 Symmetries and symmetry breaking

14.5.1 GlobalZ2 symmetry

Let us now discuss the symmetries of this system, which are the same in all dimensions.
The classical Ising model has (if the external field is set to zero, h= 0) the global spin-flip
symmetry [σ ]→ [−σ ]. Thus, the classical Hamiltonian H[σ ] is invariant under the
operations

I : [σ ] �→ [σ ], (the identity)

R : [σ ] �→ [−σ ], (global spin flip) (14.22)

These operations form a group, since

I 	 I= I, R 	R= I, I 	R=R 	 I=R (14.23)

where 	 denotes the composition of the two operations. This set of operations defines the
group Z2 of permutations of two elements.

The equivalent quantum problem has, as it should, exactly the same symmetries. The
operators Î and R̂ act on the quantum states defined on the rows (or hyperplanes) precisely
in the same way as in eq. (14.23). We can construct these symmetry operators from the
underlying operators of the lattice model quite explicitly. Let Î(r) and R̂(r)≡ σ̂1(r) be the
2× 2 identity matrix and the σ1 Pauli matrix acting on the spin state at site r. Then we can
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write for Î and R̂ the expressions

Î=
∏

r
⊗ Î(r), R̂=

∏

r
⊗ σ̂1(r) (14.24)

where⊗ denotes the tensor product. These operators satisfy the obvious properties

Î−1= Î, R̂−1= R̂

Îσ̂1(r)Î−1= σ̂1(r), R̂σ̂1(r)R̂−1= σ̂1(r) (14.25)

Îσ̂3(r)Î−1= σ̂3(r), R̂σ̂3(r)R−1=−σ̂3(r)

From these properties, it follows that, if h̄= 0, the Hamiltonian is invariant under the Z2
symmetry:

[Î, Ĥ]= [R̂, Ĥ]= 0 (14.26)

14.5.2 Qualitative behavior of the ground state and
spontaneous symmetry breaking

We can write Ĥ as a sum of two terms, Ĥ= Ĥ0+ V̂ , with

Ĥ0=−
∑

r
σ̂1(r), V̂ =−g

∑

r,j
σ̂3(r)σ̂3(r+ êj) (14.27)

where j= 1, . . .,D− 1.

A: The symmetric phase, g � 1 Let us first consider the limit g 1, which corresponds
to the high-temperature limit in the classical model in one higher dimension. If g 1, we
can study the properties of the ground state in perturbation theory in powers of g. The
unperturbed ground state |
0〉0 is

|
0〉0=
∏

r
⊗ |+, r〉≡ |+〉 (14.28)

Here |+, r〉 is the eigenstate of σ̂1(r)with eigenvalue+1. Since it is an eigenstate ofσ1 at every
site r, this ground state is nondegenerate and is invariant under global Z2 transformations

R̂|
0〉0= |
0〉0 (14.29)

In this state,
0〈
0|σ̂3(r)|
0〉0= 0 (14.30)

since σ̂3(r) is off-diagonal in the basis of eigenvectors of σ̂1. Similarly, the equal-time
correlation function, which is equivalent to the correlation function on a fixed row in the
classical system in D dimensions, also vanishes in this state:

0〈
0|σ̂3(r) σ̂3(R′)|
0〉0= 0 (14.31)
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In perturbation theory in powers of g, the ground state gets corrected order-by-order by
virtual processes that consist of σ1 spin flips. Using Brillouin-Wigner perturbation theory,
the perturbed ground state to lowest order is given by

|
〉0= |
0〉0+ P̂
V̂

E0− Ĥ0
|
〉0+ · · · (14.32)

where P̂ projects the state |
0〉0 out of the sum. For instance, forD= 2, the state | ++ · · · +〉
gets perturbed by pairs of σ1 spin flips

V̂|
0〉=−g
∑

R
A(R)| ++ · · · +−−+ · · ·+〉 (14.33)

where the flipped pair of spins is located at R, andA is an easily calculable prefactor.
At higher orders in g, we will get more pairs in flipped states. Moreover, at higher orders,

the individual spins of a pair get separated from each other. Hence in this picture, we can
regard the individual spin flips as particles that are created in pairs from the vacuum (the
ground state). The perturbative expansion can then be pictured as a set of worldlines of these
pairs of particles that are, eventually, also annihilated in pairs and must be regarded as a set
of loops. This picture of the expansion in powers of g is equivalent to the high-temperature
expansion of classical statisticalmechanics of the Isingmodel, which is also a theory of loops
on the D-dimensional lattice.

What does this structure of the ground state imply for the following correlation function?

C(R,R′)= 〈
0|σ̂3(R) σ̂3(R′)|
0〉
〈
0|
0〉 (14.34)

Since σ 2
3 = I, we can write the product of two such spin operators at points R and R′ as

σ̂3(R) σ̂3(R′)=
∏

(r,r′)∈�R,R′
σ̂3(r) σ̂3(r′) (14.35)

where r and r′ are pairs of neighboring sites on an arbitrary path �R,R′ that goes from R to
R′. Thus, we can also write the correlation function as

C(R,R′)=
〈
0|∏(r,r′)∈�R,R′ σ̂3(r) σ̂3(r

′)|
0〉
〈
0|
0〉 (14.36)

which only picks up a nonzero contribution in perturbation theory in g if we go to an order n
sufficiently high so that n� |R−R′|, where |R−R′| is the number of bonds on the shortest
path �R,R′ . This argument shows that the correlation function decays exponentially with
distance,

C(R,R′)≈ const × e−|R−R′|/ξ (14.37)

where ξ is the correlation length. To lowest order in g, we find

ξ−1
 ln(1/g+ · · · ) (14.38)
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It turns out that the expansion in powers of g has a finite radius of convergence in
all space dimensions, D− 1. Within the radius of convergence, this approximation is a
strict upper bound for the correlation function C(R,R′). Hence, for all values of g small
enough to be in the nonvanishing and finite radius of convergence, this system is in a phase
that is smoothly related to the unperturbed state found at g= 0. In this entire phase, the
correlation functions decay exponentially with distance, characterized by a finite correlation
length ξ .

This result suggests that in this phase, there is a finite energy (mass) gap G∼ 2+
O(g), which can be easily checked by calculating the gap in perturbation theory. We will
see in section 14.6 that the proportionality of the mass gap and the inverse correlation
length become asymptotically exact near the phase transition, where this system becomes
effectively Lorentz invariant, with a suitably defined speed of light.

B: The broken symmetry phase, g � 1 For g� 1, which is equivalent to the low-
temperature regime of the classical problem in one extra dimension, the roles of the
unperturbed and perturbation terms of the Hamiltonian are switched. Hence we rewrite
the Hamiltonian as

Ĥ0=−g
∑

r,j

σ̂3(r)σ̂3(r+ êj), V̂ =−
∑

r
σ̂1(r) (14.39)

The unperturbed ground state now must be an eigenstate of σ̂3(r). The leading-order
ground state is doubly degenerate,

|
↑〉0≡ |↑, . . .,↑〉, |
↓〉0≡ |↓, . . .,↓〉 (14.40)

where, for all r,
σ̂3(r)|
↑〉0= |
↑〉0, σ̂3(r)|
↓〉0=−|
↓〉0 (14.41)

If the system is finite, these states will mix in perturbation theory. Indeed, if the lattice
has Ns spatial sites, the mixing occurs to order Ns in perturbation theory. But, if we take
the thermodynamic limit Ns→∞ first, then there is no mixing to any finite order in
perturbation theory. The obvious exception is when the spacetime dimension is D= 1, for
which the number of sites in the “row” is just one, Ns= 1. Thus, for D> 1, or D≥ 2, these
two states belong to two essentially decoupled pieces of the Hilbert space. In the classical
system, the property just described is known as broken ergodicity, in the sense that the
system only explores half of the total number of possible configurations.

This is an example of spontaneous symmetry breaking. Although the Hamiltonian is
invariant under Z2 global transformations, in the thermodynamic limit, the ground state
is not Z2 invariant. It is possible to prove rigorously that for D≥ 2, the expansion in
powers in 1/g is convergent and that it has a finite radius of convergence. Therefore,
the behavior of all quantities obtained in the limit g→∞ will also hold beyond some
large but finite value of the coupling constant g. Other terms, for large enough g, have a
stable phase with a spontaneously broken Z2 global symmetry. For instance, it is easy to
see that in this phase, the energy gap between the ground state and the first excited state is
G(g)= 2

g +O(1/g2).
To illustrate the concept of spontaneous symmetry breaking, let us calculate, to lowest

orders in 1/g, the local spontaneous magnetization, which is the expectation value of the
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local spin operator:

m=〈
↑|σ̂3(r)|
↑〉 (14.42)

To lowest order in 1/g, we have

0〈
↑|σ̂3(r)|
↑〉0=+1, 0〈
↓|σ̂3(r)|
↓〉0=−1 (14.43)

Clearly, in general, the expectation value is a function of the coupling constant g:m= f (g).
In general, the correlation function has the form

C(R,R′)=〈
↑|σ̂3(R)σ̂3(R′)|
↑〉=m2(g)+Cconn(R−R′) (14.44)

where the connected part, denoted byCconn(R−R′), decays exponentially at long distances.
Hence, as |R−R′|→∞, the correlation function approaches (exponentially fast) the
constant value m2(g), which is the square of the expectation value of the order parameter
(the local magnetization).

14.6 Solution of the two-dimensional Isingmodel

The solution of the two-dimensional Isingmodel on a square lattice by LarsOnsager in 1944
is one of the triumphs of theoretical physics of the twentieth century (Onsager, 1944). We
will see that it will also help us understand how to define a QFT.

The arguments given in section 14.5 tell us that the Ising model on a square lattice is
equivalent to the one-dimensional quantum system with Hamiltonian

H=−
L/2∑

n=− L
2+1

σ1(n)− g
L/2∑

n=− L
2+1

σ̂3(n)σ̂3(n) (14.45)

where L=Ns is the number of sites along the one-dimensional space. We will consider here
a system with periodic boundary conditions.

14.6.1 The Jordan-Wigner transformation

A naive look at the Hamiltonian leaves us with a puzzle. We have been brought up to think
that quadratic Hamiltonians are trivial. So, why the fuss? Isn’t Ĥ bilinear in σ̂ ? The problem
is that, even thoughH is a bilinear form in σ̂ , it is not a free theory. It is trivial to check that
the equation of motion for σ̂3(r) is not linear, since

i∂tσ̂3(r)=[σ̂3(r), Ĥ]=−2iσ̂2(r)=−2σ̂3(r)σ̂1(r) (14.46)

and

i∂tσ̂1(r)=[σ̂1(r), Ĥ]=+gσ̂3(r)σ̂1(r)
∑

j=1,...,D−1

(
σ̂3(r+ êj)+ σ̂3(r− êj)

)
(14.47)
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The reason behind the nonlinearity is the form of the (equal-time) commutation
relations

[σ̂3(r), σ̂3(r′)]= [σ̂1(r), σ̂1(r′)]= 0

[σ̂3(r), σ̂1(r′)]= 0, r �= r′ (14.48)

{σ̂l(r), σ̂k(r)}= 2δlk, l, k= 1, 3

Hence, the commutation relations are not canonical. Instead, they seem to describe objects
that are bosons on different sites but fermions on the same site. Alternatively, they can be
regarded as bosons with hard cores. Indeed, the raising and lowering operators

σ̂± = 1
2
(
σ̂3∓ iσ̂2

)
(14.49)

act on the states |±〉, the eigenstates of σ̂1, as follows:

σ̂+|+〉= 0, σ̂+|−〉= |+〉 (14.50)

σ̂−|+〉= |−〉, σ̂−|−〉= 0

They can be regarded as the creation and annihilation operators of some oscillator, but with
the hard-core constraint that the boson occupation number n̂= σ̂+σ̂− should only have
eigenvalues 0 and 1, since

σ̂+σ̂−|+〉= |+〉, σ̂+σ̂−|−〉= 0 (14.51)

If D= 2, the quantum problem has d= 1 space dimensions. It turns out that there is a very
neat and useful transformation that will enable us to deal with this problem. This is the
Jordan-Wigner transformation (Jordan and Wigner, 1928; Lieb et al., 1961). The key idea
behind this transformation is that, in one dimension only, hard-core bosons are equivalent
to fermions! Qualitatively, this is easy to understand. If the particles live on a line, then
bosons cannot exchange their positions by purely dynamical effects, since the hard-core
condition forbids that possibility. Similarly, one-dimensional fermions cannot change their
relative ordering as a result of their dynamics due to the Pauli principle. Thus, the strategy
is to show that our problem is secretly a fermion problem. From now on, we will restrict our
discussion to one (space) dimension.

Let us consider the kink creation operator K̂(n):

K̂(n)=
n∏

j=− L
2+1
(−σ̂1(j)) (14.52)

The operator flips all spins to the left of site n+ 1. Clearly, when acting on the “high-
temperature” (or g 1) ground state |+〉, we get

K̂(n)|+〉= (−1)n|+〉 (14.53)

That is, it acts as a counting operator in the phase with g 1. But, in the “low-temperature”
ground state (i.e., for g� 1), we get instead
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K̂(n)| ↑ · · · ↑〉= | ↓ · · ·
n↘↓

n+1↙↑ · · · ↑〉 (14.54)

This state is called a kink (or domain wall) or a topological soliton. Clearly, the operator K̂n
disturbs the boundary conditions for g> gc, but it does not for g< gc, where

〈
0|K̂(n)|
0〉 �= 0 (g< gc) (14.55)

Hence, the high-temperature phase (disordered) is a condensate of kinks. The operator K̂ is
also known as a disorder operator (Kadanoff and Ceva, 1971; Fradkin and Susskind, 1978),
since it takes a nonzero expectation value in a disordered phase.

We will now see that a clever combination of order (i.e., σ̂3) and disorder (K̂) operators
yields a Fermi field. Let us consider the operators

χ̂1(j)= K̂(j− 1)σ̂3(j), χ̂2(j)= iK̂(j)σ̂3(j) (14.56)

Since these operators are products of Pauli matrices, they trivially obey the following
identities (for all j):

χ̂
†
1 (j)= χ̂1(j), χ̂

†
2 (j)= χ̂2(j), χ̂1(j)2= χ̂2(j)2= 1 (14.57)

More generally, it is straightforward to show that they obey the algebra

{χ̂1(j), χ̂1(j′)}= {χ̂2(j), χ̂2(j′)}= 2δjj′ , {χ̂1(j), χ̂2(j′)}= 0 (14.58)

Therefore, the fields χ̂1(j) and χ̂2(j) are self-adjoint (i.e., real) fermions, known asMajorana
fermions.

Let us define the complex (or Dirac) fermions ψ̂(j) and ψ̂†(j)

ψ̂†(j)≡ K̂(j− 1)σ̂+(j), ψ̂(j)≡ K̂(j− 1)σ̂−(j) (14.59)

where we used the projection operators σ̂± (see eq. (14.49)). Equivalently, we can write

ψ̂ = 1
2
(
χ̂1+ iχ̂2

)
, ψ̂†= 1

2
(
χ̂1− iχ̂2

)
(14.60)

It is straightforward to check that the operators ψ†(j) and ψ(j) obey the canonical fermion
algebra

{ψ̂(j), ψ̂†(j′)}= δjj′ , {ψ̂(j), ψ̂(j′)}= 0 (14.61)

It is easy to invert the transformation of eq. (14.59). Observe that the local fermion
number operator, n̂(j)= ψ̂†(j)ψ̂(j), is given by

ψ†(j)ψ(j)= 1
2
(
1+ σ̂1(j)

)
(14.62)

Hence,
− σ̂1(j)=−2ψ̂+(j)ψ̂(j)+ 1≡ 1− 2n̂(j) (14.63)

Since the operator n̂(j) satisfies n̂2(j)= n̂(j), we can also write

− σ̂1(j)= eiπ n̂(j)= eiπψ̂
†(j)ψ(j) (14.64)
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Therefore, the inverse Jordan-Wigner transformation is

σ̂+(j)= e
iπ
∑

l<j

ψ̂†(l)ψ̂(l)
ψ̂†(j) (14.65)

σ̂−(j)= e
iπ
∑

l<j

ψ̂†(l)ψ̂(l)
ψ̂(j)

and, similarly,

σ̂3(j)= e
iπ
∑

l<j

ψ̂†(l)ψ̂(l)
(ψ̂†(j)+ψ(j)) (14.66)

σ̂2(j)= e
iπ
∑

l<j

ψ̂†(l)ψ̂(l)
1
i
(−ψ̂†(j)+ψ(j))

We can use these results to map the Hamiltonian of the spin system to a Hamiltonian for
the equivalent Fermi system. For L even, we find

Ĥ=−L+
L
2∑

j=− L
2+1

2ψ̂†(j)ψ̂(j)+ g
L
2∑

j=− L
2+1
(ψ̂†(j)− ψ̂(j))(ψ̂†(j+ 1)+ ψ̂(j+ 1))

+ boundary term (14.67)

The boundary term is given by

−gησ̂3
(
L
2

)
σ̂3

(
−L
2
+ 1

)
= (14.68)

− gηQ̂
(
ψ̂†

(
L
2

)
− ψ̂

(
L
2

))(
ψ̂†

(
−L
2
+ 1

)
+ ψ̂

(
−L
2
+ 1

))

where η=±1 for periodic or antiperiodic boundary conditions for the spins, respectively.
Here, Q̂ is the operator

Q̂= R̂=
L
2∏

− L
2+1
(−σ̂1(j))= eiπN̂ (14.69)

where N̂ is the total number of fermions.
However, N̂ does not commute with the Hamiltonian Ĥ and, hence, the total number of

complex (Dirac) fermions is not conserved. This is apparent, since the fermionHamiltonian
has terms that create and destroy fermions in pairs. Nevertheless, the fermion parity oper-
ator (−1)F ≡ eiπN̂ is conserved, since it commutes with the Hamiltonian, [(−1)F , Ĥ]= 0.
Thus, we can only specify whether the fermion number is even or odd. This is natural in a
system of Majorana fermions, which, as such, do not have a conserved charge (since they
are charge neutral); instead, the fermion parity is conserved.
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If the spin operators obey periodic (or antiperiodic) boundary conditions,

σ̂3

(
L
2
+ 1

)
= ησ̂3

(
−L
2
+ 1

)
(14.70)

with η=±1, then the fermions obey the boundary conditions

ψ̂

(
L
2
+ 1

)
= Q̂ η ψ̂

(
−L
2
+ 1

)
(14.71)

In particular, for periodic boundary conditions for the spins (η=+1), the fermions obey
the boundary conditions

ψ̂

(
L
2
+ 1

)
= Q̂ψ̂

(
−L
2
+ 1

)
(14.72)

Hence, for an even number of fermions, N̂ even (Q=+1), the fermions obey periodic
boundary conditions, but for N̂ odd (Q=−1), they obey antiperiodic boundary conditions.
Nevertheless, since the ground state energy for N odd is greater than that for N even,
E−0 >E+0 , we can work in the even sector. In this sense, the fermion-boson mapping is
2 to 1.

14.6.2 Diagonalization

The fermionHamiltonian is a bilinear form in Fermi fields. Thus, it should be diagonalizable
by a suitable canonical transformation. Since fermion number is not conserved, this
transformation cannot be just a Fourier transform. In the even sector,

Q̂|
〉= |
〉 (14.73)

the Fourier transform, for L even, is

ψ̂(j)= 1
L

L
2∑

k=− L
2+1

ei2π
kj
L ã(k), ã(k)=

L
2∑

j=− L
2+1

e−i2π
kj
L ψ̂(j) (14.74)

such that
{ã(k), ã†(k′)}= Lδk,k′ , {ã(k), ã(k′)}= {ã†(k), ã†(k′)}= 0 (14.75)

In the thermodynamic limit, L→∞, the momenta 2π
L k≡ k densely fill up the interval

(−π ,π ] (the first Brillouin zone). In this limit, we find a representation of the Dirac delta
function,

δ(k)≡ lim
L→∞

1
2π

L
2∑

j=− L
2+1

eikj= lim
L→∞

L
2π
δk,0 (14.76)

and limk→0 δ(k)= L
2π . Also, in the thermodynamic limit, we identify the operators ãk≡

â(k), which obey the anticommutation relations

{â(k), â†(k′)}= 2πδ(k− k′) (14.77)
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These definitions can be used to derive the following identities:

lim
L→∞

L
2∑

j=− L
2+1

ψ̂†(j)ψ̂(j)=
∫ π

−π
dk
2π

â†(k)â(k)

lim
L→∞

L
2∑

j=− L
2+1

ψ̂†(j)ψ̂(j± 1)=
∫ π

−π
dk
2π

e±ikâ†(k)â(k) (14.78)

and

lim
L→∞

L
2∑

j=− L
2+1

ψ̂†(j)ψ̂†(j+ 1)=
∫ π

−π
dk
2π

eikâ†(k)â†(−k)

lim
L→∞

L
2∑

j=− L
2+1

ψ̂(j)ψ̂(j+ 1)=
∫ π

−π
dk
2π

e−ikâ(k)â(−k) (14.79)

By collecting terms, we find that the Hamiltonian becomes

H=−L+2
∫ π

−π
dk
2π
(1+ g cos k)â†(k)â(k)

+g
∫ π

−π
dk
2π
(eikâ†(k)â†(−k)− e−ikâ(k)â(−k)) (14.80)

This Hamiltonian has the same form as the pairing Hamiltonian of the Bardeen-Cooper-
Schrieffer (BCS) theory of superconductivity (Schrieffer, 1964).

It is possible to rewrite H in eq. (14.80) in terms of the spinor field 
̂(k)


̂(k)=
(
â†(k)
â(−k)

)
, 
̂†(k)= (â(k), â†(−k)) (14.81)

which, in the theory of superconductivity, is known as the Nambu representation.
Notice that the two components of the spinor 
̂ are not independent. Indeed if we denote

by Ĉ the matrix

Ĉ=
(
0 1
1 0

)
(14.82)

we find that the spinor field 
̂(k)must obey


̂†(k)=
(
Ĉ 
̂(−k)

)T = 
̂T(−k) Ĉ (14.83)

This is a real spinor field, or what is the same, a Majorana fermion.
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In terms of the spinor fields 
̂(k), the Hamiltonian is

H=+L
(
−1+

∫ π

0

dk
2π

2(1+ g cos k)
)

(14.84)

−
∫ π

0

dk
2π

̂†(k)

(
2(1+ g cos k) −2ig sin k

2ig sin k −2(1+ g cos k)

)

̂(k)

We will see shortly that, in the low-energy limit, this Hamiltonian reduces to the Dirac
Hamiltonian in 1+1 dimensions.

To diagonalize this system, we finally perform a Bogoliubov transformation to a new set
of fermion operators η̂(k),

â(k)= u(k)η̂(k)− iv(k)η̂†(−k)
â(−k)= u(k)η̂(−k)+ iv(k)η̂†(k) (14.85)

where u(k) and v(k) are two real (even) functions of k, which will be determined below.
The inverse transformation is

η̂(k)= u(k) â(k)+ iv(k) â†(−k)
η̂(−k)= u(k) â(−k)− iv(k) â†(k) (14.86)

The transformation is canonical, since it preserves the anticommutation relations,

{â(k), a†(k′)}= 2πδ(k− k′) �⇒ {η̂(k), η†(k′)}= 2πδ(k− k′) (14.87)

which can be achieved provided the functions u(k) and v(k) satisfy the relation

u2(k)+ v 2(k)= 1 (14.88)

This condition is satisfied by the choice

u(k)= cos θ(k), v(k)= sin θ(k) (14.89)

We will determine the function θ(k) by demanding that the fermion-number nonconserv-
ing terms cancel out exactly in terms of the fields η̂(k). Let us now define the functions α(k)
and β(k):

α(k)= 2(1+ g cos k), β(k)= 2g sin k (14.90)

The condition that the terms that do not conserve the fermions η̂(k) cancel is given by

− 2α(k)u(k)v(k)+β(k) (u2(k)− v 2(k)
)= 0 (14.91)

The solution for the functions u(k) and v(k) of eq. (14.89) implies that θ(k)must satisfy the
simple relation

tan(2θ(k))= β(k)
α(k)
= g sin k

1+ g cos k
(14.92)
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With this choice, the Hamiltonian H takes the form

H=
∫ π

0

dk
2π

ω(k)
(
η̂†(k)η̂(k)+ η̂†(−k)η̂(−k))+ ε0(g)L (14.93)

where ε0(g) is given by

ε0(g)=−1+ 2
∫ π

0

dk
2π

(
v 2(k) 2g sin k− u(k)v(k) 2(1+ g cos k)

)

=−1+
∫ π

0

dk
2π

[
4g sin k sin2(θ(k))− 2 sin(2θ(k))(1+ g cos k)

]
(14.94)

and ω(k) by

ω(k)=α(k) cos(2θ(k))+β(k) sin(2θ(k))
= 2

[
(1+ g cos k) cos(2θ(k))+ g sin k sin(2θ(k))

]
(14.95)

We will choose the range of θ(k) and the signs of cos(2θ(k)) and sin(2θ(k)) to be

sgn cos(2θ(k))= sgnα(k), sgn sin(2θ(k))= sgnβ(k) (14.96)

which guarantee that ω(k)≥ 0. Using these results, we can write ω(k) in the form

ω(k)= |α(k)|| cos 2θ(k)| + |β(k)|| sin 2θ(k)| (14.97)

Hence, we find
ω(k)= 2

√
1+ g2+ 2g cos k≥ 0 (14.98)

Similar algebraic manipulations lead to the simpler expression for ε0(g),

ε0(g)=−1
2

∫ π

−π
dk
2π

ω(k)< 0 (14.99)

which is clearly negative.

14.6.3 Energy spectrum and critical behavior

With these above choices, it is now elementary to find the spectrum of the Hamiltonian.

A: The ground state The ground state |G〉 is simply the state annihilated by all the de-
struction operators η̂(k):

η̂(k)|0〉= 0, η̂(−k)|0〉= 0 (14.100)

The ground state energy density is equal to ε0(g), and it is negative.
By retracing our steps, it is easy to see that the free energy of the two-dimensional classical

Ising model is related to the ground state energy of the one-dimensional quantum Ising
model,

lim
Nτ→∞

Z= exp
(
−NτLf

T

)
= lim

Nτ→∞
tr T̂Nτ = lim

β→∞ tr e−βĤ (14.101)
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where T̂ is the transfer matrix of the two-dimensional classical Ising model at temperature
T, and Ĥ is the Hamiltonian of the one-dimensional quantum Ising model with coupling
constant g. Hence, the free energy density f of the two-dimensional classical model and the
ground state energy density ε0 of the one-dimensional quantum model are related by the
identification

f ≡ ε0(g) (14.102)

From our results for the ground state energy density, we find the explicit result

ε0(g)=−2
∫ π

0

dk
2π

√

(1+ g)2− 4g sin2
(
k
2

)

=−2|1+ g|
π

∫ π/2

0
dx
√
1− (1− γ 2) sin2 x

=−2|1+ g|
π

E
(π
2
,
√
1− γ 2

)
(14.103)

where E( π2 , γ ) is the complete elliptic integral of the second kind, and γ =
∣∣∣ 1−g1+g

∣∣∣ is the
modulus of the elliptic integral. Using the expansion of the elliptic integral in the limit γ→ 0
(Gradshteyn and Ryzhik, 2015),

E
(π
2
,
√
1− γ 2

)
≈
γ→0

1+ γ
2

4

(
ln

16
γ 2 − 1

)
+O(γ 4) (14.104)

we can write an expression for ε0(g) valid for g∼ 1:

ε0(g)=−2
(
1− g
π

){
1+ γ

4

4

(
ln

16
γ 2 − 1

)
+ · · ·

}
(14.105)

We can write the ground state energy density ε0(g) as a sum of two terms, εsing0 (for the
singular behavior for g≈ 1) and εreg0 (for the nonsingular behavior away from g= 1). The
singular piece, εsing0 (g), is

ε
sing
0 =−

4
π

[
1+ t2

8

(
ln
(

8
|t|
)
− 1

2

)
+ · · ·

]
(14.106)

where t= |1− g| plays the role of the “reduced temperature” of the two-dimensional
classical model, t= (T−Tc)/Tc (where T is the temperature of the classical problem, and
Tc is the critical temperature).

Let us now use these results to compute the behavior of the specific heat of the
classical two-dimensional Ising model close to the phase transition. This follows from
the identification of the free energy of the classical model with the ground state energy
of the quantum model. Since the specific heat is obtained by twice differentiating the free
energy with respect to temperature, it can be obtained equivalently by twice differentiating
the ground state energy of the quantum model with respect to the coupling constant g.
Hence, if we write the specific heat as a sum of a singular and a regular part, C=Csing+Creg,
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the singular part is readily found to be

Csing≈−∂
2ε

sing
0
∂t2

�+ 1
2π

ln
(

8
|t|
)
− 3

4π
+ · · · (14.107)

This is the famous logarithmic divergence of the specific heat of the two-dimensional
classical Ising model, first derived by Onsager (1944). This result also identifies the critical
coupling as gc= 1, corresponding to the Onsager critical temperature.

In this section, we have worked consistently in the thermodynamic limit, L→∞, and
obtained the expression for the ground state energy density ε0 in eq. (14.99). We will see in
chapter 21 that the Casimir energy, the leading finite correction to the ground state energy,
has a special significance in conformal field theory (CFT). There it will be shown that at a
fixed point, the Casimir energy, ECasimir, is

ECasimir=−πcv6L
(14.108)

where L is the linear size of the system, v is the speed of light, and c is the central charge
of the Virasoro algebra of the CFT. We will see below that at g= 1, the energy gap of the
spectrum of the Ising model vanishes, and the system is at its phase transition point. Using
the results of this section, we can compute the Casimir energy by computing the leading
finite correction to the ground state energy. The result that one readily finds is that in the
Ising model, the central charge is c= 1/2.

B: Excitation spectrum The first excited state is the fermion state |k〉 with momentum k:

|k〉= η̂†(k)|0〉, H|k〉= (E0+ω(k))|k〉 (14.109)

Thus, it is an exact eigenstate of the Hamiltonian with excitation energy ω(k), shown in
figure 14.3. The excitation energy is positive for all momenta k in the first Brillouin zone,
−π < k≤π . The excitation energy is smallest at k=π , where it is equal to 2|1− g|.

Therefore, we find that the fermion spectrum has an energy gap G(g)=min ω(k). By
writing ω(k) in the form

ω(k)= 2
√
1+ g2+ 2g cos k= 2

√

(1− g)2+ 4g cos2
(
k
2

)
(14.110)

we find that, with our conventions, the gap is reached at k=π (for g> 0). Thus for all
g �= 1, the gap does not vanish, and only exactly at g= 1 does it vanish. But this is precisely
the phase transition point!

Let’s take a closer look at the low-energy part of the spectrum. To do that, consider
momenta k close toπ by setting k=π − q, with |q|π . In this regime, we can approximate
the excitation energy to be

ω(q)
 2((1− g)2+ gq2)1/2 (14.111)

In the limit g→ 1, the spectrum is that of a relativistic fermion withmassm= 2|1− g|/(2g)
and “speed of light” v = 2.Wewill see shortly that this relativistic behavior is not an accident.
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ω(k)

2|1 + g|

2|1 − g|

−π 0
k

π
Figure 14.3 The excitation spectrum of the one-dimensional quantum Ising model for g �= 1.

In addition, right at g= 1, the spectrum is a linear function of q (i.e., ω(q)= v |q|) and
behaves as a relativistic theory of massless fermions.

As g→ gc= 1, the spectral gap G(g) vanishes following a power law

G(g)=A ∣∣g− gc
∣
∣ν (14.112)

where gc= 1,A= 2.We can now identify the critical exponent ν= 1 with the gap exponent.
Likewise, the inverse of the mass gap G is the correlation length ξ =G−1 of the Ising model
(or the Compton wavelength of the relativistic fermion). Hence, the correlation length
diverges as the critical point is approached, g→ 1, as ξ ∼ |g− gc|−ν , with ν= 1.

What is the physical meaning here of a fermionic excitation? As we have seen, a fermion
is essentially a kink or a domain wall. Hence, the excitation energy of a fermion is essentially
the free energy needed to create a domain wall. In the one-dimensional quantum problem,
as the phase transition is approached, the domain wall energy vanishes, and it becomes a
massless excitation. Thus, the excitations that become massless are effectively topological
solitons. However, the two-dimensional classical picture is equivalent to the Euclidean
path-integral picture. In this framework, the transition consists of domain walls whose
free-energy density vanishes. Hence the domain walls proliferate at the phase transition
and span the size of the system.

14.7 Continuum limit and the two-dimensional
Ising universality class

Let us now show that this model defines a nontrivial QFT by taking the continuum limit.
We can do this since as g→ gc, the correlation length diverges, ξ→∞, and becomes much
larger than the lattice spacing. We will construct the continuum limit by looking at the
equations of motion of the Majorana fermion fields.

Unlike the Ising spin operators, whose equations of motion are nonlinear, the Majorana
fermionsχ1(j) andχ2 have simple (linear!) equations ofmotion. Indeed, using the definition
of the Majorana fermion operators of eq. (14.56), one readily finds that the Hamiltonian is

H= i
∑

j
χ1(j)χ2(j)− ig

∑

j
χ2(j)χ1(j+ 1) (14.113)
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where we have assumed periodic boundary conditions (for a chain with an even number of
sites). The equations of motion of the Majorana fermions are

i∂tχ1(j)= 2iχ2(j)+ 2igχ2(j− 1)

i∂tχ2(j)=−2iχ1(j)− 2igχ1(j+ 1) (14.114)

It is easy to check that the eigenstates (i.e., the Fourier modes of χ1(j) and χ2(j)) have the
spectrum of eq. (14.110).

As shown in figure 14.3, the low-energy states have wave vector k
π . To take the
continuum limit, let us focus on these low-energy states. To this end, it is convenient to
redefine the Majorana fermion operators as

χ1(j)= (−1)jχ̃1(j), χ2(j)= (−1)jχ̃2(j) (14.115)

whose equations of motion are obtained from those given in eq. (14.114) by replacing
g↔−g. In doing so, the low-energy Fourier modes of the operators χ̃i(j) are now near
k= 0. To proceed to the continuum limit, we now restore a lattice constant a0 and assign to
a lattice site labeled by j a coordinate xj= ja0 with units of length. Since we will be interested
only in field configurations that vary slowly on the scale of the lattice spacing, we can use
the approximations

χ̃2(j− 1)≈ χ̃2(xj)− a0∂xχ̃2(xj)+O(a20) (14.116)

χ̃1(j+ 1)≈ χ̃1(xj)+ a0∂xχ̃1(xj)+O(a20)

Therefore, in this regime, we can rewrite the equations of motion as of two partial differen-
tial equations of the form

1
2a0g

i∂tχ̃1
 i
(1− g)
a0g

χ̃2+ i∂xχ̃2 (14.117)

1
2a0g

i∂tχ̃2
−i (1− g)
a0g

χ̃1+ i∂xχ̃1

On rescaling and relabeling the time coordinate t2a0
√g �→ x0, and the space coordinate

x �→ x1
√g (thus setting the “speed of light” to 1), we can write the equations of motion as

i∂0χ̃1− i∂1χ̃2+ i
(
(1− g)
a0g

)
χ̃2= 0 (14.118)

i∂0χ̃2− i∂1χ̃1− i
(
(1− g)
a0g

)
χ̃1= 0

Define the scaling limit, in which g→ gc= 1 and simultaneously a0→ 0 while keeping finite
the following quantity:

m= lim
a0→0
g→1

(
(1− g)
a0
√g

)
(14.119)
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As we will see, m will be identified with a mass scale. In this limit, the equations of motion
take the form of Dirac equations:

i∂0χ̃1− i∂1χ̃2+ imχ̃2= 0 (14.120)

i∂0χ̃2− i∂1χ̃1− imχ̃1= 0

Let us define the 2× 2 gamma matrices

γ0=−σ2, γ1= iσ3, γ5= σ1 (14.121)

in terms of which we find that the spinor field χ̃ = (χ̃1, χ̃2) obeys the 1+1-dimensional
Dirac equation

(i/∂ −m)χ̃ = 0 (14.122)

where the spinor field χ̃ obeys the reality condition

χ̃†≡ χ̃T (14.123)

and, hence, it is a massive relativistic Majorana fermion. From now on, to simplify the
notation, we define χ̃ ≡χ .

The Lagrangian of the theory of free Majorana spinor χ (in the Minkowski signature) is

L= χ̄ i/∂χ − 1
2
mχ̄χ (14.124)

Here χ̄ =χTγ0, where we used the condition that the Majorana spinor is a real Fermi field.
Notice that the (Majorana) mass term is the hermitian operator

1
2
χ̄χ = 1

2
χTγ0χ = i

2
εαβχαχβ = iχ1χ2 (14.125)

where α,β = 1, 2 label the two components of the Majorana spinor (in 1+1 dimensions).
Thus, in the scaling limit of g→ gc= 1 (i.e., asymptotically close to the phase transition)

and at distances large compared to the lattice spacing a0→ 0 (the “continuum limit”), the
two-dimensional classical Ising model and the one-dimensional quantum Ising model are
equivalent to (or rather, define) the continuum field theory of free Majorana fermions.
Notice that this works only at distances long comparedwith the lattice constant (i.e., a0→ 0)
but comparable to the diverging correlation length ξ ≈ 1

|m| .
The results of the past few sections show that the two-dimensional Ising model can

be understood in terms of a theory of Majorana fermions that are nonlocal objects in
terms of the spins of the lattice model. It should not be a surprise that the computation of
the correlators of the spin operators themselves may be a nontrivial task in the Majorana
fermion basis. In fact, it is possible to compute the correlation function of two spins,
although the computation is rather technical and somewhat outside the scope of this
book. The results of such a computation are nevertheless instructive. When far from the
critical point, the results are what is expected (i.e., exponential decay of correlations in
the symmetric phase and long-range order in the broken symmetry state). It is also found
that, at the critical point, the two-point function decays as a power law: G(R)∼R−1/4. This
result is very different from what would have been guessed using dimensional analysis in
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a free scalar field theory. We will see in chapter 21 that the two-dimensional Ising model
is in a different universality class that is characterized by a fixed point of free Majorana
fermions (which, qualitatively, are the domain walls of the Ising spins). Since domain walls
are nonlocal objects in the language of local spins, it should be no surprise that the results
are actually so different. We will return to these questions in chapter 21, where we discuss
conformal field theory.

Let us summarize what we have done in this chapter. The two-dimensional classical
Ising model is a nontrivial theory that happens to be integrable in terms of a theory of
Majorana fermions. While it is great to have an exact solution, we should not lose sight
of the important lessons that we can draw from a special case. In fact, most QFTs of interest
are not solvable. The important lesson that we should draw is that interacting QFTs have
properties that largely cannot be guessed by using perturbation theory. In the case of the
two-dimensional Ising model, the fluctuations of the individual spin fields are not simple
and cannot be accessed perturbatively. In earlier chapters, we used symmetry arguments to
argue that the Ising model should be equivalent to φ4 field theory. Although this is true, we
will see in later chapters that the perturbative construction of φ4 theory only works near
four spacetime dimensions. What we did in this chapter shows that below four dimensions,
we cannot rely on perturbation theory.

Exercises

14.1 Transfer matrices
In this chapter, we used the concept of the transfer matrix to relate the partition
function of a classical system in D dimensions to a quantum system in D− 1
dimensions. In this problem, you will consider a one-dimensional classical system
with a global U(1) symmetry. At each site j= 1, . . .,N of a chain of N sites, define a
degree of freedom nj= (cos θj, sin θj), with θ ∈ (0, 2π ]. The partition function (with
periodic boundary conditions) is

Z=
N∏

j=1
exp

(
J
T

N∑

j=1
cos(θj+1− θj)+ H

T

N∑

j=1
cos θj

)

Assume here that we are at low temperatures, J/T� 1. In this regime, we can make
the following useful approximation:

exp(K cos θ)
 1√
K

∞∑

n=−∞
exp

(
− n2

2K

)
exp(inθ)

Also assume that the external field is weak: H/T 1.

1) Show that, quite generally, the partition function Z can be written as

Z= tr((T1T2)
N)

where T1 is diagonal in the basis of the angular momentum operator L=−i∂θ ,
and T2 is diagonal in the basis of the angle variable θ .
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2) Show that if J/T� 1 and H/T 1, then T1= const · e−aL2 , and T2= eb cos θ .
Determine the value of the constants a and b in terms of the ratios J/T andH/T.
Find the expression of the quantum Hamiltonian for the variable θ , and provide
a physical interpretation.

14.2 The one-dimensional quantum Ising model at finite temperature
In section 14.4, we used a Jordan-Wigner transformation to show that the Hamil-
tonian of the one-dimensional quantum model on a chain of L sites,

H=−
L∑

n=1
σ1(n)− λ

N∑

n=1
σ3(n)σ3(n+ 1)+ boundary term

is equivalent to a theory of fermions using a Jordan-Wigner transformation, which
we diagonalized. Here, as in the text, let us work with periodic boundary conditions
for a chain with L an even number. Assume that the lattice spacing is a= 1.

1) Consider first the case in which the system is at the thermodynamic limit,
L→∞. Use standard methods of quantum statistical mechanics to show that
at the critical point, g= 1, the low-temperature behavior of the free energy per
unit length f (T) of the chain has the Stefan-Boltzmann form

f (T)= ε0− πcT
2

6v
+O(T4)

where v = 2 is the speed of the excitations at the critical point, and T is the
temperature. Explain physically why this law should be obeyed at the critical
point. Determine the value of the constant c. Note: A useful integral is

∫ ∞

0
dx

x
ex+ 1

= π
2

12

2) Compute the Casimir energy of a chain of L spins in the large-L limit. In the text,
it is shown that in the thermodynamic limit, L→∞, the ground state energy
density is given by eq. (14.99). Consider a long but finite chain of L sites (with
periodic boundary conditions). Again we will consider a system at the critical
point g= 1. Show that for a finite system of length L, the ground state energy per
unit length is

ε(L, g)=− 1
L

L
2∑

n=− L
2+1

1
2
ω(kn)

where kn= 2πn/L, and ω(k) is given in eq. (14.98) with k≡ 2πn/L. Use the
Euler-Maclaurin expansion to show that, at g= 1, the ground state energy per
unit length has, in the large L limit, the following form:

ε= ε0− πcv6L
+O(1/L2)

where v = 2 is the “speed of light.” Calculate the constant c, and show that it has
the same value as in problem 1. Compare this result to what you found in the
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exercises of chapter 8 for a real scalar field in 1+1 dimensions. In chapter 21,
we will see that the constant c is the conformal anomaly. The Euler-Maclaurin
formula is useful:

L∑

n=0
F(a+ nh)= 1

h

∫ b

a
F(t)dt+ 1

2
(F(a)+ F(b))+ h

2!B2(F′(b)− F′(a))+O(h2)

where F(x) is a differentiable function in the interval [a, b], h|a− b| is small,
and B2= 1/6 is the second Bernoulli number.

14.3 Majorana fermions and the Ising model in 1+1 dimensions
In this problem, you will work with the theory of Majorana fermions discussed in
section 14.7.

1) Show that in 1+1 dimensions, the propagators for the massive Majorana and
Dirac fermions are the same. Find an explicit expression for the propagator
Sαβ(x− y) in the massless case, m= 0, as a function of xμ− yμ (ν= 0, 1) in
(1+1)-dimensional Minkowski spacetime.

2) Derive an explicit expression for the correlation function of the Majorana mass
operator iχ1(x)χ2(x) for the massless theory,m= 0, as a function of xμ− yμ.

3) Now consider the one-dimensional quantum Ising model, whose Hamiltonian
is given in eq. (14.45). Here you will use the Jordan-Wigner transformation
to compute the equal-time correlation function G(n, n′)=〈G|σ1(n)σ1(n′)|G〉 by
mapping this expectation value to a correlation function involving the lattice
fermion operators. Here |G〉 is the exact ground state of the Hamiltonian of the
quantum Ising model with coupling constant g.

4) Now consider the expression you obtained in part 3 at the critical point g= 1.
Find the behavior of the correlation function at long distances. Show that the
long-distance behavior is described by the correlation function of the Majorana
mass operators in the massless theory. Use this calculation to identify the
operator of the quantum Ising chain in terms of the operators of the theory of
massless Majorana fermions.
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The Renormalization Group

15.1 Scale dependence in quantum field theory
and in statistical physics

In earlier chapters, we used perturbation theory to compute the N-point functions in
field theory, focusing on φ4 theory. There we used a time-honored approach that has
been successful in such theories as quantum electrodynamics. Even at low orders in this
expansion, we found difficulties in the form of divergent contributions at every order.
In comparison with quantum mechanics, this problem may seem unusual and troubling.
In quantum mechanics, Rayleigh-Schrödinger perturbation theory is finite term by term,
although the resulting series may not be convergent (e.g., an expansion in powers of the
coupling constant of the nonlinear term in an anharmonic oscillator). Instead, in QFT, one
generally has divergent contributions, at every order in perturbation theory. To handle these
divergent contributions, one introduces a set of effective (or renormalized) quantities. In
this approach, the singular behavior is hidden in the relation between bare and renormalized
quantities. This approach looks like it is sweeping the problem under a rug, and in fact, it is
doing just that.

Quite early on (in 1954), Murray Gell-Mann and Francis Low (1954) proposed to take
a somewhat different look at the renormalization process in QFT (QED in their case),
by recasting the renormalization of the coupling constant as the solution of a differential
equation. The renormalization process tells us that we can change the bare coupling λ and
the UV cutoff� while, at the same time, keeping the renormalized coupling constant fixed
at some value g. This process defines a function, the Gell-Mann-Low beta function β(λ),

β(λ)=� ∂λ
∂�

∣∣∣
g

(15.1)

which can be calculated from the perturbation theory diagrams. In fact, integrating
this equation amounts to summing over a large class of diagrams at a given order of
the loop expansion. The physical significance of this approach, which was subsequently
and substantially extended by Nikolay Bogoliubov and Dmitry Shirkov (1959), remained
obscure for quite some time. Things changed in a fundamental way with the work of
Kenneth Wilson in the late 1960s.
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Wilson proposed to take a different view on the meaning of the divergences found in
QFT (Wilson, 1983). He argued that these divergent contributions have a physical origin.
In a classical field theory, the theory is defined by a partial differential equation, such
as Maxwell’s equations. In this case, every dimensional quantity is determined by the
dimensional parameters present in the partial differential equation. In other words, in a
classical theory, the dimensional parameters of the equation of motion are the only physical
scales. In contrast, in a QFT and in statistical mechanics, we cannot isolate a single scale as
being responsible for the physical behavior of macroscopic quantities. For example, when
we consider the one-loop corrections to the four-point vertex function �(4), we find that it
contains an integral of the form

∫ � dDp
(2π)D

1
(p2+m2

0)
2 (15.2)

wherewe introduced a regulator� to cut off the contributions fromfield configurationswith
momenta |p|>�. By inspection of this integral, we see that the correction to the effective
(or renormalized) coupling constant has contributions not from a single momentum scale
|p| (or length scale |p|−1) but from the entire range of momenta

ξ−1=m0≤ |p| ≤� (15.3)

or, equivalently, in terms of length scales, from the range of distances

a=�−1≤ |x| ≤ ξ =m−10 (15.4)

What the integral is telling us is that we must add up all the contributions in this range.
However, on one hand, clearly the contributions at small momenta (|p| ≈ 0) are important,
since in that range, the denominator of the integrand is smallest and, hence, that is where
the integrand is largest. On the other hand, the contributions frommomentum scales close
to the cutoff, |p| ≈�, are even bigger, since the phase space is growing by a factor of �D.
Thus, we should expect divergences to occur, since there is no physical mechanism to
stop fluctuations from happening on length scales between a short-distance cutoff a and a
macroscopic scale ξ . It is important to note that this sensitivity to the definition of the theory
at short distances will still be present even if local field theory is replaced at even shorter
distances by some other theory (perhaps one more fundamental, such as string theory). At
any rate, in all cases, there will remain a sensitivity to the definition of the theory at some
short-distance scale used to define the local field theory. We will see shortly that these very
same issues arise in the theory of phase transitions in statistical physics.

In QFT in Euclidean spacetime, the N-point functions are given in terms of the path
integral, which for a scalar field φ has the form

Z[ J]=
∫

Dφe
−S�[φ]+

∫
dDx Jφ

(15.5)

where S�[φ] is the Euclidean action for a theory defined with a regulator�= a−1. To define
a theory without a regulator amounts to taking the limit�→∞ or, equivalently, to taking
the limit in which the short-distance cutoff a→ 0. If one regards the short-distance cutoff
as a lattice spacing, this is the same as defining a continuum limit.
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a a–
4

a–
2

Figure 15.1 Taking the continuum limit. At each step, the number of degrees of freedom is doubled,
the UV scale a is halved, and the grid becomes progressively denser.

In some sense, the procedure of removing the UV regulator from a field theory is
reminiscent of the definition of the integral of a real function on a finite interval as the
limit of a Riemann sum. In the case of the integral, the limit exists (provided the function
has bounded variation). However, in the case of a functional integral, the problem is more
complex. The problem of defining a field theory without a regulator is then reduced to
knowing when, and how, it is possible to take such a limit. One can regard the field theory as
being definedwith aUVcutoff a (e.g., the “lattice spacing”) anddefine a process of taking the
continuum limit as the limit of a sequence of theories defined at progressively smaller UV
length scales (e.g., from scale a=�−1, to a

2 = 2
�
, to a

4 = 4
�
, etc). At each step, the number

of local degrees of freedom is doubled, and the grid on which the degrees of freedom are
defined becomes progressively more dense. In the limit of infinitely many such steps, it
becomes a continuum (see figure 15.1). Kenneth Wilson had the deep insight to realize
that for this continuum limit of a QFT to exist, it is necessary to tune the field theory to a
particular value of its coupling constants at which the physical length scale of the theory
(i.e., the correlation length ξ ) should diverge in units of the short-distance UV cutoff a,
ξ� a (Wilson, 1983). Or, what is the same, we need to find a regime in which the mass
gap M= ξ−1 is much smaller than the UV momentum cutoff �: M��. Phrased in this
fashion, the problem of defining a QFT is reduced to finding a regime in which the physical
correlation length is divergent. However, as we have seen, this is the same as the problem
of finding a continuous phase transition in statistical physics! Thus, the two problems are
equivalent.

15.2 RG flows, fixed points, and universality

In parallel, but independently from the development of these ideas in QFT, the problem of
the behavior of physical systems near a continuous phase transition was being reexamined
and developed by several people, notably by Widom (1965) and Fisher (1967), Patashinskii
and Pokrovskii (1966), and, particularly, by Kadanoff (1966). Near a continuous phase
transition (“second order” in Landau’s terminology), certain physical quantities, such as
the specific heat and the magnetic susceptibility, for a phase transition in a magnet should
generally be divergent as the critical temperature Tc is approached. At Tc, the correlation
length should be divergent. Using phenomenological arguments, these researchers realized
that these properties can be described by a singular contribution to the free-energy density
fsing that has a scaling form (i.e., it is a homogeneous function of the reduced temperature,
t= (T−Tc)/Tc, and of the external magnetic field H in dimensionless units). Implicit in
these assumptions was that at the critical temperature Tc, where the correlation length
diverges, the system exhibits scaling, or what is the same, the system acquires an emergent
symmetry: scale invariance.
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4a 2a a
Figure 15.2 Coarse-graining the short-distance physics. In each step, the number of degrees of
freedom is halved, the UV scale a is doubled, and the grid becomes progressively more sparse.

Kadanoff (1966) formulated these ideas in terms of the following physically intuitive
picture. Consider for instance the simplest model of a magnet, the Ising model on a square
lattice of spacing a. At each site, one has an Ising spin: a degree of freedom that can take
only two values, σ =±1. The partition function of this problem is a sum over all the
configurations of spins, [σ ], weighed by the Boltzmann probability for each configuration
at temperature T:

Z=
∑

[σ ]
exp(−S[σ ]/T) (15.6)

In the Ising model, the Euclidean action S[σ ] is just the interaction energy of the spins,

S[σ ]=−J
∑

<i,j>
σ(i)σ (j) (15.7)

where< i, j> are nearest neighboring sites of the lattice, J is an energy scale (the exchange
constant), and T is the temperature. In what follows, the energy of the classical statistical
mechanical system will be called the “Euclidean action.”

In a system with N sites, there are 2N configurations of spins. The configurations that
contribute predominantly at large distance scales, |x|� a, should be smooth at those scales.
In particular, the physics at long distances should not depend sensitively on the physics at
short distances. In fact, configurations that vary rapidly at short distances should tend to
average out, and hence should make small contributions to the long-distance behavior. To
make this picture concrete, Kadanoffproposed an iterative procedure for the computation of
the partition function, which progressively sumsover the short-distance degrees of freedom,
resulting in an effective, renormalized, theory for the long-distance degrees of freedom. This
procedure is an example of a renormalization group (RG) transformation.

15.2.1 Block-spin transformations

Beginningwith a systemwith lattice spacing a, let us divide it into a set of block spins, so that
the new, coarse-grained system will have lattice spacing 2a. We then define a new effective
spin for each block and compute its effective Hamiltonian by tracing over (integrating out)
the rapidly varying configurations at scale a. In effect, this procedure is the same as that
for the construction of the continuum field theory shown in figure 15.1, except that now we
run the procedure backward, from short distances to long ones (see figure 15.2). To this end,
let us divide the system into cells (the block spins), and let A be one of these cells. Define
an effective degree of freedom μ for each cell

μ=
∑

i∈A σ(i)
||∑i∈A σ(i)||

(15.8)
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which represents the average over the configurations {σ } that vary rapidly on the scale
of the cell. Then the configurations on the block spins {μ}, defined on a coarse-grained
system with a new larger lattice spacing (say, 2a), vary smoothly on short scales but not on
long ones.

The next step is to define an effective Hamiltonian for the block spins {μ} through a
block-spin transformation T[μ|σ ] such that

∑

{μ}
T[μ|σ ]= 1 (15.9)

For example, one could take

T[μ|σ ]= δ
(
μ−

∑
i∈A σ(i)

||∑i∈A σ(i)||
)

(15.10)

Once a specific transformation is chosen, the effective theory of the block spins is obtained
by inserting eq. (15.9) in the partition function:

Z=
∑

{σ }
e−S[σ ] =

∑

{μ}

∑

{σ }
T[μ|σ ] e−S[σ ] (15.11)

which leads to the definition of an effective action, Seff [μ], of the block spins:

e−Seff [μ] =
∑

{σ }
T[μ|σ ] e−S[σ ] (15.12)

The partition function of the coarse-grained system is obviously the same as that of the
original system

Z=
∑

{μ}
e−Seff [μ] (15.13)

even though, in general, the actions are not: Seff [μ] 	= S[σ ]. As is apparent from this formal
discussion, the form of the effective action Seff depends on the block transformation chosen.
Nevertheless, since Seff results from summing over the contributions of a finite subset of
degrees of freedom, it is a finite expression that can be written in terms of a set of local
operators with effective (renormalized) coefficients.

Thus this coarse-graining proceduremaps a systemwith lattice spacing a (theUV cutoff)
with degrees of freedomσ to another systemwith a larger lattice spacing (say, 2a) for the new
degrees of freedom μ, while keeping the partition functions the same. As a result, the
two-point correlation function of the coarse-grained degrees of freedom is related to the
correlators of the old degrees of freedom by an expression of the form

〈μ(R)μ(R′)〉Seff =
〈 ∑

i∈A(R) σ (i)
||∑i∈A(R) σ (i)||

∑
i∈A(R′) σ (i)

||∑i∈A(R′) σ (i)||

〉

S

(15.14)

Here R and R′ are the locations of the two block spins. The right-hand side of eq. (15.14)
is computed in a theory with lattice spacing a, and the left-hand side has lattice spacing
a′ = ba (b= 2 in the above example). Now, suppose that the degrees of freedom σ of the
theory of the right-hand side have correlation length ξ [σ ], and the correlation length of the
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coarse-grained degrees of freedom μ is ξ [μ]. Since the theories are equivalent, they must
be related simply by a change in scale

ξ [μ]= 1
b
ξ [σ ] (15.15)

because the theory has b times fewer degrees of freedom. It is necessary to account for the
change in scale in order to be able to compare the units of both theories (i.e., measurements
must be made with the same ruler!).

15.2.2 RG flows and fixed points

Let us now assume that it will always be possible to define a complete set of (conveniently
normalized) local operators, whichwe denote byOα[σ ], in terms ofwhich a general action is

S[σ ]=
∑

α

hαOα[σ ] (15.16)

where hα are the coupling constants. For example, in the case of an Ising model, the local
operators include the identity operator, the spin operator, the nearest-neighbor interactions,
next-nearest-neighbor interactions, three- and four-spin interactions, and so forth. We will
assume that the operators Oα[σ ] are complete in the sense specified below.

Wewill also assume that the theory of the coarse-grained degrees of freedomμ is defined
by the same set of local operators Oα[μ],

Seff [μ]=
∑

α

heffα (b)Oα[μ] (15.17)

where the heffα (b) are a set of renormalized interactions that depend on b= a′/a, the change
in the scale of the UV cutoff. The set of operators {Oα[σ ]} is complete in the sense that its
elements are the set of possible local operators generated under the RG transformation.

A consequence of this construction is that the coupling constants are no longer fixed
but are different at different scales. This result implies that the RG transformation induces
a mapping in the space of coupling constants. The repeated action of the RG can then be
viewed as a flow in this space: the RG flow.

Let us suppose, for the moment, that we have been clever enough to choose a
transformation such that the renormalized couplings are related to the old ones by a homo-
geneous transformation of the scale, that is,

heffα (b)= byαhα (15.18)

which implicitly includes a change in length scale. The exponents yα describe how the
couplings transform under the change of scale from a to ba. We now see that if the exponent
yα > 0, then the coupling will be larger in the coarse-grained system (with scale ba):
heffα > hα . Conversely, if the exponent yα < 0, then the coupling will be smaller in the
coarse-grained system: heffα < hα . We will say that an operator for which yα > 0 is a relevant
operator, while one with yα < 0 is an irrelevant operator. The RG flow of the coupling
constant hα is given by the beta function β(hα). In this context, the beta function is
defined as

β(hα)≡ (heffα (b)− hα)/ ln b (15.19)
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which measures the rate of change of the coupling hα for a logarithmic change in the UV
scale: ln b= ln(a′/a). For b→ 1, the beta function reduces to

β(hα)= ∂hα
∂ ln b

= yαhα +O(h2α) (15.20)

whichwewill call the “tree-level” beta function. The special case of yα = 0 defines amarginal
operator, and the beta function is given by higher-order terms that we have not yet included.

It is now clear that if we keep repeating this transformation n times, then in the limit
n→∞, the contribution of the irrelevant operators disappears from the renormalized
theory. In that limit, the Euclidean action of the effective theory contains only marginal and
relevant operators. FollowingWilson, we are led to conjecture that there should be theories
that are invariant under the action of these transformations, called RG transformations.
Such theories are said to be fixed points of the RG, and we denote their action by S∗. Then,
a generic renormalized theory will have a Euclidean action of the form

S= S∗ +
∑

α

hα
∫

dDxOα[σ(x)] (15.21)

which includes the fixed-point action, S∗ plus the set of marginal and relevant operators.
The existence of theories described by such fixed points of the RG, conjectured by

Wilson, is the key to understanding how to define a QFT. A theory described by such a
fixed-point action S∗ cannot depend on any microscopic scales, such as the UV cutoff (the
lattice spacing a). Thus, at a fixed point, there are no scales left in the theory, and the theory
becomes invariant under changes of scale (i.e., invariant under scale transformations). To
achieve such a fixed point, it is necessary to rescale the lattice spacing ba of the renormalized
theory described by Seff back to what it was in the “bare” theory described by S. Hence, all
lengths must be divided by b.

The construction of an RG transformation is summarized by the following two steps:
(1) a block-spin (or coarse-graining) transformation that eliminates a finite fraction of
local degrees of freedom, followed by (2) a rescaling of all lengths. Note that an RG
transformation is for us to choose, and different choices (i.e., different ways of averaging
over the short-distance physics) can always be made.

As noted, there are two types of fixed points, depending on whether the correlation
length is zero or infinite. Clearly, the short-distance physics cannot be eliminated from the
theory if the fixed point has zero correlation length. We will see that, in spite of this, such
fixed points are important, since they turn out to label the different possible phases (or types
of vacua, in field-theory jargon) of a theory. One such example is a theory with a global sym-
metry in its spontaneously broken symmetry phase: The effective field theory of such a phase
contains dimensional quantities determined by the physics at some short-distance scale.

However, if the fixed point has a divergent (infinite) correlation length, the definition of
the theory at short distances should become irrelevant at long distances, and the information
on the short-distance physics disappears from a set of dimensionless quantities, which,
in this sense, become universal. This observation leads to the concept of the existence
of universality classes of theories, which are characterized by fixed points with the same
universal properties. Once a fixed point of this type can be reached, the theory has a new,
emergent symmetry: scale invariance. We will see shortly that, under most circumstances of
physical interest, this symmetry can be extended to a larger emergent symmetry: conformal
invariance. Importantly, a theory at a nontrivial fixed point and its set of marginal and
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0 h
Figure 15.3 IR RG flow for one relevant operator. This is an IRU or, equivalently, a UV fixed point.

0 h
Figure 15.4 IR RG flow for one irrelevant operator. This is an IR stable fixed point, or equivalently,
a UV unstable fixed point.

relevant operators defines a renormalizable QFT. From this perspective, each fixed point
(and, hence, each universality class) defines a different QFT.

Let us consider now some simple examples of RG flows and fixed points.
Consider first a theory with a fixed point S∗ with one relevant perturbation:

S= S∗ + h
∫

dDxO[σ(x)] (15.22)

Under the RG with change of scale b= a′/a, we obtain

S′ = S∗ + byh
∫

dDxO[μ(x)] (15.23)

with y> 0, for a relevant operator. The resulting IR RG flow is shown in figure 15.3. Here
the fixed point at h= 0 is destabilized by the action of the relevant operator O[σ(x)]. Since
we are flowing to long length scales, let us call this an IR unstable fixed point (IRU), known
as a critical fixed point. Conversely, if we reverse the action of the RG and flow instead to
short distances, we will say (equivalently!) that this is a UV stable fixed point (known as a
UV fixed point).

The opposite flow is obtained if the operator is irrelevant and y< 0. Now the fixed point
at h= 0 is stable in the IR (it is an IR stable fixed point), but it is unstable in the UV. This
RG flow is shown in figure 15.4. Now the theory flows in the IR toward the fixed point
at h= 0 for all h 	= 0. The basin of attraction of the fixed points is the set of values of the
coupling for which the IR flow is toward the fixed point. In this sense, an IR stable fixed
point defines a phase of the theory, while the IR unstable fixed point describes a continuous
phase transition between two phases (to the right and to the left of the fixed point of figure
15.3). The IR flows of the two phases converge to IR stable fixed points located at h=±∞,
respectively.

Now consider a theory with two perturbations:

S= S∗ + h1
∫

dDxO1[σ(x)]+ h2
∫

dDxO2[σ(x)] (15.24)

We have to consider three cases: (1) both operators are relevant, and hence, y1> 0 and
y2> 0 (shown in figure 15.5a), (2) both are irrelevant, with y1< 0 and y2< 0 (shown in
figure 15.5b), and (3) one operator has y1> 0 and is relevant, and the other has y2< 0 and
is irrelevant (shown in figure 15.5c). While the cases in figure 15.5a and 15.5b are simple
extensions of the examples of one-dimensional flows, the flows in figure 15.5c are richer.
In this case, we see a manifold of values of the coupling constants that flows into the fixed
point (driven by the flow of the irrelevant operator), while for other values, it flows away
from this fixed point (driven now by the relevant operator). In particular, the manifold that
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(a)

h1

h2

h1

h2

h1

h2

Separatrix
(b) (c)

Figure 15.5 IR RG flows for (a) two irrelevant operators, (b) two relevant operators, and (c) one
relevant and one irrelevant operator.

flows into the fixed point is a separatrix of the flow: Systems with bare values to the left and
to the right of the separatrix flow to fixed points far away from the fixed point at the origin.
Thus, a separatrix of the RG flow is a boundary between two different phases of the system,
and it is the locus of phase transitions between them.

15.2.3 Simple examples of block-spin transformations

To make this discussion more concrete, let us now do some simple RG transformations,
again using the Ising model as an example. The first example will be the trivial case of the
Ising model in one dimension, a chain with N sites (with N even) and periodic boundary
conditions. In this case, the block-spin transformation is quite simple: we will integrate out
the spin degrees of freedom on the odd sub-lattice, and the spins on the even sub-lattice
(withN/2 sites) are the block spins. This RG transformation is known as decimation. Thus,
we begin with the partition function

Z=
∑

{σ }
e−S[σ ] =

∑

{σ }
e

N∑

j=1

1
T
σjσj+1

(15.25)

where we set the energy scale J= 1, such that σN+1= σ1. Let us denote the spins on the even
sub-lattice as σ2r ≡μr (with r= 1, . . .,N/2) as the block spins. Thus, we begin with a system
withN sites, lattice spacing a, and coupling constant 1/T. We next integrate out the degrees
of freedom on the odd sites, using

∑

σ2r+1=±1
e
1
T
σ2r+1(μr +μr+1)= e

α+ 1
T′
μrμr+1

(15.26)

where

α= ln 2+ 1
2
ln cosh

(
2
T

)
, T′ = 2

ln cosh
( 2
T
) (15.27)

Therefore, the effective action of the block spins {μr} is

S′ =−N
2
α− 1

T′

N/2∑

r=1
μrμr+1 (15.28)
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T* T

β(T )

Figure 15.6 The beta function and the IR RG flow of the one-dimensional Ising model.

Thus, after the RG transformation, we obtain an actionwith the same form as S (up to a term
proportional to the identity operator) but with a renormalized coupling T′. The change in
the coupling (the temperature), δT=T′ −T, for low values of T→ 0, is given by the beta
function β(T):

β(T)= δT
ln 2
= T2

2
+O(T3) (15.29)

where ln 2= ln(a′/a) is the log of the change in the UV scale.
At a fixed point T∗, we must have T′∗ =T∗, or what is the same, δT∗ = 0. This clearly

happens only at T=T∗ = 0. Hence, the only finite fixed point (i.e., aside from T∗→∞)
is at T∗ = 0. Moreover, since the beta function of eq. (15.29) is always positive, the T∗ = 0
fixed point is unstable, and the theory flows to the strong coupling fixed point at T∗→∞
for all T> 0. This RG flow is shown in figure 15.6. Notice that in this case, the beta function
does not have a term linear in the coupling constant (T in this case). Thus, in this case,
the operator perturbing the fixed point T∗ = 0 is marginal. Since the coefficient of the
leading term (quadratic, in this case) is positive, we say that this is a marginally relevant
perturbation. Thus, in the one-dimensional problem, the RG flows in the IR to strong
coupling, in this case T→∞, and there is no phase transition (as is well known).

Let us now look at a less trivial case and consider the Ising model in dimension
D> 1. This problem is in general not exactly solvable (although it is in D= 2 dimensions;
see chapter 14). The naive application of the decimation procedure we just used in one
dimension leads to the generation of additional operators in the effective action of the
form of next-nearest neighbor interactions, four-spin interactions, and so forth. However,
there is a simple and instructive approximate approach, introduced by Migdal (1975a,b)
and Kadanoff (1977), which makes the physics very apparent. It is a good approximation
if the system is almost ordered and hence, for T� 1. The approximation consists of
moving some of the bonds, as shown in figure 15.7, so that some of the spins can be
integrated out without generating additional interactions. This is done in three steps:
(a) move first half of the vertical bonds to the left, thus doubling the strength of the
remaining interactions on these bonds; (b) integrate out the “middle spins” shown in
figure 15.7b; and (c) move the resulting effective interaction along the vertical direction.
This procedure is shown in figure 15.7. Let β1 and β2 be initial interactions along
the vertical and horizontal bonds, respectively, where we have used the notation β1=
J1/T and β2= J2/T. After these three steps, the new interactions in both directions
become

β ′1=
1
2
ln cosh(2β1), β ′2= 2β2 (15.30)
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(a) (b) (c)

Figure 15.7 The Migdal-Kadanoff RG transformation for the two-dimensional Ising model. (a) The
open circles are spins that will be integrated over. (b) The vertical bonds are moved to the left, and
the strength of the remaining vertical bonds is doubled. (c) The middle spins on the horizontal bonds
are integrated out, leading to the effective interactions represented by the wiggly lines. For details, see
the text.

T* T

β(T )

Figure 15.8 The beta function and the IR RG flow of the d= (1+ ε)-dimensional Ising model. This
RG has two finite fixed points: the IR stable fixed point at T= 0, and the IR unstable fixed point at
T∗ = 2ε, which labels the phase transition between the disordered phase at T>T∗ to the ordered
(broken-symmetry) phase at T<T∗.

In D dimensions, this leads to a renormalized coupling

1
T′
= 2D−2 ln cosh

(
2
T

)
(15.31)

where we have ignored the artificial asymmetry induced by this procedure. This expression
is very similar to the one-dimensional result of eq. (15.27). Let us now perform an analytic
continuation in the dimensionality d and find an expression for the beta function in
dimension D= 1+ ε. The result is

β(T)= T′ −T
ln 2

=−εT+ T2

2
+O(T3) (15.32)

which is a generalization of eq. (15.27).
This beta function is shown in figure 15.8. The beta function has two zeros, at T= 0

and at T∗, the two finite fixed points of this RG flow. These two fixed points have different
characters and physical meanings. From the slope of the beta function in eq. (15.32) at the
IR-unstable fixed point at T∗, we find that for a change of scale b= a′/a= 2,

δT′ = bε δT (15.33)

and hence, that here the exponent is y= ε= d− 1> 0, which implies that the perturbation
away from this fixed point is relevant. Conversely, at the IR-stable fixed point at T= 0, the
exponent is instead y=−ε, and the perturbation is now irrelevant. As can be seen in this
example, the notion of relevancy or irrelevancy of an operator depends on the fixed point
and is not absolute.
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Let us now determine the behavior of the correlation length ξ close to the nontrivial fixed
point at T∗. After one action of this RG transformation, the correlation length becomes
ξ ′ = ξ/2. Hence, after n iterations, we obtain ξn= ξ/2n. Since δT′ = 2yδT, then after n
iterations, it becomes δT(n)= 2nyδT. Thus, we can write

2n=
(
δT(n)

δT

)1/y

= ξ

ξn
(15.34)

So if we begin the RG flow very close to T∗, such that δT�T∗, after n iterations, δT(n)�T∗
and ξn� a, which is the UV cutoff (the lattice spacing). Hence, we deduce that the
correlation length ξ must diverge as δT→ 0 and obey the scaling law

ξ(δT)= a
(
T∗

δT

)ν
(15.35)

where the critical exponent ν is given by

ν= 1
y
= 1
ε
= 1

D− 1
+O(ε) (15.36)

In other words, we now have an example of an IR unstable fixed point where the theory
has a diverging correlation length (in units of the UV cutoff). Hence in a system of this
type, it should be possible to construct a continuum field theory by tuning the theory to
the scaling regime of its nontrivial fixed point. This is why fixed points of this type are also
known as UV fixed points.

15.2.4 TheWilson-Fishermomentum-shell RG

We now look at a different type of RG transformation: the momentum shell RG introduced
byKennethWilson andMichael Fisher (1972). Instead of blocks of local degrees of freedom,
we focus on momentum space and progressively integrate out the high-momentum modes
of the field configurations (Wilson andKogut, 1974). Here we focus on the case of Euclidean
φ4 theory, which at the classical level is equivalent to the Landau-Ginzburg theory of phase
transitions. The action in D Euclidean dimensions is

S=
∫

dDx
[
1
2
(
∂μφ

)2+ t
2
�2φ2+ u

4!�
εφ4
]

(15.37)

where we have defined the mass m2
0 and the coupling constant λ in terms of the UV cutoff

� asm2
0= t�2 and λ= u�ε , where t and u are dimensionless, and ε= 4−D.

This approach begins by splitting the field into slow and fast components, denoted by
φ< and φ>, respectively:

φ(x)=φ<(x)+φ>(x) (15.38)

For a theory with a UV cutoff � (which we assume is imposed using a smooth cutoff
procedure), we split themomentum space into a (thin) shell ofmomenta b�< |p|<� (with
b< 1) and the rest, |p|< b� (as shown in figure 15.9). The fast fields φ> have support only
on themomentum shell, while the slow fields φ< have support on the rest of themomentum
sphere:
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py

bΛ Λ
pz

Figure 15.9 The momentum shell b�< |p|<�, with b< 1.

φ<(x)=
∫

|p|<b�
dDp
(2π)D

φ(p)eip.x (15.39)

φ>(x)=
∫

b�<|p|<�
dDp
(2π)D

φ(p)eip.x (15.40)

Written in terms of the fast and slow fields, the action of eq. (15.37) takes the form

S[φ]= S<[φ<+]S>[φ>]+ Sint[φ<,φ>] (15.41)

where we have defined

S<[φ<]≡
∫

dDx
[
1
2
(
∂μφ<

)2+ t
2
�2φ2

<+
u
4!�

εφ4
<

]
, (15.42)

S<[φ>]≡
∫

dDx
[
1
2
(
∂μφ>

)2+ t
2
�2φ2

>+
u
4!�

εφ4
>

]
, (15.43)

Sint[φ<,φ>]≡
∫

dDx
u
4!�

ε
[
4φ>φ3

<+ 6φ2
>φ

2
<+ 4φ3

>φ<
]
. (15.44)

Notice that the fast and slow fields do not mix at the quadratic (free-field) level, since
∫

dDx
1
2
[
(∂μφ)

2+ t�2φ2]=
∫

|p|<�
dDp
(2π)D

1
2
(p2+ t�2)φ(p)φ(−p)

= S<[φ<]+ S>[φ>] (15.45)

Thenext step is to obtain an effective action for the slowfields (withUVcutoff b�), which
we will denote by Sb�eff,<[φ<]. We do this by integrating out the fast fields φ> as follows:

Z=
∫

Dφ e−S�[φ] =
∫

Dφ<Dφ> e−S�[φ>,φ<]

=
∫

Dφ< e−Sb�< [φ<]
∫

Dφ> e−S�>[φ>]− S�int[φ> ,φ<] (15.46)
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which defines the effective action Sb�eff,<[φ<] of the slow fields in a theory with cutoff b�:

e−Sb�eff,<[φ<] ≡ e−S�<[φ<]
∫

Dφ> e−S�>[φ>]− S�int[φ>,φ<] (15.47)

The path integral in this expression now has to be computed. This we do by using
perturbation theory in u, which is equivalent to working at one-loop order in the
fluctuations of the fast fields. To this end, write the action of the fast fields as a sum of a
massive free fast field action and an interaction term,

S�>[φ>]= S�0,>[φ>]+ S�int,>[φ>] (15.48)

We find

∫
Dφ> e−S�>[φ>]−S�int[φ> ,φ<] =Z0,>

∞∑

n=0

(−1)n
n!

(
−u�ε

4!
)n

In[φ<] (15.49)

where Z0,>= exp(−F0
>) is the partition function for free fast fields defined in the momen-

tum shell, and where we define In[φ<] as

In[φ<]=
∫

{xj}

〈 n∏

j=1

[
φ4
>(xj)+ 4φ3

>(xj)φ<(xj)+ 6φ2
>(xj)φ

2
<(xj)

+ 4φ>(xj)φ3
<(xj)+φ4

<(xj)
]〉

0,>
(15.50)

where 〈· · · 〉0,> represents an expectation value on the free fast fields. Below we will use that,
by symmetry, 〈φ2k+1

> (x)〉0,>= 0.
To first (lowest) order in u, we find

I1=
∫

dDx
[〈φ4

>(x)〉0,>+ 6〈φ2
>(x)〉0,>φ2

<(x)
]

(15.51)

Similarly, I2 is given by the expression

I2[φ<]=
∫

dDx1
∫

dDx2
[
〈φ4
>(x1)φ

4
>(x2)〉0,>+ 12〈φ4

>(x1)φ
2
>(x2)〉0,>φ2

<(x2)

+ 16〈φ3
>(x1)φ

3
>(x2)〉0,>φ<(x1)φ<(x2)

+ 36〈φ2
>(x1)φ

2
>(x2)〉0,>φ2

<(x1)φ
2
<(x2)

+ 16〈φ>(x1)φ>(x2)〉0,>φ3
<(x1)φ

3
<(x2)

+ 32〈φ3
>(x1)φ>(x2)〉0,>φ<(x1)φ3

<(x2)
]

(15.52)

Using these results, we find that, up to cubic order in the dimensionless coupling constant
u, the effective action Sb�eff,<[φ<] is
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Sb�eff,<[φ<]= Sb�< [φ<]+
(
u�ε

4!
)
I1− 1

2!
(
u�ε

4!
)2 (

I2− I21
)+O(u3) (15.53)

where I1 and I2 are given by eq. (15.51) and eq. (15.52), respectively. The explicit form of
the effective action is

Sb�eff,<[φ<]=
∫

dDx
[
1
2
(
∂μφ<

)2+ t
2
�2φ2

<+
u
4!�

εφ4
<

]

+
[
F0
>+

(
u�ε

4!
)∫

dDx〈φ4
>(x)〉0,>−

1
2

(
u�ε

4!
)2 ∫

x1,x2
〈:φ4

>(x1) ::φ
4
>(x2) :〉>,0

]

+
{(

u�ε

4!
)∫

dDx 6〈φ2
>(x)〉>,0φ2

<(x)

− 1
2

(
u�ε

4!
)2 ∫

x1,x2

[
36〈:φ2

>(x1) ::φ
2
>(x2) :〉>,0φ2

<(x1)φ
2
<(x2)

+ 12〈:φ4
>(x1) ::φ

2
>(x2) :〉>,0φ2

<(x2)+ 16〈φ>(x1)φ>(x2)〉>,0φ3
<(x1)φ

3
<(x2)

+ 16〈φ3
>(x1)φ

3
>(x2)〉>,0φ<(x1)φ<(x2)+ 32〈φ3

>(x1)φ>(x2)〉>,0φ<(x1)φ3
<(x2)

]

+O(u3)
}

(15.54)

where F0
>=− lnZ0,>, and the notation :A :=A−〈A〉0,> is used for the normal-ordered

operator A with respect to the fast free-field theory.
Let us write the expression for the effective action for the slow fields in terms of a set

of local operators of the form φn
< and derivatives (e.g., ∂i∂jφn

<). We can do this since the
kernels that appear in eq. (15.54) involve only the correlators of the fast fields, which are
rapidly decaying functions of the coordinates (provided the cutoff function used to restrict
the fields to the momentum shell is smooth).

Let us consider, for example, the contribution

16
∫

x1,x2
〈φ3
>(x1)φ

3
>(x2)〉>,0φ<(x1)φ<(x2)=

= 96
∫

dxD1 dx
D
2 φ<(x1)φ<(x2)

[
G0,>(x1− x2)

]3 (15.55)

where the internal momenta of the Feynman diagram are in the momentum shell (the solid
line), and the external momenta (the broken lines) are outside the momentum shell. Here,
G0,>(x1− x2) is the Euclidean propagator of the fast free fields:

G0,>(x1− x2)=
∫

b�<|p|<�
dDp
(2π)D

eip·(x1−x2)

p2+ t�2 (15.56)

We will assume that the cutoff implied by the restriction to the momentum shell is
smooth enough so that this propagator decays exponentially with distance. Under these
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Figure 15.10 Reducible Feynman diagrams with internal momenta in the momentum shell vanish
identically by momentum conservation.

assumptions, it is legitimate to perform inside the integral shown in eq. (15.55) a Taylor
expansion of the slow field φ<(x2) about the coordinate x1:

φ<(x2)=φ<(x2+ �)=φ<(x1)+ �i∂iφ<(x1)+ 1
2
�i�j∂i∂jφ<(x1)+ · · · (15.57)

We can then write the integral on the right-hand side of eq. (15.55) as
∫

dxD1 dx
D
2 φ<(x1)φ<(x2)

[
G0,>(x1− x2)

]3=

=
∫

dDx φ2
<(x)

∫
dD�

[
G0,>(�)

]3− 1
D

[∫
dD� �2

[
G0,>(�)

]3
]
1
2
(
∂μφ<(x)

)2+ · · ·
(15.58)

Therefore, the contribution of eq. (15.55) is part of the mass renormalization and the
wave-function renormalization.

Notice that reducible diagrams cannot appear in the effective actions for the slow fields:
They vanish automatically, because the internal momenta are inside the momentum shell
and the external momenta are not (as in the example shown in figure 15.10).

Thus, up to this order in an expansion in powers of the dimensionless coupling constant
u, the effective action of the slow fields for a theory with UV cutoff b� becomes

Sb�eff,<[φ<]=
∫

dDx
[
A
2
(
∂μφ<

)2+Bφ2
<(x)+Cφ4

<(x)+ const.+ · · ·
]

(15.59)

where · · · denotes operators with higher powers of φ< and/or higher derivatives (only even
powers and even derivatives will appear by symmetry). The coefficients A, B, and C are

A= 1+ 48
(
u�ε

4!
)2 1

D

∫
dD�

[
G0,>(�)

]3
�2+O(u3)

B= t
2
�2+ 6

(
u�ε

4!
)
G0,>(0)− 72

(
u�ε

4!
)2

G0,>(0)
∫

dD�
[
G0,>(�)

]2

− 48
(
u�ε

4!
)2 ∫

dD�
[
G0,>(�)

]3+O(u3)

C= u�ε

4! − 36
(
u�ε

4!
)2 ∫

dD�
[
G0,>(�)

]2− 48
(
u�ε

4!
)2

G0,>(0)
∫

dD�G0,>(�)

+O(u3) (15.60)
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Here we have ignored the constant terms, which contribute to the renormalization of the
identity operator.

The remaining integrals can be done quite easily. In the limit of a very thin shell
(compared to the cutoff scale �) and writing b= e−δs→ 1− as δs→ 0+, the integrals
become

G0,>(0)=
∫

shell

dDp
(2π)D

1
p2+ t�2 =

�D−2

1+ t
SD

(2π)D
δs

∫
dD�G0,>(�)=

∫

shell

dDp
(2π)D

(2π)DδD(p)
p2+ t�2 = 0

∫
dD�

[
G0,>(�)

]2= �D−4

(1+ t)2
SD

(2π)D
δs

∫
dD�

[
G0,>(�)

]3= �2D−6

(1+ t)3
SD

(2π)D
δs

∫
dD�

[
G0,>(�)

]3
�2=�2D−8

[
2D

(1+ t)4
− 8
(1+ t)5

]
SD

(2π)D
δs (15.61)

where

SD= 2πD/2

�(D/2)
(15.62)

is the area of the hypersphere, and �(x) is the gamma function.
The last step is to define a rescaled field

φ′ =Z−1/2φ φ< (15.63)

which we readily identify with the wave-function renormalization, and to rescale the
coordinates,

x′ = bx (15.64)

so that the cutoff scale in the new rescaled coordinates is back to�. The resulting action for
the (rescaled) field φ′ in the rescaled coordinates x′ is

S′(φ′)= Sb�eff,<(φ<)

=
∫

dDx′b−D
[
A
2
Zφb2

(
∂ ′μφ

′)2+BZφφ′2+CZ2
φφ
′4
]

(15.65)

and we require that the renormalization conditions

1= b2−DAZφ (15.66)

t′

2
�2= b−DBZφ (15.67)

u′

4!�
ε = b−DCZ2

φ (15.68)
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be satisfied. By keeping only the leading corrections to t and u, we obtain

Zφ = bD−2A−1= bD−2
(
1+O(u2)

)
(15.69)

t′ = b−2
[
t+ 1

2
(u− ut)

SD
(2π)D

δs+O(u2, t2)
]

(15.70)

u′ = b−ε
[
u− 3

2
u2

SD
(2π)D

δs+O(u3, t2)
]

(15.71)

Notice that, to this leading order, the wave-function renormalization is trivial. Also notice
the important fact that all dependence from the momentum cutoff scale � has canceled
exactly. This is a generic feature of RG transformations. Finally, these equations simplify if
we absorb the phase-space factors in a new dimensionless coupling constant v :

v = u
SD

(2π)D
(15.72)

The (Gell-Mann-Low) beta functions for the dimensionless couplings t and v are defined
to be

βt = dt
ds
= a

dt
da
=−� dt

d�

βv = dv
ds
= a

dv
da
=−� dv

d�
(15.73)

Using the results just derived, we find that the beta functions are

βt = 2t+ v
2
− 1

2
v t+ · · · (15.74)

βv = εv − 3
2
v 2+ · · · (15.75)

to leading orders in the couplings t and v , and in ε= 4−D. Therefore, this perturbative RG
transformation is accurate only to order ε and is the beginning of a series in powers of ε.
This is the ε-expansion (Wilson and Kogut, 1974).

In D< 4 dimensions, the RG equations (eq. (15.74) and eq. (15.75)) define an RG flow.
InD< 4 dimensions, this RG flow has two fixed points: (1) the free-field (or Gaussian) fixed
point at t= u= 0, and (2) the nontrivial fixed point, the Wilson-Fisher fixed point, at u∗ =
2
3ε and t

∗ =− ε
6 . The RG flow of the coupling constant is shown in figure 15.11a, b. The full

RG flow is shown in figure 15.11c. If D< 4, the free-field fixed point is completely unstable
in the IR. In contrast, the Wilson-Fisher fixed point, which only exists if D< 4, is bistable:
there is a trajectory from the free-field fixed point flows to theWilson-Fisher fixed point, and
another trajectory onwhich the IRflows away from theWilson-Fisher fixedpoint toward the
t→±∞ regimes. In these regimes, the theory describes a symmetric phase (for t→+∞)
and a broken symmetry phase (for t→−∞). Hence, forD< 4, the free-field fixed point has
two relevant operators (with coupling constants t and u), whereas the Wilson-Fisher fixed
point has one irrelevant and one relevant operator. Notice that theWilson-Fisher fixed point
is at a finite value of t∗< 0, which reflects the mass renormalization at the one-loop level.
But as D→ 4 dimensions, the Wilson-Fisher fixed point coalesces with the free-field fixed
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(a) (b) (c)

G G
u uWF

WF

β(u)

G u

β(u) t

D < 4

Figure 15.11 RG beta function for the coupling constant v in (a) D< 4 dimensions and (b) D= 4
dimensions. The full RG flow is shown in (c). Here t is the dimensionless mass, m2= t�2, u is the
dimensionless coupling constant, λ= u�ε , andWF is the Wilson-Fisher fixed point.

point, which becomes the only remaining fixed point. As a result, in D= 4 dimensions, the
free-field fixed point is bistable in the IR: It is marginally stable in the coupling constant u
and unstable in t.

The RG flow for the coupling constants determines the behavior of the correlation length
ξ . By dimensional analysis, we can always write ξ in the form

ξ =�−1f (t, u) (15.76)

where f (t, u) is a dimensionless function of t and u. Consider now two physical systems
defined with different values of the UV scale� but with the same value of the physical scale
ξ . Since ξ is fixed, we can write

0= ∂ξ

∂�
=−�−2f (t, u)+�−1 ∂f

∂�
(15.77)

However, f (t, u) does not depend explicitly on �, but it depends implicitly on the scale
through the RG flow. Hence,

∂f
∂�
= ∂f
∂u

∂u
∂�
+ ∂f
∂t
∂t
∂�

(15.78)

By using the definitions of the beta functions, we find that the function f (t, u) must obey
the partial differential equation

f + ∂f
∂u
βu+ ∂f

∂t
βt = 0 (15.79)

This is an example of a Callan-Symanzik equation.
Let us solve eq. (15.79) for the unstable trajectory of theWilson-Fisher fixed point. Close

to the fixed point, we can work with the linearized flow expressed in terms of the variables
x and y,

x= 4(t− t∗)+
(
1− ε

6

)
(v − v∗), y= v − v∗ (15.80)
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x
x–x2x1

Figure 15.12 RG flows along the scaled variable x with two initial values, x1 and x2, and the same
final value x̄.

where (v∗, t∗) is the location of the Wilson-Fisher fixed point. The linearized beta func-
tions are

βx=
(
2− ε

3

)
x+ . . ., βy=−εy+ · · · (15.81)

In these coordinates, the fixed point is at (0, 0). Since the flow in y is irrelevant (it flows into
the fixed point), we set y= 0 and focus on the flow away from the fixed point along x.

The Callan-Symanzik equation to be solved is now

0= f + ∂f
∂x
βx (15.82)

The general solution of this equation is

ln f = const−
∫ dx
βx

(15.83)

For a flow beginning at some small value x0→ 0 and ending at some finite value x, ofO(1),
this solution is

f (x)= f (x0) exp
[
−
∫ x

x0

dx′

βx(x′)

]
(15.84)

Let us consider two flows along x with different starting points, x1 and x2, and with the
same final point x̄, with the same UV cutoff �0 (shown in figure 15.12). The value of the
correlation length ξ at x1 and x2 is

ξ(x1)=�−10 f (x1), ξ(x2)=�−10 f (x2) (15.85)

where

f (x1)=f (x̄) exp
(∫ x̄

x1

dx
β(x)

)

f (x2)=f (x̄) exp
(∫ x̄

x2

dx
β(x)

)
(15.86)

Hence, we find
ξ(x1)= ξ(x2) exp

(∫ x2

x1

dx
β(x)

)
(15.87)

Suppose now that x1 is very close to the fixed point (x1→ 0) and that x2 is far enough away
so that ξ(x1)� a (the short-distance cutoff). Using the linearized beta function, we find that

ξ(x1)� a exp
(∫ x2

x1

dx
(2− ε

3 )x

)
= a
∣∣∣
x1
x2

∣∣∣
−ν

(15.88)
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where

ν= 1
β ′(0)

= 1
2− ε

3
= 1

2
+ ε

12
+O(ε2) (15.89)

Hence, the value of the critical exponent ν of the correlation length is determined by the
slope of the beta function at the Wilson-Fisher fixed point, which at the present level of
approximation is β ′(0)= 2− ε

3 +O(ε2).

15.3 General properties of a fixed-point theory

At a fixed point of an RG transformation, the theory has an emergent symmetry: scale
invariance. This is a new, emergent symmetry that is operative at length scales that are
long compared to a short-distance cutoff a (the UV regulator) but short compared to the
linear size L of the system (the IR regulator). No other scales are present at the fixed
point. In chapter 21, we will see that, in most cases of interest, in QFT, scale invariance
can be extended to a larger emergent symmetry: conformal invariance (i.e., invariance
under conformal coordinate transformations x′ = f (x) such that angles between vectors
are preserved). In chapter 21, we will see that most of the statements made in this section
follow from conformal invariance. In this section, we will explore the consequences of these
assumptions for the properties of theories at a fixed point. The discussion presented here
follows two excellent sources: Paul Ginsparg’s 1988 Les Houches lectures (Ginsparg, 1989)
and John Cardy’s book on scaling and renormalization (Cardy, 1996).

In a scale-invariant theory, the action (or, more precisely, the partition function) is
invariant under scale transformations, x �→ x′ = λx. In such a theory, the expectation values
of the observables transform under dilations as homogeneous functions. A function F(x) is
a homogeneous function of degree k if F(λx)= λkF(x).

From the scale invariance of the partition function, it follows that at a general fixed
point (whose action we denote by S∗), the correlators of a physical observableO(x)must be
homogeneous functions of the distance |x− y| and should obey power laws of the form

〈O(x)O(y)〉∗ = const.
|x− y|2�O

(15.90)

Here 〈A〉∗ denotes the expectation value of the observable A at the fixed point S∗. The
quantity �O is called the scaling dimension of the local operator O. Hence, at the fixed
point, the operatorO has units of

[O]= �−�O (15.91)

where � is a length scale.
The scaling dimension of the observables is one of the universal quantities that define

a fixed point. A universal quantity here means a quantity whose value is independent of
the short-distance definition of the theory (i.e., of the particular definition in the UV).
Clearly, dimensional quantities are by definition not universal, since a microscopic scale
is needed to define the units, and different choices will lead to different values. Hence, only
dimensionless quantities, such as the scaling dimensions, can be universal.

At a general fixed point, the scaling dimensions of the operators must be positive real
numbers, so that the correlators of local observables obey cluster decomposition and must
decay (as a power law in this case) at large separations. In exceptional cases, the scaling
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dimensions take rational values. This is the case for scale-invariant free-field theories and
also for integrable systems, such as the minimal models of D= 2 dimensional conformal
field theories, which will be discussed in chapter 21. There we will see that a theory with
conformal invariance has the following properties:

1) The theory has a conformally invariant vacuum state |0〉.
2) It has a set of operators, which we will denote by {φj}, called quasi-primary, that

transform irreducibly under conformal transformations, meaning that they obey
the transformation law

φj(x) �→
∣∣∣∣
∂x′

∂x

∣∣∣∣

�j/D
φj(x′) (15.92)

where

J=
∣
∣
∣
∣
∂x′

∂x

∣
∣
∣
∣ (15.93)

is the Jacobian of the conformal transformation,D is the spacetime dimension, and
the numbers {�j} are the scaling dimensions of the operators. The scaling dimen-
sions are the quantum numbers that label the representations of the conformal
group.

3) Under a conformal transformation, the correlators of the fields transform as

〈φ1(x1) · · ·φN(xN)〉∗ =
∣
∣∣∣
∂x′

∂x

∣
∣∣∣

�1/D

x=x1
· · ·
∣
∣∣∣
∂x′

∂x

∣
∣∣∣

�N/D

x=xN
〈φ1(x′1) · · ·φN(x′N)〉∗ (15.94)

4) All other operators in the theory are linear combinations of the quasi-primary fields
and of their derivatives.

The symmetries of the fixed point strongly constrain the behavior of the correlators.
Translation and rotation (or Lorentz) invariance require that theN-point functions depend
only on the pairwise distances, |x12| = |x1− x2|. Scale invariance then requires that they
depend only on scale-invariant ratios, |x12|/|x34|. In addition, conformal invariance requires
that they depend only on the cross ratios |x12||x34|/(|x13||x24|).

Translation, rotation, and scale invariance restrict the form of the two-point functions,
〈φ1(x1)φ2(x2)〉∗, to have the form

〈φ1(x1)φ2(x2)〉∗ = C12

|x12|�1+�2
(15.95)

However, in chapter 21, we will see that conformal invariance further restricts the form of
the two-point functions, requiring that C12= 0 if�1 	=�2. Hence

〈φ1(x1)φ2(x2)〉∗ =
⎧
⎨

⎩

C12

|x12|2� , �=�1=�2

0, �1 	=�2

(15.96)

Hence, primary fields with different scaling dimensions (i.e., in different representations)
are “orthogonal” to each other. Clearly, by a suitable redefinition of the operators, we can
always set the nonvanishing coefficient C12= 1.

The form of the three-point functions is also completely determined by translation,
rotation, scale, and conformal invariance. In chapter 21, we will see that the three-point
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function has the form (Polyakov, 1974)

〈φ1(x1)φ2(x2)φ3(x3)〉∗ = C123

|x12|�12 |x23|�23 |x31|�31
(15.97)

where�ij=�i+�j−�k (with i, j, k= 1, 2, 3). Provided the primary fields are normalized
so that the coefficient of the two-point function is Cij= δij, the coefficients Cijk of the
three-point functions are universal numbers that further characterize the fixed point. We
will see that they play a key role.

These symmetries also restrict the form of the higher-point functions but not as
completely. For instance, the four-point function must have the form

〈φ1(x1)φ2(x2)φ3(x3)φ4(x4)〉∗ = F
( |x12||x34|
|x13||x24|

) ∏

i<j

1
|xij|�i+�j−�̄/3

(15.98)

where �̄=∑4
i=1�i. The function F(z), where z= |x12||x34|/(|x13||x24|) is the cross-ratio

of the coordinates of the four operators, is a universal scaling function. Similar but more
complicated expressions apply for the higher-order N-point functions (with N> 4).

15.4 The operator product expansion

Let us consider anN-point function of a theory at a general fixed point 〈φ1(x1) · · ·φN(xN)〉∗.
Consider the case inwhich two of the operators, say, φ1(x1) andφ2(x2), approach each other,
and hence, they are closer to each other than to the insertions of any of the other operators
(i.e., a�|x12|� |xij|, where i= 1, 2 and j= 3, . . .,N; but they are still farther apart than the
scale of the UV cutoff a). The form of the N-point functions in a fixed-point theory (cf.
eq. (15.98)) tells us that the N-point function will be singular as the coordinates of any pair
of fields approach each other, and furthermore, that the singularity is determined by the
scaling dimensions of the fields involved.

This property suggests that this behavior should be the same as if the product of these
two fields is replaced by some suitable combination of all the operators in the theory. This
observation suggests that, inside expectation values, the product of fields can be replaced
by an expansion involving all other fields. The precise statement is as follows. Given that
the set of operators {φj} and their descendants (involving derivatives) are a complete set, it
follows that the product of two such fields (say, φi(x) and φj(y)) at short distances should
be equivalent to a suitable linear combination of the fields {φk} and their descendants
(Kadanoff, 1969; Wilson, 1969; Polyakov, 1970):

lim
y→x

φi(x)φj(y)= lim
y→x

∑

k

C̃ijk

|x− y|�i+�j−�k
φk

(
x+ y
2

)
(15.99)

This statement is the content of the operator product expansion (OPE). Notice that this
operator identity is a weak identity, as it is only meant to hold inside an expectation value in
the fixed-point theory. Also notice that the only operators φk that contribute to the singular
behavior must have scaling dimensions such that�k≤�i+�j.

We will now see that the coefficients of the OPE are the same as the coefficients
of the three-point functions. To this effect, let us consider the three-point function
〈φi(x)φj(y)φl(z)〉∗ and use the OPE of eq. (15.99) to write
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lim
y→x
〈φi(x)φj(y)φl(z)〉∗ = lim

y→x

∑

k

C̃ijk

|x− y|�i+�j−�k

〈
φk

(
x+ y
2

)
φl(z)

〉∗
(15.100)

We can now use the expressions for the two-point functions of eq. (15.96) to find that

lim
y→x
〈φi(x)φj(y)φl(z)〉∗ =

∑

k

C̃ijk limy→x

1
|x− y|�i+�j−�k

〈
φk

(
x+ y
2

)
φl(z)

〉∗

= C̃ijl limy→x

1
|x− y|�i+�j−�l

1
|x− z|2�l

(15.101)

Using the expression for the three-point functions, eq. (15.97), we readily find that

C̃ijk=Cijk (15.102)

In other terms, the coefficients of the OPE are the same as the coefficients of the three-point
functions (for normalized operators).

These results are also interpreted as meaning that at a fixed point, as they approach each
other, the operators (or fields) satisfy a fusion algebra, which is conventionally denoted as

[φi] · [φj]=
∑

k

Cijk[φk] (15.103)

Here the possible multiplicities of these fusion channels have not been explicitly written
down. We will see below that the fusion algebra encodes the properties of the one-loop RG
beta functions in the neighborhood of the fixed point.

15.5 Simple examples of fixed points

Let us now discuss several simple examples of fixed points in free-field theories.

15.5.1 Freemassless scalar field

Let φ(x) be a free massless scalar field in D Euclidean dimensions. The Lagrangian is

L= 1
2
(
∂μφ

)2 (15.104)

From dimensional analysis and the condition that action be dimensionless, we see that the
Lagrangian has units of [L]= �−D. Hence the free field φ has units of [φ]= �−(D−2)/2. Thus,
the scaling dimension of the free field φ(x) is

�φ = 1
2
(D− 2) (15.105)

which is consistent with the fact that the two-point function of a free scalar field is

〈φ(x)φ(y)〉= const.
|x− y|2�φ (15.106)

where 2�φ =D− 2.



434 . Chapter 15

In a free field, it is trivial to find the scaling dimensions of all other operators. Thus, the
operator φn(x) has dimension

�n≡�[φn]= n�φ = n
2
(D− 2) (15.107)

which is consistent with the two-point function of the normal-ordered operator :φn(x) :

〈:φn(x) ::φn(y) :〉= const.
|x− y|2�n

(15.108)

Here normal orderingmeans :A :=A−〈A〉. Another equivalent way to see that eq. (15.108)
is correct is to use Wick’s theorem and show that the correlator of φn reduces to a sum of
products of n two-point correlators.

These results are also consistent with a simple dimensional analysis of the Lagrangian.
Indeed, under a scale transformation x �→ λx, the scalar field transforms as φ(λx) �→
λ−�φφ(x), where�φ = 1

2 (D− 2), which leaves the action invariant.

15.5.2 Freemassless Dirac field

The Lagrangian of a free massless Dirac field in D dimensions is

L= ψ̄(x)iγ μ∂μψ(x) (15.109)

where ψ(x) is a spinor Fermi field, with two components in D= 2, 3 dimensions, four
components in D= 4, 5 dimensions, and so forth, and γμ are the Dirac matrices in D
dimensions.

By dimensional analysis, we see that the Dirac field has units of [ψ]= �−(D−1)/2. Hence,
its scaling dimension is�ψ = 1

2 (D− 1), and the two-point function is

〈ψ̄(x)ψ(y)〉= const.
|x− y|2�ψ (15.110)

Similarly, the scaling dimension of a composite operator (ψ̄ψ)n is

�((ψ̄ψ)n)= 2n�ψ = n(D− 1) (15.111)

In particular, the current operator jμ= ψ̄γμψ has scaling dimension D− 1.

15.5.3 Gauge theories

The Lagrangian for a gauge theory is

L= 1
4g2

trF2
μν (15.112)

where the field strength is Fμν = i[Dμ,Dν]= ∂μAν − ∂νAμ+[Aμ,Aν], and Dμ= ∂μ+ iAμ
is the covariant derivative. From the fact that the gauge field is a one-form, it follows that
it has units of [A]= �−1, and hence its scaling dimension is�[A]= 1. Notice that here the
coupling constant is in the prefactor of the Lagrangian. Thus the field strength has scaling
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dimension �[F]= 2. The action is dimensionless if we assign the coupling constant units
of [g]= (D− 4)/2.

15.6 Perturbing a fixed-point theory

Let us now consider a theory close to a fixed point. We will use perturbation theory in
powers of the coupling constants of the theory. This framework is used to derive the general
form of the RG beta functions close to a general fixed-point theory. This approach is known
as conformal perturbation theory. It is a generalization of the Kosterlitz RG (Kosterlitz,
1974) used to describe theKosterlitz-Thouless phase transition in two-dimensional classical
statistical mechanics (Kosterlitz and Thouless, 1973). An insightful discussion of this RG is
presented in Cardy (1996), whose approach we will follow closely.

Let S∗ be the action of a fixed-point theory in D Euclidean dimensions. Let δS be a set
of general perturbations parametrized by the complete set of primary fields {φj} of the fixed
point. The total action S is

S= S∗ + δS= S∗ +
∑

j

∫
dxD gj a�j−Dφj(x) (15.113)

where the gj are the dimensionless coupling constants, the short-distance scale a is the UV
regulator, and the�j are the scaling dimensions of the fields φj.

Let Z be the path integral for this theory, which we formally denote by

Z= tr exp(−S∗ − δS)

= tr exp

⎛

⎝−S∗ −
∑

j

∫
dDx gj a�j−Dφj(x)

⎞

⎠

=Z∗ ×
〈

exp

⎛

⎝−
∑

j

∫
dDx gj a�j−Dφj(x)

⎞

⎠

〉∗

(15.114)

where Z∗ = tr exp(−S∗) is the partition function of the fixed-point theory. Here, as before,
we represent expectation values in the fixed-point theory by the notation

〈A〉∗ = 1
Z∗

tr
(
A exp(−S∗)) (15.115)

Our next step is to write the expansion of the partition function Z in powers of the
coupling constants {gj}:

Z
Z∗
=
〈

exp

⎛

⎝−
∑

j

∫
dDx gj a�j−Dφj(x)

⎞

⎠

〉∗

=1−
∑

j

∫
dDx gj a�j−D〈φj(x)〉∗ (15.116)
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+ 1
2!
∑

j,k

∫
dDxj

∫
dDxk gjgk a�j+�k−2D〈φj(xj)φk(xk)〉∗ (15.117)

− 1
3!
∑

j,k,l

∫
dDxj

∫
dDxk

∫
dDxl gjgkgl a�j+�k+�l−3D〈φj(xj)φk(xk)φl(xl)〉∗ (15.118)

+ · · ·

At a formal level, we can reinterpret this expression as the partition function of a gas
of particles of different types in a grand canonical ensemble, with each species labeled
by j at coordinates xj. In this perspective, the coupling constants gj play the role of the
fugacity of each type of particle, and the interactions are given by the (negative of the)
logarithm of the correlators at the fixed point. Since S∗ is a fixed-point action, the integrals
of the correlators present in eqs. (15.116), (15.117), and (15.118) will generally contain
IR divergences. Assume that the theory is defined in a box of linear size L to cut off the
IR behavior. But, precisely because S∗ is a fixed-point action and hence is scale invariant,
we will need essentially the short-distance UV singular behavior, which is controlled by
the OPE. Let us control the short-distance singularities by cutting off the integrals at some
short distance a. Hence the span of the integrals will be the range L�|xj− xk|� a. In other
words, the “particles” of this gas have a “hard-core” a.

Let us analyze this expansion using the following RG transformation. We will attempt to
change the UV cutoff a by some small amount δa= aδ� (with δ�� 1) and then compute
the change of the action needed to compensate for that UV-cutoff change, while requiring
that the full partition function Z be left unchanged in a box of fixed linear size L. Instead of
integrating out modes in momentum shells, as we did in section 15.2.4, let us integrate out
contributions to the integrals appearing in eqs. (15.116), (15.117), and (15.118) in a shell
in real space between the UV cutoff a and the dilated cutoff ba, with b= 1+ δ�. We will
proceed as follows.

Rescale the UV cutoff a �→ ba, with b= 1+ δ�> 1. Hence, we are increasing the UV
cutoff. We then need to rescale the coupling constants {gj} to compensate for this change,
while keeping Z unchanged. How do we do this? The UV cutoff a appears in three places:

1) in factors of the form a�j−D, where�j is the scaling dimension of the operators,
2) as a UV cutoff of the integrals, and
3) through the dependence of the integrals on the IR cutoff L, which by scale

invariance must enter in the form L/a.

If the relative change of UV scale is small (i.e., δ�� 1), we need to look only for linear
changes in δ�. Since these factors always appear multiplying the dimensionless coupling
constants gj,

gja�j−D �→ gja�j−Db�j−D (15.119)

we can compensate for this change by a change in the coupling constants:

gj �→ gjbD−�j = gj(i+ (D−�j)δ�) (15.120)

Hence, we will change the coupling constants by

gj �→ gj+ (D−�j)gjδ� (15.121)
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Next, let us compute the result of a change to the cutoff in the integrals. This amounts to
computing the contributions to the integrals in the shell in real space a(1+ δ�)> |xi− xj|>
a (instead of a shell in momentum space). Thus we split the integrals as follows:

∫

|xi−xj|>a(1+δ�)
=
∫

|xi−xj|>a
−
∫

a(1+δ�)>|xi−xj|>a
(15.122)

The application of this analysis to terms linear in the coupling constants, eq. (15.116), yields
a purely numerical contribution to the partition function Z (and hence it amounts to a
renormalization of the identity operator). The contribution of the terms quadratic in the
coupling constants, eq. (15.117), can be computed using the OPE. This is legitimate, since
we will look at contributions only inside the infinitesimal shell in real space. Using the OPE,
we find that this contribution is

1
2!
∑

j,k

∑

l

Cjkl gjgk a�l−�j−�k

∫

shell
dDxjdDxk〈φl((xj+ xk)/2)〉∗a�j+�k−2D

= 1
2!
∑

j,k

∑

l

Cjkl gjgk a�l−D
∫

dDx〈φl(x)〉∗SDδ� (15.123)

where

SD= 2πD

�(D/2)
(15.124)

is the area of the hypersphere in D dimensions, and �(x) is the Euler gamma function.
The “one-loop” contribution, eq. (15.123), can be compensated by a change in the coupling
constants

gl �→ gl− 1
2
SD
∑

j,k

gjgkCjklδ� (15.125)

In fact, the structure of the OPEs implies that similar changes happen at all orders in the
expansion.

Finally, there is the dependence in a due to the dependence in L. However, to keep the
system unchanged, the IR cutoff Lmust be held fixed. Hence this dependence is trivial.

Let us now collect all changes in the coupling constants in the differential equation

dgl
d�
= (D−�l)gl−

∑

j,k

Cjklgjgk+ · · · (15.126)

where we have absorbed a factor of SD/2 in a (multiplicative) redefinition of the coupling
constants.

In summary, we derived the beta functions for all the coupling constants using conformal
perturbation theory to order one-loop. The beta functions depend on the data of the fixed
point: the scaling dimensions�j and the coefficients Cijk of the OPEs of the primary fields.
This is a general result that holds for all fixed-point theories.
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15.7 Example of operator product expansions: φ4 theory

Let us now apply the ideas of the preceding sections to the free-field fixed point of φ4 theory.
The Euclidean Lagrangian is

L= 1
2
(∂μφ)

2+ ta−2φ2+ uaD−4φ4+ ha−(1+D/2)φ (15.127)

where we defined the massm2, the coupling constant λ, and the symmetry-breaking field J
in terms of the dimensionless couplings, t, u, and h:

m2= ta−2, λ= uaD−4, J= ha−(1+D/2) (15.128)

Let us now define the normal-ordered composite operators

:φ2 :=φ2−〈φ2〉, :φ4 :=φ4− 3〈φ2〉φ2, etc. (15.129)

In what follows, we will use the notations φn=:φn :. Clearly, φ1=φ, since 〈φ〉∗ = 0 at the
free-field fixed point.

Let us begin by computing the OPE of two φ≡φ1 fields:

lim
y→x

φ1(x)φ1(y)= lim
y→x

:φ(x) ::φ(y) :

= lim
y→x

[
1

|x− y|D−2+ :φ2 ((x+ y)/2
)
:+ · · ·

]
(15.130)

Notice that the first term, proportional to the identity operator, is the most singular term in
the expansion, and that the next term is finite (as |x− y|→ 0). The next possible operator
would be : (∂φ)2 :. However, its coefficient will vanish as |x− y|2. Hence, in the limit, it does
not contribute. Only singular and finite terms will be kept in the expansion.

We record this equation as the OPE of two φ1 fields:

[φ1] · [φ1]= [1]+ [φ2] (15.131)

where “1” denotes the identity field.
Next we compute the OPE of a φ1 field (i.e., the field φ itself) and the φ2≡:φ(x)2 : field.

Using Wick’s theorem, we find

[φ1] · [φ2]= 2[φ1]+ [φ3] (15.132)

where φ3=:φ(x)3 :.
We then compute the OPE of two φ2=:φ2 : fields. Again, using Wick’s theorem, we

obtain

lim
y→x

:φ2(x) ::φ2(y) := lim
y→x

[
2

|x− y|2(D−2) +
4

|x− y|D−2 :φ
2((x+ y)/2) :+ · · ·

]
(15.133)

which we record as

[φ2] · [φ2]= 2+ 4[φ2]+ [φ4] (15.134)
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The following OPEs are derived in a similar fashion:

[φ1] · [φ4]= 4[φ3] (15.135)

[φ2] · [φ4]= 12[φ2]+ 8[φ4] (15.136)

[φ4] · [φ4]= 24+ 96[φ2]+ 72[φ4] (15.137)

Notice that we have neglected possible descendant operators, such as : (∂μφ)2 :, : (∂2φ)2 :,
: (∂μφ)4 :. These higher-derivative operators are typically leading irrelevant operators.
However, this is not always the case. For instance, in theOPE of :φ2 : with itself, the operator
: (∂μφ)2 : can appear. By matching scaling dimensions, we see that the prefactor of : (∂μφ)2 :
must be proportional to |x− y|−(D−4), which is singular if D> 4 and has a logarithmic
divergence if D= 4. These contributions, however, enter in higher-order loops (as we will
see in chapter 16).

Using these results, we can now write the beta functions for φ4 theory. With the identifi-
cation g1= h (the symmetry-breaking field), g2= t (the dimensionless mass squared), and
g4= u (the coupling constant), we find that their one-loop beta functions are

dh
d�
=
(
D
2
+ 1
)
h− 4ht+ · · · (15.138)

dt
d�
= 2t− 4h2− 4t2− 24tu− 96u2+ · · · (15.139)

du
d�
= (4−D)u− t2− 16tu− 72u2+ · · · (15.140)

For D= 4− ε, these beta functions have two fixed points: (1) the trivial fixed point at
h∗ = t∗ = u∗ = 0, and (2) the nontrivial Wilson-Fisher fixed point at h∗ = 0, t∗ =O(ε2), and
u∗ = ε

72 +O(ε2). The critical exponent ν of the correlation length is the inverse of the slope
of the beta function for t at the Wilson-Fisher fixed point. We obtain ν= 1

2 + ε
12 +O(ε2),

consistent with what we found in section 15.2.4. Also notice that since t∗ =O(ε2), the
anomalous dimension of the field φ is zero at one-loop order. We will see in chapter 16
that it is nonzero at two-loop order.

Exercises

15.1 A simple block-spin transformation
The Ashkin-Teller model is a simple generalization of the Ising model in which
there are two Ising degrees of freedom, σ and τ , each taking values ±1, defined
on the sites of a lattice. Here we will consider a D-dimensional hypercubic lattice
whose sites are labeled by the two-component lattice vectors r. The interactions are
restricted to nearest neighboring sites, and the classical HamiltonianH is

H=−K2
∑

〈r,r′〉

(
σ(r)σ (r′)+ τ(r)τ (r′))−K4

∑

〈r,r′〉
σ(r)σ (r′)τ (r)τ (r′) (15.141)
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where 〈r, r′〉 denotes nearest neighboring sites, and K2> 0 and K4> 0 are two
coupling constants. Clearly for K4= 0, this system is equivalent to two decoupled
Ising models.

1) Show that the following statements are true:

a) IfK2→∞, the system is in its ground state. Find the possible ground state(s).
b) If K4→∞, the system is equivalent to a single Ising model with coupling

constant K= 2K2.
c) If K2→ 0, the system is also equivalent to a single Ising model with coupling

constant Keff . Find Keff .

2) Consider now the Ashkin-Teller model on a one-dimensional lattice. Use a
decimation method (analogous to what was done in this chapter for the one-
dimensional Ising model) to derive an exact RG transformation. Find the fixed
points, and calculate their eigenvalues. Draw the RG flows explicitly. Discuss the
similarities and differences with the Ising model.

3) Consider now the Ashkin-Teller model on a D-dimensional hypercubic lat-
tice. Use the Migdal-Kadanoff bond-moving procedure to derive a block-spin
transformation for D= 1+ ε, where ε > 0 and “small.”

a) Find all the fixed points, both stable and unstable. Calculate all the eigenvalues
of the RG transformation for each fixed point, and the correlation length
exponent ν for each fixed point.

b) Sketch the qualitative RG flows on the K2−K4 plane. Use the flows to derive
a phase diagram. What is the order parameter(s) which labels each phase?
Justify your arguments.

Warning: The Midgal-Kadanoff bond-moving procedure yields an unphysical
phase transition at K2→∞, with K4<∞. It is easy to see that the associated
stable fixed points are physically equivalent.

15.2 Momentum-shell RG for the nonlinear σ -model
In this problem, you are asked to consider the O(N) nonlinear σ -model, in D=
2+ ε dimensions, coupled to an external field. Since we consider this theory in
Euclidean space, it is equivalent to a classical Heisenberg model. Parametrize
the configurations by means of an N-component field n(x), which satisfies the
constraint n2= 1. The Euclidean Lagrangian (or classical Hamiltonian) is

L= 1
2g
(∂μn(x))2+ 1

2g
H(x) · n(x) (15.142)

The partition function is

Z=
∫

Dn(x)
∏

x
δ(n2(x)− 1) e

−
∫

ddxL
(15.143)

Follow the procedure to decompose the field n(x) into its slow and fast components.
Let n0(x) be an N-component slowly varying configuration of the σ -model, which
is also a solution of the classical equations of motion (i.e., it extremizes the
Euclidean action). Let φi(x) (i= 1, . . .,N− 1) be an (essentially unrestricted) N−
1-component field, which we use to parametrize the fluctuations of the field as
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follows. Let {ei(x)} be a set of N− 1 unit-length vectors defined at each point in
space. They are required to form, together with n0(x), an orthonormal basis for the
local configurations,

na0(x)eai (x)= 0; eai (x)eaj (x)= δi,j (15.144)

for i, j= 1, . . .,N− 1 and a= 1, . . ., n (repeated indices are summed over). Thus, we
can write

na(x)=
√
1−φ2(x) na0(x)+

N−1∑

i=1
φi(x)eai (x) (15.145)

In other words, we have defined a local frame. The local changes of the slow field
na0(x) and of the unit vectors eai (i.e., of the local frame) can also be expanded in that
basis:

∂μna0(x)=
N−1∑

i=1
Bi
μ(x)eai (x) (15.146)

∂μeai (x)=
N−1∑

j=1
Aij
μ(x)eaj (x)−Bi

μ(x)na0(x) (15.147)

where

Bi
μ(x)= ei(x) · ∂μn0(x), Aij

μ(x)=−Aji
μ(x)=−ei(x) · ∂μej(x) (15.148)

1) Write the coupling constant g and the magnetic field H in terms of the dimen-
sionless coupling constant u and dimensionless field h, by using dimensional
analysis in terms of a momentum cutoff�.

2) Write the action as a function(al) of the fluctuating field φ(x) in the background
of the slow field n0(x), parametrized by the fields Bi

μ(x) and Aij
μ(x). Expand the

Euclidean action as a power series expansion of the field φ(x), and write down
the explicit form of the linear and quadratic terms in φi(x).

3) Show that for the configuration n0(x) to be stationary, the background fields
Bi
μ(x) and Aij

μ(x)must satisfy the equation of motion

Dij
μB

j
μ(x)≡

[
∂μδij−Aij

μ(x)
]
Bj
μ(x)= 0 (15.149)

Hint: Demand that the action be stationary with respect to a variation of the
fluctuation field φi.

4) Use themomentum-shell integration technique to integrate out the fast variables
of the field φi(x) inside the momentum shell b�≤ |p| ≤�, with b= 1− δ�� 1
and δ� small. Obtain a set of differential equations that govern the (differential)
renormalization for u and h= |h|.

5) Find the fixed points and draw the qualitative flows for dimension D= 2+ ε.
Calculate the eigenvalues of u and h at each fixed point, and determine when u
and h are relevant, irrelevant, or marginal. Show that precisely at D= 2, there is
a marginal operator.
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6) Use an RG argument to find an analytic expression for the singular dependence
of the correlation length as a function of u for u> uc and h= 0. Express your
result in terms of the critical exponent ν.

7) Use anRGargument to find the behavior of the order parameter, the spontaneous
magnetization Ma=〈na(x)〉, as a function of u at h= 0 and close to uc. Show
that it obeys a power law of the form M∼ (uc− u)β , and compute the critical
exponent β to lowest order in ε. Use a similar RG argument to find the field
dependence of the magnetization at uc, and determine the value of the critical
exponent δ of the h dependence ofM as h→ 0,M∼ |h|1/δ .

8) Consider the special (and important) case of D= 2 dimensions.

a) Solve the RGflow equation for the dimensional coupling constant u= u(�) as
an explicit function of the cutoff� in terms of its value at a reference scale μ.

b) Discuss the behavior of this effective (or running) coupling constant in theUV
regime ��μ. Does the running coupling constant get big or small? How
fast? Why is this behavior referred to as asymptotic freedom?

c) Find the behavior of the correlation length ξ as a function of the dimensional
coupling constant u for D= 2. Be explicit about the assumptions you make
and state their physical justifications.

Note: In this problem, you have to do the momentum-shell integral. You may
find it useful to express your angular integrations in terms of the area of the unit
hypersphere in D dimensions

SD= 2πD/2

�(D/2)

where �(x) is the Euler gamma function,

�(z)=
∫ ∞

0
dt tz−1e−t

which is convergent for Re z> 0.
15.3 The free massless scalar field fixed point in D= 2 spacetime dimensions

Consider a free massless scalar field φ(x) in D= 2 Euclidean dimensions, x=
(x1, x2). This system is known in statistical mechanics as the Gaussian model. The
(Euclidean) Lagrangian density is

L= K
2
(�φ)2 (15.150)

where K is a positive real parameter (a coupling constant). The Euclidean propaga-
tor for this system in a region of linear size L≡m−1 (a very large disk) is

G(x− x′)=〈φ(x)φ(x′)〉= 1
K

∫ d2p
(2π)2

eip·(x−x′)

p2+m2 (15.151)

This formula is valid for |x− x′|�m−1= L, where the propagator takes the form
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G(x− x′)=− 1
4πK

ln
( |x− x′|2+ a2

L2

)
(15.152)

where a is a short-distance cutoff. You will use this propagator in the rest of this
exercise.

1) Scale invariance: Show that S[φ] is invariant under scale transformations
(dilations)

x→ x ′ = λx (15.153)

where λ> 0 is a positive real number.
2) Operators: Consider the vertex operators Vq[x]= eiqφ(x). Add a source term to

the action of the form

J(x)= i
N∑

j=1
qjδ(2)(x− xj) (15.154)

to show that the correlation function of N vertex operators

〈Vq1(x1) · · ·VqN (xN)〉 (15.155)

is invariant under the shift φ(x)→φ(x)+α (with α arbitrary) only if∑N
j=1 qj= 0.

3) Correlators: Show that the correlation functions of N vertex operators with
“charges” q1, . . ., qN are given by

〈Vq1(x1) · · ·VqN (xN)〉=e−
(∑N

j=1 qj
)2

G(0)

× e−
∑N

j>j′=1 qjqj′
[
G(xj−xj′ )−G(0)

]

(15.156)

Show that, in the L→∞ limit, these correlation functions vanish identically
unless the charge neutrality condition,

∑N
j=1 qj= 0, is satisfied.

4) Two-point function: Use the expression you just derived to compute the explicit
form of the correlation function of two vertex operators:

G(2)q (x− x′)=〈Vq(x)V−q(x′)〉 (15.157)

Show that the scaling dimension�q of the vertex operator Vq is

�q= q2

4πK
(15.158)

5) Three-point function: Show that the correlation function of three vertex operators
Vq1(x1), Vq2(x2), and Vq3(x3) is given by

〈Vq1(x1)Vq2(x2)Vq3(x3)〉=
1

|x1− x2|�12 |x2− x3|�23 |x3− x1|�31
(15.159)

with q1+ q2+ q3= 0. Show that �12=�q1 +�q2 −�q3 , �23=�q2 +�q3 −
�q1 , and�31=�q3 +�q1 −�q2 .
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6) Scaling dimensions: Suppose we were to add to the free-field fixed-point
Lagrangian a perturbation of the form

Lint= g cos(qφ(x))= g
2
(
Vq(x)+V−q(x)

)
(15.160)

where g is a coupling constant. Determine the values of K for which this
perturbation is (a) marginal, (b) relevant, and (c) irrelevant. Use these results
and the arguments given in this chapter to write down the RG β-function β(g)
to linear order in the coupling constant g.

7) Operator product expansion (OPE):

a) Show that the operators {Vqi(x)} obey an OPE of the form

Vq1(x1)Vq2(x2)∼
Cq1,q2,q1+q2
|x1− x2|μq1,q2 Vq1+q2

(
x1+ x2

2

)

as x1→ x2. Use the results of the above problems to find the coefficient
Cq1,q2,q1+q2 and the exponent μq1,q2 .

b) Show that the operators Vq(x) and V−q(y) obey an OPE of the form

Vq(x)V−q(y)∼ 1
|x− y|ηq +

Cq

|x− y|μq : (�φ)
2
(
x+ y
2

)
:

as x→ y, where : (�φ)2 (x) := (�φ)2 (x)−〈(�φ)2 (x)〉. Find the coefficient
Cq and the exponents ηq and μq.

c) Show that the OPE of the operator E(x)=: (�φ)2 (x) : with itself does not
contain the operator E(x) (i.e., CEEE= 0).

8) RG: Now consider the sine-Gordon theory, whose (Euclidean) Lagrangian
density is

L= K
2
(�φ)2+ g

2
(
Vq(x)+V−q(x)

)
(15.161)

where K and g play the role of the coupling constants. Use the results of the OPE
of part 7(c) to construct the RG beta functions for the “stiffness”K (this effect can
also be regarded as a wave function renormalization) and the coupling constant
g, up to quadratic order in g.
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The Perturbative Renormalization
Group

In this chapter, we reexamine the renormalized perturbation theory discussed in chapters
12 and 13 from the perspective of the RG. We discuss φ4 theory, the O(N) nonlinear sigma
model, and Yang-Mills gauge theories. More detailed presentations of some of this material
can be found in Amit (1980), Zinn-Justin (2002), and Peskin and Schroeder (1995).

16.1 The perturbative renormalization group

We begin by setting up the perturbative RG to φ4 theory. In section 13.2, we used
renormalized perturbation theory to show that, to two-loop order, the theory can be made
finite by defining a set of renormalization constants such that the renormalized one-particle
irreducible N-point vertex functions are related to the bare functions by

�
(N)
R ({pi};mR, gR, κ)=ZN/2

φ �(N)({pi},m0, λ,�) (16.1)

where � is the UV momentum regulator, and κ is the renormalization scale. The relation
between the bare and the renormalized theory is encoded in the renormalization constants
(the wave-function renormalization Zφ , the renormalized mass mR, and the renormalized
coupling constant gR) such that as the UV cutoff is removed (�→∞), the renormalized
vertex functions have a finite limit.

Here we focus attention on the massless theory, defined by the condition that the
renormalized mass vanishes, mR= 0. Thus, we express the wave-function renormalization
Zφ and the bare coupling constant λ as functions of the renormalized coupling constant and
of the renormalization scale. Similarly, the bare mass will be tuned to a value mc such that
mR= 0. Thus we write

Zφ =Zφ(gR(κ), κ ,�) (16.2)

λ= λ(gR(κ), κ ,�) (16.3)

m2
c =m2

c (gR(κ), κ ,�) (16.4)

which makes explicit the fact that the renormalized coupling constant gR is actually not a
constant but depends on the value we choose for the renormalization scale κ .



446 . Chapter 16

Since the value of the renormalization scale κ is arbitrary, the vertex functions defined
at two different scales κ1 and κ2 must be related to each other, since they correspond to the
same bare theory:

�
(N)
R ({pi}; gR(κ1), κ1)=ZN/2

φ (gR(κ1), κ1)�(N)({pi},mc, λ,�)

�
(N)
R ({pi}; gR(κ2), κ2)=ZN/2

φ (gR(κ2), κ2)�(N)({pi},mc, λ,�) (16.5)

We see that the renormalized vertex functions at the two scales are related by an expression
of the form

�
(N)
R ({pi}; gR(κ1), κ1)=ZN/2(gR(κ2), κ2; gR(κ1), κ1)�(N)R ({pi}; gR(κ2), κ2) (16.6)

where by definition,

Z(gR(κ2), κ2; gR(κ1), κ1)= Zφ(gR(κ1), κ1,�)
Zφ(gR(κ2), κ2,�)

(16.7)

= ∂

∂p2
�
(2)
R (p, gR(κ1), κ1)

∣∣∣
p2=κ22

(16.8)

which has a finite limit as the UV cutoff is removed (�→∞).
Eq. (16.6) is a relation between finite quantities at different scales, and it is a finite

quantity. It implies that a change in the renormalization scale κ is equivalent to a rescaling
of the fields by Z1/2

φ and a change of the renormalized coupling constant g1= gR(κ1) �→ g2=
gR(κ2), with

g2≡ F(κ2, κ1, g1)=Z−2φ �
(4)
R ({pi}, g1, κ1)

∣∣∣
SP(κ2)

(16.9)

where SP(κ) is the symmetric point of the four momenta {pi}, with each momentum being
at the scale κ . The mapping g2= F(κ2, κ1, g1), such that g= F(κ , κ , g) defines a flow in the
space of coupling constants (i.e., an RG flow).

These relations apply to the full generating functional of renormalized vertex functions,
which then obeys

�R{φ̄, g1, κ1}=�R{Z1/2
φ φ̄, F(κ2, κ1, g1), κ2} (16.10)

Since the bare theory is independent of our choice (and changes) of a renormalization
scale, it is kept constant under these transformations. This can be expressed by stating that

κ
∂

∂κ
�(N)({pi}, λ,m2

c ,�)
∣
∣
λ,�= 0 (16.11)

as the UV regulator�→∞. Consequently, we find

κ
∂

∂κ

[
Z−N/2φ �

(N)
R ({pi}, gR(κ), κ)

]

λ,�
= 0 (16.12)
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16.1.1 The RG equations

Therefore, the renormalized N-point vertex functions satisfy the partial differential
equation

[
κ
∂

∂κ
+ β̄(gR, κ) ∂

∂gR
− N

2
γφ(gR, κ)

]

λ,�
�
(N)
R ({pi}, gR(κ), κ)= 0 (16.13)

where we used the definitions

β̄(gR(κ), κ)= κ ∂gR
∂κ

∣∣
∣
λ,�

(16.14)

γφ(gR(κ), κ)= κ ∂ lnZφ
∂κ

∣∣∣
λ,�

(16.15)

and set�→∞.
In general, the coupling constant has dimensions. Let us define a dimensionless bare

coupling constant u0
λ= u0κε (16.16)

and a dimensionless renormalized coupling constant u such that

gR= uκε (16.17)

where ε= 4−D=D−�4, with �4= 4(D− 2)/2 being the scaling dimension of the
operator φ4 at the massless free-field fixed point.

In terms of the dimensionless renormalized coupling constant u, eq. (16.13) becomes the
Callan-Symanzik equation

[
κ
∂

∂κ
+β(u) ∂

∂u
− N

2
γφ(u)

]

λ,�
�
(N)
R ({pi}, u(κ), κ)= 0 (16.18)

(again, with�→∞), where β(u) is the RG beta function, which is defined by

β(u)= κ ∂u
∂κ

∣∣∣
λ,�

(16.19)

and

γφ(u)= ∂ lnZφ
∂ ln κ

∣∣∣
λ,�

(16.20)

Notice that here we defined the sign of the beta function opposite to that used in chapter
15. Hence, a positive beta function means that the coupling constant increases as the
momentum scale increases, and vice versa.

Equation (16.19) and eq. (16.20) as they stand are somewhat awkward to use, since
they involve the bare dimensionless coupling constant u0 in terms of the dimensionless
renormalized coupling constant u instead of the other way around. For this reason, let us
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use the chain rule to write

κ

(
∂u
∂κ

)

λ

=−κ

(
∂λ

∂κ

)

u(
∂λ

∂u

)

κ

(16.21)

where, by dimensional analysis,

λ= κεu0(u, κ/�) (16.22)

Using

κ

(
∂λ

∂κ

)

u
= ελ (16.23)

we find that the beta function is

β(u)= κ
(
∂u
∂κ

)

λ

=−ε
(
∂ ln u0
∂u

)−1
(16.24)

In this form, the beta function β(u) can be expressed as a power series expansion in the
dimensionless renormalized coupling constant u. Each coefficient of this series is a function
of ε= 4−D.

Similarly, we can rewrite the anomalous dimension γφ(u) as

γφ(u)= ∂ lnZφ
∂ ln κ

∣∣
∣
λ
= κ

(
∂u
∂κ

)

λ

∂ lnZφ
∂u

(16.25)

We find
γφ(u)=β(u)∂ lnZφ

∂u
(16.26)

which also can be written as a power series expansion in the dimensionless renormalized
coupling constant u.

16.1.2 General solution of the Callan-Symanzik equations

Let us now solve the Callan-Symanzik equation, eq. (16.18). Let x= ln κ , and write the
renormalized vertex function as follows:

�
(N)
R ({pi}, u, κ)= exp

(
N
2

∫ u

u1
du′
γφ(u′)
β(u′)

)
�(N)({pi}, u, κ) (16.27)

By requiring that this expression satisfies the Callan-Symanzik equation, eq. (16.18), we find
that the function�(N) must satisfy the simpler equation

[
∂

∂x
+β(u) ∂

∂u

]
�(N)({pi}, u, κ)= 0 (16.28)

It is straightforward to see that the solutions to this equation have the general form

�(N)({pi}, u, κ)=F (N)
(
{pi}, x−

∫ u

u2

du′

β(u′)

)
(16.29)

where F (N) is a (so far) arbitrary (differentiable) function.
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Thus, the Callan-Symanzik equation requires the renormalized vertex functions to have
the following form:

�(N)({pi}, uκ)= exp
(
N
2

∫ u

u1
du′
γφ(u′)
β(u′)

)
F (N)

(
{pi}, x−

∫ u

u2

du′

β(u′)

)
(16.30)

where u1 and u2 are two integration constants. It should be apparent that the full form
scaling functionF (N) cannot be obtained in perturbation theory; only its behavior in special
asymptotic limits can be determined by these limited means. In other words, the scaling
function contains nonperturbative information about the theory.

Let us now rescale all themomenta {pi} by the same scale factorρ, pi→ ρpi. Dimensional
analysis implies that the vertex functions should be rescaled by a prefactor of the form

�
(N)
R ({ρpi}, u, κ)= ρN+D−ND/2�(N)R ({pi}, u, κ) (16.31)

Using the formof the general solution, eq. (16.30), of theCallan-Symanzik equation, we find

�
(N)
R ({ρpi}, u, κ)= ρN+D−ND/2 exp

(
N
2

∫ u

u1
du′
γφ(u′)
β(u′)

)

×F (N)
(
{pi}, x− ln ρ−

∫ u

u2

du′

β(u′)

)
(16.32)

where we used that, since x= ln κ , the rescaling κ→ κ/ρ is equivalent to the shift x→
x− ln ρ.

Now we make explicit the notion that the RG induces a flow in the space of coupling
constants by introducing a running coupling constant u(ρ), which is a function of the scale
change ρ. To this effect, define

s= ln ρ=
∫ u(ρ)

u

du′

β(u′)
(16.33)

such that the running coupling constant u(s) obeys the differential equation

∂u(s)
∂s
=β(u(s)) (16.34)

with the initial condition for the flow u(s= 0)= u.
We can rewrite the solution of the Callan-Symanzik equation, eq. (16.32), in terms of

the running coupling constant u(ρ) defined in eq. (16.33). Using the form of the general
solution, eq. (16.30), of the Callan-Symanzik equation, we obtain

�
(N)
R ({ρpi}, u, κ)= ρN+D−ND/2 exp

(
N
2

[∫ u(s)

u1
du′
γφ(u′)
β(u′)

−
∫ u(s)

u
du′
γφ(u′)
β(u′)

])

×F (N)
(
{pi}, x− ln ρ−

∫ u(s)

u2

du′

β(u′)

)
(16.35)
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which can be written in the equivalent, and more illuminating, form

�
(N)
R ({ρpi}, u, κ)= ρN+D−ND/2 exp

(
N
2

∫ u(s)

u
du′
γφ(u′)
β(u′)

)
�
(N)
R ({pi}, u(s), κ) (16.36)

This result implies that a change in themomentum scale in the renormalizedN-point vertex
function is equivalent to

1) the rescaling of the vertex function by its canonical dimension (i.e., the scaling
dimension in the massless free-field theory),

2) the introduction of a running coupling constant (i.e., a flow along an RG
trajectory), and

3) an anomalous multiplicative factor associated with the anomalous dimension of
the field.

These changes embody the main effects of an RG transformation. It should be evident that
the construction used in this chapter has the same physical content as the more intuitive
and physically transparent approaches discussed in chapter 15.

16.1.3 Fixed points and scaling behavior

Let us now discuss the consequences of eq. (16.36). This is a rather complex expression. We
split the analysis in two steps by (1) first considering its scaling predictions at a fixed point
of the RG, and (2) looking at the corrections to the scaling behavior as the fixed point is
approached (or departed from).

A: Scaling behavior at a fixed point Webegin by looking at the predictions for the behavior
of the renormalizedN-point vertex functions at an RG fixed point. As in chapter 15, a fixed
point of the RG is the valueu∗ of the dimensionless renormalized coupling constant at which
its beta function has a zero: β(u∗)= 0.

At a fixed point u∗, the integral in the second factor of eq. (16.36) can be computed
exactly. The result is

∫ u(s)

u
du′
γφ(u′)
β(u′)

=
∫ s0+s

s0
γφ(u(s′))ds′ = γφ(u∗)s= γφ(u∗) ln ρ (16.37)

Hence, the integral is just the value of the anomalous dimension γφ at the fixed point u∗,
multiplied by the logarithm of the scale change. Therefore, at a fixed point, the N-point
vertex function obeys the scaling relation

�
(N)
R ({ρpi}, u∗, κ)= ρN+D−N D

2 −Nγφ(u∗)/2�(N)R ({pi}, u∗, κ) (16.38)

In the case of the N= 2 point function, we obtain

�
(2)
R (ρp, u

∗, κ)= ρ2−γφ(u∗)�(2)R (p, u
∗, κ) (16.39)

If we choose the scale change to be ρ= κ/p, eq. (16.39) implies that

�
(2)
R (p, u

∗, κ)=
( p
κ

)2−γφ(u∗)
�
(2)
R (κ , u

∗, κ)≡ p2
( p
κ

)−γφ(u∗)
(16.40)
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since, by definition, the renormalized two-point vertex function of a massless theory
is �(2)R (κ , u∗, κ)= κ2. Furthermore, this result implies that the renormalized two-point
function in real space has the scaling behavior

〈φ(x)φ(y)〉∗R=
const.

|x− y|D−2+η (16.41)

Hence, the scaling dimension of the field φ,�φ , at the fixed point is

�φ = 1
2
(D− 2+ γ ∗φ ) (16.42)

from which we deduce that
η= γ ∗φ (16.43)

This explains why γφ(u∗) is called the anomalous (or fractal) dimension of the field, since it
measures the deviation of�φ , the scaling dimension of the field φ, from its free-field value,
(D− 2)/2.

The main conclusion of this analysis is that, at a general fixed point, the scaling behavior
of the observables is different from that of a free-field theory. This result is essentially
nonperturbative.

B: Corrections to scaling behavior Most physical systems are not at a fixed point.
Therefore, it is important to quantify what corrections, if any, there will be to the predicted
scaling behavior away from the fixed point. As we saw in chapter 15, the fixed points can
either be stable or unstable, and hence, the flow can be attractive or repulsive. Let us consider
both cases. These effects are called corrections to scaling behavior. The types of corrections
to scaling depend on the behavior of the beta function near the fixed point. Since, by
construction, the beta function is a regular function of the coupling constant, this question
depends then on the order of the zero associated with the fixed point.

Let us consider first the simplest case of a linear zero and write

β(u)=β ′(u∗)(u− u∗)+O((u− u∗)2) (16.44)

Likewise, we can expand the anomalous dimension function γφ(u) near the fixed point u∗:

γφ(u)= γφ(u∗)+ γ ′φ(u∗)(u− u∗)+O((u− u∗)2) (16.45)

We have to consider two cases:

1) If β ′(u∗)> 0, then as ρ→ 0 (i.e., s→−∞), the coupling constant u flows in the
IR into the fixed point, u→ u∗. This is the case of an IR-stable (UV-unstable) fixed
point. In other words, this fixed point is stable at long distances (low energies). In
this case, the associated operator is irrelevant. This is called an IR fixed point.

2) If β ′(u∗)< 0, then as ρ→∞ (i.e., s→+∞), the coupling constant u flows in
the UV into the fixed point, u→ u∗. This is the UV-stable (IR-unstable) fixed
point. This fixed point is stable at short distances (high energies). In this case, the
associated operator is relevant. This is called a UV fixed point.

The theory will generally have several fixed points. As the energy scale is lowered, the RG
flow goes from the UV fixed point to the IR fixed point.
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Near the fixed point, the integral of eq. (16.37) becomes

∫ u(s)

u
du′
γφ(u′)
β(u′)

=
∫ u(s)

u

[
γφ(u∗)+ γ ′φ(u∗)(u− u∗)+ · · ·

β ′(u∗)(u− u∗)+ · · ·
]
du′

=γφ(u
∗)

β ′(u∗)
ln
[
u(s)− u∗

u− u∗

]
+ γ

′
φ(u∗)
β ′(u∗)

(u(s)− u)+ · · · (16.46)

Then,

exp
(
N
2

∫ u(s)

u
du′
γφ(u′)
β(u′)

)
= exp

(
−N

2
γφ(u∗)s− N

2
γφ(u∗)
β ′(u∗)

(u(s)− u)
)

(16.47)

In case (1), the IR fixed point, the coupling u flows into the fixed point at u∗ in the IR (as
ρ→ 0). Hence in this case, the scaling form of the N-point vertex function becomes

�
(N)
R ({ρpi}, u, κ)= ρN+D−ND

2 −N
2 γφ(u

∗) exp
(
−N

2
γ ′φ(u∗)
β ′(u∗)

(u∗ − u)
)

×�(N)R ({pi}, u∗, κ) (16.48)

For the two-point vertex function, we now find

�
(2)
R (p, u, κ)= p2

( p
κ

)−γφ(u∗)
exp

(
−γ

′
φ(u∗)
β ′(u∗)

(u∗ − u)
)

(16.49)

Hence, the correction to scaling at long distances (low energies) near the IR fixed point
amounts to a nonuniversal multiplicative factor correction to the two-point function (and
to the other N-point functions).

It is obvious that in case (2), the UV fixed point, we obtain the same result but at short
distances (or low energies).

C: Marginality and renormalizability More interesting is the case of a marginal operator.
In this case, the beta function will typically have a double zero:

β(u)=A(u− u∗)2+ · · · (16.50)

This is the case in all theories at their renormalizable dimension (i.e., the critical dimension
Dc). In themarginal case, the scaling dimension of the operator associatedwith the coupling
constant u is equal to the dimension of spacetime: �=D. This happens for φ4 theory in
D= 4 dimensions, and also in the case of gauge theories. In the case of the nonlinear sigma
model, the critical dimension is Dc= 2.

Here too we have two cases: (1) A> 0, a marginally stable IR fixed point, and (2) A< 0,
a marginally stable UV fixed point. The case A< 0 is especially important, as it describes
asymptotically free theories. The case A> 0 is sometimes called asymptotically trivial.

We first need to solve the equation of the beta function:

∂u
∂s
=A(u− u∗)2 (16.51)
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The solution is
u(s)= u∗ − u− u∗

A(u∗ − u)s+ 1
(16.52)

We can now solve for s as a function of the running coupling constant u(s):

s=− 1
A

[
1

u(s)− u∗
− 1

u− u∗

]
(16.53)

As u(s)→ u∗, we find

s=− 1
A(u(s)− u∗)

(16.54)

Using these results, we get

∫ u(s)

u
du′
γφ(u′)
β(u′)

= γφ(u∗)s+
γ ′φ(u∗)

A
ln
(
u(s)− u∗

u− u∗

)
(16.55)

and, again as u(s)→ u∗,

exp
(
−N

2

∫ u(s)

u
du′
γφ(u′)
β(u′)

)
= const. ρ−

N
2 γφ(u

∗) (ln ρ)
N
2
γ ′
φ
(u∗)
A (16.56)

In particular, we find that the two-point function near the fixed point is now

�
(2)
R (p, u, κ)= const p2

( p
κ

)−γφ(u∗) (
ln

p
κ

)γ ′φ(u∗)/A
(16.57)

Thus, in the marginal cases, we find a logarithmic correction to the fixed-point behavior.
This is a consequence of the slow change of the coupling constant near the fixed point. This
result applies for the IR fixed point at low energies (p→ 0) and the UV fixed point at high
energies (p→∞).

16.2 Perturbative renormalization group for
themassless φ4 theory

Our next task is to compute the RG functions for φ4 theory. We only consider the massless
theory, and we work to two-loop order.

16.2.1 Renormalization constants to two-loop order

Let us now use dimensional regularization to compute the coefficients of the renormaliza-
tion constants for the massless theory of eq. (13.65) and eq. (13.67).

We begin with the wave-function renormalization. As we saw in φ4 theory, the first
nontrivial contribution appears at two-loop order. The coefficient of this contribution, z2,
is given by eq. (13.65). It can be written as

z2= 1
6
κ2εE′3(κ) (16.58)



454 . Chapter 16

where E′3(κ) is

E′3(κ)=
∂E3(p)
∂p2

∣∣
∣
p2=κ2

(16.59)

and where

E3(p)=
∫ dDq1
(2π)D

∫ dDq2
(2π)D

1
q21q22(p− q1− q2)2

(16.60)

Using dimensional regularization for the integral in eq. (16.59), one finds

z2=− 1
48

(
1
ε
+ 5

4

)
(16.61)

where, as before, ε= 4−D. Notice that z2 has a simple pole in ε. We are keeping only the
nonvanishing terms as ε→ 0.

Next look at the coefficients λ2 and λ3 of the expansion for the coupling constant to
two-loop order, eq. (13.67). The computation of the coefficientλ2 involves only the one-loop
integral of eq. (13.29) of the massless theory, evaluated at the symmetric point of the four
external momenta with a momentum transfer scale p2= κ2:

ISP=
∫ dDq
(2π)D

1
q2(p− q)2

(16.62)

We have already done this calculation in section 13.8 using dimensional regularization.
Using these results, one finds that at finite but small ε= 4−D, the coefficient is

λ2= 3
2

(
1
ε
+ 1

2

)
(16.63)

As shown in eq. (13.67), the coefficient λ3 involves the one-loop integral ISP of eq. (13.29);
the two-loop integrals I4SP of eq. (13.31),

I4SP=
∫ dDq1
(2π)D

∫ dDq2
(2π)D

1
q21(p1+ p2− q1)2q22(p3− (q1+ q2))2

(16.64)

(again, with the external momenta at the symmetry point); and the coefficient z2 computed
above. Using these results and the computation of I4SP at the symmetric point (cf. Amit,
1980), we obtain

λ3= 9
4ε2
+ 37

24ε
(16.65)

Notice the double pole in ε of this two-loop coefficient.

16.2.2 RG functions and fixed points

Our next task is to compute the beta function β(u) and the anomalous dimension γφ in
terms of the expressions of eq. (16.2)–eq. (16.4), which that relate the bare and renormalized
coupling constant and mass, and the wave-function renormalization Zφ . We will use the
two-loop results for φ4 theory given in section 16.2.1. There we wrote an expansion
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of the dimensionless bare coupling constant u0 as a power series in the dimensionless
renormalized coupling constant u of the form

u0= u
(
1+ λ2u+ λ3u2+ · · ·

)
(16.66)

and a similar expansion for the wave-function renormalization Zφ :

Zφ = 1+ z2u2+ · · · (16.67)

These coefficients can be computed in terms of Feynman diagrams either (1) by using renor-
malization conditions, or (2) by using the minimal subtraction scheme in dimensionally
regularized diagrams. Here we will do it both ways.

The beta function β(u), using the result of eq. (16.24), can be written as a series
expansion in powers of u:

β(u)=−ε
(
∂ ln u0
∂u

)−1
=−εu (1− λ2u+ 2(λ22− λ3)u2

)+ · · · (16.68)

where λ2 and λ3 are given explicitly in eq. (16.63) and eq. (16.65).
Similarly, we can expand the anomalous dimensions γφ :

γφ =β(u)∂ lnZφ
∂u
=−2ε z2u2+ · · · (16.69)

where z2 is given by eq. (16.61).
In chapter 13, we used renormalization conditions to calculate the coefficients λ2, λ3, and

z2 (eqs. (16.63), (16.65), and (16.61), respectively). Using these results, we find the following
result for the beta function β(u) and the anomalous dimension γφ to two-loop order:

β(u)= κ ∂u
∂κ
=− εu+ 3

2

(
1+ ε

2

)
u2− 17

12
u3+O(u4) (16.70)

γφ = 1
24

u2+O(u3) (16.71)

Notice that although the coefficients λ2, λ3, and z2 have poles in ε, the beta function and
the anomalous dimension are regular functions of ε (as they should be).

The fixed points are the zeros of the beta function, which is a polynomial in the
renormalized dimensionless coupling constant u. By construction, it always has a zero at
u= 0, representing the massless free-field theory. For D< 4 (or ε > 0), for small enough ε
it also has a zero at a value u∗, which can be expressed as a power series expansion in ε. At
two-loop order, the nontrivial (Wilson-Fisher) fixed point is at

u∗ = 2
3
ε+ 34

9
ε2+O(ε3) (16.72)

Since to any finite order in perturbation theory, the beta function is a polynomial function
of u, one may wonder whether there are other possible fixed points. However, only the
trivial fixed point at u= 0 and the Wilson-Fisher fixed point u∗ = f (ε) (where f (ε) is a
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regular function of epsilon that vanishes as ε→ 0) should be considered, since all other
fixed points will be zeros at a finite distance from u= 0 that is not tuned by ε. Furthermore,
these additional zeros will change drastically with the order of the expansion of the beta
function. In other words, finite fixed points not tuned by ε are unphysical consequences of
the truncation of the beta function to a polynomial with finite degree.

The anomalous dimension γφ of eq. (16.71) at this fixed point is

γφ(u∗)= ε
2

54
+O(ε3) (16.73)

Thus, as promised, we see that at two-loop order, the field φ at theWilson-Fisher fixed point
has an anomalous dimension.

It is now easy to see that for D< 4, the free-field fixed point is unstable in the IR, since
the dimension of the operator φ4 is�4(FF)= 2(D− 2)≤D. In contrast, the two-loop beta
function, eq. (16.70), tells us that the dimension of φ4 at theWilson-Fisher (WF) fixed point
is�4(WF)= 4− 17

27ε
2>D. Thus, the same operator is relevant at one fixed point (free field)

and irrelevant at the other (Wilson-Fisher). Hence, the IR RG flow is from the free field to
the Wilson-Fisher fixed point.

16.3 Dimensional regularization withminimal subtraction

We now use dimensional regularization in the minimal subtraction (MS) scheme to
compute the renormalization functions. Once again we consider the massless theory in
D dimensions. As we have seen, the Feynman diagrams expressed in terms of integrals
develop singularities in the form of poles in ε= 4−D (as D→ 4). In fact, the only
vertex functions that have primitive divergences that develop poles in ε are ∂�(2)

∂p2 and �(4).
The poles in ε correspond to logarithmic divergences in the momentum scale in D= 4
dimensions.

Once again, let us write the bare dimensionless coupling constant u0 and the wave-
function renormalization Zφ as a series expansion in powers of the dimensionless renor-
malized coupling constant u:

u0=u+
∞∑

n=1
λn(ε)un (16.74)

Zφ =1+
∞∑

n=1
zn(ε)un (16.75)

The coefficients {λn(ε)} and {zn(ε)} are singular functions of ε chosen in such a way that

�
(2)
R (p; u, κ)=Zφ�(2)(p; u0, κ) (16.76)

�
(4)
R ({pi}; u, κ)=Z2

φ�
(4)({pi}; u0, κ) (16.77)

are finite as D→ 4. In the minimal subtraction scheme, the coefficients are determined by
imposing the condition that the poles in ε found in the bare functions �(2) and �(4) are
minimally subtracted.
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This scheme works as follows. First write the expressions for the bare two-point function
to two-loop order:

�(p)(p; u0, κ)= p2(1−B2u20) (16.78)

where we used the condition that the renormalized theory is massless. Similarly, the bare
four-point function is found to be

�(4)({pi}; u0, κ)= κεu0
(
1−A1u0+ (A(1)2 +A(2)2 )u20

)
(16.79)

where

A1= 1
2

[
I
(
p1+ p2
κ

)
+ two permutations

]
(16.80)

A(2)2 =
1
2

[
I4
(p1
κ
, . . .,

p4
κ

)
+ five permutations

]
(16.81)

The integrals were given in section 13.2 (cf. eq. (13.36)).
First consider �(2). To order u2, we find

�
(2)
R (p, κ)= p2(1+ z1u+ z2u2)(1−B2u2) (16.82)

= p2
[
1+ z1u+ (z2−B2)u2+O(u3)

]
(16.83)

Thus, we set
z1= 0, z2=[B2]sing (16.84)

where [B2]sing is the singular part (in ε) of B2. Hence,

z2=[B2]sing=− 1
48ε

(16.85)

Therefore, in the MS scheme, the wave-function renormalization is

Zφ = 1− u2

48ε
+O(u3) (16.86)

Next we use the same approach for the four-point function. To order u3, we can write
the renormalized four-point vertex function as

�
(4)
R (p1, . . ., p4; u, κ)= κε(1+ 2z2u2)(u+ λ2u2+ λ3u3)

− (u2+ 2λ2u3)
1
2

[
I
(
p1+ p2
κ

)
+ two permutations

]

+ u3
{1
4

[
I2
(
p1+ p2
κ

)
+ two permutations

]

+ 1
2

[
I4
(p1
κ
, . . .,

p4
κ

)
+ five permutations

] }
(16.87)
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Collecting terms, we get

�
(4)
R (p1, . . ., p4; u, κ)= κε

{
u+ u2

[
λ2− 1

2

[
I
(
p1+ p2
κ

)
+ two permutations

]]

+ u3
[
λ3+ 2z2− 3

2
λ2

[
I
(
p1+ p2
κ

)
+ two permutations

]

+ 1
4

[
I2
(
p1+ p2
κ

)
+ two permutations

]

1
2

[
I4
(
p1
κ
, . . .,

p4
κ

)
+ five permutations

]]}
(16.88)

We then cancel the singularities by setting

λ2= 1
2

([
I
(
p1+ p2
κ

)]

sing
+ two permutations

)

= 3
2ε

(16.89)

Similarly,

λ3=− 2z2+ λ2
([

I
(
p1+ p2
κ

)]

sing
+ two permutations

)

− 1
4

([
I2
(
p1+ p2
κ

)]

sing
+ two permutations

)

− 1
2

([
I4
(
p1
κ
, . . .,

p4
κ

)]

sing
+ five permutations

)

(16.90)

from which we have
λ3= 9

4ε2
− 17

24ε
(16.91)

Wefind that to two-loop order, the bare and renormalized dimensionless coupling constants
are related by

u0= u+ 3
2ε

u2+
(

9
4ε2
− 17

24ε

)
u3+O(u4) (16.92)

We can now use these results to obtain the beta function and the anomalous dimension
to two-loop order in the MS scheme:

β(u)=− εu+ 3
2
u2− 17

12
u3+O(u4) (16.93)

γφ(u)=u2

24
+O(u3) (16.94)

Notice that the expression for the two-loop beta functions of eq. (16.70) and eq. (16.93)
are slightly different. These differences arise from the different renormalization schemes
used. Nevertheless, these differences only amount to a redefinition of the location of the
fixed point, which does not change the value of the exponents.
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16.4 The nonlinear sigmamodel in two dimensions

In section 12.5, we derived the low-energy effective action of a φ4 theory with an O(N)
global symmetry spontaneously broken to itsO(N− 1) subgroup, theO(N)nonlinear sigma
model. The action of the nonlinear sigma model is

S= 1
2g

∫
dDx

(
∂μn(x)

)2 , with n2(x)= 1 (16.95)

where the constraint is imposed locally. Here g is the coupling constant. In this section,
we discuss the renormalizability and the RG for the nonlinear sigma model in D= 2 and
D= 2+ ε dimensions.

As we saw in section 13.4, by dimensional analysis, we expect the nonlinear sigmamodel
to be renormalizable inD= 2 spacetime dimensions. Although this theory is nonrenormal-
izable as an expansion around the trivial fixed point at g= 0, it is renormalizable around its
nontrivial fixed point in D= 2+ ε, which we expect to have the same universal properties
as the Wilson-Fisher fixed point in the same dimension.

The nonlinear sigma model is interesting for several reasons. It arises in high-energy
physics as the low-energy limit of theories of spontaneously broken chiral symmetry,
and hence as a model to describe pions. In that context, the coupling constant g is the
inverse of the pion decay constant. It also arises in classical statistical mechanics as the
long-wavelength description of the Heisenberg model of a classical ferromagnet, described
in terms of an N-component spin degree of freedom with unit length. Here, the coupling
constant is T/J, where T is the temperature and J is the exchange constant. This model also
arises as the effective action of quantum antiferromagnets. Generalizations of the nonlinear
sigma model also play a key role in perturbative string theory, where (supersymmetric)
nonlinear sigma models describe contributions to the string amplitudes, and even in the
theory of localization of electrons in random potentials.

However, in addition to its relevance to wide areas of physics, this model is of particular
interest because it has many analogies with non-abelian four-dimensional gauge theories,
while being much simpler.

16.5 Generalizations of the nonlinear sigmamodel

The O(N) nonlinear sigma model, whose action is given in eq. (16.95), has a simple
geometrical interpretation that leads tomany generalizations. The fieldn(x)of the nonlinear
sigma model takes values on the (N− 1)-dimensional sphere SN−1 which is the coset of the
broken symmetry group O(N) with the unbroken global symmetry O(N− 1) (i.e., SN−1∼=
O(N)/O(N− 1)). In this sense, the field can be regarded as a mapping of the Euclidean
spacetime R

D onto the sphere SN−1. We call the sphere SN−1 the target manifold. Hence,
the target space of the nonlinear sigma model is a manifold that is a coset. We will see in
chapter 19 that with natural boundary conditions, it can also be regarded as a map from the
(Euclidean) spacetime compactified to the sphere SD onto the sphere SN−1.

16.5.1 TheCP
N−1 nonlinear sigmamodel

The first generalization we discuss is the CP
N−1 nonlinear sigma model. Here CP

N−1 is the
complex projective space of N− 1 dimensions. Let us define a real field with M=N2− 1
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components, na(x) (with a= 1, . . .,M) and a field zα(x), with N complex components,
such that

na(x)=
N∑

α,β=1
z∗α(x) τ

a
αβ zβ(x) (16.96)

with the constraint
N∑

α=1
|zα(x)|2= 1 (16.97)

In eq. (16.96), the τ aαβ are the N2− 1 generators of SU(N), and they satisfy

N2−1∑

a=1
τ aαβτ

a
γ δ =Nδαγ δβδ − δαβδγ δ (16.98)

It follows that the constraint of eq. (16.97) on the complex field zα implies that the na field
is also constrained such that

n2=N− 1 (16.99)

In the special case N= 2, we have a mapping of a constrained two-component complex
field zα to the three-component constrained real field na. In this special case, the symmetry
is SU(2), and the mapping of eq. (16.96) relates the SU(2) symmetry of the field zα with
the group O(3) of the field na. For N= 2, this mapping, known as the Hopf map, relates
the fundamental (spinor) representation of SU(2) to the adjoint (vector) representation of
SU(2).

In the general case, theN-component complex field is in the fundamental representation
of SU(N). With the constraint of eq. (16.97), it describes the breaking of SU(N) down to its
SU(N− 1) subgroup. However, the real field na of eq. (16.96) is invariant under the local
U(1) (gauge) symmetry

zα(x) �→ eiφ(x)zα(x) (16.100)

Configurations of the field zα differing by this U(1) gauge transformation are physically
equivalent. Hence, in this case, the target manifold is not the coset SU(N)/SU(N− 1).
Instead, it is the complex projective space

CP
N−1∼= SU(N)

SU(N− 1)⊗U(1)
(16.101)

The simplest local Lagrangian that has these symmetries is

L[zα , z∗α ,Aμ]= 1
g
∣
∣(∂μ− iAμ(x)

)
zα(x)

∣
∣2 , (16.102)

with the local constraint ||z||2= 1. HereAμ(x) is aU(1) gauge field. This action is invariant
under the global symmetry

zα(x) �→Uαβzβ(x) (16.103)

where U ∈ SU(N), and the local U(1) (gauge) symmetry,

zα(x) �→ eiφ(x)zα(x), Aμ(x) �→Aμ(x)+ ∂μφ(x) (16.104)
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Notice that the action of the CP
N−1 nonlinear sigma model, eq. (16.102), depends on the

U(1) gauge field Aμ only through the covariant derivative of the complex field zα . The
(Euclidean) partition function for the CP

N−1 nonlinear sigma model is

ZCPN−1 =
∫

DzαDz∗αDAμ exp
(
−
∫

dDxL[zα , z∗α ,Aμ]
)∏

x
δ(||z(x)||2− 1) (16.105)

It is apparent from this partition function that the gauge field Aμ does not have any
dynamics of its own, and furthermore, that the action is a quadratic form in the gauge field.
Thus we can integrate out this field explicitly. Indeed, the equation of motion of the gauge
field is

δS
δAμ

= δ

δAμ

(|∂μzα|2+ i
(
z∗α∂μzα − (∂μzα)∗zα

)Aμ+A2
μ

)= 0 (16.106)

which is equivalent to the identification

Aμ(x)≡− i
2
(
z∗α∂μzα − (∂μzα)∗zα

)
(16.107)

If we now substitute this expression for the gauge field Aμ back into the Lagrangian in eq.
(16.102), we obtain a nonlinear action for the complex field zα . In the special case of N= 2,
one obtains the identity

1
4
(
∂μn
)2= ∣∣(∂μ− iAμ

)
zα
∣
∣2 (16.108)

and the resulting action is equal to the action of the O(3) nonlinear sigma model. This
defines the Hopf mapping of the sphere S3 of the z field onto the sphere S2 of the n-space.

By inspecting the Lagrangian in eq. (16.102), we see that the coupling constant of the
CP

N−1 nonlinear sigma model has the same units as the coupling constant of the O(N)
nonlinear sigmamodel. Thus, these models are also expected to be renormalizable inD= 2
dimensions.

16.5.2 The principal chiral field

Another generalization is the theory of the principal chiral field. Let G be a compact Lie
group, and let the principal chiral field be g(x), which takes values onG (i.e., g(x)∈G). The
Lagrangian is then

L= 1
2u2

tr
(
∂μg−1(x)∂μg(x)

)
(16.109)

where u is the coupling constant. This Lagrangian is invariant under global transformations

g(x) �→ h−1g(x)v (16.110)

where h∈G and v ∈G. The global symmetry is thus GR⊗GL. The nonlinear nature of the
field is hidden in the condition that g(x) is a group element. For instance, ifG=U(N), then
g(x) satisfies g(x)−1= g(x)†. Similar constraints apply more generally.
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16.5.3 General nonlinear sigmamodels

This construction can be made more general. Consider a field φ(x) whose target space is a
differentiable manifoldM. The Euclidean Lagrangian is

L[φ]= 1
2u

a2−Dgij[φ(x)]∂μφi(x)∂μφj(x) (16.111)

where u is the dimensionless coupling constant, and gij[φ(x)] is a Riemannian metric on
the manifold M, with a being a short-distance cutoff scale. A homogeneous space of the
form of a cosetM=G/H is a special case. We have already discussed the cases in whichM
is a sphere and a complex projective space. An example, arising in the theory of Anderson
localization, is the case of a coset of the form O(n+m)/(O(n)⊗O(m)) (in the limit n,
m→ 0). In string theory, the field is the coordinate of the bosonic string in a target space,
such as the Calabi-Yau manifolds.

16.6 TheO(N) nonlinear sigmamodel in perturbation theory

All nonlinear sigma models are renormalizable in D= 2 spacetime dimensions. Here we
focus on the simpler case of the O(N) model, following the work of Polyakov (1975b) and
Brézin and Zinn-Justin (1976a). The general case was proven by Friedan et al. (1984). It will
be discussed at the end of this section.

To discuss the structure of perturbation theory for the O(N) nonlinear sigma model,
we need to choose coordinates on its target space, the sphere. To this end, we decompose
the field into a longitudinal field σ(x), representing the component along the direction of
symmetry breaking, and N− 1 fields π(x), representing the Goldstone bosons, transverse
to the direction of symmetry breaking.

Hence, we write n(x)= (σ (x),π(x)), subject to the local constraint n2(x)= σ 2(x)+
π2(x)= 1. The partition function of the O(N) nonlinear sigma model is the functional
integral

Z[ J(x)]=
∫

DσDπ
∏

x
δ(σ (x)2+π(x)2− 1) exp

(
−
∫

dDxL[σ ,π ; J]
)

(16.112)

where L[σ ,π ; J] is the Euclidean Lagrangian of the nonlinear sigma model

L[σ ,π ; J]= 1
2g
(
(∂μσ )

2+ (∂μπ)2
)− (Jσ (x)σ (x)+ Jπ (x) ·π(x)) (16.113)

and where J(x)= (Jσ (x), Jπ (x)) is a symmetry-breaking field.
Except for the local constraint n2= 1, this theory looks like a free field. We can deal with

the constraint in one of two ways. One option is to replace the delta function that enforces
the constraint by a path integral over a Lagrange multiplier field λ(x):

∏

x
δ(σ (x)2+π(x)2− 1)=

∫
Dλ exp

(
−
∫

dDxλ(x)(σ (x)2+π(x)2− 1)
)

(16.114)
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This leads to a path integral over the fields σ , π , and λ. The other option is to solve the
constraint and work with fewer degrees of freedom. In this section, we use the second
option, which, in the end, is a matter of choice. Notice that this issue is very similar to
the problem in gauge theory and the role of gauge fixing. There we had the choice of fixing
the gauge first and quantizing later, or to quantize first and impose the gauge condition later.

Thus, we will first integrate out the longitudinal component σ(x), using
∫

dσ δ(σ 2+π2− 1) F(σ ,π)= 1
2
√
1−π 2

F(
√
1−π 2,π) (16.115)

In other words, the quantity J [π(x)],

J [π(x)]=
∏

x

(
2
√
1−π 2(x)

)−1
(16.116)

is the Jacobian of the change of variables. In fact, in our choice of coordinates,

Dπ J [π]≡ Dπ

2
√
1−π 2

(16.117)

(which uses a shorthand notation for the Jacobian) is the O(N)-invariant Haar measure for
the sphere SN−1.

Then we can write the partition function as

Z[ J]=
∫ Dπ

2
√
1−π 2

exp(−Seff [π ; J]) (16.118)

where the effective action is

Seff [π ; J]= 1
2g

∫
dDx

[(
∂μ
√
1−π 2(x)

)2+ (∂μπ(x))2
]

−
∫

dDx
(
Jσ (x)

√
1−π 2(x)+ Jπ (x) ·π(x)

)
(16.119)

It is important to note that, even though the effective action Seff [π ; J] seems to have only
a global O(N− 1) symmetry, the inclusion of the Jacobian factor in the functional integral
renders the partition function globally O(N) invariant. The Jacobian factor will play a key
role inwhat follows. Notice that we could have alternatively incorporated the Jacobian factor
in the effective action with a contact term of the form

Scontact=− 1
2aD

∫
dDx ln(1−π 2(x)) (16.120)

where a is a short-distance cutoff (where we have implicitly used a lattice regulator).
In what follows, we denote Jσ =H and Jπ = J (which is a vector withN− 1 components).

We work with the partition function in the form

Z[H, J]=
∫ Dπ

2
√
1−π 2

exp
[
−1
g
S[π ,H]+

∫
dDx J(x) ·π(x)

]
(16.121)
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where

S[π ,H]=
∫

dDx
[
1
2
(∂μπ(x))2+ 1

2
(π(x) · ∂μπ(x))2
(1−π 2(x))

−H(x)
√
1−π 2(x)

]
(16.122)

For this form of the action, we see that an expansion of the partition function in powers of
the coupling constant g is just the loop expansion for a theorywith the action of eq. (16.122).

16.6.1 Ward identities

Ward identities play a central role in the renormalization of the nonlinear sigma model
and in the proof of renormalizability. To see how this works, recall that the actual global
symmetry is not O(N) but the coset O(N)/O(N− 1).

Let us consider a global infinitesimal transformation mixing the fields σ and π :

δπ(x)=
√
1−π 2(x)ω, δ

√
1−π 2(x)=−ω ·π(x) (16.123)

where ω is an (N− 1)-component constant infinitesimal vector. Assume that the UV
regulator of the theory is consistent with the global symmetry. This is the case with
dimensional regularization and with lattice regularization and other schemes. Hence, the
action, the integration measure of the functional integral, and the regularization preserve
the full global symmetry, and the partition function is invariant. Now define

F[ J,H]= g lnZ[ J,H] (16.124)

which is the generating function of the connected correlators of the nonlinear sigmamodel.
Then the invariance of the partition function under the infinitesimal transformation of the
fields, eq. (16.123), implies the Ward identity

∫
dDx

[
Ji(x)

δF
δH(x)

−H(x)
δF
δJi(x)

]
= 0 (16.125)

As in section 12.2, we define �[π ,H], the generating functional of the one-particle
irreducible vertex functions of the π fields, as the Legendre transform of F:

�[π ,H]=
∫

dDx 〈π(x)〉 · J(x)− F[ J,H] (16.126)

Following the same line of argument used in chapter 12, the following identities hold:

〈π(x)〉= δF
δJ(x)

,
δF

δH(x)
=〈σ(x)〉

δ�

δπ(x)
= J(x),

δ�

δH(x)
=〈σ(x)〉 (16.127)

where
δ�

δH
=− δF

δH
(16.128)
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a b

a b

a b
c c

a b
(b)(a)

Figure 16.1 Feynman rules for the O(N) nonlinear sigma model: (a) n= 0 vertex, and (b) n= 1
vertex. Here a, b, c= 1, . . .,N− 1. Vertices with n≥ 2 havemore insertions. The perpendicular dashes
represent derivatives on these external legs. The broken lines are shown for clarity.

The Ward identity for the generating functional � is

∫
dDx

[
δ�

δπ(x)
δ�

δH(x)
+H(x)π(x)

]
= 0 (16.129)

where we used the notation 〈π(x)〉≡π(x). We will see next that this Ward identity can be
used to show that the nonlinear sigma model is renormalizable in D= 2 dimensions.

16.6.2 Primitive divergences

The first step is to analyze the primitive divergences in the expansion in powers in g. We will
see thatD= 2 is special. In two dimensions, the coupling constant g is dimensionless, and so
are the fieldsπ , and σ =√1−π 2. The operator

(
∂μπ

)2 has dimension 2, as do the operator
(π · ∂μπ)2/(1−π 2) and the symmetry-breaking field H. In particular, if we expand the
action of eq. (16.122) in powers of the field π , the operators obtained in each term of the
expansion all have dimension 2, since all of them involve just two derivatives and powers of
the field π . That is to say, all the operators of the expansion are equally relevant (marginal,
actually). Thus, we cannot truncate the expansion at any order.Moreover, a truncation of the
expansion would break the symmetry, since the terms are related by symmetry. A general
term in this expansion is a vertex of the form (π · ∂μπ)2 π2n (see figure 16.1a,b).

Let us first determine the Feynman rules for the nonlinear sigma model. This requires
that we formally expand the action in eq. (16.122) in powers of the coupling constant g. To
make this process more explicit, let us define the rescaled field ϕ(x)=π(x)/√g and expand
the resulting action. The result is the Lagrangian

L=1
2
(
∂μϕ

)2+
∞∑

n=0

gn+1

2
(
ϕ2)n (ϕ · ∂μϕ

)2

−H(x)

(

1+
∞∑

n=1

(−1)n(2(n− 1))!
22n−1(n− 1)!n! g

n (ϕ2)n
)

+√gJπ ·ϕ (16.130)

The lowest-order vertex, with n= 0, is shown in figure 16.1a. Inmomentum space, it carries
a weight of

g
2
q(1) · q(2), where q(1) and q(2) are the momenta on the two external legs.

Consider the Feynman diagrams obtained at one-loop order with H= 0 and J= 0.
The leading contributions to the propagator of the π field are shown in figure 16.2a,b.
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q

(a)

q

(b)
Figure 16.2 One-loop contributions to the two-point function of π . The dashes denote derivatives
(a) in the external lines, and (b) in the internal loop.

Figure 16.2a has one derivative on each external leg. The internal loop yields a contribution
proportional to the integral

∫ d2q
(2π)2

1
q2
∝ ln� (16.131)

and is logarithmically divergent in the UVmomentum cutoff�. This graph contributes to a
term in the effective action, which in momentum space is of the form p2|π(p)|2, and hence
contributes to the wave-function renormalization. In contrast, the contribution of the graph
in figure 16.2b has the form

∫ d2q
(2π)2

1
q2
qμqν ∝ gμν�2 (16.132)

and is quadratically divergent in the UV cutoff� and looks like a mass renormalization.
However, the field π is a Goldstone boson, and the Ward identity guarantees that

it should be massless at every order in perturbation theory. So what has gone wrong?
The remedy to this problem is readily found by noting that the action of the nonlinear
sigma model has a contact term, eq. (16.120), arising from the integration measure. The
contact term yields a contribution of quadratic order in the field π , which also looks
like a quadratically divergent mass term and exactly cancels the offending term. Below
we will prove this statement explicitly. However, dimensional regularization is often used
(as we will do in section 16.7.1). We have already seen that this regularization replaces
a logarithmic divergence with a pole in ε. Furthermore, in dimensional regularization,
quadratic divergences are regularized to zero, and one does not have to be concerned with
this problem. However, in other schemes, such as lattice regularization or Pauli-Villars,
these cancellations must be checked at every order in perturbation theory.

16.7 Renormalizability of the two-dimensional
nonlinear sigmamodel

We now examine the restrictions that the Ward identities impose on the possible structure
of the singularities in the nonlinear sigma model. By power counting, we only need to
worry about operators of scaling dimensions two or less, since (1) any operator with higher
dimension would make the theory nonrenormalizable, and (2) such operators will be
irrelevant at distance scales large compared to the UV cutoff a∼�−1.
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To this end, let us expand the effective one-particle irreducible action � in powers of the
coupling constant g:

�=
∞∑

n=0
gn�(n) (16.133)

This is done by organizing the Feynman graphs in powers of g. At the lowest order in g, the
tree level, we recover (as expected) the classical action of the nonlinear sigma model:

�(0)= S(π ,H)

=
∫

d2x

[
1
2
(
∂μπ

)2+ 1
2

(
π · ∂μπ

)2

1−π 2 −H(x)
√
1−π 2

]

+measure terms (16.134)

Let us now expand the effective action to order one loop, �=�(0)+ g�(1). We use the
Ward identity of eq. (16.129) and demand that it hold at every order in g, resulting in the
requirement:

∫
d2x
[
δ�(0)

δπ

δ�(1)

δH
+ δ�

(1)

δπ

δ�(0)

δH

]
= 0 (16.135)

Next, define the operator

�(0)�≡
∫

d2x
[
δ�(0)

δπ

δ

δH
+ δ�

(0)

δH
δ

δπ

]
(16.136)

in terms of which eq. (16.135) becomes

�(0) � �(1)= 0 (16.137)

As the cutoff is removed, �→∞, the quantity �(1) will develop a singular part, which we
denote by �(1)div. However, since the divergent and finite parts (the latter one will be denoted
by �(1)reg) have different dependence in the regulator, they must obey eq. (16.137) separately.
Hence, �(1)div must satisfy an equation of the form of eq. (16.137). The divergence contained
in�(1) can be canceled by adding a counterterm to the action S(π ,H) of the form gS1(π ,H)
such that

S1(π ,H)=−�(1)div +O(g) (16.138)

In this way, the new, renormalized action S+ gS1 satisfies the Ward identity to all orders
in g.

By power counting, we know that �(1)div is a local function of the field π with scaling
dimension 2. Since the scaling dimension of H(x) is also 2, it follows that �(1)div =O(H).
Thus, we can write �(1)div as an expression of the form

�
(1)
div =

∫
d2x [B(π)+H(x)C(π)] (16.139)



468 . Chapter 16

where B(π) contains at most two derivatives, andC(π) has no derivatives. The requirement
that �(1)div obeys eq. (16.137) yields the following condition on B and C:

0=
∫

d2x
[
δ�(0)

δH(x)
δC
δπ

H(x)+ δ�
(0)

δπ
C(π)+ δ�(0)

δH(x)
δB
δπ

]
(16.140)

From the expression of the tree-level action, �(0), we find the explicit expressions

δ�(0)

δH(x)
=−

√
1−π 2

δ�(0)

δπ
=− ∂2π +

(
π · ∂μπ

)

1−π 2 ∂μπ +
(
π · ∂μπ

)2

(1−π 2)2
π + H(x)√

1−π 2
π (16.141)

By collecting terms, we can write

∫
d2x
[
−
√
1−π 2 δC

δπ
+ π√

1−π 2
C(π)

]
H(x)

+
∫

d2x
{[
−∂2π +π

∂2(1−π 2)1/2√
1−π 2

]
C−

√
1−π 2 δB

δπ

}
= 0 (16.142)

Since H(x) and π(x) are arbitrary functions of the coordinates, this integral implies that
C(π)must be the solution of

√
1−π 2 δC

δπ
= π√

1−π 2
C(π) (16.143)

and that

∫
d2x

{[

−∂2π +π
∂2
√
1−π 2

√
1−π 2

]

C−
√
1−π 2 δB

δπ

}

= 0 (16.144)

The most general solution is

�
(1)
div = λS(0)+μ

∫
d2x
[
(π · ∂μπ)2
(1−π 2)2

+ H(x)√
1−π 2

]
(16.145)

where S(0) is the classical action, and λ and μ are two singular functions of the regulator.
If we now define S(1)=−�(1)div and write the field π in terms of a rescaled field Z1/2π (i.e.,

this is the wave-function renormalization), we can write the renormalized action as

S=
∫

d2x

{
Z
Z1

[
1
2
(∂μπ)

2+ 1
2
(π · ∂μπ)2( 1

Z −π2
)

]

−H
√

1
Z
−π 2

}

(16.146)
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where

Z
Z1
≡1− λg+O(g2)

Z≡1− 2μg+O(g2) (16.147)

Nowdefine the renormalized dimensionless coupling constant tR and the renormalized field
HR by the conditions

g= tRZ1κ
2−D

H=HR
Z1√
Z

(16.148)

where κ is an arbitrary renormalization scale. Thus, to one-loop order, it is sufficient to do
a renormalization of the coupling constant and a wave-function renormalization.

However, since we rescaled the field, we must modify the transformation laws to read

δπ =
√

1
Z
−π2 ω (16.149)

and the measure dπ/
√
1−π 2 is no longer invariant. To solve this problem, we must

replace the measure by dπ/
√
1/Z−π 2, which has an effect that will become apparent

at two-loop level. Hence we have succeeded in making the renormalized one-particle
irreducible function � finite, and it satisfies the Ward identity.

We will now show that the one-loop result implies that the nonlinear sigma model is
renormalizable to all orders in the loop expansion. At every order, the key is the Ward
identity. Let us use the following induction argument. Assume that to order n− 1, we have
succeeded in renormalizing the theory. Thus, at order n we must satisfy

�(0) � �(n)=− (�(1) � �(n−1)+�(2) � �(n−2)+ · · · ) (16.150)

However, by hypothesis, the right-hand side contains only renormalized terms. Hence the
singular part �(n)div must also satisfy the same equation that we solved at one-loop order,
that is,

�(0) � �
(n)
div = 0 (16.151)

Hence, �(n)div has the same form as �(1)div. Therefore, to all orders in a expansion in the
coupling constant, we can renormalize the nonlinear sigma model by renormalizing
the coupling constant and with a wave-function renormalization. This completes the proof
of renormalizability.

In summary, in two dimensions, the renormalized action is

S
g
=
∫

d2x

{
Z

2Z1g

[ (
∂μπ

)2+
(
∂μ

√
1−Zπ 2

)2 ]− H
g

√
1
Z
−π 2

}

(16.152)

In general dimension D> 2, the result is
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(a)

(e)(d)

(b) (c)

Figure 16.3 One-loop contributions to �(2). The dashes denote derivatives in the external lines
(a), and in the internal loop (b); the tadpole diagram (c) and diagram (e) originate from the
symmetry-breaking field H; here we have included the lowest-order (quadratic) term coming from
the integration measure (d).

S
g
= κ

D−2

2Z1t

∫
d2x

{

Z

[

(∂μπ)
2+ (π · ∂μπ)

2

( 1Z −π2)2

]

− HZ1√
Z

√
1−Zπ 2

}

(16.153)

where
g= tκ2−D (16.154)

16.7.1 Renormalization to one-loop order

Let us carry out this program to one-loop order. It will suffice to study the renormalization
of the two-point function of the π fields. First observe that the bare propagator of the π

field in momentum space is
Gij
0(p)= δij

g
p2+ H

g
(16.155)

where i, j= 1, . . .,N− 1, and that (except terms coming from the integrationmeasure) every
vertex contributes with a weight of 1/g. The coupling constant g is thus the parameter that
organizes the loop expansion.

To zeroth (tree-level) order, the one-particle irreducible two-point function is then

�
(2)
ij (p)=

1
g

(
p2+ H

g

)
(16.156)

The Feynman diagrams for the one-loop contributions to �(2)(p) are shown in figure 16.3.
The explicit expression for �(2) at one-loop order is

�(2)(p)= 1
g

(
p2+ H

g

)

+ p2
∫ dDq
(2π)D

1
p2+ H

g
+
∫ dDq
(2π)D

q2

q2+ H
g
+ H

2g
(N− 1)

∫ dDq
(2π)D

1
q2+ H

g

− �D

(2π)D
+ H

g

∫ dDq
(2π)D

1
q2+ H

g
(16.157)
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Here, the second through the fourth terms on the right-hand side are the expressions for the
Feynman diagrams in figure 16.3a–c, and the final two terms correspond to the diagrams
in figure 16.3d,e. Notice the negative contribution of the fifth term, which arises from the
integration measure.

It is straightforward to see that the following identity holds:

∫ dDq
(2π)D

q2

q2+ H
g
− �D

(2π)D
+ H

g

∫ dDq
(2π)D

1
q2+ H

g
= 0 (16.158)

For D= 2, this identity tells us that the quadratically divergent contributions, which
could have induced a mass term (as well as the N-independent logarithmically divergent
contributions), cancel exactly. This is a manifestation of the Ward identity.

As a result, the final form of the 1-PI two-point function to one-loop order is

�(2)(p)= 1
g

(
q2+ H

g

)
+
(
p2+ (N− 1)

2g
H
)∫ dDq

(2π)D
1

q2+ H
g

(16.159)

The divergences in �(2) can be taken care of by means of a renormalized dimensionless
coupling constant t and a wave-function renormalization Z:

�
(2)
R (p, t,HR, κ)=Z�(2)(p, g,H,�) (16.160)

with

g= tκ−εZ1, H=HR
Z1√
Z

(16.161)

where we set ε=D− 2.
The renormalization constants Z1 and Z can be expanded in a power series of the

dimensionless renormalized coupling constant tR:

Z= 1+ at+O(t2)

Z1= 1+ bt+O(t2) (16.162)

The renormalized 1-PI two-point function becomes

�
(2)
R =

p2

t
κD−2

[

1+ t

(

a− b+ κ2−D
∫ dDq
(2π)D

1
q2+ HR

t

)

+ · · ·
]

+ HR

t
κD−2

[

1+ t

(
a
2
+ κ2−D (N− 1)

2

∫ dDq
(2π)D

1
q2+ HR

t

)

+ · · ·
]

(16.163)

The coefficients a and b will be chosen so that �(2)R (p) is finite. There are many
ways of doing this. For instance, we can choose these coefficients to cancel the singular
part of the integral in eq. (16.163). If we use dimensional regularization, this procedure
is equivalent to the minimal subtraction procedure of ’t Hooft and Veltman (1972). Here
we will use the following somewhat different choice, which subtracts the expressions at a
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renormalization scale κ :

a=− κ2−D(N− 1)
∫ dDq
(2π)D

1
q2+ κ2

b=− κ2−D(N− 2)
∫ dDq
(2π)D

1
q2+ κ2 (16.164)

Hence,

a− b=−κ2−D
∫ dDq
(2π)D

1
q2+ κ2 (16.165)

With this choice, the renormalization constants Z and Z1 become

Z=1− tκ2−D (N− 1)
∫ dDq
(2π)D

1
q2+ κ2

Z1=1− tκ2−D (N− 2)
∫ dDq
(2π)D

1
q2+ κ2 (16.166)

Next we study the behavior of the integral for dimensionsD= 2+ ε and expand it in powers
of ε: ∫ dDq

(2π)D
1

q2+ κ2 =
1

(4π)D/2
�

(
1− D

2

)
κD−2 (16.167)

Using the asymptotic expression for the Euler gamma function

�(z)= 1
z
− γ +O(z) (16.168)

where γ is the Euler-Mascheroni constant, the integral becomes

∫ dDq
(2π)D

1
q2+ κ2 =−

1
2πε
+O(1) (16.169)

With these prescriptions, the renormalization constants take the simple form

Z=1+ (N− 1)
ε

t+O(t2)

Z1=1+ (N− 2)
ε

t+O(t2) (16.170)

Therefore, this procedure is equivalent to minimal subtraction (MS).
Hence, we find that, to lowest order in ε, the renormalized 1-PI two-point function is

�
(2)
R (p, t,HR, κ)= 1

t

(
p2+ HR

t

)
− 1

2

(
p2+ (N− 2)

2
HR

t

)
ln
(
HR

tκ2

)
+O(t2) (16.171)

Notice that it is not possible to set HR→ 0. In other words, the true IR behavior is not
accessible to perturbation theory.
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16.7.2 RG for the nonlinear sigmamodel

Next we compute the beta function for the nonlinear sigma model,

β(t)= κ ∂t
∂κ

∣∣∣
bare

(16.172)

where, as before, we hold the bare theory fixed. Since the bare coupling constant g and the
renormalized dimensionless coupling constant t are related by g= κ−εZ1t (with ε=D− 2),
varying the renormalization scale κ at fixed bare coupling constant

κ
∂g
∂κ
= 0 (16.173)

leads to the result
0=−εt+β(t)

(
1+ t

∂ lnZ1

∂t

)
(16.174)

From eq. (16.170), we find
∂ lnZ1

∂t
= N− 2

ε
(16.175)

Hence, at one-loop order, the beta function is given by

β(t)= εt− (N− 2)t2+O(t3) (16.176)

Similarly, we find that the anomalous dimension is

γ (t)= κ ∂ lnZ
∂κ

∣∣∣
bare

=β(t)∂ lnZ
∂t

= (N− 1)t+O(t2) (16.177)

Notice that, contrary to what we found in φ4 theory, the nonlinear sigmamodel already has
an anomalous dimension at the one-loop level.

We can similarly derive the Callan-Symanzik equations to the N-point 1-PI vertex
functions of the π fields by requiring that the bare functions �(N)B remain constant as the
renormalization scale changes:

κ
∂�

(N)
B
∂κ

(piy, g,H,�)= 0 (16.178)

resulting in the Callan-Symanzik equation
[
κ
∂

∂κ
+β(t) ∂

∂t
− N

2
γ (t)+

(γ (t)
2
+ β(t)

t
− (D− 2)

)
HR

∂

∂HR

]
�
(N)
R (piy, t,HR, κ)= 0

(16.179)

We will shortly solve this equation along the RG flow near a fixed point.
Next, we need to find the fixed points of this theory (i.e., the values t∗ where β(t∗)= 0).

We have two cases.
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1) For D≤ 2, the only finite fixed point is at t∗ = 0. This fixed point is IR unstable (or,
equivalently, it is the UV fixed point). The case of D= 2 is special, and we discuss
it in detail below. In this case, the fixed point is marginally IR unstable.

2) For D> 2, the fixed point at t∗ = 0 is IR stable and has a finite basin of attraction
in the IR. This fixed point represents the spontaneously broken symmetry state
where this theory hasN− 1 exactly massless Goldstone bosons. At this fixed point,
the theory is no longer renormalizable in the sense that it has a large number of
irrelevant operators, which dominate the UV behavior. However, for D= 2+ ε, a
new finite fixed point emerges at

tc= ε

N− 2
+O(ε2) (16.180)

This fixed point is IR unstable. We will see that this is the UV fixed point of the
theory. The theory is renormalizable at this nontrivial fixed point of the 2+ ε
expansion.

Thus, for t< tc, the theory flows in the IR toward the fixed point at t∗ = 0, and for t> tc
the theory flows in the IR toward t→∞. However, the behavior in this phase is not
accessible to perturbation theory. Nevertheless, we will be able to infer that in this phase, the
correlation length is finite and the symmetry is unbroken. To justify this inference requires
a nonperturbative definition of the theory, such as a lattice regularization, where it becomes
identical to the O(N) Heisenberg model of classical statistical mechanics. Then this phase
is simply the high-temperature phase. Another option, which we discuss in chapter 17, is to
define this theory in terms of its 1/N expansion.

Let us now explore the structure of the correlators. Dimensionally, in momentum space,
the 1-PI vertex function has units [�(N)R ]= κD. Hence, under a change of momentum scale
ρ, the renormalized vertex functions must obey

�
(N)
R ({pi}, t,HR, κ)= ρD�(N)R

({
pi
ρ

}
, t,

HR

ρ2
,
κ

ρ

)
(16.181)

As we saw in section 15.2, the correlation length ξ (i.e., the inverse of the mass) satisfies
the Callan-Symanzik–type equation:

(
κ
∂

∂κ
+β(t) ∂

∂t

)
ξ(t, κ)= 0 (16.182)

For t< tc, the solution is

ξ(t, κ)= κ−1 exp
(∫ t

0

dt′

β(t′)

)
(16.183)

Since the slope of the beta function at tc is β ′(tc)=−ε, we find that the correlation length
has the universal form

ξ(t, κ)= κ−1
∣∣
∣
t− tc
tc

∣∣
∣
−ν

(16.184)

with a correlation length exponent

ν=− 1
β(tc)

= 1
ε
+O(1) (16.185)
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Hence, as t→ tc from below, the correlation length diverges. In chapter 21, we will see
that at tc, the theory exhibits conformal invariance. Notice that at one-loop order of the ε
expansion, the value of the exponent ν is the same for allN. This is only correct at one-loop
order, and at higher orders, it has N-dependent corrections.

Now let us examine the behavior of the vacuum expectation value of the field σ (i.e.,
the magnitude of the broken symmetry). At the classical level, σ =√1−π 2. Here we
set the symmetry-breaking field to be zero: H= 0. Under the renormalization procedure
that we use, the field σ , just as for the field π , must be rescaled by the wave-function
renormalization:

σR(t, κ)=Z−1/2σB(g,�) (16.186)

Consequently, the renormalized field σR obeys the Callan-Symanzik equation

(
β(t)

∂

∂t
+ γ (t)

2

)
σR(t, κ)= 0 (16.187)

which has the solution

σR(t, κ)= const. exp
(
−1
2

∫ t

0

γ (t′)
β(t′)

dt′
)

(16.188)

For t→ tc from below, we obtain that σR(t, κ) obeys the scaling law

σR(t, κ)∼ |t− tc|β (16.189)

where the exponent β is

β =− γ (tc)
2β ′(tc)

= N− 1
2(N− 2)

+O(ε) (16.190)

Notice that as N→∞, β→ 1/2. We will revisit this result in chapter 17, where we discuss
the large-N regime of field theories.

Finally, let us examine the renormalization of the two-point function. Here, too, we set
H= 0. For a change of scale ρ, define the running dimensionless coupling constant t(ρ),

t(ρ)= exp
(∫ t(ρ)

t

dt′

β(t′)

)
(16.191)

to find

�
(2)
R (p, t, κ)= ρD�(2)R

(
p
ρ
, t,
κ

ρ

)

= ρ2 exp
(
−
∫ t(ρ)

t

(γ (t′)− ε)
β(t′)

dt′
)
�
(2)
R

(
p
ρ
, t(ρ), κ

)
(16.192)

where we have set D= 2+ ε.
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At the fixed point, t(ρ)= tc, we get

�
(2)
R (p, tc, κ)= ρ2e−(γ (tc)− ε) ln ρ �(2)R

(
p
ρ
, tc, κ

)

≡ ρ2−η�(2)R

(
p
ρ
, tc, κ

)
(16.193)

From the condition that
�
(2)
R (κ , tc, κ)= κ2 (16.194)

we find the standard result
�
(2)
R (p, tc, κ)=

( p
κ

)2−η
κ2 (16.195)

where the exponent η is
η= γ (tc)− ε= ε

N− 2
+O(ε2) (16.196)

Thus, we find a nonvanishing anomalous dimension already at one-loop order. In contrast,
in φ4 theory, the anomalous dimension only appears at two-loop order.

We now turn to the important case of D= 2 dimensions. In D= 2 dimensions, tc= 0,
and the one-loop beta function reduces to

β(t)=−(N− 2)t2+O(t3) (16.197)

and
γ (t)= (N− 1)t+O(t2) (16.198)

From the integral
∫ t

t0

dt′

β(t′)
= 1

N− 2

(
1
t
− 1

t0

)
(16.199)

we find that in D= 2, the correlation length ξ(t, κ) behaves as

ξ(t, κ)=
[
κ−1 exp

(
− 1
(N− 2)t0

)]
exp

(
1

(N− 2)t

)
(16.200)

Hence, at D= 2, the correlation length diverges as t→ 0 with an essential singularity in t.
We will shortly find that the same behavior occurs in D= 4-dimensional Yang-Mills gauge
theory.

Furthermore, the running coupling constant t(ρ) now obeys

ln ρ= 1
N− 2

(
1

t(ρ)
− 1

t

)
(16.201)

Hence, as the momentum scale ρ increases, the running coupling constant t(ρ) flows to
zero, albeit logarithmically slowly:

t(ρ)= t
1+ (N− 2)t ln ρ

≈ 1
(N− 2) ln ρ

→ 0, as ρ→∞ (16.202)
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In other terms, the effective (running) coupling constant becomes very weak at large
momenta (or short distances). This behavior is known as asymptotic freedom. In this regime,
the renormalized coupling constant is weak, and renormalized perturbation theory works.

The flip side of this result is the behavior at long distances. By inspection of eq. (16.202),
we see that there is a scale ρ∗ where t(ρ∗)→∞. It easy to see that this scale is determined
by the correlation length, ρ∗ ∼ ξ−1. To be more precise, this momentum scale sets a lower
bound on the applicability of renormalized perturbation theory. The physics at length scales
longer than ξ (even the existence of a finite correlation length ξ itself!) is beyond the reach
of perturbation theory.

This result is most remarkable. InD= 2 dimensions, the classical action is dimensionless
and scale invariant, and the coupling constant is dimensionless. However, as we see,
at the quantum level, the theory flows to strong coupling in the IR, and a nontrivial
length (and hence a mass) scale appears. This phenomenon is often called dimensional
transmutation. It is characteristic of asymptotically free theories. This behavior is also found
in four-dimensional non-abelian gauge theories and in the Kondo problem.

In this context, it is instructive to compute the explicit form of the two-point 1-PI
function �(2)R . This can be done by evaluating the integrals of eq. (16.192). Here we need
to extract the changes in the two-point function due to the effects of the RG flow. We
have already discussed this problem in section 16.1.3, where we examined the effects of
corrections to scaling. Using the beta function β(t) and the anomalous dimensions γ (t) in
D= 2, we find

exp
(
−
∫ t(ρ)

t

γ (t′)
β(t′)

dt′
)
=
(
t(ρ)
t

)(N−1)/(N−2)

= (1+ t(N− 2) ln ρ)−(N−1)/(N−2) (16.203)

Setting ρ= p/κ , and plugging this result into eq. (16.192), we find that the two-point
function has a logarithmic correction to scaling of the form

�
(2)
R (p, t, κ)= p2

(
t(N− 2) ln(p/κ)

)−(N−1)/(N−2) (16.204)

This is the behavior of the two-point function at short distances (or high energies): ��
p� ρ∗, where ρ∗ = ξ−1 is the scale at which t(ρ)→∞. The same behavior is also found in
four-dimensional non-abelian gauge theories.

16.7.3 Renormalization of general nonlinear sigmamodels

The perturbative renormalization group of the O(N) nonlinear sigma model has been
extended to the general case of a nonlinear sigmamodel whose target space is amanifoldM.
The Lagrangian of such general models is given in eq. (16.111). This is a theory whose target
space M is a manifold with coordinates φi(x), and it is equipped with a positive-definite
Riemannmetric onM, gij[φ], which plays the role of the coupling constants of the nonlinear
sigma model. In more conventional models, the target space M is a homogeneous space,
the coset of a Lie group G by a compact subgroup H. For example, in the case of the O(N)
nonlinear sigma model, whose target space is the sphere SN−1∼=O(N)/O(N− 1), the fields
are the π(x) fields of the Goldstone modes, and the metric is

gij(π)= 1
g

(
δij+ πiπj

1−π 2

)
(16.205)
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which is the Riemann metric for the sphere SN−1 in terms of the tangent coordinates, the
Goldstone fields. Notice that the Jacobian factor of the integration measure of the path
integral is just

1√
1−π 2

= det(gij(π)) (16.206)

Friedan (1985) showed that these general nonlinear sigma models are renormalizable
field theories in D= 2 dimensions. Since the metric gij onM has the interpretation of a set
of coupling constants of the nonlinear sigma model, they must flow under the RG. Friedan
computed their beta functions

βij(g)=−�∂gij
∂�

(16.207)

and derived the tantalizing result (in D= 2+ ε dimensions)

βij(u−1g)=−εu−1gij+Rij+ u
2
RipqrRjpqr +O(u2) (16.208)

where Ripqr is the curvature tensor of the manifold M, and Rij=Ripjp is the Ricci tensor of
the metric gij. The result that we obtained for the O(3) model (actually the sphere S2, the
symmetric space S2=O(3)/O(2)) simply means that the coefficient of the one-loop beta
function is nothing other than the (Ricci) curvature of the sphere S2!

A remarkable consequence of this result is that the fixed-point condition (i.e., that the
beta function vanishes, βij= 0) implies that the Ricci tensor onM obeys a generalized form
of the Einstein equations of general relativity (Friedan, 1985)

Rij− sgij=�ivj+�jvi (16.209)

where s= 1(−1) for manifolds with positive (negative) curvature, or zero for flat manifolds;
here vi is some vector field onM. Nonlinear sigma models with α=+1 are asymptotically
free: for α=−1, they are asymptotically trivial. For α= 0, the lowest nonvanishing term of
the beta function is of order u2. This result, relating the fixed-point condition of nonlinear
sigmamodels to Einstein’smetrics, played a key role in the development of string theory and
of its connection with a quantum theory of gravity (Polchinski, 1998). Interestingly, since
the RG flow of the nonlinear sigma model is effectively a Ricci flow, it played a significant
role in the proof of the Poincaré conjecture, a key problem in mathematics, by G. Perelman
(2002).

16.8 Renormalization of Yang-Mills gauge theories
in four dimensions

We now discuss briefly the renormalization of four-dimensional gauge theories. This
material is discussed extensively in several classic textbooks, particularly in the book by
Peskin and Schroeder (1995). Here we highlight the main points and compare them with
what we did in φ4 theory and the nonlinear sigma model.

For the sake of definiteness, consider a theory of quarks and gluons. This is a Yang-Mills
gauge theory with (color) gauge group G= SU(Nc). The Lagrangian of this theory contains
gauge fields (gluons) Aa

μ in the adjoint representation of SU(Nc) (and hence, a= 1, . . .,
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(a) (b) (c)
ηbη–a

Figure 16.4 QCD propagators: (a) quark propagator, (b) gluon propagator, and (c) ghost propagator.

N2
c − 1), and Dirac fermions (quarks) ψi that carry the quantum numbers of the funda-

mental, Nc-dimensional representation of SU(Nc). Here the color index i= 1, . . .,Nc. We
omit, for now, the Dirac indices.

16.8.1 Perturbation theory

Here we use the path-integral quantization of Yang-Mills theory coupled to Dirac fermions
(i.e., QCD), discussed in section 9.8, in the Feynman–’t Hooft gauges with parameter λ. The
Lagrangian of the theory is

L=− 1
4g2

Fa
μνF

μν
a + ψ̄i

(
i /D[A]−M

)
ψi+ λ

2g2
(
∂μAμa

)2− η̄a∂μDμab[A]ηb (16.210)

with a= 1, . . .,N2
c , and i= 1, . . .,Nf . HereDμij [A]= δij∂μ− igAa

μtaij is the covariant derivative
in the fundamental representation of SU(Nc) (with taij being the generators of SU(Nc) in the
fundamental representation), and Dab

μ [A]= δab∂μ− gfabcAc
μ is the covariant derivative in

the adjoint representation. Here ηa are the ghost fields, and ψi are massive Dirac fermions
(quarks) with Nf flavors.

The Feynman rules in the ’t Hooft–Feynman gauges are as follows. The propagator of
the fermions (quarks), represented by a solid oriented line (shown in figure 16.4a), is

Sij(p)= i
/p−M+ iε

δij, (16.211)

with i, j= 1, . . .,Nc. The propagator of the gauge field (in the Feynman gauge, with λ= 1)
is represented by a wavy line (shown in figure 16.4b) and is given by

Dab
μν(p)=−

i
p2+ iε

δabgμν (16.212)

where a, b= 1, . . .,N2
c − 1, and gμν is the metric tensor of Minkowski spacetime. The

propagator of the ghost fields (shown as a broken line in figure 16.4c) is

Cab(p)= i
p2+ iε

δab (16.213)

This theory has several vertices: a quark-gluon vertex (shown in figure 16.5a) withweight
−igγ μtaij, a trilinear gluon vertex (shown in figure 16.5b) with weight −g((qμ− kμ)gνλ+
two permutations)f abc, a quadrilinear gluon vertex (shown in figure 16.5c) with weight
−ig2f abef dce(gμγ gνλ− gμλgνγ )+ five permutations, and a ghost-gluon vertex (shown in
figure 16.5d) with weight −gf abcqμ. Notice the important fact that the weights of both the
trilinear gluon vertex and the ghost-gluon vertex carry factors that are linear inmomentum.
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(a) (b)
i j

(d)
a bc,λ

a,μ

c,μa,μ

(c)
d,λ c,γ

a,μ

Figure 16.5 QCD vertices: (a) quark-gluon vertex, (b) trilinear gluon vertex, (c) quadrilinear gluon
vertex, and (d) ghost-gluon vertex.

At the tree level, the 1-PI gluon propagator in the Feynman gauge (λ= 1) is

�
(2)ab
0 μν(p)=−ip2δabgμν (16.214)

Now consider its one-loop corrections, �(2)one loop. These gluon self-energy corrections are
represented by the following sum of Feynman diagrams:

�
(2)
one loop= +

+ + (16.215)

The pure gluon contributions, the first three terms on the right-hand side of this equation,
are characteristic of the nonlinearities of Yang-Mills theory and are absent in QED. The last
term, the quark loop, however, is similar to the electron loop in QED. If the theory has a
flavor symmetry SU(Nf ), the quark loop has a coefficient of Nf . Here I will spare you the
explicit expressions of these Feynman diagrams, which can be found in many textbooks.
Notice that, due to Fermi statistics, both the ghost loop and the quark loop have a minus
sign in their weight.

A superficial inspection of these one-loop contributions to the gluon self-energy seem
to suggest that the gluons acquire a mass due to these radiative corrections. If this were the
case, it would be disastrous, since mass terms for the gauge fields are forbidden by local
gauge invariance. A closer examination reveals that this is not the case. The reason lies in
the momentum dependence of the trilinear gluon vertex and of the ghost-gluon vertex.

Indeed, due to the momentum dependence of these vertices, there will be an explicit
factor of themomentum either on the external legs of the gluon bubble diagram (the second
term on the right-hand side of eq. (16.215)) or two momenta on the internal gluon loop.
Thus, the gluon bubble diagram is actually a sum of two terms, one in which a factor of the
momentum appears on each internal gluon leg and one in which two factors of momentum
appear in the internal gluon loop,
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= +

(16.216)

where the dashes in eq. (16.216) indicate a momentum factor. The same considerations
apply to the ghost loop diagram (the third term on the right-hand side of eq. (16.215)).

Thus, we have three possible contributions to a potential gluon mass term: one coming
from the gluon tadpole diagram (this has the quadrilinear vertex), one from the gluon
bubble (with two factors of momentum on the internal gluon loop), and one from the ghost
loop (again, with two factors of momentum in the internal ghost loop). Fortunately, these
three contributions to a potential gluon mass term exactly cancel out!

+ + = 0

(16.217)

Of course, this cancellation is not an accident. It is a consequence of gauge invariance, and
it is a manifestation of the Ward identities of Yang-Mills theory. However, this argument is
formal in the sense that the integrals in these Feynman diagrams are divergent. In particular,
inD= 4 dimensions, the contributions of the Feynmandiagrams that could produce a gluon
mass term are quadratically divergent. Hence, for this cancellation to be obeyed, it is crucial
that the regularization used be consistent with gauge invariance. In a non-abelian gauge
theory, this is a nontrivial requirement. It is here that the use of dimensional regularization
plays a key role for two reasons. One reason is that dimensional regularization is naturally
compatible with gauge invariance. The other (and related) reason is that in dimensional
regularization, quadratic divergences are regularized to zero.

16.8.2 Renormalization group

Once the cancellation of the quadratic divergences is taken care of, we find that the one-loop
contribution to the gluon 1-PI two-point function is the sum of three Feynman diagrams:

�
(2)
one loop= + +

(16.218)

These diagrams are logarithmically divergent in D= 4 dimensions. These three contribu-
tions have the same form:

=Cg2
[ ∫ dDq

(2π)D
1

q2(p+ q)2
]
p2i(p2gμν − pμpν)δab (16.219)
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where C is a constant that differs for the three diagrams. What is important is that this
constant depends on the gauge group and on the representation of the fermions. The integral
in eq. (16.219) is manifestly logarithmically divergent as D→ 4, and hence, it has a pole in
ε=D− 4. The ghost-loop term yields a contribution of the same form but with a minus
sign due to the fermionic nature of ghosts. Finally, the fermion-loop diagram yields an
expression of the same form (and also negative). The fermion loop is the only contribution
to the photon self-energy, since Maxwell’s theory is free.

Putting it all together, we find that the one-loop correction to the 1-PI gluon two-point
function in the Feynman gauge (λ= 1) is (with no quarks)

�
μν

one loopab
(p)=−C(Nc)δab

g2

16π2

(
p2gμν − pμpν

) 5
3

[
−2
ε
+ ln

(
p2

μ2

)]
(16.220)

where μ is a renormalization scale. Here we used that for the color group SU(Nc), the
constant is the quadratic Casimir operator of the adjoint representation, and it is simply
equal to C(Nc)=Nc. Also, we used that if the Ta are the generators of SU(Nc) in the adjoint
representation, then they obey

tr(TaTb)=−C(Nc)δab, (Ta)bc= ifabc (16.221)

where fabc are the structure constants of SU(Nc), and C(Nc) is the quadratic Casimir.
Following the renormalization prescription of dimensional regularization with minimal

subtraction, the pole in ε can be canceled by a wave-function renormalization of the
non-abelian gauge field Aa

μ,

�
(2)
R
μν

ab (p,μ)=Z−13 �
(2)μν

ab (16.222)

where

Z3= 1+ g2
C(Nc)

16π2

[
5
3
+ 1

2

(
1− 1

λ

)]
2
ε

(16.223)

The renormalizability of Yang-Mills theory implies that the counterterms have the
same form as the terms of the bare Lagrangian to all orders in perturbation theory. The
renormalized Yang-Mills Lagrangian then has the form

LYM+ δLYM= 1
2
Z3
(
∂μAν − ∂νAμ

)2+ λ
2
(
∂μAμ

)2

− gZ1
(
∂μAν − ∂νAμ

) [Aμ,Aν]+ g2

2
Z4[Aμ,Aν]2

− Z̃3∂μη̄∂
μη+ gZ̃1∂μη̄bAμa ηcfabc (16.224)

where a trace over the color indices is implied. Here we denoted the matrix-valued gauge
field Aμ= taAa

μ. The relation between the renormalized and bare fields is

Aμ=Z1/2
3 AμR , η= Z̃1/2

3 ηR, η̄=Z1/2
3 ηR

g=Z1Z−3/23 gR, λ=Z−13 λR (16.225)
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When coupled to fermions (quarks), the renormalized Lagrangian has the following
additional terms:

Lfermions=Z2ψ̄ i/∂ψ −Z2Mψ̄ψ − igZ1Fψ̄ /Aataψ (16.226)

Clearly, these renormalization constants cannot be independent, since otherwise the
renormalized Lagrangian would not be gauge invariant. This condition is enforced by the
Ward identities of this theory, known as the Slavnov-Taylor identities. A consequence of
these identities is that the renormalization constants satisfy the relations

Z4

Z1
= Z1

Z3
= Z̃1

Z̃3
= Z1F

Z2
(16.227)

Hence, this theory, just as in the case of the nonlinear sigma model, only has a coupling-
constant renormalization and a wave-function renormalization. The coupling-constant
renormalization is

gR=Zgg (16.228)

where, to one-loop order,

Zg ≡Z−11 Z3/2
3 = 1+ g2

16π2

(
11
6
C(Nc)− 2

3
Nf Tf

)
(16.229)

where
tr (tatb)=−Tf δab (16.230)

Here Tf depends on the representation. For the fundamental representation, Tf = 1/2.

16.8.3 QCD: Asymptotic freedom

The one-loop beta function is

β(g)=μ ∂g
∂μ
=− g3

8π2

(
11
6
C(Nc)− 2

3
Nf Tf

)
(16.231)

where Nf is the number of fermion flavors. For SU(Nc), C(Nc)=Nc and Tf = 1/2. The
resulting beta function is

β(g)=−ag3 (16.232)

where
a= 1

16π2

(
11
3
Nc− 2

3
Nf

)
(16.233)

For the color gauge group SU(3), the quantity in parenthesis is (33− 2Nf )/3.
Thus, provided the quantity in parenthesis in the beta function of eq. (16.231) is positive,

the theory is asymptotically free. The solution of this equation is the same as what we found
in the nonlinear sigmamodel inD= 2. Thus, if κ is an arbitrary renormalization scale, then
the running coupling constant is

g2(κ)= 1
const.+ 2a ln κ

(16.234)
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For large κ (high energies), the running coupling constant becomes weak:

g2(κ)≈ 1
2a ln κ

→ 0 as κ→∞ (16.235)

Also,
1

g2(κ)
− 1

g2(κ∗)
= 2a ln

( κ
κ∗
)

(16.236)

Conversely, in the IR, the running coupling constant flows to large values. Let the
renormalization scale κ ∼� (the UV scale); then we can ask: At what scale κ∗ = 1/ξ
does the running coupling constant become strong (i.e., diverge)? Here this scale has the
form

ξ = 1
�

exp
(

1
2ag2

)
(16.237)

Thus we have that, (1) perturbation theory works on scales shorter than ξ , and (2) the
IR, long-distance, behavior is not accessible to perturbation theory. This behavior will
persist so long as the coefficient a of the beta function of eq. (16.233) remains positive.
Already at the one-loop level, we can see that asymptotic freedom survives unless the
number of flavors becomes greater than a critical valueNf >Ncrit

f . For SU(3), this number is
Ncrit

f ∼ 16.
Notice that in the case of QED, whose gauge theory is free, the coefficient is always

negative. In this case, the coupling constant flows to zero in the IR but becomes strong
in the UV, just as in the case of φ4 theory.

As you can see, there is a close analogy in the behaviors of the two-dimensionial non-
linear sigma model andD= 4 non-abelian gauge theories. Both theories are asymptotically
free in theUV and flow to strong coupling in the IR.Hence, in both theories, the IR behavior
is the regime in which the field fluctuations become wild and strongly nonclassical. In
chapter 18, we will see that in this regime, the nonlinear sigma model is in its symmetric
(unbroken) phase and that the gauge theory is in its confinement regime.

16.8.4 QED: Asymptotic “triviality”

In the case of QED, the gauge sector of the theory is free, and the RG flow is entirely due
to the coupling between fermions (electrons and positrons) with the electromagnetic field.
Although the renormalization of the theory has the same structure as in the non-abelian
theory, it is substantially simpler. Indeed, in this case, only the fermion loop contributes to
the photon self-energy. The resulting beta function in D= 4 dimensions for QED is

β(g)=+ Nf

24π2 g
3 (16.238)

Thus, contrary to the case of QCD, the coupling constant becomes weak in the IR (and
strong in the UV). This is analogous to what we found for the case of φ4 theory. This
behavior is usually referred to as the triviality of QED, in the sense that the effective coupling
constant vanishes in the IR and hence the photon-mediated scattering between electrons
becomes very weak at very low energies.

There is also a dynamical scale in this theory, and it has the same form as in eq. (16.237).
However, since the coupling constant runs to weak coupling in the IR, this scale does not
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represent in this case a breakdown of perturbation theory or of the vacuum state. The
difference is that this scale now represents a short-distance (or high-energy) regime that
is inaccessible to perturbation theory.

Exercises

16.1 Renormalization of the CP
N−1 nonlinear sigma model

In this exercise, you will work out the program of the perturbative RG in the case
of the CP

N−1 model in two-dimensional Euclidean spacetime using dimensional
regularization and the minimal subtraction scheme (Hikami, 1979). The Euclidean
action of the model is (cf. eq. (16.102))

S= 1
g

∫
d2x
∣∣(∂μ− iAμ(x)

)
zα(x)

∣∣2 (16.239)

where zi, with i= 1, . . .,N, is an N-component scalar field that satisfies the
constraint

∑N
i=1 |zi|2= 1,Aμ is aU(1) gauge field, and g is a dimensionless coupling

constant. In this theory, the gauge-invariant bilinear z∗i zi (for some i) has an
expectation value (but not for the other bilinears) that spontaneously breaks the
global SU(N) symmetry to SU(N− 1)while respecting the localU(1) symmetry.

1) Check that this theory has a global SU(N) symmetry and a localU(1) symmetry.
2) Integrate out the U(1) gauge field Aμ, and show that the resulting effective

Lagrangian for the zi complex fields is local and is given by

L= 1
g

(
∂μzi∂μz∗i + (z∗i ∂μzi)(z∗j ∂μzj)

)
(16.240)

Show that this effective Lagrangian respects the same symmetries as in part 1.
3) Assume that the spontaneous symmetry breaking occurs in theNth component,

andwork in the unitary gauge, inwhich zN = z∗N ≡ σ is real. Furthermore, rewrite
the remainingN− 1 complex fields in terms of 2(N− 1) real fields as zi=π2i−1+
iz2i. In terms of these 2(N− 1) real fields, the constraint is σ 2+∑2N−2

k=1 π2
k = 1.

It will be convenient to make the following change of variables:

σ 2= 1
2
(1+ σ̃ ) πk= π̃k√

2(1+ σ̃ ) (16.241)

Show that in the new variables, the constraint becomes

σ̃
′2+

2N−2∑

k=1
π̃2
k = 1 (16.242)

and that the effective Lagrangian for the 2N− 2 component π̃ field is
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L= 1
g

⎧
⎨

⎩
(∂μπ̃i)

2

2(1+
√
1− π̃ 2

)
+

1
2 +
√
1− π̃ 2

8(1− π̃ 2
)(1+

√
1− π̃ 2

)2
(∂μπ̃

2
)2

− 1

4(1+
√
1− π̃ 2

)2

(N−1∑

k=1
π̃2k−1
←→
∂μ π̃2k

)2
⎫
⎬

⎭
(16.243)

which now has a structure similar to what we found in theO(N) nonlinear sigma
model. Also, as in the O(N) nonlinear sigma model, control the IR divergences
with a symmetry-breaking field, which here is the gauge-invariant coupling
H|zN |2=Hσ 2=H(1+ σ̃ )/2.

4) Show that this theory is renormalizable by defining a renormalized dimension-
less coupling constant gR and the renormalization constants Z and Z1, such
that π̃ =√Zπ̃R, g=Z1gR, and H/g=√ZHR/gR. Compute the renormalization
constants Z and Z1 to one-loop order. Use these results to compute the beta func-
tion for the dimensionless renormalized coupling constant gR and the anomalous
dimension γ .

16.2 Renormalization of perturbative Yang-Mills theory
In section 16.8, we studied the renormalization properties of non-abelian gauge
theories. In this problem, you are asked to work out several steps that we discussed
summarily in the main text. Work with a Yang-Mills theory in D= 4 dimensions
with gauge (color) group SU(Nc), whose Lagrangian is given by eq. (16.210), in the
Feynman gauge with λ= 1. Assume that the matter content is a massive Dirac field
with Nf flavors. Focus on the gluon self-energy one-loop diagrams shown in eq.
(16.215).

1) Give an explicit expression for each of the four one-loop vacuum polarization
diagrams (the gluon self-energy) shown in eq. (16.215). Express your results
for each diagram as a sum of two terms, in the form of eq. (16.217) and eq.
(16.218). For each diagram, give an expression using dimensional regularization
in Euclidean dimension D.

2) Show explicitly the cancellation of the vacuum polarization diagrams shown in
eq. (16.217).

3) Give an explicit derivation of the one-loop gluon self-energy correction of eq.
(16.220).

16.3 The Wilson loop in QED
In section 9.7, we calculated the expectation value of the Wilson loop operator in
quantized Maxwell theory,

W� =
〈
exp

(
ie
∮

�

dxμAμ
)〉

(16.244)

where � is a closed loop, and used it to show that the effective potential V(R)
between two static sources separated a distance R is the familiar Coulomb potential.
In this problem, we will do the same calculation for QED at the one-loop level
(see Kogut, 1983). We work in D= 4 dimensions in the Euclidean signature. The
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Euclidean Lagrangian is

L= ψ̄(i /D−m)ψ + 1
4
F2
μν (16.245)

where /D= γμ(∂μ+ ieAμ), withμ= 1, . . ., 4. Here γμ are theDirac gammamatrices,
which in the Euclidean signature are antihermitian and obey the (pseudo) Clifford
algebra {γμ, γν}=−2δμν . Work in the Feynman gauge.

1) Show that to one-loop order in e2, the expectation value of theWilson loop oper-
ator W� is the same as in free Maxwell theory but with the photon propagator
corrected to one-loop order (i.e., by the one-loop vacuum polarization diagram
�μν).

2) Show that in momentum space, the vacuum polarization diagram is

�μν(q)=−e2
∫ d4p
(2π)4

tr
(
γμ(/p+m)γν(/p− /q+m)
(p2+m2)((p− q)2+m2)

)
(16.246)

3) Now consider the massless theory, and set m= 0. Show that to one-loop order,
the vacuumpolarization leads to a correction to the Euclidean photon propagator
(in the Feynman gauge) of

Gμν(q)= δμνq2
(
1+ α

3π
log
(

q2

M2

)
+ · · ·

)
(16.247)

where α= e2
4π is the fine structure constant, andM is a UV cutoff.

4) Show that the result in part 3 implies that to one-loop order the effective potential
V(R) becomes

V(R)=−α(R)
R

(
1− 2α

3π
log(MR)

)
(16.248)

with the renormalization condition that for R= 1/M, the potential is the bare
Coulomb law.

5) Show that α(R) obeys the beta function

−R
∂α(R)
∂R
=β(α(R)) (16.249)

where
β(α)= 2

3π
α2 (16.250)
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The 1/N Expansions

Aswe saw in chapter 16, perturbation theory, even when applicable, only describes a regime
of a QFT. In the case of the nonlinear sigma model in D= 2 dimensions, and in Yang-Mills
theory in D= 4 dimensions, the running coupling constant is weak only at short distances,
but the long-distance behavior is inaccessible to perturbation theory, since the coupling
constant runs to large values that are outside the perturbative regime. So we have theories
that at low energies have a vacuum state that is essentially different from the free-field
ground state. To understand the physics of the actual ground state requires the use of
nonperturbativemethods. A key tool in this respect is the study of the generalizations of the
theories of interest in their “large-N” limits. Here, N can mean the rank of the symmetry
group or the rank of the representation. The behavior is different in each case. We begin by
considering first the simpler, and more tractable, case of scalar fields.

There is a long history of studying theories in this limit, both in statistical physics and
in QFT. In statistical physics, it goes back to the classic work by Berlin and Kac on what
they called a “spherical model” of a phase transition (Berlin and Kac, 1952). This solvable
modelwas later shown to be equivalent to the large-N limit of the classicalHeisenbergmodel
(with an N-component order parameter) by Stanley (1968). With the advent of the RG,
this limit was studied by S.-K. Ma (1973) in the context of a φ4 theory with a global O(N)
symmetry. In QFT, large-N limits became a mainstay tool for studying nonperturbative
behavior of asymptotically free theories, such as nonlinear sigma models (Brézin and
Zinn-Justin, 1976b), theCP

N−1 models, the Gross-Neveumodels (Gross and Neveu, 1974),
and especially Yang-Mills gauge theory (’t Hooft, 1974; Witten, 1979b). These methods
have also been extensively used in theories of the Kondo problem (Read and Newns, 1983),
quantum antiferromagnetism (Sachdev and Read, 1991), and the study of quantum phase
transitions (Sachdev, 1999). It has also played a central role in the theory of randommatrices
(Mehta, 2004).

17.1 The φ4 scalar field theory withO(N) global symmetry

Let us begin by considering the O(N) φ4 theory. This theory has a scalar field φ(x) that is
an N-component vector that transforms in the fundamental (vector) representation of the
global symmetry group O(N). The (Euclidean) Lagrangian is
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Figure 17.1 The interaction vertex of the O(N) scalar field theory with coupling constant λ= g

N .
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Figure 17.2 One-loop contributions to the 1-PI two-point function of the φ field in theO(N) theory:
(a) the rainbow diagram and (b) the tadpole diagram.
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Figure 17.3 Two-loop contributions to the 1-PI two-point function of the φ field in theO(N) theory:
(a) the two-loop tadpole diagram, (b) the rainbow-tadpole two-loop diagram, and (c) the two-loop
rainbow diagram.

L= 1
2
(
∂μφ(x)

)2+ m2
0
2

φ2(x)+ g
4!N
(
φ2(x)
)2 (17.1)

where, as usual, repeated indices are summed over. Notice that we have made the replace-
ment of the conventional coupling constant λ �→ g

N . We will see shortly the necessity of this
replacement. The interaction vertex of the O(N) theory is shown in figure 17.1, where, for
clarity, the contact interaction has been formally split.

17.1.1 Diagrammatic approach to the large-N limit

What is the dependence onN of the Feynman diagrams of the 1-PI two-point function (i.e.,
the φ field self-energy)? The diagrams up to one-loop order are shown in figure 17.2. It
is easy to see that since each one-loop diagram contributes with a factor of the coupling
constant, the rainbow diagram of figure 17.2a contributes with a factor of g

N , while the
tadpole diagram of figure 17.2b contributes with a factor of g

NN= g, where the factor of
N comes from the independent sum over the index b running inside the loop. Thus, in the
limit N→∞, the leading term in figure 17.2b and figure 17.2a is a 1/N correction.

To see the emerging pattern in the large-N limit, let us look at the two-loop diagrams in
figure 17.3. By counting powers of N, we see that the diagram in figure 17.3a contributes
with a factor of g2

N2N2= g2, that the diagram in figure 17.3b contributes with a factor of
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Figure 17.4 A typical contribution to the two-point function of the O(N) scalar field in the N→∞
limit.
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Figure 17.5 Two-loop contributions to the 1-PI four-point function of the φ field in theO(N) theory:
(a) the bare vertex, (b) the one-loop diagram, and (c) a two-loop bubble diagram.

g2
N2N= g2

N , and the diagram in figure 17.3c contributes with a factor of g2
N2 . Hence, only the

diagram in figure 17.3a survives in the N→∞ limit.
We now see the pattern: Diagrams in which the number of independent sums over the

internal indices is equal to the order in perturbation theory have a finite limit as N→∞,
whereas the contributions of the other diagrams can be organized as a formal expansion in
powers in 1/N. A typical diagram that contributes to the two-point function in theN→∞
limit is shown in figure 17.4. In fact, we have already reached this conclusion in section 11.6,
where we saw that this sum of diagrams (also known as the Hartree approximation) yields
a self-consistent expression for the one-loop self-energy of eq. (11.60).

Moving on to the four-point function, it is easy to see that asN→∞, the only surviving
contribution is the sumof the bubble diagrams shown in figure 17.5, since each newdiagram
contributes with an extra factor of g

N , and a sum over an internal index yields a factor ofN.
We can make these arguments explicit by writing the Dyson equation for the two-point

function, which symbolically becomes

G=G0+G0� G (17.2)

In the N→∞ limit, the self-energy� is the sum of all tree-like diagrams

�= (17.3)

where the internal loop is the full two-point function in the N→∞ limit. More explicitly,
we can write

�(p)=−1
6

( g
N

)
N
∫ dDq
(2π)D

1
q2+m2

0−�(q)
(17.4)
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which does not depend on the external momentum p, and the N dependence cancels out.
This expression can be recast in terms of an effective mass:

m2=m2
0−�(p)=m2

0+
g
6

∫ dDq
(2π)D

1
q2+m2 (17.5)

This is just the renormalized mass (squared) at the one-loop level (cf. eq. (11.62), discussed
in chapter 11). The only difference is that in theN→∞ limit, this expression is exact. Thus,
in this theory, the large-N limit is equivalent to a self-consistent one-loop approximation.

We now have to consider the 1-PI four-point vertex function �(4)ijkl(p1, . . ., p4), which by
symmetry can be written as

�
(4)
ijkl(p1, . . ., p4)=

1
3N
[
δijδklF4(p1+ p2)+ δikδjlF4(p1+ p3)+ δilδjkF4(p1+ p4)

]
(17.6)

The quantity F4(p) in the large-N limit is the sum of the bubble diagrams

≡ + + + · · · (17.7)

More explicitly, we can write the exact expression (in the N→∞ limit) for the sum of
bubble diagrams F4(p)

F4(p)= g
1+ g

6 I(p)
(17.8)

where I(p) is the one-loop bubble diagram:

I(p)=
∫ dDq
(2π)D

1
(q2+m2)((p− q)2+m2)

(17.9)

Therefore, the sum of bubble diagrams yields the form of the effective interaction in the
large-N limit. The sum of bubble diagrams is reminiscent of the random phase approx-
imation of Bohm and Pines (Pines and Bohm, 1952; Pines and Nozières, 1966), widely used
in the theory of screening in electron fluids. In this context, the sum of tadpole diagrams
leading to eq. (17.3) is analogous to the Hartree approximation of the electron self-energy
in the theory of the electron fluids.

The expression for I(p) is UV finite for D< 4 and has a logarithmic divergence as
D→ 4−. The methods we introduced to compute these integrals yield the result (in D
Euclidean dimensions):

I(p)=
�

(
2− D

2

)

(4π)D/2
24−D
∫ 1

0
du((1− u2)p2+ 4m2)(D−4)/2 (17.10)

The important observation here is that if the renormalized mass vanishes, then the IR
behavior of the bubble leads to an IR singularity of the four-point function �(4)(p)∝ pD−4.
As we will see, this result means that the effective coupling constant must have a nontrivial
scale dependence, as dictated by the RG flow.
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17.1.2 Path-integral approach

The diagrammatic analysis of the large-N limit ofφ4 theory is useful, but it has the drawback
that it seemingly applies only to the symmetric phase of the theory in which the O(N)
symmetry is not spontaneously broken. Although a similar diagrammatic analysis can be
done in the broken symmetry phase, there is a more general approach that uses the large-N
limit of the path integral for the partition function. To this end, let us introduce an auxiliary
(Hubbard-Stratonovich) field α(x) to rewrite the partition function for the theory with the
Lagrangian of eq. (17.1):

Z=
∫

Dφ exp
(
−
∫

dDx
[
1
2
(∂μφ)

2+ m2
0
2

φ2+ g
2N
(φ2)2
])

=
∫

Dα
∫

Dφ exp
(
−
∫

dDx
[
1
2
(∂μφ)

2+ m2
0
2

φ2− N
2g
α2+αφ2

])

=
∫

Dα (Det [−∂2+m2
0+ 2α
])−N/2 exp

(
+
∫

dDx
N
2g
α2
)

(17.11)

After integrating out the φ fields, we can rewrite the partition function as a path integral
over the field α(x),

Z=
∫

Dα exp (−NSeff [α]) (17.12)

where the effective action Seff [α] is

Seff [α]= 1
2
tr ln
[−∂2+m2

0+ 2α
]− 1

2g

∫
dDx α2(x) (17.13)

Therefore, the large-N limit ofφ4 theory is the semiclassical limit of the theory of the field α,
whose effective action is given by eq. (17.13). Hence, in the N→∞ limit, the path integral
for the partition function is determined by the configurations αc(x) that make the effective
action stationary, that is, the classical field αc(x) satisfying the saddle-point equation

δSeff
δα
= 0 (17.14)

which implies that the gap equation

G(x, x;m2)= αc
g

(17.15)

must be satisfied. Here we have setm2=m2
0+ 2αc, and

G(x, y;m2)=
〈
x
∣
∣∣∣

1
−∂2+m2

∣
∣∣∣ y
〉

(17.16)

is the propagator of a massive scalar field of mass squared, m2. Hence, the classical field αc
obeys the equation

αc

g
=
∫ dDp
(2π)D

1
p2+m2

0+ 2αc
(17.17)
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By analogy with the BCS theory of superconductivity, equations of this type are generally
called “gap equations.” It should be apparent that the self-energy computed using the Dyson
equation and the classical field are related by�=−2αc.

Returning to the effective action of the field α(x), we see that the 1-PI two-point function
of the field α̃(x)=α(x)−αc is

�(2)αα (x, y)= 2G(x, y;m2)G(y, x;m2)+ 1
g
δ(x− y) (17.18)

which, in momentum space, is easily seen to be the inverse of F4(p)/g. The first term of the
right-hand side of this equation is the bubble diagram.

This analysis requires a renormalization prescription. It should also be supplemented by
an analysis of the broken symmetry state. For brevity, we will do this only in section 17.2,
which is devoted to the large-N limit of the nonlinear sigma model.

17.2 The large-N limit of theO(N) nonlinear sigmamodel

Let us now turn to the case of the O(N) nonlinear sigma model and its large-N limit. We
have already discussed that, in the Euclidean metric, the nonlinear sigma model is the
formal continuum limit of the classical Heisenberg model. It has been known since the
1960s (Stanley, 1968) that the large-N limit of this model is equivalent to the “spherical
model” proposed by Berlin and Kac (1952). Here we work in D Euclidean dimensions.

As discussed in section 12.5, at the classical level, the O(N) nonlinear sigma model can
be regarded as a limit of a φ4 theory in its broken symmetry state. Indeed, we can rewrite
the Euclidean Lagrangian of an N-component φ4 theory as

L= 1
2
(∂μφ)

2+ λ

4! (φ
2−φ2

0)
2 (17.19)

which, in the λ→∞ limit, becomes the Lagrangian of a nonlinear sigma model with
an N-component unit-vector field n(x)= (σ (x),π(x)), such that n= σ 2+π 2= 1 as a
constraint everywhere in D-dimensional Euclidean spacetime. The partition function of
the O(N) nonlinear sigma model is the path integral

Z[H, J]=
∫

DσDπ δ(σ 2+π2− 1) exp
(
−S
g

)
(17.20)

where 1/g=φ2
0 . Here the δ function acts at all points of D-dimensional Euclidean

spacetime. The action S is

S=
∫

dDx
[
1
2
(∂μσ )

2+ 1
2
(∂μπ)

2−Hσ − J ·π
]

(17.21)

where (H, J) is a symmetry-breaking field.Wewill now see that even though classically (and
in perturbation theory for D> 2) this is a theory of a broken symmetry state, this theory
has (again for D> 2) both a broken symmetry phase and a symmetric phase separated by a
critical (and nonuniversal) value of the dimensional coupling constant g.
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17.2.1 Large-N limit

That the nonlinear sigma model has a finite large-N limit can be gleaned from the
perturbative expression for the 1-PI two-point function of the π field, presented in eq.
(16.157) and figure 16.3. There we saw that as N becomes large, we can have a finite limit,
provided the coupling constant g and the fieldH are scaled byN and the fieldπ is also scaled
by an appropriate power of N.

Here we will use a functional approach to study the large-N limit. We begin by
implementing the constraint by means of an integral representation of the δ function in
terms of a Lagrange multiplier field α(x), in terms of which the partition function now
reads

Z=
∫

DσDπDα exp
(
−S
g
+
∫

dDx
α(x)
2g

(1− σ 2(x)−π2(x))
)

(17.22)

Let us rescale the (N− 1)-component fields π =√gϕ, which in turn can be integrated out
to yield

Z=
∫

DσDα (Det[−∂2+α])−(N−1)/2

× exp
(
1
2

∫
dDx
∫

dDyG(x− y;α) J(x) · J(y)
)

× exp
(
−1
g

∫
dDx
[
1
2
(∂μσ )

2−Hσ − 1
2
α(σ 2− 1)

])
(17.23)

where the kernel G(x− y;α) satisfies

(−∂2+α(x))G(x− y;α(x))= δ(x− y) (17.24)

for an arbitrary configuration of the Lagrange multiplier field. Hereafter we will drop the
explicit x-dependence of the field α. For the time being, let us set the sources J(x)= 0
(although later they will be restored).

It is convenient to rescale the bare coupling constant g and the field σ as follows:

g= g0
N− 1

, σ(x)=√g(N− 1)m(x) (17.25)

The effective action of the rescaled fieldm(x) and of the Lagrangemultiplier fieldα becomes

Seff (m,α,H)=
∫

dDx
[
1
2
(∂μm)2+ 1

2
αm2− α

2g0
− Hm√g0

]
+ 1

2
tr ln
(−∂2+α) (17.26)

and the partition function is

Z[H]=
∫

DmDα exp (−(N− 1)Seff (m,α,H)) (17.27)

Hence, once again, the large-N limit is the semiclassical limit, in this case of the effective
action for the fields m and α coupled to the source H. Therefore, in the large-N limit, the
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partition function of eq. (17.27) is dominated by the configurations that leave the effective
action of eq. (17.26) stationary. By varying Seff with respect to the fieldm(x), we get

δSeff
δm(x)

=−∂2m(x)+α(x)m(x)− H√g0 = 0 (17.28)

Likewise, by varying Seff with respect to α(x), we obtain

δSeff
δα(x)

=− 1
2g0
+ 1

2
m2(x)+ 1

2
δ

δα(x)
tr ln
(−∂2+α)= 0 (17.29)

where
δ

δα(x)
tr ln
(−∂2+α)=

〈
x
∣
∣∣∣

1
−∂2+α

∣
∣∣∣ x
〉

(17.30)

Hence, we obtain a second saddle-point equation:
〈
x
∣∣∣∣

1
−∂2+α

∣∣∣∣ x
〉
+m2(x)− 1

g0
= 0 (17.31)

Let us now seek a uniform solution of eq. (17.28) and eq. (17.31) of the form

σ(x)=M, α(x)= ᾱ (17.32)

with H constant, andM2= g0m2. Thus, the solution of eq. (17.28) is

ᾱ= H
M

(17.33)

while eq. (17.31) becomes

g0

〈

x

∣∣∣∣∣
1

−∂2+ H
M

∣∣∣∣∣
x

〉

= 1−M2 (17.34)

or, what is the same,

g0
∫ dDp
(2π)D

1
p2+ H

M
= 1−M2 (17.35)

17.2.2 Renormalization

ProvidedH/M �= 0, eq. (17.35) is IR finite. However, forD≥ 2, the integral is UV divergent.
We will absorb the strong dependence in the UV in a set of renormalization constants.
Thus, define a dimensionless renormalized coupling constant t, a renormalized MR, and
a renormalized HR through the relations (here κ is an arbitrary momentum scale) (see eq.
(16.160) and eq. (16.161))

g0= tκ−εZ1

M=Z1/2MR

H=Z1Z−1/2HR (17.36)
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where we have set ε=D− 2, and Z is the wave-function renormalization. Notice that

H
M
= Z1

Z
HR

MR
(17.37)

With these definitions, eq. (17.35) becomes

tκ−ε
Z1

Z

∫ dDp
(2π)D

1
p2+ HR

MR
Z1
Z
= 1

Z
−M2

R (17.38)

We have encountered the integral in this equation several times before. It is given by
∫ dDp
(2π)D

1
p2+μ2 =

1
(4π)D/2

�
(
−ε
2

)
με (17.39)

Using this result, we can recast eq. (17.38) as

tκ−ε
(
Z1

Z

)1+ε/2 (HR

MR

)ε/2 1
(4π)D/2

�
(
−ε
2

)
= 1

Z
−M2

R (17.40)

We now use dimensional regularization with (quasi) minimal subtraction by defining Z and
Z1 in such a way that the singular dependence in ε is canceled. Thus, we choose

Z=Z1 (17.41)

and
1
Z
= 1+ t

1
(4π)D/2

�
(
−ε
2

)
(17.42)

With these choices, eq. (17.40) becomes

1−M2
R=

t
tc

(

1−
(

HR

κ2MR

)ε/2)

(17.43)

which is finite as ε→ 0. Here we introduced the quantity tc,

tc=
(
D− 2
2

)
(4π)D/2

�
(
2− D

2
) (17.44)

which we will shortly identify with the value of the critical coupling constant. This equation
relates MR, the (renormalized) expectation value of the sigma field, to the renormalized
dimensionless coupling constant t (in units of tc) and the renormalized symmetry breaking
field HR. In the statistical mechanical interpretation, this is the equation of state (in the
N→∞ limit).

17.2.3 Phase diagram and spectrum

Let us now show that, in the N→∞ limit and for D> 2, the nonlinear sigma model has a
phase transition between a broken symmetry phase and a symmetric phase. To this end, we
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seek a solution to eq. (17.43) for HR= 0 andMR �= 0, that is,

1−M2
R=

t
2πε

(17.45)

and notice that, as MR→ 0, t approaches (from below) the value tc given in eq. (17.44),
which defines the critical coupling constant. It is worth noting that, as expected, tc→ 0 as
ε→ 0. Using this expression for tc, we can write eq. (17.45) as

1−M2
R=

t
tc

(17.46)

or, what is equivalent,

MR=
(
1− t

tc

)β
(17.47)

where the exponent is β = 1/2. We already found this result in our study of the perturbative
RG in chapter 16, where we noted that β→ 1/2 as n→∞. Hence, we expect that there will
be corrections to this result if we go beyond the N→∞ limit. Thus, for t< tc, the O(N)
symmetry is indeed spontaneously broken.

Let us now examine the behavior for t> tc. We will now use the definition of tc in eq.
(17.44) to write eq. (17.45) in the simpler form

1−M2
R=

t
tc

(

1−
(

HR

MRκ2

)ε/2)

(17.48)

Now recall that, by dimensional analysis and the Ward identity, the susceptibility χR is

χR= κ2MR

HR
(17.49)

in terms of which we can write

1−M2
R=

t
tc
(
1−[χR(t,HR)]−ε/2

)
(17.50)

We now take the limit HR→ 0 andMR→ 0 holding χR fixed, and obtain

χR=
(
t
tc
− 1
)−γ

(17.51)

where the exponent is γ = 2
ε
(again in the N→∞ limit).

Having understood the question of spontaneous symmetry breaking, wewill now inquire
as to the behavior of theπ fields.We expect that theπ fields should be theGoldstone bosons
of the broken symmetry state, and hence, should be massless in the broken symmetry phase
and massive in the unbroken phase. Moreover, we also expect the σ field to be massive in
the broken phase and that all the masses become equal as H→ 0.

To this end, we now restore the fields J �= 0, the sources of the π fields. Although, in
principle, we obtain more complicated saddle-point equations if J �= 0, in practice, we can
still use our solutions obtained for J= 0 in the regime in which J is infinitesimally small (i.e.,
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a “linear response”). Hence, we can approximate the kernel G(x− y;α) in eq. (17.23), by its
approximate form with α= ᾱ= H

M = HR
MR

. We readily see that, in this limit, the two-point
function of the π fields is

〈π(x) ·π(y)〉=G
(
x− y;

HR

MR

)
(17.52)

In other words, provided HR
MR
�= 0, the π fields are massive, and their mass (squared) is

m2
π =

1
ξ 2π
= HR

MR
(17.53)

where ξπ is the correlation length of the π fields, which, as we see, is given by

ξπ = (χRκ−2)1/2= κ−1
∣∣∣∣1−

tc
t

∣∣∣∣

−ν
(17.54)

where ν= γ /2= 1/ε (again, as N→∞).
Thus, in the symmetric phase, we find that as HR→ 0,

m2
π =χ−1R =m2

σ (17.55)

where m2
σ is the mass (squared) of the σ field. Hence, for t> tc, we have a spectrum of

N massive bosons forming a multiplet of O(N) (as we should). However, for t< tc, the
symmetry is spontaneously broken, andMR �= 0 asHR→ 0. Hence, in the broken symmetry
statem2

π = 0, and we have (as we should) a spectrum ofN− 1massless (Goldstone) bosons.
In the special case of D= 2, the correlation length ξπ = ξσ = ξ becomes

ξ =m−1= κ−1 exp
(
2π
t

)
(17.56)

This result shows that the dependence of the correlation length on the dimensionless
coupling constant t is an essential singularity. Thus, N→∞ is truly nonperturbative. We
will encounter this behavior in all asymptotically free theories.

17.2.4 Renormalization group

Let us now return to the definitions in eq. (17.36) to obtain the RG functions in the large-N
limit. We begin with the beta function for the dimensionless coupling constant t,

β(t)= κ ∂t
∂κ

∣
∣∣
B

(17.57)

where we hold the bare theory fixed. From the definition g0= tκ−εZ1, we find

β(t)
(
1+ t

∂ lnZ1

∂t

)
= εt (17.58)
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Using the expression for Z1 (and of Z) in eq. (17.42), and the definition of tc of eq. (17.44),
we find that the beta function is exactly given by

β(t)= εt− ε t
2

tc
(17.59)

Hence, in the N→∞ limit, the beta function terminates at the quadratic order in t, where
it agrees with the one-loop result (cf. eq. (16.176)) in the large-N limit and for D= 2+ ε.
We see that, for D> 2, the beta function has two zeros (or fixed points): (1) a trivial fixed
point at t= 0 and (2) a nontrivial fixed point at t= tc. Furthermore, the slope of the beta
function is negative at the nontrivial fixed point. Hence, this fixed point is unstable in the
IR (and hence stable in the UV). Conversely, the trivial fixed point is stable in the IR and
unstable in the UV.

In contrast, for D= 2, the beta function simply becomes

β(t)= κ ∂t
∂κ
=− t2

2π
(17.60)

which says that the O(N) nonlinear sigma model is asymptotically free in D= 2, and the
trivial fixed point at t= 0 is IR unstable. As we saw, the N→∞ limit predicts that the
theory is in amassive phase with an unbroken global symmetry for all values of the coupling
constant.

Similarly, we can compute the RG function γ (t),

γ (t)=β(t)∂ lnZ
∂t

(17.61)

and find
γ (t)= t

tc
ε (17.62)

Hence, the anomalous dimension η at the nontrivial fixed point at tc is

η= γ (tc)− ε= 0 (17.63)

In other terms, the anomalous dimension η=O(1/N), and to determine it requires a
computation of the leading correction in the 1/N expansion. This is consistent with the
result we obtained in the 2+ ε expansion (cf. eq. (16.196)), where we found that η∝ 1/N.

An important moral of this discussion is that, while for D> 2 the perturbative
definition of the theory, based on an expansion in powers of the coupling constant, is
nonrenormalizable, here we find that the theory defined around the nontrivial fixed point
is renormalizable. Notice that we were able to access this UV fixed point only by using the
large-N limit. In principle, the 2+ ε expansion could be used to the same end. However,
this presents technical difficulties associated with the behavior of the expansion that we will
not discuss here.

17.3 The CP
N−1 model

We now turn to the CP
N−1 model (D’Adda et al., 1978; Witten, 1979b; Coleman, 1985),

introduced in section 16.5.1. As shown there, these models can be described by an
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N-component complex field z(x) of unit norm, that is, z(x)= (z1(x), . . ., zN(x))with zi(x)∈
C and z†(x) · z(x)=∑N

i=1 |zi(x)|2= 1, minimally coupled to a U(1) gauge field Aμ(x). The
action of this model is (cf. eq. (16.102)):

S[zα , z∗α ,Aμ]= 1
g

∫
dDx
∣∣(∂μ− iAμ(x)

)
z(x)
∣∣2 (17.64)

Here g is the coupling constant, which has units of [L]D−2, as in the case of theO(N)model.
As we saw, this model is invariant under the local U(1) gauge transformations

z(x) �→ exp(iφ(x))z(x), Aμ(x) �→Aμ(x)+ ∂μφ(x) (17.65)

Notice that the gauge field only enters in the action through the covariant derivative, and
that we do not have a separate term for the gauge field, as we would in QED.

In the absence of the U(1) gauge field, this would be a theory of an N-component
complex field with unit norm or, what is equivalent, a 2N-component real vector of
unit length. This would be a nonlinear sigma model with SU(N) global symmetry or,
equivalently, O(2N). Hence, for D> 2, we would expect to have a broken symmetry state
with 2N− 1 Goldstone bosons. However, in the CP

N−1 model, a U(1) subgroup of SU(N)
has been gauged. In this situation, we expect that in the broken symmetry state, there is a
Higgs mechanism (see section 18.11). Consequently, one of the otherwise 2N− 1 massless
Goldstone bosons should be absent, “eaten” by the gauge field, which should be massive in
this phase. However, in the symmetric phase, the z fields should be massive, and the gauge
field should be strongly fluctuating.

Here we use a functional approach very similar to what we did in the case of the O(N)
nonlinear sigma model. Thus, we implement the local constraint, z†z= 1 with an integral
representation of the delta function using a (real) Lagrange multiplier field α(x). The
partition function of the CP

N−1 model is

Z =
∫

DzDz†DAμDα exp
(
−1
g

∫
dDx
[|(∂μ− iAμ)z|2−α(z†z− 1)

]
)

(17.66)

To have a well-defined large-N limit, we need to rescale the coupling constant as g= g0/N.
We can now integrate out the N-component complex field z and obtain, after rescaling

the z fields by√g0, the partition function in terms of the effective action for the gauge field
Aμ and the Lagrange multiplier field α:

Seff [Aμ,α]= tr ln
(−Dμ[Aμ]2+α

)− 1
g0

∫
dDxα(x) (17.67)

where Dμ[A]= ∂μ− iAμ is the covariant derivative. The partition function now has the
form

Z =
∫

DAμDα exp
(−NSeff [Aμ,α]

)
(17.68)

Notice that, unlike what we did in the O(N) nonlinear sigma model, we are treating
symmetrically all the components of the z field. Although we will find a phase transition,
the analysis of the broken symmetry state will be easier in a somewhat less symmetric
formulation.
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Clearly, as N→∞, this partition function will be dominated by the classical configura-
tions that leave the effective action stationary. The difference between the O(N) nonlinear
sigmamodel and theCP

N−1 model is that, in addition to the Lagrangemultiplier field α, we
now have the gauge fieldAμ. Thus we will have two saddle-point equations, each requiring
that the effective action be stationary under separate variations of the gauge field and of the
Lagrange multiplier field.

Thus we find two conditions. The first one, obtained by varying Seff with respect to the
Lagrange multiplier field α(x),

δSeff
δα(x)

= 0 (17.69)

implies that
1
g0
=
〈
x
∣∣
∣∣

1
−D[Aμ]2+α

∣∣
∣∣ x
〉

(17.70)

The second saddle-point equation, obtained by varying with respect to the gauge field
Aμ(x),

δSeff
δAμ(x)

= 0 (17.71)

is the condition that, at the classical level, the U(1) gauge current vanishes,

δS
δAμ(x)

= jμ[A]= 0 (17.72)

where S is the action of the CP
N−1 model. Thus, in the absence of external sources, we

can set the classical configuration of the gauge field 〈Aμ〉= 0, which trivially satisfies the
condition of a vanishing U(1) gauge current.

Thus, the only equation to be solved in the large-N limit, eq. (17.70), is the gap equation

1
g0
=
〈
x
∣∣∣∣

1
−∂2+α

∣∣∣∣ x
〉
=
∫ dDp
(2π)D

1
p2+αc (17.73)

Notice that the classical value of the Lagrange multiplier, αc, plays the role of a mass term
for the z fields, and

G(x− y|αc)=
〈
x
∣
∣∣∣

1
−∂2+αc

∣
∣∣∣ y
〉

(17.74)

is the propagator for the z field.
We have encountered the integral of the form of the right-hand side of eq. (17.73)

several times, most recently in eq. (17.39). This integral is UV divergent for D> 2 and
logarithmically divergent for D= 2. Thus, as before, we need to define renormalized
quantities. Here it suffices to renormalize the coupling constant g20 . Using dimensional
analysis, define a renormalized dimensionless coupling constant t,

g0= tκ−εZ (17.75)

where Z is a renormalization constant, and κ is the renormalization scale. Using eq. (17.39)
for the integral, the saddle-point equation of eq. (17.73) becomes

1
Z
= 1+ tκ−ε

1
(4π)D/2

�
(
−ε
2

)
αε/2c (17.76)
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Once again, let us use theminimal subtraction procedure to cancel the singular dependence
of ε. To this end, choose Z to have the same form as in the nonlinear sigma model, eq.
(17.42). This choice results in the saddle-point equation becoming

1= t
tc
(
1− (αcκ−2)ε/2

)
(17.77)

where tc is the same value for the critical coupling that we found for the nonlinear sigma
model (cf. eq. (17.44)). We can now readily solve for the value αc:

αc= κ2
(
1− tc

t

)2/ε
(17.78)

This solution is only allowed if t> tc. For t< tc, the only possible solution is αc= 0.
In other words, for D> 2 and in the limit N→∞, the CP

N−1 model has two phases
separated by a phase transition at tc. For t< tc, the z fields are massless; for t> tc, they are
massive with mass m2

z =αc. But for D= 2, tc→ 0, there is only one phase, and the z fields
are massive for all values of the coupling constant. It is easy to see that in D= 2, the mass
(squared) is

m2
z =αc= κ2 exp

(
−π

t

)
(17.79)

In other words, in D= 2, the CP
N−1 model is asymptotically free and exhibits dynamical

mass generation.
That theCP

N−1 model is asymptotically free inD= 2 can be seen by computing the beta
function (in the large-N limit)

β(t)= κ ∂t
∂κ

∣∣∣
B
= εt− ε

tc
t2 (17.80)

which is the same as the O(N) nonlinear sigma model in the N→∞ limit. Thus, here too,
forD> 2, we have a UV fixed point at tc and an IR fixed point at t= 0. InD= 2 dimensions,
this theory is asymptotically free.

It is instructive to compute the leading corrections in the 1/N expansion. To lowest order
in the 1/N expansion, the partition function is

Z = exp(−NSeff [αc])

×
∫

Dα̃ exp
(
−1
2

∫
dDx
∫

dDy α̃(x)�(x− y|αc)α̃(y)
)

×
∫

DAμ exp
(
−1
2

∫
dDx
∫

dDyAμ(x)�μν(x− y|αc)Aν(y)
)

×
[
1+O
(
1
N

)]
(17.81)

where the kernel�(x− y|αc) is

�(x− y|αc)=G(x− y|αc)G(y− x|αc) (17.82)
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which is clearly a bubble diagram. Here, G(x− y|αc) is the propagator of the z fields, given
by eq. (17.74). The Fourier transform�(p) is

�(p)=
∫ dDq
(2π)D

1
(q2+αc)((q+ p)2+αc) (17.83)

In contrast, the polarization tensor�μν(x− y) is the correlation function of the currents
of the z fields. By gauge invariance, it must be transverse, that is, it should obey the Ward
identity:

∂xμ�μν(x− y)= 0 (17.84)

Explicitly,�μν(x− y) is given by

� uν(x− y)= ∂xμG(x− y|αc)∂xνG(y− x|αc)− 2δμνG(x, x|αc) (17.85)

In momentum space, this kernel is given by

�μν(p)=
∫ dDq
(2π)D

(2qμ+ pμ)(2qν + pν)
(q2+αc)((q+ p)2+αc) − 2δμν

∫ dDq
(2π)D

1
(q2+αc) (17.86)

At long distances, p→ 0,�μν(p) behaves as

�μν(p)� 1
48παc

(p2δμν − pμpν) (17.87)

where αc=m2
z is the mass squared of the z particles. Hence, in the massive phase, αc �= 0,

the low-energy effective action of the gauge fieldAμ has the Maxwell form

Seff [Aμ]=C
N
4αc

∫
dDxF2

μν(x) (17.88)

whereFμν = ∂μAν − ∂νAμ is the field strength of this “emergent” gauge field, and C= 1
48π .

The z fields couple minimally to the gauge fieldAμ. Thus, we see that in the symmetric
phase (with t> tc), the z particles will experience a long-range “Coulomb” interaction and
should form gauge-invariant bound states of the form z∗αzβ . This is particularly strong in
D= 2 spacetime dimensions. In two dimensions, as in the case of theO(N) nonlinear sigma
model, the theory is asymptotically free, and the coupling constant flows to large values. The
theory is in a phase dominated by nonperturbative effects. In the large-N limit, we find that
tc= 0, and the fields are massive.

However, there is more than that. In D= 2 dimensions (i.e., 1+ 1 - dimensional Min-
kowski spacetime), the Coulomb interaction is linear (i.e., ∝ |x− y|, where x and y
are the spatial coordinates of the z particles). This can be checked by computing the
expectation value of the Wilson loop operator, corresponding to the worldlines of a heavy
particle-antiparticle pair (see section 9.7). As we know, the Coulomb interaction in 1+ 1
dimensions becomes V(R)= σR. This is a confining potential. Hence, not only are these
bound states very tight, but there are also no z particles in the spectrum. We will return to
the problem of confinement in gauge theory in chapter 18.

To study the broken symmetry state, with t< tc, we need to modify our approach
somewhat. Call the component z1= z‖ and theN− 1 remaining (complex) components z⊥.
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The Lagrangian now is

L= 1
g
|Dμ[A]z‖|2+ 1

g
|Dμ[A]z⊥|2+ αg (|z‖|

2+ |z⊥|2− 1) (17.89)

To have awell-defined large-N limit, set g= g0(N− 1) (as we did in the case of the nonlinear
sigmamodel). We can now integrate out theN− 1 complex transverse fields, z⊥, and obtain
the effective action

Seff [A,α, ρ]= (N− 1)tr ln
(−D[A]2+α)− N− 1

g0

∫
dDx α(x)

+ N− 1
g0

∫
dDx
[
|Dμ[A]z‖|2+α|z‖|2

]
(17.90)

This effective action is invariant underU(1) gauge transformations, and requires that we fix
the gauge. Here it is convenient to use the unitary gauge, z‖ = ρ ∈R

+. The path integral for
the field ρ (whose action is given in the third term of eq. (17.90)) becomes

Z[A,α]=
∫

Dρ exp
(
− (N− 1)

g0

∫
dDx
[
(∂μρ)

2+ ρ2A2
μ+αρ2

]
)

(17.91)

The saddle point equation for α now is

1
g0
− ρ

2

g0
=G(x, x|α) (17.92)

and the saddle point equation for ρ is given by

− ∂2ρ+ ρA2
μ+αρ= 0 (17.93)

We will see solutions with A= 0 (as before). For g0< gc0 (i.e., t< tc), set αc= 0 and seek a
solution with ρ constant,

ρc=
(
1− t

tc

)β
(17.94)

with β = 1/2, in the N→∞ limit.
Thus, in the broken symmetry in D> 2, αc= 0, and the fields z⊥ are massless (i.e., the

2(N− 1) Goldstone bosons). In this phase, the gauge field Aμ is massive, and the mass is
ρ2c . So, in the broken symmetry phase, the gauge field is “Higgsed.” In chapter 18, we will
discuss the Higgs mechanism. In chapter 19, we will discuss the role of topology in field
theory and return to this model to discuss its instantons (and solitons) and their role.

17.4 The Gross-Neveumodel in the large-N limit

The Gross-Neveu model is a theory of interacting massless Dirac fermions in 1+ 1
dimensions whose Lagrangian (in the Minkowski metric) is (Gross and Neveu, 1974)

L= ψ̄ai/∂ψa+ g
2
(
ψ̄aψa
)2 (17.95)
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Here the Dirac fermions are bispinors, and the index a= 1, . . .,N labels the fermionic
“flavors.” The theory has a global SU(N) flavor symmetry,

ψ �→Uψ (17.96)

where U ∈ SU(N). This theory is also invariant under discrete chiral transformations

ψ �→ γ5ψ (17.97)

where γ5 is a hermitian 2× 2 (with γ 2
5 = I) Dirac matrix that anticommutes with the Dirac

matrices γμ. Hence, we have the algebra

{
γμ, γν
}= 2gμνI,

{
γ5, γμ
}= 0 (17.98)

with I being the 2× 2 identity matrix, and gμν = diag(1,−1) the metric of D= two-
dimensional Minkowski spacetime.

The Gross-Neveu model has a U(N) flavor symmetry and a Z2 chiral symmetry. The
fermion mass bilinear is odd under the discrete chiral transformation, eq. (17.97), that is,

ψ̄ψ �→−ψ̄ψ (17.99)

We will see that in the Gross-Neveu model, the discrete chiral symmetry is broken spon-
taneously, and there is a dynamical generation of a mass for the fermions.

We can also define a chiral version of the Gross-Neveu model, whose Lagrangian is

L= ψ̄ai/∂ψa+ g
2
(
(ψ̄aψa)

2− (ψ̄aγ5ψa)
2) (17.100)

which, in addition to the global SU(N) flavor symmetry, now has a U(1) chiral symmetry
under the transformations

ψ �→ eiθγ5 ψ (17.101)

The fermion bilinears can be put together in a two-component real vector field
(ψ̄ψ , iψ̄γ5ψ) that transforms as rotation by a global angle 2θ under the global U(1)
chiral symmetry. We will see that this symmetry is (almost) spontaneously broken.

Wewill also see that inD= 2 spacetime dimensions, the Gross-Neveumodels (both with
discrete and continuous chiral symmetry) are asymptotically free and exhibit dynamical
mass generation. As presented here, the Gross-Neveu model can also be defined in higher
dimensions with the proviso that it is no longer renormalizable, meaning that with a
suitable regularization it has a phase transition. In D= 4 dimensions, this model is closely
related to the Fermi theory of weak interactions. The chiral version of the model is closely
related to the massless Thirring model (in D= 2) and to the Nambu–Jona-Lasinio model
(in D= 4) (Nambu and Jona-Lasinio, 1961).

17.4.1 The Gross-Neveumodel

Both versions of the Gross-Neveu model can be solved in the large-N limit. We begin with
the nonchiral model of eq. (17.95), by decoupling the four-fermion interaction term using
a real scalar field σ . On scaling the coupling constant g= g0/N, the Lagrangian is now
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L= ψ̄ai/∂ψa− σψ̄aψa− N
2g0
σ 2 (17.102)

Now we see that the discrete chiral symmetry is equivalent to the Z2 (“Ising”) symmetry
σ(x) �→−σ(x). Moreover, if 〈σ 〉 �= 0, then the Ising symmetry would be broken spon-
taneously, and 〈ψ̄ψ〉 �= 0 as well. Furthermore, a nonvanishing value for 〈σ 〉 means that
the fermions have become dynamically massive. Thus, this is a theory of dynamical mass
generation by the spontaneous breaking of the chiral symmetry.

We now proceed to study this theory in the large-N limit. To this end, we first integrate
out the fermionic fields and obtain the following effective action for the σ field, Seff :

Seff =−itr ln
(
i/∂ − σ )−

∫
dDx

σ 2

2g0
(17.103)

where the first term now arises from the fermion determinant (i.e., from summing over
fermion bubble diagrams). The partition function is now

Z=
∫

Dσ exp(iNSeff [σ ]) (17.104)

Thus, as in the examples of the nonlinear sigma model and the CP
N−1 models, the large-N

limit of the theory is the semiclassical approximation of a field that couples to a composite
operator, which in the case of the Gross-Neveu model is the fermion mass bilinear, ψ̄ψ .
The main difference is that the Gross-Neveu model is a fermionic theory, which is the
reason for the negative sign in front of the first term in the effective action (aside from
the fact that the determinant involves the Dirac and not the Klein-Gordon operator).
Notice that we are working in Minkowski spacetime (hence the factor of i in the first term
of the effective action).

The stationary (saddle-point) equation is

∂Seff
∂σ(x)

=−i
〈
x
∣∣∣∣

1
i/∂ − σc

∣∣∣∣ x
〉
− σc

g0
= 0 (17.105)

where σc is the saddle-point (uniform) value of the field σ(x), and we can identify

Sab(x− y;m)=−i
〈
x
∣
∣∣∣

1
i/∂ −m

∣
∣∣∣ y
〉
δab (17.106)

with the Feynman propagator for a Dirac field with massm≡ σc.
Using the momentum space form for the Dirac propagator, we can readily write the

saddle-point equation as

tr
∫ dDp
(2π)D

−i
/p− σc =

σc

g0
(17.107)

where the usual Feynman contour prescription has been assumed, and the trace runs over
the Dirac indices. This result, together with the definition of the propagator, implies that at
N=∞, we can identify the chiral condensate with

〈ψ̄ψ〉= σc
g0

(17.108)

Hence we have a chiral condensate if σc �= 0.
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We now use the Dirac algebra and a Wick rotation of the integration path into the com-
plex plane, ip0 �→ pD, to write the saddle-point equation as

2
∫ dDp
(2π)D

σc

p2+ σ 2
c
= σc

g0
(17.109)

Therefore, in this theory, either σc= 0, and the chiral symmetry is unbroken, or we have
a spontaneously broken discrete chiral symmetry state with σc �= 0. In the latter case, the
value of σc is the solution of the equation

2
∫ dDp
(2π)D

1
p2+ σ 2

c
= 1

g0
(17.110)

which is identical to the saddle-point equation we found in the CP
N−1 model (cf. eq.

(17.73)). Therefore it has the same solution.
Here too, we will first define a renormalized dimensionless coupling constant t, such that

g0= tκ−εZ, where ε=D− 2. The resulting beta function for the dimensionless coupling
constant t has the same form as in the nonlinear sigma model and the CP

N−1 model,

β(t)= εt− ε t
2

tc
(17.111)

but with a value of tc that is 1/2 of the value for the nonlinear sigma model, eq. (17.44).
We conclude that, for t> tc, the fermion of the theory has the dynamically generated

mass

m= σc= κ
(
1− tc

t

)1/ε
(17.112)

and it remains massless for t< tc. Notice that, at N=∞, the dynamically generated mass
m and the chiral condensate 〈ψ̄ψ〉 are related by

〈ψ̄ψ〉= m
g0

(17.113)

Here too, the case of D= 2 is special. Indeed, for D= 2, the theory is asymptotically
free and has a dynamically generated mass for all values of the coupling constant, which, as
N→∞, is

m= σc= κ exp
(
−π

t

)
(17.114)

An alternative way to understand what happens is to compute the effective potential for
a constant value of the field σ . At N=∞, the partition function is just

Z[σc]= exp (−iNU(σc)) (17.115)

where σc is the constant value of the field σ that minimizes the potential

U(σc)= itr ln
(
i/∂ + σc
)+
∫

d2x
σ 2
c

2g0
(17.116)
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U(σ)

σ

Figure 17.6 Effective potential for the Gross-Neveu model.

Using the properties of the two-dimensional Dirac gamma matrices, we have

tr ln(i/∂ − σc)= tr ln(∂2+ σ 2
c ) (17.117)

Then, after a Wick rotation, the potential becomes

U(σc)= tr ln(−�2+σ 2
c )+V

σ 2
c

2g0
(17.118)

where V = L2 is the volume of D= 2 Euclidean spacetime. Hence, the problem reduces to
the computation of the determinant of the Euclidean Klein-Gordon operator. Using the
expression for the determinant of the two-dimensional Euclidean Klein-Gordon operator,
computed using the ζ -function regularization in section 8.9 (see eq. (8.212)), we can write
the potential U(σ ) as

U(σ )=V
σ 2

4π

[
ln
(
σ 2

κ2

)
− 1
]
+V

σ 2

2g0
(17.119)

This potential, shown in figure 17.6, has a minimum at the value of σc obtained in eq.
(17.114).

Eq. (17.108) allows us to identify the fluctuations of the field σ with the fluctuations of
the chiral condensate. Thus, the propagator of the σ field is the propagator of the composite
operator ψ̄ψ . Expanding the effective action to quadratic order in the fluctuations about its
expectation value, σ̃ (x)= σ(x)− σc, we find

Seff [σ̃ ]=−N2
∫

d2x
∫

d2y σ̃ (x)K(x− y)σ̃ (y) (17.120)

where the kernel is

K(x− y)= tr
(
SF(x, y)SF(y, x)

)+ 1
g0
δ(x− y) (17.121)

Here SF(x, y) is the Feynman propagator for amassive Dirac field in two dimensions, which,
on Wick rotation, falls off exponentially at distances long compared to ξ = σ−1c . This result
also implies that the correlator of the fluctuations of the composite operator : ψ̄ψ(x) :=
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ψ̄ψ(x)−〈ψ̄ψ(x)〉, where the chiral condensate 〈ψ̄ψ〉 is given by eq. (17.113), also falls off
exponentially with distance:

〈: ψ̄ψ(x) :: ψ̄ψ(y) :〉∼ exp(−|x− y|/ξ) (17.122)

It is straightforward to see that, again in the N→∞ limit, the composite operator behaves
as a scalar bound state with mass equal to twice the fermion mass. Hence at N=∞,
the composite operator represents a bound state on threshold (i.e., the binding energy is
O(1/N)).

17.4.2 The chiral Gross-Neveumodel

We close with a brief discussion of the chiralGross-Neveumodel, whose Lagrangian is given
by eq. (17.100). This Lagrangian is invariant under the global U(1) chiral transformations
of eq. (17.101), which leads to important changes. Since we know that in the case of the
model with a discrete chiral symmetry, the global discrete chiral symmetry is spontaneously
broken, we may suspect that this may also be the case in the chiral Gross-Neveu model as
well. We will see that two-dimensional spontaneous breaking of a U(1) symmetry is subtle
and, as a result, this claim is almost (but not completely) correct.

To study this theory in its large-N limit (here N is the number of Dirac fermion flavors)
we proceed as before and use a Hubbard-Stratonovich decoupling of the quartic fermionic
interactions. Since the Lagrangian has two quartic terms, we need two real scalar fields,
denoted by σ(x) and π(x). The partition function for D= 2 is now

Z=
∫

Dψ̄DψDσDπ exp
(
iS(ψ̄ ,ψ , σ ,π)

)
(17.123)

where the action is

S=
∫

d2xψ̄
(
i/∂ + σ(x)+ iπ(x)γ5

)
ψ − N

2g0

∫
d2x
(
σ 2(x)+π2(x)

)
(17.124)

Under the continuous chiral symmetry of eq. (17.101), the two-component real field (σ ,π)
transforms as a rotation by a global angle 2θ .

Again, integrate out the fermions to obtain the effective action for the fields σ and π :

Seff [σ ,π ]=−iNtr ln
(
i/∂ + σ(x)+ iπ(x)γ5

)− N
2g0

∫
d2x
(
σ 2(x)+π2(x)

)
(17.125)

TheU(1) symmetry requires that the effective potential can only depend on σ 2
c +π2

c , where
σc andπc are the solutions of the saddle-point equations. After tracing over theDirac indices
and a Wick rotation of the integration contours, the saddle-point equations are

2σc
∫ d2p
(2π)2

1
p2+ σ 2

c +π2
c
= σc

g0
, 2πc

∫ d2p
(2π)2

1
p2+ σ 2

c +π2
c
= πc

g0
(17.126)

Therefore, if (σc,πc) is a solution of these saddle-point equations, any other uniform
configuration obtained by a rotation is also a solution. Hence, any solution will break the
continuous chiral symmetry spontaneously. Another way to see that this must be the case
is to compute the effective potential U(σ ,π). A simple calculation shows that the result
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is the same as for the nonchiral Gross-Neveu model of eq. (17.119) with the replacement
σ→ (σ 2+π2)1/2. Thus, the effective potential has the standard “sombrero” shape of a
system with a U(1) global symmetry.

InD= 2, the chiral Gross-Neveu model is asymptotically free, as is the nonchiral model.
In fact, the beta function is the same for both models. In addition, the chiral model also
has dynamical mass generation in D= 2 dimensions (as it does after a phase transition for
D> 2). The main difference between the chiral and nonchiral models is the way the chiral
symmetry is broken. Since the spontaneously broken chiral symmetry is continuous, we
expect that there should be an associated Goldstone boson.

A straightforward way to see this is to rewrite the σ and π fields in terms of an amplitude
field ρ and a phase field θ :

σ(x)+ iπ(x)γ5= ρ(x) exp(iθ(x)γ5) (17.127)

Clearly, the amplitude field ρ(x) will be massive and, atN=∞, is going to be pinned at the
value ρc= (σ 2

c +π2
c )

1/2, which is the same as the mass for the nonchiral model. However,
the phase field θ(x) must be the Goldstone boson. Hence, the symmetry dictates that the
effective low-energy action must depend only on the derivatives of θ . To leading order in
an expansion in powers of the inverse mass, the low-energy action is

Seff [θ ]=
∫

d2x
N
4π
(∂μθ(x))2 (17.128)

which shows that the phase field is indeedmassless. The propagator of amassless scalar field
in D= 2 is

G(x− y)= 1
2N

ln(x− y)2 (17.129)

which does not decay at long distances. In this sense, the field θ does not describe a
physically meaningful excitation, and “does not exist” (Coleman, 1973).

However, it is easy to see that, in the large-N limit, composite operators such as the
fermion bilinears

ψ̄(1± γ5)ψ(x)= ρ(x) exp(∓iθ(x)) (17.130)

exhibit a power-law decay as a function of distance

〈ψ̄(1+ γ5)ψ(x)ψ̄(1− γ5)ψ(y)〉= 〈ρ(x) exp(iθ(x))ρ(y) exp(−iθ(y))〉

∝ ρ2c
|x− y|1/N (17.131)

albeit with a nontrivial exponent∝ 1/N. Thus, the correlator of the fermionmass terms does
not approach a constant at infinity, and in this sense, there is no chiral condensate. Thus in
D= 2, although there is dynamical mass generation, the chiral symmetry is almost (but not
quite) spontaneously broken. In chapter 19, we will see that this behavior corresponds to a
line of fixed points and not to a broken-symmetry state. We will also return to this point
in chapter 21, where we discuss conformal field theories. This behavior is a manifestation
of the Mermin-Wagner theorem (Mermin andWagner, 1966; Hohenberg, 1967) (known as
Coleman’s theorem in high-energy physics (Coleman, 1973)), which states that continuous
global symmetries in D= 2 classical statistical mechanics and in (1+1)-dimensional QFT
cannot be spontaneously broken. But for D> 2 and for g0 larger than a critical value,
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the dynamical mass generation does correspond to a state with a spontaneously broken
symmetry.

17.5 Quantum electrodynamics in the limit of
large numbers of flavors

Consider now the large-N limit of QED. The Euclidean action is

S=
∫

dDx
[

1
4e2

F2
μν − ψ̄ i(/∂ + i /A)ψ

]
(17.132)

This theory has a localU(1) gauge invariance and a globalU(Nf )×U(Nf ) flavor symmetry.
Here D= 4− ε. The coupling constant (i.e., the fine structure constant) is

α= e2

4π
κ−ε (17.133)

where κ is the renormalization scale. The one-loop beta function for the theory is

β(α)=−εα+ 2Nf

3π
α2+O(α3) (17.134)

(actually, the beta function is known to four-loop order). In D= 4 dimensions in the IR,
the theory flows to α→ 0, just as in the case of φ4 theory. So it is trivial in the IR. Now, for
D< 4, the beta function has a finite fixed point at

e2∗ = 24π2 ε

4Nf
κε (17.135)

Thus, the coupling constant flows to a finite value in the IR, where the theory becomes scale
invariant and nontrivial.

To proceed with the large-Nf limit, we integrate out the fermions and write the partition
function (in the Euclidean signature) as

Z=
∫

DAμi exp
(−Seff [Aμ]

)
(17.136)

where
Seff [Aμ]=

∫
dDx
[

1
4e2

F2
μν −Nf tr ln

(
/∂ + i /A
)]

(17.137)

On rescaling the coupling constant

e2= e20
Nf

(17.138)

we obtain, as before, an action of the form

Seff [Aμ]=Nf

[∫
dDx

1
4e20

F2
μν − tr ln

(
/∂ + i /A
)]

(17.139)
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In the limit Nf→∞, the partition function is dominated by the semiclassical configura-
tions. The saddle-point equations

δSeff [A]
δAμ(x)

= 0 (17.140)

are trivially satisfied by Aμ= 0. The leading 1/Nf corrections are obtained by expanding to
quadratic order in Aμ:

Z[A]= [Det (i/∂)]Nf exp
(
−Nf

2

∫
dDx
∫

dDy Aμ(x)Kμν(x− y)Aν(y)
)

(17.141)

where the kernel Kμν(x− y) is given by (in momentum space)

Kμν(p)=
[
p2δμν − pμpν

]
K(p) (17.142)

where

K(p)= 1
e20
+ D− 2

2(D− 1)
[
b(D)pD−4− a(D)�D−4]+O(�−2) (17.143)

where� is the UV momentum cutoff,

b(D)=− π

sin
(
πD
2
)
�2(D/2)
�(D− 1)

SD (17.144)

is universal, and a(D) is a correction to scaling that depends on the choice of regularization
(and hence is not universal).

The fixed point is determined by canceling out the correction to scaling against the bare
Maxwell term. The fixed point forD< 4 thus determined is located at the value of the charge

e2∗ =
2(D− 1)

(D− 2)a(D)
�ε

Nf
(17.145)

The scale-invariant effective action at the fixed point is the nonlocal expression

Seff [Aμ]= Nf

4
(D− 2)
(D− 1)

b(D)
∫

dDx
∫

dDyFμν(x)GD(x− y)Fμν(y) (17.146)

where G(x− y) is given by

GD(x− y)=
〈

x

∣∣∣∣∣
1

(−∂2) 4−D2

∣∣∣∣∣
y

〉

(17.147)

and its Fourier transform is
G(p)= pD−4 (17.148)

In D= 2, the model with Nf = 1 is known as the Schwinger model (Schwinger, 1962).
One can check that the large Nf analysis predicts that in D= 2, the effective action is the
same as that of a massive scalar field with mass squared Nf e2/π . This result agrees with
a direct analysis of the Schwinger model in D= 2 spacetime dimensions using the chiral
anomaly or, what is the same, bosonization (see section 20.9.1). There is a subtlety here



The 1/N Expansions . 513

that the large Nf approach superficially misses: In addition to the massive scalar, there are
also Nf − 1 massless scalars. This result, easily found by bosonization (see section 20.3), is
important in the realization of chiral symmetry (i.e., in the behavior of fermion bilinears).

17.6 Matrix sigmamodels in the large-rank limit

The discussion of the previous sections suggests that theories become simpler and solvable
in a suitable large-N limit. We will now see that, indeed, in this limit, theories do become
simpler, but they are not simple enough to be solvable as in other cases we have discussed. As
we will see, the reason for the complexity can be traced back to the fact that in the theories
that we have considered, the number of Lagrange multiplier fields (Hubbard-Stratonovich
fields) is independent of N, which allows for a simple N→∞ limit. From a perturbative
point of view, we were able to achieve simplicity, since even though the number of diagrams
grows with the order of perturbation theory, they do not grow as fast asN. Thus, in the cases
that we have examined, the corrections to the large-N limit are down by powers of 1/N.

We now consider theories in which the scalar field transforms as a rank-N tensor (rather
than as a vector). For example, let φij(x) be an N×N real matrix field (here i, j= 1, . . .,N)
that transforms under the global symmetry groupO(N)×O(N). A nonlinear sigma model
can be defined by imposing the constraint that the field φ is an O(N) rotation matrix.
As such, it must obey the local constraint that the inverse must be its transpose (i.e.,
(φ(x)−1)ij=φ(x)ji). The partition functionmust again have a local constraint, which is now

Z=
∫

Dφ
∏

x
δ(φij(x)φkj(x)− δik) exp(−S[φ]) (17.149)

We can now use a representation of the delta function

∏

x
δ(φij(x)φkj(x) − δij)=

∫
Dλij(x) exp

(
i
∫

dDxλik(x)(φij(x)φkj(x)− δik)
)

(17.150)

Hence, the matrix-valued constraint requires that the Lagrange multiplier field should also
be a matrix of the same rank as the field itself. Thus the rank of the Lagrange multiplier
field diverges as N→∞. In contrast, in the theories with vector symmetries (that we
have discussed in this chapter), the rank of the Lagrange multiplier field is fixed and
independent ofN. The same considerations apply to all matrix-valued scalar fields (e.g., the
principal chiral models on a Lie group G, or general Grassmannian manifolds, and tensor
(non-abelian) generalizations of the Gross-Neveu model). We will encounter a similar
structure in the case of non-abelian Yang-Mills gauge theory in section 17.7.

Another, and simpler, example is a matrix scalar field theory, in which the field φij(x),
with i, j= 1, . . .,N, is a real symmetric matrix, φij=φji. In this case, the theory will have
a global O(N) symmetry. In another class of theories of this type, the field is an N×N
complex hermitian matrix, φij=φ∗ji , and the global symmetry is SU(N). Finally, a third
class consists of a theory onN×N complex matrices, and the global symmetry is SU(N)×
SU(N). Let us consider a theory for anN×N matrix field φ (here the trace acts after matrix
multiplication). The general form of the (Euclidean) Lagrangian is

L= 1
2
tr(∂μφ∂μφ†)+ m2

2
tr(φφ†)+α g4

N
tr(φφ†φφ†)+ · · · (17.151)
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Figure 17.7 (a) The trilinear vertex coupling in O(N)×O(N) matrix field theory has a weight of
1/
√
N, and (b) the quartic vertex has a weight 1/N.

where α= 1 if the field is a real symmetric matrix, α= 2 if it is hermitian, and α= 4 if it
is complex. If the matrix field is real symmetric, a cubic term is also allowed, but not in
the other cases. Here g4 is the coupling constant of the quartic term. Similarly, the coupling
constant for an allowed cubic term will be denoted by g3, and so forth. To obtain a finite
large-N limit, we will scale the coupling constant of the trilinear term by 1/

√
N, the quartic

coupling by 1/N, and so forth.
The propagator of the matrix field has the form

Gij|kl(x− y)=〈φij(x)φkl(y)〉 (17.152)

We use a “double-line” representation to track the propagation of the indices, introduced
by G. ’t Hooft in the context of Yang-Mills gauge theory (’t Hooft, 1974). In this picture, the
two lines of the free propagator are unoriented if thematrix field is real symmetric, and they
can be represented as

Gij|kl(x− y)= i

j

k

l
=
i

j

k

l

+
i

j

k

l

(17.153)

If the matrix field is hermitian, the two lines are oppositely oriented, and the crossed term
in eq. (17.153) is absent in this case. In the case of a complex matrix, both lines have the
same orientation. The trilinear and quartic vertices are represented in figure 17.7 using the
double-line representation.

Wewill now see that the expansion in Feynman diagrams has a topological character. We
follow the work by ’t Hooft (1974) (see also the work by Brézin and coworkers (Brézin et al.,
1978)). A general Feynman diagram has P propagators, V vertices (of different types), and
I closed internal loops. Denote by V3 the number of trilinear vertices, by V4 the number of
quartic vertices, and so forth, with g3, g4, . . . the associated coupling constants. Then, for a
vacuum diagram, we must have

2P= 3V3+ 4V4+ · · · (17.154)

Each internal loop with a given index is geometrically the face of a polyhedron. The Euler
relation then says that

V −P+ I=χ = 2− 2H (17.155)
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Figure 17.8 (a) The one-loop planar diagram contribution to the trilinear vertex coupling inO(N)×
O(N) matrix field theory has a weight of (1/

√
N)3N= 1/

√
N, and (b) the one-loop planar diagram

contribution to the quartic vertex has a weight (1/
√
N)4N= 1/N.

where χ is the Euler character of the surface, andH is the number of holes (the genus) of the
surface on which the polyhedron is drawn (zero for a plane or sphere, one for a torus, etc.).
With these definitions, since each closed loop contributes a factor of N, the contribution of
the diagrams is proportional to

gV3
3 gV4

4 · · ·NI = (g3
√
N)V3(g4N)V4 · · ·N2−H (17.156)

Therefore, provided each coupling is scaled by the appropriate power ofN (e.g., gr ∝N1−r/2),
the vacuum energy (in units of N2) has a finite large-N limit given by the diagrams with
H= 0 (no handles; e.g., the sphere). The leading correction, which is O(1/N2), is given by
diagrams drawn on the torus, and so forth. Thus in the N→∞ limit, the planar diagrams
(those withH= 0) yield the exact answer. This also means that the 1/N expansion of these
theories is a topological expansion (i.e., an expansion in powers of 1/N2H , where H is the
genus of the surface on which the diagrams are drawn).

Figure 17.8 shows one-loop contributions to the trilinear and quartic vertices. Notice that
in these one-loop planar diagrams (i.e., the propagator lines do not cross), the internal loop
contributes a factor ofN from the summation over the internal index, while each of the three
vertex insertions contributes a factor of g3/

√
N, where g3 is the coupling constant for the

cubic term of the action. Thus, the overall contribution is (1/
√
N)3N= 1/

√
N for the trilin-

ear vertex, and (1/
√
N)4N= 1/N for the quartic vertex. So these diagrams are of the same

order in N as the bare vertex itself but of order g33 and g43 in the coupling constant, respec-
tively. It is now easy to see that subdividing the internal loop in the diagram by stretching a
pair of lines that end at a pair of trilinear vertices leads to a diagramwith two loops but of the
same order inN (i.e., 1/

√
N) but of higher order in g3. The same is true for the quartic vertex.

We can now repeat this process an indefinite number of times, and each insertion gains
an extra factor onN for the new loop and a factor of g23(1/

√
N)2 for the two trilinear vertices.

Hence, in the large-N limit, we must sum over all planar diagrams of this type of the same
order in 1/N but of increasing order in the coupling constant g3. In contrast, if one of the
internal propagator double lines were to be crossed (as in the second term of the r.h.s. of
eq. (17.153)), then the factor of N will disappear, while the overall factor of 1/N3/2 will
remain. Hence, such a nonplanar diagram is down by one factor of 1/N relative to the
planar diagrams. The moral is that the leading order in 1/N has diagrams of all orders in
the coupling constants g3, g4, . . . . In this sense, this theory is nonperturbative.
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Figure 17.9 Perturbative contributions to the propagator of the O(N)×O(N) matrix field theory:
(a) the one-loop planar diagram, and (b) a two-loop planar diagram.

(a) (b) (c)
Figure 17.10 Perturbative contributions to the quartic vertex of theO(N)×O(N)matrix field theory:
(a) tree-level, (b) one-loop planar diagram, and (c) two-loop planar diagram.

Let us now examine the corrections to the propagator. Figure 17.9a shows a one-loop
contribution. The internal loop has a weight of N and the two vertices contribute with
(1/
√
N)2. Thus this diagram has a contribution of 1=N0. In contrast, figure 17.9b has two

internal loops and four trilinear vertices. Its weight is N2(1/
√
N)4= 1. Hence, it is of the

same order as the “leading” diagram. Clearly, here, too, we can continue with this process ad
infinitum by inserting inside each closed loop a double propagator line stretched between
two trilinear vertices. The resulting diagram is of the same order (1 in this case) in the 1/N
expansion.

A similar analysis can be made for the four-point function. Some of the contributing
planar diagrams are shown in figure 17.10a–c. The tree-level diagram in figure 17.10a is of
order (1/

√
N)2= 1/N. Therefore at N=∞, the particles of this theory are not interacting,

and all scattering appears at order 1/N. The one-loop planar diagram in figure 17.10b also
is of order (1/

√
N)2= 1/N, as is the two-loop planar diagram in figure 17.10c.

As these diagrams show, the large-N limit is, in some sense, a theory inwhich both ladder
diagrams and bubble diagrams are summed over consistently. Even though some significant
simplification has been achieved by taking the large-N limit, the theory is highly nontrivial
and is still poorly understood.

This analysis leads to a picture for a general planar diagram as a set of nodes (the
coordinates of the trilinear vertices) linked to each other (and to the external points) in
all possible planar ways by propagator lines. The resulting class of Feynman diagrams have
the form of a “fishnet.” Such a diagram can also be interpreted as a picture of a tessellated
surface, on which the propagators are the edges of polygons meeting at vertices. In the limit
where the number of insertions goes to infinity, the surface approaches a smooth surface.
Thus, a general one-loop planar diagram is a sum over all possible surfaces anchored on
the external loop. We will see in our discussion of gauge theory in the next section that this
picture is equivalent to a type of string theory.
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17.7 Yang-Mills gauge theory with a large number of colors

We now turn to the important case of gauge theories. In the case of Yang-Mills, this theory
is non-abelian, and the gauge fields take values in the algebra of a compact Lie group, such
asU(Nc), known as the color group. In the large-Nc limit, SU(Nc) andU(Nc) are essentially
equivalent. Using U(Nc) as the color group simplifies the analysis. Thus, it is natural to ask:
How does this theory behave in the limit of a large number of colors, Nc→∞? However,
when coupled to fermions (quarks), we can also consider the regime in which their flavor
symmetry group (a global symmetry of the theory) is SU(Nf ), and we can also consider the
limit Nf→∞. These two limits lead to theories with very different characters.

17.7.1 Yang-Mills planar diagrams

Let us consider first pure Yang-Mills theory with a color groupU(Nc) in the limitNc→∞.
The Yang-Mills gauge field is a matrix-valued vector field that takes values on the algebra
of U(Nc). As such, it can be written as Aij

μ(x)=Aa
μ(x)t

ij
a , where i, j= 1, . . .,Nc, and tija are

the N2
c generators of U(Nc) in the fundamental representation. In other words, since the

Yang-Mills gauge field takes values in the algebra, it is in the adjoint representation ofU(Nc).
The Yang-Mills action is (dropping gauge-fixing terms)

SYM= 1
4

∫
d4x
(
Fμν
)i
j (F

μν)
j
i (17.157)

where (
Fμν
)i
j= i
([
Dμ,Dν
])i

j (17.158)

is the Yang-Mills field strength, and

Dij
μ= δij∂μ+ i

g√
Nc

Aij
μ (17.159)

is the covariant derivative in the fundamental representation of U(Nc); here i, j= 1, . . .,Nc.
Here we have rescaled the Yang-Mills coupling as g→ g/

√
Nc, and g is now called the ’t

Hooft coupling constant (’t Hooft, 1974).
Since the gauge fields areU(Nc)matrices, it is natural to use a double-line representation

for its propagator and to write it in the following form:

〈Aij
μ(x)A

kl
ν 〉= δliδjkDμν(x− y)≡

i

j k

l
(17.160)

This representation of the propagator simply follows theway the color indices are contracted
to each other in the Feynman diagrams.

We can also rewrite the cubic and quartic vertices in the double-line notation, as shown
in figure 17.11a,b. Each cubic vertex has a weight of 1/

√
Nc, and the quartic vertex also has

a weight of 1/Nc. In contrast, each loop contributes a factor of Nc. It is easy to see that, just
as in the example of the matrix-valued scalar field, in the large-Nc limit, the perturbative
expansion of the propagator of the gauge field consists of the sum of all possible planar
diagrams. To see this, regard each closed loop as a polygon. Then the perturbation theory
rules tell us how to fit the polygons together. Let us count the Nc-dependence of a diagram.
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Figure 17.11 Yang-Mills vertices in double-line notation: (a) the cubic vertex, and (b) the quartic
vertex.

Each diagram will have V vertices, E edges (the propagators), and F faces (the polygons)
and will have an overall weight of

NV−E+F
c =Nχ

c (17.161)

where
χ =V −E+ F (17.162)

is a topological invariant known as the Euler character of the two-dimensional surface. The
diagram, as before, is a tessellation of the surface. Therefore, the weight Nc of a diagram is
given by the Euler character of the surface! However, for a connected orientable surface, the
Euler character χ is

χ = 2− 2H−B (17.163)

where H is the number of handles of the surface, and B is the number of boundaries (or
holes). For an oriented surface without boundaries, B= 0 and H= g, where g (not to be
confused with the coupling constant!) is known as the genus of the surface. For the vacuum
diagrams, which do not have edges, we have

χ = 2− 2g (17.164)

Thus, the 1/Nc expansion for the vacuum diagrams is a sum over closed surfaces with
increasing genus. The leading term is the sphere, which has no handles, and hence g= 0.
The weight for the sphere is N2

c . The next contribution is the torus, which has g= 1, and
henceχ = 0. Such diagrams scale asN0

c = 1. Thus, the 1/Nc expansion is a sumover surfaces
of different topologies! In contrast, diagrams with quark loops, such as the example shown
in figure 17.12, have one boundary (the quark loop) and hence for them, B= 1. Therefore,
compared to the vacuum diagrams, for diagrams with one quark loop, the largest value of
χ is 1, and their weight is, at most, Nc.

17.7.2 QCD strings and confinement

In other terms, in theNc→∞ limit, only planar diagrams with simple topology contribute
to the partition function as well as to the correlators, and therefore, to all physical
amplitudes. Although, as we will see, these observations imply that the theory is simpler
in this limit, it is by no means as trivial to solve it as in the “vector” large-N limits discussed
earlier in this chapter. With some provisos, to date, this problem remains largely unsolved.
The only controlled solutions are in 1+1 dimensions, where the dynamics of the gauge field
is much more trivial.
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Figure 17.12 A quark loop “fishnet” diagram.

This is the context in which ’t Hooft proposed a solution (’t Hooft, 1974). He considered
Yang-Mills theory with fermions in 1+1 dimensions in the large-Nc limit, and showed
that in this case, it is a confining theory: The energy to separate a quark–antiquark pair
over a distance R is V(R)= σR, where σ is the string tension, introduced in section 9.7.
Hence, quarks do not exist as asymptotic states and are confined, and the spectrum of states
consists of color-singlet bound states (i.e., mesons, hadrons, glue-balls, etc). In fact, in 1+1
dimensions, it is possible to solve the theory even at finiteN using non-abelian bosonization
methods (whose extensions to higher dimensions presently are not known). A similar result
is found in the Schwingermodel (i.e., QED also in 1+1 dimensions). Another way to address
the problem of a strongly coupled gauge theory is lattice gauge theory, which, at the expense
of having an explicit Lorentz invariance, can be done in any dimension. We will discuss this
approach in chapter 18.

The fact that the 1/Nc expansion can be related to a sum over surfaces of different
topologies suggests an alternative physical picture in terms of propagating strings. In this
picture, the total contribution of a single quark-loop diagram is a sumover the contributions
of all possible surfaces whose boundary is the loop itself. For example, consider the regime
in which the quarks are very heavy. In this case, the diagrams compute the expectation value
of a Wilson loopW[γ ]

W[γ ]=
〈
trF exp

(
i
∮

γ

dxμAμ
) 〉

(17.165)

where γ is the loop, and F tells us that the quarks are in the fundamental representation of
U(Nc). A Wilson loop represents a process in which a pair consisting of a heavy quark and
a heavy antiquark are created in the remote past and are annihilated in the future. Thus, we
can reinterpret the sum over surfaces as the path-integral of a one-dimensional object (i.e.,
a string), stretching from the quark to the antiquark, which, as time goes by, sweeps over
the surface. This picture then suggests that Yang-Mills theory can be understood as a type
of string theory known as QCD strings.

The path integral for a particle is a sum over its histories with a weight given in terms of
the action. The Feynman path integral for the amplitude of a particle to go from Xμ(0) at
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Figure 17.13 Qualitative picture of a QCD string: The quark and the antiquark create a chromo-
electric field that is compressed by the Yang-Mills vacuum into a long sausage shape of length R.

time 0 to Xμ(τ) at time τ is

〈Xμ(τ)|Xμ(0)〉=
∫

DXμ(t) exp
[
− S(Xμ, Ẋμ)

]
(17.166)

In the case of a free relativistic particle of massm, the action is (in the Euclidean signature)

S=
∫ τ

0
dt mc
√
(Ẋμ)2 (17.167)

and is the proper length of the history of the particle.
A string is a curve in spacetime and is given as amap from a two-dimensional worldsheet

labeled by (σ , τ) to Minkowski spacetime of the form Xμ(σ , τ). The (Euclidean) path
integral for a string has the same form as for the particle. For a relativistic string, the action is

S=
∫

dσ
∫

dτ T
√
det[∂aXμ∂bXμ] (17.168)

which is the proper area of the surface swept out by the string. Here, T denotes the string
tension, and the worldsheet indices are a, b= σ , τ .

Let us assume that the string ansatz is correct and examine the string path integral. In
the case of a particle, the path integral is dominated by the history with minimal proper
length. This is the classical trajectory. The weight of the path integral is then determined by
the action of the classical trajectory, which is proportional to the minimal displacement
in spacetime. Likewise, in the case of the string, the path integral is dominated by a
history corresponding to a minimal surface. It is then obvious, if these assumptions are
correct, that the effective potential for a quark-antiquark pair must be linear in their
separation and the coefficientT of the string action, eq. (17.168), is indeed the string tension.
This picture is expected to hold if Yang-Mills theory in the large-Nc limit is a confining
theory.

If this picture is correct, then in physical terms it means that the chromoelectric
field configuration created by a static quark-antiquark pair does not have the dipolar
configuration of classical electrodynamics. Instead, the field lines are compressed by the
actual vacuum state of this strongly interacting theory to a long “sausage,” as schematically
shown in figure 17.13. In other terms, this picture requires that the Yang-Mills vacuum
should expel the chromoelectric fields much in the same way that a superconductor expels
magnetic fields. In the case of a superconductor, flux expulsion (the Meissner effect) results
because the ground state is a condensate of Cooper pairs: an electric charge condensate.
Hence, in the Yang-Mills case, for the chromoelectric field to be expelled, the vacuum
must be a magnetic condensate, that is, a condensate of magnetic monopoles (or a “dual
superconductor”).
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17.7.3 The planar limit and theMaldacena conjecture

Although the surviving diagrams of the large-Nc limit suggest the string picture, it is far from
obvious how to derive an effective string action from the sum of planar diagrams. A possible
solution to this problem has emerged not from directly summing the planar diagrams but,
unexpectedly, from the Maldacena conjecture, which is based on string theory. Although
string theory is beyond the scope of this book, I will highlight the main arguments that led
to a connection to the large-Nc limit of a gauge theory (Maldacena, 1998).

The argument goes as follows. Maldacena considered a ten-dimensional string theory
on a ten-dimensional spacetime compactified to S5×AdS5, where S5 is a five-dimensional
sphere, and AdS5 is a five-dimensional anti–de Sitter (AdS) spacetime, which is a space of
constant negative curvature. In d+ 2 dimensions, the metric of AdSd+2 spacetime is

ds2= R2

r2
(−dt2+ dx2+ dr2

)
(17.169)

whereR is the curvature of AdS spacetime, and 0≤ r<∞ is the “radial” coordinate. AnAdS
spacetime has a boundary at infinity (along the fifth dimension of AdS5), which behaves as
a flat four-dimensional Minkowski spacetime. Maldacena showed that the classical limit of
string theory on this spacetime, which is a supergravity theory, is dual to the strong coupling
limit of a version of Yang-Mills theory at the four-dimensional boundary. However, it is not
quite a “plain vanilla” Yang-Mills theory but the large-Nc limit of a super-Yang-Mills theory,
a supersymmetric version of this theory.

The way this mapping works is as follows. Consider a theory on AdS5 as a spacetime. In
Maldacena’s original argument, it was a theory of supergravity, but this was later extended
to other (simpler) theories. One solves the classical equations of motion of this theory. This
involves, for example, solving classical Yang-Mills theory coupled to classical Einstein grav-
ity, imposing the condition that the spacetime remains asymptotically AdS5. TheMaldacena
mapping states that the boundary values of the solutions at infinity yield the expectation val-
ues of physical observables in the dual QFT. Thus, the boundary values of the gravitational
field yield the expectation value of the energy-momentum tensor operator of the QFT. Sim-
ilarly, the boundary values of the gauge field lead to the expectation value of the associated
conserved currents in the QFT. In this picture, the behavior deep in AdS space is viewed as
the IR behavior of the field theory. Conversely, the boundary values yield the UV behavior
of the (boundary) theory. In this sense, the fifth dimension of AdS5 plays the role of the RG
flow, and there is a one-to-one correspondence between the gravity theory in the bulk AdS
and the strongly coupled gauge field theory defined on the boundary. This correspondence
is the holography principle of ’t Hooft and Susskind (’t Hooft, 1993; Susskind, 1995).

More specifically, consider a theory that has some quantum fields (observables) that we
denote by O, defined at the boundary of AdS5. Let us consider, for simplicity, a scalar
field φ defined on AdS5, whose equations of motion are the covariant Laplace equation
DiDiφ= 0, where Di is the covariant derivative on AdS5. Let φ0 be the value of the solution
of this Laplace equation at the boundary of AdS5. Regard φ0 as the source of the field O.
Hence, there will be a coupling in the boundary QFT of the form

∫
M4

φ0O, where M4 is
four-dimensional Minkowski spacetime. The quantity

Z[φ0]=
〈
exp
(∫

M4
φ0O
) 〉

(17.170)

is the generating functional of all the correlators of the fieldO.
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Let us now consider the partition function ZS[φ0] in the five-dimensional (supergravity)
theory computed with the boundary condition φ0 at AdS5 infinity. In the limit, the classical
partition function is

ZS[φ0]= exp (−IS[φ]) (17.171)

where IS[φ] is the classical action for the field φ with boundary value φ0. In this language,
the conjecture becomes the identity (Gubser et al., 1998; Witten, 1998)

〈
exp
(∫

M4
φ0O
) 〉
= exp (−IS[φ]) (17.172)

where the left-hand side is computed in the strongly coupled QFT, and the right-hand side
is computed in the classical theory on AdS5. This dictionary has been extended (or further
conjectured) to hold even in cases where there is no string theory fromwhich it can descend.

If this conjecture is correct (and it has survived many checks since it was formulated
in 1998), computations on a classical theory of gravity on AdS5 can be mapped to the
strong coupling limit of a gauge theory in the large-N limit, known as the large-N limit of
super-Yang-Mills theory withN = 4 supersymmetries. For technical (but crucial) reasons,
the conjecture requires that the theory at the boundary be conformally invariant. In
chapter 21, we will discuss conformal invariance in QFT.We will see that conformal invari-
ance requires that the theory should not have any scales. Now, if whatwe have discussed here
is correct, Yang-Mills theory (and QCD) is expected to be a theory with a dynamical scale,
the confinement scale, so it is not scale invariant. Furthermore, it is not supersymmetric.
Thus, for the Maldacena conjecture to explain confinement, it must also hold in a theory
that breaks the supersymmetry and is somehow not conformally invariant. Such defor-
mations of this theory have been constructed but are technically beyond the scope of this
book.

Exercises

17.1 Renormalization of a field theory of fermions in the large-N limit
Consider the chiral Gross-Neveu model, which is a simple model of chiral symme-
try breaking in particle physics, and of charge-density waves in condensed matter.
For simplicity, consider the case of (1+1)-dimensional spacetime, although it is easy
to work out a generalization to higher dimensions. Most of the problems below are
formulated for the theory inMinkowski spacetime. Naturally, youwill have to rotate
the theory to Euclidean spacetime to do the integrals and to derive theRGequations.

The Lagrangian density of the chiral Gross-Neveu model is

L= ψ̄ai/∂ψa+ g0
2N

((
ψ̄aψa
)2− (ψ̄aγ5ψa

)2) (17.173)

where ψa is a two-component Dirac spinor

ψa(x)≡
(
Ra
La

)
(17.174)

withRa and La being the amplitudes for the (chiral) right and left fields, respectively,
with a= 1, . . .,N. In this exercise assume that N is so large that the limit N→∞
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is a reasonable approximation. We will use the basis for the spinors in which the
two-dimensional γ -matrices are given in terms of Pauli matrices: γ0= σ1, γ1= iσ2,
and γ5=−σ3, and we use the notation /∂ = ∂μγ μ= γ0∂0− γ1∂1. Notice that the
usual coupling constant g has been redefined by a scale factor: g= g0/2N.

1) The Lagrangian of this system contains an interaction term that is quartic in the
Fermi fields. Instead of using straightforward perturbation theory youwill study
this system in the large-N limit. To do this, you first need to verify the following
Gaussian identity, also known as a Hubbard-Stratonovich transformation:

∫
Dσ(x) exp

(
− i

N
2g0

∫
d2x σ 2(x) − i

∫
d2x σ(x)ψ̄(x)ψ(x)

)

=N exp
(
i
g0
2N

∫
d2x
(
ψ̄ψ
)2
)

(17.175)

whereN is a suitable normalization constant, and

ψ̄ψ ≡
N∑

a=1
ψ̄a(x)ψa(x) (17.176)

The field σ(x) does not carry any indices.
2) Use an identity of the type of the one derived in problem 1, involving two scalar

fields σ(x) and ω(x), to write the Lagrangian of the chiral Gross-Neveu model
in a form that is quadratic in the Fermi fields.

3) Thismodel is invariant under the continuous global chiral transformationψa=
ei θγ5ψ ′a. What transformation law should the scalar fields σ and ω satisfy? How
are these fields related to the operators�0 and�5 of the exercises in chapter 12?

4) Integrate out the Fermi fields, and find the effective action for the scalar fields
σ and ω. Watch for the factors of N, and be careful with the signs! By an
appropriate rescaling of the scalar fields, show that the effective action has the
form Seff =NS̄. Determine the form of S̄.

5) Now consider the limit N→∞. Find the saddle-point equations, which
determine the average values of the scalar fields in this limit. Find the solution
of the saddle-point equations with lowest energy. Is the solution unique? Use
dimensional regularization. What quantities need to be renormalized to make
the saddle-point equations finite? How many renormalization constants do
you need? Give your answers in terms of coupling-constant and wave-function
renormalizations. Be careful to include the dependence on the dimensionality
2+ ε. Determine the renormalization constants using the minimal subtraction
scheme.

6) Compute the β function. Find its fixed points and flows in 1+1 dimensions.
Solve the differential equation β(g0)= κ ∂g0∂κ , where κ is a momentum scale.
Determine the asymptotic behavior of g0 in the limit κ→∞. Is the interaction
term relevant, irrelevant, or marginal?

7) Use the results of the previous parts to write the saddle-point equations in
terms of renormalized quantities alone. In particular, find the dependence of
the average values of the scalar fields on the renormalized coupling constant.
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8) Consider now the fermion propagator in the N→∞ limit. Are the fermions
massive or massless? If the former is true, what is the value of the fermionmass,
and how does it relate to the expectation values of the scalar fields?

9) Find the effective action for the scalar fields to leading order in the 1
N expansion

(i.e., to order 1
N ). Determine the propagator of the scalar fields at this order. Are

the scalar fields massive or massless?
10) Consider now the effect of a field that breaks the chiral symmetry. The extra

term in the Lagrangian is Lsources, given by

Lsources=H0(x)ψ̄a(x)ψa(x)+H5(x)ψ̄a(x)γ5ψa(x) (17.177)

Find the new effective action of this theory in the presence of these symmetry-
breaking fields. Derive the modified saddle-point equations. Solve the new
saddle-point equations for the case H0(x)=H and H5(x)= 0.

11) Repeat the renormalization procedure employed for the theorywithout sources,
now for the case with sources present. Be careful to include a wave-function
renormalization. Derive the renormalized saddle-point equations. Renormalize
the propagators of part 9.

12) By functionally differentiating the path integral with respect to the sources,
derive an equation of identities that relates expectation values of the scalar
fields σ and ω to expectation values of the fermion bilinears ψ̄ψ and ψ̄γ5ψ .
In particular, find a formula that relates the propagators of σ and ω to the
propagators of the fermion bilinears.

13) Use the Ward identity you derived in the exercises of chapter 12 to derive a
relation between the two-point functions of the scalar fields at zeromomentum,
and the external symmetry-breaking field. Do the results you found in part 9
satisfy these relations?

14) Derive the RG equation (Callan-Symanzik equation (15.79)) satisfied by the
scalar fields in the absence of external sources. Solve these Callan-Symanzik
equations in terms of a momentum rescaling factor ρ and a running coupling
constant. Note: Unlike renormalized perturbation theory, here you will find a
solution of the RG equations that holds for all values of the coupling constant.
This is possible because of the large-N limit, which is nonperturbative in the
coupling constant.

15) Use the solutions of part 14 to find the asymptotic behavior of the two-point
functions of the scalar fields at large momenta.
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Phases of Gauge Theories

So far we have primarily focused on the behavior of QFTs in perturbation theory in powers
of a weak coupling constant g. However, we have also seen that perturbation theory often
fails, in the sense that, even in the perturbative regime, the effective (or renormalized)
coupling constant runs to strong coupling at low energies (the IR). We should regard this
behavior as an indication that the fixed point at g= 0 represents an unstable ground state,
and that the true ground state has very different physics.

In some cases, we were able to use the 1/N expansion to investigate the strong coupling
regime. Unfortunately, the limit of a large number of colors, Nc, of gauge theories is not
solvable, as it reduces to the sum of all the planar Feynman diagrams, which is an unsolved
problem. It has been believed since the late 1970s that their ground states represent a
phase in which the theories are confining. As noted in chapter 17, the Nc→∞ limit of a
supersymmetric version of Yang-Mills theory was solved using the gauge/gravity duality,
known as the Maldacena conjecture. Even in that case, confinement could only be proved
by breaking the supersymmetry (which breaks the conformal invariance). Although much
progress has been made, the existing proof of confinement remains qualitative in character.

In this chapter, we discuss an alternative, nonperturbative approach to QFT, in which
the theory is regularized in the UV by placing the degrees of freedom on some (typically
hypercubic) lattice. In this language, the Euclidean QFT resembles a problem in classical
statistical mechanics.

18.1 Lattice regularization of quantum field theory

The strong coupling behavior of essentially any field theory can be studied by defining the
theory with a lattice UV cutoff. In this representation, pioneered by Wilson (Wilson and
Kogut, 1974), Kogut and Susskind (1975a), and others, most theories (including gauge
theories) can be studied by using methods borrowed from statistical mechanics. In this
framework, the theory is defined in a discretized D-dimensional Euclidean spacetime, that
is, a D-dimensional hypercubic lattice of lattice spacing a0 (which, most of the time, we
will set to 1). The path integral of the Euclidean QFT becomes a partition function in
classical statistical mechanics on a hypercubic lattice. In this version of the theory, one of
the lattice directions is interpreted as a discretized imaginary time, while the remaining
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r (r, μ)
Figure 18.1 A two-dimensional Euclidean lattice. Here r represents the lattice sites, and (r,μ) are
the links.

D− 1 directions correspond to the (also discretized) spatial directions. Although in lattice
theories, rotational invariance (the Euclidean version of Lorentz invariance) is broken by the
lattice, the discrete point group symmetries of the hypercubic lattice are preserved. However,
rotational invariance is recovered at a nontrivial fixed point, at which the correlation length
diverges.

In this perspective, since in the path integral the Planck constant � enters in the same
way as the temperature T in classical statistical mechanics, weak-coupling perturbation
theory is equivalent to the low-temperature expansion in classical statistical mechanics.
Conversely, the strong coupling regime of QFT is identified with the high-temperature
regime of statistical mechanics, which is described by the high-temperature expansion.

At least in principle, this connection allows one to access the strong coupling regime
but at the price of working with a cutoff. As we saw in chapter 15, the cutoff can only be
removed by investigating the behavior of the theory close to a nontrivial fixed point. But to
do this, it is necessary to extrapolate these expansions outside their radius of convergence!
Another virtue of this approach is that, at least in abelian theories, it is possible to make
duality transformations that relate two (generally different) theories: one at weak coupling,
and the other at strong coupling!

Finally, once these theories are defined on a lattice, it is possible to use powerful
numerical techniques, such as Monte Carlo simulations, to investigate their properties and
phase transitions. This numerical approach has become a powerful tool for computing the
low-energy spectrum of hadrons, as well as for the study of thermodynamic properties of
gauge theory at finite temperatures.

18.2 Matter fields

Let {r} be the coordinates of the sites of a D-dimensional hypercubic lattice, and hence, r
is a D-tuplet of integer-valued numbers. Let μ= 1, . . .,D label the D possible directions on
the hypercubic lattice. A link of the lattice is thus labeled by the coordinates of a site and
a direction, (r,μ). Thus, if r is a lattice site, r+ eμ is the nearest-neighbor site along the
direction of the unit vector eμ (with μ= 1, . . .,D). A case in D= 2 dimensions is shown in
figure 18.1.

The matter fields are defined to be on the lattice sites, r. Let us consider first the case
in which the matter field is a scalar field. Let φ(r) be a scalar field, transforming in some
irreducible representation of a compact Lie group G. For instance, in the case of a principal
chiral field, the field φ(r) is a group element and obeys the global transformation law,
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φ′(r)=Vφ(r)U−1 (18.1)

The lattice action must be invariant under global transformations. Thus, it must be written
in terms of G-invariant quantities. A typical term is

tr
∑

r

(
φ†(r)φ(r+ eμ)

)
(18.2)

which is clearly invariant under the global symmetry,

tr
∑

r

(
φ′†(r)φ′(r+ eμ)

)
= tr

∑

r

(
Uφ′†(r)V−1Vφ′(r+ eμ)U−1

)

= tr
∑

r

(
φ†(r)φ(r+ eμ)

)
(18.3)

since U†=U−1, and where we have used the cyclic invariance of the trace. In what follows,
we will consider field theories in which the group is (a) G=Z2, in which case the matter
fields are Ising spins, σ(r)=±1; (b) G=U(1), in which case the matter fields are phases
(i.e., XY spins), exp(iθ(r)), with θ(r)∈ [0, 2π); (c) G=O(3), and the degrees of freedom
are unit-length real vectors, n(r) (such that n2(r)= 1) (i.e., the nonlinear sigma model);
and so on.

18.3 Minimal coupling

To promote the global symmetry G to a local symmetry, we need to introduce gauge fields
and minimal coupling. The gauge fields are connections (vector fields) and are defined to
be on the links of the lattice. In general, the gauge fields will be group elements Uμ(r)∈G
defined on the links (r,μ) of the lattice, such thatUμ(r)=U−1μ (r+ eμ). Since they are group
elements, they can be written as

Uμ(r)= exp(iAμ(r)) (18.4)

whereAμ(r) is an element in the algebra of the Lie groupG. Hence,Aμ(r)=Ak
μ(r)λk, where

λk are the generators ofG. Clearly the vector fieldAμ(r) can be interpreted as implementing
parallel transport between two lattice sites. Hence

Aμ(r)∼
∫ r+eμ

r
dxνAν(x)∼ a0Aμ(r) (18.5)

As a result, a local gauge transformation is

U ′μ(r)=V(r)Uμ(r)V−1(r+ eμ), φ′(r)=V(r)φ(r) (18.6)

A gauge-invariant term in the action involves the lattice version of a covariant derivative:
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r r + eμ

Figure 18.2 An elementary plaquette: The matter fields live on the sites (bold dots) and the gauge
fields on the links (crosses).

tr
[
φ′†(r)U ′μ(r)φ′(r+ eμ)

]
= tr

[
φ†(r)V−1(r)U ′μ(r)V(r+ eμ)φ(r+ eμ)

]

= tr
[
φ†(r)Uμ(r)φ(r+ eμ)

]
(18.7)

The Euclidean action for the matter field is

− Smatter= β2
∑

r,μ

(
tr
[
φ†(r)Uμ(r)φ(r+ eμ)

]+ c.c.
)

(18.8)

where c.c. denotes, as usual, complex conjugation. It is a simple exercise to show that in the
naive continuum limit, a0→ 0, the Euclidean action becomes

Smatter=
∫

dDx
1

2g2matter
tr
[(
Dμφ

)† Dμφ
]

(18.9)

where Dμ is the covariant derivative, and g2matter≡ aD−20 /β .
The action for the gauge fields must also be locally gauge invariant. Hence, it must be

written in terms ofWilson loops (Wilson, 1974). Let (r;μ, ν) define an elementary oriented
plaquette of the hypercubic lattice with vertex at the lattice site r and a face (the plaquette)
with edges along theμ and ν directions (see figure 18.2). TheWilson loop for an elementary
plaquette with boundary γ is

Wγ = tr
∏

(x,μ)∈γr;μν
Uμ(x) (18.10)

where the product runs on the links of the oriented plaquette (r;μ, ν).
The gauge-invariant Wilson action for the gauge fields is

− Sgauge= 1
2g
∑

r;μν
tr
(Uμ(r)Uν(r+ eμ)U−1μ (r+ eν)U−1ν (r)

)+ c.c. (18.11)

where g is the coupling constant. It is elementary to show that in the naive continuum limit,
a0→ 0, it becomes the Yang-Mills action,

Sgauge= 1
4g̃

∫
dDx tr F2

μν (18.12)

where we have set g̃= aD−20 g.



Phases of Gauge Theories . 529

An important physical observable that we will analyze is the expectation value of a
Wilson loop operator on a large closed loop 
 of the lattice,

〈
W


〉
=
〈
tr
∏

(x,μ)∈

Uμ(x)

〉
(18.13)

which in the naive continuum limit, a0→ 0, is

〈W
〉∼
〈
tr
[
P exp

(
i
∮




dxμAμ(x)
)] 〉

(18.14)

It is implicit in this notation that, in a gauge theory with gauge group G, the Wilson loop
carries the quantum numbers of a representation of the gauge group. Since the Wilson
loop represents the coupling to a static, infinitely heavy matter field, these are the quantum
numbers carried by the matter field. We will see that in theories in which matter and gauge
fields are both dynamical, the behavior of this observable depends on the representation
(i.e., depends on the charge of the matter fields). A general compact gauge group G has
many such nontrivial representations.

In what follows, we assume, unless stated to the contrary, that theWilson loop carries the
fundamental charge of the gauge group (i.e., the quantum numbers of the lowest nontrivial
irreducible representation of the gauge group).

18.4 Gauge fields

The partition function of a gauge theory with a general gauge group G is

Z=
∫ ∏

r,μ
dUμ(r) exp

[
1
2g
∑

r;μν
tr
(Uμ(r)Uν(r+ eμ)U−1μ (r+ eν)U−1ν (r)

)+ c.c.

]

(18.15)

where we have used the Wilson action. Here dUμ denotes the invariant (Haar) measure of
the group G. As in the continuum case, this partition function requires gauge fixing to have
an integration measure that sums over gauge classes of configurations.

Examples of gauge theories are

Z2: This is the Ising gauge theory, whose gauge group isZ2 (Wegner, 1971; Balian et al.,
1975). We will use the notation Uμ≡ τμ, with τμ=±1. The partition function of
the Ising gauge theory is

ZZ2 =
∑

τμ=±1
exp

(
1
g
∑

r,μν
τμ(r)τν(r+ eμ)τμ(r+ eν)τν(r)

)

(18.16)

where g is the coupling constant.
U(1): This theory is known as compact electrodynamics (Banks et al., 1977; Polyakov,

1977). In this case, Uμ ∈U(1) and can be written as Uμ(r)= exp(iAμ(r)), where
Aμ ∈ [0, 2π). The partition function is



530 . Chapter 18

ZU(1)=
∏

r;μ,ν

∫ 2π

0

dAμ(r)
2π

exp

[
1
g
∑

r,μν
cos(�μAν(r)−�νAμ(r))

]

(18.17)

where�μϕ(r)≡ϕ(r+ eμ)−ϕ(r) is the lattice right-difference operator. Here, too,
we write K= 1/g. Maxwell’s theory is both the limit in which a0→ 0 and in which
the fields Aμ are not compact, and hence take values on the real numbers, R.

SU(Nc): This is the lattice version of the Yang-Mills gauge theory with gauge group
G= SU(Nc), where Nc is the number of colors. Here the lattice degrees of freedom
are group elements, Uμ ∈ SU(Nc). The action is given by eq. (18.11), and the
partition function is a sum over gauge field configurations with a Haar invariant
measure (and suitably gauge fixed).

We will not consider a detailed version of what is known about these theories (Kogut,
1979). Instead we will discuss their phase diagrams and classify their possible ground states
and the behavior of physical observables.

18.5 Hamiltonian theory

18.5.1 Global symmetries

In chapter 14, we introduced the concept of the transfer matrix in statistical mechanics and
showed that it is the analog of the Euclidean evolution operator. Using the transfer matrix
approach, we related the classical Ising model in D dimensions to a quantum Ising model
in D− 1 dimensions. The Hamiltonian of the quantum model has, in addition to the Ising
interaction term, a transverse field term that plays the role of a kinetic energy. It is easy to
see that this is a general result.

Let us summarize how this works (Kogut and Susskind, 1975a; Fradkin and Susskind,
1978; Kogut, 1979). Define a Hilbert space of states on a hypersurface at a fixed (discrete)
imaginary time. The transfer matrix generates a new configuration (a new state) at the
next time slice. In this way, a configuration of the degrees of freedom in D dimensions is
generated, and the partition function is a sum over such configurations. For instance, in the
case of the Isingmodel, as we showed in section 14.4, the Hilbert space is the tensor product
of spin configurations at fixed time, and we found that the resulting quantum Hamiltonian
is that of the Ising model in a transverse field, cf. eq. (14.18),

HIsing=−
∑

r
σ1(r)− λ

∑

r,j
σ3(r)σ3(r+ ej) (18.18)

where j= 1, . . .,D− 1, and σ1(r) and σ3(r) are Pauli matrices acting on the spin states at (r).
Here, λ is the coupling constant. In this picture, the low-temperature phase of the classical
theory is the large-λ regime, and the high-temperature phase of the classical theory is the
small-λ phase of the quantum theory.

Likewise, in theXYmodel, which has a globalU(1) symmetry, the degrees of freedomare
phases, θ(r)∈ [0, 2π), and L(r) is the conjugate momentum, such that [θ(r), L(r′)]= iδr,r′ .
The Hamiltonian now is

HXY = 1
2
∑

r
L2(r)− 1

g
∑

r,j
cos

(
�jθ(r)

)
(18.19)



Phases of Gauge Theories . 531

where, as before, we use the notation �jθ(r)= θ(r+ ej)− θ(r), with j= 1, . . ., d, for the
lattice finite difference, and g is the coupling constant.

This construction generalizes to theories with non-abelian global symmetries, such as
theO(3) nonlinear sigma model. In that case, the degrees of freedom are labeled by config-
urations of vectors of unit length, n, at each lattice site. The quantum lattice Hamiltonian is

HNLSM= 1
2
∑

r
J2(r)− 1

g
∑

r,j
n(r) · n(r+ ej) (18.20)

where Ji(r) are the generators ofO(3), the group of rotations, which satisfy the commutation
relations

[ Ji(r), Jj(r′)]= iεijkJk(r)δr,r′ , [ Ji(r), nj(r′)]= iεijknk(r)δr,r′ (18.21)

where J2 is the quadratic Casimir operator of the group O(3).
In all three examples, in general dimension D>Dc (where the critical spacetime di-

mension Dc depends on whether the symmetry group is discrete or continuous), these
theories have a symmetric phase and a phase with a spontaneously broken global symmetry,
separated by a phase transition. In each phase, there is a power series expansion with a
radius of convergence smaller than the critical value of the coupling constant for the phase
transition. Although in all the examples we have discussed, the transition is continuous,
this is not generally the case. For example, in the case of discrete symmetry groups (e.g., the
permutation group), the transition can be first order.

18.5.2 Local symmetries and gauge theory

Something similar works for a gauge theory as well, with one important difference. In
chapter 9, we discussed the canonical quantization of gauge theories. There we saw that
the space of states has to be projected onto the physical subspace of gauge-invariant states.
This condition was implemented as a constraint that the physical states obey Gauss’s law,
which plays the role of the generator of time-independent gauge transformations. The lattice
theory has exactly the same structure.

We begin with the Z2 gauge theory. The analog of the temporal gauge is to set the Z2
gauge fields along the imaginary time direction to 1. Let σ 1

j (r) and σ 3
j (r) be two Pauli

matrices defined on each link (r, j). The Hilbert space is the set of states of the Z2 gauge
fields on each link of the lattice (e.g., the eigenstates of σ3). The transfer-matrix construction
leads to a quantum Hamiltonian that is now a sum of two terms, one on links (the “kinetic
energy”) and the other on plaquettes (the “potential energy”). It has the form (Fradkin and
Susskind, 1978)

HZ2GT=−
∑

r,j
σ 1
j (r)− λ

∑

r;jk

σ 3
j (r)σ 3

k (r+ ej)σ 3
j (r+ ek)σ 3

k (r) (18.22)

Let us define at every site r the operators Q(r)

Q(r)=
∏

j

(
σ 1
j (r)σ 1

−j(r)
)

(18.23)

where σ 1−j(r)= σ 1
j (r− ej). It is easy to see thatQ(r) flips the values of σ 3 on all the links that

share the site r and is the generator of localZ2 gauge transformations. It is also apparent that
it commutes with every term of the Hamiltonian, [Q(r),H]= 0, and that they commute
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with each other, [Q(r),Q(r′)]= 0. Hence, Q(r) is the generator of time-independent Z2
gauge transformations and plays the role of a (suitably generalized) Gauss law. Furthermore,
since the operators Q(r) are hermitian and obey Q(r)2= 1, their eigenvalues are just ±1.
Therefore, the quantum theory is defined on the physical space of gauge-invariant states
|Phys〉, and obey

Q(r)|Phys〉= |Phys〉 (18.24)

which are invariant under local Z2 gauge transformations. States for which, at some value
of r, Q(r)=−1 will be viewed as having Z2 sources located at r. We will shortly see that,
for any spacetime dimension D> 2, the Z2 gauge theory has two phases: a confining phase
(for λ<λc), and a deconfined phase (for λ>λc).

Let us now move on to the case of a gauge theory with gauge group U(1), known as
compact electrodynamics. Here we work in the temporal gauge, A0= 0. In this case, the
degrees of freedom are vector potentials defined on the links of the lattice taking the values
Aj(r)∈ [0, 2π). The conjugate momenta are also defined on the links, and are electric fields
Ej(r), which obey the commutation relations [Aj(r),Ek(r′)]= iδr,r′ . Thus, in this theory,
electric fields behave as angular momenta and their eigenvalues are integer numbers. The
Hamiltonian for the U(1) gauge theory is (Fradkin and Susskind, 1978)

HU(1)GT=
∑

r,j

1
2
E2
j (r)−

1
g
∑

r;jk

cos
(
�jAk(r)−�kAj(r)

)
(18.25)

This theory is invariant under local gauge transformations. The local generators are written
in terms of the lattice divergence operator as

Q(r)≡�jEj(r)≡
∑

j

(
Ej(r)−Ej(r− ej)

)
(18.26)

It is easy to see that the unitary transformations exp(i
∑

r θ(r)Q(r)) generate local gauge
transformationsAj(r)→Aj(r)+�jθ(r). Moreover, the operatorsQ(r) commute with each
other, [Q(r),Q(r′)]= 0, and with the Hamiltonian. Hence, they are the generators of
time-independent gauge transformations. We can now define the physical Hilbert space
of states, |Phys〉, as the eigenstates of Q(r) with zero eigenvalue,

Q(r)|Phys〉≡�jEj(r)|Phys〉= 0 (18.27)

which is the analog of theGauss law constraint ofMaxwell’s electrodynamics. Themain (and
important!) difference is that in compact electrodynamics, the operatorQ(r) has a spectrum
of integer-valued eigenvalues. This implies that states that satisfy Q(r)|�〉= n(r)|�〉 have
the interpretation of having sources that carry integer-valued electric charges. Therefore, in
this theory, states with fractional charges are not allowed.

The non-abelian gauge theories are constructed in a similar fashion. Here, for simplicity,
we consider the case of a theory with the SU(2) gauge group. In this case, the Hamiltonian
is (using a conventional notation; Kogut and Susskind, 1975a)
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HSU(2)GT= g
2
∑

r,j
Ea
j (r)Ea

j (r)

− 1
2g
∑

r;jk

[
tr
(
Uj(r)Uk(r+ ej)U−1j (r+ ek)U−1(r)

)
+ c.c.

]
(18.28)

where, as before, the degrees of freedom are group elements, Uj(r)∈G, and Ea
j (r) (with

a= 1, . . . ,D(G)) are the generators of the Lie group G. In the case G= SU(2), the group
elements Uj(r) are 2× 2 unitary matrices, the generators Ea

j (r) are the angular momentum
operators, and Ea

j (r)Ea
j (r) is the quadratic Casimir operator. The generators Ea

j (r) and the
group elements Uj(r) satisfy the commutation relations

[Ea
j (r),Eb

k(r′)]= iεabcEc
j (r)δr,r′δjk, (18.29)

where εabc are the structure constants of SU(2), and

[Ea
j (r),Uk(r′)]= 1

2
σ aUj(r)δjkδr,r′ , (18.30)

where σ a are three Pauli matrices (the elements of the algebra of the group SU(2)).
The generator of time-independent gauge transformations, Qa(r), now takes values on

the algebra of the group,

Qa(r)=
d∑

j=1

(
Ea
j (r)−Ea

j (r− ej)
)

(18.31)

and the Gauss law condition is
Qa(r)|Phys〉= 0 (18.32)

and defines the subspace of physical states. Here, too, states that are not annihilated byQa(r)
are viewed as not being in the vacuum sector but as created by external probe sources.

However, in a non-abelian theory, the Gauss-law generators do not commute with each
other. Here one can only specify the eigenvalues of the diagonal generators, those in the
Cartan sub-algebra and the eigenvalue of the Casimir operator. For instance, in the SU(2)
gauge theory, the sources carry the quantumnumbers (j,m), where j(j+ 1) is the eigenvalue
of the Casimir operator, andm is the eigenvalue of the diagonal generator of SU(2). Hence,
here the sources are also labeled by a definite set of possible eigenvalues.

18.6 Elitzur’s theorem and the physical observables
of a gauge theory

There is a fundamental result known as Elitzur’s theorem (Elitzur, 1975). It states that in a
gauge theory with a compact gauge group, the only operators that can have nonvanishing
expectation valuesmust be invariant under local gauge transformation. This theoremalways
holds, regardless of the phase in which the gauge theory is.

This theorem stands in striking contrast with the case of theories with global symmetries.
In that case, we saw that if the global symmetry group is compact, the ground state may
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break this symmetry spontaneously. The direct implication of Elitzur’s theorem is that a local
gauge symmetry cannot be broken spontaneously. This result may seem surprising, since
there are regimes of theories, such as the ones in which the Higgs mechanism is operative,
in which it is often stated (incorrectly) that the gauge symmetry is spontaneously broken.
We will clarify this apparent contradiction shortly.

To understand the meaning of Elitzur’s theorem, let us first revisit the assumptions
behind the concept of spontaneous symmetry breaking. In that case, we have a theory with a
global compact symmetry groupG. We assume that the theory is in a finite but large volume
V with an extensive number of degrees of freedom. The action of the theory is invariant
under global G transformations.

Now consider a theory in which a symmetry-breaking field, with strength h, is added
to the action. The theory now is no longer invariant under the global symmetry transfor-
mations G. For the sake of definiteness, let us think of an Ising model, which has a global
Z2 symmetry. In this case, h represents an external uniform magnetic field. Spontaneous
symmetry breaking heremeans that there is a nonvanishing local order parameter. Consider
now a finite system (V <∞) with a fixed value of the symmetry-breaking field h. The
presence of the symmetry-breaking field causes the action to increase for configurations
in which the majority of the degrees of freedom are in a direction opposite with respect
to the symmetry-breaking field. Their contribution to the partition function is then
suppressed.

If we now lower the temperature T (i.e., the coupling constant) below some critical value
Tc, two things can happen: (1) if h is reduced all the way to zero at fixed temperature and
size, then the misaligned configurations will not be suppressed, the average magnetization
will vanish, and the symmetry is not broken; or (2) we take the thermodynamic limit
first (N→∞), which has the effect of imposing an infinite penalty on the misaligned
configurations. In this case, the symmetry-breaking field is then turned off, and the
local magnetization (which is odd under the symmetry) will have a nonvanishing expec-
tation value whose sign is determined by the now-suppressed symmetry-breaking field
h. Therefore, the order of limits between the size of the system and the symmetry-
breaking field matters. We saw the same result when we derived Goldstone’s theorem in
section 12.4.

Another way to understand this result is in terms of perturbation theory: in the
broken-symmetry phase, the order in perturbation theory needed to mix two states that are
related by the global symmetry is proportional to the size of the system. In that case, if the
thermodynamic limit is taken first, the configurations related by the global symmetry will
never mix. In other words, spontaneous breaking of a global symmetry is possible, because
the states that are related by the action of the global symmetry in the thermodynamic
limit are infinitely far apart from each other. A consequence of this fact is that systems
with a global symmetry are sensitive to the effects of symmetry-breaking fields (even for
infinitesimal ones) in the thermodynamic limit.

The situation is completely different in the case of a gauge theory. Consider, again for
simplicity, the Z2 gauge theory in the Hamiltonian picture. Suppose we begin with some
state |�〉 that is not invariant under gauge transformations (i.e., such that for some sites
{r}, Q(r)|�〉= |�〉 
= |�〉). Since the operator Q(r) (i.e., the Gauss law) is the generator
of time-independent local gauge transformations, the states |�〉 and |�〉 differ by a local
gauge transformation. However, since the gauge group (in this case, Z2) is compact, the
orbit of locally inequivalent states is finite. This implies that after acting a finite number of
times on the images of |�〉, one will find a state that has a finite overlap with |�〉. Hence,
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r r
G(r)

Figure 18.3 A Z2 gauge transformation at site r, denoted by G(r): The gauge field variables (denoted
by arrows) on all the links attached to the site r are flipped.

this process does not involve acting all the way to the boundaries, and in fact, it holds for
an infinitely large system. The argument given above holds also for continuous compact
groups (e.g., as U(1), SU(N)) since in all cases, the orbit of the gauge group has a finite
measure.

Another, more formal way to obtain this result is to consider, again for simplicity, a Z2
gauge theory on a hypercubic (Euclidean) spacetime lattice inD dimensions. The following
arguments can be generalized with minor changes to theories with an arbitrary compact
gauge group. Herewe consider amodified theory that has a termon the links of the lattice, of
strength h, that breaks the localZ2 gauge invariance. The partition function of the modified
Z2 gauge theory is (in a compact notation)

Z[K, h]=Tr exp

⎛

⎝K
∑

plaquettes

τμτντμτν + h
∑

links

τμ

⎞

⎠ (18.33)

where K= 1/g (g being the coupling constant), and the trace is the sum over all
configurations of the Z2 gauge fields, here denoted by τμ=±1 on each link (of direction
μ) of the lattice. The integration measure (i.e., the sum over the gauge field configurations)
and the action of this theory, except for the presence of the symmetry-breaking field h, are
invariant under local Z2 gauge transformations.

Let us consider the computation of the expectation value of a local gauge-noninvariant
operator, such as τμ(r) located on a single link (r,μ):

〈τμ(r)〉K,h= 1
Z[K, h]Tr

⎡

⎣τμ(r) exp

⎛

⎝K
∑

plaquettes

τμτντμτν + h
∑

links

τμ

⎞

⎠

⎤

⎦ (18.34)

Let us consider a local gauge transformation G(r) of the gauge fields τμ(r) on the links
emanating from a site r (shown in figure 18.3):

τμ(r) �→ τ ′μ(r)=−τμ(r), ∀ links (r,μ) attached to site r (18.35)

All other gauge fields are unaffected by the local transformation G(r). We next perform
a change of variables of the gauge fields, τμ(r) �→ τ ′μ(r), which coincides with the gauge
transformation G(r) of eq. (18.35) on the links attached to the site r, and while the other
links are unchanged. On making the change in the expectation value of eq. (18.34), we find
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〈τμ(r)〉=− 1
Z[K, h]Tr

⎡

⎣τ ′μ(r) exp

⎛

⎝K
∑

plaquettes

τ ′μτ
′
ντ
′
μτ
′
ν + h

∑

links

τ ′μ

⎞

⎠

⎤

⎦

=
〈

−τμ(r) exp
⎛

⎝−2h
∑

{(r,ν)}
τν(r)

⎞

⎠

〉

K,h

(18.36)

where {(r, ν)} is the set of links attached to the site r, and the expectation value is taken in
the theory with couplings K and h.

Next, observe that the following bound on a local change holds:

∣∣∣
〈
τ(r,μ)

〉

K,h
−
〈
− τμ(r,μ)

〉

K,h

∣∣∣=
∣∣∣∣

〈
− τμ(r)

[
exp

(
− 2h

∑

{(r,ν)}
τν(r)

)
− 1
]〉

K,h

∣∣∣∣ (18.37)

whereD is the dimension. The expression on the left-hand side of eq. (18.37) has the upper
bound

∣∣∣
∣

〈
− τμ(r)

[
exp

(
− 2h

∑

{(r,ν)}
τν(r)

)
− 1
]〉

K,h

∣∣∣
∣≤ (e4Dh− 1)

∣∣
∣〈τμ(r,μ)〉K,h

∣∣
∣ (18.38)

Hence, the left-hand side of eq. (18.37) has the same upper bound. However, since as h→ 0,
this upper bound approaches zero, we obtain

lim
h→0
〈τμ(r,μ)〉K,h= lim

h→0
〈−τμ(r,μ)〉K,h (18.39)

which implies that, in the limit h→ 0, the expectation value of this gauge-noninvariant
operator (and, in fact, of any gauge-noninvariant operator) must vanish:

〈τμ(r,μ)〉K = 0 (18.40)

Note that this proof has two key ingredients: (1) that the transformation is local, and (2) that
the change in the action due to the gauge transformation is finite. Note that, in contrast, in
the case of a global symmetry, the change in the action diverges in the thermodynamic limit.

Therefore, we conclude that only locally gauge-invariant operators can have a non-
vanishing expectation value. A direct consequence of this result is that gauge symmetries
cannot be spontaneously broken. As stated above, this theorem holds for all theories with a
local gauge invariance with a compact gauge group.

18.7 Phases of gauge theories

Let us now discuss the phases that can exist in pure gauge theories. For simplicity, we focus
on the Z2 gauge theory and on compact electrodynamics. However, I will comment on
which results are generic. Let us consider both the Euclidean and the Hamiltonian versions
whenever necessary.
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γ~

ℓμ

Figure 18.4 The leading term of the weak coupling expansion to the partition function of the Z2
gauge theory in D= 3 dimensions is the flipped link �μ. The four plaquettes (labeled by dots) that
share this link are flipped. A flipped link can then be regarded as a closed magnetic loop on the dual
lattice (shown as a closed broken curve). In D= 4 dimensions, the dual magnetic loop is a surface
and, more generally, a (D−2)-dimensional hypersurface.

18.7.1 Weak coupling: Deconfinement

In the weak coupling limit, g→ 0, perturbation theory works. In this limit, theGibbs weight
for each plaquette of the D-dimensional hypercubic lattice (using a synthetic notation),

exp
[
1
2g

tr
(UμUνU−1μ U−1ν

)+ c.c.
]

(18.41)

is dominated by flat gauge field configurations (i.e., such that Fμν = 0). Hence, in this
extreme limit, we can set Uμ= I (up to gauge transformations). This is the phase we
have studied so far. For simplicity, we will consider the Z2 gauge theory whose partition
function is

Z[Z2]=Tr exp
( ∑

plaquettes

1
g
τμτντμτν

)
(18.42)

where the trace is the sum over all configurations of gauge fields τμ=±1 (modulo gauge
fixing).

In the ultraweak coupling regime, g→ 0, we can start from the configuration in which
τμ= 1 at all links, up to gauge transformations, and neglecting for now interesting
topological issues arising on closed manifolds. In this configuration, the product of the four
τμ gauge fields on each plaquette is equal to +1. A configuration with one link variable
flipped to the value−1, flips the values of all plaquettes that share this link from+1 to−1.
This increases the action by 2/g times the number of flipped plaquettes Np (where Np= 4
inD= 3 dimensions). InD= 3 dimensions, the flipped plaquettes can be regarded as being
threaded by a closed loop on the dual lattice, which we will call a magnetic loop, as shown
in figure 18.4. In D> 3 dimensions, the magnetic loop is a surface in D= 4 dimensions,
and, in general, aD− 2 hypersurface inD dimensions. Thus, this configuration has a Gibbs
weight of exp(− 2

g Np) times the number of places where we can flip a link. In the Z2 gauge
theory, this expansion has a finite radius of convergence for D> 2. This expansion is the
analog of the low-temperature expansion in a spin system.

For aU(1) theory, the weak coupling regime is described by Maxwell’s electrodynamics,
whose excitations are photons. In fact, in section 9.7, we computed the expectation
value of the Wilson loop operator for Maxwell’s theory in Euclidean spacetime. There
we found that the expectation value of a Wilson loop on a closed contour 
, such as the
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RT

Figure 18.5 AWilson loop 
 in Euclidean spacetime. Here T is the imaginary time span, and R is the
spatial size of the loop.

one shown in figure 18.5, is
〈W
〉= exp (−TV(R)) (18.43)

By explicit computation, we showed that the effective potential V(R) is just the Coulomb
interaction

VMaxwell(R)= e2

R
(18.44)

where we have identified the coupling constant with the electric charge, g= e. Notice that,
in this case, we could have chosen the charge of theWilson loop to be ne, with n∈Z, which
would have only changed the result by a factor of n2.

We will call this behavior the Coulomb phase. Note that on a lattice, theWilson loops are
not smooth everywhere and have cusps, which yield singular contributions proportional to
lnR. We will ignore these singularities in what follows.

Notice that in D= 4 dimensions, the charge e is dimensionless, and the ratio T/R is
invariant under dilatations of spacetime, R→ λR and T→ λT. From this perspective, we
should expect that at a fixed point of theRG (i.e., in a scale-invariant theory), the expectation
value of theWilson loop operator should be a universal function F(x) of the scale-invariant
ratio x=R/T. Hence, in any dimension, at a fixed point of a gauge theory, we expect that
the effective potential should obey a 1/R law.

In contrast, for the case of Yang-Mills theory in D= 4 dimensions, this phase, which
would have massless quarks and gluons, is asymptotically free and IR unstable, for example,
the RG beta function is β(g)=−Ag2+O(g3) (where A is a positive constant). In this case,
the coupling constant flows to strong coupling in the IR, and weak-coupling perturbation
theory breaks down beyond a finite length scale ξ . We will see that this is the confinement
scale. The expectation value of the Wilson loop exhibits a crossover from loops smaller
than the confinement scale, where they behave much in the same way as in perturbative
Yang-Mills theory (with a slowly scale dependent coupling constant), to an area law for large
loops (as we will see below). State-of-the-art numerical Monte Carlo simulations in D= 4
dimensions have established that the area-law behavior holds from the strong coupling
regime down to a sufficiently weak coupling regime where perturbative RG calculations
are still reliable. These numerical results are strong evidence that confinement holds in the
continuum field theory.

Gauge theories with a discrete gauge group exhibit a different behavior. Indeed, inD> 2
dimensions, the Z2 gauge theory has a convergent weak coupling expansion for g< gc.
This expansion is reminiscent of the low-temperature expansion in a classical spin system.
Indeed, in this theory, g= 0 also implies that only flat configurations of the gauge field will
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contribute. This means that the product of the τμ gauge variables on each plaquette should
be equal to 1. Up to gauge transformations, this is equivalent to setting τμ= 1 on all the
links of the lattice.

Let us compute the expectation value of the Wilson loop operator in the weak coupling
phase of theZ2 gauge theory. This theory has only one nontrivial representation, and hence,
there is only one Z2 charge. Clearly, in this limit, the expectation value of the Wilson loop
is trivially 〈Wγ 〉= 1. The first excitation above this state consists of flipping the value of τμ
from+1 to−1 on just one link. However, this flips the value of the product of the Z2 gauge
fields on all the plaquettes that share this link. The number of such plaquettes is 2(D− 1).
Therefore, the cost in the action of flipping just one τ variable is 4(D− 1). For only one flip,
for a lattice of N sites and a loop γ of perimeter L= 2(T+R), the expectation value of the
Wilson loop is

〈W
〉= 1+ (N− 2L) exp(−4(D− 1)/g)+ · · ·
1+N exp(−4(D− 1)/g)+ · · · (18.45)

Let us consider the case of n flipped links. Provided g is small enough, we can, to a first
approximation, ignore configurations with adjacent flipped links and treat the flipped links
as being dilute. In this approximation, the nth-order correction to the numerator of eq.
(18.45) is

1
n! (N− 2L)n exp(−4n(D− 1)/g) (18.46)

In the same approximation, the denominator of eq. (18.45) (i.e., the partition function Z)
has a contribution

1
n!N

n exp(−4n(D− 1)/g) (18.47)

Therefore, in the dilute limit, the partition function is

Z� 1+N exp(−4(D− 2)/g)+ · · ·+ 1
n!N

n exp(−4n(D− 1)/g)+ · · ·
= exp(N exp(−4(D− 1)/g)) (18.48)

To the same approximation, the numerator of eq. (18.45) now becomes

1+ (N− 2L) exp(−4(D− 1)/g)+ · · ·+ 1
n! (N− 2L)n exp(−4n(D− 1)/g)+ · · ·

= exp
(
(N− 2L) exp(−4(D− 1)/g)

)
(18.49)

Therefore, to this order of approximation, we find

〈W
〉= exp(−2 exp(−4(D− 1)/g)L) (18.50)

which, as it should, has a finite value in the thermodynamic limit, N→∞.
In other words, in the limit of g small enough, the Wilson loop obeys a perimeter law of

the form
〈W
〉= exp(−f (g)L) (18.51)

To the order of approximation that we have used, we have f (g)= 2 exp(−4(D− 1)/g)+ · · · ,
up to exponentially small corrections in the spatial extent R of the loop. In this regime, the
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effective potential becomes

V(R)= lim
R/T→0

4 exp(−2(D− 1)/g)(1+R/T)= 4 exp(−2(D− 1)/g)+ · · · (18.52)

which, up to exponentially small additive corrections, is a constant.
Thus, to this order of approximation, the effective potential V(R) is simply twice the

self-energy cost of each source. Since there is no dependence on R, at this order, their
effective interaction potential Vint(R)≈ 0. One can prove that this is actually the leading
behavior (for a very large loop) of an expansion that has a finite radius of convergence.
The leading nonvanishing contribution to the interaction potential decays exponentially
fast with R: V(R)∼ exp(−R/ξ), where ξ is the range of the effective interaction. These
results also hold for other gauge theories with a discrete gauge group (e.g., ZN), provided
the spacetime dimension is D> 2.

18.7.2 Strong coupling and confinement: Hamiltonian picture

A: Z2 gauge theory We begin the discussion of confinement in the strong coupling regime
from the perspective of theHamiltonian picture. Consider two theories: theZ2 (Ising) gauge
theory and the U(1) (compact electrodynamics) gauge theory.

Consider first the Hamiltonian Z2 gauge theory in D space dimensions. Write the
Hamiltonian of the theory, eq. (18.22), as the sum of two terms, HZ2 =H0+ λH1, where
λ= 1/g is the coupling constant, and where we set

H0=−
∑

r,j
σ 1
j (r), H1=−

∑

r;jk

σ 3
j (r)σ 3

k (r+ ej)σ 3
j (r+ ek)σ 3

k (r) (18.53)

The physical Hilbert space consists of the gauge-invariant states that satisfy

Q(r)|Phys〉=
∏

j

(
σ 1
j (r)σ 1

−j(r)
)
|Phys〉= |Phys〉 (18.54)

In the strong coupling limit, g� 1 (i.e., λ� 1), we can regard H0 as the unperturbed
Hamiltonian and H1 as the perturbation. In this limit, the Hamiltonian H0 is diagonal in
the basis of the {σ 1

j (r)} operators on the links. In this basis, the generators of local gauge
transformations {Q(r)} are also diagonal. Since acting on gauge-invariant states,Q(r)=+1
for all sites r, in this basis, gauge-invariant states must have at most an even number of links,
where σ 1

j =−1 at every site of the lattice.
The unperturbed ground state, |gnd〉0, then must be the state with σ 1

j =+1 on all links
of the lattice. The energy of the unperturbed ground state is Egnd0 =−Nd. It is easy to see
that, since the plaquette operators in H1 flip the values of σ 1

j around a plaquette from +1
to −1, the excited states are closed loops γ of the lattice, where σ 1

j =−1. In particular,
for λ small enough (g large enough), only small “flipped” loops are present in the ground
state. For larger values of λ (smaller values of g), the ground-state wave function will have
contributions from states with loops of increasingly larger size until, at some critical value
of the coupling constant, gc, the size of the loops will diverge: the loops “proliferate.”

Let us now consider a different sector of the Hilbert space defined by the condition that
the operators {Q(r)} are equal to+1 everywhere except at two sites, which we denote by R
and R′, where Q(R)=Q(R′)=−1. This choice is consistent with the requirement that the
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Figure 18.6 a) A string state in the strong coupling regime of the Z2 gauge theory: σ 1
j =−1 on the

bold links stretching from R to R′ along the path γ . In this state, σ 1
j =+1 on all other links. (b) The

confining potential of two Z2 charges separated by a distance |R−R′| in the strong coupling regime.

global Z2 symmetry must be unbroken, which requires that there must be an even number
of Z2 sources. The eigenvalue of the operator Q(r) is the Z2 “electric” charge of the state.

For simplicity, choose R and R′ to be on the same row of the lattice (see figure 18.6a).
We say that this sector of the Hilbert space consists of states that have two Z2 “charges”
Q=−1: one at R, and the other at R′. The ground state in this sector must have the smallest
number of links with σ 1

j =−1 and must obey Q=−1 only at R and at R′. It has Q=+1 on
all other sites. It is obvious that the ground state in this sector, which we denote by |R,R′〉,
has σ 1

j =−1 on the links of the shortest path γ on the lattice fromR toR′. In the case shown
in figure 18.6a, the shortest path γ is just the straight line (shown as the bold links in the
figure).

The operator that creates this state is aWilson arc of the form

Wγ [R,R′] =
∏

(r,j)∈γ
σ 3
j (r) (18.55)

where γ is an open path on the links of the lattice with endpoints atR andR′. It is easy to see
that the operator Q(r) commutes with the Wilson arc for all r 
=R,R′, but it anticommutes
if r=R,R′. Thus, this operator is not invariant under local gaugeZ2 transformations, and it
is not allowed in the vacuum sector of the theory. However, it is allowed in the sector where
Q(r)=−1 at r=R,R′ (i.e., in a sector with two static sources).

The energy of this state is

E[R,R′] =Egnd0 + 2|R−R′| (18.56)

In other terms, the energy cost of introducing two Z2 sources at R and R′ is the effective
potential V(|R−R′|):

V(|R−R′|)= σ(g)|R−R′| (18.57)

where
σ(gλ)= 2−O(λ2) (18.58)

is the string tension. Hence, the energy needed to separate two Z2 charges grows linearly
with their separation |R−R′|, and we say that the charges are confined; see figure 18.6b. In
other words, the two charges experience a force much like that of a string.



542 . Chapter 18

It is easy to see that the expansion in powers of λ= 1/g has a finite radius of convergence.
These corrections are virtual states on longer strings, and lead to a progressive reduction
of the string tension σ as λ increases (g decreases). In other words, the string becomes
progressively “fatter,” with a transversal thickness ξ , such that ξ→ 0 as λ→ 0, and its
energy per unit length progressively decreases. In this picture, the phase transition to the
deconfined phase occurs when the string tension σ→ 0. It turns out (as we will see) that
this is a continuous transition, that is, σ(λ)∝ |λ− λc|ρ (here ρ is a critical exponent) in
D= 2+ 1 spacetime dimensions, but it is discontinuous in higher dimensions.

However, in the deconfined phases, g� 1 (λ� 1), the action of theWilson arc operator
is quite simple. In this limit, the plaquette operator, which is a product of the σ 3 link
operators around each plaquette, plays the role of the unperturbed Hamiltonian, and the
link operator σ 1 is the perturbation. In the extreme limit g→ 0, the natural basis (up to
gauge fixing) for the Hilbert space consists of the eigenstates of σ 3 on the links. In this limit,
the ground state has σ 3=+1 on each link (up to local gauge transformations). This state
is not gauge invariant. One can fix the gauge and then choose this state as the ground state.
In this basis, the Wilson arc operator is diagonal and acts as a c-number, and the effective
interaction is short ranged.

Alternatively, one can work in the basis in which the Z2 charge operator is diagonal.
This is the σ 1 basis, which we used in the strong coupling limit. We saw that for the strong
coupling regime, in this basis, the vacuum can be viewed as a linear superposition of states,
each of the form of a collection of closed strings (loops) on the lattice. In the confining
phase, the loops have finite size, typically on the order of the confinement scale. The phase
transition to the deconfined (weak coupling) phase can be viewed as a proliferation of the
loops, which become arbitrarily large. In the extreme deconfined phase, g→ 0, the vacuum
state is the equal-amplitude linear superposition of configurations of all loops, regardless
of their size. We will see shortly that this state embodies the topological nature of the
deconfined phase.

In addition to these “electric excitations,” this theory also has “magnetic excitations.” In
2+1 dimensions, the operator that creates a magnetic excitation flips the value of the local
plaquette operator from+1 to−1. In d= 2 space dimensions, this operator is similar to one
that creates a magnetic flux (“monopole”) and is defined as

M[̃R]=
∏

(r,j)∈γ̃ (R̃)
σ 1
j (r) (18.59)

Hence, this operator is the product of σ 1 link operators, a seam of links of the lattice
pierced by an open curve γ̃ of the dual of the square lattice with an endpoint at the dual
site R̃, as shown in figure 18.7. From its definition, it is clear that in the deconfined phase,
this gauge-invariant operator creates a pair of Z2 “monopoles” at the opposite ends of its
“Dirac string” γ̃ . These monopole states have finite energy and are deconfined. Thus, in
its deconfined phase, the theory has electric and magnetic charges that have a finite energy
gap. Nevertheless, both excitations are created by nonlocal operators. In contrast, in the
confined phase, g� 1, this operator acts as a c-number. Hence, it has a finite expectation
value in the confined phase. In this sense, the confined phase of the Z2 gauge theory is a
magnetic condensate.

With some importantmodifications, an analog of these operators exists in higher dimen-
sions. While the Wilson arc can be defined in all dimensions, the analog of the magnetic
operator changes with dimension. In D= 3+ 1 dimensions, the magnetic operator is
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R~
γ~(R~)

Figure 18.7 A “magnetic excitation” (orZ2 monopole) is created by a nonlocal operator that flips the
value of the plaquette operator at the plaquette labeled by the black dot. This operator is defined on a
path γ̃ of the dual lattice.

defined on a closed loop γ̃ of the dual lattice, and is known as a ’t Hooft magnetic loop
(’t Hooft, 1978, 1979). The closed loop γ̃ on the dual (cubic) lattice is a closed curve on the
dual lattice piercing a closed tube of plaquettes on the cubic lattice. The closed curve γ̃ is
the boundary of an open surface �̃, with the topology of a disk.

In the Z2 gauge theory, the ’t Hooft magnetic loop operator, which we will denote
by W̃[γ̃ ], is a product of σ 1 link operators on all the links of the lattice that pierce the
plaquettes of the surface �̃ on the dual lattice. It was originally introduced by ’t Hooft as
a criterion for confinement in non-abelian gauge theories, where it acts on the center ZN
of the group SU(N). In two space dimensions, the ’t Hooft operator (i.e., the monopole
operator M[̃R] defined above) is labeled by a point, in three space dimensions by a
closed loop, in four space dimensions by a closed surface (which is the boundary of a
three-volume), and so on. Returning to the case of 3+ 1 dimensions, it is straightforward
to see that the ’t Hooft loop has an area law in the deconfined phase of the Z2 gauge theory,
and a perimeter law in the confined phase. In other words, the ’t Hooft and the Wilson loop
operators exhibit opposite behaviors.

B:U(1) gauge theory It is straightforward to see that the same behavior is seen on all other
gauge theories with a compact gauge groupG. To clarify how this happens, we will consider
briefly the case of aU(1) gauge theory (“compact electrodynamics”) also in theHamiltonian
picture. The Hamiltonian of theU(1) gauge theory is given in eq. (18.25). It can also be split
into a sum of two terms, an unperturbed Hamiltonian H0,

H0=
∑

r,j

1
2
E2
j (r) (18.60)

and a perturbation H1,

H1=−1
g
∑

r;jk

cos
(
�jAk(r)−�kAj(r)

)
(18.61)

The physical Hilbert space consists of the states that satisfy Gauss’s law, which now reads

Q(r)|Phys〉=�jEj(r)|Phys〉= 0 (18.62)
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In the strong coupling regime, g� 1, H1 is parametrically small, and we can construct
the states in a perturbative expansion in powers in 1/g. In this regime, it is natural to work
in the basis in which the electric field operators on the links, Ej(r), are diagonal. Since the
gauge fields take values in the compact group U(1) (i.e., Aj(r)∈ [0, 2π)), the eigenstates of
the electric fields take values on the integers, �j(r)∈Z, which label the representations of
U(1). In this description, the physical Hilbert space of gauge-invariant states is given by
the configurations of integer-valued variables �j(r) on the links such that �j�j(r)= 0. In
other words, we can think of the electric fields as a set of locally conserved, integer-valued
“currents.”

We can repeat the arguments used in the discussion ofZ2 gauge theory almost verbatim.
The (trivially gauge-invariant) ground state, |gnd0〉, is simply the state in which all the
electric fields are zero on all links, �j(r)= 0, and the unperturbed ground state energy is
zero, Egnd0 = 0.

Since the electric fields are integer valued, their sources must also be integers, q(r)∈Z.
Hence, states created by a set of static sources {q(r)}, which we label by |{q(r)}〉, obey a
Gauss law of the form

�jEj(r)|{q(r)}〉= q(r)|{q(r)}〉 (18.63)

Let us now consider the case inwhichwe have just two sources, with charges±q∈Z, located
at sitesR andR′ of the lattice, just as we did in figure 18.6a. The requirement of global charge
neutrality follows from the fact that the global U(1) symmetry is unbroken (it is easy to
verify that the energy of states that violate global charge neutrality is divergent). The ground
state in this sector of the Hilbert space is the state with �j(r)= 0 everywhere, except on the
links on the shortest path, γ , stretching from R to R′. Once again, the shortest path γ is just
the set of links on the straight line between R and R′. On each link on γ , the electric field
must take the value �j= q. Therefore, the energy cost of this state with sources is, once again,
a linear function of the separation of the sources, V(|R−R′|)= σ |R−R′|, where the string
tension is σ = q2

2 −O(1/g2). Hence, this theory is confining in the strong-coupling regime.
We will see in chapter 19 that the U(1) gauge theory has magnetic monopoles, which play
a key role in the confined phase.

C: Non-abelian gauge theories This analysis applies to non-abelian Yang-Mills theories
with minor but important changes. Indeed, in the strong coupling limit, the dominant
term of the Hamiltonian in eq. (18.28) is the kinetic energy term, which is proportional
to the sum of the Casimir operators E2

j (r) on each link. Since the group is non-abelian,
the eigenstates are those of the quadratic Casimir and the diagonal (Cartan) generators.
For SU(2), the states are |j,m〉 and carry the quantum numbers of the representations.
The ground state is the SU(2) singlet state |0, 0〉 on every link. The ground-state energy
of this trivially gauge-invariant state is zero. We can now consider the Hilbert space for a
theory with two static sources. Each must now carry SU(2) quantum numbers, such that
the total state remains a singlet. Again, this follows from the fact that the global SU(2)
symmetry is unbroken. For the case of two sources separated a distance R (in lattice units)
that carry the spinor representation (1/2, 1/2) and its conjugate, we find, once again, that
the energy of this state follows a linear potential law, V(R)= σR, where the string tension
now is σ = 3

8g
2−O(1/g2). Hence, in the strong-coupling regime, the non-abelian theory is

confining.
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18.8 Hamiltonian duality

Duality is a powerful tool for examining the topological properties of discrete gauge
theories. We will now show that a theory with a Z2 symmetry (be it global or local) has
a dual theory defined on the dual lattice. This notion generalizes to theories with abelian
symmetry groups. The main power of duality transformations is that, in general, they relate
weakly coupled theories to strongly coupled theories. In the special case of the symmetry
group Z2, the dual has the same symmetry but is not necessarily realized in the same way.
The extension of these concepts to more general theories (e.g., with non-abelian groups)
is generally only possible in supersymmetric theories. Modern string theory has greatly
generalized the notion of duality across theories and dimensions.

Conventionally, duality is an identification of series expansions of twopartition functions
and will be discussed briefly in chapter 19. The original notion of duality (and more
specifically, Kramers-Wannier duality) is a property of two-dimensional classical Ising
models. It was subsequently extended by Wegner to Z2 gauge theory (Wegner, 1971).
Here we use a Hamiltonian approach to duality. In this approach, we define nonlocal
operators, such as the kink creation operator of the (1+1)-dimensional quantum Ising
model (discussed in chapter 14), the Z2 monopole, and the magnetic ’t Hooft operators,
which do not commute with the local degrees of freedom.

The Hamiltonian of the one-dimensional quantum Ising model is

HIsing(λ)=−
N∑

n=1
σ 1(n)− λ

N∑

n=1
σ 3(n)σ 3(n+ 1) (18.64)

Here the lattice is a one-dimensional chain. The dual lattice consists of the midpoints of the
lattice (i.e., the set of points ñ= n+ 1/2). The operators σ 1(n) and σ 3(n′) satisfy the Pauli
matrix (Clifford) algebra (i.e., they commute if n 
= n′, and anticommute if n= n′, and they
square to the identity). Define a dual theory in terms of a new Clifford algebra defined on
the sites of the dual lattice as (Fradkin and Susskind, 1978)

τ 3(ñ)=
∏

m≤n
σ 1(m), τ 1(ñ)= σ 3(n)σ 3(n+ 1) (18.65)

Note that the operator τ 3(ñ) is the kink creation operator defined in chapter 14 (cf. eq.
(14.52)). It is trivial to see that the operators in eq. (18.65) obey the same Clifford algebra as
the Pauli operators. Moreover, in terms of these operators, the dual Hamiltonian takes the
form (up to a term determined by the boundary conditions)

HIsing(λ)=−
N∑

ñ=1
τ 3(ñ)τ 3(ñ+ 1)− λ

N∑

ñ=1
τ 1(ñ)= λH̃Ising(1/λ) (18.66)

Hence, the dual Hamiltonian, H̃Ising, is the same as the original Hamiltonian up to a change
λ̃= 1/λ. This mapping is the equivalent of the famous Kramers-Wannier self-duality of the
two-dimensional classical Ising model. We see that in this theory, the dual has the same Z2
global symmetry.

Duality maps the weak coupling (disordered) phase to the strong coupling (broken
symmetry) phase (and vice versa). The phase transition discussed in chapter 14 is at the



546 . Chapter 18

self-dual point, λ= 1. Note also that the disordered phase can be viewed as a condensate of
kinks, that is, 〈τ 3(ñ)〉 
= 0 is the disordered phase of the theory.

Moving on to 2+ 1 dimensions, let us consider the Ising gauge theory whose Hamilto-
nian is (cf. eq. (18.22)):

HZ2GT=−
∑

r,j=1,2
σ 1
j (r)− λ

∑

r,j,k

σ 3
j (r)σ 3

k (r+ ej)σ 3
j (r+ ek)σ 3

k (r) (18.67)

The lattice now is a square lattice (the set of points labeled by r), and the degrees of freedom
(the gauge fields) are defined on the midpoints of the links of the lattice. As in the previous
case, the operators obey a Clifford algebra, but the theory now has a local (gauge) Z2
symmetry. The dual of the square lattice is also a square lattice: the set of points on the
center of the plaquettes of the square lattice, r̃= r+ (e1+ e2)/2. Define the operator τ 3(r̃)
to be the Z2 monopole operatorM(r̃) of eq. (18.59),

τ 3(r̃)=M(r̃)=
∏

(r′ ,j)∈γ̃ (r̃)
σ 1
j (r′) (18.68)

Recall that the Z2 monopole operator is defined in terms of a Dirac string along an open
path γ̃ of the dual lattice. Define the operator τ 1(r̃) to be the plaquette operator, that is,

τ 1(r̃)= σ 3
j (r)σ 3

k (r+ ej)σ 3
j (r+ ek)σ 3

k (r) (18.69)

It is straightforward to see that these operators obey the Clifford algebra, since they
anticommute on the same site of the dual lattice, commute otherwise, and square to the
identity. Notice the important fact that the dual operators are defined on the sites of the
dual lattice, whereas the original degrees of freedom are defined on the links of the original
lattice.

One can check that these definitions are consistent, provided the gauge theory obeys
the Gauss’s law constraint, eq. (18.54), which is trivially satisfied by these definitions. It is
obvious that, up to the boundary conditions, the Hamiltonian of the dual theory is that of
the quantum Ising model in 2+1 dimensions defined on the dual (square) lattice:

HZ2GT= λH̃Ising(1/λ)=−λ
∑

r̃

τ 1(r̃)−
∑

r̃,j=1,2
τ 3(r̃)τ 3(r̃+ ej) (18.70)

Clearly, the theory is no longer self-dual. However, a generalization of this construction to
the Z2 gauge theory with a Z2 matter field actually is self-dual. Hence, in 2+1 dimensions,
duality also maps a weakly coupled theory to a strongly coupled theory, and vice versa. But
the theories are no longer the same, as duality now maps the gauge-invariant sector of a
theory with local symmetry, the Z2 gauge theory, to a theory with a global Z2 symmetry,
the (2+1)-dimensional quantum Ising model (equivalent to the three-dimensional classical
Ising model).

In particular, duality maps the broken symmetry phase of the Ising model, λ<λc, to the
confined phase of the gauge theory, and the order parameter of the Ising model maps to
the Z2 monopole operator of the gauge theory. Hence, as anticipated, the confining phase
can be regarded as a condensate ofZ2 magnetic monopoles. However, the disordered phase
of the Ising model maps to the deconfined phase of the Z2 gauge theory. We will see in
section 22.2 that careful consideration of the boundary conditions (which we sidestepped
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here) shows that, in this deconfined phase, the gauge theory is a topological field theory. In
fact, this is true in all dimensions.

Finally, let us consider the Z2 gauge theory in 3+1 dimensions. As before, the degrees
of freedom are defined on the links of the three-dimensional cubic lattice (i.e., they
are vector fields), and the Z2 flux is defined on the plaquettes of the lattice. In three
dimensions, plaquettes are oriented two-dimensional surfaces. Thus, as expected, the flux
is an antisymmetric tensor field. Now, in three dimensions, links are dual to plaquettes, and
vice versa. Therefore, the dual of the (3+1)-dimensional Z2 gauge theory should also be a
gauge theory, and as we will see, the dual theory is also the Z2 gauge theory.

Thus, we once again define a set of Pauli matrices τ 1
l̃
(r̃) and τ 3

l̃
(r̃) (where r̃ is the site at

the center of the cube) on the links of the dual lattice such that the dual of the plaquette r, jk
is the link (r̃, l̃), and we identify

τ 1l̃ (r̃)= σ 3
j (r)σ 3

k (r+ ej)σ 3
j (r+ ek)σ 3

k (r),

σ 1
l (r)= τ 3j̃ (r̃)τ 3k̃ (r̃+ ej̃)τ 3j̃ (r̃+ ek̃)τ

3
k̃ (r̃) (18.71)

both of which, due to the Z2 Gauss’s law, satisfy the Bianchi identity that the product of the
plaquette flux operators on each of the six faces of the cube must be the identity operator.
Hence, in 3+1 dimensions, the Z2 gauge theory is self-dual (Wegner, 1971; Fradkin and
Susskind, 1978). Assuming that there is a unique phase transition, it must happen at the
self-dual point, λc= 1. It is also straightforward to see that the dual of the Wilson loop
operator is the ’t Hooft magnetic loop operator defined in section 18.7.2. Here too, duality
maps the gauge-invariant sector of one theory at coupling λ to the gauge-invariant sector of
the dual at coupling 1/λ, again up to boundary conditions.

We now see the pattern. Duality involves a geometric duality, essentially the duality of
forms: in three dimensions, this amounts to stating that sites are dual to volumes, and links
are dual to plaquettes. Thus, in 3+1 dimensions, the dual of a gauge theory is a gauge theory.
This also implies that the dual of a scalar is an antisymmetric tensor field (a Kalb-Ramond
field), and that the dual of a (3+1)-dimensional Ising model is a theory of a Z2-valued
antisymmetric tensor field defined on plaquettes.

However, why does the dual of a Z2 theory have the same symmetry group? It turns out
that if the theory has an abelian symmetry groupG, its representations are one-dimensional
and form a group, the dual group G̃. For instance, the dual of the groupU(1) is the group of
integersZ. The groupZ2 is special in that it has only two (one-dimensional) representations,
and they form a group isomorphic to Z2. It is this feature of abelian groups that does not
allow for generalizations to non-abelian theories.

18.9 Confinement in the Euclidean spacetime lattice picture

Let us examine the behavior of gauge theory on a Euclidean spacetime lattice in the strong
coupling regime. The partition function of a gauge theory with gauge group G has the form
(with a suitable gauge-fixing condition)

Z[G]=
∫

DUμ exp

⎡

⎣−1
g

∑

plaquettes

(
trUμUνU−1μ U−1ν + c.c.

)
⎤

⎦ (18.72)
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Here, “plaquettes” means a sum over all the plaquettes of the lattice. As before, the coupling
constant g plays the role of temperature T in statistical mechanics. Therefore, we can
examine the behavior of the partition function in the strong coupling regime by an analog
of the high-temperature expansion in statistical mechanics. In this limit, we have to expand
the exponential in powers of 1/g and compute the averages (expectation values) over all
configurations of gauge fields, using the Haar measure of the integration as the only weight.
Since the action is (by construction) gauge invariant, gauge-equivalent configurations will
yield the same value of the average. This amounts to a contribution to the partition function
in the form of an overall factor of v(G)ND, where v(G) is the volume of the gauge group
(which is finite for a compact group G), N is the number of sites (the volume of spacetime),
and D is the dimension. It is this divergent contribution that is eliminated by a proper
definition of the integration measure, which should sum over gauge classes and not over
configurations (i.e., the Faddeev-Popov procedure described in section 9.5).

To simplify the discussion (and the notation), let us describe the strong coupling ex-
pansion in the context of theZ2 gauge theory. The partition function for theZ2 gauge theory
can be written as

Z[Z2]=Tr exp

⎛

⎝
∑

plaquettes

1
g
τμτντμτν

⎞

⎠

=
(
cosh

(
1
g

))ND(D−1)
Tr

∏

plaquettes

[
1+ τμτντμτν tanh

(
1
g

)]
(18.73)

where the trace is over the Z2 gauge fields τμ at each link. For a general gauge group, the
Gibbs weight for each plaquette is expanded as a sum of characters of the representations of
the gauge group. The Z2 group has only two representations. In what follows, we will drop
the overall prefactor, since it does not contribute to expectation values.

Since Tr τμ= 0, the only nonvanishing contributions must be such that each τμ=±1
gauge field appears twice in the expansion. Thus each link must appear twice. Since each
plaquette, by construction, only appears once, the nonvanishing contributions are sets of
plaquettes such that all of their edges (links) are glued to other plaquettes in the set. In
other words, the plaquettes in the set must cover closed surfaces. An example is presented in
figure 18.8, showing the first nonvanishing contribution to the partition function in D= 3
dimensions. This is the surface of a cube and has six faces. Since each face contributes a
factor of tanh(1/g), this set contributes a factor of 2 tanh6(1/g). This representation holds
in all dimensions. It follows that the partition function can be represented as a sum over
sets of closed surfaces. In general, the nonvanishing terms of the strong coupling expansion
are a sum over closed surfaces� of arbitrary genus g. The sum over surfaces of all possible
genus g has the form

Z=
∑

{�}

(
tanh(1/g)

)A[�] × entropy factor (18.74)

where A[�] is the area of the surface �. The sum runs over all closed surfaces of any
genus (with self-avoidance and nonoverlapping conditions). The entropy factor counts the
number of surfaces with the same area and genus.

A surface can be viewed as the history of a closed string in imaginary time. Figure 18.9a
shows a closed surface� with genus 0 (i.e., with the topology of a sphere) as being swept in
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Figure 18.8 The leading nonvanishing contribution to the partition function of a Z2 gauge theory in
D= 3 dimensions is the surface of a cube.
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γ(t4)
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γ(t3)
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(a) (b)

Σ

Figure 18.9 A closed surface � contributes to the strong coupling expansion by an amount
(2 tanh(1/g))A[�], where A[�] is its area (in lattice units). (a) A closed surface with genus 0 (with
the topology of a sphere); it can be viewed as the history of a closed curve γ (a string) evolving in
imaginary time t as it sweeps the surface �. Here the closed string is created in the remote past at
event Pi, evolves from times t1 through t4, and disappears at event Pf . (b) A closed surface of genus 1
(a torus). Here the closed string γ is created at Pi, evolves to Qi where it splits into two strings γ1 and
γ2, which after evolving for some time, rejoin at Qf into the single closed string γ , which eventually
disappears at event Pf .

imaginary time t by a string γ after being created at Pi and disappearing at Pf . Figure 18.9b
shows the same process for a surface with the topology of a torus (genus 1). In this case, the
closed string γ is created at Pi, splits into two closed strings γ1 and γ2 at Qi, which rejoin at
Qf to form the closed string γ , which, in turn, eventually disappears at Pf .

Let us now turn to the behavior of the Wilson loop in the strong coupling limit. It is
drastically different from what we found in the weak coupling regime. The result that we
will find in the strong coupling regime holds for all gauge theories with a compact gauge
group. We will see that the expectation value of the Wilson loop operator for a large loop
exhibits an area law exponential decay.

Before computing the expectation value of the Wilson loop operator, we will discuss a
rigorous result valid for any local theory that satisfies the condition of reflection positivity
(i.e., Euclidean unitarity), discussed in section 14.3. This inequality holds for both theories
with a global compact symmetry group and theories with a local compact symmetry group.
In both types of theories, the Euclidean action is a local function of the fields and has
the form S=− 1

gF[fields]. Then, in such theories, the expectation values of correlators of
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observables are positive, 〈O〉≥ 0, where O is an observable (or product of observables)
invariant under the symmetry transformations. Moreover, it has been shown rigorously
that the expectation values satisfy a monotonic dependence on the coupling constant g of
the theory (Griffiths, 1972):

〈O[g1]〉> 〈O[g2]〉, for g1< g2 (18.75)

This relation is an example of a Griffiths-Ginibre inequality.
In classical statistical mechanics, this inequality says that as the temperature T increases,

the correlations decrease. This result holds for systems that obey reflection positivity, such
as ferromagnets (or, more generally, unfrustrated magnets). In that context, it implies that
the fastest possible decay of a correlation function at long distances is exponential decay.

Since a gauge theory with a compact gauge group satisfies reflection positivity, the
inequality eq. (18.75) also applies to these theories. In section 18.6, we saw that in a gauge
theory with a compact gauge group, only gauge-invariant observables have a nonvanishing
expectation value. Of all such observables, themost relevant one is theWilson loop operator,
and this inequality applies to this operator. It implies that the expectation value of theWilson
loop operator at some coupling constant g1 is bounded from below by its value at a larger
value of the coupling constant g2. Wewill now show that, for large enough coupling constant
g, the expectation value of the Wilson loop decays as an exponential function of the area
bounded by the loop. Thus, in this regime, it obeys an area law. It follows that the regimes
where the Wilson loop obeys, respectively, area and perimeter laws must be separated by a
phase transition.

Let us now compute the expectation value of the Wilson loop operator, using the same
geometry as that shown in figure 18.5. Here we will do the computation for the simpler
case of the Z2 gauge theory. However, the calculation works much in the same way for all
compact gauge groups, both discrete and continuous. Again using a compact notation, write
the expectation value of the Wilson loop operator in the Z2 gauge theory as

〈Wγ [τμ]〉K = 1
Z[K]Tr

⎡

⎣Wγ [τμ] exp
⎛

⎝K
∑

plaquettes

Kτμτντμτν

⎞

⎠

⎤

⎦ (18.76)

where
W
[τμ]=

∏

(r,μ)∈

τμ(r) (18.77)

is the Wilson loop operator.
The computation is elementary. In the strong coupling regime, K= 1

g � 1, we expand
the exponential in powers of tanh(K). The only nonvanishing terms in the trace are such
that the Z2 gauge fields on 
 are matched by gauge fields from the plaquettes in the
exponential. It is easy to see that these contributions correspond to the tiling of open surfaces
� whose boundary is
. Each term of the sum contributes a factor of (2 tanhK)A[�] times a
multiplicity factor. It follows that the leading nonvanishing term is the tiling of the minimal
surface �minimal with boundary 
, shown in figure 18.10. In the case of a planar loop,
there is only one minimal surface and no multiplicity factor. In this case, the area of the
minimal surface is equal to the number of plaquettes enclosed by the loop. For a loop of
(imaginary) time span T and spatial extent R (both in lattice units), the area enclosed by the
loop is A[�]=RT. Therefore, to leading order, we find that the expectation value of the
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Figure 18.10 The leading contribution to the expectation value of the Wilson loop on 
 is the
minimal surface�.

Wilson loop decays exponentially with the area enclosed by the loop as

〈W
〉K = exp (−σ [K]A[�]) (18.78)

where, to leading order, the string tension σ(K) is

σ(K)=− ln tanhK+ · · ·� ln g+ · · · (18.79)

This result, combined with the Griffiths-Ginibre inequality, eq. (18.75), proves that the
expectation value of the Wilson loop in a gauge theory with a compact gauge group is
bounded by a function that decays exponentially for large loops, following an area law.
Hence, the area law represents the fastest rate at which aWilson loop can decay for loops of
large sizes.

We can now readily obtain the effective potential V(R):

V(R)=− lim
T/R→∞ ln〈W
〉K

= σ(K)R (18.80)

where the string tension, σ(K), is given in eq. (18.79).
We have found that the effective potential V(R) grows linearly with separation. Thus the

Z2 sources introduced by the Wilson loop are confined, since the cost of separating them
all the way to infinity is divergent. In contrast, in the g� 1 regime, the energy cost is finite,
and equal to self-energy of the sources.

18.10 Behavior of gauge theories coupled tomatter fields

In the absence of matter fields, gauge theories have two possible phases:

1) a deconfined phase, in which the Wilson loop either obeys a perimeter law or
Coulomb behavior (as in the case ofMaxwell’s theory), and the effective interaction
between external charges (sources) either has an exponential decay or a 1/R fall
off, and
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2) a confined phase, in which the Wilson loop obeys an area law, and the interaction
between static sources grows linearly with distance.

Confined and deconfined phases are separated by phase transitions, which may be con-
tinuous or discrete (first order). If the phase transitions are continuous, they define a
nontrivial continuum QFT.

In the case of gauge theories with a discrete gauge group, they may have a deconfined
phase if the spacetime dimension D>Dc= 2, which is the lower critical dimension. In
contrast, the lower critical dimension for a gauge theory with a compact continuous
gauge group to have a deconfined phase is Dc= 4 spacetime dimensions. This is also
the number of dimensions in which their coupling constant is dimensionless and the
theory is renormalizable in perturbation theory. This behavior is similar to what we found
for matter fields. Matter fields with a discrete global symmetry (e.g., the Ising model)
have a lower critical dimension Dc= 1, above which the symmetry may be spontaneously
broken. The lower critical dimension for matter fields with a continuous global symmetry is
Dc= 2.

What happens if the gauge fields are (minimally) coupled to dynamical matter fields?
In our discussion, matter fields have only entered as static sources (i.e., as infinitely
heavy particles that carry the gauge charge). Clearly, if the matter fields are sufficiently
heavy and are “uncondensed,” the expectation is that their effects should be mild (e.g., a
renormalization of the coupling constant of the gauge fields).

However, the behavior of some observables changes, no matter how heavy the matter
fields are. Consider a gauge theory deep in its confining phase. We saw that when thematter
fields are absent (or rather, are static sources), theWilson loop operator has an area law, and
the energy to separate two charges grows linearly with their separation, as shown in figure
18.6b. We will now see that if the dynamical matter fields carry the fundamental charge of
the gauge group, for large enough Wilson loops, the area-law behavior always yields to a
perimeter-law behavior. In spite of that, we will see that the theory is still confining.

Consider first the case of a Z2 gauge theory coupled to an Ising matter field. Let us work
with the spacetime lattice picture. The partition function for this theory is (using once again
a synthetic notation)

Z[β ,K]=
∑

{τμ},{σ }
exp

⎛

⎝β
∑

links

στμσ +K
∑

plaquettes

τμτντμτν

⎞

⎠ (18.81)

We will compute the expectation value of the Wilson loop operator on a closed contour

, as defined in eq. (18.77). Notice that, since the Z2 gauge group has only one nontrivial
representation, the Wilson loop has to carry the charge of the representation. So, in this
case, only one Wilson loop can be defined.

We are interested in the regime where confinement is strongest (i.e., K� 1), and the
Z2 matter field is heavy and uncondensed (i.e., β� 1). In this regime, we can expand the
Gibbs weight of this partition function in powers of K and β , and determine the leading
contribution to the expectation value of the Wilson loop. At β = 0, we found that in the
leading contribution, we had to tile the Wilson loop with plaquettes spanning a minimal
surface bounded by the contour 
. This gave an area-law contribution.

We can similarly set K= 0, where the theory should be confining down to the shortest
distance scales, and seek the leading-order contribution in β , the coupling to the matter
fields. In the definition of the Wilson loop, each link that belongs to 
 has a gauge field
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Figure 18.11 The effective potential for the Z2 gauge theory with dynamical Z2 (Ising) matter.

variable τμ, which gets multiplied around the loop. The leading term that cancels these link
variables is the product of the link terms of the gauge-matter term of the action on the links
that belong to 
. In this product, each matter (Ising) variable appears twice (and squares to
1), leaving behind the product of the gauge variables on the links. These, in turn, will square
to unity when multiplied by the gauge field on the Wilson loop. Therefore, for any value of
β , no matter how small, there will be a perimeter-law contribution.

Thus, in this regime, the lowest-order contributions to the Wilson loop are

〈W
〉K,β = (tanhK)RT + (tanhβ)2(R+T)+ · · · (18.82)

where we used that the area of the minimal surface isA=RT, and the perimeter of the loop
is L= 2(R+T). Clearly, for large-enough loops, the perimeter-law contribution wins over
the area law. For loops with T�R� 1, the effective potential will then be

V(R)=
{
σ(K)R, forR� ξ
2ρ(k), forR� ξ (18.83)

where, at this order, σ(K)=− ln tanhK+ · · · is the string tension, ρ(k)=− ln tanh
β + · · · is the mass (self-energy) of the matter field, and the crossover scale between the
two behaviors is ξ = σ(K)/ρ(K).

Clearly, these results imply that we have a linear potential until a scale ξ � 2ρ/σ , where
the string breaks by creating a pair of excitations of the matter field (from the vacuum),
which screens that test charge of the Wilson loop. Beyond this scale, the potential is
essentially the constant value Vmax, equal to twice the mass of the matter field (see figure
18.11). Physically, the saturation of the linear potential means that the test charges (the
Wilson loop) are being exactly screened (or compensated) by the creation of a pair of
excitations from the vacuum. This “algebraic screening” behavior does not imply that
confinement breaks down, since this excitation is a gauge-invariant state made of two Z2
matter fields stretching a string of the Z2 gauge field (see figure 18.12). Furthermore, in
this phase, the only local excitations are created by an operator P(plaquette) on small loops
of gauge fields around a plaquette (i.e., a “glueball”) separated by a distance R, and tightly
bound states π(link) of matter and gauge fields (“pions”), also separated by a distance R.
An elementary calculation shows that the (connected) correlator of two plaquette operators
exhibits the behavior

〈P(plaquette)P(plaquette′)〉c� exp(−MPR) (18.84)
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Figure 18.12 The effective potential for the Z2 gauge theory with dynamical Z2 (Ising) matter.

where, in this limit, the mass of this excitation is MP= 4| ln tanhK|. Likewise, the
(connected) correlator of two “pions” on links separated by a distance R in this regime is

〈π(link)π(link′)〉c� exp(−MπR) (18.85)

where, at this level of approximation, the mass isMπ = 2| ln tanhβ| + | ln tanhK|.
Hence, in spite of the perimeter-law behavior, all states are local gauge-invariant states,

as required by Elitzur’s theorem. Furthermore, the spectrum consists of massive locally
gauge-invariant bound states. It is straightforward to show that this behavior holds for any
theory with any compact gauge group in a confining phase. In addition, in the confining
phase of the Z2 theory, there are no states in the spectrum that carry the Z2 charge. We will
see shortly that, in the Z2 theory, such states do exist in the deconfined phase, although the
associated operator is nonlocal. This behavior turns out to be because in the deconfined
phase, the Z2 theory is topological. Similar behavior will be found in other theories with a
discrete gauge group, such as ZN .

The “compensation” of the test charge that we found should not be confused with more
conventionalDebye screening of a test charge in a plasma. Let us call this behavior “algebraic
screening.” To understand the difference, we need to consider a theory in which more than
one charge is possible. One simple example is a theory with gauge groupU(1). The partition
function is now

Z[β ,K]=
∫ 2π

0

dθ
2π

∫ 2π

0

dAμ
2π

exp
(
β
∑

links

cos(�μθ − qAμ)+K
∑

plaquettes

cos Fμν
)

(18.86)

where the flux on a plaquette is denoted by Fμν =�μAν −�νAμ, and q∈Z is the U(1)
charge of the matter field exp(iθ). Symmetry allows us to expand the Gibbs weights in the
representations of the group U(1):

exp(β cos θ)=
∑

�∈Z
I�[β] exp(i�θ) (18.87)

This Fourier expansion can be regarded as an expansion in the characters of the repre-
sentations of the group U(1), which are just χ�(θ)= exp(i�θ), where �∈Z. The character
expansion applies to any group. In the specific case of the U(1) group, the coefficients of
this expansion are the modified Bessel functions I�(β), given by

I�(β)= I−�(β)
∫ 2π

0

dθ
2π

eβ cos θ e−i�θ (18.88)

For β� 1, it is well approximated by I�(β)� (β/2)�/�!.
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Using these expansions, the partition function of theU(1) theory of eq. (18.86) becomes

Z[β ,K]=
∑

{�μ},{mμν }

∏

sites
δ�μ�μ ,0

∏

links

δ�νmμν+q�μ ,0
∏

links

I�μ[β]
∏

plaquettes

Imμν [K] (18.89)

where the variables �μ ∈Z andmμν ∈Z are defined, respectively, on the links and plaquettes
of the lattice.

The Wilson loop operator with test charge p∈Z on a closed loop of the lattice 
 is

Wp[
]= exp

⎛

⎝ip
∑

(r,μ)∈

sμ(r)Aμ(r)

⎞

⎠ (18.90)

where sμ(r) is an oriented kink variable that is sμ= 1 on links on the closed contour 
,
and is zero otherwise. The expectation value of this operator is computed by making the
following replacement in the partition function of eq. (18.89):

∏

links

δ�νmμν+q�μ ,0 �→
∏

links

δ�νmμν+q�μ ,psμ (18.91)

Deep in the confined phase, K� 1 and β = 0, the link variables are set to zero: �μ= 0. In
this regime, we get the area-law behavior for Wilson loops with any test charge p. In this
limit, only configurations with mμν = p on the smallest possible number of plaquettes can
contribute (i.e., plaquettes (r,μν) that tile the minimal surface � whose boundary is the
contour 
). Hence, the leading configuration ismμν(r)= p�(r,μν), where�(r,μν)= 1 if
the plaquette (r,μν)∈�, and zero otherwise. Their total contribution to expectation value
of the Wilson loop of charge p is an area law

〈Wp[
]〉=
( Ip(K)
I0(K)

)RT
(18.92)

and we find a potential linear in R, with a string tension

σ(K, p)=− ln(Ip(K)/I0(K))≈ ln(p!(2/K)p)+ · · · (18.93)

which is finite for all p, and in this limit, is large.
However, forβ� 1 but finite, we need to satisfy two constraints,�μ�μ= 0 and�νmμν +

q�μ= psμ, whilemaking both |mμν | and |�μ| as small as possible. We find several behaviors.
If the charge of the Wilson loop is a multiple of the charge of the dynamical matter field,
p= qr (for some integer r), we find two leading contributions: (1) �μ= 0 and mμν = p on
the plaquettes that tile the minimal surface �, and (2) mμν = 0 everywhere and �μ= r on
links on the contour 
. The first contribution reproduces the area-law behavior, while the
second yields a perimeter law:

〈Wp=qr[
]〉=
( Ip(K)
I0(K)

)RT
+
(
Ir(β)
I0(β)

)2(R+T)
(18.94)
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Hence, for p= qr, the interaction potential saturates to the valueVmax=−2 ln(Ir(β)/I0(β))
≈ 2 ln(r!(2/β)r)+ · · · , and, for sufficiently large loops, we find the same algebraic screening
as found before.

In contrast, if the charge of the Wilson loop is smaller than the charge of the dynamical
matter field, p< q, then the leading contribution comes from configurations with �μ= 0
andmμν = p on the plaquettes of the minimal surface (and zero otherwise). In other words,
in this case, the leading behavior is the area law of eq. (18.92), the effective potential is linear
in R, and there is no algebraic screening.

Similarly, if the charges are not multiples of each other, but still p> q (e.g., p= qr+ k),
the solutions to the constraints now are �μ= qsμ (only on the links of 
), andmμν = k only
on the plaquettes of the minimal surface bounded by 
. Thus, we now find

〈Wp=qr+k[
]〉=
(
Ik(K)
I0(K)

)RT ( Ir(β)
I0(β)

)2(R+T)
(18.95)

In other words, we recover an area law even if thematter field is dynamical, and the effective
potential no longer saturates. Now the unscreened part of the test charge k sees a linear
potential with a nonvanishing (but smaller) string tension σ(K, k)= ln(k!(2/K)k)+ · · · ,
and an offset of the linear potential, Veff = 2 ln(r!(2/β)r).

These results, which represent the leading behavior of a convergent expansion in powers
of K and β , show that when the test charge and the charge of the dynamical matter field are
not proportional to each other, the Wilson loop of the test charge has an area-law behavior.
Only when proportionality holds do we get a perimeter law and saturation, and hence,
algebraic screening. The same behavior is found in more general cases. For example, in
a non-abelian gauge theory with matter in the adjoint representation, the Wilson loop for
the test charge in the fundamental representation will exhibit confinement.

18.11 The Higgsmechanism

The Higgs mechanism arises in theories of gauge and matter fields with a continuous
symmetry in the regime where the matter field spontaneously breaks the global symmetry.

18.11.1 The abelian Higgsmodel

In the simplest case, the symmetry group is U(1), and the matter field is a complex
scalar field φ coupled toMaxwell’s electrodynamics. The Lagrangian density (inMinkowski
spacetime) of this theory, known as the abelian Higgs model, is

L=−1
4
F2
μν + |Dμφ|2−V(|φ|2) (18.96)

where Dμ= ∂μ+ ieAμ is the covariant derivative. The potential is, as usual, V(|φ|2)=
m2|φ|2+ λ|φ|4. Ifm2< 0, classically it has aminimumat |φ0| = (|m2|/2λ)1/2, and the global
U(1) symmetry is spontaneously broken.

In the Euclidean domain, the Lagrangian becomes

LE= |Dμφ|2+m2|φ|2+ λ|φ|4+ 1
4
F2
μν (18.97)
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which is identical to the Landau-Ginzburg theory for a superconductor, with φ being
the order-parameter field of the superconductor (the Cooper pair condensate), and the
charge is 2e. The path integral of this model describes the classical partition function of
a superconductor interacting with the thermal fluctuations of the magnetic field.

Let us rewrite the complex scalar field in terms of an amplitude and a phase field:

φ= ρeiθ (18.98)

We will focus on the phase, m2< 0, in which the scalar field has a broken (global) U(1)
symmetry. In this phase, the phase field θ is the Goldstone boson of the spontaneously
broken global U(1) symmetry. Deep in this phase, the amplitude field is essentially pinned
to its classical expectation value, ρ0= |φ0|. Then the Lagrangian of the abelianHiggsmodel,
eq. (18.96), becomes

L= ρ20
(
∂μθ + eAμ

)2− 1
4
F2
μν (18.99)

We can now fix the gauge θ = 0, known as the unitary gauge (the same as the London gauge
in superconductivity), or equivalently, make a gauge transformation, Aμ→Aμ− ∂μ�,
with θ =−e�. In both descriptions, the phase field θ disappears from the theory (i.e., the
Goldstone boson is “eaten” by the gauge field). The Lagrangian now is

L=−1
4
F2
μν + e2ρ20A

2
μ (18.100)

Hence, in the broken symmetry phase, the gauge field becomes massive, and in this
theory, themass of the photon ism=√2e〈φ〉. The phenomenonof the gauge field becoming
massive upon eating a Goldstone boson is known as the Higgs mechanism. Physically, this
phenomenon is equivalent to the expulsion of a magnetic flux in a superconductor, known
as the Meissner effect.

Another key feature of the Higgs fields is that they yield masses to Dirac fermions. Thus,
consider adding amassless Dirac fieldψ to this theory, minimally coupled to the gauge field
Aμ, and suppose that the fermions also couple to the Higgs field through Yukawa couplings.
The fermionic sector of the theory is now

Lfermions= ψ̄ i /Dψ +Gψ̄ψφ (18.101)

We now see that if the scalar field has a vacuum expectation value, v =〈φ〉, the Yukawa
couplingG becomes a fermionmass termwith amassm=Gv , or equivalently, that 〈ψ̄ψ〉=
G〈φ〉. The reader familiar with the BCS theory of superconductivity will recognize that
there is a very close parallel between the mechanism of mass generation via the Higgs
mechanism and the development of a superconducting gap by Cooper-pair condensation
(Schrieffer, 1964).

The analysis that we have done here is classical, and the computation of perturbative
corrections is largely straightforward, except for the theory of the phase transition from the
symmetric to the Higgs phase. However, the nonperturbative behavior, which we discuss
shortly, is subtle, as we shall see.
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18.11.2 The Georgi-Glashowmodel

The Higgs mechanism plays a key role in the theory of weak interactions. An example is
the Georgi-Glashow model, which is a theory that unifies the weak and strong interactions
with electromagnetism (Georgi and Glashow, 1974).

This theory involves a three-component real scalar field φ (i.e., a Higgs field with a global
spontaneously broken O(3) symmetry) coupled to an SU(2) gauge field, Aμ, which is a
matrix with values in the algebra of the group SU(2) (i.e., Aμ=Aa

μta, where ta are the three
generators of SU(2)). The Lagrangian of this theory in the broken symmetry state is (in
Euclidean spacetime)

L= 1
2
(
Dμφ

)2− 1
2
m2φ2+ λ

4! (φ
2)2+ 1

4g2
trF2

μν (18.102)

where, for the gauge group SU(2), the covariant derivative is

Dμφ= ∂μφ+Aμ×φ (18.103)

and the field strength is

Fμν = i[Dμ,Dν]= ∂μAν − ∂νAμ+Aμ×Aν (18.104)

Let us write the scalar field as φT = (φ1,φ2,φ3) and assume that the pattern of sponta-
neous symmetry breaking is φ= (0, 0,m/√λ). This classical expectation value breaks the
O(3) symmetry down toU(1). By repeating the line of reasoning that we used in the abelian
Higgs model, we find that in the broken symmetry state, the triplet of gauge fields of the
Georgi-Glashow model can be rearranged as

W±μ =
1√
2
(A(1)μ ∓ iA(2)μ ), Aμ=A(3)μ (18.105)

It is straightforward to see that in this theory, the Higgs mechanism implies that the doublet
W±μ has amass (squared)m2

W = g2m2/λ, and the fieldA(3)μ ismassless. The conclusion is that
themassive gauge bosonsW±μ mediate theweak interactions, while themassless gauge fields
A(3)μ are the photons of the electromagnetic sector. Also, just as in the case of the abelian
Higgs model, the two Goldstone bosons of the spontaneously broken O(3) symmetry
disappear from the spectrum. However, the longitudinal component, σ =φ3−m/

√
λ, of

the field φ is massive, withm2
σ = 2m2

0. This massive excitation is the Higgs particle.
The full theory of weak interactions, the Weinberg-Salam model, is an extension of the

Georgi-Glashowmodel that includes, among other fields, SU(2) doublets of Dirac fermions
(electrons and neutrinos). In this theory, the fermions acquire a mass through Yukawa
couplings of the fermions with the Higgs fields.

18.11.3 Observables of the Higgs phase

It is tempting to regard the complex scalar fields of the Higgsmodels as order parameters, as
they are if the symmetry is global. However, in a theory in which the symmetry is local (i.e.,
it is a gauge symmetry), the complex scalar field φ(x) (and its generalizations) is not gauge
invariant. This naturally leads to the question: What is the gauge-invariant meaning of the
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Figure 18.13 Path dependence of the gauge-invariant correlator of eq. (18.106). Here 
+1 (x, y) and

+2 (x, y) are two oriented paths stretching from x to y. 
−2 (y, x) is the reversed path of 
+2 (x, y).

concept of spontaneous symmetry breaking when the symmetry is local? In other words,
can we make the concept of spontaneous breaking of a local symmetry compatible with the
requirements of Elitzur’s theorem? For the concept of spontaneous symmetry breaking of a
local symmetry to be meaningful, it has to be possible to construct a gauge-invariant order
parameter that uniquely distinguishes the Higgs phase from other phases. Otherwise, the
Higgs phase would not be a genuinely separate phase of the theory.

Let us discuss this first in the case of a theory in which the gauge group is R, and the
theory has a Maxwell gauge field Aμ. A simple way to make the correlators of the Higgs
field φ(x) gauge invariant is to define the nonlocal operator

G
(x, y)=
〈
φ†(x) exp

(
ie
∫


(x,y)
dzμAμ(z)

)
φ(y)

〉
(18.106)

where 
(x, y) is an arbitrary path stretching from x to y. This correlator is trivially invariant
under the local gauge transformations Aμ→Aμ+ ∂μ� and φ(x)→ eie�(x)φ(x). Deep in
the broken symmetry state,m2< 0, we can approximateφ(x)�φ0eiθ(x), whereφ0 is real and
constant. In the unitary (London) gauge, θ = 0, the correlator reduces to the computation
of the expectation value:

G
(x, y)�φ2
0

〈
exp

(
ie
∫


(x,y)
dzμAμ(z)

) 〉
(18.107)

Since the gauge field is massive, it is easy to check that this correlator decays exponentially
fast for large separations |x− y|. Therefore, this gauge-invariant operator is not an order
parameter of the spontaneously broken symmetry but a test of the massive gauge field. In
fact, this path-dependent operator can be defined for any gauge theory, both abelian and
non-abelian.

Moreover, the nonlocal gauge-invariant correlator of eq. (18.106) is path dependent (as
shown in figure 18.13):

exp

(

ie
∫


+1
dzμAμ(z)

)

= exp

(

ie
∫


+2
dzμAμ(z)

)

× exp

(

ie
∮


+1 ∪
−2
dzμAμ(z)

)

= exp

(

ie
∫


+2
dzμAμ(z)

)

× exp
(
i
e
2

∫

�

dSμνFμν
)

(18.108)
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where ∂�=
+1 ∪
−2 . Clearly, the operator depends on the amount of flux in the surface
� bounded by the two paths. Although the factorization that we used above holds only for
abelian theories, the path dependence of the operator also holds for non-abelian theories.

Is there an alternative? Yes, there is, provided the gauge group is R (i.e., a noncompact
gauge theory). In fact, in the context of QED, Dirac observed that it is unphysical (and
violates gauge invariance) to define an operator that creates a charged particle without its
static Coulomb field (Dirac, 1966), that is, without creating a coherent state of photons. This
is done by considering instead the nonlocal operator

φ†(x) exp
(
ie
∫

d3zE(z) ·A(z)
)
φ(y) (18.109)

where the integral in the exponential extends over all space, E(z) is the classical electric
(Coulomb) field created by the charges at x and y, andA is the vector potential of the theory.
Under a gauge transformation, both the operators φ†(x) and φ(y), and the exponential
operator (which creates a coherent state of photons) change under a gauge transformation as

φ(x) �→φ(x)eie�(x), A(x) �→A(x)+��(x) (18.110)

where �(z)→ 0 as |z|→∞. However, gauge invariance is maintained if the gauge-
dependent contributions cancel each other out, that is, if

e−ie�(x)eie�(y)ei
∫
d3zE(z)·��(z)= 1 (18.111)

This condition can be met if the vector field E(z) satisfies

� ·E(z)= ρ(z)≡ eδ3(z− x)− eδ3(z− y) (18.112)

In other words, the vector field E(z) is just the classical Coulomb (electric) field created by
the two charges±e located at x and y, respectively. Furthermore, the operator

exp
(
ie
∫

d3z E(z) ·A(z)
)

(18.113)

creates a coherent state of photons. Also, since we can always solve the Poisson equation,
eq. (18.112), in terms of the potential U(z) such that E=−�U, with −�2 U= ρ, we see
that the exponent in the coherent state operator becomes

∫
d3z E(z) ·A(z)=−

∫
d3z�U(z) ·A(z)

=
∫

d3z U(z)� ·A(z) (18.114)

In particular, in the Coulomb gauge, � ·A(z)= 0, the coherent state operator reduces
to the identity operator. Hence, provided that the Coulomb gauge can be defined
unambiguously, the nonlocal operator in eq. (18.109) reduces to the correlation function
of the complex scalar fields.
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Can we always define the operator in eq. (18.109)? The answer to this question is that
it is possible only if the Coulomb gauge is well defined. However, this is only possible
for Maxwell’s theory, since it is abelian and noncompact. In fact, there is a topological
obstruction to the definition of the Coulomb gauge if the group is compact (abelian and
non-abelian). We will see in chapter 19 that this obstruction has a topological origin and
that it is related to the existence of magnetic monopoles. Therefore, we conclude that for
a general compact gauge group, it is not possible to construct an operator that has the
properties of an order parameter.

18.12 Phase diagrams of gauge-matter theories

We just showed that in a general compact gauge theory, it is not possible to find a
gauge-invariant observable related to the order parameter 〈φ〉 of the theory with a spon-
taneously broken global symmetry. These results naturally raise several questions:

1) For a compact gauge group, can the Higgs phase be defined nonperturbatively?
In other words, is there a Higgs phase distinct from the other phases of a gauge
theory?

2) What is the relation between the Higgs phases and the other phases of the theory?
3) What are the observables of the Higgs phase, and what is their nonperturbative

behavior?

In other words, we are asking what the global phase diagram is of a theory of gauge fields
coupled to matter fields. We will see that the global properties of the phase diagram, which
embodies the nonperturbative behavior of the theory, depend onwhether thematter carries
the fundamental charge of the gauge group. This is the problem we discuss now (Fradkin
and Shenker, 1979).

For simplicity (and conciseness), let us consider a theory with a gauge group U(1) and
a matter field that is a complex scalar field that carries charge q∈Z. With some exceptions
(noted below), our results apply to any theory with a compact gauge group G. Also, we do
not consider the case in which the matter field is fermionic. This analysis assumes that all
symmetries of the theory are gauged and there are no global symmetries (which may be
unbroken or spontaneously broken).

The action of the theory (defined on a hypercubic lattice in D Euclidean dimensions) is

− S=
∑

links

β cos(�μθ − qAμ)+
∑

plaquettes

K cos Fμν (18.115)

Here the complex scalar field is φ= eiθ , and the gauge field is Uμ= eiAμ . The operator �μ

is the right lattice difference, and Fμν is the flux of the gauge field Aμ on each plaquette. As
before, K is related to the gauge coupling constant by K= 1/g2.

The phase diagramcanbemapped in theβ −K plane, withβ > 0 andK> 0.We can (and
will) figure out much of the global features of the phase diagram by considering extreme
regimes and then extrapolating to the middle of the diagram. However, the arguments
presented below can be shown to be rigorously correct within the radius of convergence
of well-defined expansions (of which we will capture only their leading terms).

Consider first the regime g2→ 0 (or, equivalently, K→∞) and β finite. In this limit, the
gauge fields are weakly coupled and are dominated by the flat-field configurations, Fμν � 0
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(modulo 2π). In the extreme regime, this corresponds to the pure matter theory with a
global U(1) symmetry. For general dimension D, this theory has two phases, separated by
a phase transition at some value βc:

1) For β <βc, the global U(1) symmetry is unbroken, 〈eiθ 〉= 0, and the correlation
functions of the scalar field are short-ranged anddecay exponentiallywith distance,

〈eiθ(x)e−iθ(0)〉∼ e−|x|/ξ (18.116)

where ξ is the correlation length. Hence, in this phase, the complex scalar field is
massive, and its mass ism∼ 1/ξ .

2) For β >βc, the global U(1) symmetry is spontaneously broken, 〈eiθ 〉 
= 0. If the
dimension D> 2, then the correlation function has the asymptotic behavior

〈eiθ(x)e−iθ(0)〉∼ ∣∣〈eiθ 〉∣∣2+O(1/|x|D−2) (18.117)

In this phase, the global U(1) symmetry is spontaneously broken, and the theory
has a massless excitation, the Goldstone boson of the broken symmetry.

This analysis applies to any theory with a continuous global symmetry G,
provided D> 2. For D= 2 (e.g., the nonlinear sigma models), we have already
seen that they flow to strong coupling. In that case, the global symmetry is actually
unbroken, and hence, βc→∞. The U(1) case is special in that it has a phase
transition at a finite value βc (known as the Kosterlitz-Thouless transition), and
the global U(1) symmetry is also unbroken for β >βc, but the correlators exhibit
power-law decays: This theory has a line of fixed points. For g small but finite,
we expect a Higgs phase if β >βc, and a Coulomb phase (i.e., massive charged
matter fields and a massless photon) for β <βc. We will see shortly whether these
expectations are actuallymet. However, forD> 1, in theories with a discrete global
symmetry (e.g., the Ising andZN models), the phases with a spontaneously broken
symmetry occur for β >βc.

Let us now consider the regime β→ 0 and K= 1/g2 fixed. In this regime, the matter
fields are massive, with a large mass m≈ | lnβ|. In this regime, we expect the matter fields
to decouple, and we have a pure gauge theory. Again, for a continuous gauge group G,
and for D> 4, the gauge theory has a Coulomb phase with massless gauge fields for g< gc
(K>Kc), and a confined phase in the opposite regime, g> gc. As before, in the confined
phase of the pure gauge theory the Wilson loop displays an area-law behavior, and in the
deconfined phase it shows a perimeter-law behavior. This phase structure also holds in
D= 4 dimensions for the U(1) gauge theory. For theories with a discrete gauge group,
the same phases arise for D> 2, except that in their deconfined phases, all excitations are
massive. We will see in chapter 22 that the deconfined phases of discrete gauge theories are
topological field theories.

The results of these two regimes, the weakly coupled gauge theory and the heavy matter
field, are summarized in figure 18.14.

Let us now focus on the regime in which the gauge theory is strongly coupled, g→∞ (or
K→ 0) with β fixed. In this regime, the fields fluctuate wildly. In the regime with β small,
we saw that, if the matter field carries the fundamental charge, q= 1, the expectation value
of the Wilson loop (with the fundamental, and in fact, any charge) has a crossover from an
area-law behavior to a perimeter law for large enough loops. This crossover is compatible
with the theory being in a confined phase. Furthermore, in the unitary gauge, θ = 0, which
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βc

β

K = 1/g2Kc

Confinement

Coulomb

Higgs

What happens here?

Figure 18.14 Tentative phase diagram depicting the behaviors of the weakly coupled gauge theory
and the heavy matter field.

is always globally well defined, as g→∞, the action reduces to a sum over independent
link variables Aμ. The partition function of the theory is free of singularities on a vertical
strip parallel to the β axis. Hence, the crossover behavior of the Wilson loop should extend
along the entire strip, all the way to β→∞.

Let us now inquire about the behavior of the theory for large β as a function of K. The
behavior depends on the charge q carried by the matter field. In the unitary gauge, θ = 0,
the action takes the simpler form

− S=
∑

links

β cos(qAμ)+
∑

plaquettes

K cos Fμν (18.118)

The behavior for large β now depends on whether q= 1 or q 
= 1.
In the case of q= 1, in the limit β→∞, the link term of the action forces the gauge

fields to be Aμ= 0 (modulo 2π) on every link of the lattice. Hence, the partition function
is also free of singularities on a strip along the horizontal axis at β→∞. This is a startling
result, since this “strip of analyticity” ranges from the Higgs phase at large β and small g
all the way to the confining regime at large g and small β . It has been proven rigorously
that this strip of analyticity exists for all theories with a compact gauge group, abelian or
non-abelian, discrete or continuous, if the matter field carries the fundamental charge of
the gauge group (Fradkin and Shenker, 1979; see also Osterwalder and Seiler, 1978). In all
such theories, there is no global distinction between a Higgs phase and a confined phase.
This result is sometimes called Higgs-confinement complementarity.

However, the Coulomb phase is also stable, since in this phase, there is a finite-energy
state (a “particle”) that carries the fundamental quantum number of the gauge group. In
the case of U(1) theory, the Coulomb phase has a state in the spectrum that carries the
U(1) charge, the electron of QED. In the case of the discrete gauge groups (e.g., Z2), a
finite-energy state carries theZ2 charge, but the operator that creates this state can be shown
to be nonlocal. We will see in chapter 22 that this is related to the fact that the deconfined
phases of discrete gauge theories are effectively topological field theories.
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βc

β

K = 1/g2Kc

P

CoulombConfinement

Higgs

Figure 18.15 Phase diagram for a U(1) gauge-matter theory with a matter field carrying the
fundamental, q= 1, charge of the gauge field. The dashed curve represents the boundary of the strip
of analyticity mentioned in the text. The dot (labeled by P) is a critical endpoint, similar to the critical
point of water.

We can now summarize our understanding for the theory with a matter field that
carries the fundamental gauge charge in the form of a complete phase diagram, shown in
figure 18.15. The theory has two phases: (1) a Coulomb phase, and (2) a confinement-Higgs
phase. In this theory, confinement and Higgs are not separate phases: The theory is
confining everywhere, except in the Coulomb phase. This phase diagram applies to the
case of the compact U(1) gauge theory coupled to a fundamental scalar (i.e., the compact
abelian Higgs model) in D= 4 dimensions.

The nature of the phase transitions is a more subtle problem. The RG analysis predicts
a runaway flow into a regime where the symmetry is broken. This predicts that the
Coulomb-Higgs transition is weakly first order. The confinement-Coulomb transition is
known to be first order from numerical simulations. The dot labeled by P in figure 18.15
is a critical endpoint, at the end of a line of first-order transitions, similar to the critical
point of water. In other words, while there is no global distinction between confinement and
Higgs, across the line of first-order transitions, local gauge-invariant observables (e.g., the
flux through a local plaquette) will exhibit a jump. Interestingly, part of the phase diagram
for hot and dense QCD predicts a jump from nuclear matter to the quark-gluon plasma,
and has a structure similar to that in figure 18.15; hence, these are not genuinely separate
phases.

In this case of q> 1, in the limit β→∞, the link term of the action forces the gauge
field to take one of the following possible q values on each link: Aμ= 2πn/q, with n= 0,
1, . . ., q− 1. Therefore, in the limit β→∞, the theory reduces to a gauge theory with the
discrete gauge group Zq. Thus, in the large-β regime, the Zq theory can be regarded as the
low-energy limit of the full theory.

If the dimension D> 2, the Zq gauge theory has a confined phase for K<Kc[Zq] and a
deconfined phase in the opposite regime. Therefore, as shown in figure 18.16, for general
dimension D, the theory now has a large confined phase separate from a Coulomb phase
(for β small) and a “Higgs” (deconfined) phase (for β large). Furthermore, using a Griffiths
inequality (cf. eq. (18.75)), it is straightforward to see that Kc[Zq] ≤Kc[U(1)], as shown in
figure 18.16.
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K = 1/g2Kc[U(1)]
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Figure 18.16 Phase diagram for aU(1) gauge-matter theory with a matter field carrying charge q> 1
of the gauge field. The top of the phase diagram is the Zq discrete gauge theory, which has a confined
and a deconfined phase. In this case, there is a global distinction between the Higgs phase and the
confinement phase.

The Higgs (deconfined) phase and the confined phase can be distinguished by the
behavior of the Wilson loop carrying the fundamental charge (or in fact, any charge p< q).
As we have seen, in this case, the Wilson loop with a charge p< q is not algebraically
screened and exhibits an area law in the confined phase. In the deconfined phase of the
Zq theory, for K �Kc[Zq] and large enough β , the Wilson loop exhibits a perimeter law,
and the fundamental charge is indeed deconfined in this phase. This phase is a Higgs phase
in the sense that the U(1) gauge field is massive, although, as explained above, there isn’t a
local order parameter. In chapter 22, wewill see that this phase is an example of a topological
phase, and the low-energy limit of this discrete gauge theory is a topological field theory.

This analysis also holds in the case of a non-abelian gauge theory with a matter field
carrying a charge different from that of the fundamental charge. For example, if the gauge
group is SU(N) and the matter field carries the adjoint representation of SU(N), the
“unbroken” sector of the gauge group is discrete gauge group ZN which is the center of
the group SU(N), and the adjoint representation of SU(N) is invariant under the action of
the center, ZN , of the group.

Exercises

18.1 Lattice Dirac fermions
In this chapter, we have seen how theories of scalar and gauge fields are regularized
by being defined on a lattice. In this exercise, you will work with a theory of Dirac
spinors also defined on a lattice. For concreteness, the Euclidean theory is used here
(see section 8.7). The action of the Dirac theory in D= 4 Euclidean dimensions is

S=
∫

d4xψ̄(x)(i/∂ +m)ψ(x)≡
∫

d4xψ̄(x)
(
i
2
γμ
←→
∂μ +m

)
ψ(x)
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where γμ is the set of four antihermitian matrices that satisfy the (pseudo)
Clifford algebra {γμ, γν}=−2δμν . We will discretize the Dirac equation on a
(D+4)-dimensional hypercubic lattice. The theory should be “naively” discretized
by replacing derivatives by lattice differences, resulting in the lattice action

S=
∑

x,μ

i
2
(ψ̄(x)γμψ(x+ eμ)− ψ̄(x+ eμ)γμψ(x))+

∑

x
mψ̄(x)ψ(x)

where {x} is the set of sites of a four-dimensional hypercubic lattice (of lattice
spacing a= 1), and {eμ} is a set of four unit vectors, withμ= 1, . . ., 4. The partition
function is the Grassmann integral

Z=
∏

x
dψ̄(x)dψ(x) exp(−S[ψ̄ ,ψ])

Here, and above, ψ̄(x) and ψ(x) are two independent four-component spinors of
Grassmann variables defined on each lattice site, andm is the mass.

1) Show that, in the thermodynamic limit of an infinite system with periodic
boundary conditions, the lattice Dirac propagator is, in momentum space,

S(p)= 1
∑

μ γμ sin pμ+m

where themomenta span the first Brillouin zone (BZ),−π < pμ <π (again, with
μ= 1, . . ., 4).

2) Show that in the limit of small momentum (|pμ|�π), this propagator repro-
duces the usual free Dirac propagator with massm in Euclidean spacetime.

3) Denote by Ki
μ the set of 15 momenta at the BZ points (π , 0, 0, 0) (plus three

permutations), (π ,π , 0, 0) (plus five permutations), (π ,π ,π , 0) (plus three per-
mutations), and (π ,π ,π ,π). Show that near the BZ momentum Ki

μ, the lattice
propagator has the form (in terms of qμ=Ki

μ− pμ, with |qμ|�π):

S(Ki
μ− qμ)= 1

∑
μ γμ cos(Ki

μ) sin qμ+m

Show that the propagator near these momenta can be brought to the standard
form (withmassm) by a similarity transformation s(Ki

μ)= γμγ5. In other words,
this lattice theory describes 16 Dirac fermions, not one!

4) A way of eliminating these unwanted 15 “species” of fermions is to add the
following (Wilson) mass term to the lattice action:

SW =
∑

x,μ

r
2
(ψ̄(x+ eμ)ψ(x)+ ψ̄(x)ψ(x+ eμ)− 2ψ̄(x)ψ(x))

This construction is known as the Wilson fermion. Show that the lattice
propagator is now
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S(p)= 1
∑

μ γμ sin pμ+m+ r
∑

μ(1− cos pμ)

with 0< r< 1. Show that for r 
= 0, the unwanted 15 species of fermions have
a large mass m+ 2rk (with k= 1, 2, 3, 4), while the fermion with |p|�π is
unaffected (to linear order in pμ).

5) Let us now examine how chiral symmetry is realized. To this end, set the mass
m→ 0. The chiral transformation is ψ→ exp(iθγ5)ψ . Show that the Wilson
term is not invariant under a continuous chiral transformation, even if the mass
term ism= 0.

6) Determine the chiral charge of each of the 16 species of fermions, and show that
eight species have chiral eigenvalue+1 and that the remaining eight species have
chiral eigenvalue−1.

18.2 Wilson loop in U(1) electrodynamics with fermions
In this exercise, consider a lattice U(1) gauge theory coupled to lattice fermions
(defined in exercise 18.1) that carry the unit charge of the gauge field. Work on
a four-dimensional Euclidean hypercubic lattice, and consider only the strong
coupling limit of this theory. The total action is S= S[Aμ]+ S[ψ̄ ,ψ ,Aμ], where
S[Aμ] is the action of the pure U(1) gauge theory with coupling constant g,

S[Aμ]=−1
g
∑

x,μν
cos(�μAν −�νAμ)

and S[ψ̄ ,ψ ,Aμ] is obtained from the lattice action for Wilson fermions by the
minimal coupling procedure:

ψ̄(x)ψ(x+ eμ)→ ψ̄(x) exp(iAμ(x))ψ(x+ eμ)

1) Show that the partition function of Dirac fermions in a background gauge field
can be expanded in powers of 1/m and that this expansion is a sum over closed
loops of the lattice.What is the dependence of the contribution of a loop of length
L lattice units on the mass m? What is the dependence of a loop of length L on
the background gauge fields?

2) Here the gauge fields are dynamical and are in the strong coupling regime.
Consider the expectation value of a Wilson loop on a closed contour 
 (a
rectangle of R×T lattice units), W
 =〈exp(i∑
 Aμ(x))〉 (as in eq. (18.90)).
Compute this expectation value to lowest order in the strong coupling expansion
in 1/g in the limit where the fermion mass is large, m� 1. Do you find an area
or a perimeter law?
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Instantons and Solitons

In this chapter, we discuss the role of topology in QFT. Topology plays different roles
in QFT. One is in identifying classes of configurations of the Euclidean path integral
that are topologically inequivalent. Such configurations are called instantons and describe
topological excitations, which play a key role in the nonperturbative definition of the path
integral both in theories with global symmetries and in gauge theories, and in the theory
of phase transitions. A closely related problem is that of solitons, classical configurations
(and quantum states) with finite energy and nontrivial topology. Instantons and solitons
are classified by a set of topological invariants, known as topological charges. When these
topological invariants are included in the action of the theory (often as a consequence of
quantum anomalies), they change the behavior of the theory in profound ways.

There are many reasons for considering topological excitations. One motivation is the
study of mechanisms for quantum disorder, such as the physical origin of phases of a QFT
exhibiting confinement in the case of a gauge theory, and/or lack of long-range order in
theories with global symmetries. This is also related to the problem of quantum tunneling
processes in QFT. In addition, this analysis leads to an understanding of the existence of
topological excitations both in QFT and in statistical physics. We begin by defining what is
meant by a topological excitation.

19.1 Instantons in quantummechanics and tunneling

Consider first a very simple problem, the quantummechanics of a double-well anharmonic
oscillator. The potential U(q) for the coordinate q has the form shown in figure 19.1.
The Lagrangian is

L= 1
2

(
dq
dt

)2
−U(q) (19.1)

where we set the massm= 1. The potential is

U(q)=−μ
2

2
q2+ λ

4
q4 (19.2)
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U(q)

qq0−q0

Figure 19.1 The potential U(q) of a double-well anharmonic oscillator.

with λ small. This potential has two classical minima at±q0=±
√
μ2
λ
. At the classical level,

the symmetry q→−q is spontaneously broken. We will see that this symmetry is restored
by tunneling processes involving instantons. Here we follow closely the work by Polyakov
(1977), and the beautiful lectures by Coleman (1985).

Suppose we want to compute the (imaginary time) time-ordered correlator C(τ )=
〈q(0)q(τ )〉. By expanding in eigenstates, the correlator becomes

〈q(0)q(τ )〉=
∑

n
|〈0|q|n〉|2e−(En−E0)τ (19.3)

At long imaginary time, τ→∞, due to tunneling processes, the correlator decays
exponentially

C(τ )∼ e−τ�E (19.4)

where �E is the splitting of the two low-lying states, the symmetric and antisymmetric
combination of the states on either well. As usual, the imaginary time correlator is computed
by the expression

〈q(0)q(τ )〉= 1
Z

∫
Dq(τ ) q(0)q(τ ) e−E[q] (19.5)

where E[q] is the action in imaginary time

E[q]=
∫ ∞

−∞
dτ

[
1
2

(
dq
dτ

)2
− μ

2

2
q2+ λ

4
q4
]

(19.6)

and Z is the partition function

Z=
∫

Dq(τ ) e−E[q] (19.7)

Hence, this problem is equivalent to the computation of the correlation function for a
problem in classical statistical mechanics in one dimension, where E[q] is the classical
energy.

We will do this calculation using the semiclassical expansion in imaginary time. Let
us first seek the extrema of the Euclidean action E[q], which satisfy δE = 0. They are the
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−U(q) q(τ)

τ
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q

q0 q0−q0

−q0

Figure 19.2 (a) The inverted potential−U(q). (b) A tunneling trajectory.

solutions of the Euler-Lagrange equation

d
dτ
δE
δq̇
= δE
δq

(19.8)

These solutions will be denoted by q̄(τ ). For this system, the Euler-Lagrange equations are

d2q̄
dτ 2
=−μ2q̄+ λq̄3 (19.9)

which are the same as the classical equations of motion of a dynamical system q(τ )with the
inverted potential,−U(q)= μ2

q
2− λ

4q
4, shown in figure 19.2a.

This system has a conserved “energy” E

E= 1
2

(
dq̄
dτ

)2
−U(q̄) (19.10)

which corresponds to the Lagrangian in real time.
The static solutions of the equation of motion, eq. (19.9), are the classical ground states,

q̄=±√μ2/λ, for which E(q̄)=−μ4T
4λ , where T is the imaginary time span, and T→∞.

In addition, there is also a solution of eq. (19.9) with E= 0, which obeys

dq̄
dτ
=±√2U[q] (19.11)

The solutions are

q̄c(τ )=±
√
μ2

λ
tanh

(
μ(τ − a)√

2

)
(19.12)

These solutions interpolate between q0 and −q0 (and vice versa) as τ goes from −∞ to
+∞ and represent the tunneling process. One such solution is depicted in figure 19.2b.
Their Euclidean action (or energy) is

E[q̄c(τ )]− E[±q0]= 2
√
2
μ3

λ
(19.13)

which is finite.
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Trajectories with finite Euclidean actions are called instantons. This trajectory is topo-
logical in the sense that it interpolates smoothly between two inequivalent ground states
(or vacua) at τ→±∞, and this trajectory cannot be smoothly deformed to the trivial
configurations at ±q0. In this particular problem, we can either have an instanton (i.e.,
the trajectory that goes from−q0 to +q0) or an anti-instanton (which executes the reverse
trajectory).

The instanton solution has an arbitrary parameter a, and the Euclidean action does
not depend on this parameter. Such parameters are called zero modes of instantons.
This solution has a contribution to the partition function of order τ exp(−2√2μ3/λ).
This contribution becomes important at imaginary times long enough so that τ > exp
(+2√2μ3/λ).

Let us compute the correlator of eq. (19.5) using the semiclassical expansion. This
requires that we evaluate the contribution to the path integral presented in eq. (19.5) at each
classical solution. The full result is the sum of their individual contributions, determined
separately for both the numerator and the denominator. As we will see, the one-instanton
approximation will fail at long times τ , and we will also need to include multi-instanton
processes.

Let us compute first the contribution of one instanton, eq. (19.12). Since the instanton is
a solution of the Euler-Lagrange equation, the first correction appears at quadratic order in
the expansion of the imaginary time action E . Thus, we need to examine the kernel

δ2E
δq(τ )δq(τ ′)

∣∣∣∣
q̄c(τ )
=
[
− d2

dτ 2
+ (−μ2+ 3λq̄2c (τ ))

]
δ(τ − τ ′) (19.14)

where q̄c(τ ) is the instanton solution of eq. (19.12). Let {ψn(τ )} be a complete set of
eigenstates of this operator,

[
− d2

dτ 2
+ (−μ2+ 3λq̄2c (τ ))

]
ψn(τ )=ω2

nψn(τ ) (19.15)

where {ω2
n} is the spectrum of eigenvalues. The eigenstates satisfy the boundary conditions

ψn(−∞)=ψn(+∞)= 0. If the spectrum of eigenvalues of this equation were strictly
positive, ω2

n> 0, we could then use the eigenstates {ψn} to parametrize the trajectories
q(τ ) and compute the path integral in the semiclassical approximation, as we have done
in previous chapters.

However, in this case, this is not possible since, although the spectrum of the fluctuation
kernel is nonnegative, its lowest eigenstate has zero eigenvalue (i.e., it is an exact zero
mode). The reason is that although the Euclidean action E is translationally invariant, the
instanton solution is not, and it has the parameter a. Since E[q̄c(τ )] does not depend on a,
then

∂E[q̄c(τ )]
∂a

= 0 (19.16)

Thus,

δ

δq̄c(τ )
∂E[q̄c(τ )]

∂a
= 0 (19.17)
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and
δ2E

δq̄c(τ )δq̄c(τ ′)
dq̄c(τ )
da
= 0 (19.18)

Therefore, we find that

ψ0(τ )= dq̄c(τ )
da

(19.19)

is an exact eigenstate of the fluctuation kernel of eq. (19.14) with eigenvalueω2
0 = 0. In other

words, it is an exact zeromode of the fluctuation kernel, and there is no restoring force along
this direction in the space of functions.

The resolution of this problem is to treat the parameter a as a collective coordinate of the
solution, and it must be quantized exactly. We have dealt with a similar problem in chapter 9
on the quantization of gauge theory. There, we introduced the Faddeev-Popov gauge-fixing
procedure. We will see that it is the way to solve our problem here as well.

The Euclidean action is invariant under translations, q(τ ) 	→ qa(τ )= q(τ + a), E[q]=
E[qa], and the integration measure is also invariant under translations, Dq=Dqa. Let us
then follow the Faddeev-Popov procedure and define

1=
∫

dF δ(F[qa])=
∫ +∞

−∞
da δ(F[qa]) ∂F

∂a
(19.20)

which we insert into the expression of the partition function to obtain

Z=
∫

Dq exp(−E[q])

=
∫

Dq
∫ +∞

−∞
da δ(F[qa]) ∂F

∂a
exp(−E[q]) (19.21)

Now perform the change of variables, q→ q−a, or q(τ )→ q(τ − a), to find

Z=
∫

Dq−a
∫ +∞

−∞
da δ(F(q))D[q−a, a] exp(−E[qa]) (19.22)

where we defined

D[q, a]= ∂F(a)
∂a

(19.23)

which plays the role of the Faddeev-Popov determinant.
Using the translation invariance of the measure and of the action, we obtain the result

Z=
∫

Dq
∫ +∞

−∞
da δ(F(q))D[q−a, a] exp(−E[q]) (19.24)

Let us now compute the Jacobian D[q−a, a] for the specific choice

F[qa]≡
∫ ∞

−∞
dτ
∂ q̄c
∂a

∣
∣∣∣
a=0

(
q(τ + a)− q̄c(τ )

∣∣
a=0

)
(19.25)
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Then
∂F
∂a
[qa]=

∫ ∞

−∞
dτ
∂ q̄c
∂a

∣∣∣∣
a=0

∂q
∂a
(τ + a) (19.26)

Therefore,

D≡D[q−a, a]=
∫ ∞

−∞
dτ
∂ q̄c
∂a

∣
∣∣∣
a=0

∂q
∂a
(τ )

∣
∣∣∣
a=0

(19.27)

Now parametrize the histories q(τ ) as

q(τ )= q̄c(τ , a)+
∑

n�=0
ξnψn(τ − a) (19.28)

where {ψn(τ )} are the eigenstates of the fluctuation kernel with strictly positive eigenvalues,
ω2
n> 0, and q̄c(τ , a)= q̄c(τ − a). Using

∂ q̄c(τ , a)
∂a

=−∂ q̄c(τ )
∂τ

,
∂ψn(τ − a)

∂a
=−∂ψn(τ )

∂τ
(19.29)

we can write

∂q(τ )
∂a

∣∣∣
∣
a=0
=−

⎡

⎣∂ q̄c(τ )
∂τ
+
∑

n�=0
ξn
∂n(τ )

∂∂τ

⎤

⎦

a=0
(19.30)

Then the Jacobian D is

D=A+
∑

n�=0
ξnrn (19.31)

where we defined

A=
∫ ∞

−∞
dτ

(
∂ q̄c
∂τ

)2
, rn=

∫ ∞

−∞
dτ
∂ q̄c
∂τ

∣∣∣
∣
a=0

∂ψn

∂τ

∣∣∣
∣
a=0

(19.32)

With these results, the integration measure becomes

Dq(τ )= da

⎛

⎝A+
∑

n�=0
ξnrn

⎞

⎠
∏

n�=0
dξn�Ada

∏

n�=0
dξn (19.33)

where the approximate form is accurate in the limit λμ3, with A given in eq. (19.32).
Therefore, to this level of approximation, the one-instanton contribution to the partition

function is

Z1=
∫

Dq̃(τ )
∫ ∞

−∞
daA exp(−E[q̄c])

× exp

(

−1
2

∫
dτ

∫
dτ ′

δ2E
δq(τ )δq(τ ′)

∣∣
∣∣
q̄c(τ )

q̃(τ )q̃(τ ′)

)

(19.34)
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where
q̃(τ )= q(τ )− q̄c(τ , a)=

∑

n�=0
ξnψn(τ − a) (19.35)

which only involves the eigenstates with nonvanishing eigenvalues. By integrating over the
nonzero modes, we find that the one-instanton contribution to the partition function is

Z1=A
(∫ ∞

−∞
da
)

exp(−E[q̄c])
∏

n�=0
ω−1n (19.36)

while the contribution of the trivial saddle point, q̄= q0, to the partition function is

Z0=
∏

n�=0
ω−1n,0 (19.37)

where ωn,0 are the eigenvalues for the trivial saddle point.
We can similarly compute the contributions to the numerator of the correlation function

〈q(0)q(τ )〉, eq. (19.5). Putting it all together, we find that, up to multi-instanton contri-
butions that will be discussed shortly, the correlator is given by

〈q(0)q(τ )〉=
μ2

λ
+AK

(∫∞
−∞ da q̄c(0, a)q̄c(τ , a)

)
exp(−E[q̄c(τ )])

1+AK
(∫∞
−∞ da

)
exp(−E[q̄c])

�μ
2

λ
+A exp(−E[q̄c])K

∫ ∞

−∞
da

(
q̄c(0, a)q̄c(τ , a)− μ

2

λ

)
(19.38)

where K is the ratio

K=
∏

n�=0 ω−1n∏
n�=0 ω

−1
n,0
=

Det′
[
− d2

dτ2 + (−μ2+ 3λq̄2c (τ ))
]−1/2

Det′
[
− d2

dτ2 + 4μ2
]−1/2 (19.39)

where Det′ denotes the determinant without the zero modes. The ratio of determinants
K can be calculated using different methods (e.g., see section 5.2.2). In particular, the
numerator of K is the determinant for (essentially) the Schrödinger operator for the
Pöschl-Teller potential, and the denominator is that for a free particle.

It remains to compute A, given in eq. (19.32), to find

A= E[q̄c]= 2
√
2
μ3

λ
(19.40)

and
∫ ∞

−∞
da

[
q̄c(0, a)q̄c(τ , a)− μ

2

λ

]
=−2μ2

λ

τ

tanh(μτ/
√
2)
�−2μ2

λ
τ (19.41)

where we used the approximate form for long times, τ�√2/μ.
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Therefore, at this level of approximation, the correlator at long times τ�√2/μ becomes

〈q(0)q(τ )〉= μ
2

λ
+KA exp(−E[q̄c])2μ

2

λ
τ (19.42)

Thus, we find that, as expected, the instanton contribution is exponentially small. However,
as anticipated, this approximation fails at sufficiently long times τ ,

τ � exp(E[q̄c])/(2KA) (19.43)

where E[q̄c]= 2
√
2μ3/λ.

We will now see that the solution of this problem is to includemulti-instanton processes,
which will amount to showing that the series, whose first two terms are given by eq. (19.42),
exponentiates. Note that if λ is small, the failure of the approximation occurs at times much
longer than thewidth of an instanton�τ ∼ 1/μ, so we should be able to regard the sumover
multi-instanton processes as a dilute gas of (exponentially) weakly interacting instantons
(figure 19.3). In this limit, we can denote a multi-instanton process by

q̄c(τ )�
√
μ2

λ

N∏

j=1
sign(τ − aj) (19.44)

where {aj} are the locations of the instantons (and anti-instantons). The Euclidean action of
an N-instanton configuration is

EN
c �N

2
√
2μ3

λ
(19.45)

plus exponentially weak interaction terms.
In this limit, the problembecomes essentially identical to the low-temperature expansion

of the classical one-dimensional Ising model. Indeed, we can picture the instantons
as the domain walls of the Ising model. In this interpretation, the restoration of the
Z2 symmetry, q→−q, is just the Landau-Peierls proof of the absence of spontaneous
symmetry breaking in one-dimensional classical statistical mechanics in systems with a
discrete global symmetry (see Landau and Lifshitz, 1959b).

We can now do this calculation explicitly:

〈q(0)q(τ )〉= 1
Z
μ2

λ

∞∑

N=0
C(τ )N exp(−2√2μ3/λ)

×
∫

a1<a2<···<aN
da1 · · · daN

N∏

j=1
sign(τ − aj) (19.46)

where

Z=
∞∑

N=0
C(τ )N exp(−2√2μ3/λ)

∫

a1<a2<···<aN
da1 · · · daN (19.47)

and
C(τ )= 2AKτ

tanh(μτ/
√
2)
� 2AKτ (19.48)
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−q0

τ

q(τ)

τ1

∆τ

τ3

q0

τ2

Figure 19.3 A multi-instanton process as a sequence of instantons and anti-instantons. Here τ1, τ2,
τ3, . . ., are the locations of an infinite sequence of instantons and anti-instantons in imaginary time τ .
Here�τ ∼ 1/μ is the width of the instanton.

and we have used the behavior at τ� 1/μ. Also,

∫

a1<a2< ··· <aN
da1 · · · daN = TN

N! (19.49)

where T→∞ is the total span in imaginary time. On doing the sums, we find

〈q(0)q(τ )〉= μ
2

λ
exp(−(�E)τ ) (19.50)

where

�E� 2AK exp(−2√2μ3/λ) (19.51)

Thus, the ground state and the first excited state of the double well are split by an amount
�E. Notice that eq. (19.51) has an essential singularity in λ, showing its nonperturbative
character.

This rather elaborate presentation is the prototype of an instanton calculation. It is a
sum of a large number of contributions, each being exponentially small and having a weight
with an essential singularity in the coupling constant, λ, in the case at hand. This approach
will succeed in theories for which the Euclidean action of the instanton is finite and the
instanton solution is labeled only by the location of the instanton. We will see below that
we can relax the finite-action condition up to a logarithmic divergence. However, in many
cases of interest, such as theories that are classically scale invariant, the instanton has zero
modes associated with its scale, which will complicate the analysis.

19.2 Solitons in (1+1)-dimensional φ4 theory

We can similarly look at φ4 theory in (1+1)-dimensional Minkowski spacetime. The
Lagrangian density is

L= 1
2
(∂tφ)

2− 1
2
(∂xφ)

2−U(φ) (19.52)
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whose classical Hamiltonian density is

H= 1
2
�2+ 1

2
(∂xφ)

2+U(φ) (19.53)

We can now consider finite-energy static classical configurations that extremize the
Hamiltonian H. These extremal static configurations obey the same equations in the co-
ordinate x as the instanton solutions of the double-well problem in imaginary time, which
we just discussed. These finite-energy classical solutions are known as solitons. In this
theory, the soliton solutions obey boundary conditions corresponding to distinct uniform
classical solutions. In other words, the theory has a global Z2 symmetry, and the soliton
configuration interpolates between the two classically degenerate states at ±φ0. They can
be viewed as a domain wall in one space dimension.

Since we are interested in the broken-symmetry state, it will be convenient to use the
potential

U(φ)= λ

4! (φ
2
0 −φ(x)2)2 (19.54)

for which m2
0=−λφ2

0/12< 0. Its global minima are at ±φ0, and their energy is zero.
The finite-energy solution φ(x) that extremizes the Hamiltonian, and interpolates between
the two global minima of the energy, obeys the same equation in the x coordinate as the
instanton of the double-well potential in imaginary time τ . The classical soliton solution is

φ(x)=±φ0 tanh
(
(x− x0)√

2ξ

)
(19.55)

where ξ =
(
λφ20
6

)−1/2
= |m0|−1 is the correlation length. The energy of the classical soliton is

Esoliton= 2
3
√
3
φ3
0
√
λ (19.56)

Furthermore, it is straightforward to show that there is also a boosted soliton solution of
the form φ(x± v t), representing a soliton that moves at speed v < 1 (in units of the speed
of light, where we have set c= 1). Thus, these classical soliton solutions can be regarded as
particles that have finite energy.

It is possible to promote these classical soliton solutions to a quantum state using
semiclassical quantization. While in quantum mechanics, the semiclassical approximation
isWKB, the equivalent (in a broad sense) in QFT is substantially more subtle and technical.
This approach is not only viable but also yields the exact answer in a class of special theories
that have an infinite number of conservation laws, known as quantum-integrable theories.
All known theories of this type are in 1+1 spacetime dimensions. In higher dimensions, the
only known theories that are exact at the semiclassical level involve supersymmetry. We will
not pursue supersymmetric theories.

It is easy to see that the soliton of φ4 theory is the analog of the kink that we found
in the context of the quantum one-dimensional Ising model in chapter 14. Such kinks
(or soliton) solutions are domain walls separating regions with distinct broken symmetry
states. Solutions of this type exist in the spontaneously broken phase of any theory in one
space dimensionwith a discrete global symmetry group. Section 14.6 introduced a quantum
operator that created kinks (see eq. (14.52)).
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In the next sections, we will generalize the concepts of instantons and solitons to other
theories.

19.3 Vortices

Let us now consider theories with global continuous symmetries. For simplicity, we first
discuss the case in which the group is U(1). In this case, the matter field is a complex scalar
field φ(x)∈C. We will be interested in the phase in which the global U(1) symmetry is
spontaneously broken at the classical level. Deep in this phase, we can approximate the
complex scalar field by a complex field of fixed modulus (i.e., a U(1) nonlinear sigma
model), and write

φ(x)=φ0 eiθ(x) (19.57)

where φ0 is the vacuum expectation value in the broken symmetry phase, and θ(x)∈
[0, 2π) is a (compact) phase field, the Goldstone boson of the spontaneously broken U(1)
symmetry.

The configurations of systems with compact symmetry groups (global or local) are
classified by homotopy groups. This subject can be quite formal and heavily mathematical.
We will work at a more physical and intuitive level, at the price of mathematical rigor. There
are many excellent reviews and textbooks on the subject, such as the book by Nash and Sen
(1983), the book byColeman (1985), andPolyakov’s (1987) book. There are two outstanding
reviews, one byMermin (1979), which focuses on topological defects in orderedmatter, and
the other by Eguchi, Gilkey, and Hanson (Eguchi et al., 1980), geared mostly toward gauge
theory.

19.3.1 Topology in d= 1 dimension

Let us consider first the case of a U(1) soliton in D= 1+ 1 spacetime dimensions. We will
work with periodic boundary conditions in space. Hence, we have effectively compactified
(wrapped) the spatial line coordinate onto a circumference of radius R= L/(2π), where L
is the total length. Thus, we are assuming that the spacetime manifold is S1×R, where the
circle S1 is space and R is time. The analysis done here also applies to a quantum system
(i.e., a field theory in 0 + 1 dimensions, with a U(1) symmetry, such as a planar rigid
rotor). In this context, the tunneling process from state |0〉 to state |2π〉 is described by an
instanton.

As in the φ4 soliton, we seek a finite-energy static solution of the classical equations of
motion. A classical static configuration of the field φ(x) is a mapping of every point of the
spatial manifold, which we refer to as the base space, to the possible values of the phase θ ,
the target space. Since the phase θ(x) is defined mod 2π , the target space is topologically
isomorphic to a circumference S1. Therefore, in this case, the static classical configurations
are maps of the S1 base space onto the S1 target space (as shown in figure 19.4):

φ : S1−→ S1 (19.58)

Since the phases θ(x) are additive (mod 2π), smooth configurations can also be added.
Hence, under addition (composition), smooth mappings of S1 onto S1 form a group. An
example is the constant field configuration, which is a mapping of the entire base space
x∈ S1 to one particular point of the target space S1, labeled by the value θ0 of the phase of
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Base space S1 Target space S1

x θ(x)

Figure 19.4 A configuration of a complex field as a mapping.

d

c

x

b

a

θ(x)

θ0

θ0 + 2π

4π

2π

0

Figure 19.5 Homotopies of S1→ S1. (a) A constant configuration, (b) a configuration that is
homotopic to a, (c) a configuration with winding number+1, and (d) a configuration homotopic to c.

the field. In contrast, many configurations can be obtained by a smooth deformation of the
constant field configuration. In terms of the mapping, these configurations can be regarded
as closed “curves” on the S1 target space that begin and end at the same value θ0 of the phase.
Such configurations can be trivially deformed back onto the constant field configuration, θ0.
We will say that such configurations are “contractible” to one another.

In topology, smooth mappings are called homotopies. If two configurations (mappings)
can be deformed smoothly into each other, we say that they are homotopic to each other.
In other words, configurations (mappings) that are homotopic to each other are, in a
topological sense, equivalent. Therefore, the operation of smooth deformations ofmappings
defines an equivalence relation between mappings, and we say that mappings that can be
deformed smoothly into each other belong to the same equivalence class. For example, in
figure 19.5, four configurations, labeled a, b, c, and d, are shown. Configurations a and b
can be smoothly deformed into each other and, hence, are homotopic to each other. So are
configurations c and d. However, configurations a and b are not homotopic to configurations
c and d, since a and b are periodic on [0, L), but c and d jump by 2π at L, which is invisible
for the complex field φ.

The existence of an equivalence relation implies that the mappings can be classified. The
question now is: How many distinct equivalence classes are there of mappings of S1 base
onto S1 target? For any smooth mapping θ(x), we can define an integer-valued quantity
known as the winding number, defined as the total change of the phase field across S1 base
(in units of 2π):
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n0

Г

Figure 19.6 The homotopies of S1 into S2 are topologically trivial.

N= (�θ)L
2π
= 1

2π

∫ L

0
dx ∂xθ(x)= 1

2π

∫ L

0
dx eiθ(x)i∂xe−iθ(x) (19.59)

wherewe have used the notation (�θ)L= θ(L)− θ(0). Since the configurations are required
to obey periodic boundary conditions mod 2π on S1 (i.e., θ(x+ L)= θ(x)+ 2πk, with k∈
Z), it follows that the winding number N is an integer.

Under any smooth deformation of a configuration θ(x), the value of the winding number
cannot be changed continuously, since it is an integer. In this sense, the winding number is
a topological invariant, which classifies the configurations into classes. Thus, the homotopy
classes of mappings of S1 to S1 are isomorphic to the integers. This statement means that the
homotopy classes form a group, known as the homotopy group, which in this case is denoted
by π1(S1). Here the subindex denotes that the base is S1, and the argument is the target. Let
us represent this statement by the equation

π1(S1)∼=Z (19.60)

which states that the equivalence classes are isomorphic to Z.
It is now natural to ask whether (and when) an extension of this analysis always holds for

other continuous symmetries and other dimensions. The general answer to this question
is no. To see this, let us consider a theory in 1+1 spacetime dimensions, with a classically
spontaneously broken O(3) global symmetry, such as the nonlinear sigma model, and ask
whether it has classical static soliton solutions.

Since the target space of the O(3) nonlinear sigma model is the two-sphere, S2, the
configurations are now mappings of the S1 base space to the S2 target space. Therefore,
we can represent all configurations as a closed curve � on the two-sphere S2, shown in
figure 19.6. However, all closed smooth curves on S2 are contractible, meaning that they
can be smoothly deformed to a point, such as the arbitrary point n0 shown in the figure.
Consequently, all configurations are topologically trivial. The same fact holds for mappings
of S1 to the n-sphere, Sn (with n> 1), which are all topologically trivial. We express this
statement by saying that their homotopy groups are trivial:

π1(Sn)= 0 (19.61)
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U(ϕ)

Im ϕ

Re ϕ

ϕ0

Figure 19.7 The potential U(φ) in the broken symmetry phase.

Therefore, we conclude that (1+1)-dimensional O(n) nonlinear sigma models, with n> 1,
do not have topologically nontrivial classical static soliton solutions.

19.3.2 Vortices in D= 2 dimensions

The preceding analysis does not imply that the topology is necessarily trivial in D> 1
dimensions. Far from it! To see how nontrivial topology arises in D> 1, let us consider
the case of a complex field φ(x) with a spontaneously broken global U(1) symmetry in
D= 2 dimensions. Again, D= 2 here will be either the dimension of a Euclidean spacetime
(in which case the configurations with nontrivial topology are instantons) or the space
dimension of a (2+1)-dimensional spacetime (where the configurations are solitons).

19.3.3 The complex scalar field

For definiteness, consider a theory whose Euclidean action in D= 2 spacetime dimensions
(or energy in d= 2 space dimensions) is

S=
∫

d2x
(
1
2
∣∣∂μφ

∣∣2+U(φ)
)

(19.62)

where the potential U(φ) has the form shown in figure 19.7 (e.g., U(φ)= u(|φ|2−φ2
0)

2,
with u> 0). It is invariant under the global U(1) symmetry, φ(x)→ exp(iϕ)φ(x), and has
a minimum at |φ(x)| =φ0.

Parametrize the complex field in terms of two real fields, the amplitude ρ(x) and the
phase θ(x), such that

φ(x)= ρ(x) exp(iθ(x)) (19.63)

Since the U(1) symmetry is broken, assume that, at large distances, the amplitude ρ(x)
approaches the limit

lim|x|→∞ ρ(x)=φ0 (19.64)

where, as before, φ0 is the vacuum expectation value in the broken symmetry phase.
Let us now consider a circumference C(R) of radius R, large enough so that on it, we

can approximate ρ(x)�φ0 to any desired accuracy. While the amplitude ρ(x) is essentially
fixed to the value φ0 for large enoughR, the phase θ(x) can change onC(R). In this limit, the
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C(R)
R

ϕ

Figure 19.8 A vortex in D= 2 dimensions. Here R is the radius of the large circumference C(R).
The phase θ of the complex field φ(x) winds as the vector φ= (Re φ, Im φ) rotates around the
circumference by the azimuthal angle ϕ.

complex field takes the asymptotic form φ(x) 	→φ0 exp(iθ(x)), where x∈C(R). Therefore,
the value of the field φ(x) on the circumference C(R) defines a map of the S1 base space
(the points on the circumference C(R) labeled by the azimuthal angle ϕ ∈ [0, 2π)), to the S1
target space (the values of the phase θ of the field φ). From our previous analysis, we see
that these mappings can also be classified by the homotopy group π1(S1)∼=Z, with each
class being classified by a winding number called the vorticity,

n= (�θ)C
2π
=
∫ 2π

0

dϕ
2π

eiθ(ϕ)i∂ϕe−iθ(ϕ) (19.65)

where (�θ)C is the total change of the phase of the field φ on one turn of the circumfer-
ence C(R).

The configuration defined by this topology is called a vortex, schematically shown in
figure 19.8. Clearly, if the configuration φ(x) has a nonvanishing vorticity Nv , the field
itself must vanish somewhere in the interior of the circle whose boundary is C(R), say,
at the center, since otherwise this configuration will have a singularity. In addition, the
amplitude ρ(r) must vanish fast enough as r→ 0 so that the gradient terms in the action
are small enough that the Euclidean action either does not diverge or diverges, at most,
logarithmically.

To see how this works, assume that the potential U(φ) is sufficiently steep that the
amplitude ρ�φ0 essentially for all values of x except inside a small core of radius a. In
that core, it vanishes fast enough that there is no short-distance singularity, at the price of a
finite contribution to the action cut off by the size of the core. Thus, for all values of points
outside the core, |x|> a, we can set φ(x)=φ0 exp(iθ(x)).

What is the action of a configuration of vortices of this type? Outside the core of the
vortex, the gradient of the field simply becomes

∂μφ(x)�φ0eiθ(x) i∂μθ(x) ⇒
∣
∣∂μφ

∣
∣2�φ2

0(∂μθ(x))
2 (19.66)

and the Euclidean action of the configuration is

S= φ
2
0
2

∫
d2x

(
∂μθ(x)

)2 (19.67)



Instantons and Solitons . 583

A configuration of the field φ(x) has a local current density jμ, which, in the approximations
that we are using, becomes jμ=φ0∂μθ(x). By analogy with a fluid, define the vorticity ω(x)
as the curl of the current,

ω(x)= εμν∂μjν(x)=φ0εμν∂μ∂νθ(x) (19.68)

which vanishes everywhere except at the locations xj of the vortices (i.e., the singularities of
the phase field θ(x)). Let us assume thatwe have vortices at a set of points {xj}with vorticities
{nj}, so that the local vorticity is

ω(x)=
∑

j
njδ2(x− xj) (19.69)

where the phase field θ(x) satisfies eq. (19.68). We will see now that θ(x) is given by the
distribution of vortices as

θ(x)=
∑

j
njIm ln(z− zj) (19.70)

where z= x1+ ix2 are complex coordinates of the plane. Hence, the phase field is multi-
valued and has a branch cut ending at each vortex.

To see how this comes about, define ϑ(x) as the (Cauchy-Riemann) dual of the phase
field θ(x),

∂μϑ(x)= εμν∂νθ(x) (19.71)

which satisfies the Poisson equation

− ∂2ϑ(x)=ω(x) (19.72)

In terms of the field ϑ(x), the action takes the two-dimensional electrostatic form:

S= φ
2
0
2

∫
d2x (∂μϑ)2=−φ

2
0
2

∫
d2xϑ ∂2ϑ = φ

2
0
2

∫
d2xω(x)ϑ(x) (19.73)

Solving Poisson’s equation, eq. (19.72),

ϑ(x)=
∫

d2y G(x− y)ω(y) (19.74)

in terms of the two-dimensional Green function G(x− y), which satisfies

− ∂2G(x− y)= δ2(x− y) (19.75)

whose solution is

G(x− y)=
∫ dDp
(2π)D

eip·(x−y)

p2
= �

(D
2 − 1

)

4πD|x− y|D−2 (19.76)

Defining
G(0)= lim

a→0
G(a) (19.77)
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in terms of which, as D→ 2, we obtain

G(|x− y|)−G(a)= 1
2π

ln
(

a
|x− y|

)
(19.78)

which diverges (logarithmically) as |x− y|→∞. However, inD= 2, we find thatG(a)= 1
2π

ln(L/a), where L is the linear size of the system. Hence G(a) diverges logarithmically in the
UV (a→ 0) and in the IR (L→∞).

Then we can write

S= φ
2
0
2

∫
d2xω(x)ϑ(x)

= φ
2
0
2

∫
d2x

∫
d2yω(x)G(x− y) ω(y)

= φ
2
0
2
∑

i,j
ninjG(xi− xj)

= φ
2
0
2

(∑

j
nj
)2

G(0)+φ2
0

∑

i>j
ninj

[
G(xi− xj)−G(0)

]
(19.79)

SinceG(0) is divergent, the action will diverge unless the total vorticity of the configuration
vanishes:

∑
j nj= 0.

Thus, the action of a collection of vortices (with zero total vorticity) is

S[n]= φ
2
0

2π
∑

i>j
ninj ln

(
a

|xi− xj|
)

(19.80)

In particular, for a vortex-antivortex pair, with n1=−n2= 1, separated at a distance R� a,
the action is S[1,−1;R]=

(
φ20
2π

)
ln(R/a). Therefore, the Euclidean action of a set of vortices

is the same as the energy of a set of classical electrical charges with a logarithmic interaction.
In effect, we are rewriting the full partition function as

Z∝
∑

{nj}

∏

j

∫
d2xj δ

(∑

j
nj
)
exp(−S[n]) (19.81)

where xj are the coordinates of vortices and antivortices. (Here we have neglected an unin-
teresting prefactor.) In other words, we have mapped the problem to the thermodynamics
of a neutral two-dimensional Coulomb gas at temperature T=π/φ2

0 .
Hence, we see that individual vortices have a logarithmically divergent action 1

2π ln(L/a).
Although this is a violation of our criterion that instantonsmust have finite action, they play
a key role in this theory. We will show below that, precisely due to the logarithmic form of
the interaction, the partition function of the theory can be recast as a partition function of
vortices and antivortices, which exhibit a phase transition.

To see how this works, let us estimate the free energy cost of a vortex. The free energy
is F=U−TS, where U is the energy, S is the entropy, and T=π/φ2

0 . An argument due
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to Kosterlitz and Thouless (1973) estimates the contribution to the free energy of a single
vortex with n= 1 to be

Fvortex= 1
2π

ln(L/a)−T ln(L/a)2 (19.82)

where L is the linear size of the system. The first term is the logarithmically divergent
self-energy of a single vortex (cut off in the IR by L). The second term is the entropy of a
vortex, which counts the logarithm of the number of places where the vortex can be located.
For φ2

0 large enough, the energy wins over the entropy, Fvortex> 0, and free vortices are
suppressed. However, vortex-antivortex pairs (i.e., dipoles with vanishing total vorticity)
have a finite energy and logarithmic entropy. Thus, in this regime, there will be a finite
density of such dipoles.

But for T large enough (or what is the same, φ2
0 small enough), the entropy will win over

the energy, Fvortex< 0, and the system becomes unstable against the proliferation of vortices
(and antivortices). Hence, there should be a phase transition between a regime in which
vortices and antivortices can only occur in bound pairs, to another state in which vortices
and antivortices unbind and proliferate, leading to a state best described as a neutral plasma.
This simple argument predicts that the critical temperature is Tc= π

2 (in units of 1/φ2
0). In

section 19.9, we derive a more precise version of this Kosterlitz-Thouless transition.

19.3.4 The abelian-Higgsmodel

Now consider the theory of a complex scalar field minimally coupled to a gauge field with a
Maxwell action. In this theory, the abelian-Higgs model (or equivalently, a superconductor
coupled to a gauge field), the symmetry is local. This will result in a finite action for the
vortex. To this end, consider the Euclidean Lagrangian

L= 1
2
∣∣Dμφ

∣∣2+ u(φ2
0 − |φ|2)2+

1
4
F2
μν (19.83)

where u is the coupling constant, Dμ= ∂μ− ieAμ is the covariant derivative (with
�= c= 1), and jμ= i(φ∗Dμφ− (Dμφ)∗φ) is the current.

We seek a vortex solution of the same form as before: φ→φ0 exp(iθ). However, now
for the action to be finite, we require that |Dμφ|→ 0 as r→∞. In this limit, the covariant
derivative becomes

Dμφ→ i(∂μθ + eAμ)φ0 exp(iθ) (19.84)

Therefore, as r→∞,

|Dμφ|2→ 0⇔ ∂μθ − eAμ→ 0 (19.85)

and the gauge field becomes, asymptotically, a pure gauge. Nevertheless, on an arbitrary
closed contour � that encloses a vortex, the phase of the matter field has a winding number
(the vorticity)

n= (�θ)�
2π
= e

2π

∮

�

dxμAμ(x) (19.86)

However, using Stokes’ theorem, we have
∮

�

dxμAμ(x)=
∫

�

dSμBμ=� (19.87)
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where� is the region of the plane with boundary �, B(x) is the magnetic field, and� is the
magnetic flux through�. Therefore, there is a relation between the vorticity and the flux

n= �
φ0

(19.88)

where, upon restoring conventional units, φ0= 2π�c/e is the flux quantum (not to be
confusedwith the asymptotic value of the field!), and e is the electric charge. A configuration
that obeys this flux-quantization condition is known as an Abrikosov vortex (Abrikosov,
1957), which is also known as the Nielsen-Olesen vortex (Nielsen and Olesen, 1973).

Since the gauge field becomes a pure gauge at infinity, the magnetic field must vanish at
infinity: B(x)→ 0 as r→∞. Similarly, the complex scalar field must vanish as r→ 0, and
B(x) remains finite as r→ 0.

The vortex solutions (for topological chargen) of the Euclidean equations ofmotion obey
the asymptotic conditions

lim
r→∞φ(r,ϕ)=φ1, lim

r→∞Ai(r,ϕ)= n∂iϕ (19.89)

and
εijFij= 4πnδ2(x),

1
4π

∮
dxiAi= n∈Z (19.90)

Here and below, (r,ϕ) are the polar coordinates of the plane. The solutions can be found
using the ansatz

φ(x1, x2)= f (r)gn(ϕ), Ai=−ia(r)g−1n (ϕ)∂ign(ϕ) (19.91)

and obey the boundary conditions

f (0)= a(0)= 0, lim
r→∞ f (r)=φ0, limr→∞ a(r)= 1 (19.92)

These equations do not have any explicit analytic solutions, and in general are solved
numerically. The asymptotic behavior at large distances, r→∞, of the vortex solutions is

a(r)=−1
e
+mv rK1(mv r), f (r)=φ0+O(exp(−mφr)) (19.93)

where K1(z) is a Bessel function, and the masses mv for the gauge field and mφ for the
complex scalar field are, respectively,

mv = eφ0, mφ = 2
√
2uφ0 (19.94)

The two scales, mφ and mv , are, respectively, the inverses of the correlation length
ξ ∼M−1φ of the scalar field and of the penetration depth λ∼m−1v (here we are using the
terminology of superconductivity) of the gauge field; see figure 19.9. It is well known from
the theory of superconductivity that if ξ >λ (a type-I superconductor), vortices with a
topological charge of the same sign have an attractive interaction, and conversely, in the
type-II regime, ξ <λ, they repel each other. The case of a neutral complex scalar field (i.e.,
without a dynamical gauge field) corresponds to the limit λ→∞, where the vortices repel
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ϕ0

ϕ(r)

rr λξ ~ |m0|–1

B(r)

(a) (b)
Figure 19.9 Schematic behavior of the vortex solution. (a) Configuration of the amplitude of the
complex scalar field, and (b) of the magnetic field B(x)= εμν∂μAν(x). Here ξ =m−1φ is the correlation
length, and λ=m−1v is the penetration depth.

each other, as was shown in section 19.3.3. It can be shown that the Euclidean action for a
vortex solution with topological charge n obeys the Bogomol’nyi bound: Sn≥π |n|φ2

0 .
At the special value mv =mφ (or equivalently, e2= 8u), the crossover point between

type I and type II, the vortices do not interact with one another, at least classically. At this
special point (the Bogomol’nyi point), the vortex equations can be reduced to two first-order
partial differential equations, which have a similar structure to the instanton self-dual
equations that we discuss in section 19.4. In the field-theory literature, these equations are
known as the BPS equations, for Bogomol’nyi, Prasad, and Sommerfield (Bogomol’nyi,
1976; Prasad and Sommerfield, 1975). The BPS solutions saturate the Bogomol’nyi bound,
SBPSn =π |n|φ2

0 .
The effects of instantons in the two-dimensional abelian Higgs model have been studied

in detail (Callan et al., 1976) at the level of the effects of semiclassical fluctuations, including
the computation of the fluctuation determinants for vortex solutions (Schaposnik, 1978).
The result is that the the partition function of the model can be expressed in terms of the
partition function of a dilute gas of vortices and antivortices, of the form

Z=
∑

{nj}

zN

N!
∏

j

∫
d2xj exp

⎛

⎝−2πm2
v

e2
∑

i>j
ninjK0(mv |xi− xj|)

⎞

⎠ (19.95)

whereN=∑j nj is the total vorticity, z is a fugacity that accounts for effects of short-distance
singularities, and K0(mv |x|) is a Bessel function.

This expression differs from the one we found in section 19.3.3 in the case of the complex
scalar field in several important ways. One difference is that the interaction is proportional
to the Bessel function K0(mv |x|). This interaction decays exponentially fast at distances
longer than the penetration depth λ∼ 1/mv , and crosses over to a logarithmic interaction at
short distances. Hence, the self-energy of a vortex is finite, instead of being logarithmically
divergent. As a result, the free energy of a single vortex is always negative, Fvortex< 0,
signaling a proliferation instability.

Consequently, the Kosterlitz-Thouless argument now implies that the vortices (and
antivortices) always proliferate and are always in a plasma phase. We will see below that in
this state in which the instantons proliferate, external test charges are confined. Thus, this
example provides a scenario for how instantons can provide a mechanism for confinement.
However, it is important to stress that this works because the only zero modes of the
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instantons (the vortices) are their locations. We will see that classically scale-invariant
theories with instantons have additional zero modes related to their scale, which will
complicate the analysis. The important result is that instantons lead to an area law for a
Wilson loop carrying a charge that is a fraction of the charge of the Higgs field. Hence,
these static external sources are confined. But Wilson loops with the charge of the Higgs
field have a perimeter law. We have seen in chapter 18 that a lattice version of this theory
shows that the theory is confining, because the only allowed states are neutral bound states.

19.4 Instantons and solitons of nonlinear sigmamodels

Let us now consider the O(3) nonlinear sigma model in two dimensions and show that it
has instanton solutions. The Euclidean action of the nonlinear sigma model is

S=
∫

d2x
1
2
(∂μn)2, with n2= 1 (19.96)

and its partition function is

Z=
∫

Dn exp(−S[n]/g) (19.97)

where g is the coupling constant. Here n has three real components and obeys the constraint
n2= 1.

To derive the Euclidean equations of motion, let us implement the constraint using a
Lagrange multiplier field λ(x), in terms of which the action becomes

S=
∫

d2x
1
2
[
(∂μn)2− λ(x)(n(x)2− 1)

]
(19.98)

The Euler-Lagrange equations are

δS
δna(x)

− ∂μ δS
δ∂μna(x)

= 0,
δS
δλ(x)

= 0 (19.99)

The second equation simply implies that the constraint n2= 1 is obeyed everywhere, while
the first equation yields the condition

− ∂2na(x)= λ(x)na(x) (19.100)

On taking the inner product with the field n(x), this equation becomes

λ(x)=−n · ∂2n (19.101)

where we used the constraint. Plugging this result into the first equation in eq. (19.99), the
equation of motion becomes

∂2na(x)= na(x)n(x) · ∂2n(x) (19.102)

which is nonlinear and nontrivial.
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n0

n(x)

n

x

Figure 19.10 The stereographic projection of a field configuration.

To extremize (minimize) the Euclidean action, a smooth configuration n(x), which
satisfies the constraint n2= 1, must be such that

lim
r→0

r||∂μn||2= 0 (19.103)

for the action to be finite. Hence, we require that the field n(x)must approach a fixed (but
arbitrary) value n0 as r→∞. Thus, the requirement that Euclidean action is finite implies
that, for the allowed configurations, the base space (the plane R

2) has been compactified to
a sphere S2, at least in a topological sense. This can be done, for instance, using the stereo-
graphic projection shown in figure 19.10.

However, the target space of the O(3) nonlinear sigma model is also the two-sphere S2.
Thus, the finite-action solutions are smooth maps:

n : S2 	→ S2 (19.104)

Let us now show that these maps are classified by the homotopy group π2(S2). The
homotopy classes are labeled by an integer π2(S2)∼=Z, which we call the topological charge
Q. Let Q be defined by the expression

Q= 1
8π

∫

S2
d2x εμνn(x) · ∂μn(x)× ∂νn(x) (19.105)

We will show thatQ is an integer, a topological invariant that labels the topological class.
Let ξ1 and ξ2 be the two Euler angles of the S2 target sphere. The infinitesimal oriented-

area element Stargeta (shown in figure 19.11) is given by

dStarget= 1
2

(
∂n
∂ξ1
× ∂n
∂ξ2
− ∂n
∂ξ2
× ∂n
∂ξ1

)
(19.106)

We can write Q as follows:

Q= 1
8π

∫

S2base
d2x εμνεabcna(x)

∂nb
∂xμ

∂nc
∂xν

(19.107)
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ξ1

dSa
target

ξ2

Figure 19.11 The infinitesimal oriented-area element of S2.

The configuration n(x) maps a point x of S2base to a point ξ of S2target. Regarded as a change
of variables, the mapping induces the change in the measure (a Jacobian):

εrsd2ξ = εμν ∂ξr
∂xμ

∂ξs

∂xν
(19.108)

On performing the change of variables, Q becomes

Q= 1
8π

∫

S2target
d2ξ εrsεabcna

∂nb
∂ξr

∂nc
∂ξs

= 1
4π

∫

S2target
dStarget · n

= 1
4π

∫

S2target
|dStarget| (19.109)

where we used the fact that n and dStarget are parallel. However, the last integral is just the
area of S2, which is equal to 4π .

Therefore, Q is an integer that counts how many times the two-sphere S2target is being
swept as the configuration n(x) spans the entire compactified plane, the base sphere S2base.
This result does not change if the configuration n(x) is changed smoothly. We conclude that
Q∈Z is a topological invariant of the class ofmappings, and that themappings are classified
by the homotopy group

π2(S2)∼=Z (19.110)

Now let us show that the topological charge (or, rather, its absolute value) places a lower
bound on the Euclidean action of a configuration of the field n in a given topological class,
labeled by Q. To see this, consider the trivial identity

(
∂μn± n× ∂νn

)2≥ 0 (19.111)

Since
(n× ∂νn)2= n2(∂νn)2− (n · ∂νn)2= (∂νn)2 (19.112)
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n0

n3 n

ω1

Figure 19.12 Stereographic projection of the target space.

and n2= 1, and n · ∂μn= 0, it follows that

(∂μn± εμνn× ∂νn)2= 2(∂μn)2± 2εμνn · ∂μn× ∂νn≥ 0 (19.113)

which implies the following bound:

(∂μn)2≥ εμνn · ∂μn× ∂νn (19.114)

Hence, the action S[n] of a configuration of the fields has a lower bound

S[n]= 1
2

∫
d2x (∂μn)2≥ 1

2

∫
d2x εμνn · ∂μn× ∂νn (19.115)

which is to say,
S[n] ≥ 4π |Q| (19.116)

There is a class of configurations n that saturate the bound, S[n]= 4π |Q|. To do that,
they must satisfy the identity

(∂μn± εμνn× ∂νn)2= 0 (19.117)

which implies that these special configurations obey the self-dual (and anti-self-dual)
equation

∂μn=±εμνn× ∂νn (19.118)

together with the constraint n2= 1. The solutions of the self-dual equation, eq. (19.118),
are the instantons (and anti-instantons) of the (1+1)-dimensional nonlinear sigma model.
These solutions are also the static configurations of the solitons of the (2+1)-dimensional
nonlinear sigma model, where they are known as skyrmions.

Let us solve the self-dual equations using the stereographic projection of S2 target space
onto a (target) plane, R2, with coordinates (ω1,ω2) (see figure 19.12):

ω1= 2n1
1− n3

, ω2= 2n2
1− n3

(19.119)

It will be convenient to define complex coordinates ω:

ω=ω1+ iω2= 2
n1+ in2
1− n3

(19.120)
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Similarly, we also define n= n1+ in2. Using

∂1ω= 2
(1− n3)2

(
∂1n+ n←→∂1 n3

)
(19.121)

we can rewrite the self-dual equations as

∂1n=∓in←→∂2 n3, ∂2n=∓in←→∂1 n3 (19.122)

or, more compactly,
∂1ω=±i∂2ω (19.123)

which is equivalent to saying that ω1 and ω2 obey the Cauchy-Riemann equations

∂ω1

∂x1
=±∂ω2

∂x2
,

∂ω1

∂x2
=∓∂ω2

∂x1
(19.124)

Therefore, ω(z) must be an analytic function of z= x1+ ix2 (but not an entire function).
As such, ω(z) can have zeros and poles but not branch cuts.

In terms of the function ω(z), the action for an instanton takes the form

S=
∫

d2x
∣∣ dω
dz

∣∣
(
1+ |ω|24

)2 (19.125)

such that
|Q| = S

4π
(19.126)

A solution of these equations is an analytic function ω(z) that has a zero of order p∈Z

ω(z)= const.
(
z− z0
λ

)p
(19.127)

where z0 is a complex number, and λ is real. This instanton solution has topological charge
Q= p. A solutionwith a pole of order p is an anti-instantonwith topological chargeQ=−p.

In both cases, these solutions have two arbitrary parameters, known as the zero modes
of the instanton: the location of the instanton (represented by the complex number z0 on
the plane) and the scale of the instanton (or of the anti-instanton) set by λ. Notice that
the vortices discussed in section 19.3 have only one zero mode (their location), while the
instantons have, in addition, an arbitrary scale. This is a consequence of the classical scale
invariance of the two-dimensional nonlinear sigma model.

The general solution has the form

ω(z)=
∏

i

(
z− zi
λ

)mi ∏

j

(
λ

z− zj

)nj
(19.128)

whose topological charge is
Q=

∑

i
(mi− ni) (19.129)
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z0 λ

Figure 19.13 Instanton with topological chargeQ= 1. The origin z0 and the scale (radius) λ are zero
modes of the instanton.

where instantons have topological chargesmi and anti-instantons have−nj.
Since the action for this solution saturates the bound, S= 4π |Q|, it depends only on the

total topological charge Q and not on where the instantons and anti-instantons are located.
In other words, the instantons (and anti-instantons) do not interact with each other. We
already encountered this feature at the Bogomol’nyi point of the abelian Higgs model. We
will find the same feature in other theories with instanton solutions.

The instanton with topological charge Q= 1 located at the origin, z0= 0, is the solution

ω(z)= z
λ

(19.130)

where λ is the scale, or radius, of the instanton. On retracing the steps of this construction,
we find that this corresponds to the configuration of the field n(x)

n3(x)= x2− 4λ2

x2+ 4λ2
, ni(x)= 4λxi

x2+ 4λ2
(19.131)

where i= 1, 2 labels the transverse components. This solution is shown qualitatively in
figure 19.13.

The construction of the instantons of theO(3) nonlinear sigmamodel is very elegant and
beautiful. However, it poses problems. In the case of the abelian-Higgs (or superconductor)
model, the vortex solutions have only one arbitrary parameter, the location of the vortex.We
will see in section 19.9, following thework of Kosterlitz andThouless and its generalizations,
that it is possible to compute the partition function of themodel, essentially exactly, in terms
of a sum over the configurations of vortices and antivortices. In fact, if vortices are ignored,
the partition function is trivial.

However, it has turned out to be very hard to recast the partition function of the nonlinear
sigmamodel in terms of a sum over instanton and anti-instanton configurations. As already
seen, in addition to the location of the instantons, as a consequence of the scale invariance
of the classical theory, the solution has an arbitrary parameter, the scale λ. Thus, in addition
to summing over all possible locations of instantons and anti-instantons, onemust also sum
over instantons of all possible sizes, ranging from the UV to the IR, leading to serious IR
problems.

As we know from the RG analysis discussed in chapter 15, the classical fixed point
is unstable to quantum fluctuations, and the effective coupling constant flows to strong
coupling. One would have expected that the partition function of the instantons would
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provide a physical picture based on how the O(3) symmetry is restored at long scales (and
scale invariance is broken) in terms of a gas (or plasma) of instantons and anti-instantons.
To date, this program has only been completed successfully in theories with large enough
supersymmetry that the fluctuation determinant for an instanton can be computed exactly
and no corrections are needed to the semiclassical approximation.

19.5 Coset nonlinear sigmamodels

We have focused on the case of the O(3) nonlinear sigma model and showed that it
has topologically nontrivial configurations classified by the homotopy group π2(S2)=Z.
However, this is a special property of the group O(3). For the group O(N), with N> 3, all
configurations are trivial, sinceπ2(SN)= 0. This poses the question: Are there other theories
that more generically (for all N) have instantons?

We will now see that there are theories that generically (for “all N”) have instantons.
They are nonlinear sigma models whose target spaces are cosets of the form G/H, where G
is a simply connected Lie group, and H has at least one U(1) subgroup. Since G is simply
connected, the configurations of the nonlinear sigma model can be smoothly deformed
to the identity I ∈G. Hence G is topologically trivial: π2(G)= 0. Hence, a principal chiral
nonlinear sigma model whose field is a group element, g(x)∈G, with action

S= 1
2u2

∫
d2x tr(∂μg(x)∂μg−1(x)) (19.132)

does not have instantons (here u2 is a dimensionless coupling constant).
But chiral theories on the coset G/H do have instantons. To see that this is true, let us

follow Polyakov’s construction and define a field ϕa(x)

ϕa(x)= gab(x)ϕ(0)b (19.133)

where g(x)∈G, and ϕ(0) is a constant field that is invariant under the action of the subgroup
H (i.e., for all h∈H):

habϕ(0)b =ϕ(0)a (19.134)

Note that, with these definitions, the field g(x) does not have to be continuous.
In fact, let gN(x) be the matrix-valued fields defined on the northern hemisphere of

S2base, and let gS(x) be defined on the southern hemisphere of S2base. We require that at the
equator, the common boundary of the two hemispheres, which is isomorphic to S1, the field
ϕ(x) is continuous on the whole of S2base. Consider configurations of the field g(x) that are
discontinuous at the equator, so that at points x on the equator of S2base, we have

gN(x)= gS(x) h(x) (19.135)

where x∈ S1 and h(x)∈H. In contrast, we now show that ϕ(x) is continuous at the equator,
since it is restricted to each hemisphere. Thus, we define

ϕN(x)= gN(x)ϕ(0), andϕS(x)= gS(x)ϕ(0) (19.136)
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Then, at the equator,

ϕN(x)= gN(x)ϕ(0)= gS(x)h(x)ϕ(0)≡ gS(x)ϕ(0)=ϕS(x) (19.137)

where h(x)∈H. Hence, the field ϕ(x) is continuous at the equator.
Moreover, its field configurations define a mapping of S2base to G/H. Such mappings can

be classified according to the maps from the equator, S1, ontoH. If the subgroupH contains
at least a U(1) subgroup, that is,

H=U(1)× something trivial (19.138)

then we can use the winding number of the maps of S1 to U(1) to classify the maps of S2 to
G/H. In other words, we have shown that, even though π2(G)= 0, we now have

π2(G/H)=π1(H) (19.139)

Since for H�U(1), π1(H)=Z, we conclude that

π2(G/H)=Z (19.140)

19.6 The CP
N−1 instanton

One example of a coset nonlinear sigma model is the CP
N−1 model, discussed in sections

16.5.1 and 17.3, where we solved it in the large-N limit. The CP
N−1 model is a nonlinear

sigmamodel of anN-component complex field za(x) (with a= 1, . . .,N), which transforms
in the fundamental representation of SU(N), with a gaugedU(1) subgroup. The field obeys
everywhere the constraint

∑N
a=1 |za(x)|2= 1. The classical Lagrangian is

L= 1
g2
|(∂μ+ iAμ)za|2 (19.141)

where Aμ(x) is a dynamical U(1) gauge field, and g is the dimensionless coupling constant.
In this case, the coset is

CP
N−1∼= SU(N)

SU(N− 1)⊗U(1)
(19.142)

which has instantons for all values ofN. Recall that theCP
2 model is equivalent to theO(3)

nonlinear sigma model. However, we will see that the CP
N−1 model has instantons for all

values of N.
At the classical level, this theory breaks the SU(N) symmetry spontaneously down to an

unbroken SU(N− 1) subgroup and the U(1) gauged subgroup. As in the case of the O(3)
nonlinear sigma model, the requirement that the action is finite implies, in this case, that
the covariant derivative vanishes at long distances,

lim|x|→∞(∂μ+ iAμ)za= 0 (19.143)
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which can be achieved by the condition

lim|x|→∞ z(x)= z0 eiθ(x) (19.144)

where z0 is arbitrary and constant (but with z0 · z0= 1), and θ(x)∈ [0, 2π) is an arbitrary
phase. Thus, the winding of the phase θ is an integer-valued topological invariant. In terms
of the CP

N−1 field, the topological charge is

Q= 1
2π i

∫

�

d2x ∂μ(εμνz∗a∂νz
a)= 1

2π

∫

�

d2x εμν∂μAν = 1
2π

∮

∂�

dxμ∂μθ (19.145)

where� is a large disk with boundary ∂�, and where we have used the identification of the
gauge field Aμ in terms of the CP

N−1 field.
Much as in the case of the O(3) nonlinear sigma model, the topological charge Q of the

CP
N−1 model sets a lower bound for the action of a configuration. To show this, define the

field Ca
μ (with a= 1, . . .,N),

Ca
μ(x)= ∂μza(x)− za(z∗b∂μzb) (19.146)

which obeys the obvious inequality

(Ca
μ(x)± iεμνCa

ν(x))
2≥ 0 (19.147)

which gives the condition that

|∂μza|2+ (z∗a∂μza)2≥±iεμν∂μ(z∗a∂νza) (19.148)

(repeated indices are summed over). Here the left-hand side becomes the Lagrangian of the
CP

N−1 model obtained, after integrating out the gauge fieldAμ. Therefore, the action obeys
the now-familiar inequality

S[za] ≥ 2π |Q| (19.149)

The instantons of the CP
N−1 model are the configurations that saturate this bound and

satisfy the self-dual (and anti-self-dual) equation:

Ca
μ(x)=± iεμνCa

ν(x) (19.150)

The solutions of these first-order partial differential equations yield the instanton solutions
in terms of rational functions of the complex plane, much in the sameway as what we did for
the O(3)model. In terms of the gauge field Aμ, the Q=±n instanton (and anti-instanton)
at the origin, x= 0, is

A±μ =±n εμν
xν

x2+ λ2 (19.151)

where λ is an arbitrary scale.
Naively, we expect that since the instantons have finite Euclidean action, their contribu-

tion to the partition functionwould be exponentially small, on the order of exp(−SE/g2), up
to an “entropic” prefactor, which is (naively) a subleading contribution. This expectation is
naive since, in addition to summing over the locations of the instantons (which in the case
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of vortices can be computed), in the nonlinear sigma models, one has to sum (integrate)
over instantons of all possible scales. Thus, it is far from obvious that this naive argument
actually holds.

19.7 The ’t Hooft–Polyakovmagnetic monopole

Wenow turn to the case of non-abelian gauge theories. We begin by constructing the analog
of the U(1) vortex. This is the Dirac magnetic monopole.

In section 19.3.3, we showed that the complex scalar field in 1+1 Euclidean dimensions
has singular vortex configurations of the phase field θ(x). These configurations are
multivalued and have branch cuts. In 1931, Dirac described a magnetic monopole as being
a configuration of magnetic fields created by the current I flowing through an infinitely long
and infinitesimally thin solenoid. Let us assume that the infinitesimally thin solenoid, the
“Dirac string,” runs along the x3-axis from x3→−∞ and ends at the origin, x= (0, 0, 0).
Then, the end of the long solenoid acts as a positive magnetic pole. The magnetic flux
through the solenoid is 2πq, where q is the magnetic charge. Outside the solenoid, there
is an isotropic magnetic field B(x), radiating outward from the end of the solenoid. In other
words, the magnetic field is

Bi(x)= q
2

xi
|x|2 − 2πqδi,3δ(x1)δ(x2)θ(−x3) (19.152)

The first term is the (magnetic) “Coulomb” field of the magnetic monopole of magnetic
charge q at X= 0. The second (and singular) term is the solenoid, known as the Dirac
string. Notice that, if the solenoid is included, this is an allowed configuration of Maxwell’s
equations. Thus, this is a magnetic monopole of charge q at the origin with its singular
Dirac string attached. However, the solenoid makes this configuration singular, much in
the same way as the vortex configuration discussed in section 19.3.3. Indeed, the phase field
configuration (in D= 2) of a vortex of topological charge n at the origin can be written as

∂iθ(x)= nεij
xi
|x|2 − 2πnδ(x1)θ(−x2) (19.153)

The second term is singular and is similar to a Dirac string. It represents the branch cut of
the phase field.

However, we have seen that in the abelian Higgs model, a theory of a complex scalar field
coupled to theU(1) gauge field has regular vortex solutions in the classically spontaneously
broken phase of this theory. G. ’t Hooft (1976a) and A. M. Polyakov (1975a) showed that a
regular configuration, which at long distances becomes a Dirac magnetic monopole, exists
in the Higgs sector of the Georgi-Glashow model (Georgi and Glashow, 1974), which we
discussed in section 18.11.2.

The Georgi-Glashow model has a three-component real scalar field φ= (φ1,φ2,φ3),
which transforms under the adjoint representation of SU(2), and a Yang-Mills gauge field
taking values in the algebra of the gauge subgroup G= SU(2) associated with the weak
interactions of a grand unified gauge theory with gauge group SU(5). In the spontaneously
broken phase, the Lagrangian in D= (2+1)-dimensional Euclidean space is

L= 1
2
(Dμφ)2− m2

2
φ2+ λ

4! (φ
2)2+ 1

4
trF2

μν (19.154)
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where Dμφ= ∂μφ+ gAμ×φ is the covariant derivative in the adjoint representation of
SU(2). In this phase, the SU(2) gauge symmetry is spontaneously broken down to its U(1)
subgroup. As a subgroup of the compact Lie group SU(2), the unbroken U(1) subgroup is
compact.

The classical (Euclidean) equations of motion are (with a= 1, 2, 3 and i, j= 1, 2, 3)

DiFaij= gεabc(Djφb)φc (19.155)

and

DiDiφa=−λφ2φa+ λf 2φa (19.156)

where λf 2= |m2|. The Euclidean action of the instanton in three Euclidean spacetime
dimensions (or the energy of the soliton in three space dimensions) is

SE=
∫

d3x
[
1
4
Fa
ijF

aij+ 1
2
DiφaDiφa+ λ

4! (φ
2− f 2)2

]
(19.157)

Let us first look at the zero-energy solutions—the classical vacuum. They are Aa
i = 0,

φ2= f 2, and Diφ= 0. In this case, the latter reduces to ∂iφ= 0, and φ is a constant vector.
We now seek finite action solutions. As in our analysis of the instantons of the nonlinear

sigma model, the finite action requirement implies that the fields should approach the
vacuum solution sufficiently fast as r→∞ (here, r= |x| is the radial coordinate). In
three dimensions, the required asymptotic behavior is that, as r→∞, r3/2Diφ

a→ 0, and
φ2→ f 2. In spherical coordinates (r, θ ,ϕ), the θ component of the covariant derivative is

Dθφa= 1
r
∂φa

∂θ
+ gεabcAb

θφ
c (19.158)

Hence, Dθφa→ 0 (as r→∞), provided that Ab
θ ∼ 1

r , also as r→∞. The same asymptotic
behavior holds for the other components. However, if Ai∼ 1/r, then by dimensional
counting, the field strength F∼ 1/r2, and F2∼ 1/r4 (again, as r→∞), which is integrable
at large r in three dimensions.

This analysis shows that, unlike the case of the D= 2 nonlinear sigma models, the finite
action solutions of the Georgi-Glashow model may have fields φa that are not equivalent
at spatial infinity, since they are allowed to asymptotically point in different directions. In
particular, the asymptotic behavior for the scalar field only requires that at spatial infinity
(i.e., at the surface of a large sphere S2 of radius r→∞), the magnitude of the field must be
fixed but not its direction.

Thus, the finite Euclidean action solutions are maps of the base space, the large sphere
S2 with large radius r, to the S2 target space of the scalar field with fixed norm. In other
words, the topology is the same as in the case of the D= 2 nonlinear sigma model, and the
configurations are also classified by the homotopy groupπ2(S2)∼=Z. In addition, the classes
are labeled by the topological chargeQ∈Z of theD= 2O(3) nonlinear sigmamodel shown
in eq. (19.105). For instance, the configuration of the scalar field φ on the large sphere at
spatial infinity S2 with topological charge Q= 1 is the hedgehog configuration (a “hairy
ball”) shown in figure 19.14.
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S2

Figure 19.14 Hedgehog configuration of the O(3) field φ on the large sphere S2 at spatial infinity.

How is this related to the magnetic monopole? To see the relation, let us use a gauge-
invariant formulation due to ’t Hooft. Define the gauge-invariant field strength tensor Fμν ,

Fμν ≡ φ̂aFa
μν −

1
g
εabcφ̂aDμφ̂bDνφ̂c (19.159)

where φ̂a=φa/||φ||. For a topologically trivial configuration such as φ̂= (0, 0, 1), this field
strength reduces to

Fμν = ∂μA3
ν − ∂νA3

μ (19.160)

In three dimensions, we can define the dual (pseudovector) F∗μ= 1
2εμνλF

νλ, and in four
dimensions, the dual tensor F∗μν = 1

2εμνλρF
λρ . Then, for topologically trivial configurations,

the dual tensors satisfy the Bianchi identities, ∂μF∗μ= 0 (in D= 3) and ∂μF∗μν = 0, just as
in Maxwell’s theory. Hence, configurations whose scalar fields have trivial configurations at
infinity do not have magnetic monopoles.

However, we can use the definition of the field tensor Fμν in eq. (19.159) to compute the
divergence of its dual and find, in D= 4,

∂νF∗μν =
1
2g
εμνλρεabc∂

νφ̂a∂λφ̂b∂ρφ̂c≡ 4π
g
jμ (19.161)

where jμ is the topological current. In D= 3, we find

∂μF∗μ=
4π
g
j0(x) (19.162)

where j0 is the topological charge density. Its integral over all space is given by
∫

d3x j0(x)= 1
8π

∫
d3xεijkεabc∂iφ̂a∂jφ̂

b∂kφ̂
c

= 1
8π

∫
d3xεijkεabc∂i

(
φ̂a∂jφ̂

b∂kφ̂
c)

= 1
8π

∫

S2
d2Siεijkεabcφ̂a∂jφ̂

b∂kφ̂
c (19.163)
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which is the integer-valued topological charge Q that classifies the configurations of the
field φ̂ on the sphere S2 at spatial infinity. Therefore, in D= 3 dimensions, the Bianchi
identity now yields the topological charge density j0(x), whose integral over all space is the
topological charge. The same line of argument yields, in D= 4, the result that the Bianchi
identity is equal to the topological current jμ.

We conclude that in D= 3, the instantons are pointlike, whereas in D= 4, they are
currents. Also, in D= 4, the monopoles are pointlike finite-energy topological solitons. It
follows that, since the magnetic field is Bi= 1

2εijkFjk, the divergence of the field is

∂iBi= 4π
g
j0(x) (19.164)

Hence, the magnetic charge of a monopole of topological charge Q is

m=
∫

d3x ∂iBi(x)= Q
g

(19.165)

Let us work out the monopole with topological charge Q= 1. Use the spherically
symmetric ansatz

φa(x)=δia x
i

r
F(r),

Aa
i (x)=εaij

xi

r
W(r) (19.166)

where the functions F(r) andW(r) of the radius r= |x| have the asymptotic behavior

lim
r→∞ F(r)= f , lim

r→∞ grW(r)= 1 (19.167)

In this solution, at large distances r→∞, the magnetic field points outward and isotropi-
cally away from the origin, and it has the asymptotic behavior of a magnetic monopole of
charge 1/g:

B(x)∼ x
gr3

, as r→∞ (19.168)

On introducing the functions K(r) and H(r),

K(r)≡ 1− grW(r), H(r)≡ grF(r) (19.169)

the field equations become

r2
d2K
dr2
=K(K2− 1)+H2K,

r2
d2H
dr2
=2HK2+ λ

(
H2

g2
− r2f 2

)
H (19.170)
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As in the other cases we have discussed, these equations are in general quite difficult to
solve, except in the BPS limit, λ→ 0, where

K(r)= gfr
sinh(gfr)

, H(r)= gfr
tanh(gfr)

− 1 (19.171)

Notice that both K(r) and H(r) are regular functions as r→ 0, where H→ 0 and F→ 1.
Hence, the ’t Hooft–Polyakov monopole is regular near the origin, and the potential
singularity is smeared at distances shorter than the length scale ξ ∼ 1/(g f ).

It can be shown that these solutions satisfy (and saturate) the Bogomol’nyi bound

E≥ 4π
Q f
g

(19.172)

and hence, have finite action. They also satisfy the Bogomol’nyi equation

Fa
ij= εijkDkφ

a (19.173)

In summary, the Georgi-Glashowmodel has monopole solutions, the ’t Hooft–Polyakov
monopole, instantons in 2+1 dimensions and solitons in 3+1 dimensions, with a quantized
magnetic charge. However, unlike the Dirac monopole, the ’t Hooft–Polyakov monopole
has finite Euclidean action (or energy) and is not a singular configuration. Shortly we will
see that in 2+1 dimensions, these monopole instantons lead to the confinement of static
sources charged under the unbroken U(1) subgroup of SU(2).

19.8 The Yang-Mills instanton inD=4 dimensions

Let us now discuss the instanton solutions of pure Yang-Mills gauge theory in D= 4
(Euclidean) dimensions. Let G be a simple and compact gauge group. The Euclidean Yang-
Mills action is

S= 1
4

∫
d4x trF2

μν (19.174)

As before, we seek finite Euclidean action solutions, S<∞. This requires that, at long
distances, the field strength vanishes

Fμν ∼O(1/r2), as r→∞ (19.175)

Since the field strength vanishes at long distances, in the same asymptotic limit, the gauge
field must approach a pure gauge transformation labeled by g(x)∈G, that is,

Aμ∼ g−1∂μg+O(1/r), as r→∞ (19.176)

Therefore, on a sphere S3 of large radius R, the gauge field configurationsAμ are mapped
onto the gauge transformations labeled by the group elements g ∈G. In other words, the
finite action solutions are in one-to-one correspondence with the smooth mappings of the
large sphere S3 onto the gauge group G:

g(x) : S3 	→G (19.177)
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In the case of G= SU(2), we can write the group elements as

g(x)= n4(x) I+ in(x) · σ , g−1= g† (19.178)

where I is the 2× 2 identity matrix, and σi are the three Pauli matrices. Since in SU(2),
det g= 1, the four-component real vector (n, n4)must satisfy the constraint

n2+ n24= 1 (19.179)

Thus, SU(2)∼= S3. Therefore, the maps of S3 	→G are maps of S3 	→ S3. These mappings are
classified by the homotopy group

π3(SU(2))∼=π3(S3)∼=Z (19.180)

The topological charge, or winding number, that classifies these maps is the Pontryagin
index, which counts the number of times that S3 covers S3. As in the π2(S2) case, the
Pontryagin index is the Jacobian of the map g(x). Moreover, since the very simple and
compact group G has an SU(2) subgroup, the Pontryagin index classifies all these maps,
and π3(G)=Z.

In general, for g ∈G, the Pontryagin index is

Q= 1
24π2

∫

S3
εμνλtr(LμLνLλ) (19.181)

where Lμ= g−1∂μg, and S3 is the boundary of four-dimensional Euclidean spacetime. In
the case of SU(2), the Pontryagin index is

Q= 1
32π2

∫

S3
d3x εabcdεμνλ na∂μnb∂νnc∂λnd (19.182)

After some algebra, it can be shown that the topological charge Q can be written as an
integral in four-dimensional Euclidean spacetime �, whose boundary is S3, of a total
derivative,

Q= 1
32π2

∫

�

d4x εμνλρtr
(
FμνFλρ

)≡ 1
8π2

∫
d4x trF∧ F∗ (19.183)

where F∗μν = 1
4εμνλρF

λρ is the dual tensor. Therefore, the Pontryagin index Q is given by

Q= 1
8π2

∫
d4x tr

(
FμνF∗μν

)
(19.184)

which labels the topological classes of all compact simply connected gauge groups.
Let us now show that the Pontryagin index places a lower bound on the Euclidean action

of gauge fields belonging to a topological class. The argument is similar to the one used for
the instantons of the nonlinear sigma model in section 19.4. Thus, rewrite the Yang-Mills
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Euclidean action as

S= 1
4g2

∫
d4x trF2

μν

= 1
8g2

∫
d4x tr

(
Fμν − Fμν∗

)2+ 1
4g2

∫
d4x tr

(
FμνF∗μν

)2

= 8π2

g2
Q+ 1

8g2

∫
d4x tr

(
Fμν − Fμν∗

)2 (19.185)

Since the last term is manifestly positive, we find the lower bound for the Euclidean action:

S≥ 8π2

g2
Q (19.186)

Once again, we can seek the configurations that saturate the bound, which satisfy the
self-duality (“Cauchy-Riemann”) equation

Fμν = F∗μν (19.187)

for which

S= 8π2

g2
Q (19.188)

are instantons with Q> 0.
Similarly, the gauge fields that satisfy the anti-self-dual equation

Fμν =−F∗μν (19.189)

also satisfy

S= 8π2

g2
|Q| (19.190)

and are anti-instantons with Q< 0.
In addition, if a gauge field is self-dual, Fμν = F∗μν , it also satisfies the equationDμFμν = 0.

An example of this solution is theQ= 1 instanton of the SU(2)Yang-Mills theory, for which
the gauge field is given by

Aa
μ=−ηaμν

(xν − aν)
(x− a)2+ ρ2 (19.191)

where we have introduced the tensor ηabc= εabc, ηab0= δab, and so forth. Here ρ is the
arbitrary scale of the instanton (reflecting the classical scale invariance of four-dimensional
Yang-Mills theory), and aμ is an (also arbitrary) location of the instanton. The field strength
of this solution is

Fa
μν =−4ηaμν

ρ2

(x− a)2+ ρ2 (19.192)
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19.9 Vortices and the Kosterlitz-Thouless transition

Let us now discuss two specific examples of theories in which topological excitations
(instantons) either drive their phase transitions or lead to a nonperturbative phase at all
values of the coupling constant. We will work with the lattice formulation of these theories,
where the results can be obtainedmore simply. The cases that we consider have a (compact)
U(1) symmetry, either global or local: theU(1)nonlinear sigmamodel inD= 2 dimensions,
known in statistical mechanics as the XY model, and Polyakov’s compact electrodynamics
in D= 3 dimensions. Much of what we do can be extended to theories with more general
abelian symmetry groups, both continuous or discrete, but not to non-abelian symmetries.

Consider a system on a two-dimensional square lattice with a U(1) degree of freedom
at every site r, a two-component vector of unit length, n(r)= (cos θ(r), sin θ(r)), where the
phase is defined on the interval 0≤ θ(r)< 2π . The energy (or lattice Euclidean action) is
(here μ= 1, 2 represents the two directions on the square lattice)

E=−J
∑

r,j
n(r) · n(r+ ej)=−J

∑

r,μ
cos(�μθ(r)) (19.193)

where �μθ(r)= θ(r+ rμ)− θ(r) is the lattice difference operator, and the eμ are the two
orthonormal vectors of the square lattice: eμ · eν = δμν .

The partition function of this model is

Z=
∏

r

∫ 2π

0

dθ(r)
2π

exp

(

− J
T
∑

r,μ
cos(�μθ(r))

)

(19.194)

In the low-temperature regime, T J, we can naively take the continuum limit andwrite

Z�
∫

Dθ exp
(
− 1
2g

∫
d2x (�θ)2

)
(19.195)

(with g=Ta2/J, where a is the lattice spacing), which is formally amassless free-field theory
if it were not for the fact that the lattice model is invariant under local periodic shifts of the
phase:

θ(r) 	→ θ(r)+ 2πn(r), with n(r)∈Z (19.196)

This local symmetry requires that the only allowed observables obey the periodicity
condition. In other words, the field θ , even in the continuum, is compactified, and the global
symmetry of the theory is U(1) and not R.

In section 19.3.3, we discussed this continuum theory. There we saw that this theory
has singular vortex configurations (instantons). The lattice model also has vortices, but the
lattice definition makes them regular. We now consider how the vortices arise in the lattice
model and what role they play.

Our main tool will be a duality transformation, a generalization of a method first
introduced by Kramers and Wannier in the context of the two-dimensional classical Ising
model and closely related to topology. In general, this duality transformation has two
ingredients. One is a geometric duality, or duality of forms. Geometric duality says that inD
dimensions, a p-form is dual to aD− p form. InD= 2 dimensions, this means that a theory
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with a global symmetry, and hence defined on the links of the lattice (one-forms), is dual to
a theory defined on the links of the dual lattice, and hence also on one-forms. Therefore, in
two dimensions, a theorywith a global symmetry is dual to another theory alsowith a global
symmetry, defined on the dual lattice. We will see next that in three dimensions, the dual is
a gauge theory. However, the second ingredient is that the dual of a theory is defined on the
representations of the group. If the group is abelian, its representations are one-dimensional
and define a group (the dual group). This is where this approach breaks down in non-abelian
theories, since their representations are, in general, not one-dimensional and do not form a
group.

Let us see how this works out in the context of a theory with a U(1) symmetry. To sim-
plify the notation, from now on we set J= 1 (or, what is the same, T is now measured in
units of J).

By inspection of the partition function of eq. (19.194), we see that the Gibbs weight of a
configuration can be expressed as a product over links:

exp
(
− 1

T
∑

r,μ
cos(�μθ(r))

)
=

∏

r,μ=1,2
exp

(
− i

T
cos(�μθ(r))

)
(19.197)

Consider now an expression of the form exp(V[θ ]), which we require to be a periodic
function of θ . Therefore, it can be expanded in a Fourier series

exp(V[θ ])=
∑

�∈Z
V�ei�θ (19.198)

since eiθ ∈U(1), and ei�θ are vectors in the �th irreducible representation of U(1). Then
since eiθ1 ∈U(1) and eθ2 ∈U(1), we have ei(θ1+θ2) ∈U(1). Similarly, if ei�1θ ∈U(1), and
ei�2θ ∈U(1), then ei(�1+�2)θ ∈U(1). Then the representations of U(1) form a group under
addition. In other words, the representations form a group, the dual group, which is
isomorphic to the group of integers, Z.

In particular,

exp(β cos θ)=
∑

�∈Z
I�(β)ei�θ (19.199)

where

I�(β)=
∫ 2π

0

dθ
2π

exp(β cos θ − i�θ) (19.200)

is a Bessel function with an imaginary argument. Here we have set β = 1/T.
Let us now modify the Gibbs weight of eq. (19.194) using the more tractable expression

(which has the same symmetries)

Z=
∏

r

∫ 2π

0

dθ(r)
2π

∑

{�μ(r)}
exp

(
−
∑

r,μ

�2μ(r)
2β
+ i

∑

r,μ
�μ(r)�μθ(r)

)
(19.201)

where we have defined a set of integer-valued variables, �μ(r)∈Z, for each link (r,μ) of the
square lattice.
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Figure 19.15 ADirac string � is a configuration of the discrete gauge fields �μ that creates a vortex at
the site R of the dual lattice. Here �μ=m on all the links pierced by the Dirac string �, and is 0 on all
other links. The circulation of the integer-valued gauge field �μ on any closed contour C,

∑
C �μ=m

if C encloses site R, and equals zero otherwise.

There is an equivalent formulation that is quite instructive. Note that what we have done
is equivalent to making the replacement (on every link)

exp(β cos�μθ(r)) 	→ const.
∑

�μ(r)
exp

(
− β

2
(�μθ(r)− 2π�μ(r))2

)
(19.202)

where on the right-hand side, the variable θ now takes all possible real values. Periodicity is
recovered by the local discrete transformation

θ(r) 	→ θ(r)+ 2πkμ(r), �μ(r)+ kμ(r) (19.203)

where kμ(r) is an integer-valued local gauge transformation. Therefore, the variables �μ(r)
play the role of a gauge field whose gauge group is Z. In this picture, the variable θ is not
compact, and it does not have any vorticity. The field is compactified by the discrete gauge
symmetry. Vortices are created by Dirac strings of the integer-valued gauge fields, such as
in the example shown in figure 19.15, which shows a Dirac string on the open path � of
the dual lattice. On the links pierced by �, we have set �μ=m, and �μ is zero on all other
links. The circulation on a closed path C of the discrete gauge field is

∑
C=m if the dual

site R is enclosed by C and is zero otherwise. The Dirac string forces a jump of 2πm on θ
across the Dirac string. Thus, this configuration represents a vortex of topological charge
m at R.

We now return to the duality transformation by integrating out the periodic θ(r) field in
the partition function of eq. (19.201). Since

∫ 2π

0

dθ(r)
2π

exp(iθ(r)�μ�μ(r))= δ(�μ�μ(r)) (19.204)

where the lattice divergence is defined as

�μ�μ(r)=
∑

μ=1,2

[
�μ(r)− �μ(r− eμ)

]
(19.205)
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the partition function takes the equivalent form of a sum over configurations on the
integer-valued link variables, �μ(r):

Z=
∑

{�μ(r)}

∏

r
δ(�μ�μ(r)) exp

(
−
∑

r,μ

�2μ(r)
2β

)
(19.206)

Formally, this partition function is a sum of configurations of closed loops. If β 1
(i.e., T� J), the partition function is dominated by the smallest loops: This is the
high-temperature expansion.

The constraint that the loops are closed,�μ�μ(r)= 0 at every site r, is solved by

�μ(r)= εμν�νS(R) (19.207)

where S(r̃)∈Z is a set of integer-valued variables defined on the sites R of the dual of the
square lattice (i.e., the set of points at the center of the plaquettes of the square lattice). After
solving the constraint, the partition function becomes that of the discrete Gaussian model:

ZDGM=
∑

{S(R)}
exp

(
− 1

2β
∑

R,μ
(�μS(R))2

)
(19.208)

Thus, we have obtained the result that the dual of the XY model, which has a global U(1)
symmetry, is a theory defined on the dual lattice with integer-valued degrees of freedom,
with a global symmetry, S(R)→ S(R)+P, where P∈Z. Thismodel is known as the discrete
Gaussian model. As we will see, it is closely related to the vortices of the original problem.
The configurations of the discrete variable S(R) can be regarded as describing a discretized
two-dimensional surface, such as the surface of a three-dimensional cubic crystal.

Therefore, the dual of the theory with a global U(1) symmetry is a theory with a global
Z symmetry. Moreover, under duality, β→ 1/β . Hence, duality exchanges strong coupling
with weak coupling. In summary, duality is the set of correspondences

U(1)↔Z, β↔ 1
β
, direct lattice↔ dual lattice (19.209)

It is instructive to determine the dual of the order-parameter field exp(iθ(r)), and of its
correlation function,

G(r− r′)=〈exp(iθ(r)) exp(−iθ(r′))〉 (19.210)

Let n=±1 at the sites r and r′ where the operators are inserted, that is,

n(x)= δ(x− r)− δ(x− r′) (19.211)

In the presence of these insertions, the constraint on the discrete gauge fields in the partition
function of eq. (19.206) now becomes

�μ�μ(r)= n(r) (19.212)

The solution is now
�μ(r)= εμν (�νS(R)+Bν(R)) (19.213)
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where Bμ(R) is any integer-valued vector field on the links of the dual lattice that obeys

εμν�μBν(R)= n(x) (19.214)

Hence, under duality, we have the correspondence

charge↔ flux (19.215)

which is a discrete version of electromagnetic duality. The correlator then is mapped to a
ratio of two partition functions in the discrete Gaussian model

〈exp(iθ(r)) exp(−iθ(r′))〉= ZDGM[r, r′]
ZDGM

(19.216)

where the numerator is the partition function of eq. (19.208) with discrete fluxes ±1 at r
and r′, respectively. The free-energy cost of the fluxes,�F[r, r′], is

�F[r, r′] =− 1
β
ln〈exp(iθ(r)) exp(−iθ(r′))〉 (19.217)

Hence, in the symmetric (disordered) phase, where the correlator decays exponentially with
distance, G(r− r′)∼ exp(−|r− r′|/ξ), the free-energy cost increases linearly with distance
as�F[r, r′] ∼ σ |r− r′|, with σ =T/ξ , and the fluxes are confined.

The discrete Gaussian model of eq. (19.208) is a partition function over the integers.
Now let us use the Poisson summation formula to transform the partition function in two
different and useful ways. The Poisson summation formula is the following identity for a
series of a function f (n), where n∈Z,

∑

n∈Z
f (n)= lim

y→0+

∫ ∞

−∞
dx

∑

m∈Z
f (x) e2π imxe−ym2 (19.218)

where y> 0 plays the role of a convergence factor. Using the Poisson summation formula,
the partition function ZDGM of eq. (19.208) becomes

ZDGM=
∑

{m(R)}

∏

R

∫ ∞

−∞
dφ(R) exp(−SDGM(φ,m)) (19.219)

where

SDGM(φ,m)= 1
2β

∑

R,μ
(�μφ(R))2+ y

∑

R
m2(R)+ 2π i

∑

R
m(R)φ(R) (19.220)

We now work with this result to obtain two useful mappings. Since the parameter y
suppresses the contributions to the partition function of eq. (19.219) of progressively large
values on the variable |m|, we will make the approximation of keeping (for now) only the
values m= 0,±1. For y large enough (or z= exp(−y) small enough), we can approximate
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the sum over them variables as
∑

m(R)∈Z
exp(−ym2(R)+ 2π im(R)φ(R))� 1+ 2z cos(2πφ(R))+O(z2)

� exp(2z cos(2πφ(R))+O(z2)) (19.221)

Then the partition function of eq. (19.219) reduces to

Z=
∫ ∞

−∞

∏

R
dφ(R) exp

(
− 1

2β
∑

R,μ
(�μφ(R))2+ 2z

∑

R
cos(2πφ(R))

)
(19.222)

which, in the formal continuum limit, a→ 0, becomes

Z�∈Dφ exp
(
−
∫

d2xLSG[φ]
)

(19.223)

where

LSG= T
2
(∂μφ)

2− g cos(2πφ) (19.224)

and g= 4z/a2 (a is the lattice spacing). On the change of variablesϕ=√Tφ, the Lagrangian
takes the form

L= 1
8π
(∂μϕ)

2− g cos
(
ϕ

R

)
(19.225)

This is the Lagrangian of the sine-Gordon theory in (1+1)-dimensional Euclidean space-
time, using the notation that will be introduced in section 21.6.1, with R=√T/π .

The sine-Gordon theory is invariant under discrete uniform shiftsφ(x) 	→φ(x)+ 2πnR,
where R is the compactification radius. This is a theory of a compactified boson, the ϕ field,
with a periodic perturbation. The two-dimensional free compactified boson is a conformal
field theory that we will discuss in some detail in section 21.6.1.

For the present purposes, it will suffice to say that the cosine operator is a vertex operator
with scaling dimension�= 1/R2. In chapter 15, we saw that in two spacetime dimensions,
an operator is irrelevant if�> 2, which means that it is irrelevant if 1

R2 = π
T > 2 (or, what is

the same, forT<Tc= π
2 ). But at this value ofT, the cosine operator is not onlymarginal but

is actually marginally relevant. Therefore, the coupling constant g runs to strong coupling
under the RG to a regime in which the cosine operator becomes dominant. Furthermore,
in this regime, the field ϕ will be pinned at the minima of the cosine potential, and its
fluctuations have a mass gap.

The value Tc= π
2 that we just obtained is identical to that at which the energy-entropy

Kosterlitz-Thouless argument (discussed in section 19.3.3) predicts that vortices will
proliferate. We will now see that this is not an accident.

In section 19.3.3 we showed that the partition function for a complex scalar field in
two Euclidean dimensions can be rewritten as the partition function of a neutral Coulomb
gas, in which the charges are the vortices of the theory. Let us use duality to see how that
comes about. Our starting point is the partition function written in the form of eq. (19.219),
and the action is given in eq. (19.220). Instead of doing the sums over the integer-valued
variables m(R), we instead integrate the continuous variables φ(R). The resulting form of
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the partition function is

Z=Z0
∑

{m(R)}
δ

(
∑

R
m(R)= 0

)

× exp
(
−
∑

R
ym2(R)− 1

2
∑

R,R′

(
2π
T

)2
m(R)Greg(R−R′)m(R′)

)
(19.226)

where Greg(R−R′)=G(R−R′)−G(0), and G(R−R′) is the lattice Green function, that
is, the solution of the difference equation

−�2
RG(R−R′)= δ(R−R′) (19.227)

and G(0) is IR divergent. Here �2 is the lattice Laplacian operator (i.e., �2f (R)=∑
μ �μf (R)), and Z0 is the trivial partition function

Z0=
∫ ∞

−∞

∏

R
dφ(R) exp

⎛

⎝− 1
2β

∑

R,μ
(�μφ(R))2

⎞

⎠ (19.228)

At long distances, |R−R′|� a, the lattice Green function approaches the continuum result

G(R−R′)� 1
2π

ln
( |R−R′|

a

)
(19.229)

Putting it all together, we recover the result that up to an uninteresting prefactor, the
partition function is that of a gas of particles with both types of charges with a logarithmic
interaction: the two-dimensional neutral Coulomb gas of eq. (19.80).

The moral of this analysis is that, in a theory in two dimensions with a U(1) global
symmetry, the phase transition to the disordered state is driven by a process of vortex
proliferation. In this language, the mass gap results from the fact that at high temperatures,
the neutral Coulomb gas experiences Debye screening.

19.10 Monopoles and confinement in
compact electrodynamics

Wenow discuss Polyakov’s compact QED inD= 3 Euclidean dimensions. This is an abelian
lattice gauge theory with a compact abelian gauge group U(1). In section 19.7, we saw that
this theory can be regarded as the low-energy limit of the Georgi-Glashow model. The
main difference between this theory and Maxwell’s electrodynamics is that it has instanton
magneticmonopoles.Wewill see that in this theory, magneticmonopoles play a similar role
to the vortices in two dimensions. However, unlike the case of the vortices, the monopoles
always proliferate, and this leads to confinement.

Let us consider aU(1) abelian lattice gauge theory on a cubic lattice. Thus, as before, the
degrees of freedomare vector fields defined on the links (r,μ) of the lattice (withμ= 1, 2, 3).
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The partition function is

Z=
∏

r,μ

∫ 2π

0

dAμ(r)
2π

e−S[Aμ] (19.230)

where
S[Aμ]=− 1

2g2
∑

r,μν
cos Fμν(R) (19.231)

Here
Fμν(r)=

∑

plaquette

Aμ(r)≡�μAν(r)−�νAμ(r) (19.232)

is the flux on the plaquette (r,μν).
Since the action is invariant under periodic shifts, Aμ(r)→Aμ(r)+ 2π�μ(r), the

Bianchi identity for the field strength Fμν(r) can only be satisfied modulo 2π . However,
the operator exp(iFμν) obeys the Bianchi identity

∏

cube faces

eiFμν = 1 (19.233)

Thus, this theory has magnetic monopoles with quantized magnetic charge.
We can analyze this theory by an extension of the duality we just used inD= 2. Our first

step is to express the partition function as

Z=
∫ ∞

−∞

∏

r,μν

dAμ(r)
2π

∑

{mμν(r)}
exp

(
− 1

2g2
(Fμν(r)+ 2πmμν(r))2

)
(19.234)

where the gauge fields are no longer periodic, and the mμν are integer-valued two-form
variables (Kalb-Ramond fields) defined on the plaquettes. This expression for the partition
function is invariant under the replacements

Aμ→Aμ+ 2π�μ
Fμν→ Fμν + 2π(�μ�ν −�ν�μ)

mμν→mμν +�μ�ν −�ν�μ (19.235)

which enforces periodicity. In this form, Fμν does not have monopoles and satisfies the
Bianchi identity. However, the two-form integer-valued fieldsmμν do not satisfy the Bianchi
identity. In fact, the quantity

N(R)= 1
2
εμνλ�μmνλ ∈Z (19.236)

defined on the sites of the dual lattice (i.e., the centers of the cubes), measures their
integer-valued violation of the Bianchi identity. Thus, the integers {mμν} defined on the
plaquettes represent Dirac strings of a configuration of monopoles.

The partition function is now

Z=
∑

{mμν(r)}

∫
DAμ exp

(

−g2

4
∑

r,μν
m2
μν(r)+ i

∑

r,μ
Aμ(r)�νmμν(r)

)

(19.237)
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The integral over the gauge fields now leads to the constraint

�μmμν = 0 (19.238)

on every plaquette of the cubic lattice. Let us solve this constraint in terms of the
integer-valued field S(R) defined on the sites of the dual lattice (the centers of the elementary
cubes):

mμν(r)= εμνλ�λS(R) (19.239)

The partition function reduces to the following:

Z=
∑

{mμν(r)}

∏

r,μ
δ(�μmμν) exp

(

−
∑

r,μν

g2

4
m2
μν(r)

)

=
∑

{S(R)}
exp

⎛

⎝−g2

2
∑

R,μ
(�μS(R))2

⎞

⎠ (19.240)

Therefore, in close analogy with what we found for vortices in D= 2, we find that the dual
of compact electrodynamics is the discrete Gaussian model, but now in D= 3 dimensions!

We can now repeat almost verbatim what we just did in two dimensions. We will
conclude that compact electrodynamics is dual to the three-dimensional sine-Gordon
theory. It is also dual to the three-dimensional (charge-neutral) Coulomb gas, defined in
terms of integer-valued variables m(R) that are defined at the centers of the cubes (the
monopoles):

ZCG=
∑

{m(R)}∈Z
exp

(
− 1

2
∑

R,R′

(
2π
g

)2
m(R)G(R−R′)m(R′)

)
(19.241)

Here, G(R−R′) is the three-dimensional Green function, which at long distances,
behaves as

G(R−R′)= a
4π |R−R′| (19.242)

where a is the lattice spacing. So, now we find a three-dimensional Coulomb gas.
However, the physics is very different. In contrast to theD= 2 case, the energy (Euclidean

action) of a monopole is now IR finite. The energy-entropy argument then implies that the
entropy (which goes as ln L3 in D= 3) always wins over the energy (which is finite). Thus
the monopoles always proliferate, and they are in the plasma phase. This conclusion also
follows from the sine-Gordon picture, where one finds that the cosine operator is always
relevant in all dimensions D> 2.

A straightforward calculation shows that the Wilson loop always obeys the area law for
all values of the coupling constant g. To see this, we need to find the dual of theWilson loop
operator of a closed loop �, which, for simplicity, we take to be planar:

W[�]=
〈

exp

(

i
∑

�

Aμ

)〉

(19.243)
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The insertion of this operator modifies the constraint to be

�νmμν(r)= j�μ(r) (19.244)

where j�μ is the current that defines the Wilson loop, on the closed contour � of the lattice
(the boundary of an open surface�). The solution to this constraint is

mμν(r)= εμνλ(�λS(R)+Bλ(R)) (19.245)

where Bλ(R) is an integer-valued gauge field defined on the links of the dual lattice such that

εμνλ�νBλ(R)= j�μ(r) (19.246)

which has the form of a discrete version of Ampère’s law. A solution of this constraint is to
set Bλ= 1 on all links of the dual lattice piercing the surface �.

In the dual theory, the expectation value of the Wilson loop is

W[�]= 1
Z

∑

{S(R)}
exp

(
− g2

2
∑

R,μ
(�μS(R)+Bμ(R))2

)
(19.247)

where Z is the partition function in eq. (19.240). This expectation value can be computed
whether in the three-dimensional sine-Gordon formulation or in the three-dimensional
Coulomb gas. In the latter representation, the expectation value of the Wilson loop is
given by

W[�]=W[�]Maxwell×
〈
exp

(
4π i

∑

R,R′
�μBμ(R)G(R−R′)m(R′)

)〉

CG
(19.248)

where 〈O[m]〉CG denotes the expectation value of the operator O[m] in the three-
dimensional Coulomb gas (whose partition function is given in eq. (19.241)), and

W[�]Maxwell= exp
(
− g2

2
∑

r,r′
j�μ(r)G(r− r′)j�μ(r′)

)
(19.249)

is the expectation value of the Wilson loop in Maxwell’s theory (i.e., the abelian gauge
theory) without magnetic monopoles, which are represented by the integer-valued degrees
of freedom {m(R)}. Recall that in section 9.7, we calculatedW[�]Maxwell and showed that the
effective interaction between two static sources obeys the Coulomb law, ∼ 1/Rd−2, which
in 2+1 dimensions is a logarithmic interaction.

The Coulomb gas expectation value shown in eq. (19.248) is the contribution of the
monopoles. The quantity�μBμ(R) is nonzero only on the links of the dual lattice piercing
the surface � (where �= ∂�). It is equal to +1 on the sites of the dual lattice just above
�, and is −1 on the sites just below �. Hence, �μBμ(R) is a uniform density of lattice
dipoles perpendicular to �. In other words, it is essentially the negative of the self-energy
of this uniformdipole distribution. A straightforward calculation shows that, for a very large
Wilson loop, this expectation value behaves as exp(−σA[�]), whereA[�] is the minimal
area spanned by the loop �, with a string tension σ ∝ g2.
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Therefore, we conclude that in compact electrodynamics in 2+1 dimensions, large
Wilson loops obey the area law, and small loops obey the Maxwell law. The crossover
happens at a length scale ξ , the confinement scale, which in the Coulomb gas is the Debye
screening length. On scales large compared to the screening length, the discreteness of the
Coulomb charges is negligible. In this sense, confinement is the result of the proliferation
(or “condensation”) of magnetic monopoles.

What is the role of monopoles in higher dimensions and in other theories? In d= 4
dimensions, compact QED has monopole solitons with finite energy. In the Euclidean
path-integral, they are represented by closed loops, much the same way as vortex loops
in (2+1)-dimensional theories with a global U(1) symmetry (e.g., the three-dimensional
classical XY model). However, while the three-dimensional XY model has a continuous
phase transition, the numerical evidence suggests that the compactQED in four dimensions
has a first-order confinement transition, and hence is not described by a fixed point.
However, although non-abelian theories have monopole instantons in D= 4 dimensions,
as we saw earlier in this chapter, aside from suggestive numerical evidence, it has not been
possible to show that confinement is actually driven by a proliferation (or condensation) of
magnetic monopoles.

Exercises

19.1 Decay of the false vacuum
Consider a theory of a single real scalar field φ with Lagrangian

L= 1
2
(∂μφ)

2−U(φ) (19.250)

where U(φ)= λ(φ2−φ2
0)

2− h(φ−φ0). Assume that the theory is in the broken
symmetry state with φ=−φ0. For h> 0, however small, this state is in an unstable
(metastable) vacuum, and the field will decay by quantum tunneling to the state
at +φ0. Thus the original state will have a lifetime determined by a decay rate �.
Physically, thismeans that a bubble of the broken symmetry state+φ0 should appear
and grow. This problem is closely related to the problem of nucleation in the theory
of phase transitions.

Being a tunneling problem, the transition will not occur at any order in pertur-
bation theory, and you must use instanton methods in D-dimensional Euclidean
spacetime. Thus, consider solutions of the Euclidean classical equations of motion,
∂μφ∂μφc=U ′(φc), such that limτ→±∞ φ(x, τ)= 0, with lim|x|→∞ = 0. Assume that
the instanton is a spherically symmetric bubble in D Euclidean dimensions, with
0< r<∞ being the radial coordinate in D dimensions.

1) Show that the Euclidean equation of motion for a spherically symmetric
instanton is

d2φc(r)
dr2

+ D− 1
r

Dφc
dr
=U ′(φc(r))

with the boundary conditions limr→∞ φc(r)= 0 and limr→0
dφc
dr = 0.

2) Regarding the variable r as “time” andφc(r) as the coordinate of a particle, find the
form of the effective potential acting on the particle. What is the interpretation
of the term that is first order in r derivatives?
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3) Show that the instanton solution for this problem is the same as for a particle
starting at−φ0 at time r= 0 and returning to−φ0 after bouncing off a wall. Show
that for h sufficiently small, the action of the bounce is twice the action Sinstanton
of the one-dimensional instanton solution worked out in section 19.1.

4) Use an analytic continuation argument to show that the lifetime� of the unstable
state is proportional to V exp(−Sinstanton), where V is the volume.

19.2 Nonsingular vortices in two dimensions
In section 19.3.2, we discussed vortex solutions of a complex scalar field in D= 2
Euclidean dimensions and saw that it has vortex solutions. There we also saw that
deep in the broken symmetry phase, where the complex scalar field is equivalent
to an O(2) nonlinear sigma model, the energy of a vortex scales at long distances
as lnR, where R is the large radius of the D= 2 system. However, in this regime,
the vortices become singular at short distances and depend sensitively on the
short-distance cutoff. However, in section 19.4, we saw that the O(3) nonlinear
sigma model has finite Euclidean-action instanton solutions. In this problem, you
will construct a nonsingular vortex inD= 2 dimensions by considering a nonlinear
sigma model in which the global O(3) symmetry is broken down to O(2). The
Euclidean action of this system is

S =
∫

d2x
[
1
2g
(�n)2+�(n · n0)2

]
(19.251)

where, as before, n2= 1. Here n0 is an arbitrary unit vector, and � is a coupling
constant. For simplicity, choose n0= ez.

1) Show that the classical scale invariance of theD= 2O(3) nonlinear sigma model
is broken by the anisotropy term. Show that for anisotropy �> 0, the classical
ground states lie on the xy plane.

2) In what follows, it will be useful to use the parametrization

n(x)= (cosφ(x) sin θ(x), sinφ(x) sin θ(x), cos θ(x))

in terms of two fields: 0<φ(x)< 2π and 0<θ(x)<π . Find the expression of
the Euclidean action in terms of the fields φ and θ .

3) In the two-dimensional plane x= (r cosϕ, r sinϕ), consider a rotationally
invariant field configuration (φ(r,ϕ), θ(r,ϕ)) with the asymptotic behaviors:
(a) limr→∞ θ(r,ϕ)=π/2, and (b) limr→0 θ(r,ϕ)= 0, with φ(r,ϕ)=ϕ for all r.
Show that this configuration asymptotically is a vortex and that its topological
charge is 1/2 of the instanton charge (known as a “meron”).

4)Write the expression of the Euclidean action for this configuration for the field
θ , on rescaling the radial coordinate r= r0et (where r0= 1

√
g�). Show that

the extremal solution of this Euclidean action obeys the equation of motion of
a pendulum (parametrized by θ(t)) in a time-dependent potential. Sketch the
qualitative form of the solution, and give an interpretation of the scale r0.
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Anomalies in Quantum Field Theory

20.1 The chiral anomaly

In classical field theory, discussed in chapter 3, we learn that symmetries dictate the exis-
tence of conservation laws. At the quantum level, conservation laws of continuous symme-
tries are embodied in Ward identities, which dictate the behavior of correlation functions.
However, we will now see that in QFT, there are many instances of symmetries of the classi-
cal theory that do not survive at the quantum level due to a quantum anomaly. Most exam-
ples of anomalies involve Dirac fermions that are massless at the level of the Lagrangian.

Global and gauge symmetries of theories of Dirac fermions involve understanding
their currents, which are products of Dirac operators at short distances. Such operators
require a consistent definition (and a normal-ordering prescription). Hence, some sort of
regularization is needed for a proper definition of current operators. The problem is that
not all of the symmetries can simultaneously survive regularization. While in scalar field
theories (at least in flat spacetimes), this is not a problem, it turns out to be a significant
problem in theories with massless Dirac fermions, in which some formally conserved
currents become anomalous.

In path-integral language, a symmetry is anomalous if the action is invariant under the
symmetry but the measure of the path integral is not. In this sense, quantum anomalies
often arise in the process of regularization of a QFT. We will see, however, that they are
closely related to topological considerations as well.

The subject of anomalies in QFT is discussed in many excellent textbooks, such as the
book by Michael Peskin and Daniel Schroeder (1995). It is also a subject that can be fairly
technical and mathematically quite sophisticated. For these reasons, we will keep the
presentation as physically transparent and as simple as possible, even at the price of some
degree of rigor.

The prototype of a quantum anomaly is the axial (or chiral) anomaly. Classically, and
at the free-field level, a theory with a single massless Dirac fermion has two natural
continuous global U(1) symmetries: gauge invariance and chiral symmetry. Then, as we
saw in chapter 7, Noether’s theorem implies the existence of two currents: the gauge current
jμ= ψ̄γμψ , and the axial (chiral) current j5μ= ψ̄γμγ 5ψ . Superficially, in the massless
theory at the free-field level, the gauge and the chiral currents are separately conserved:

∂μjμ= 0, ∂μj5μ= 0 (20.1)
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ADiracmass term is gauge invariant, but it breaks the chiral symmetry explicitly. The chiral
current is not conserved in its presence. Indeed, using the Dirac equation, one finds that
conservation (eq. (20.1)) of the axial current j5μ is modified to

∂μj5μ= 2m iψ̄γ 5ψ (20.2)

wherem is the mass.
The anomaly was first discovered in the computation of so-called triangle Feynman

diagrams, involved in the study of decay processes of a neutral pion to two photons,
π0→ 2γ , by Adler (1969), and Bell and Jackiw (1969). They and subsequent authors
showed that, in any gauge-invariant regularization of the theory, an extra term appears on
the right-hand side of eq. (20.2), even in the massless limit, m→ 0. This term is the chiral
(or axial) anomaly.

The form of the anomaly term depends on the dimensionality, and it turns out to have a
topological meaning. Although the anomaly arises from short-distance singularities in the
QFT, it is a finite and universal term. Here “universality” means that although its existence
depends on how the theory is regularized, its value depends only on the symmetries that
are preserved by the regularization and not on its detailed form.

The important physical implication of the anomaly is that in its presence, the anomalous
current is not conserved, and consequently, the associated symmetry cannot be gauged.
This poses strong constraints on what theories of particle physics are physically sensible,
particularly in the weak-interaction sector.

20.2 The chiral anomaly in 1+1 dimensions

We first discuss the chiral anomaly in (1+1)-dimensional theories of Dirac fermions. For
simplicity, consider a theory of a single massless Dirac fermion ψ coupled to a background
gauge field Aμ. The Lagrangian is

L= ψ̄ i/∂ψ + eψ̄γ μψ Aμ (20.3)

The standard derivation of the anomaly uses subtle (and important) arguments about
regulators and what symmetries they preserve (or break). Although we will do that shortly,
it is worthwhile to use first a transparent and physically compelling argument, originally
due to Nielsen and Ninomiya (1983).

20.2.1 The anomaly as particle-antiparticle pair creation

Recall that in 1+1 dimensions, the Dirac fermion is a two-component spinor. Let us work
in the chiral basis, which simplifies the analysis. In the chiral basis, the Dirac spinor is ψ =
(ψR,ψL)

t (where the upper index t means transpose). In (1+1)-dimensional Minkowski
spacetime, the Dirac matrices are

γ0= σ1, γ1= iσ2, γ5= σ3 (20.4)

where σ1, σ2, and σ3 are the standard 2× 2 Pauli matrices. In this basis, the gauge current
jμ and the chiral current j5μ are
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Figure 20.1 Chiral anomaly in 1+1 dimensions: pair creation by a uniform electric field E and
the chiral anomaly. (a) The Fermi point of the right-movers increases with time, reflecting particle
creation. (b) The Fermi point of left-movers decreases, reflecting the creation of antiparticles (holes).

j0=ψ†
RψR+ψ†

LψL, j1=ψ†
RψR−ψ†

LψL

j50=ψ†
RψR−ψ†

LψL, j51=−(ψ†
RψR+ψ†

LψL) (20.5)

Hence, j0 measures the total density of right- and left-moving fermions, and j1 measures the
difference of the densities of right- and left-moving fermions. Notice that the components
of the chiral current j5μ essentially switch the roles of charge and current. In short, we can
write

j5μ= εμν jν (20.6)

In particular, the total gauge charge Q= ∫
dx j0(x) of a state is the total number of right-

and left-moving particles, NR+NL, and the total chiral charge of state Q5= ∫
dx j50(x) is

Q5=NR−NL≡NR+ N̄L (20.7)

where N̄L is the number of left-moving antiparticles.
In the chiral basis, the Dirac equation in the temporal gauge, A0= 0, is

i∂0ψR(x)= (−i∂1−A1)ψR(x), i∂0ψL(x)= (i∂1−A1)ψL(x) (20.8)

In the temporal gauge, a uniform electric field is E= ∂0A1, and A1 increases monotonically
in time. The Dirac equation, eq. (20.8), states that as A1 increases, the Fermi momentum
pF = εF (with εF being the Fermi energy) increases by the amount

dpF
dx0
= eE (20.9)

The total number of right-moving particles isNR. The density of states of a system of length
L is L/(2π). So the rate of change in the number of right-moving particles is (see figure 20.1)

dNR

dx0
= 1

L
L
2π

dεF
dx0
= e

2π
E (20.10)
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Assume that the UV regulator of the theory is such that the total fermion number is
conserved, Q= 0:

Q=
∫ ∞

−∞
dx j0(x)=NR+NL= 0 (20.11)

Therefore, if NR> 0 increases, then NL< 0 decreases. Or, what is the same, the number of
left-moving antiparticles must increase by the same amount that the NR particles increase.
This leads to the conclusion that the total chiral charge, Q5=NR−NL=NR+ N̄L, must
increase at the rate

dQ5

dx0
= dNR

dx0
+ dN̄L

dx0
= e
π
E (20.12)

But in this process, the total electric (gauge) chargeQ is conserved. Notice that the details of
theUV regularization donot affect this result, provided the regularization is gauge invariant.
Hence, the chiral (axial) charge is not conserved if the gauge charge is conserved (and vice
versa).

In covariant notation, the nonconservation of the chiral current j5μ is

∂μj5μ=
e
2π
εμνFμν (20.13)

This is the chiral (axial) anomaly equation in 1+1 dimensions. Notice that it tells us that the
total chiral charge is e times a topological invariant, the total instanton number (the flux) of
the gauge field!

20.3 The chiral anomaly and abelian bosonization

Let us now reexamine this problem, taking care of the short-distance singularities. Let |0〉D
be the vacuum state of the theory of free massless Dirac fermions (i.e., the filled Dirac sea).
We will normal-order the operators with respect to the Dirac vacuum state. We need to be
careful when treating composite operators, such as the currents, since they are products of
Dirac fields at short distances.

To this effect, let us carefully examine the algebra obeyed by the density and current
operators. This current algebra leads to the concept of bosonization, introduced by Mattis
and Lieb (1965), based on results by Schwinger (1959) and rediscovered (and expanded) by
Coleman (1975), Mandelstam (1975), and Luther and Emery (1974) in the 1970s.

The vacuum state should be charge neutral and should have zero total momentum and
zero current. Thus both the charge density j0 and the charge current j1 should annihilate
the vacuum. As usual, the zero current condition is automatic, while the charge neutrality
of the vacuum is ensured by a proper subtraction. Since the charge and the current densities
are fermion bilinears, they behave as bosonic operators. Naively, one would expect that they
should commute with each other. We will now see that this expectation is wrong.

Let us introduce the operators for the right- and left-moving densities, naively defined as
jR(x1)=ψ†

R(x1)ψR(x1), and jL(x1)=ψ†
L (x1)ψL(x1), where x1 is the space coordinate. The

propagators of the right- and left-moving fields are

〈ψ†
R(x0, x1)ψR(0, 0)〉=− i

2π(x0− x1+ iε)
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〈ψ†
L (x0, x1)ψL(0, 0)〉=+ i

2π(x0+ x1+ iε)
(20.14)

and diverge at short distances. Define the normal-ordered densities by a point-splitting
procedure (at equal times)

jR(x1)=: jR(x1) :+ lim
ε→0
〈ψ†

R(x1+ ε)ψR(x1− ε)〉 (20.15)

and similarly with jL. Here the expectation value is computed in the free massless Dirac
vacuum. From the expressions for the propagators, we see that

〈ψ†
R(x1+ ε)ψR(x1− ε)〉= i

4πε

〈ψ†
L (x1+ ε)ψL(x1− ε)〉=− i

4πε
(20.16)

Then the equal-time commutator of two right-moving currents is found to be (on taking
the limit ε→ 0):

[ jR(x1), jR(x′1)]=−
i
2π
∂1δ(x1− x′1) (20.17)

Similarly, we find

[ jL(x1), jL(x′1)]=
i
2π
∂1δ(x1− x′1) (20.18)

Clearly the right-moving densities (and the left-moving densities) do not commute with
each other!

These results imply that the equal-time commutators of properly regularized charge
density and current operators j0 and j1 are

[ j0(x1), j1(x′1)]=−
i
π
∂1δ(x1− x′1), [ j0(x1), j0(x′1)]= [ j1(x1), j1(x′1)]= 0 (20.19)

In other words, the currents of a theory of free massless Dirac fermions (which has a
global U(1) symmetry) obey the algebra of eqs. (20.17)–(20.19). This is known as the U(1)
Kac-Moody current algebra.

The singularities of the commutators of currents are known as Schwinger terms. Recall
that we obtained a similar result in section 10.11, where we discussed the local conservation
laws of a system of non-relativistic fermions at finite density. This is not an accident, since
in one space dimension, at low energy, a system of nonrelativistic fermions at finite density
is equivalent to the theory of a massless Dirac field (where the speed of light is identified
with the Fermi velocity).

The U(1) current algebra of eq. (20.19) is reminiscent of the equal-time canonical
commutation relations of a scalar field φ(x) and its canonical momentum�(x):

[φ(x1),�(x′1)]= iδ(x1− x′1) (20.20)

Indeed, we can identify the normal-ordered density j0(x1) with

j0(x)= 1√
π
∂1φ(x) (20.21)
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and the normal-ordered current j1(x) with

j1(x)=− 1√
π
�(x)=− 1√

π
∂0φ(x) (20.22)

With these operator identifications, the canonical commutation relations of the scalar field
φ(x), eq. (20.20), imply

1
π
[∂1φ(x1),�(x′1)]=

i
π
∂1δ(x1− x′1) (20.23)

which reproduces the Schwinger termof theU(1)Kac-Moody current algebra of eq. (20.19).
The operator identifications of eq. (20.21) and eq. (20.22) can be written in the Lorentz

covariant form
jμ= 1√

π
εμν∂

νφ (20.24)

which satisfies the local conservation condition

∂μjμ= 0 (20.25)

Thus, the regularization we adopted is consistent with the conservation of theU(1) current.
The identification (ormapping) of theU(1) fermionic current of eq. (20.24) shows that there
can be a mapping between operators of the theory of massless Dirac fermions to operators
of a theory of scalar fields, which are bosons. Such mappings are called bosonization.

However, is it compatible with the conservation of the chiral current j5μ? In eq. (20.6),
we showed that the chiral and the U(1) currents are related to each other by j5μ= εμν jν .
Therefore, the divergence of the chiral current is identified with

∂μj5μ(x)= εμν jν(x)=
1√
π
εμνενλ∂

λφ(x)= 1√
π
∂2φ (20.26)

Therefore,
∂μj5μ(x)= 0⇔ ∂2φ= 0 (20.27)

and the chiral (or axial) current is conserved if and only if the scalar field is free andmassless,
which has the Lagrangian LB,

LB= 1
2
(∂μφ)

2 (20.28)

Note also that the Hamiltonian density of the Dirac theory

HD=−(ψ†
Ri∂1ψR−ψ†

L i∂1ψL) (20.29)

must be identified with the Hamiltonian density of the massless scalar field

HB= 1
2

(
�2+ (∂1φ)2

)
(20.30)

which, after normal-ordering, can be expressed in terms of the U(1) density and current in
the (Sugawara) form

H= π
2

(
j20+ j21

)
(20.31)
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To see how this is related to the chiral anomaly, let us couple the Dirac theory to an
external U(1) gauge field Aμ. The coupling term in the Dirac Lagrangian is

Lint= eAμjμ (20.32)

where jμ is theU(1)Dirac current. In the theory of the massless scalar field, we identify this
term with

Lint= e√
π
εμν∂

νφ Aμ (20.33)

which states that the coupling of the fermions to the gauge field is equivalent to the coupling
of the scalar field to a source

J(x)= e
2
√
π
εμνFμν ≡ e

2
√
π
F∗ (20.34)

where F∗ is the dual of the field strength Fμν , which in 1+1 dimensions is a scalar.
The equation of motion of the scalar field φ now is

∂2φ= e√
π
εμν∂

μAν (20.35)

Therefore, the divergence of the axial current j5μ does not vanish and is given by

∂μj5μ=
1√
π
∂2φ= e

2π
εμνFμν (20.36)

which reproduces the chiral (axial) anomaly of eq. (20.13)!
Let us consider a system with periodic boundary conditions in space, which we take to

be a circle of circumference L. The total charge is

Q= e
∫ L

0
dx1 j0(x1) (20.37)

which is measured relative to the vacuum state, which is neutral,Qvacuum= 0. It then follows
that the charge must be quantized and is an integer multiple of the electric charge, Q=Ne.
However, using the identification of the current, eq. (20.24), results in the condition

Q= e√
π

∫ L

0
dx1 ∂1φ(x1)= e√

π
�φ (20.38)

where we have defined
�φ=φ(x1+ L)−φ(x1) (20.39)

Therefore, in the sector of the Hilbert space withN ∈Z fermions, the scalar field must obey
the generalized periodic boundary condition (here x= x1):

φ(x+ L)=φ(x)+ 2πNRφ (20.40)

where
Rφ = 1

2
√
π

(20.41)

Hence, the scalar field is compactified, and Rφ is the compactification radius.
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Therefore the target space of this scalar field is not the real numbers, R, but the circle
S1, whose radius is Rφ . This fact, which is a consequence of the charge quantization of the
Dirac fermions, restricts the allowed observables of the bosonized side of the theory to be
invariant under shifts φ→φ+ 2πnRφ , with n∈Z. For example, the vertex operators Vα ,

Vα(x)= exp(iαφ(x)) (20.42)

are allowed only for the values α= 2πnRφ = n
√
π .

Using methods similar to those we have discussed here, Mandelstam (1975) showed that
the bosonic counterpart of the Dirac fermion operator, ψR and ψL, can be identified as

ψR(x)= 1√
2πa

: exp
(
−√π

∫ x1

−∞
dx′1�(x0, x

′
1)+ i
√
πφ(x)

)
:

≡ 1√
2πa

: exp(2i
√
πφR(x)) :

ψL(x)= 1√
2πa

: exp
(
−√π

∫ x1

−∞
dx′1�(x0, x

′
1)− i
√
πφ(x)

)
:

≡ 1√
2πa

: exp(−2i√πφL(x)) : (20.43)

where a is a short-distance cutoff, and :O : denotes normal ordering. Notice that in terms
of the scalar field, the Mandelstam operators are essentially a product of an operator that
creates a kink (a soliton), which shifts the field by

√
π , and a vertex operator that measures

the charge. After some algebra, one can show that these operators create states that carry
the unit of charge.

Eq. (20.43) introduces the fields φR and φL, the right- and left-moving components of
the scalar field, respectively,

φ=φR+φL, ϑ =−φR+φL (20.44)

where
ϑ(x)=

∫ x1

−∞
dx′1�(x0, x

′
1) (20.45)

is called the dual field. The fields φ and ϑ satisfy the Cauchy-Riemann equations

∂μφ= εμν∂νϑ (20.46)

We also record here the identification of the Dirac mass operator ψ̄ψ and of the chiral mass
operator iψ̄γ 5ψ :

ψ̄ψ = 1
2πa

: cos(2
√
π φ) :, iψ̄γ 5ψ = sin(2

√
π φ) (20.47)

These identifications can be derived using the operator product expansion (OPE).
In particular, these operator identifications imply that the Lagrangian of the free massive

Dirac theory
L= ψ̄ i/∂ψ −mψ̄ψ (20.48)
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Figure 20.2 (a) The sine-Gordon potential energy of a periodic function of φ with period
√
π ; the

black dots are the classical vacua at φ= 0,
√
π . (b) Sketch of the sine-Gordon soliton.

maps to the sine-Gordon Lagrangian

LB= 1
2
(∂μφ)

2− g : cos(2
√
π φ) : (20.49)

with g=m/(2πa).

20.4 Solitons and fractional charge

We will now see that theories of scalar fields coupled to Dirac fermions have states with
fractional charge if the scalar fields have solitons. For simplicity let us focus on (1+1)-
dimensional theories.

20.4.1 The sine-Gordon soliton

We already saw a hint of this in the derivation of the connection between the sine-Gordon
theory and a massive Dirac fermion. The Lagrangian of the sine-Gordon theory is

LSG= 1
2
(∂μφ)

2+ g cos(2
√
π φ) (20.50)

This theory is invariant under the discrete shifts of the field, φ(x)→φ(x)+ 2πn/β , where
n∈Z. The Hamiltonian density

HSG= 1
2
�2+ 1

2
(∂xφ)

2− g cos(2
√
π φ) (20.51)

is, of course, invariant under the same global symmetry.
The classical vacua of this theory are φc= 2πN/β . In addition to these uniform classical

states, this theory has solitons that connect the uniform states. Let φ(x) be a static (i.e.,
time-independent) field configuration (here x is the space coordinate). The total energy of
such a configuration is (as shown in figure 20.2a)
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E [φ]=
∫ ∞

−∞
dx

[
1
2

(
dφ
dx

)2
− g cos(2

√
π φ(x))

]
(20.52)

We are interested in nonuniform configurations φ(x) that extremize E[φ] and inter-
polate between two classical vacuum states. These classical solitons are solutions of the
Euler-Lagrange equation

d2φ
dx2
= 2g
√
π sin(2

√
π φ) (20.53)

with the boundary conditions

lim
x→−∞φ(x)= 0, lim

x→+∞φ(x)=
√
π (20.54)

The classical equation for the static soliton is the same as the equation for a physical
pendulum of coordinate φ as a function of time. This problem is similar to our discussion
of quantum tunneling and instantons in chapter 19. The classical energy of the pendulum
is the negative of the sine-Gordon potential, and the classical vacuum states correspond to
the top of the pendulum potential. The soliton is the solution that rolls down the hill from
the peak at φ= 0 to the valley at φ=√π/2 and then climbs to the summit of the next hill
at φ=√π . The soliton solution shown in figure 20.2b is

φsoliton(x)= 1√
π
arccos

[
tanh(2

√
π
√g (x− x0))

]
(20.55)

where x0 is a zero mode of the soliton. The total energy of the soliton (measured from the
energy of the uniform classical solution) is finite: Esoliton= 8√g/β . In this soliton solution,
the total change of the angle is �φsoliton=√π which, using eq. (20.38), corresponds to
a fermion charge Q= e�φ√

π
= e. Thus, the fermion of the free massive Dirac theory is the

soliton of the sine-Gordon theory.

20.4.2 Fractionally charged solitons

Now consider a theory, again in 1+1 dimensions, with two real scalar fields, ϕ1 and ϕ2,
coupled to a massless Dirac fermion. Assume that the scalar fields have a nonvanishing
vacuum expectation value. The Lagrangian is

L= ψ̄ i/∂ψ + gψ̄(ϕ1+ iγ 5ϕ2)ψ (20.56)

Note that a constant value of 〈ϕ1〉 is the same as a Dirac massm= g〈ϕ1〉, and that a constant
value of 〈ϕ2〉 is the same as a chiral massm5= g〈ϕ2〉. In section 17.4, we discussed the chiral
and the nonchiral Gross-Neveumodels (whichwe solved in their large-N limit), where these
mass terms arise from spontaneous breaking of the chiral symmetry,

ψ→ eiηγ5ψ (20.57)

where η is an arbitrary angle for the chiral model and is equal to π/2 for the model with a
discrete chiral symmetry.

We can make the relation with chiral symmetry more apparent by writing the scalar
fields as

ϕ1= |ϕ| cos θ , φ2= |ϕ| sin θ (20.58)
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Figure 20.3 Induced current 〈jμ〉 by a small, adiabatic change in the phase of the complex scalar
field ϕ.

where |ϕ| = (ϕ21 +ϕ22)1/2. The Lagrangian now is

L= ψ̄ i/∂ψ + g|ϕ|ψ̄eiθγ5ψ (20.59)

Thus, a global chiral transformation with angle θ , eq. (20.57), changes the phase field:
θ→ θ + 2η.

Now consider the case in which the scalar field (ϕ1,ϕ2) has a soliton, such that the phase
θ winds by �θ as x goes from −∞ to +∞. Assume that the soliton is static, so that this
winding is adiabatic. The question that we consider is: What is the charge of the soliton?

Goldstone and Wilczek used a perturbative calculation (the Feynman diagram of
figure 20.3) in the regime where |ϕ| is large compared to the gradients of ϕ1 and ϕ2. They
showed that there is an induced charge current 〈jμ〉 given by (Goldstone andWilczek, 1981):

〈jμ〉= 1
2π
εμνε

ab ϕa∂νϕb

|ϕ|2 =
1
2π
εμν∂

ν tan−1(ϕ2/ϕ1) (20.60)

This equation implies that the total charge Q is

Q=
∫ ∞

−∞
dx j0(x)= 1

2π
� tan−1(ϕ2/ϕ1) (20.61)

The same result can be found using the bosonization identities. Indeed, using eqs. (20.47),
we can readily see that the bosonized expression of the Lagrangian of eq. (20.56) is

LB= 1
2
(∂μφ)

2+ g
2πa

cos(2
√
πφ− θ) (20.62)

The minimum of the energy of this sine-Gordon theory occurs for φ= θ/√4π .
A soliton can be represented by a fermion with Dirac massm, and hence ϕ1=m/g, and

a ϕ2 field that approaches the values ±v as x→±∞. In this case, the phase changes by
�θ = 2 tan−1(gv/m). Therefore, to minimize the energy, the sine-Gordon field φ winds
by�φ=�θ/√4π . Then the total charge Q induced by the soliton is

Qsoliton= e
�φ√
π
= e
�θ

2π
= e
π
tan−1

(gv
m

)
(20.63)
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Of particular interest is the limiting case m→ 0, for which the soliton charge approaches
the half-integer value:

Qsoliton= e
2
, and �θ =π (20.64)

This fractionally charged soliton was known to exist in φ4 theory (see section 19.2)
coupled to Dirac fermions (Jackiw and Rebbi, 1976), and in the one-dimensional conductor
polyacetylene (Su et al., 1979). For example, consider a theory with one massless Dirac
fermion coupled to a φ4 field in its Z2 broken symmetry state with vacuum expectation
value 〈φ〉=φ0. The Lagrangian is

L= ψ̄ i/∂ψ − gφψ̄ψ + 1
2
(∂μφ)

2− λ(φ2−φ20)2 (20.65)

This theory has a discrete chiral symmetry, under which ψ̄ψ �→−ψ̄ψ and φ �→−φ. Now
consider a static soliton state of the φ field whose configuration is φ(x)=±φ0 tanh

(
(x−x0)√

2ξ

)

(see eq. (19.55)). The arguments given above predict that the soliton has fractional charge
+1/2 (or more properly, fractional fermion number).

How does the presence of the soliton affect the fermionic spectrum? The stationary states
of the Dirac Hamiltonian for the two-component spinor can be written as

HD[φ]ψ =αi∂1ψ +βgφ(x1)ψ (20.66)

where α and β are two Pauli matrices, which can always be chosen to be real, say, σ1 and σ3,
respectively. The Dirac Hamiltonian anticommutes with the third Pauli matrix, σ2. Thus
if ψ is an eigenstate of energy E, then σ2ψ is an eigenstate with energy −E. Therefore,
the spectrum of states with nonzero eigenvalues is symmetric, and there is a one-to-one
correspondence between positive and negative energy states.

However, if the field φ(x) has a soliton (or an antisoliton), there is a state whose energy
is exactly E= 0, a zero mode. To construct the state, we rewrite the Dirac equation as

iβα∂1ψ(x1)+ gφ(x1)ψ(x1)= 0 (20.67)

Note that βα= γ1, which is an antihermitian matrix, γ †
1 =−γ1, and hence its eigenvalues

are±i. We can choose a basis in which the zero modes are eigenstates of γ1, and write them
as ψ±(x1)χ±, where χ± = (1, 0)† or (0, 1)†, respectively. The functions ψ±(x1) satisfy the
first-order differential equation

∂1ψ±(x1)=±gφ(x1)ψ±(x1) (20.68)

whose physically sensible solution must be square integrable:
∫ ∞

−∞
dx1 |ψ±(x1)|2= 1 (20.69)

For a soliton, which asymptotically satisfies limx→±∞ φ(x1)=±φ0, the square-integrable
solution for the eigenstate has the spinor solution

χ− =
(
1
0

)
(20.70)
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whose γ1 eigenvalue is−i, and the wave function is

ψ−(x1)=ψ−(0) exp
(
−

∫ x1

0
dx′1 φ(x

′
1)

)
(20.71)

This wave function is even under x1→−x1 since the soliton φ(x1) changes sign under
this operation. For the soliton profile of eq. (19.55), at long distances, we can approx-
imate ψ−(x1)ψ−(0) exp(−φ0|x1|), and find an exponential decay (as expected for a
bound state). For the antisoliton, the situation is reversed: Now the scalar field obeys
limx1±∞ φ(x1)=∓φ0, and we must choose the spinor with γ1 eigenvalue+i. However, the
normalizable wave function is still the same as in eq. (20.71).

20.5 The axial anomaly in 3+1 dimensions

The axial anomaly was discovered in four dimensions in the computation of triangle Feyn-
man diagrams with fermionic loops. Here, too, the axial anomaly is the nonconservation of
the axial (chiral) current j5μ in a theory with a gauge-invariant regularization. If the fermions
are massless, the chiral anomaly for a U(1) theory is the identity

∂μj5μ=−
e2

8π2 F
μνF∗μν (20.72)

where F∗μν = 1
2εμνλρF

λρ is the dual field strength tensor. This result is known to hold in QED
to all orders in perturbation theory. Just as in the 1+1-dimensional case, the right-hand side
is a total divergence, which has a topological meaning.

Let us now see how this result arises using the four-dimensional version of the
Nielsen-Ninomiya argument that we discussed in 1+1 dimensions in section 20.2. Consider
a theory with a single, right-handed Weyl fermion in a uniform magnetic field B along the
direction x3, whose vector potential is A2=Bx1, with all other components being zero. The
Dirac equation for the right-handed Weyl (i.e., two-component) spinor ψR is

[i∂0− (p− eA) · σ ]ψR= 0 (20.73)

where p=−i∂ is the momentum operator, and σ consists of the three 2× 2 Pauli matrices.
As usual, the solutions to this equation are expressed in terms of the Weyl spinor�,

ψR=[i∂0+ (p− eA) · σ ]�= 0 (20.74)

leading to
[i∂0− (p− eA) · σ ][i∂0+ (p− eA) · σ ]�= 0 (20.75)

The spinor � can be chosen to be an eigenstate of p2 and p3. Then � is the solution of
the harmonic oscillator equation:

[
−∂21 + (eB)2

(
x1+ p2

eB

)
+ p23+ eBσ3

]
�=ω2� (20.76)



Anomalies in Quantum Field Theory . 629

ω(p3)

Empty states

Occupied states

p3

pF

Figure 20.4 The axial anomaly in 3+1 dimensions: spectrum of right-handed Weyl fermions in
parallel B and E uniform magnetic and electric fields along the direction x3. The arrow shows that
right-handed fermions are being created, and the Fermi momentum pF increases with time.

The eigenvalues are the Landau levels

ω(n, p3, σ3)=±
[
2eB

(
n+ 1

2

)
+ p23+ eBσ3

]1/2
(20.77)

with n= 0, 1, 2, . . ., except for the mode n= 0 and σ3=−1, for which

ω(n= 0, σ3=−1, p3)=±p3 (20.78)

It is straightforward to find the eigenfunctions. They are, with the exception of the
zero modes, the usual one-dimensional linear-oscillator wave functions multiplied by
plane-wave states (for each spinor, eigenstates (1, 0) and (0, 1)). The wave function ψR
vanishes for the zero modes with n= 0 and σ3=−1 and eigenvalue ω=−p3, and it is
nonzero for the zero mode with n= 0, σ3=−1 and for ω= p3. The spectrum is shown
in figure 20.4.

Let us now turn on a uniform electric field E parallel to the magnetic field B. The
levels with n �= 0 are either totally occupied or are empty. In fact, there is a one-to-one
correspondence between these levels, and their contributions cancel out to the quantity
of interest. Only the zero mode matters: n= 0, σ3=−1, and ω= p3. Except for a
density-of-states factor, LeB/(4π2) (where L is the linear size of the system), its contribution
is the same as in the (1+1)-dimensional case. Thus, the rate of creation of right-handedWeyl
fermions is

dNR

dx0
= 1

L
LeB
4π2

dpF
dx0
= e2

4π2 EB=
dQR

dx0
(20.79)

Similarly, for left-handed Weyl fermions, ψL, the rate is

dNL

dx0
=− 1

L
LeB
4π2

dpF
dx0
=− e2

4π2 EB=
dQL

dx0
(20.80)
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Therefore, the rate of creation of right-handed particles and of left-handed antiparticles is

dNR

dx0
+ dN̄L

dx0
= e2

2π2 EB=
dQ5

dx0
(20.81)

which is the axial anomaly in 3+1 dimensions.

20.6 Fermion path integrals, the chiral anomaly, and
the index theorem

At the beginning of this chapter, we noted that in the context of the path integral, the
axial (or chiral) anomaly arises due to a noninvariance of the fermionic measure under
chiral transformations (Fujikawa, 1979). Thus, although the action is invariant, the partition
function is not.

Wewill see how this takes place in a simple theory: a freemassless Dirac fermion coupled
to a U(1) gauge field. In an even D-dimensional Euclidean spacetime, the Lagrangian is

L= ψ̄ /Dψ (20.82)

where, as usual, /D= γ μ(∂μ+ iAμ), and /D is a hermitian operator.
In the definition of the path integral, one needs to specify a complete basis of field

configurations that will define the integration measure. It is natural to use the eigenstates of
the operator /D. Let {ψn} be a complete set of spinor eigenstates of /D,

/Dψn(x)= λnψn(x) (20.83)

where the eigenvalues are λn ∈R, and the eigenstates are complete and orthonormal,

∫
ddxψ†

n (x)ψm(x)= δn,m,
∑

n
ψ†

n (x)ψn(y)= δ(x− y) (20.84)

and the eigenstates are functions of the gauge field (since /D depends on the gauge field).
Then, we expand the fields in this basis,

ψ(x)=
∑

n
anψn(x), ψ̄(x)=

∑

n
bnψ†

n (x) (20.85)

where the coefficients {an} and {bn} are independent Grassmann numbers. The fermionic
integration measure is defined as

Dψ̄Dψ ≡
∏

n
dandbn (20.86)

Under a local chiral transformation

ψ(x) �→ψ ′n(x)= e−iα(x)γ5ψ(x), ψ̄(x) �→ ψ̄ ′n(x)= ψ̄(x)e−iα(x)γ5 (20.87)
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a linear transformation is induced on the coefficients {an} and {bn},

an �→ a′n=
∑

m
Cnmam, bn �→ b′n=

∑

m
Cnmbm (20.88)

where

Cnm=
∫

ddxψ†
n (x)e

−iα(x)γ5ψm(x) (20.89)

are numbers.
Since {γ5, /D}= 0, we can choose the statesψn(x) to be eigenstates of γ5 and have definite

chirality. Then, for each eigenvalue λn �= 0, there are two linearly independent states with
opposite chirality. In this representation, the measure of the coefficients {an} and {bn}
changes by a Jacobian factor

∏

n
da′n= (detC)−1

∏

n
dan (20.90)

and similarly for the bn coefficients. For an infinitesimal chiral transformation, the
Jacobian is

(detC)−1=
∏

n

[

1− i
∫

ddx α(x)
∑

n
ψ†

n (x)γ5ψn(x)

]

= exp

(

i
∫

ddxα(x)
∑

n
ψ†

n (x)γ5ψn(x)

)

(20.91)

Therefore, under an infinitesimal local chiral transformation, the fermionic measure
changes as

Dψ̄Dψ �→Dψ̄ ′Dψ ′ = exp

(

2iNf
∑

n
ψ†

n (x)γ5ψn(x)

)

(20.92)

where we have allowed for the possibility of having Nf flavors of fermions. If it is not equal
to 1, the exponential prefactor is the noninvariance of the measure.

The problem now reduces to the computation of the sums in the exponent of eq. (20.92).
However, this sum is ambiguous, and its definition requires a regulator. Define the sum to be

∑

n
ψ†

n (x)γ5ψn(x)= lim
ε→0+

∑

n
e−λ2nεψ†

n (x)γ5ψn(x) (20.93)

where a factor has been introduced in each term of the sum that damps out the contribution
of the eigenstates of /Dwith large eigenvalues. Notice that herewemade a choice to regularize
the sum using the spectrum of the gauge-invariant operator exp(− /D2

ε). This is the heat
kernel method used by Fujikawa. The detailed computation of the fermion determinants
using the ζ -function approach is found in Gamboa Saraví et al. (1984).

Atiyah and Singer proved a theorem, the Atiyah-Singer theorem, which relates the
computation of this sum to an index of the Dirac operator (Atiyah and Singer, 1968). We
will not go through the details of this proof, but simply quote the result of the sum inD= 2
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and D= 4 dimensions:
∑

n
ψ†

n (x)γ5ψn(x)= e
4π
εμνFμν , forU(1) inD= 2

∑

n
ψ†

n (x)γ5ψn(x)= 1
8π2 F

μνF∗μν , forU(1) inD= 2

∑

n
ψ†

n (x)γ5ψn(x)= e2

16π2 tr(F
μνF∗μν), for SU(N) inD= 4 (20.94)

Once again, the right-hand side of these equations involves the topological density of the
gauge field.

Let us integrate both sides of eq. (20.94) over all Euclidean spacetime. The key
observation now is that for the states with eigenvalues λn �= 0, the contributions of the two
degenerate chiral eigenstates cancel each other, and, consequently, only the states with zero
eigenvalue, λn= 0 (the “zero modes”), contribute to the sum. Then the result of the sum
is finite. Let n± be the number of zero modes with chirality ±1. Also, the integral of the
right-hand side yields the topological charge Q of the gauge field.

The Atiyah-Singer theorem states that ifD is an (elliptic) differential operator, andD† is
its adjoint, the index ID is

ID = dim ker(D)− dim ker(D†) (20.95)

where ker(D) denotes the subspace spanned by the kernel of the operatorD. Consider now
the quantity

ID(M2)=Tr
(

M2

D†D+M2

)
−Tr

(
M2

DD†+M2

)
(20.96)

AsM2→ 0, only the contribution of the zero eigenvalues ofD†D survives. The normalizable
zero eigenvalues of D†D (which are the same as those of D) each contribute 1 to this
expression. Likewise, the normalizable zero eigenvalues ofDD† (which are the eigenvalues
ofD†) each contribute−1. Therefore, we can write the index ofD as

ID = lim
M2→0

ID(M2) (20.97)

Then, it follows that the topological charge Q is equal to the index

n+ − n− =Q (20.98)

This result is actually general and also holds for non-abelian gauge theories. It implies that if
the gauge field has an instanton, say, withQ= 1, then there must be at least one zero mode.

20.7 The parity anomaly and Chern-Simons gauge theory

So far we have considered only even-dimensional spacetimes. On a spacetime of even
dimension D= 2n, the Dirac spinors have 2n components. Thus in 1+1 dimensions, they
are two-spinors, in 3+1 dimensions, they are four-spinors, and so forth. Similarly, in 1+1
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dimensions, the Dirac operator is a 2× 2 matrix-valued differential operator, and the Dirac
gammamatrices are 2× 2matrices that can be chosen to be real (in the Euclidean signature).
Likewise in 3+1 dimensions, the Dirac operator is a 4× 4 matrix, and the Dirac gamma
matrices can also be chosen to be real (again, in the Euclidean signature). In both cases,
there is a special matrix, γ5, which anticommutes with the Dirac operator. If γ5 does not
enter in the Dirac operator, then the theory is time-reversal (or CP) invariant.

Let us now consider the Dirac theory in 2+1 dimensions. The Dirac spinors are still
two-component, as they are in 1+1 dimensions. In the case of a single massive Dirac field,
the Lagrangian is

L= ψ̄(i /D−m)ψ (20.99)

where Dμ is the covariant derivative. Although this Lagrangian has the same form as in
even dimensional spacetimes, there is the fundamental difference that it involves all three
γμ Dirac gamma matrices (with μ= 0, 1, 2). In particular, the Dirac Hamiltonian

HD=α · p+βm (20.100)

involves the three Pauli matrices. However, the Hamiltonian is not real, since, for instance,
if we chose a representation such that α1= σ1, α2= σ3, then the mass term involves the
complex matrix β = σ2. Thus the Hamiltonian is not invariant under time reversal, which
will map it onto the complex conjugate and flip the sign of themass term. Likewise, we could
have chosen a representation in which α2= σ2. In that representation, complex conjugation
is equivalent to parity, defined as x1→ x1 and x2→−x2. In addition, there is no natural
definition of a γ5 matrix and there is no chirality.

These simple observations suggest that in a theory of massive Dirac fermions in 2+1
dimensions, parity (or time reversal) may be necessarily broken. We will now see that this
is a subtle question and that the physics depends on the regularization. Here too, we have a
choice of either making the theory gauge-invariant or parity (and time-reversal) invariant.

This phenomenon is known as the parity anomaly (Redlich, 1984a,b). It arises in the
computation of the effective action of the gauge field Aμ coupled to a theory of massive
Dirac fermions. If gauge invariance is preserved by the regularization, then the effective
action at low energies (low compared to the mass of the fermion) must be a sum of
locally gauge-invariant operators. In even-dimensional spacetimes, the operator with lowest
dimensions is the Maxwell term (or the Yang-Mills term in the non-abelian case). If
we define the covariant derivative as Dμ= ∂μ+ iAμ, then the gauge field carries units
of momentum (in all dimensions). Thus the Maxwell term (and the Yang-Mills term)
is an operator of dimension 4. If this operator appears from integrating out massive
fermions, then the prefactor of this effective action in D= 3 spacetime dimensions must
be proportional to 1/m, wherem is the mass of the Dirac field.

However, in 2+1 dimensions, there is a locally gauge-invariant term with dimension 3
that one can write. It is the Chern-Simons term (Deser et al., 1982a,b):

LCS= k
4π
εμνλAμ∂νAλ≡ 1

4π
A∧ dA (20.101)

in the abelian theory, and

LCS= k
8π

tr
(
εμνλAμ∂νAλ+ 2

3
εμνλAμAνAλ

)
≡ k

8π
tr

(
A∧ dA+ 2

3
A∧A∧A

)
(20.102)
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Figure 20.5 One-loop fermion diagram.

in the non-abelian theory. Here Aμ is in the algebra of a non-abelian simply connected
Lie group G. Here the Lagrangian has been written in a simpler form using the notation of
differential forms. (The factor of 1/2 difference in the prefactors of eqs. (20.101) and (20.102)
is due to the normalization of the traces in eq. (20.102).)

The Chern-Simons gauge theory has deep connections with topology, particularly with
the theory of knots (Witten, 1989), and it has many applications in physics (e.g., in the
physics of the quantum Hall effects; see Fradkin, 2013). We will discuss the Chern-Simons
theory in chapter 22. Since it is first order in derivatives and involves the Levi-Civita symbol,
the Chern-Simons action is locally gauge invariant, and it is odd under parity and time
reversal. In this sense, it is natural to consider it as an effective action for a theory with
broken parity and time reversal.

However, the Chern-Simons action is not gauge invariant if the spacetime manifold is
open (has an edge). But even if the spacetime manifold is closed (e.g., a three-sphere S3, a
three-torus), the action (or, rather, the weight in the path integral) is not invariant under
large gauge transformations, which wrap around the space manifold, unless the parameter
k is quantized: k∈Z.

Let us do a one-loop perturbative calculation of the effective action of the gauge fields
(Redlich, 1984b). In the abelian theory, this requires the computation of a Feynman diagram
with a single fermion internal loop and two gauge fields in the external legs (a polarization
bubble diagram), shown in figure 20.5. In the non-abelian theory, there is, in addition, a
triangle diagram with three external gauge fields and a single internal fermion loop.

Both the bubble and the triangle diagrams are UV divergent and require regularization.
Since we are after an anomalous contribution, we cannot use dimensional regulariza-
tion. Anomalies are dimension-specific, and dimensional regularization yields ambiguous
results, although ad hoc procedures have been devised to solve this problem. The most
commonly used regularization is Pauli-Villars. As we have already seen in section 13.7,
Pauli-Villars amounts to the introduction of a set of fields (fermions in this case) with very
large mass. This procedure will keep the theory gauge invariant, but there will be a finite
term that breaks parity (and time reversal)—the parity anomaly.

We only quote the result for the abelian bubble diagram, which is denoted by �μν(p).
Here pμ is the external momentum (of the gauge fields). The expression to be computed is

�μν(p)=
∫ d3q
(2π)3

tr
[
S
(
q+ p

2

)
γ μS

(
q− p

2

)
γ ν

]
(20.103)

where S(q) is the propagator of a Dirac fermion of massm.
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By power counting, this diagram is superficially linearly divergent as the UV regulator
�→∞. Lorentz invariance yields an expression of the form (again in Euclidean spacetime),

�μν(p)=�0(p2)gμν − iεμνλpλ�A(p2)+ (p2gμν − pμpν)�E(p2) (20.104)

where�0(p2) contains the linearly divergent contribution, and it is not gauge invariant. The
other two terms are finite and gauge invariant.

If we assume that the only effect of the Pauli-Villars regulators is to subtract the linearly
divergent (and parity-even) term, the low-energy limit (orwhat is the same for large fermion
mass, the gauge-invariant contribution) yields an effective action for the abelian gauge field
Aμ of the form (again in Euclidean spacetime)

Seff [A]= i
1
8π

sign(m)
∫

d3x εμνλAμ∂νAλ+ 1
4g2

∫
d3x F2

μν + · · · (20.105)

where g2= 1/(π |m|). Thus, we obtain a parity and time-reversal odd contribution (the
Chern-Simons term), and a parity and time-reversal even Maxwell term. Clearly these are
the first two terms of an expansion in powers of 1/m.

However, on closer examination, this well-established result has a problem. The
coefficient of the Chern-Simons term is (up to a sign) k= 1/2. This is a problem, since
on a closed manifold, invariance under large gauge transformations requires that it should
be an integer. Furthermore, this calculation predicts that this term should be present even in
the massless limit, where the theory should be time-reversal invariant, and with this term,
it is not.

The solution of this apparent conundrum lies in the fact that the Pauli-Villars regulator
is a heavy Dirac fermion, which has two contributions to the effective action. One is the
cancellation of the linearly divergent and non-gauge-invariant term in the polarization
tensor in eq. (20.104). However, it also has finite contributions. One of them is a Chern-
Simons term, of the same form as in eq. (20.105), also with coefficient 1/2 but also with a
sign ambiguity. Thus the total contribution to the coefficient of the Chern-Simons term is
either k= 0 or k=±1. In the first case, time-reversal invariance is preserved (and there is no
parity anomaly). In the second case, the coefficient is correctly quantized (and time-reversal
symmetry is broken), but the sign of k depends not just on the sign of the fermion mass but
also on the sign of the regulator mass.

More formally, in the massless case, let us write the fermion determinant as

det(i /D[A])= |det(i /D[A])| exp
(
−iπ

2
η[A]

)
(20.106)

where η[A] is the Atiyah-Patodi-Singer η-invariant,

η[A]=
∑

λk>0

1−
∑

λk<0

1 (20.107)

which is the regularized and gauge-invariant spectral asymmetry of the Dirac operator. In
this language, this contribution is often expressed as the U(1)−1/2 Chern-Simons action
(Alvarez-Gaumé et al., 1985).

A physically more intuitive way to reach the same result is to consider a theory in
which the Dirac fermions are defined on a spatial lattice. This is the setting appropriate



636 . Chapter 20

for investigating the quantum anomalous Hall effect. There is a theorem by Nielsen and
Ninomiya which states that it is not possible to have a local theory or chiral fermions on a
(any) lattice (and in any dimension). The upshot of this “fermion doubling” theorem is that
the number of Dirac fermionsmust be even. This theorem has been a longstanding obstacle
to nonperturbative studies of theories of weak interactions using lattice gauge-theory
methods (Nielsen and Ninomiya, 1981).

In 2+1 dimensions, the Nielsen-Ninomiya theorem implies that, at a minimum, there
should be two Dirac fermions. So, we see that if the mass of one fermion is much larger
than the mass of the other, then the “doubler” plays the role of the Pauli-Villars regulator.
The other relevant consideration is that the coefficient of the Chern-Simons term is the
same as the value of the Hall conductivity of the theory of fermions. In units of e2/h, the
Hall conductivity is given by a topological invariant of the occupied band of states of
the lattice model. This topological invariant is also equal to an integer, the first Chern
number, the nontrivial winding number of the Berry phase of the single-particle states on
the Brillouin zone.

20.8 Anomaly inflow

In the previous sections, we have discussed chiral anomalies in 1+1 and 3+1 dimensions
and the parity anomaly in 2+1 dimensions. We will now see that these anomalies are
related. The relation involves considering systems in different space dimensions, where
the lower dimensional system is defined on a topological defect of its higher dimensional
partner. These topological defects are vortices and domain walls. The connection between
anomalies in different dimensions in theories with topological defects is known as the
anomaly inflow.

We will see that, in the presence of topological defects, the anomalies of the theory
defined on the defect precisely match the anomalies of the theory in the larger system
(the “bulk”). The discussion here follows the general construction of the anomaly inflow
by Callan and Harvey (1985).

20.8.1 Axion strings

For the sake of concreteness, let us consider a theory in even (D= 4) dimensions with a γ 5

coupling to a stringlike topological defect, a vortex (or “axion string”). Assume that the
Dirac fermions are coupled through mass terms to a complex scalar field, ϕ=ϕ1+ iϕ2,
that has a vortex topological defect running along the x3 axis, shown in figure 20.6. The
Lagrangian in the vortex background is

L= ψ̄ i/∂ψ + ψ̄(ϕ1+ iγ 5ϕ2)ψ (20.108)

The vortex has the usual form ϕ= f (ρ) exp(iϑ), where ϑ is the phase of the complex scalar
field. Here we use cylindrical coordinates, with x1= ρ cosφ, and x2= ρ sinφ. The vortex
solution behaves at infinity as limρ→∞ f (ρ)=ϕ0, and it vanishes as ρ→ 0, where the vortex
has a singularity. In the asymptotic regime, the phase of a single vortexwithwinding number
N=+1 is ϑ =φ. The vortex singularity is an “axion string.”

We first show that, in the presence of the vortex, the Dirac operator has zero modes. Let
us rewrite γ 5= γ 0γ 1γ 2γ 3 as γ 5=�int�ext, where�int= iγ 0γ 1, and�ext= γ 2γ 3. Here,�int

is the γ 5 matrix of the (1+1)-dimensional world and measures the chirality of the modes
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Figure 20.6 The anomaly inflow in the axion string, the singularity of a vortex. In the presence of a
uniform electric field E parallel to the axion string, in the “bulk” three-dimensional world, there is a
Hall-like current flowing toward the string, and flows in the string, parallel to E. The direction of the
current on the string is determined by the sign of the vorticity.

of the Dirac equation on the string. Let ψ± be eigenfunctions of γ 5 with eigenvalue±1. In
this basis, the Dirac equation is

i/∂ intψ− + iγ 2(cosϕ+ i�ext sinϕ)∂ρψ− =f (ρ)eiϑψ+
i/∂ intψ+ + iγ 2(cosϕ+ i�ext sinϕ)∂ρψ+ =f (ρ)eiϑψ− (20.109)

The zero-mode solution is

ψ− = η(xint) exp
(
−

∫ ρ

0
dρ ′ f (ρ ′)

)
, whereψ+ =−iγ 2ψ− (20.110)

and the spinor η satisfies
i/∂ intη= 0, �intη=−η (20.111)

For the antivortex, with winding number N=−1, the phase field is ϑ =−φ, and the
fermion zero mode on the axion string is left-moving.

Hence, a massless chiral fermion is traveling along the string, and the direction of
propagation is determined by the axial charge of the fermion. Now, in the presence of an
external electromagnetic field Aμ, the chiral fermion has a gauge anomaly,

∂μJμ= 1
2π
εμν∂

μAν (20.112)

where now μ, ν= 0, 1. However, we saw that the anomaly of a chiral fermion, eq. (20.10),
means that in the presence of an electric field E parallel to the string, the gauge charge is not
conserved. Where is this charge coming from?

To see where this charge may be coming from, we need to consider the rest of the
spectrum of the Dirac operator (i.e., the nonzero modes). Thus we need to examine what
happens in the higher-dimensional bulk. This can be done using the method of Goldstone
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and Wilczek discussed in section 20.4 (see figure 20.3). In 3+1 dimensions, the result is

〈Jμ〉=−i e
16π2 εμνλρ

(ϕ∗∂νϕ−ϕ∂νϕ∗)
|ϕ|2 Fλρ (20.113)

Far from the vortex singularity, we can approximate ϕφ0 exp(iϑ(x)) to find

〈Jμ〉= e
8π2 εμνλρ∂

νϑ(x)Fλρ (20.114)

For a vortex running along the x3 axis, far from the singularity, we get ϑ(x)=φ. If the
background field is an electric field of magnitude E along the direction x3, the induced
current Jμ has only a radial component,

Jρ =− e
4π2ρ

E (20.115)

and it is pointing inward, toward the axion string, and is perpendicular to the applied electric
field. It is this inward component of the current that compensates for the anomaly on the
string. Moreover, using the singularity of the phase, (∂1∂2− ∂2∂1)ϑ(x1, x2)= 2πδ(x1)δ(x2),
we obtain

∂μ〈Jμ〉= e
4π
εabFabδ(x1)δ(x2) (20.116)

Hence, the current is conserved away from the singularity, and the nonconservation at the
string singularity is matched by the gauge anomaly on the string!

20.8.2 Domain wall in 2+1 dimensions

Now consider the effects of domain walls. We consider first a theory in 2+1 dimensions with
the Lagrangian

L= ψ̄ i/∂ψ + 1
2
(∂μφ)

2− gφψ̄ψ −U(φ) (20.117)

where ψ is a two-component Dirac fermion. Here φ is a real scalar field in its broken
symmetry state, and we write the interaction in the form U(φ)= λ

4! (φ
2
0 −φ2)2. Consider

a static domain wall, that is, a time-independent classical solution of the field φ that has a
kink (soliton) along the direction x2 and is constant along x1. Let φW(x2) denote the domain
wall.

As in the preceding section 20.8.1, we set �int= γ 0γ 1, and �ext= γ 2, and the Dirac
equation becomes

i/∂ intψ −�int∂2ψ = gφW(x2)ψ (20.118)

The zero mode is

ψ = η(xint) exp
(
−

∫ x2

0
dx′2 gφW(x2)

)
(20.119)

with
i/∂ intη= 0, and�intη= η (20.120)

This is a right-moving Dirac fermion along the wall.
In the broken symmetry state of the scalar field the fermions are massive, and their mass

is sign(x2) φ0. Hence, the sign of the mass term changes across the wall. The contribution
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of the fermions to the effective action of a gauge field Aμ, far from the location of the wall,
is

Seff =
∫

d3x
(1+ sign(x2))

8π
εμνλAμ∂νAλ (20.121)

where the integral extends over all of 2+1-dimensional spacetime, except for an infinitesimal
region surrounding the domain wall.

Under a gauge transformation, Aμ→Aμ+ ∂μ�, this action changes as

�Seff =
∫

d3x
1
8π
(1+ sign(x2))εμνλ∂μ� ∂νAλ

=− 1
2π

∫
d2x�(x)εμνFμν (20.122)

where an integration by parts has been done. This result cancels the gauge anomaly of the
chiral fermion in 1+1 dimensions, carried by the fermion zero modes on the wall. In the
theory of quantum Hall effects, these are the chiral edge states.

It is straightforward to see that a uniform electric field parallel to thewall induces a charge
current that flows toward the wall. But the electric field will induce a current along the wall,
by the pair-creationmechanism already discussed. In each sector, bulk and boundary, there
is a gauge anomaly, but these anomalies cancel each other, as we just saw.

20.8.3 Domain wall in 3+1 dimensions

Let us now discuss, briefly, the problem of Dirac fermions coupled to a domain wall in 3+1
dimensions. Physically, this problem arises in the behavior of three-dimensional topological
insulators (Boyanovsky et al., 1987; Qi et al., 2008), and as an approach in lattice gauge
theory to study theories of chiral fermions (Kaplan, 1992). The Lagrangian is

L= ψ̄ i/∂ψ + gϕ(x)ψ̄ψ (20.123)

Since we are in 3+1 dimensions, the fermions are the usual Dirac four-component spinors.
Here, ϕ(x) is a real scalar field. Assume that ϕ(x) is a static classical configuration with a
domain wall, that is, ϕ(x) depends only on x3: ϕ(x)=φ0 f (x3), where f (x3)→±1 as x3→
±∞, and φ0 is the vacuum expectation value of ϕ(x). Clearly, gϕ(x) plays the role of a Dirac
mass,m(x3), which varies from gφ0 to−gφ0.

The Dirac Hamiltonian has the standard form,

H=−iα ·�+m(x3)β (20.124)

where α and β are the Dirac matrices. The geometry of this problem suggests that we split
the Hamiltonian into on- and off-wall components, H=Hwall+H⊥, where

Hwall=−iα1∂1− iα2∂2, H⊥ =−iα3∂3+m(x3)β (20.125)

Let ψ± be an eigenstate of the antihermitian Dirac matrix γ3=βα3 with eigenvalues ±i,
respectively,

γ3ψ± =±iψ± (20.126)
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We seek a zero-mode solution H⊥ψ± = 0. Hence,

± ∂3ψ± +m(x3)ψ± = 0 (20.127)

and a solution of
(iγ0− iγ1∂1− iγ2∂2)ψ± = 0 (20.128)

In other words, ψ+ is a solution of a massless Dirac equation in 2+1 dimensions. The
requirement that ψ± is an eigenstate of γ3 reduces the number of spinor components from
four to two.

The solution of these equations has the form

ψ± = η±(x0, x1, x2) F±(x3), where ± ∂3F±(x3)=−m(x3)F±(x3) (20.129)

The solution F±(x3) is

F±(x3)= F(0) exp
(
∓

∫ x3

0
dx′3 m(x

′
3)

)
(20.130)

If the domain wall behaves like m(x3)→ gφ0 as x3→∞, then F+(x3) is the normalizable
solution. This behavior also implies that the spinor η±(x0, x1, x2) should be an eigenstate
of γ3 with eigenvalue+i. It then follows that the Dirac fermions on the (2+1)-dimensional
wall are massless (eq. (20.128)).

We conclude that the Dirac equation in 3+1 dimensions coupled to a domain-wall defect
has zero modes that behave as massless Dirac fermions in 2+1 dimensions confined to the
wall. Note that, if the Dirac fermions have, in addition to the Dirac mass m, a γ 5 mass m5,
the fermions of the (2+1)-dimensional world of the domain wall now have a mass equal to
m5. Therefore, we expect that the fermions on the wall should exhibit the parity anomaly
determined by the sign ofm5!

This question can be answered using, again, an extension of the Callan-Harvey
argument. Indeed, instead of coupling the fermions to a real scalar field, they will now be
coupled to a complex scalar field ϕ=ϕ1+ iϕ2, with the same coupling to the fermions as
in the case of the axion string, eq. (20.108), except that now we have a domain wall, with
gϕ1(x3)=m(x3) and gϕ2=m5. Once again, we can use the result of eq. (20.113), and infer
that there is a current Jμ induced by the coupling to the electromagnetic gauge field Aμ.
Indeed, since the θ angle is a slowly varying function of x3, an electric field parallel to the
wall induces a current also parallel to the wall and the electric field, a result reminiscent of
the Hall effect. Likewise, a magnetic field normal to the wall induces a charge on the wall.

In addition, since there is only one Dirac spinor on the wall, the effective action of the
gauge field on the wall is the same as predicted from the parity anomaly, with a coefficient
of 1/2 the quantized value. So, we seemingly find again the same difficulties.

However, the bulk effective action supplies, in this case, the requisite missing contribu-
tion. Hence, here too, the anomaly cancellation is nonlocal and involves the whole edge
and the bulk contributions. Indeed, the effective Lagrangian of the gauge field Aμ coupled
to a massive Dirac fermion with a γ 5 mass, as in eq. (20.108), has a “θ term” of the form
θ

ρπ2 F
∗
μνFμν , where θ→π as γ 5→ 0. We will discuss θ terms in section 20.9.

Thus, even in the abelian theory, whose gauge-field sector does not have instantons, the θ
terms have implications if the three-dimensional space of the (3+1)-dimensional spacetime



Anomalies in Quantum Field Theory . 641

� has a boundary ∂ω. Using the divergence theorem, one readily finds that the θ term of
the action integrates to the boundary, where it becomes (for θ =π)

Sboundary= 1
8π

∫

∂�×R

d3x εμνλAμ∂νAλ (20.131)

This is a Chern-Simons action with level k= 1/2. However, the effective action Dirac
fermion at the boundary is also a Chern-Simons gauge there with level k= 1/2. We have
already discussed that this result is incompatible with the requirement that the level k of the
Chern-Simons theory is an integer. We can now see that if the (2+1)-dimensional theory
is the boundary of a (3+1)-dimensional theory, the contribution of the bulk to the effective
action matches the parity anomaly of the boundary, leading to a consistent theory. This
result has important implications in the theory of topological insulators in 3+1 dimensions.

20.9 θ vacua

In this section, we investigate the role of the topological charge in several models of interest.
We do this by weighting different topological sectors of the configuration space by their
topological charge. In a theory defined in Euclidean spacetime, since the topological charge
Q is an integer, let us weight the configurations by a factor exp(iθQ), where θ is an angle in
the interval [0, 2π). Thus the partition function now depends on the parameter θ :

Z(θ)=
∫

D fields eS eiθQ (20.132)

The dependence of the partition function on the angle θ provides a direct way to assess the
role of instantons in the physical vacuum of the theory (Callan et al., 1976, 1978).

20.9.1 The Schwingermodel and θ vacua

The Schwinger model is the theory of quantum electrodynamics in 1+1 dimensions
(Schwinger, 1962). The Lagrangian of the Schwinger model is

L= ψ̄ i/∂ψ −mψ̄ψ − ψ̄γ μψAμ− 1
4e2

F2
μν −

θ

4π
εμνFμν (20.133)

Here we included the last term, proportional to the topological charge and parametrized by
the θ angle. In this theory, this term is equivalent to a Wilson loop of charge θ

2π on a closed
contour at the boundary of the two-dimensional spacetime. Therefore, it can be interpreted
as the effect of the uniform electric field E generated by two charges± θ

2π at±∞.
In 1962, Schwinger considered the massless theory (with θ = 0) and showed that the

spectrum is exhausted by a free massive scalar field, a boson of massmSchwinger= e√
π
. Recall

that in 1+1 dimensions, the QED coupling constant, the electric charge e, has units of
mass. The massless fermions of the Lagrangian are not present in the spectrum of physical,
gauge-invariant states. Schwinger further showed that the gauge fields became massive and
that their mass is that of the boson.

The world of 1+1 dimensions is quite restrictive and simple. Indeed, in 1+1 dimensions,
for obvious reasons, the gauge field does not have transverse components. When coupled
to a charged-matter field, it acquires a longitudinal component that is the same as the local
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charge fluctuations of thematter field. In particular, if thematter field is absent, theCoulomb
gauge condition ∂1A1= 0 is solved by A1= const. The confinement of charge-matter fields
is easily seen even classically. Indeed, in one spatial dimension, the electric field created by
a pair of static charges is necessarily uniform, and the Coulomb interaction grows linearly
with the separation R between the charges, V(R)=−qR. Therefore, at least at the classical
level, the static sources are confined.

Let us now look at the quantum version of the theory. The simplest way to analyze the
quantum theory is to use the method of bosonization, already discussed in section 20.3.
There we used bosonization to identify fermionic current (eq. (20.24)), the fermion
operators (eq. (20.43)), and the mass terms (eq. (20.47)). The bosonized version of the
Lagrangian of eq. (20.133) is

L= 1
2
(∂μφ)

2− g cos(
√
4πφ)+ 1√

π
εμν∂

νφAμ− 1
4e2

F2
μν −

θ

4π
εμνFμν (20.134)

where g∝m. Upon gauge fixing (e.g., the Feynman–’t Hooft gauges), we can integrate
out the gauge field and obtain the effective Lagrangian (Coleman et al., 1975; Kogut and
Susskind, 1975b):

L= 1
2
(∂μφ)

2− e2

2π
φ2− g cos(

√
4πφ+ θ) (20.135)

The parameter θ was originally introduced in the operator solution of the massless
Schwinger model to ensure consistency of the boundary conditions (Lowenstein and
Swieca, 1971). It was later given a physical interpretation in terms of the global degrees
of freedom of the gauge theory (i.e., as a background electric field; Kogut and Susskind,
1975b).

Let us discuss the massless case first (Lowenstein and Swieca, 1971; Casher et al., 1974;
Kogut and Susskind, 1975b). If the fermionmass is zero,m= 0, then the boson φ is massive,
and its mass squared is m2

Schwinger= e2/π . This is Schwinger’s result. After some simple
calculations, one can also show that the fermion propagator (in the Coulomb gauge) is zero.
Thus there are no fermions in the spectrum (or, more precisely, the fermions are confined).
But since the boson is massive, we see that the Dirac mass operator has a finite expectation
value, 〈ψ̄ψ〉= 〈cos(√4πφ〉 �= 0, since, up to weak Gaussian fluctuations, the boson φ is
pinned to the classical valueφc= 0. Therefore, the chiral symmetry is spontaneously broken.
In the massless case, the parameter θ is irrelevant in the sense that the vacuum energy is
independent of the value of θ . Vacua with different values of θ rotate into one another under
the action of the global chiral charge, Q5, without any energy cost.

Things are different if the fermions are massive (m �= 0). In this case, the cosine term in
the action of eq. (20.135) is now present. While here, too, the fermions are confined and the
scalar field φ is massive, there is a tension between the Schwinger mass term and the cosine
term. Although this theory is no longer trivially solvable, we see that the parameter θ will
change the vacuum energy. To lowest order in g, the vacuum energy density is a periodic
function of θ , ε(θ)= g cos θ . The physical interpretation is that, since the background
electric field is quantized in multiples of 2π , it will change abruptly at the value θ =π
(mod 2π).

20.9.2 θ vacua and theCP
N−1 model

Since the CP
N−1 model can be solved in the large-N limit (see section 17.3) and has

instantons for all values ofN, wemay ask: What role do instantons play in the large-N limit?
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Following the approach used in section 17.3, let us rescale the coupling constant g2→ g20/N.
In this limit, the bound for the Euclidean action is S≥ 2πN|Q|/g20 , and one would expect
that the instanton contribution should be O(exp(−cN)).

We address this problem by modifying the action of the CP
N−1 model by adding a term

proportional to the topological chargeQ of the field configuration. In Euclidean spacetime,
the partition function becomes (Witten, 1979b)

Z[θ ]=
∫

DzDz∗DAμ exp
(
− 1
g2

∫
d2x |(∂μ+ iAμ)za|2+ iθ Q

)
(20.136)

The contribution to the weight of the path integral of the term involving the angle θ can be
expressed as

exp(iθQ)= exp
(
i
θ

2π

∫

�

d2x εμν∂μAν
)
= exp

(
i
θ

2π

∮

∂�

dxμAμ
)

(20.137)

or, what is the same,
Z[θ ]
Z[0] =

〈
exp

(
i
θ

2π

∮

∂�

dxμAμ
) 〉

θ=0
(20.138)

Therefore, the addition of the term with the θ angle is equivalent to the computation of the
expectation value of the Wilson loop operator with a test charge q= θ/(2π) on a contour
∂� that encloses the full spacetime �. Thus, the θ term can be interpreted as the response
to a background electric field E= θ/(2π).

The presence of the θ term does not change the asymptotically free character of the
theory in the weak coupling regime. Indeed, its beta function predicts that under the RG,
the theory flows to strong coupling, a regime inaccessible to the perturbative RG. So other
approachesmust be used to study this regime. One nonperturbative approach is largeN and
the 1/N expansion.

Since Q∈Z, the parameter θ ∈ [0, 2π), and one expects the partition function (and the
free energy) to be a periodic function of the angle θ . Notice that since the weight of a
configuration is now a complex number, the theory is not invariant under time reversal,
or equivalent under CP, unless θ = 0,π mod (2π). Terms of this type often arise in theories
with Dirac fermions, due to the effects of quantum anomalies.

Since the topological charge Q is the integral of a total derivative, the saddle-point
equations of this theory are the same as in the theory with θ = 0. So the θ dependence
on physical quantities comes from quantum fluctuations. To leading order in the 1/N
expansion, the θ dependence of the ground-state energy density, ε0(θ) (i.e., the response
to the background electric field E), is computed by

ε0(θ)=− lim
L,T→∞

1
LT

ln
(
Z[θ ]
Z[0]

)
(20.139)

The result turns out to be a simple periodic function of θ (shown in figure 20.7),

ε0(θ)= 1
2

(
eeffθ
2π

)2
+O(1/N2), for |θ |<π (20.140)
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ε0(θ)

θ

Figure 20.7 Ground-state energy density of the CP
N−1 model in the large-N limit as a function of

the angle θ . It has cusps for θ , an odd-integer multiple of π , where there is a first-order transition and
CP is spontaneously broken.

and is periodically defined in other intervals. Here we defined

e2eff = 12π2M2

N
(20.141)

whereM2 is the square of the dynamically generated mass of the CP
N−1 model:

M=μ e−2π/g2R (20.142)

The fact that 0<ε0[θ ]<∞ implies that the test particles of (fractional) charge θ/(2π) are
confined.

The function ε0(θ) is a periodic quadratic function of θ with cusp singularities at odd
multiples of π . It has a smooth 1/N expansion, in clear contradiction with the expected
N-dependence from a naive instanton argument, which predicts a cos θ dependence. This
cusp implies a discontinuity (a jump) in the topological density, q=〈Q〉= ∂ε0

∂θ
, for θ an odd

multiple of π . Since 〈Q〉 �= 0 violates CP (or T) invariance, this symmetry is spontaneously
broken, at least in the large-N limit.

20.9.3 TheO(3) nonlinear sigmamodel and θ vacua

The CP
1 model is equivalent to the O(3) nonlinear sigma model. Its topological charge is

given by eq. (19.105), and the modified Euclidean action is now

S= 1
2g2

∫
d2x (∂μn)2+ i

θ

8π

∫

S2
d2x εμνn(x) · ∂μn(x)× ∂νn(x) (20.143)

In particular, the effective action of eq. (20.143) is the effective field theory of
one-dimensional spin-s quantumHeisenberg antiferromagnets, with θ = 2πs and g2∝ 1/s.
Hence, for large values of s, the theory is weakly coupled, and for small values of s is strongly
coupled (e.g., for s= 1/2). Since s can only be an integer or a half-integer, the value of θ is
either 0 (mod 2π) for s∈Z, or π (mod 2π) for s= 1/2 (mod Z).

The perturbative RG shows that the theory is asymptotically free at weak coupling
regardless of the value of θ . For integer s, where the θ term is absent, the coupling constant
g2 flows under the RG to strong coupling. But, for half-integer values of s, it has been shown
that the RG flows to a fixed point with a finite value of g2 and θ =π . Let us explore how this
works (Haldane, 1983; Affleck, 1986a; Affleck and Haldane, 1987).
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This nonperturbative result is known from a series of mappings between different mod-
els. The spin-1/2, one-dimensional Heisenberg quantum antiferromagnet is an integrable
system with a global SU(2) symmetry. It is solvable by the Bethe ansatz, and the entire
spectrum is known, as are (most of) its correlation functions. In particular, the scaling
dimensions of all local operators are known. At the isotropic point, the theory is massless
and conformally invariant at low energies. The massless excitations are fermionic solitons.
It is a conformal field theory, a subject that we discuss in chapter 21, with central charge
c= 1/2. In particular, the correlation functions of the (normalized) chiral SU(2) (spin)
currents J±(x) are known to decay as a power law:

〈J±(x)J±(y)〉= k/2
|x− y|2 (20.144)

In the case at hand, k= 1. The exponent of this power law implies that J± has scaling
dimension 1.

The Wess-Zumino-Witten (WZW) model is an SU(N) nonlinear sigma model in 1+1
dimensions with field g(x)∈ SU(N) (and g−1= g†). Thus its target space is the group
manifold G= SU(N). The Minkowski space action is

S[g]= 1
4λ2

∫

S2base
d2x tr

(
∂μg∂μg−1

)+ k
24π

∫

B
εμνλtr

(
g−1∂μg g−1∂νg g−1∂λg

)
(20.145)

The second term of this action is the WZW term. We will see in section 21.6.4 that the
level k must be an integer. Much as for other nonlinear sigma models, the WZW model
is asymptotically free at weak coupling, and the coupling constant runs to strong coupling
under the perturbative RG. However, by explicit computation, it has been shown that, if
k �= 0, the beta function has a zero, and the RG has an IR fixed point at a finite value of the
coupling constant:

λ2c =
4π
k

(20.146)

At this IR fixed point, the theory is conformally invariant. This conformal field theory (CFT)
is known as the SU(2)k Wess-Zumino-Witten (WZW) model with level k. We discuss this
CFT in chapter 21. The case of interest for the O(3) nonlinear sigma model is the SU(2)1
WZW theory.

The SU(2)1 WZW CFT has only one CP-invariant relevant perturbation, the operator
μ(trg)2. Forμ> 0, the theory flows in the IR to a fixed point with trg= 0, where g→ iσ · n,
with n2= 1. In this limit, the WZW term of the action becomes πQ[n], where Q[n] is the
topological charge of the nonlinear sigma model. Hence, in the IR, the theory flows to the
O(3) nonlinear sigma model of eq. (20.143) with θ =π . These arguments then imply that
the O(3) nonlinear sigma model with θ =π is at a nontrivial fixed point described by the
SU(2)1 WZW CFT.

However, for θ = 2πn (with n∈Z), the topological term in eq. (20.143) has no effect,
since for these values of θ , the topological term of the action is equal to an integer multiple
of 2π . Hence, for θ = 2πn, the theory flows to the massive phase (and CP-invariant phase)
described above. This is also the behavior found in spin chains where s is an integer.
Results from extensive (and highly accurate) numerical simulations of different quantum
spin chains (using the density matrix RG approach) are consistent with this picture.
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0
(a) (b)

∞
π 2π 0 π 2π

g2 g2

gc2

θ θ

Figure 20.8 Conjectured RG flows of the CP
N−1 model as a function of the coupling constant g2 and

of the angle θ . (a) The RG flow for N= 2 (the O(3) nonlinear sigma model) has a nontrivial finite IR
fixed point at (g2, θ)= (g2c ,π). (b) The RG flow in the large-N limit describes a first-order transition
at θ =π (mod 2π) and a spontaneous breaking of CP invariance.

In spite of much analytic and numerical work, what happens for general values ofN and
θ remains a matter of (educated) speculation. The currently accepted “best guess” for the
global RG flow is shown in figure 20.8. Figure 20.8a is the conjectured RG flow for N= 2
and shows a continuous phase transition at θ =π , controlled by the finite fixed point at
(g2c ,π). Figure 20.8b shows the (also conjectured) RG flow for N ≥ 2. It depicts the case of
a first-order transition controlled by a fixed point at (∞,π), where the correlation length
vanishes, and the mass diverges (a “discontinuity” fixed point).

Analytically, these flows have been derived by saturating the partition function of the
nonlinear sigma model with the instanton (and anti-instanton) contribution (Pruisken,
1985). As noted above, this is problematic, since the integration over instanton sizes is IR
divergent. The divergence is suppressed by means of an IR cutoff, which breaks the classical
scale invariance of the theory. In turn, this leads to an instanton contribution to the RG. The
result is suggestive, and predicts an RG flow of the type shown in figure 20.8. However, this
procedure is problematic in many ways. In particular, the θ term of the action is the total
instanton number and, in the absence of the IR regulator, it is insensitive to the effects of
local fluctuations. Thus, a priori, onewould not have expected that θ could be renormalized.

There is, however, numerical (Monte Carlo) evidence of a lattice version of the CP
N−1

model showing that, for N ≥ 3, as θ→π , the topological density remains finite but has
a jump at θ =π . However, for the CP

1 model, the topological susceptibility appears to
be divergent as θ→π , which is consistent with a continuous phase transition. But since
the Gibbs weight of a generic configuration is not a positive real number, the Monte Carlo
method converges poorly at low temperatures, leading to significant error bars in the results.
So these results cannot be regarded as definitive.

20.9.4 θ vacua in four-dimensional gauge theories

Returning to the problem of the Dirac fermions coupled to a background gauge field, whose
Lagrangian is given in eq. (20.82), we see that, at least at the formal level, we can integrate
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out the fermions. The partition function is

Z[A]=
∫

Dψ̄Dψ exp
(
−

∫
d4x ψ̄(i /D[A]+m)ψ

)
= det(i /D[A]+m) (20.147)

The chiral anomaly implies that the low-energy effective action of the gauge field, in an
expansion in powers of 1/m, must contain an extra term in addition to the Maxwell term:

Seff [A]=−tr ln(i /D[A]+m)= i
θ

32π2

∫
d4x εμνλρFμνFνλ+ 1

4e2

∫
d4x FμνFμν (20.148)

where θ =π for a single flavor of fermions. A similar result is found in the non-abelian case.
Although in four-dimensional gauge theory the θ term is a total derivative (and as such it

does not affect the equations of motion), it has profound implications. In non-abelian gauge
theories, such as a Yang-Mills, the axial anomaly has far-reaching consequences.

The θ term has strong implications in non-abelian theories, since these theories have
instantons. ’t Hooft has shown that in an SU(2) Yang-Mills theory with Nf doublets of
massless Dirac fermions, the chiral anomaly of the U(1) current j5μ is the analogous
expression

∂μj5μ=−
Nf g2

8π2 tr(F
μνF∗μν) (20.149)

However, the integral of this expression on the right-hand side over all (Euclidean) four-
dimensional spacetime is proportional to the instanton numberQ (the Pontryagin index of
eq. (19.183)) of the configuration of gauge fields. The total change of the axial charge,�Q5,
due to the instanton is (’t Hooft, 1976b)

�Q5= 2NfQ (20.150)

This result implies that in a theory of this type, the axial symmetry is broken explicitly, and
nonperturbatively, by instantons.

Even the abelian U(1) theory is interesting. The Dirac quantization condition requires
that the flux Fμν across an arbitrary closed surface of four-dimensional Euclidean spacetime
be an integer multiple of 2π . This condition, in turn, requires that the weight of the path
integral be a periodic function of θ with period 2π . Let us define the complex quantity

τ = θ

2π
+ i

4π
g2

(20.151)

The partition function is a function of τ . Periodicity in θ→ θ + 2π means that the partition
function (on a manifold with Euclidean signature) is invariant under the transformation
T : τ→ τ + 1. Witten has shown that in addition, and quite generally, there is an S duality
transformation, S : τ→−1/τ , under which the partition function transforms simply. More
concretely, the transformations S and T do not commute with each other, and they
generate the infinite group of modular transformations SL(2,Z). More precisely, the 2× 2
integer-valued matrices are elements of a subgroup �⊆ SL(2,Z),

(
a b
c d

)
∈� (20.152)
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such that, under a modular transformation in �, a function of the complex variable F(τ )
transforms as

F
(
aτ + b
cτ + d

)
= (cτ + d)u(cτ̄ + d)vF(τ ) (20.153)

where τ̄ is the complex conjugate of τ , and the exponents u and v depend on topological
invariants of the manifold (such as the Euler characteristic). Depending on the manifold,
the partition function may be invariant under SL(2,Z) or may transform irreducibly as in
the above transformation law.

Another example is a theory of two bosons φI (with I= 1, 2) in two dimensions, each
satisfying the compactification conditions φI φI + 2π . Therefore, the field (φ1,φ2) is a
mapping of the base manifold, which we will take to be the two-torus T2, to its target
manifold, which is also a two torus T2. These mappings are classified by the homotopy
group π2(T2)=Z. We now consider the (Euclidean) action

S=
∫

d2x
1

4πg2
[(∂μφ1)2+ (∂μφ2)2]+ i

B
4π

∫
d2xεIJεμν∂μφI∂νφJ (20.154)

Actions of this type are often considered in toroidal compactifications of (closed) string
theory. It is easy to see that the second term is the analog of the θ angle term discussed
above (see eq. (20.148)). Indeed, the last term of eq. (20.154) is equal to 2π iBQ, where
Q∈Z is the topological charge of the field configuration (φ1,φ2). As a result, the partition
function is a periodic function of B with period 1. It turns out that it is also invariant
under the same duality transformation asMaxwell’s theory, and hence is invariant under the
extended SL(2,Z) modular symmetry (Cardy and Rabinovici, 1982; Cardy, 1982; Shapere
and Wilczek, 1989). As demonstrated in exercise 20.2, this structure leads to a complex
phase diagram in which electric-magnetic composites condense. In the four-dimensional
case, the composite objects are magnetic monopoles with electric charges, called dyons
(Witten, 1979a).

Exercises

20.1 Fermion zero modes of a vortex.
In this exercise, consider a theory of a Dirac fermion coupled to a complex scalar
field with a vortex (Jackiw and Rossi, 1981;Weinberg, 1981). The Lagrangian of this
problem is

L= ψ̄ i /D(A)ψ − i
g
2
φψ̄ψ c+ i

g
2
φ∗ψ̄ cψ

HereDμ(A)= i∂μ− qAμ is the covariant derivative, andψ c is the charge conjugate
ψ c

i =Cijψ̄j, where C is the charge conjugation matrix. Assume that the vortex
has topological charge n and has azimuthal symmetry with the z axis. Under
these conditions, the problem can be reduced to the study of the Dirac equation
in 2+1 dimensions. Work in the representation in which the Dirac fermion is a
two-component spinor and the Dirac matrices are given in terms of Pauli matrices:
γ0= σ3, γ1= iσ2, and γ2=−iσ1. The complex scalar field and the gauge field
configurations are, in polar coordinates r= (r cosϕ, r sinϕ),

φ(r)= f (r)einϕ , qA(r)=−eϕA(r)
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where e2ϕ = 1, and q= 2e is the charge of the complex scalar field (e.g., a supercon-
ducting order-parameter field). The functions f (r) and A(r) obey the asymptotic
conditions for a vortex:

f (r)∼ f0r|n| as r→ 0, lim
r→∞ f (r)= f∞

lim
r→0

A(r)= 0,A(r)∼−n
r
as r→∞

so that the magnetic flux of the vortex is

−1
2

∫
d2x εijFij=

∮

�

dr ·A(r)= 2π
n
2e

The precise form of the functions f (r) and A(r) will not be needed.

1) Consider first the theory without a vortex (A= 0). Find the spectrum of
single-particle states, and show the fermions have a mass μ= gf (∞). Show
that the Dirac Hamiltonian anticommutes with γ0= σ3 and that it induces a
symmetry in the spectrum of states. Find the relation between the spinors for
positive and negative energy states.

2) Consider now the case of a vortex with vorticity n=+1. Show that in this case,
the Dirac equation has a single solution with zero energy, E= 0 (a zero mode).
Find the exact form of the eigenspinor. Show that the zero-mode solution is real
and is an eigenstate of σ3. Howdoes the solution change for a vortexwith n=−1?

3) Now consider the general case of a vortex with topological charge n> 0. Show
that the zero modes can be chosen to be eigenstates of σ3, and that, in Cartesian
coordinates, the equation of the zero modes takes the form

D
(
u
v

)
= 0

where
D= (−∂1+ iτ2∂2)+ e(−A2− iτ2A1)+ g(−φ1τ3−φ2τ1)

Here the spinor eigenstate of σ3 is written in terms of two real functions, ψ =
u+ iv , the complex field is φ=φ1+ iφ1, and τi (i= 1, 2, 3) are the three Pauli
matrices. Use eq. (20.97) to find the index of the operator D, and show that the
index is equal to n, the topological charge of the vortex.

20.2 Physical effects of the θ angle
In this exercise, you will consider the classical statistical mechanicalZN model with
a θ angle on a square lattice (Cardy and Rabinovici, 1982; Cardy, 1982; Shapere
and Wilczek, 1989). Assume periodic boundary conditions. A ZN model is a spin
system with N states whose degrees of freedom have the form of a clock with N
hours. Consider a doubled model, in which ZN clock degrees of freedom appear
both on the sites of the square lattice and on the sites of the dual (square) lattice.
Use methods similar to the duality transformation discussed in section 19.9 in the
context of the two-dimensional classical XY model.

The model is defined as follows. Let ϕ(r)∈R and ϕ(R)∈R be two real fields
defined on the square lattice of sites {r} and on the dual (also square) lattice of sites
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{R}, respectively. Also define an integer-valued variable sμ1 ∈Z on each link of the
direct lattice and sμ2 ∈Z on each link of the dual lattice (notice that the two types
of links intersect). In addition, define an integer-valued variable na ∈Z on the sites
of the direct and of the dual lattice. The partition function of the model is (Cardy
and Rabinovici, 1982; Cardy, 1982)

ZN(g, θ)=Tr exp
(
− 1

2g2
∑

μ,a
(�μϕa− 2πsμa)2+ iN

∑

a
naϕa

+ i
Nθ
32π2

∑
εμνεab(�μϕa− 2πsμa)(�νϕb− 2πsνb)

)

Here, Tr denotes the sums and integrals over all local degrees of freedom. Also we
have omitted the sums over the sites of both the direct and the dual lattices.

1) Show that this model is invariant under the following local symmetries: ϕa→
ϕa+ 2πpa, and sμa→ sμa+�μpa (on each link). This proves that the fields ϕa
are periodic with period 2π , and hence, that the target space is a two-torus T2.

2) Use the duality transformations introduced in section 19.9 to show that this
theory has two types of vortices with integer topological charges ma (each on
the dual and on the direct lattice, respectively), and that (up to an irrelevant
prefactor) the partition function is a generalized two-dimensional Coulomb gas
of the form

ZN(g2, θ)=Tr exp(−S[{ma}, {na}; g, θ ])
where

S[{ma}, {na}; g, θ ]=

= π
g2

[ ∑

R �=R′
m1(R)m1(R′) ln(|R−R′|)+

∑

r �=r′
m2(r)m2(r′) ln(|r− r′|)

]

+ Ng2

4π

[ ∑

r �=r′

(
n1(r)+ θ

2π
m2(r)

)(
n1(r′)+ θ

2π
m2(r′)

)
ln(|r− r′|)

+
∑

R �=R′

(
n2(R)+ θ

2π
m1(R)

)(
n2(R′)+ θ

2π
m1(R′)

)
ln(|R−R′|)

]

+ iN
∑

r,R
(m1(R)n1(R)−m2(r)n2(R)) (r−R)

− 1
8
N2g2

[
∑

r
n1(r)2+

∑

R
n2(R)2

]

− π
2

2g2

[
∑

R
m1(R)2+

∑

r
m2(r)2

]

where  (r−R) is the angle subtended by the sites r and R with respect to
an (arbitrary) fixed direction. In this form, we have a Coulomb gas of electric
charges na and magnetic charges ma. This shows that the effect of the θ angle is
to make dyons: composites of electric and magnetic charges.

3) Show that the partition function of the generalized Coulomb gas is a a periodic
function of the θ angle with period 2π .
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4) Show that this generalized Coulomb gas has a dual under the exchange of electric
charges with magnetic charges such that the action transforms as follows:

S[{ma}, {na}; g, θ ]= S[{na}, {−ma}; g′, θ ′]

where

g′2= g2/(π2N2)

(2π2/g2)2+ (Nθ/2)2 , θ ′ =− π2N2θ

(2π2/g2)2+ (Nθ/2)2

Hint: This result can be derived using the Poisson summation formula, eq.
(19.218).

5) Show that, in terms of the complex quantity z,

z= 2π
Ng2
+ i

θ

2π

the electric-magnetic duality transformation,m→ n and n→−m, reduces to

z′ = 1
z

6) Denote the duality transformation by S and the periodicity of the θ angle by T .
Show that S2= 1 and that S and T do not commute. Also show that an arbitrary
sequence of S and T is equivalent to the SL(2,Z) transformation

z′ = az+ b
cz+ d

, ad �= bc

where a, b, c, and d are arbitrary integers.
7) Use a generalization of the Kosterlitz-Thouless energy-entropy argument dis-

cussed in section 19.9 to show that a state without electric and magnetic charges
(i.e., with na=ma= 0) is unstable to the proliferation of dyons of electric charge
n and magnetic chargem if the following inequality is satisfied:

2πm2

Ng2
+ Ng2

2π

(
n+ θ

2π
m

)2
<

4
N2
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Conformal Field Theory

21.1 Scale and conformal invariance in field theory

In chapter 15, we looked at explicit constructions of RG transformations using ideas largely
inspired by the theory of phase transitions. As anticipated, the key concept is that of a
fixed point. In particular, we identified a class of fixed points at which the physical length
scale, the correlation length, diverges. From the point of view of QFT, these are the fixed
points of interest, since their vicinity defines a continuum QFT. Notice that, for example,
in eq. (15.88), the UV cutoff a enters only to provide the necessary units to the correlation
length. But aside from that, in this limit the UV regulator essentially disappears from the
theory.

In this sense, the fixed points associated with continuous phase transitions express the
behavior of the theory in the IR, whereas the fixed points that have vanishing correlation
lengths define the phases of the theory and are controlled by the behavior of the theory in
the UV. Thus, in one phase, the QFT is represented as an RG flow from the UV to the IR
in that as a coupling constant is varied, the correlation length grows from its microscopic
definition to a behavior largely independent of the microscopic physics.

In this section, we discuss general properties of scale-invariant theories. As such, these
theories must be defined as QFTs at a fixed point with a divergent correlation length
(representing some continuous phase transition), at which the theory is scale and rota-
tionally invariant (or Lorentz invariant in the Minkowski signature). From a “microscopic”
point of view, scale and conformal invariance are emergent symmetries of the fixed-point
theory.

A general result (Polchinski, 1988) shows that, under most circumstances, scale-
invariant theories have a much larger symmetry: conformal invariance. The general frame-
work for such theories is known as conformal field theory (CFT). This approach allows us
to describe not only the CFT but also deformed CFTs by the action of relevant operators.
(Polyakov, 1974).

Scale invariance alone implies that observables in this theory should obey scaling. Hence,
they should transform irreducibly under scale transformations, dilatations of the form
x′ = λx. Thus, expectation values of a physical observable F(x) must transform homoge-
neously under dilatations as F(λx)= λkF(x), where k is called the degree of the homo-
geneous function. Scale transformations are a subgroup of more general transformations
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known as conformal transformations. Conformal transformations are coordinate trans-
formations that preserve the angles (i.e., scalar products) between vectors in a space (or
spacetime).

Several excellent treatments of CFT in the literature have inspired the presentation of the
topic in this book. Modern general approaches to CFT are the 2015 TASI lectures by David
Simmons-Duffin (2017), the 1988 Les Houches Summer School lectures by Paul Ginsparg
(1989) on applied CFT, and the lectures by John Cardy (1996) on conformal invariance and
statistical mechanics. Other excellent presentations are found in the book Conformal Field
Theory by Philippe Di Francesco, Paul Mathieu, and David Sénéchal (Di Francesco et al.,
1997), and in the two-volume book String Theory, by Joseph Polchinski (1998).

21.2 The conformal group inD dimensions

In this section, we discuss the general consequences of conformal invariance in a field
theory (Ginsparg, 1989; Simmons-Duffin, 2017). Consider a local field theory in a flat
D-dimensional spacetime, which will be regarded as R

D. The flat metric will be gμν = ημν ,
with signature (p, q). The line element is, as usual,

ds2= gμνdxμdxν (21.1)

The change of the metric tensor under a change of coordinates xμ �→ x′μ is

gμν �→ g′μν(x
′)= ∂xα

∂x′μ
∂xβ

∂x′ν
gαβ(x) (21.2)

Conformal transformations are a subgroup of diffeomorphisms (i.e., differentiable coordi-
nate transformations) that leave the metric tensor invariant up to a local change of scale,
that is,

g′μν(x
′)=�(x)gμν(x) (21.3)

where�(x) is the conformal factor. In this case, if vμ and wμ are two vectors whose scalar
product is v ·w= gμνvμwν , then the quantity

v ·w
√|v |2|w|2 (21.4)

is invariant under conformal transformations, which, therefore, preserve angles. Here
|v |2= gμνvμv ν is the normof the vector vμ (an example is shown in figure 21.1). Conformal
transformations form a group, known as the conformal group. The Poincaré group,
consisting of spacetime translations and Lorentz transformations, is a subgroup of the
conformal group.

Let us first look at the generators of infinitesimal conformal transformations. Under an
infinitesimal transformation, xμ �→ x′μ= xμ+ εμ, the line element transforms as

ds2 �→ ds2+ (∂μεν + ∂νεμ
)
dxμdxν (21.5)
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(a) (b)
Figure 21.1 A conformal mapping transforms Cartesian coordinates (a) into curvilinear coordinates
(b) while preserving angles.

For this mapping to be conformal, we require that

∂μεν + ∂νεμ= 2
D
∂ · ε ημν (21.6)

which implies that for an infinitesimal conformal transformation, the conformal factor
�(x) is

�(x)= 1+ 2
D
∂ · ε (21.7)

Eq. (21.6) implies that ∂ · ε is the solution of the partial differential equation

(
ημν∂

2+ (D− 2)∂μ∂ν
)
(∂ · ε)= 0 (21.8)

The case D= 2 is special (and especially important). For D= 2 and for the Euclidean
signature, ημν = δμν , eq. (21.6) implies that the components of εμ satisfy

∂1ε2= ∂2ε1, ∂2ε1=−∂1ε2 (21.9)

In other words, the vector field εμ satisfies the Cauchy-Riemann equations. Moreover, the
function f (x1, x2)= ε1+ iε2 is an analytic function of the coordinates. This feature has
powerful implications for the special case of D= 2 and will be discussed separately.

Returning to the general case D> 2, eq. (21.8) implies that third derivatives of ε must
vanish and, hence, it can have at most a quadratic dependence on the coordinates xμ. In
general, we have three cases:

1) Zeroth-order in xμ: εμ= aμ, which represents translations.
2) Linear in xμ: We have two choices, (a) εμ=ωμνxν , which represents an infinites-

imal rotation (or a Lorentz transformation in the Minkowski signature), and (b)
εμ= λxμ, which represents an infinitesimal scale transformation.

3) Quadratic order in xμ: εμ= bμx2− 2xμb · x (or x′μ
x′2 =

xμ
x2 + bμ), which represents

an infinitesimal special conformal transformation.
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The infinitesimal generators of conformal transformations are

aμ∂μ, (p+ q) translations, (21.10)

ωμνxν∂μ,
1
2
(p+ q+ 1)(p+ q− 1) rotations, (21.11)

λxμ∂μ, one scale transformation, (21.12)

bμ(x2∂μ− 2xμxν∂ν), (p+ q) special conformal transformations. (21.13)

The total number of generators is 1
2 (p+ q+ 1)(p+ q+ 2). This algebra is isomorphic to the

algebra of the group SO(p+ 1, q+ 1).
Finite conformal transformations are

1) Translations: x′μ= xμ+ aμ (which has�= 1).
2) Rotations: x′μ=μνxν , with∈ SO(p, q) (also with�= 1).
3) Scale transformations: x′μ= λxν (with�= λ−2).
4) Special conformal transformations: x′μ= (xμ+ bμx2)/(1+ 2b · x+ b2x2) (with
�= (1+ 2b · x+ b2x2)2).

In D= p+ q dimensions, the Jacobian J of a conformal transformation is

J=
∣∣∣
∂x′

∂x

∣∣∣= (detg′μν)−1/2=�−D/2 (21.14)

Translations and rotations have J= 1, dilatations have J= λD, and special conformal
transformations have J= (1+ 2b · x+ b2x2)−D.

21.3 The energy-momentum tensor and conformal invariance

In section 3.8, we discussed the role of the energy-momentum tensor Tμν in the context
of classical field theory and, equivalently, the stress tensor in classical Euclidean field
theory. We will now see that its counterpart in QFT plays a prominent role in the
presence of conformal invariance. In section 3.10, we showed that the energy-momentum
tensor can be viewed as the response to an infinitesimal change of the metric (see
eq. (3.198)). Furthermore, we showed that in a Poincaré-invariant theory (i.e., invariant
under translations and Lorentz transformations), the energy-momentum tensor is locally
conserved (i.e., ∂μTμν = 0) and can always be made symmetric: Tμν =Tνμ.

The associated Noether charge of the energy-momentum tensor is the total linear
momentum 4-vector Pμ, which in chapter 3 is defined as the integral of Tμν on a
constant-time hypersurface. However, since Tμν is conserved, the quantity defined by the
surface integral on any closed hypersurface� (the boundary of a region�),

Pν[�]=−
∫

�

dSμTμν (21.15)

does not change under smooth changes of the shape of the boundary � or even the size of
the enclosed region. This holds provided that no operators are inserted in the bulk of� (or
become included in� as� changes).
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At the quantum level, the classical conservation law is replaced by the (conformal)Ward
identity

∂μ

〈
Tμν(x)O1(x1) · · ·ON(xN)

〉
=−

N∑

j=1
δ(x− xj)∂νj

〈
O1(x1) · · ·ON(xN)

〉
(21.16)

where {Oj(x)} is an arbitrary set of local operators. Let�(x1) be a simply connected region
of spacetime (which we will take to be Euclidean and flat), and let �(x1) be its boundary,
which encloses only the operator O(x1) but not any of the other operators involved in the
expectation values of eq. (21.16). Then the divergence theorem applied to the left-hand side
of eq. (21.16) says that

∫

�(x1)
dDx ∂μ

〈
Tμν(x)O1(x1) · · ·ON(xN)

〉
=

=
∫

�(x1)
dSμ

〈
Tμν(x)O1(x1) · · ·ON(xN)

〉

=−
〈
Pν[�(x1)]O1(x1) · · ·ON(xN)

〉
(21.17)

Performing the same computation on the right-hand side of eq. (21.16), we obtain

−
∫

�(x1)
dDx

N∑

j=1
δ(x− xj)∂νj

〈
O1(x1) · · ·ON(xN)

〉
=

=− ∂νx1
〈
O1(x1) · · ·ON(xN)

〉
(21.18)

Therefore, 〈
Pν[�(x1)]O1(x1) · · ·ON(xN)

〉
= ∂νx1

〈
O1(x1) · · ·ON(xN)

〉
(21.19)

In the operator language the expectation value of a product of operators is interpreted as
the vacuum expectation value of the time-ordered product of the operators. We can now
consider two oppositely oriented surfaces �1 and �2 at two different times t1 and t2, and
the region � whose boundary consists of both surfaces. If only one operator (say, at x1) is
included in �, it is clear that we can always deform the region to a ball centered about x1.
Conversely, we can deform the simply connected region into the shell just described. Then,
using the fact that�1 and�2 are oppositely oriented, the right-hand side of eq. (21.19) can
be rewritten as

〈
(Pμ[�2]−Pμ[�1])O(x) · · ·

〉
=〈0|T {[Pμ,O(x)] · · · } |0〉 (21.20)

where T denotes the Euclidean imaginary time-ordered product. Hence, we can make the
operator identification

[Pμ,O(x)]= ∂μO(x) (21.21)

(a factor of i is missing, since we are in the Euclidean signature).
Section 21.2 showed that if a theory is conformally invariant, it has more symmetries

in addition to translation invariance. Thus, rotational (or Lorentz) invariance implies
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the existence of a conserved angular momentum tensor Mμν , which at the classical
level is

Mμν =−
∫

�

dSρ(xμTνρ − xνTμρ) (21.22)

At the quantum level, the action of Mμν on a local operator Oa(0) at the origin causes it
to transform as an irreducible representation of SO(d) (here a labels the representation of
SO(d), again using the Euclidean signature). Thus,

[
Mμν ,Oa(0)

]= [Sμν
]a
b Ob(0) (21.23)

where a, b are the indices of the SO(d) representation, and the matrix Sμν obeys the same
algebra asMμν and acts on an operator at a general location x as

[
Mμν ,O(x)

]= [xμ∂ν − xν∂μ+Sμν
]O(x) (21.24)

Likewise, the generator of infinitesimal dilatations is expressed in terms of the dilatation
operator

D=−
∫

�

dSμxνTμν (21.25)

and the conserved dilatation current jμD is

jμD= xνTμν (21.26)

An operator O(0) that transforms irreducibly under dilatations is an eigen-operator of D,
that is,

[D,O(0)]=�O(0) (21.27)

where the eigenvalue � is the scaling dimension (or dimension) of the operator, a quantity
that we encountered in chapter 15. We also have the Ward identity:

[D,O(x)]= (xμ∂ν +�)O(x) (21.28)

Similarly, the generator of infinitesimal special conformal transformations is given by

Kμ=−
∫

�

dSρ
(
2xμxνTνρ − x2Tμρ

)
(21.29)

The operators D and Kμ generate symmetries (and are conserved), provided the energy-
momentum tensor is traceless,

Tμμ = 0 (21.30)
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The operators Pμ,Mμν , D, and Kμ satisfy the conformal algebra

[
Mμν ,Pρ

]= δνρPμ− δμρPν (21.31)
[
Mμν ,Kρ

]= δnuρKμ− δμρKν (21.32)
[
Mμν ,Mρσ

]= δνρMμσ − δμρMνσ + δνσMρμ− δμσMρν (21.33)
[
D,Pμ

]= Pμ (21.34)
[
D,Kμ

]=−Kμ (21.35)
[
Kμ,Pν

]= 2δμνD− 2Mμν (21.36)

Finally, we note two more Ward identities. The first involves rotations (and Lorentz
transformations) and the symmetry of the energy-momentum tensor,

∂μ

〈(
Tμν(x)xρ −Tμρ(x)xν

)
O1(x1) · · ·ON(xN)

〉
=

=
N∑

i=1
δ(x− xi)

[(
xμi ∂

ρ
i − xρi ∂

ν
i +Sνρ

)〈
O1(x1) · · ·ON(xN)

〉]
(21.37)

which, using the conformal Ward identity of eq. (21.16), becomes

〈(
Tμν(x)−Tνμ(x)

)
O1(x1) · · ·ON(xN)

〉
=

=−
∑

i
δ(x− xi)Sμνi

〈
O1(x1) · · ·ON(xN)

〉
(21.38)

Hence, the energy-momentum tensor as a local operator is generally symmetric away from
other operator insertions.

The other Ward identity involves the dilatation current, jμD, and it is given by

∂ν

〈
Tμν (x)x

νO1(x1) · · ·ON(xN)
〉
=

=−
∑

i
δ(x− xi)

(
xνi ∂

i
ν +�i

)〈
O1(x1) · · ·ON(xN)

〉
(21.39)

Using eq. (21.16) once again, we obtain

〈
Tμμ(x)O1(x1) · · ·ON(xN)

〉
=−

∑

i
δ(x− xi)�i

〈
O1(x1) · · ·ON(xN)

〉
(21.40)

Thus, the symmetry of the energy-momentum tensor holds in expectation values away
from operator insertions. It also implies that at the quantum level, the trace of the
energy-momentum tensor is the generator of scale transformations. Hence, as an operator,
we have [

Tμμ ,Oi(0)
]
=�iOi(0) (21.41)
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from which it follows that, as an operator, the trace of the energy-momentum tensor must
be the same as the divergence of the dilatation current,

Tμμ = ∂μjμD (21.42)

Therefore, scale invariance requires the energy-momentum tensor to be traceless.

21.4 General consequences of conformal invariance

Let us consider now a theory that is invariant under the action of the generators of the
conformal group, eqs. (21.31)–(21.36). Thus, the vacuum state |0〉 is, by definition, anni-
hilated by all the generators.

Consider now the consequences for the two-point function of two operatorsOi andOj,

Fij(x, y)=〈Oi(xi)Oj(xj)〉= 〈0|T
(Oi(xi)Oj(xj)

) |0〉 (21.43)

Translation and rotation invariance imply that it must depend only on the distance:
F(xi, xj)= F(|xi− xj|).

To examine the behavior under scale transformations of operators of a theory with
conformal invariance, we use the condition that the vacuum must be scale invariant:

D|0〉= 0 (21.44)

Then, we must also have

0=〈0| [D,Oi(xi)Oj(xj)
] |0〉

= 〈0| ([D,Oi(xi)]Oj(xj)+Oi(xi)
[
D,Oj(xj)

]) |0〉
=
(
xμi ∂

i
μ+�i+ xμj ∂

j
μ+�j

)
〈0|Oi(xi)Oj(xj)|0〉 (21.45)

The solution of this equation shows that the correlator obeys a power law

Fij(xi− xj)= C
|xi− xj|�i+�j

(21.46)

where C is an arbitrary constant.
In addition, the action of special conformal transformations, whose infinitesimal

generators are the operators Kμ, further restricts the form of the two-point functions
of primary operators to obey an “orthogonality condition” to vanish unless the scaling
dimensions are equal (see eq. (15.96)):

〈O1(x1)O2(x2)〉=
⎧
⎨

⎩

C12

|x1− x2|2� , if�1=�2=�
0, otherwise

(21.47)

Let us now turn to the three-point function of primary operators. Invariance under
translations and rotations, and covariance under dilatations, require that the three-point
functions of primary operators must have the form
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〈
O1(x1)O2(x2)O3(x3)

〉
=
∑

a,b,c

Cabc

|x1− x2|a|x2− x3|b|x3− x1|c (21.48)

where the sum is restricted to values of a, b, and c such that a+ b+ c=�1+�2+
�3. However, covariance under special conformal transformations implies the additional
restriction that a=�1+�2−�3, b=�2+�3−�1, and c=�3+�1−�2. Therefore,
the three-point function must have the general form (Polyakov, 1970) (see eq. (15.97))

〈
O1(x1)O2(x2)O3(x3)

〉
=

= C123

|x1− x2|�1+�2−�3 |x2− x3|�2+�3−�1 |x3− x1|�3+�1−�2
(21.49)

where C123 is a so-far undetermined constant. In fact, if the operators are normalized such
that the coefficient of the two-point function C12= 1, then the coefficients C123 of the
three-point function must be universal numbers. We have used these results in sections
15.3 and 15.4, where we introduced the RG and the operator product expansion (OPE).

Finally, let us consider the implications of conformal invariance for N-point functions,
with N ≥ 4. Here the behavior is more complex. For instance, in the case of the four-point
function, the general behavior, already presented in eq. (15.98), also depends on the cross
ratios

〈O1(x1)O2(x2)O3(x3)O4(x4)〉= F
(
r12r34
r13r24

,
r12r34
r23r41

) ∏

i<j
r−(�i+�j)+�/3
ij (21.50)

where �=∑4
i=1�i, and rij= |xi− xj|. Again, once the two-point function is normalized

as before, the prefactor is a universal function of the two cross ratios.
In summary, conformal invariance of the theory restricts the form of the correlation

functions and reveals that there are some quantities (such as the scaling dimensions, the
coefficient of the three-point functions, and the functions of the cross ratios) that are
not determined, unless additional conditions are imposed. We will see that by imposing
unitarity (or, equivalently, reflection positivity) and some additional symmetries, we can in
some cases fully determine these quantities. This approach yields powerful results in two
dimensions (discussed below), and to some extent in three dimensions (which we will not
discuss here).

In a physically sensible theory, the correlators must obey cluster decomposition and
must decay at long distances. Thus the scaling dimensions of the operators, �i, must be
nonnegative real numbers (i.e.,�i≥ 0 for all operators). In addition, using the commutation
relation of eq. (21.35), we find

DKμO(0)=
([
D,Kμ

]+KμD
)O(0)= (�− 1)KμO(0) (21.51)

In other words, the operator Kμ lowers the scaling dimension of an operator O. Hence, if
we act repeatedly with the operatorsKμ on an operatorO, one obtains operators of the form
Kμ1 · · ·KμNO, which can have an arbitrarily low dimension. Since the allowed dimensions
must be nonnegative, the theory must have a special class of operators such that

[
Kμ,O(0)

]= 0 (21.52)
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Away from the origin, at a finite location x, the action of Kμ generalizes to

[
Kμ,O

]= (2xμxν∂ν − x2∂μ+ 2xμ�− 2xνSμν
)O(x) (21.53)

Operators that obey eq. (21.52) (i.e., are invariant under special conformal transforma-
tions) are called primary fields. Then, given a primary operatorO of scaling dimension�,
we can construct an (in principle) infinite tower of descendant operators Pμ1 · · · PμNO(0),
of increasing dimension,�+N, since the action of one momentum operator increases the
dimension of the operatorO by 1. Hence, the scaling dimensions� of the primary operators
play the role of quantum numbers of representations of the conformal group, and they label
an infinite tower of descendant operators.

We now state the axioms that a conformal field theory must satisfy.

1) The vacuum state |0〉 of the theory must be invariant under conformal transfor-
mation.

2) The theory has a set of primary operators (or fields) that satisfy:

i) They are eigenoperators of the dilatation operator D with eigenvalue�.
ii) They are eigenoperators of the angular momentum operator Mμν with eigen-

value Sμν .
iii) They commute with the operator Kμ.

3) Under a conformal transformation, scalar (spinless) primary fields transform as

Oj(x) �→
∣∣
∣∣
∂x′

∂x

∣∣
∣∣

�j/D
Oj(x′) (21.54)

where, as before (cf. eq. (21.14))

∣∣∣
∣
∂x′

∂x

∣∣∣
∣=�−D/2 (21.55)

is the Jacobian of the conformal transformation with scale factor�.
4) The theory is covariant under conformal transformations in the sense that the

correlators of the primary fields satisfy

〈O1(x1) · · ·ON(xN)〉=
∣∣
∣∣
∂x′

∂x

∣∣
∣∣

�1/D

x=x1
· · ·
∣∣
∣∣
∂x′

∂x

∣∣
∣∣

�N/D

x=xN
〈O1(x′1) · · ·ON(x′N)〉 (21.56)

5) The correlators must obey unitarity or, equivalently in a Euclidean theory, must
satisfy reflection positivity.

6) All other fields in the theory can be expressed as linear combinations of primary
fields and their descendants.

These axioms extend to the case of operators with spin, such as currents. One such
example is the energy-momentum tensor, which in dimensions D> 2 is a primary field
with scaling dimensionD. Wewill see shortly that in two dimensions, it obeys an anomalous
algebra and is no longer a primary field.
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21.5 Conformal field theory in two dimensions

We now turn to CFT in two dimensions. This case has been studied in greater detail, and
it is better understood than the D-dimensional case. It has many physical applications.
Originally it was developed to formulate perturbative string theory. It also has direct
application toQFTs in 1+1 dimensions and to two-dimensional classical critical phenomena
(Belavin et al., 1984; Friedan et al., 1984; Ginsparg, 1989).

21.5.1 Classical conformal invariance in two dimensions

Let us consider theories in two-dimensional flat Euclidean spacetime. Eq. (21.9) shows
that two-dimensional conformal transformations εμ obey the Cauchy-Riemann equations.
Hence, the conformal transformations are analytic (or anti-analytic) functions. Let us write
the Euclidean coordinates as complex coordinates z= x1+ ix2, z ∈C. Define also

∂z= 1
2
(∂1− i∂2) , ∂z̄= 1

2
(∂1+ i∂2) (21.57)

such that
∂zz= 1, ∂z̄ z̄= 1, ∂zz̄= 0, ∂z̄z= 0 (21.58)

In what follows, we use the notation ∂z= ∂ and ∂z̄= ∂̄ .
For a general vector field v a (a= 1, 2), we can also define the complex components

v z= v 1+ iv 2, v z̄= v 1− iv 2, vz= 1
2
(
v 1− iv 2) , vz̄= 1

2
(
v 1+ iv 2) (21.59)

InCartesian indices (1, 2), the Euclideanmetric is the identity, gab= δab, whereas in complex
coordinates, the metric tensor is

gzz̄= gz̄z= 1
2
, gzz= gz̄z̄= 0, gzz̄= gz̄z= 2, gzz= gz̄z̄= 0 (21.60)

It is natural to write the conformal transformations as ε(z)= ε1+ iε2 and ε̄(z̄)= ε1− iε2.
Two-dimensional conformal transformations are the analytic (and anti-analytic) coordinate
transformations

z �→ f (z), z̄ �→ f̄ (z̄) (21.61)

under which the Euclidean interval transforms as

ds2= dzdz̄ �→
∣∣
∣
∂f
∂z

∣∣
∣
2
dzdz̄ (21.62)

and the Jacobian is

�=
∣∣∣
∂f
∂z

∣∣∣
2

(21.63)

A natural basis for conformal transformations are the functions εn= zn+1 and ε̄n=
−z̄n+1 (with n∈Z). The infinitesimal generators of two-dimensional classical conformal
transformations are

�n=−zn+1∂z, �̄n=−z̄n+1∂z̄ (n∈Z) (21.64)
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which obey the classical local algebra

[�n, �m]= (n−m)�n+m,
[
�̄n, �̄m

]= (n−m)�n+m (21.65)

We will see shortly that at the quantum level, this algebra is corrected to include a key new
term, the conformal anomaly. Hence, we have two independent algebras. Thus, at the formal
level, z and z̄ are independent variables, and hence we work not just with complex functions
but with those on C

2. We will need to project onto the physical subspace in which z̄= z∗.
The classical conformal algebra, eq. (21.65), is called local, since the generators are not

all well defined on the Riemann sphere, S2=C
⋃∞. Holomorphic (analytic) conformal

transformations are generated by vector fields v(z),

v(z)=
∑

n∈Z
anzn+1∂z (21.66)

Such vector fields are generally singular as z→ 0. The only exceptions are conformal
transformations generated by �−1, �0, �1, and �̄−1, �̄0, �̄1. From their definitions, we see that
�−1 and �̄−1 generate translations, �0+ �̄0 generates dilatations (i.e., translations on the
radial polar coordinate r), i(�0− �̄0) generates rotations (i.e., translations on the angular
polar coordinate θ), and �1 and �̄−1 are the generators of special conformal transformations.
The finite form of these transformations is

z �→ az+ b
cz+ d

, z̄= āz̄+ b̄
c̄z̄+ d̄

(21.67)

where a, b, c, d∈C and ad− bc= 1. This is the group SL(2,C)/Z2 (this quotient says that
the transformation is unaffected by a change in sign of a, b, c, d). These are the only globally
well-defined conformal transformations and the only ones that also exist in dimensions
D> 2.

Since the transformations generated by �−1, �0, �1 and �̄−1, �̄0, �̄1 are globallywell defined,
we will work in the basis of their eigenstates. Thus, we consider the eigenstates of �0 and �̄0,
and denote their eigenvalues, known as the conformal weights, by the real numbers h and
h̄ (not the complex conjugate). Since �0+ �̄0 generates dilatations and i(�0− �̄0) generates
rotations, the scaling dimension� and the spin s are given by�= h+ h̄ and s= h− h̄.

21.5.2 Quantization

Let us now turn to the quantum theory, workingwith Euclidean coordinates, whereσ 1 labels
space and σ 0 labels imaginary time. Assume that the space coordinate is finite and periodic.
Hence, identify σ 1∼= σ 1+ 2π , while the imaginary time coordinate σ 0 can take any real
value, positive or negative. In other words, the Euclidean spacetime has been compactified
to an infinitely long cylinder of circumference 2π , as shown in figure 21.2a. Let ζ = σ 2+ iσ 1

be the coordinates on the cylinder, and consider the conformal mapping to the plane with
coordinates z= x1+ ix2,

z= exp ζ = exp
(
σ 0+ iσ 1) (21.68)

whichmaps the cylinder with coordinates ζ to the complex plane with coordinates z. Notice
that the infinite past on the cylinder, σ 0→−∞, maps to the origin, z= 0, on the plane,
and that the infinite future on the cylinder, σ 0→+∞, maps to the point of infinity, z→∞,
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(a)

σ0

σ1

r
θ

(b)
Figure 21.2 A conformal mapping transforms the cylinder to the plane.

on the complex plane. Equal-time surfaces on the cylinder, σ 0= constant, map to a circle
of constant radius on the z plane.

To develop a quantum theory, we need the operators that implement conformal trans-
formations on the plane. Thus, a dilatation z �→ exp(a+ z) on the plane is a time translation
on the cylinder, σ 0 �→ σ 0+ a. Therefore, the dilatation generator can be regarded as
the Hamiltonian H of the system. In other words, on the cylinder, we have a Hilbert
space of states on an imaginary time surface, σ 0= constant. On the plane, the Hilbert
space is defined on circles of constant radii, which relate to each other by the action of
the dilatation operator D. Likewise, the linear momentum P on the cylinder becomes the
generator of rotations on the plane. For obvious reasons, this way of defining the quantum
theory is known as radial quantization (Friedan et al., 1984).

As we have seen in chapter 3, symmetry generators are constructed by Noether’s
prescription. Thus, given a conserved current jμ, the conserved charge Q is obtained as
the integral of the time component of the current on a fixed time surface. The associated
symmetry transformations act on a field O as δεO= ε [Q,O]. Here we are interested in
coordinate transformations generated by the energy-momentum tensor Tμν . As before,
conformal invariance requires that the energy-momentum tensor be conserved, ∂μTμν , and
traceless, Tμμ = 0, as operators acting on the Hilbert space.

It will be convenient to have the components of Tμν in complex coordinates:

T≡Tzz = 1
4
(T00− 2iT10−T11)

T̄≡Tz̄z̄= 1
4
(T00+ 2iT10−T11)

Tμμ ≡�=T00+T11= 4Tzz̄= 4Tz̄z (21.69)

So, in general, the tensor has three components, T, T̄, and�. The local conservation of the
energy-momentum tensor yields the conditions

∂̄T+ 1
4
∂�= 0, ∂T̄+ 1

4
∂̄�= 0 (21.70)

Conformal invariance requires that the energy-momentum tensor be traceless:�= 0. Then
the conservation laws simply become
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∂̄T= 0, and ∂T̄(z̄)= 0 (21.71)

Therefore, the remaining nonvanishing components of Tμν satisfy

T(z)≡Tzz(z), T̄(z̄)=Tz̄z̄ (21.72)

and are, respectively, holomorphic (analytic) and antiholomorphic (anti-analytic). We will
see that this property means that expectation values of physical observables factorize into
analytic and anti-analytic components. In the Minkowski spacetime signature, they are
referred to as the right- and left-moving (or chiral and antichiral) components of the fields.

Given an infinitesimal conformal transformation ε(z), the conserved charge Q is

Q(ε, ε̄)= 1
2π i

∮

C(r)

(
dzT(z)ε(z)+ T̄(z̄)ε̄(z̄)

)
(21.73)

whereC(r) is a circle of radius r centered at the origin, z= 0. The variation of a field�(u, ū)
is the equal-time commutator with the charge

δε,ε̄�(u, ū)= 1
2π i

∮

C(r)
[dzT(z)ε(z),�(u, ū)]+ [dzT̄(z̄)ε̄(z̄),�(u, ū)] (21.74)

A primary field�(z, z̄) transforms under a local conformal transformation as

�(z, z̄) �→
(
∂f
∂z

)h
(
∂ f̄
∂ z̄

)h̄

�(f (z), f̄ (z̄)) (21.75)

where h and h̄ are the conformal weights. For an infinitesimal transformation, this should be

δε,ε̄�(z, z̄)=
(
(h∂ε+ ε∂)+ (h̄∂̄ ε̄+ ε̄∂̄))�(z, z̄) (21.76)

Since equal-time surfaces on the cylinder map onto circles of fixed radius on the complex
plane, let us introduce the concept of the radially ordered product (analogous to a time-
ordered product) for two bosonic operators A(z) and B(w):

R(A(z)B(w))=
{
A(z)B(w), if |z|> |w|,
B(w)A(z), if |z|< |w|

(21.77)

(with a minus sign for fermions). Then, the equal-time commutator is the contour integral
of the radially ordered product, shown in figure 21.3,

δε,ε̄�(u, ū)=
1
2π i

(∮

|z|>|u|
−
∮

|u|>|z|

)
(
dzε(z)R(T(z),�(u, ū))+ dz̄ε̄(z̄)R(T̄(z̄)�(u, ū))

)

= 1
2π i

∮ (
dzε(z)R(T(z)�(u, ū))+ dz̄ε̄(z̄)R(T̄(z̄)�(u, ū))

)

= h∂ε(u)�(u, ū)+ ε(u)∂�(u, ū)+ h̄∂̄ ε̄(ū)�(u, ū) (21.78)
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− =

Figure 21.3 Computation of an equal-time commutation relation.

where we imposed consistency with eq. (21.76). This implies that for the last two lines of
eq. (21.78) to be consistent with each other, the product of T(z) and T̄(z) with �(u, ū)
should have short-distance singularities and obey the OPEs

T(z)�(u, ū)= h
(z− u)2

�(u, ū)+ 1
z− u

∂u�(u, ū)+ · · ·

T̄(z̄)�(u, ū)= h̄
(z̄− ū)2

�(u, ū)+ 1
z̄− ū

∂ū�(u, ū)+ · · · (21.79)

In other words, a field �(z, z̄) is a primary field if it has an OPE with the holomorphic
T and antiholomorphic T̄ components of the energy-momentum tensor of the form of
eq. (21.79). Here, the ellipsis represents nonsingular contributions, which drop out of the
contour integrals, and hence from the commutators. Eq. (21.79) has to be understood as an
operator identity. A more precise way to state this requirement is the following conformal
Ward identity:

〈
T(z)O1(u1, ū1) · · ·ON(uN , ūN)

〉

=
N∑

j=1

( hj
(z− uj)2

+ 1
z− uj

∂j

)〈
O1(u1, ū1) · · ·ON(uN , ūN)

〉
(21.80)

This identity requires that the correlation functions be meromorphic functions of z with
singularities at the positions of the operators.

In a two-dimensional CFT, the correlator of two primary fields has the form

〈Oi(z, z̄)Oj(u, ū)〉= δij 1
(z− u)2hi(z̄− ū)2h̄i

(21.81)

As we have already seen in section 15.4, the primary fields obey an algebra known as the
operator product expansion (OPE) which has the form

lim
z→u,z̄→ū

Oi(z, z̄)Oj(u, ū)=
∑

k

Cijk

(z− u)hi+hj−hk(z̄− ū)h̄i+h̄j−h̄k
Ok(u, ū) (21.82)

Consider now an N-point function of primary fields. As before, in addition to power laws
determined by the conformal dimensions of the fields, a general correlator is determined
by a scaling function of the fields. The OPE then implies that the N-point function can be
written as a sum of products of three-point functions, known as conformal blocks. Consider
now fusing pairs of primary fields. Since the choice of which pair of fields is being fused
is arbitrary, the algebra encoded by the OPE—the fusion algebra—must be associative.
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Figure 21.4 The OPE algebra: (a) Fusion of two primary fields. (b) Consistency condition for the
fusion algebra.

This requirement leads to a set of consistency conditions for the OPE, which, in turn,
implies constraints on the correlators of the CFT, shown in figure 21.4. These consistency
conditions, known as crossing and unitarity symmetries, impose severe constraints on the
explicit forms of the conformal blocks, which, in specific CFTs, are stringent enough to
determine these functions completely.

21.5.3 The Virasoro algebra

In section 21.5.2, weworked out the formof theOPEbetween the energy-momentum tensor
and a primary field. All operators (or fields) in the theory can be classified into families, each
labeled by a primary field. The other members of each family are called the descendants of
the primary. In this sense, the primary field is the highest weight of the representation.

However, we have not said anything about the energy-momentum tensor and its OPE
with itself. We know that in dimensions D> 2, the energy-momentum tensor is a primary
field. However, this is not the case in D= 2 dimensions, where the energy-momentum
tensor T(z) is holomorphic and has dimension 2. Thus, it must have conformal weight
(h, h̄)= (2, 0). By performing two conformal transformations in sequence, we see that the
OPE of the energy-momentum tensor with itself must have the following form:

T(z)T(u)= c/2
(z− u)4

+ 2
(z− u)2

T(u)+ 1
z− u

∂T(u) (21.83)

The first term, proportional to the identity field, is allowed by analyticity, Bose symmetry,
and scale invariance. The coefficient c is known as the central charge of the CFT.

In left-moving (light-cone) coordinates, x−, of Minkowski spacetime, the Virasoro
algebra is

− i[T(x−),T(x′−)]= δ(x− − x′−)∂−T(x−)− 2∂−δδ(x− − x′−)+
c

24π
∂3−δ(x− − x′−)

(21.84)

The last termon the right-hand side of the algebra, a Schwinger term, is the central extension
of the Virasoro algebra. In this case, it is an anomaly of the trace of the energy-momentum
tensor.

The OPE implies that the correlator of the energy-momentum tensor must be

〈T(z)T(u)〉= c/2
(z− u)4

(21.85)
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For T̄, we have instead

T̄(z̄)T̄(ū)= c̄/2
(z̄− ū)4

+ 2
(z̄− ū)2

T(u)+ 1
z̄− ū

∂T(u) (21.86)

and the correlator is instead
〈T̄(z̄)T̄(ū)〉= c̄/2

(z̄− ū)4
(21.87)

In principle, the central charges c and c̄ can be different. If that is the case, then the CFT
is chiral. If an additional symmetry, called modular invariance, is imposed, then the two
central charges must be equal, c= c̄. This condition follows from the requirement that
the gravitational anomaly cancels, and it is usually required. However, there are physical
systems, such as the edge states of the fractional quantum Hall fluids, which are chiral
theories, and this condition is violated. This is possible since in that case, these states cannot
exist by themselves but only as boundaries of a higher-dimensional system.

Equation (21.83) implies that under an infinitesimal conformal transformation, ε(z), the
energy momentum tensor changes as

δεT(z)= ε(z)∂T(z)+ 2∂ε(z)T(z)+ c
12
∂3ε(z) (21.88)

For a conformal finite transformation z �→ z′ = f (z), the energy-momentum tensor trans-
forms as

T′(z′)= (f ′(z))2T(z′)+ c
12
{z′; z} (21.89)

and similarly for T̄ (upon replacing c→ c̄). Here f ′(z)= df
dz , and {u; z} is the Schwartzian

derivative

{z′; z}= f ′′′f ′ − 3
2 f
′′2

f ′2
(21.90)

The second term in the transformation of eq. (21.89) is known as the conformal anomaly.
It is an anomaly in the sense that it is absent in the classical theory, where the energy
momentum-tensor transformshomogeneously (with rank 2), as shown in the first termof the
transformation. For this reason, in a two-dimensional CFT, the energy-momentum tensor
is not a primary field. The conformal anomaly is a quantum effect that violates the naive
homogeneous transformation law.

It is useful to write the Laurent expansion of the energy-momentum tensor

T(z)=
∑

n∈Z

Ln
zn+2

, T̄(z̄)=
∑

n∈Z

L̄n
z̄n+2

(21.91)

in terms of the operators Ln and L̄n (the “modes”), which have scaling dimension n that
satisfies the hermiticity condition:

L†
n= L−n (21.92)

The series expansion of eq. (21.91) can be inverted using contour integrals

Ln= 1
2π i

∮

C
dz zn+1T(z), L̄n= 1

2π i

∮

C
dz̄ z̄n+1T̄(z̄) (21.93)

where there are no other operator insertions inside these contours.
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The commutation relations for the operators Ln (and similarly for L̄n) are obtained using
the OPE for the energy-momentum tensor. The result is

[Ln, Lm]= (n−m)Ln+m+ c
12
(n3− n)δn+m,0 (21.94)

This is the Virasoro algebra. Similarly, for the mode expansion of T̄, we get

[L̄n, L̄m]= (n−m)L̄n+m+ c̄
12
(n3− n)δn+m,0 (21.95)

Finally, since the OPEs of T(z) and T̄(z̄) have no singularities, the generators of the two
Virasoro algebras must commute:

[Ln, L̄m]= 0 (21.96)

The algebra of eq. (21.94), the Virasoro algebra, differs from the classical conformal
algebra of eq. (21.65) by the conformal anomaly term, the term proportional to the identity
operator on the right-hand side of eq. (21.94). This term is known as the central extension
of the Virasoro algebra. As we will see, in QFT it arises as a Schwinger term that reflects the
short-distance singularities of the theory.

The central extension is absent ifn= 0,±1, forwhich the operatorsL0, L1, andL−1 satisfy
a closed subalgebra without a central extension:

[L1, L−1]= 2L0, [L±1, L0]=±L±1 (21.97)

These operators generate the global conformal group SL(2,C).
The action of the Virasoro generators on the primary fields is derived from eq. (21.79),

[Ln,O] = zn+1∂O+ h(n+ 1)znO

[L̄n,O] = z̄n+1∂̄O+ h̄(n+ 1)z̄nO (21.98)

where, as before,�= h+ h̄ is the scaling dimension, and s= h− h̄ is the spin.
For a theory quantized on a cylinder (see figure 21.2a) the operator H= L0+ L̄0

is regarded as the quantum Hamiltonian, and P= L0− L̄0 is the linear momentum.
But for radial quantization (see figure 21.2b), L0+ L̄0 is the dilatation operator of the
Euclidean theory, and L0− L̄0 is the angular momentum. Let |0〉 be the vacuum state of
a two-dimensional CFT, defined as the state with the lowest (zero) eigenvalue of L0

L0|0〉= L̄0|0〉= 0 (21.99)

The lowering operators of L0 (L̄0) are L−n (L̄−n) with n> 0.
Just as in the theory of angular momentum, a state annihilated by the lowering operators

is said to be a highest-weight state. The vacuum is a highest-weight state, because it
has the lowest eigenvalue of L0+ L̄0. Similarly, the state O|0〉 is an eigenstate of L0 (L̄0)
with eigenvalue h (h̄) and is also a highest-weight state. Given a highest-weight state, a
tower of states (in principle infinite), the descendants, is constructed by acting on the
highest-weight state with lowering operators. The space of states of a CFT is then a sum
of irreducible representations of the algebra of the L and L̄ each generated from a highest-
weight state,

O|0〉≡ |h, h̄〉 (21.100)
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resulting from the action of a primary field on the vacuum state. The L0 and L̄0 eigenvalues
of the highest-weight state are, respectively,

L0O|0〉= hO|0〉, L̄0O|0〉= h̄O|0〉 (21.101)

A representation of the Virasoro algebra is built from the highest-weight state by the action
of the lowering operators, L−n (with n≥ 1). A state is in the nth level if the L0 eigenvalue
is h+ n. The nth level is spanned by the states L−k1 · · · L−knO|0〉, with k1≥ · · · ≥ kn≥ 0
and

∑
j kj= n. There are P(n) such states, where P(n) is the number of ways of writing n

as a sum of positive integers (partitions). The higher-level states correspond to operators
of increasingly higher dimensions obtained by applying products of energy-momentum
tensors to the highest-weight state.

In summary, a two-dimensional CFT is characterized by the following data: the central
charge c, the conformal weights h of the primary fieldsO, and the coefficients of the OPEs
of the primary fields (i.e., their fusion rules). We discuss below how this works in a few
examples of two-dimensional CFTs of interest. However, several questions arise. One is
whether there are additional constraints, aside from conformal invariance, that restrict (or
even specify) which two-dimensional CFTs are allowed.

One constraint, natural from the point of view of QFT, is unitarity (or its Euclidean
version, reflection positivity). This is a powerful constraint. Note that there are many
examples of systems in classical statistical mechanics that are conformally invariant but not
unitary. So far as what we have discussed is concerned, the number of primariesmay well be
infinite. It is natural to ask whether there are constraints that will restrict the primaries to a
finite number. Such theories are known as rational CFTs. Another way to further restrict the
CFTs is to impose the condition that the theorymay also have global continuous symmetries
and the associated conserved currents. In this case, the algebra of the currents, generally
known as a Kac-Moody algebra, combined with the Virasoro algebra, provides a framework
to construct CFTs.

21.5.4 Physical meaning of the central charge

The central charge plays a crucial role in a two-dimensional CFT. We will now see that it
has a direct physical meaning (Affleck, 1986b; Blöte et al., 1986).

Let Z be the partition function of the theory, which we will regard as either a QFT in
D= 2 Euclidean spacetime or a classical statistical mechanical system inD= 2 dimensions.
The free energy of the system is F=− lnZ. Consider a system of linear size L. Then, in a
local theory, we expect the system to have a well-defined thermodynamic limit, L→∞. In
this limit, the free energy can be expressed in terms of finite densities as

F= f0L2+BL+ · · · (21.102)

The coefficient of the leading term, f0, is the free-energy density. It is independent of the
boundary conditions and in general, it is not universal. The second term is also generally
not universal and it appears if the system has a boundary. Among the correction terms is
a term O(L0), which, as we will see, is universal if the system has no boundaries (i.e., it is
defined on a sphere, a torus, or the like) and is conformally invariant.

To understand the origin of these universal corrections, consider (for simplicity) the
case of a CFT on a manifoldM without boundaries. Such a manifold is in general curved.
Under a global infinitesimal dilatation, xμ �→ (1+ ε)xμ, the action changes by an amount
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determined by the trace of the energy-momentum tensor,�,

δS=− ε

2π

∫

M
�(x)√gd2x (21.103)

where gμν is the metric of the manifoldM, and g=
∣∣∣ det gμν

∣∣∣ is the determinant. The factor
of 1/(2π) is introduced for later convenience.

In the RG, the total partition function must be invariant under such a rescaling. Thus it
must be true that

Z= exp(−F(L))= exp(−F(L+ δL)−〈δS〉) (21.104)

so that the change in the free energy is the negative of 〈δS〉. Therefore,

L
∂F
∂L
= 1

2π

∫

M
〈�〉√gd2x (21.105)

We have seen that conformal invariance implies that the energy-momentum tensor is
traceless,�= 0. This is true only in flat spacetime. If themanifoldM has a scalar curvature,
then there is a scale, and the energy-momentum tensor is not traceless. The expectation
value of the trace of the energy-momentum tensor is derived by considering aweakly curved
system. Such an infinitesimal coordinate transformation is represented by the infinitesimal
change in the metric δgμν = ∂νεμ+ ∂μεν , so that the change in the action is

δS=− 1
4π

∫
Tμνδgμνd2x (21.106)

However, this expression also applies to changes in the metric due to changes in the geo-
metry, not just to coordinate changes. Thus the invariance of the partition function implies

Tr exp
(
−S+ 1

4π

∫
Tμνδgμνd2x

) ∣∣∣
new geometry

=Tr exp(−S)
∣∣∣
old geometry

(21.107)

The computation of the changes of the expectation values for all three components
of the energy-momentum tensor requires us to compute integrals of the correlators of
energy-momentum tensors. These integrals, in turn, need a short-distance regularization.
This calculation leads to the important result that, for closed manifolds,

〈�(x)〉= c
12

R(x) (21.108)

This relation, called the trace anomaly, measures the response to a weak deformation of
the geometry. Here R(x) is the scalar curvature of the two-dimensional space. Notice that
〈�〉 �= 0 in flat spacetime if the system is not at a fixed point. Although the term “trace
anomaly” is also used in such systems, it is clear that there is nothing anomalous about
them.

Another interesting interpretation of the central charge is obtained by considering
conformally invariant theories defined on an infinite cylinder, a strip with coordinates
−∞< u<∞ and a periodic coordinate 0≤ v ≤ �. We can think of this geometry in two
different ways. One is as a (1+1)-dimensional CFT at finite temperature T= 1/� (in units in
which the Boltzmann constant kB= 1). The other interpretation is that we are considering
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a CFT on a circle with circumference �. In both cases the theory on the cylinder is related
to the theory on the infinite flat plane by the conformal mapping

w= u+ iv = �

2π
ln z (21.109)

The energy-momentum tensor on the cylinder and on the plane are related by the
transformation law, eq. (21.89), which for this specific conformal mapping yields

T(w)cylinder=
(
2π
�

)2 (
z2T(z)plane− c

24

)
(21.110)

By translational and rotational invariance, the expectation value of the energy-momentum
tensor on an infinite plane must vanish. Hence

〈T(w)cylinder〉=− cπ2

6�2
(21.111)

Let us consider first the case of a CFT on a finite spatial interval of length �. In this case,
the coordinate u is imaginary time, and the periodic coordinate v is space. In this case the
Hamiltonian is

H= 1
2π

∫ �

0
Tuudv = 1

2π

∫ �

0

(
T(v)+ T̄(v)

)
dv

= 2π
�

(
L0+ L̄0

)− πc
6�

(21.112)

where we used eq. (21.111) and the definitions

L0= 1
2π i

∮
zT(z)dz, L̄0=− 1

2π i

∮
z̄T̄dz̄ (21.113)

Similarly, the momentum operator P is

P= 1
2π

∫ �

0
Tuvdv = 2π

�
(L0− L̄0) (21.114)

Eq. (21.112) implies that the energy of the ground state, defined by L0|0〉= L̄0|0〉= 0, is

Egnd=−πc6� (21.115)

where we have set to zero the extensive (and nonuniversal) part of the ground-state energy.
Eq. (21.115) is the Casimir effect, which we have already discussed in chapter 8 for a

free massless scalar field. Here we see that it is a general result of a CFT. An important
observation is that it is proportional to the central charge c. In this sense, the central charge
“counts” the number of degrees of freedom (even though c generally is not an integer).
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In addition, we see that the energy E andmomentum P eigenvalues of the highest weight
state |h, h̄〉 are

E=Egnd+ 2π�
�

, P= 2πs
�

(21.116)

where�= h+ h̄ is the scaling dimension, and s= h− h̄ is the conformal spin of the primary
field.

In the other interpretation of the theory on the cylinder, the space coordinate has
infinite extent, −∞≤ u≤∞, while the periodic coordinate 0≤ v ≤ � is interpreted as
imaginary time with length �= 1/T, where T is the temperature. Now eq. (21.115) becomes
the thermal contribution to the free-energy density (i.e., per unit length) f of a CFT at
temperature T,

f = εgnd− π6 cT
2 (21.117)

where the extra factor of T comes from the definition of the free energy, and εgnd=
lim�→∞ Egnd/�. Here we have assumed that the speed of the excitations, the speed of light,
has been set to 1.

The last term of eq. (21.117) is a generalization of the Stefan-Boltzmann law for
blackbody radiation. From here it follows that the specific heat C(T)/� of a CFT is

lim
�→∞

C(T)
�
= π

3
cT (21.118)

This result, again, suggests the interpretation of the central charge as a measure of the
number of degrees of freedom.

21.5.5 The C-theorem

So far we have discussed general properties of CFTs. However, in general, a theory may
not be conformal. We have seen this in detail when discussing the RG in chapter 15, where
we considered a theory at a fixed point perturbed by a set of interactions labeled by some
coupling constants. In this case, we found that there is a flow in coupling-constant space
induced by the RG. Let us now revisit the RG flows in the case of two-dimensional CFTs.

The C-theorem is a deceptively simple yet profound result due to A. B. Zamolodchikov
(Zamolodchikov, 1986; Ludwig and Cardy, 1987). Consider a set of two-dimensional
(Euclidean) CFTs defined in terms of a set of coupling constants {gi}, representing the
couplings of a set of primary fieldsOi. Consider continuum field theories only. Assume that
all possible fixed points are critical fixed points (hence with a divergent correlation length)
and are represented by two-dimensional CFTs. Further assume that in this space of coupling
constants, all irrelevant operators introduced by the regularization (i.e., lattice effects) have
already flown to zero. In this framework, the RG induces a flow in the space of coupling
constants that links different CFTs.

The C-theorem is stated as follows: There exists a function C of the coupling constants
that is nonincreasing along the RG flows, and it is stationary only at the fixed points.
Moreover, at the fixed points, the C function is equal to the central charge of the CFT of
the fixed point.

Before presenting the proof, it is worth discussing its meaning and implications.
Intuitively, this result makes a lot of sense. Consider two CFTs related by the RG flow. Let
us call them theory I and theory II. Since the flow is always from the UV to the IR, what the
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RG describes is the gapping-out of a set of degrees present in theory I but absent in theory II
by turning on some relevant operators. In this sense, theory II has fewer degrees of freedom
than theory I. Therefore, we expect that the central charges of theory I will be larger than
the central charges of theory II: cI ≥ cII .

The proof goes as follows. Assume that the theories are invariant under translations
and Euclidean rotations, and hence have a conserved energy-momentum tensor Tμν .
Also assume that the theories obey reflection positivity. Away from the fixed points, the
energy-momentum tensor has components T=Tzz, T̄=Tz̄z̄, and a nonvanishing trace
�=Tz

z +Tz̄
z̄ = 4Tzz̄. Under rotations, T, �, and T̄ have spins s= 2, 0,−2, respectively.

Their correlation functions have the form

〈T(z, z̄)T(0, 0)〉= F(az̄)
z4

〈�(z, z̄)T(0, 0)〉= 〈T(z, z̄)�(0, 0)〉= G(zz̄)
z3z̄

〈�(z, z̄)�(0, 0)〉= H(zz̄)
z2z̄2

(21.119)

where F, G, and H are nontrivial scalar functions. Conservation of the energy-momentum
tensor, ∂μTμν = 0, in complex coordinates implies

∂̄T+ 1
4
∂�= 0 (21.120)

Taking correlation functions with T(0, 0) and�(0, 0), we obtain

Ḟ+ 1
4
(
Ġ− 3G

)= 0

Ġ−G+ 1
4
(
Ḣ− 2H

)= 0 (21.121)

where
Ḟ≡ zz̄F′(zz̄), Ġ≡ z3z̄G′(zz̄), Ḣ≡ z2z̄2H′(zz̄) (21.122)

On eliminating the function G using the conservation laws and defining the function C,

C≡ 2F−G− 3
8
H (21.123)

we obtain
Ċ=−3

4
H (21.124)

Now, reflection positivity requires that

〈�(z, z̄)�(0, 0)〉≥ 0 (21.125)

which implies that H≥ 0. Therefore, C is a nonincreasing function of R= (zz̄)1/2, and it is
stationary (i.e., Ċ= 0 only if H= 0).

Under an RG transformation, the short-distance cutoff is scaled as a→ a(1+ δ�). Since
the quantity C is a dimensionless function of R and of the coupling constants {gi}, a change
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in the UV scale is equivalent to sending R→R(1− δ�) and to a new set of couplings to {g′i}
according to the RG equations defined by the beta functions, {βi}. Therefore, the function
C(R, {gi}) satisfies the Callan-Symanzik RG equation

(

R
∂

∂R
+
∑

i
βi({g}) ∂

∂gi

)

C(R, {g})= 0 (21.126)

where
dC
d�
=−

∑

i
βi({g}) ∂C

∂gi
(21.127)

is the rate of change of C along the RG trajectory, at fixed R. This result implies that if we
define

C({g})≡C(1, {g}) (21.128)

then this quantity is nonincreasing under the RG. Furthermore, it vanishes only if H= 0,
which, by reflection positivity, means that�= 0 and the theory is scale invariant (and hence
is a fixed point). In addition, at the fixed point,G=H= 0 and F= c/2 (where c is the central
charge). Hence, at the stationary points, the function C is equal to the central charge of the
fixed point, C= c.

The function C can be computed using the perturbative RG discussed in section 15.6.
There we showed that the beta functions have the form

dgi
d�
= (2−�i)gi− 1

2
∑

k,l

cijkgjgk+ · · · (21.129)

(no summation in the first term), where the cijk are the coefficients of the OPEs of the
primary fields {Oi}. This equation implies that, to this order, the RG equations describe
gradient flows,

dgi
d�
= ∂

∂gi
C̃({g}) (21.130)

where
C̃({g})= 1

2
∑

k

(2−�k)gk+ 1
6
∑

ijk

cijkgigjgk (21.131)

We can now use the function C̃ to compute the Zamolodchikov’s C function. Since it must
have the same stationary points as C̃, to this order, they must be proportional

C({g})= c+αC̃({g})+O(g4) (21.132)

where α is a constant to be determined. This can be done using perturbation theory.
To this end, consider the case of a CFT that is perturbed by a single relevant operator, a

primary fieldO of conformal weight (h, h), scaling dimension�= 2h, and spin s= 0. The
perturbed action is

S= SCFT − λ
∫

d2zO(z, z̄) (21.133)

For this perturbation to be relevant, we must have �< 2, and hence, h< 1. The coupling
constant λ has dimension (1− h, 1− h).
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Let us compute the changes of the correlators with insertions of the energy-momentum
tensor. To first order in λ, we get

〈T(z, z̄) · · · 〉 = 〈T(z, z̄) · · · 〉CFT + λ
∫
〈T(z)O(w, w̄)〉CFTd2w+ · · · (21.134)

From the OPE, we have

T(z)O(w, w̄)= h
(z−w)2

O(w, w̄)+ 1
z−w

∂O(w, w̄)+ · · ·

= h
(z−w)2

O(z, z̄)+ 1− h
z−w

∂O(z, z̄)+ · · · (21.135)

Thus, the integral in eq. (21.134) is divergent, and hence, it requires that we introduce a
short-distance cutoff (e.g., a cutoff step function that excludes a circle of radius a from the
integral). However, the cutoff violates conformal invariance (as before!) and, as a result,
∂̄T �= 0:

∂̄T= λ
∫

d2w
1− h
z−w

(z−w)∂O(z, z̄)δ(|z−w|2− a2)+ · · · (21.136)

Since the energy-momentum tensor must still be conserved, ∂̄ + 1
4∂�= 0, we see that the

energy-momentum tensor now has a nonvanishing trace:

�(z, z̄)=−4πλ(1− h)O(z, z̄) (21.137)

Using eq. (21.124), we find that the C function is

C({gi})= c(g∗)− 3(2−�j)gjgi+ 2cijkgigjgk+O(g4) (21.138)

where g∗ = {g∗i } is the fixed point.
In the simple case of a single relevant perturbation, this result implies that the central

charge at a nearby fixed point g∗ =−(2−�)2/c111 is c′ = c− (2−�)3/c2111+O((2−�)4).
The generalization of theC-theorem to dimensionsD> 2 turns out to be quite subtle and

to require concepts from quantum information theory, such as the entanglement entropy.
This is the subject of intense research at this time, and we will not discuss this problem here.

21.6 Examples of two-dimensional CFTs

21.6.1 The free compactified boson

Consider a free massless scalar field φ(x) in two spacetime dimensions. Let us work with
the Euclidean signature. We briefly discussed this theory in section 19.9.

The action of the free massless scalar field is

S= 1
8π

∫
d2x ∂μφ∂μφ (21.139)
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The two-point function of the field φ is

〈φ(x)φ(y)〉=− ln(x− y)2+ const. (21.140)

(which requires a short-distance subtraction that determines the value of the additive
constant). In complex coordinates, this function becomes

〈φ(z, z̄)φ(w, w̄)〉=− [ln (z−w)+ ln(z̄− w̄)]+ const. (21.141)

The holomorphic and antiholomorphic components are split if we look at the correlators of
gradients of the field:

〈∂zφ(z, z̄)∂wφ(w, w̄)〉=− 1
(z−w)2

〈∂z̄φ(z, z̄)∂w̄φ(w, w̄)〉=− 1
(z̄− w̄)2

(21.142)

This implies that the field ∂φ obeys the OPE

∂φ(z)∂φ(w)=− 1
(z−w)2

(21.143)

The quantum energy-momentum tensor in complex coordinates is the normal-ordered
operator

T(z)=−1
2
: (∂φ(z))2 : (21.144)

Here normal-ordering means the limit

T(z)=−1
2
lim
w→z

(∂φ(z)∂φ(w)−〈∂φ(z)∂φ(w)〉) (21.145)

The OPE of T(z) with ∂φ(z) can be found using Wick’s theorem:

T(z)∂φ(w)=− 1
2
: (∂φ(z))2 : ∂φ(w)

=− : ∂φ(z)∂φ(z) : ∂φ(w)

= 1
(z−w)2

∂φ(z) (21.146)

Hence, the OPE between T(z) and ∂φ is

T(z)∂φ(w)= 1
(z−w)2

∂φ(w)+ 1
z−w

∂2wφ(w) (21.147)

Thus, the holomorphic operator ∂φ has conformal weight h= 1.
Another interesting operator is the vertex operatorVα(z)=: exp(iαφ(z)) :, where α ∈R.

Here, as before, normal orderingmeans not contracting the operators inside the exponential
when it is expanded in powers. This rule is equivalent to a multiplicative wave-function
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renormalization of the operator. The OPE of the energy-momentum tensor with the vertex
operator is

T(z)Vα(w)= hα
(z−w)2

Vα(w)+ 1
z−w

∂Vα(w) (21.148)

We find that the vertex operator is a primary field of conformal weight hα :

hα = α
2

2
(21.149)

We could have deduced this result by computing the two-point function of the vertex
operator

〈Vα(z)V−α(w)〉= exp
(
α2〈φ(z)φ(w)〉)= 1

(z−w)2hα
(21.150)

where the conformal weight hα is given by eq. (21.149).
Similarly, we can also useWick’s theorem to calculate the OPE of the energy-momentum

tensor with itself:

T(z)T(w)= 1
4
: (∂φ(z))2 :: (∂φ(w))2 :

= 1/2
(z−w)4

+ 2
(z−w)2

T(w)+ 1
z−w

∂T(w) (21.151)

This equation implies that the holomorphic component of the energy-momentum tensor
T(z) has conformal weight h= 2 and that the central charge of the free massless scalar field
is c= 1.

In chapter 11, we discussed the concept of spontaneous symmetry breaking in theories
with a global symmetry. The massless scalar field φ arises formally as the phase field (i.e.,
the Goldstone boson) of an order-parameter field with a global U(1)�O(2) symmetry
in two dimensions. The action of the field φ, eq. (21.139), has a global shift symmetry
φ(x)→φ(x)+ a, where a is a real number. The propagator of the field φ breaks cluster
decomposition, since it grows at long distances (as well as at short distances). In this sense
it is not a physical field.

However, the operator ∂μφ is invariant under such shifts. Likewise, the vertex operators,
which exhibit power-law behavior, transform nontrivially under the shift symmetry and are
physical. Moreover, since it is a phase field, the physical operators must be invariant under
periodic shifts,

φ(z, z̄) �→φ(z, z̄)+ 2πR (21.152)

where R is the compactification radius. In other words, the field is compactified. This
terminology comes from string theory, in which the field φ is the coordinate of a string on
a compactified space of radius R. This condition implies that the allowed operators must be
invariant under the periodic shifts of eq. (21.152). The compactification condition imposes
the strong restrictions on the allowed primary fields.

One operator that is always allowed is the “current” operator J= i∂φ(z), since it is
automatically invariant under shifts. However, the only vertex operators allowed must be
such that Rα ∈Z. Thus, the allowed vertex operators are

Vn(z)=: exp(inφ(z)/R) : (21.153)
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with n integer, with conformal weight

hn= n2

2R2 (21.154)

An interesting case has compactification radius R= 1/
√
2. In this case, the operators

J3(z)= i∂φ(z) and J±(z)= exp(±i√2φ(z)) have conformal weight (1, 0). These operators
obey the OPEs

J+(z)J−(w)= 1
(z−w)2

+
√
2

z−w
J3(w)

J3J±(w)=
√
2

z−w
J±(w) (21.155)

and similarly for J̄3 and J̄±.
If we define J± = 1√

2 (J
1± iJ2), then this current algebra can also be written as

Ji(z)Jj(w)= δij

(z−w)2
+ i
√
2εijk

z−w
Jk(w) (21.156)

This defines an SU(2)1 Kac-Moody algebra of the SU(2) currents. The first term on the
right-hand side represents the central extension of the SU(2) algebra at “level” 1 (the
prefactor of the Kronecker delta). In terms of the mode expansions

Ji(z)=
∑

n∈Z

Jin
zn+1

, where Jin=
∮ dz

2π i
znJi(z) (21.157)

the modes obey the commutation relations
[
Jib, J

j
m

]
= i
√
2εijkJkn+m+ nδijδn+m,0 (21.158)

The vertex operators V±1(z)= exp(±iφ(z)/√2) have conformal weight (1/4, 0), and their
two-point functions are

〈V1(z)V−1(w)〉= 1
(z−w)1/2

(21.159)

and are double valued. It can be shown that these fields constitute the j= 1/2 andm=±1/2
(spinor) representation of the SU(2) current algebra.

A more general case of this type occurs when the compactification radius is R=√m,
with m∈Z. In this case, the conformal weights of the vertex operators are hn= n2/(2m).
Their two-point functions are

〈Vn(z)V−n(w)〉= 1
zn2/m

(21.160)

In general, these two-point functions are multivalued, since under a rotation by 2π , the
argument changes by 2πn2/m. In other words, these chiral fields represent anyons (or
parafermions). Now, among this infinite list, some operators remain local, in the sense that
they are single valued. This happens for n=√mp (where p is an integer). However, the
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nonlocal part of these operators can be classified intom− 1 sectors, with n= 0, 1, . . .,m− 1.
Each sector is labeled by a primary field, the vertex operator Vn(z)= exp(inφ(z)/

√
m).

Hence, instead of having infinitely many primaries, these compactified bosons have a finite
number (m) of primaries. CFTs with a finite number of primaries are called rational CFTs
(Ginsparg, 1989).

We close this discussion by noting a case of special interest, R= 1. In this case, there are
only two sectors, one labeled by the identity V0= I and the other by the primary V1(z)=
exp(iφ(z)). In this case, the two-point function is

〈V1(z)V−1(w)〉= 1
z−w

(21.161)

which is odd under the exchange z↔w, a property that we expect in a fermion. We will see
below that this is indeed the Dirac fermion.

21.6.2 The freemassless fermion CFT

Consider now a free massless relativistic fermion in two dimensions. As before, set the
speed of light to unity. We will work in the Euclidean signature. A relativistic fermion in
D= 2 Euclidean dimensions is a two-component spinor. Let us work in the chiral basis, in
which the upper component of the spinor is a right-moving field, and the lower component
is a left-moving field. In the Euclidean signature, the upper component of the spinor
is holomorphic, and the lower component is antiholomorphic. A chiral (holomorphic)
fermion is the D= 2 version of a Weyl fermion. In addition, the fermionic fields may be
complex (Dirac) or real (Majorana).

A:Majorana fermions LetψR denote a real (Majorana) chiral (right-moving) fermion and
ψL an antichiral (left-moving) Majorana fermion. (The notation is changed here to avoid
confusion with the standard notation for relativistic fermions.) We already encountered a
theory of Majorana fermions in the context of the solution of the two-dimensional Ising
model in chapter 14. We will see shortly that the CFT of the Majorana fermion is closely
related to the Ising CFT.

The action for a massless Majorana spinor in the Euclidean signature is (including both
chiralities)

S= 1
8π

∫
d2x

(
ψR∂̄ψR+ψL∂ψL

)
(21.162)

Here we used that inD= 2 Euclidean dimensions, the Dirac operator can be represented as

/∂ = σ1∂1+ σ2∂2=
(
0 ∂

∂̄ 0

)
(21.163)

The equations of motion of this theory are

∂̄ψR= 0, ∂ψL= 0 (21.164)

Hence, ψR is only a function of z and is a holomorphic field, and ψL is only a function of z̄
and is an antiholomorphic field.
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With the normalization used in eq. (21.162), the OPEs of the Majorana Fermi fields are

ψR(z)ψR(w)=− 1
z−w

, ψL(z̄)ψL(w̄)=− 1
z̄− w̄

(21.165)

which also specify the propagators. In this theory, the holomorphic and anti-holomorphic
components of the energy-momentum tensor are

T(z)= 1
2
:ψR(z)∂ψR(z) :, T̄(z̄)= 1

2
:ψL(z̄)∂̄ψL(z̄) : (21.166)

It follows that theOPEof the above energy-momentum tensorT(z)with the chiralMajorana
spinor is

T(z)ψR(w)= 1/2
(z−w)2

ψR(w)+ 1
z−w

∂ψR(w) (21.167)

Hence the chiral Majorana spinor ψR has conformal weight (h, h̄)= (1/2, 0), as can also
be read off eq. (21.165). Thus, the chiral Majorana fermion has scaling dimension�= 1/2
and spin s= 1/2 (as it should). Similarly, one finds that the antichiral fieldψL has conformal
weight (h, h̄)= (0, 1/2) and has scaling dimension�= 1/2 and (conformal) spin−1/2.

Finally, the OPE of the energy-momentum tensors can be computed using Wick’s
theorem to yield

T(z)T(w)= 1/4
(z−w)4

+ 2
(z−w)2

T(w)+ 1
z−w

∂T(w) (21.168)

and similarly for T̄. This result implies that the central charge of a chiral Majorana spinor is
c= 1/2.

Another primary field that can be constructed is the Majorana mass operator
ψR(z)ψL(z̄), which mixes the right- and left-moving sectors. It is straightforward to see
that this is a primary field with conformal weight (1/2, 1/2) and, hence, scaling dimension
�= 1 and (conformal) spin s= 0.

B: Dirac fermions A Dirac (complex) chiral fermion has the form ψR= ηR+ iχR, where
ηR and χR are chiral Majorana fermions. The Euclidean action of the Dirac fermion is

S= 1
4π

∫
d2xψ̄ /∂ψ (21.169)

which is just the sum of the action of the Majorana fermions η and χ , each of the form of
eq. (21.162). It then follows that, since each Majorana field has central charge c= 1/2, the
central charge of the complex (Dirac) fermion is c= 1. The energy-momentum tensor of the
Dirac field is just the sum of the energy-momentum tensors of the twoMajorana fermions.

Just as in the Majorana case, the Dirac fermions ψR and ψL have conformal weights
(1/2, 0) and (0, 1/2), respectively. Hence their two-point functions are

〈ψ†
R(z)ψR(w)〉=− 1

z−w
, 〈ψ†

L (z̄)ψL(w̄)〉=− 1
z̄− w̄

(21.170)

The Dirac fermion is a complex field and has a global U(1) symmetry. Consequently,
it has a locally conserved current Jμ= (J0, J1)= ψ̄γ μψ , which can be decomposed into
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right- and left-moving (holomorphic and antiholomorphic) components, JR=ψ†
RψR and

JL=ψ†
LψL, which have conformal weights (1, 0) and (0, 1), respectively. Their two-point

functions are

〈JR(z)JR(w)〉= 1
(z−w)2

, 〈JL(z̄)JL(w̄)〉= 1
(z̄− w̄)2

(21.171)

The U(1) currents JR and JL satisfy an OPE of the form

JR(z)JR(w)= 1
(z−w)2

, JL(z̄)JL(w̄)= 1
(z̄− w̄)2

(21.172)

The singular term on the right-hand side is known as the Schwinger term of the U(1)
currents.

In terms of the mode expansions, we find a U(1) Kac-Moody algebra
[
JRn , J

R
m
]= nδn+m,0 (21.173)

and similarly for themodes of the left-moving currents. The right- and left-moving currents
commute with each other.

The expressions of the fermion two-point functions and the Dirac current algebra, along
with the results we obtained for a compactified free massless boson with compactification
radius R= 1, suggest that there is a direct connection. This mapping is known as
bosonization. To see how it works, we assert that themapping is the following set of relations
between the two theories:

ψR(z)↔ eiφ(z), JR(z)↔−i∂φ(z)
ψL(z̄)↔ e−iφ̄(z̄), JL(z̄)↔ i∂̄ φ̄(z̄) (21.174)

where φ̄ is the left-moving (antiholomorphic) component of the field φ(z, z̄)=φ(z)− φ̄(z̄).
A proof of the bosonization mapping requires showing that the two theories have

identical spectrums. This involves computing the partition functions on a torus (with suit-
able boundary conditions) for both theories and showing that they agree. This is a tech-
nical argument that is not pursued here.

21.6.3 Minimalmodels and the two-dimensional Isingmodel CFT

In chapter 14, we looked at the statistical mechanics of the two-dimensional classical Ising
model (or, equivalently, the one-dimensional quantum Ising model). There we saw that this
is secretly a theory of free relativisticMajorana fermions that becomemassless at the critical
point. Here we will see that this is a special case of a large class of conformal field theories
known as the minimal models.

In section 21.5.3, we introduced the Virasoro algebra, eq. (21.94), of the generators Ln
and L̄n of conformal transformations in two Euclidean dimensions. There we showed that
the vacuum state of a CFT, |0〉, is annihilated by both L0 and L̄0. We also showed that a
primary fieldO defines a highest-weight state of the Virasoro algebra,O|0〉= |h, h̄〉, where
h (h̄) is the L0 (L̄0) eigenvalue of the highest-weight state. We also argued that given a
highest-weight state, an infinite number of descendant states can be constructed by acting
repeatedly with the lowering operators, Ln (L̄−n) with n> 0, on the highest-weight state.



Conformal Field Theory . 683

However, for this scheme to be consistent, all the descendantsmust be linearly independent.
A linear combination of descendants that vanishes defines a null state, which implies that
the states are linearly dependent. A representation is constructed by removing all the null
states.

This scheme follows closely the construction of the angular momentum representations
of the group of rotations. In the case of the group of rotations, the requirement that the
representations be unitary (i.e., that the norm of the states be positive) leads to the
quantization of the angular momentum eigenvalues. We will now sketch an argument, due
to Belavin, Polyakov, and Zamolodchikov (Belavin et al., 1984) that the requirement of
unitarity similarly leads to powerful restrictions on the values of the representations of the
conformal group (i.e., on the allowed values of the central charge c of the conformal weights
(h, h̄) and on the fusion rules of the allowed primary fields, which are encoded in their fusion
rules).

The null states are found in a straightforward way. For example, at level 1, the only
possibility is L−1|h〉= 0. But then h= 0, and |h〉= |0〉, the vacuum state. At level two, it
may happen that

L−2|h〉+ aL2−1|h〉= 0 (21.175)

for some value of a. Acting with L1 on this equation, we find the consistency condition

[L1, L−2]|h〉+ a[L1, L2−1]|h〉=3L−1|h〉+ a (2{L−1, L0}) |h〉
= (3+ 2a(2h+ 1)) L−1|h〉= 0 (21.176)

which can only happen if a=−3/2(2h+ 1). If now we act with L2 on eq. (21.175), we find
the condition

[L2, L−2]|h〉+ a[L2, L2−1]|h〉=
(
4L0+ c

2

)
|h〉+ 3aL1L−1|h〉

=
(
4h+ c

2
+ 6ah

)
|h〉= 0 (21.177)

so that the central charge must satisfy c= 2(−6ah− 4h)= 2h(5− 8h)/(2h+ 1). Thus, this
will work if the highest-weight state |h〉 at this value of c satisfies

(
L−2− 3

2(2h+ 1)
L2−1

)
|h〉= 0 (21.178)

Such a state, with a null descendant at level 2, is said to be degenerate at level 2. It can be
shown that this equation implies that the N-point functions of primary fields satisfy a set
of differential equations. In the case of the four-point functions, they can be expressed in
terms of hypergeometric functions.

Unitarity means that the inner product in the space of states is positive definite. The
inner products of any two descendant states can be computed using the Virasoro algebra. A
state |ψ〉 that has negative norm, 〈ψ |ψ〉< 0, is called a “ghost.” In a unitary theory, a ghost
should not be found at any level of the representation. Given the collection of descendants
of a highest-weight state, one can define a matrix whose elements are their inner products.
The determinant of this matrix is known as the Kac determinant. A zero eigenvector of this
matrix implies that there are null vectors. Therefore, it will be sufficient to look for zeros of
the Kac determinant.
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At level two, we have the two-component basis consisting of L−2|h〉 and L2−1|h〉. The
matrix is (〈h|L2L−2|h〉 〈h|L21L−2|h〉

〈h|L2L2−1|h〉 〈h|L21L2−1|h〉

)

=
(
4h+ c

2 6h

6h 4h(2h+ 1)

)

(21.179)

The determinant of this matrix can be written as

2(16h3− 10h2+ 2h2c+ hc)= 32(h− h1,1(c))(h− h1,2(c))(h− h2,1(c)) (21.180)

where

h1,1(c)= 0, h1,2(c)= h2,1(c)= 1
16
(5− c)∓√(1− c)(25− c) (21.181)

The h= 0 root is actually due to a null state at level 1, L−1|0〉= 0, which implies thatL2−1|0〉=
0 as well. This feature is repeated at all orders.

At level N, the Hilbert space is made up of states of the form
∑

ni

an1...nkL−n1 · · · L−nk |h〉 (21.182)

with
∑

i ni=N. At level N, we need the determinant of the P(N)× P(N) matrix of inner
products of the form

MN(c, h)=〈h|Lml · · · Lm1L−n1 · · · L−nk |h〉 (21.183)

If the determinant vanishes, detMN(c, h)= 0, then there are null states for each c and h. If
negative, the determinant has an odd number of negative eigenvalues (at least one). The
representation of the Virasoro algebra at those values of c and h is not unitary.

Kac gave an explicit expression for the determinant

detMN(g, h)=αN
∏

pq≤N
(h− hp,q(c))P(N−pq) (21.184)

Upon defining

m=−1
2
± 1

2

√
25− c
1− c

(21.185)

or, equivalently,

c= 1− 6
m(m+ 1)

(21.186)

the quantity hp,q becomes

hp,q(m)= [(m+ 1)p−mq]2− 1
4m(m+ 1)

(21.187)

The Kac determinant does not have zeros at any level if c> 1 and h≥ 0. For c= 1, the
determinant vanishes if h= n2/4, but it does not becomenegative. Thus, there is no obstacle,
in principle, to having unitary representations for c≥ 1 and h≥ 0.
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For 0< c< 1 and h> 0, Friedan, Qiu, and Shenker (Friedan et al., 1984) showed that
unitary theories only exist for the set of discrete values of the central charge given by eq.
(21.186) for integer values m= 3, 4, . . . . For each value of c, there are m(m− 1)/2 allowed
values of h given by eq. (21.187), where p and q are integers such that 1≤ p≤m− 1 and
1≤ q≤ p. The set of CFTs that satisfy these conditions is known as the minimal models,
and the set defined by eq. (21.186) constitutes their central charges.

Now consider the first minimal model, withm= 3. These results imply that it has central
charge c= 1

2 . Let us label the primary fields by Op,q(z, z̄)=φp,q(z)φ̄p,q(z̄) with conformal
weights (h, h̄). Form= 3, the allowed values are h= 0, 12 ,

1
16 , with primaries

O1,1 : (0, 0), O2,1 :
(
1
2
,
1
2

)
, O2,1 :

(
1
16

,
1
16

)
(21.188)

This is telling us that we have a theory whose nonchiral primaries have scaling dimensions
�= 0, 1, 18 . It also has a chiral primary with scaling dimension 1

2 and spin s= 1
2 .

Chapter 14 presented the solution to the two-dimensional Ising model. In section 14.7,
we showed that the critical behavior is described by a theory of Majorana fermions that
become massless at the critical point. The minimal model described here with m= 3 is
consistent with these results from chapter 14. Indeed, the model has central charge 1

2 , as a
massless Majorana fermion does. It also has a chiral primary field ( 12 , 0) which is a fermion
with dimension 1

2 and (conformal) spin 1
2 (and similarly for the antichiral field). The

Majorana fermionmass ε=ψRψL is a field with conformal weight ( 12 ,
1
2 ), scaling dimension

�ε = 1, and (conformal) spin s= 0.
We also find another field, O2,1, which has conformal weight

( 1
16 ,

1
16
)
. Hence, it has

scaling dimension 1
8 and (conformal) spin s= 0. In chapter 14, we did not compute the

spin-spin correlation function. However, it is known that this correlator has a power-law
behavior with exponent η= 1

4 . Thus the scaling dimension of the spin operator, σ , the
order parameter of the Ising model, is �= 1

8 ! Thus, we conclude that the CFT of the two-
dimensional Ising model is indeed them= 3 minimal model.

We close by noting that the fusion rules (i.e., the OPEs) of the primaries are also
determined. In the case of the Ising model, we have three conformal families, each labeled
by a primary field, 1, [ε], and [σ ], and obeying the fusion rules:

[σ ][σ ]= 1+[ε], [σ ][ε]= [σ ], [ε][ε]= 1 (21.189)

This approach also allows us to compute the four-point function of the σ field, the order
parameter of the Ising model. This is a beautiful but quite technical subject, and we will not
pursue it here.

21.6.4 TheWess-Zumino-Witten CFT

TheWess-Zumino-Witten (WZW) model is a (1+ 1)-dimensional nonlinear sigma model
whose degree of freedom is an element of a Lie group G. We already discussed this model
briefly in section 20.9.3. The action of this model is

S[g]= 1
4λ2

∫

S2base
d2x tr

(
∂μg∂μg−1

)+ k
24π

∫

B
εμνλtr

(
g−1∂μg g−1∂νg g−1∂λg

)
(21.190)
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In the second term of the action, the WZW term, the field g(x) whose base space is S2base, is
extended to the interior of a three-dimensional ball B⊂ S3 whose boundary is S2base, subject
to the condition that g(x)= 1 (the identity) at the center of the ball B. The extension to
the interior of the ball B is arbitrary. However, not all extensions are equivalent, since the
mappings of the ball, S3, to the group manifold G (SU(N) in this case) are classified by the
homotopy group π3(SU(N))=Z, with topological charge

Q= 1
24π2

∫

S3
εμνλtr

(
g−1∂μg g−1∂νg g−1∂λg

)
(21.191)

Thus, the second term of the WZW action has an ambiguity equal to 2πkQ, which is
unobservable if k∈Z. This is essentially the same argument that led to the quantization
of spin in the coherent-state path integral for spin in section 8.10.

The WZW term was introduced by Witten (1984) in his work on current algebras and
non-abelian bosonization and by Polyakov and Wiegmann (1983) as an effective action of
(1+1)-dimensional free fermionic theories. This theory has an IR stable fixed point at λ2c =
4π/k, where the theory has full conformal invariance and describes a CFT. TheWZWCFT
was solved by Knizhnik and Zamolodchikov (1984).

Tomotivate the structure of theWZWCFTwe first consider a theory ofNmasslessDirac
fermions in 1+1 dimensions with U(N) global symmetry. Witten worked with a theory of
free Majorana fermions and the O(N) group. Here we are following later results by Affleck
(1986b). The Lagrangian for the U(N) group is

L= ψ̄ji/∂ψj (21.192)

Here j= 1, . . .,N labels the species of Dirac fermions (not their Dirac components). We
will work in the chiral basis, in which, in terms of the Pauli matrices, the Dirac matrices
are γ0= σ1, γ1= iσ2, and γ5= σ3. In this basis, the Dirac components of the spinor field ψi
are, respectively, the right-moving component ψR,i (with chirality+1) and the left-moving
component ψL,i (with chirality −1). This Lagrangian is invariant under global U(N)×
U(N) transformations of the right- and left-moving fields. Each U(N) can be regarded as a
direct product of a U(1) group, generated by the identity matrix of the U(N) algebra, and
the SU(N) subgroup ofU(N). We have a set of right- and left-moving (formally) separately
conserved currents

JR=ψ†
R,iψR,i, JL=ψ†

L,iψL,i (21.193)

and
JaR=ψ†

R,it
a
ijψR,j JaL =ψ†

L,it
a
ijψL,j (21.194)

for the SU(N) currents. Here, theN2− 1 matrices taij are the generators of the group SU(N).
The generators are normalized such that tr(tatb)= 1

2δab, and they obey the SU(N) algebra
[ta, tb]= ifabctc, where the fabc are the structure constants of SU(N).

As in the case of the abelian theory, discussed in section 20.3, these currents are
affected by the U(1) chiral anomaly, and their commutators have Schwinger terms. The
non-abelian currents also have a (non-abelian) chiral anomaly. A careful calculation,
using the point-splitting procedure used in section 20.3 (cf. eq. (20.15)), which preserves
gauge-invariance, shows that at equal times, the right- and left-moving currents obey the
algebras
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[JR(x), JR(y)]= i
N
2π
δab∂xδ(x− y), [JL(x), JL(y)]=−i N4π δab∂xδ(x− y) (21.195)

for the abelian currents. This is the U(1)N Kac-Moody algebra. Similarly, for the
non-abelian currents, we find

[JaR(x), JbR(y)]= ifabcJcR(x)δ(x− y)+ i
k
4π
δab∂xδ(x− y)

[JaL(x), JbL(y)]= ifabcJcL(x)δ(x− y)− i
k
4π
δab∂xδ(x− y) (21.196)

This is the SU(N)k Kac-Moody algebra. The Schwinger term in eq. (21.196) is the central
extension of the SU(N)k Kac-Moody algebra.

The second terms on the right-hand side of both sets of equations are Schwinger terms,
analogous to the ones we discussed in the abelian theory. Mathematically, the Schwinger
terms are called “central extensions,” and the parameter k is the level of the Kac-Moody
algebra, or its central extension. We already encountered a central extension in the Virasoro
algebra, eq. (21.84). In the free Dirac theory that we are considering, the parameter k= 1.
Furthermore, it is known from the mathematical literature that this current algebra has
unitary representations only if k∈Z. Therefore, the level k cannot be an arbitrary real
number and is quantized.

Let us use light-cone components (i.e., left- and right-moving), x± = 1
2 (x0∓ x1), and the

notation ∂± = ∂/∂x± . The light-cone components T and T̄ for the left- and right-moving
components, respectively, of the energy-momentum tensor are

T= 1
2
(H−P)= i :ψ†

L,i∂−ψL,i :, T̄= 1
2
(H+P)= i :ψ†

R,i∂+ψR,i : (21.197)

whereH and P are, respectively, the (normal-ordered) Hamiltonian and linear momentum.
A straightforward (but lengthy) calculation leads to the result that the normal-ordered
left- and right-moving components of the energy momentum tensor, denoted by T and
T̄, respectively, are

T= π
N
JLJL+ 2π

N+ 1
JaLJ

a
L , T̄= π

N
JRJR+ 2π

N+ 1
JaRJ

a
R (21.198)

The U(1) currents are given in abelian bosonization by

JL=
√

N
4π
∂−φ, JR=−

√
N
4π
∂+φ (21.199)

where φ is a boson (scalar field) with compactification radius

R= 1√
4πN

(21.200)

Let us now focus on the SU(N) currents. Their right- and left-moving currents obey the
conservation laws

∂−J
ij
R= 0, ∂+J

ij
L = 0 (21.201)



688 . Chapter 21

Witten showed that these equations can be solved in terms of a group-valued field, a matrix
g(x−)∈ SU(N), in terms of which the chiral currents are (suppressing the group indices)

JaR(x)=
i
2π

tr
(
g−1(x)∂+g(x)ta

)
, JaL(x)=−

i
2π

tr
(
(∂−g(x))g−1(x)ta

)
(21.202)

The conservation of the currents implies that

∂−(g−1∂+g)= 0, ∂+((∂−g)g−1)= 0 (21.203)

The results of eq. (21.202) provide an operator identification of the non-abelian chiral
fermionic currents in terms of the currents of the WZW model. These identifications are
the non-abelian version of the identification of the currents in the abelian theory in terms
of the compactified boson φ.

The next task is to find a local Lagrangian for the matrix-valued field g(x). Since g(x)∈
SU(N), it is not a free field. Indeed, this is a principal chiral field. Its natural action is

L= 1
4λ2

∫
d2x tr(∂μg∂μg−1) (21.204)

This, however, cannot be the correct answer, since as we have seen, the nonlinear sigma
model is asymptotically free with a positive beta function (using the high-energy physics
sign convention), while the theory of free massless fermions is a fixed-point theory and, as
such, it is scale (and conformally) invariant. In addition, the nonlinear sigma model is not
compatible with the conservation equations of eq. (21.203).

So, what operators can be added to the action of the nonlinear sigma model to drive the
theory to a fixed point and make it consistent with the conservation laws? It is easy to see
that all additional SU(N)-invariant local operators are irrelevant, so they cannot do the job.
In fact, the only way to drive this theory to a nontrivial fixed point is to add to the action a
WZW term

SWZW[g]= k
24π

∫

B
εμνλtr

(
g−1∂μg g−1∂νg g−1∂λg

)
(21.205)

which we discussed briefly in section 20.9.3, eq. (20.145). We will also obtain a consistent
representation of the conservation laws.

Indeed, the conservation encoded in the full WZW action, eq. (21.190), is

0= 1
2λ2

∂μ(g−1∂μg)− k
8π
εμν∂μ(g−1∂νg)

=
(

1
2λ2
+ k

8π

)
∂−(g−1∂+g)+

(
1
2λ2
− k

8π

)
∂+(g−1∂−g) (21.206)

Therefore, for the conservation law of eq. (21.203) to be satisfied, we require that the
coupling constant has to be

λ2c =
4π
k

(21.207)

for k> 0 (and the negative of this for k< 0). In addition, if the conservation law holds, then
it is satisfied by g(x+, x−)=A(x−)B(x+) (which are arbitrary SU(N) matrices). Then, at



Conformal Field Theory . 689

this particular value of the coupling, at least classically, the right- and left-moving waves
decouple. This is reminiscent of the behavior of free massless fermions. Furthermore,
Witten carried out the program of canonical quantization for theWZW theory and showed
that at the quantum level, the currents of the WZW model obey the O(N)k Kac-Moody
algebra, provided that the theory is at the value of the coupling constant λc. The same result
holds for other groups, including SU(N)k.

The perturbative RG also offers a hint that the special value λc of eq. (21.207) may be
a fixed point. First notice that, since k is an integer, it cannot flow under the RG, and only
the coupling constant can flow. A one-loop calculation, which is only accurate in the weak
coupling regime, yields a beta function (using the high-energy physics sign convention) of

β(λ)=−λ2
(
N− 1
4π

)[
1−

(
λ2k
4π

)2 ]
(21.208)

which has an IR-stable fixed point at λc. Of course, this argument cannot be trusted unless
k is very large. However, eq. (21.207) turns out to be the exact answer.

Witten conjectured a set of bosonization identities for the fermion bilinears, mass terms,
whichmix the left- and right-moving sectors. For a theory withO(N) symmetry (i.e.,N free
massless Majorana fermions), which is identified with theO(N)1 WZWmodel (and, hence,
with level k= 1), the identification of the operators is

− i :ψ i
L(x)ψj,R(x) :=Mgij(x) (21.209)

where gij ∈O(N), and M is a “mass” whose precise form depends on the normal ordering
of the operators on the left-hand side of the equation. For free massless Dirac fermions
with U(N) symmetry, whose current algebra is U(1)N × SU(N)1, they are mapped by
bosonization to the U(1)N free massless compactified boson φ, and the SU(N)1 WZW
nonlinear sigma model whose degree of freedom is g ∈ SU(N) (again, with level k= 1). In
the Dirac case, the mass fermion bilinears are identified with group elements as (Affleck,
1988)

:ψ i
L

†
ψR,j(x) :=M exp

(

i
√
4π
N
φ(x)

)

gij(x) (21.210)

The action of the WZWmodel at its IR fixed point is

L= k
16π

∫
d2x tr(∂μg∂μg−1)+ k

24π

∫

B
εμνλtr

(
g−1∂μg g−1∂νg g−1∂λg

)
(21.211)

This is the action of the WZW CFT. Let us now analyze this theory from the CFT point of
view.

Knizhnik and Zamolodchikov (1984) solved the WZW CFT for a semi-simple Lie
group G. They showed that at the special value of the coupling constant λc, the left- and
right-moving modes of the WZWmodel decouple, and the theory has an enhanced G×G
symmetry. At this value of λ, the theory has full conformal invariance. In the rest of this
section, we discuss the WZW CFT on the Euclidean complexified plane, with coordinates
z= x1+ ix2 ∈C, as is standard in two-dimensional CFTs (Belavin et al., 1984).

The WZW theory has a Virasoro algebra generated by its energy-momentum tensor,
and a Kac-Moody algebra generated by its chiral currents. Focusing on the left-moving
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(holomorphic) sector, Knizhnik and Zamolodchikov showed that the generators of the two
algebras obey the OPEs

T(z)T(z′)= c
2(z− z′)4

+ 2
(z− z′)2

T(z′)+ 1
z− z′

T(z′)+ · · · (21.212)

T(z)JaL(z
′)= 1

(z− z′)2
JaL(z

′)+ 1
z− z′

JL(z′)+ · · · (21.213)

JaL(z)J
b
L(z
′)= kδab

(z− z′)2
+ f abc

(z− z′)
JcL(z

′)+ · · · (21.214)

supplemented with the asymptotic conditions, T(z)∼ z−4 and JaL(z)∼ z−2 as z→∞.
Equation (21.212) states that T(z) is the generator of a Virasoro algebra with central charge
c, and eq. (21.214) states that the Ja(z) are the generators of a Kac-Moody algebra with level
k. Equation (21.213) simply states that the chiral currents JaL(z) are fields with dimension
(�, �̄)= (1, 0) (see below). The right-moving (antiholomorphic) components T̄(z̄) and
JaR(z̄) obey similar equations.

The primary fields of this theory, φl(z, z̄), have dimensions (�l, �̄l) and obey the OPEs

T(w)φl(z, z̄)= �l

(w− z)2
φl(z, z̄)+ 1

w− z
∂zφl(z, z̄)+ · · · (21.215)

JaL(w)φl(z, z̄)=
tal

w− z
φl(z, z̄)+ · · · (21.216)

Equation (21.215) just states that φl(z, z̄) is a Virasoro primary field. In eq. (21.216), tal are
the generators of the group G for the field φl.

The energy-momentum tensor T(z) and the left-moving currents JaL(z) admit the mode
expansions (the Laurent expansion of eq. (21.91)), which here become

T(z)=
∑

n∈Z

Ln
zn+2

, JaL(z)=
∑

n∈Z

Jan
zn+1

(21.217)

and similar expressions for the right-moving (antiholomorphic) components. To simplify
the notation, the label L has been dropped in the WZW current. The WZW primary fields
φl satisfy the following equations (for n> 0):

Lnφl= 0, L0φl=�lφl

Janφl= 0, Ja0φl= tal φl (21.218)

The singular terms in the OPEs of eqs. (21.212)–(21.214) imply that the operators Ln and
Jan obey the algebra

[Ln, Lm]= (n−m)Ln+m+ 1
12

c(n3− n)δn+m,0 (21.219)

[Ln, Jam]=−mJan+m (21.220)

[Jan , Jbm]= f abcJcn+m+
1
2
kδabδn+m,0 (21.221)

where eq. (21.219) is the Virasoro algebra, and eq. (21.221) is the Kac-Moody algebra.
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The complete set of local fields includes, in addition to the primary fields {φl}, their
descendants under the action of both the Virasoro and Kac-Moody operators, {L−n} and
{Ja−m} (and their right-moving counterparts). The descendant fields constitute the Verma
modulus of the primary field φl and have dimensions �{n,m}l =�l+∑N

i=1 ni+
∑M

j=1 mj,
and similarly for their antiholomorphic components. In this sense, neither T(z) nor
JaL(z) is a primary field, since T(z)= L−1 I and JaL(z)= Ja−1 I, where here I is the identity
field.

What we have described here applies to any CFT with a Virasoro and a Kac-Moody
algebra. Let us now apply this formalism to the WZW models, following closely the work
(and notation) of Knizhnik and Zamolodchikov (1984). The WZW model is a nonlinear
sigma model with a field g that takes values on the group G.

The key property of the WZW model is its conserved chiral currents of eq. (21.202).
In complex coordinates, the conserved currents of the WZWmodel are denoted by J(z)=
Ja(z)Ta and J̄(z̄)= J̄a(z̄)ta, and are given by

J(z)=−k
2
(∂zg(z, z̄))g−1(z, z̄), J̄(z̄)=−k

2
g−1(z, z̄)(∂z̄g(z, z̄)) (21.222)

and satisfy the conservation laws, ∂z̄J= 0 and ∂zJ̄= 0. Notice that we have rescaled the chiral
currents relative to the expressions given in eq. (21.202).

The main assumption of Knizhnik and Zamolodchikov is that the set of fields of the
WZW theory contains a primary field g(z, z̄), whose conformal weights (dimensions) are
�g = �̄g =�, and that it satisfies the equations

κ∂zg(z, z̄)=: Ja(z)ta g(z, z̄) :, κ∂z̄g(z, z̄)=: J̄a(z̄)ta g(z, z̄) : (21.223)

where κ is given below. Since g is a primary field, we expect that it will have an OPE with
chiral (Kac-Moody) currents of the form

Ja(w)tag(z, z̄)= cg
w− z

c(z, z̄)+ κ∂zg(z, z̄)+ · · · (21.224)

where cg , defined by tata= cgI, is equal to cg = 2C(g), where C(g) is the quadratic Casimir
of the representation, and the ellipsis indicates regular terms asw→ z. The normal-ordered
product of eq. (21.223) is defined as the limit

: Ja(z)ta g(z, z̄) := lim
w→z

(
Ja(w)− ta

w− z

)
tag(z, z̄) (21.225)

The OPE of eq. (21.224) implies that there is a field in this CFT,

χ ≡ (Ja−1ta− κL−1)g= 0 (21.226)

which is a null field. Here we used that ∂zg= L−1g. Therefore, χ is a null state, and the
representation is degenerate. Consistency then requires that χ be a primary field that
satisfies

L0χ =(�+ 1)χ , Ja0χ = taχ

Lnχ =Janχ = 0, for n> 0 (21.227)
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While the first equation is automatically satisfied, the second equation holds provided

cg + 2�κ = 0, cV + k+ 2κ = 0 (21.228)

where cV , defined by
f acdf bcd= cVδab (21.229)

is the quadratic Casimir of the adjoint representation. These conditions imply that the
scaling dimension� of the primary field g must be

�= 2C(g)
cV + k

(21.230)

and that the parameter κ is

κ =−1
2
(cV + k) (21.231)

Another way to reach the same conclusions is to construct the energy-momentum tensor
of the quantized theory. Assume that the energy-momentum tensor has the Sugawara form,

T(z)= 1
2κ

: Ja(z)Ja(z) :, T̄(z)= 1
2κ

: J̄a(z)J̄a(z) : (21.232)

with the same constant κ used above. This structure of the energy-momentum tensormeans
that the OPE of the currents should be

Ja(z)Ja(z′)= kD
(z− z′)2

+ 2κT(z)+ · · · (21.233)

where D is the dimension of the group G (i.e., the number of generators). Since the
energy-momentum tensor T(z) and the currents Ja(z) must also satisfy the Virasoro and
Kac-Moody algebras, eqs. (21.212)–(21.214), these equations will be satisfied only if the
central charge c is given by

c= kD
cV + k

(21.234)

and the constant κ is given by eq. (21.231).
These results also imply that the generators of the two algebras must be related to each

other through the expression

Ln= 1
2κ
∑

m∈Z
: JamJ

a
n−m : (21.235)

where normal ordering here means that Jn with n< 0 are placed to the left of Jm withm> 0.
Then, if we use this definition for L−1 and have it act on the primary field g, we obtain the
null state χ of eq. (21.226).

Furthermore, this line of reasoning actually applies to all the primary fields in the theory,
and not just to the WZW field g. Thus the scaling dimensions of all primary fields are
given by

�= 2C(φl)
cV + k

, �̄= 2C̄(φl)
cV + k

(21.236)
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where C(φl) is the quadratic Casimir of the representation associated with the primary field
φl. One result that also follows is that the slope of the beta function at theWZWfixed point is

dβ(λ2, k)
dλ2

∣∣∣∣
λ2=4π/k

= 2cV
cV + k

(21.237)

which agrees with Witten’s one-loop result.
Knizhnik and Zamolodchikov further also showed that the correlators of the g field

satisfy the differential equation

[
κ
∂

∂zi
−

N∑

j=1

tai taj
zi− zj

]
〈g(z1, z̄1) · · · g(zN , z̄N)〉= 0 (21.238)

which is known as the Knizhnik-Zamolodchikov equation. This equation, and its general-
ization for other primary fields, can then be used to obtain the correlation functions of the
WZW theory.

We end our discussion of the WZW CFT by applying these results to the case of the
group G= SU(N). In this case, the dimension of the group is D=N2− 1, and the Casimir
of the adjoint representation is cV =N. This implies that for the SU(N)k WZW CFT, the
momentum-energy tensor is

T(z)=− 1
(N+ k)

: Ja(z)Ja(z) : (21.239)

The central charge is

c= k(N2− 1)
N+ k

(21.240)

and the scaling dimensions are

�l= 2Cl

N+ k
(21.241)

In particular, the dimension of the WZW field g is

�= N2− 1
2N(N+ k)

(21.242)

Note that the central charges for the WZW theory are, in general, fractional numbers.
Thus, these fixed points are, in general, not free-field theories. However, level k= 1 theories
can represent free fields.

For instance, in the case of SU(N)1, we readily obtain that c= 1 and that �= �̄=
(N− 1)/2N. Both results are consistent with the non-abelian bosonization identification
of the free-fermion mass terms in eq. (21.210) with a product of the U(1)N vertex operator
exp(i
√
4π/Nφ) and the WZW field g. Indeed, one can see that the dimensions of these

operators add up to 1/2. Hence, the mass terms have dimension 1 and conformal spin 0,
as they should. Moreover, the central charges also add up to the correct value, c(U(1)N)+
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c(SU(N)1)=N, the value forN free Dirac fields. In addition, the energy-momentum tensor
of the free fermions becomes the sum

TDirac=
N∑

i=1
:ψ†

i (z)∂zψi(z) :�→− 1
2N

: J(z)J(z) :− 1
N+ 1

: Ja(z)Ja(z) : (21.243)

In other words, the abelian U(1) sector and the non-abelian SU(N) sector factorize, with
the central charges and scaling dimensions adding up to their free-field values, and the full
Hilbert space decomposes into the tensor product of the individual Hilbert spaces.

Exercises

21.1 CFT on a cylinder
Consider a two-dimensional CFT with central charge c. Let φ(z, z̄) be a primary
field of the CFT with scaling (conformal) dimension �= (h, h̄)≡ (h, h). The two-
point function of the primary field on the infinite plane is

〈φ(0, 0)φ(z, z̄)〉= 1
zhz̄h

Now consider the same correlator on an infinite cylinder of circumference �.
Consider the conformal mapping

w= �

2π
ln z

that maps the plane, with coordinate z= x+ iy, to the cylinder, with coordinate
w= σ + iτ , where 0<τ ≤ �.
1) Check that this mapping is conformal.
2) Use the general transformation law eq. (21.75) of a primary field under a

conformal mapping w(z) to show that the form of the two-point function of the
primary field on the cylinder is

〈φ(0, 0)φ(σ , τ)〉= (2π/�)2h

[2 cosh(2πσ/�)− 2 cos(2πτ/�)]2h

3) Now think of the cylinder as the Euclidean spacetime at finite temperature
T= 1/�. Use the general result you derived in part 2 to show that the correlator at
equal imaginary time τ decays exponentially at long distances. What determines
the value of correlation length ξ(T)?

4) Now think of the cylinder as the Euclidean spacetime S1×R, where S1 is a
circle of circumference �= L, and R is the imaginary time τ . In other words,
we have a theory at zero temperature on a one-dimensional space of length L= �
with periodic boundary conditions in σ . Find the expression of the two-point
function, which is a periodic function of σ with period L at equal imaginary
times. How does it depend on the scaling dimension�?

21.2 Compactified boson on a cylinder
Consider the theory of the compactified boson ϕ(x, t) of section 21.6.1 defined on a
cylinder, ϕ(x+ �, t)≡ϕ(x, t)+ 2πmR, where R is the compactification radius, and
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wherem∈Z is the winding number. The action of the boson is

S =
∫ ∞

−∞
dt
∫ �

0
dx

1
8π
(∂μϕ)

2

1) Use canonical quantization to show that the field expansion of the compactified
boson is

ϕ(x, t)=ϕ0+ 4πn
R�

t+ 2πRm
�

x+ i
∑

k�=0

1
k
(
ake2π ik(x−t)/�− ā−ke2π ik(x+t)/�

)

where ϕ0 is the center-of-mass zero mode (and is a periodic degree of freedom
restricted to the range [0,R)), n/R is the momentum of the center of mass, and
the oscillators obey the commutation relations [ak, ap]= kδk+p, [āk, āp]= kδk+p,
and [ak, āp]= 0.

2) Show that the Virasoro generators L0 and L̄0 are given by

L0=1
2

(
n
R
+ mR

2

)2
+
∑

n>0
a−nan

L̄0=1
2

(
n
R
− mR

2

)2
+
∑

n>0
ā−nān

in terms of which theHamiltonian isH= 2π
�
(L0+ L̄0) and the linearmomentum

is P= 2π
�
(L0− L̄0). This result shows that the Hilbert space of the compactified

boson can be classified into sectors, each labeled by the state |n,m〉, with charge
n and winding numberm.

3) Compute the ground-state energy and linear momentum of the state |n,m〉.
Relate this result to the scaling dimensions of a vortex of topological charge m
of a vertex operator of “electric” charge n in the classical two-dimensional XY
model.

21.3 CFT with a boundary
In this exercise, consider again a theory of a compactified boson ϕ(x1, x2) in 1+1
dimensions. However, now consider the case in which, in the Euclidean signature,
the boson lives on a spacewith a boundary. For simplicity, assume that the Euclidean
spacetime is the right half-plane, x1≥ 0, and x2 is unrestricted. In this problem, you
look at the effects of boundary conditions. Consider two boundary conditions at
x1= 0: (1) Neumann or free (∂1ϕ= 0), and (2) Dirichlet or pinned (ϕ= 0). The
action of the boson is the same as in exercise 21.2, and the compactification radius
is R.

1) Compute the explicit form of the two-point function

G(x, y)=〈ϕ(x)ϕ(y)〉

on the half-space for both Neumann and Dirichlet boundary conditions.
2) Consider now the case in which both x and y are close to the boundary (e.g.,

x= (d, x2) and y= (d, y2)). Find the expression for the two-point function in the
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limit d→ 0 for both Neumann and Dirichlet boundary conditions. How does it
differ from the case d→∞? You may use the regularized expression

ln |x− y| = lim
a→0

ln
(
a2+ |x− y|2)1/2

3) Compute the two-point function of two vertex operators,

Cn(x, y)=〈exp(inϕ(x)) exp(−inϕ(y))〉

(where n is an integer) for both types of boundary conditions. Again, the
operators are defined to be at x= (d, x1) and y= (d, y1). Use your result to
compute the scaling dimension of the vertex operators close (d→ 0) and far
(d→∞) from the wall for both boundary conditions. Does the criterion for
relevance and irrelevance of an operator change in the presence of the boundary?
How does it depend on the boundary condition?

4) Consider now the case of an operator that inserts a vortex of charge m at some
location x. The correlator of two such operators is the ratio of two partition
functions Zm[x, y]/Z, where

Zm[x, y]=
∫

Dϕ exp
(
−
∫

�

d2x
1
8π
(∂μϕ−Aμ)2

)

where the vector potential Aμ has vanishing curl everywhere except at x and
y, where it is equal to ±2πm (respectively). The space � is again the right
half-plane. The denominator Z is the partition function without vortices (i.e.,
with Aμ= 0). For simplicity, the points x and y are the same as before. Then, the
vector potential can be taken to be

A1(z1, z2)= 2πmδ(z1−R)[θ(x2− z2)− θ(y2− z2)], A2(z1, z2)= 0

Compute the correlator of two such vortices away from and close to the boundary
for both boundary conditions, and find the scaling dimensions in both cases.
Compare your result for the scaling dimensions with those you found for the
vertex operators.
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Topological Field Theory

22.1 What is a topological field theory?

Let us now consider a special class of gauge theories known as topological field theories.
These theories often (but not always) arise as the low-energy limit of more complex gauge
theories. In general, we expect that at low energies, the phase of a gauge theory will be either
confining or deconfined. While confining phases have (for really good reasons!) attracted
much attention, deconfined phases are often regarded as trivial, in the sense that the general
expectation is that their vacuum states will be unique, and the spectrum of low-lying states
is either massive or massless.

Let us consider a gauge theory whose action on a manifold M with metric tensor
gμν(x) is

S=
∫

M
dDx√g L(g,Aμ) (22.1)

In section 3.10, we showed that, at the classical level, the energy-momentum tensor Tμν(x)
is the linear response of the action to an infinitesimal change of the local metric,

Tμν(x)≡ δS
δgμν(x)

(22.2)

That a theory is topological means that it depends only on the topology of the space
in which it is defined, and consequently, it is independent of the local properties that
depend on the metric (e.g., distances, angles). Therefore, at least at the classical level, the
energy-momentum tensor of a topological field theory must vanish identically,

Tμν = 0 (22.3)

In particular, if the theory is topological, the energy (or Hamiltonian) is also zero.
Furthermore, if the theory is independent of the metric, it is invariant under arbitrary
coordinate transformations. Thus, if the theory is a gauge theory, the expectation values
ofWilson loops are independent of the size and shape of the loops. Whether a theory of this
type can be consistently defined at the quantum level is a subtle problem, which we briefly
touch on below.
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It turns out that, due to the nonlocal nature of the observables of a gauge theory, the
low-energy regime of a theory in its deconfined phase can have nontrivial global properties.
In what follows, we say that a gauge theory is topological if all local excitations are massive
(and in fact, we will send their mass gaps to infinity). The remaining Hilbert space of states
is determined by global properties of the theory, including the topology of the manifold
of their spacetimes. In several cases, the effective action of a topological field theory does
not depend on the metric of the spacetime, at least at the classical level. In all cases, the
observables are nonlocal objects, Wilson loops and their generalizations.

We focus on two topological field theories: the deconfined phases of discrete gauge
theories (particularly the simplest case,Z2), which exist in any spacetime dimensionsD> 2,
and Chern-Simons gauge theories, which are well understood in 2+1 dimensions.

22.2 Deconfined phases of discrete gauge theories

Consider a simple problem: a Z2 gauge theory in D> 2 spacetime dimensions in its
deconfined phase. In particular, we will work in the Hamiltonian formulation (cf. eq.
(18.67)), in the extreme deconfined limit λ→∞. In this limit, the ground state must satisfy
the condition that each plaquette operator is equal to 1 (i.e., no Z2 flux). These are the flat
(i.e., no curvature or flux) configurations of theZ2 gauge field. In this limit, at the local level,
this state is satisfied by the configuration that has σ 3

j =+1 at every link.
However, this is not a gauge-invariant state. Furthermore, if the number of sites of bulk

of the lattice is N, then there are 2N gauge-equivalent states, obtained by the action of the
generator of local gauge transformations Q(r) of the Z2 gauge theory (eq. (18.54)). If the
spatial manifold is open, we can fix the gauge locally (e.g., we fix the axial gauge σ 3

1 (r)= 1
on all links along the x1 axis). Up to a definition of the gauge fields at the boundary of the
manifold, this local gauge-fixing condition removes all redundancies.

However, this local gauge-fixing condition no longer specifies the state completely if
the manifold is closed. For example, if the spatial manifold is a two-torus, the axial local
gauge-fixing condition does not affect the so-called large gauge transformations, which
wrap around a noncontractible loop of the two-torus, such as those shown in figure 22.1a.
In fact, on a closed manifold, such as the two-torus, there is a multiplicity of quantum
states specified by the solutions of the flat configuration condition. These states are exactly
degenerate in the limit where the system has infinite extent.

These degenerate states are specified by the eigenvalues of the Wilson loops along the
noncontractible loops of the torus. Indeed, in this ultra-deconfined limit, the eigenvalues
of theWilson loop operatorsW�1 andW�2 on the two noncontractible loops �1 and �2 are
±1. Hence, on a two-torus, there are four linearly independent states. In contrast, a surface
of genus 2, a pretzel, has four noncontractible loops (or one-cycles), shown in figure 22.1b.
In general, on a two-dimensional closed surface with g handles (which in the continuum
limit is equivalent to a Riemann surface of genus g), the deconfined phase of the Z2 gauge
theory has exactly 22g degenerate ground states. In other words, in the low-energy limit of
the deconfined phase, the Hilbert space of the theory has finite dimension 22g , which grows
exponentially with the genus of the surface. This degenerate finite-dimensional Hilbert
space has a purely topological origin. The one-cycles shown in figure 22.1, known as the
canonical one-cycles, are linearly independent states of this Hilbert space and constitute a
basis of the space.
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(a) (b)
Г2 Г2Г1 Г1

Г3 Г4

Figure 22.1 (a) A two-torus and its two noncontractible loops, �1 and �2; (b) the four noncontract-
ible loops of the pretzel.

(a)

~γ1

(b)

~γ1
γ2

Figure 22.2 (a) A magnetic ’t Hooft loop W̃[γ̃1] on the noncontractible cycle γ̃1 of the dual lattice;
this operator is a product of σ 1 operators on all the links of the lattice pierced by the loop. (b) AWilson
loopW[γ2] on the noncontractible loop γ2 and a ’t Hooft loop on the noncontractible loop γ̃1. These
operators anticommute with each other.

Themagnetic ’t Hooft loops (defined in section 18.7) and theWilson loops (both defined
on noncontractible loops or cycles) form a closed algebra. Let W̃[γ̃i], with i= 1, 2, . . ., g, be
the ’t Hooft loops on the canonical one-cycles γ̃i of a surface of genus g, and letW[γj], with
j= 1, 2, . . ., g, be on the canonical one-cycles γj, such as those shown in figure 22.2. Consider
a Wilson loop operator, which is a product of σ 3 operators on the loop γj, and a ’t Hooft
loop operator, which is a product of σ 1 operators on the links of the lattice pierced by the
loop γ̃i. Since the one-cycles γ̃i and γj cross, they share a link of the lattice, as in figure 22.2b.
Hence, these operators anticommute with each other. In general, we have the algebra

[W[γi],W[γj]]= 0, [W̃[γ̃i], W̃[γ̃i]]= 0, ∀ i, j (22.4)

but

{W[γi], W̃[γ̃j]}= 0, if γi and γ̃j intersect

[W[γi], W̃[γ̃j]]= 0, otherwise (22.5)
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Also,

W[γi]2= W̃[γ̃i]2= I (22.6)

where I is the 2× 2 identity matrix. It is easy to show that the algebra is the same if the loops
are smoothly deformed in the bulk of the system. In other words, the algebra only knows
whether the loops cross or not.Wewill see shortly that this property is related to the concept
of braiding.

Since the Wilson loop operators commute with each other, and with the plaquette
operator of the Hamiltonian, we can choose the basis of the topological space of states to be
the eigenstates of the 2g Wilson loops, whose eigenvalues are ±1. Moreover, since Wilson
and ’t Hooft loops on cycles belonging to different handles commute with each other, it will
suffice to consider the algebra restricted to the two one-cycles of one handle. In that case,
there are just two states for each Wilson loop, which we label by |±, i〉, where i= 1, 2 labels
the two one-cycles of that handle. It is straightforward to see that the algebra of the Wilson
and ’t Hooft loops implies that

W̃[γ̃2]|+, 1〉=|−, 1〉, and W̃[γ̃2]|−, 1〉= |+, 1〉
W̃[γ̃1]|+, 2〉=|−, 2〉, and W̃[γ̃1]|−, 1〉= |+, 2〉 (22.7)

With only minor changes, this analysis can be extended to other gauge theories with a
discrete abelian gauge group, such as the ZN gauge theories. The topological degeneracy
is now N2g .

In section 18.8, we discussed the concept of duality. In particular, we showed that the
deconfined phase of the Z2 gauge theory is the dual of the symmetric phase of the (2+1)-
dimensional quantum Ising model. The existence of this finite-dimensional topological
Hilbert space in the gauge theory seems to contradict the duality mapping. In fact, what
we have actually proved is that duality is a relation between local operators of the two
theories. The topologically inequivalent subspaces of the gauge theory have the same local
content. So, the more precise statement is that duality is blind to the global topology, and
the mapping holds for any topological subspace.

So far, we have discussed only the case of a theory in 2+1 dimensions. Let us now consider
the role of topology in higher dimensions. We will focus on the extreme deconfined limit of
the Z2 gauge theory in 3+1 dimensions with the spatial topology of a three-torus, T3, and
the spacetime manifold is T3×R, where R is time. A three-torus has three noncontractible
one-cycles. Once again, the flat configurations can be labeled by the eigenstates of the
Wilson loops on the noncontractible one-cycles. Hence, the topological degeneracy is
now 8. For a spatial manifold of genus g, the degeneracy is 23g .

Much as in the (2+1)-dimensional case, in 3+1 dimensions, the ’t Hooft operators play an
important role. The difference is that while in 2+1 dimensions, the ’t Hooft loops are strings
(essentially, Dirac strings of π flux), in 3+1 dimensions, the ’t Hooft operators are defined
on surfaces, which on T3 are two-cycles. There are three inequivalent two-cycles that wrap
around the three-torus. Now, a Wilson loop on a γ1 one-cycle will anticommute with the
’t Hooft operator of a two-cycle on a surface 	23 pierced by the Wilson loop. Hence, the
algebra of eqs. (22.4)–(22.6) holds here too, and the same result follows.

However, this analysis has a caveat. In 2+1 dimensions, a finite but small amount of
the kinetic energy term of the gauge theory Hamiltonian, eq. (18.67), does not affect in an
essential way the behavior ofWilson and ’tHooft loops on one-cycles of the torus. But things
are different in the deconfined phase in 3+1 dimensions. While the behavior of the Wilson
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loop is similar, the behavior of the ’t Hooft loop is very different. Indeed, even if the kinetic
energy term is parametrically very small, a closed ’t Hooft loop obeys an area law and, in
principle, a ’t Hooft operator of a two-cycle will create a state with infinite energy. However,
the area law of the ’t Hooft loop turns into a perimeter law once the gauge theory is coupled
to a dynamical Z2 matter field, even one that is very heavy. In that case, the analysis is the
same.

We will see that the algebra of the operators in eqs. (22.4)–(22.6) is intimately related to
the concept of braiding, which we discuss next.

22.3 Chern-Simons gauge theories

A particularly important example of a topological field theory is Chern-Simons gauge
theory. The main interest in Chern-Simons theory is that it is a topological field theory.
In this context, the expectation values of the Wilson loop operators are given in terms of
topological invariants associated with the theory of knots, such as their linking numbers
and generating functions (known as the Jones polynomial). As we will see, the states created
by Wilson loops of Chern-Simons theory are anyons, states that obey fractional statistics.
Chern-Simons theories are the low-energy effective field theories of topological phases, such
as the topological fluids of the fractional quantum Hall effects.

Chern-Simons gauge theory can be defined on spacetimes of odd dimension D. The
simplest case is in 2+ 1 dimensions with an abelian gauge group U(1), whose action on a
spacetime manifoldM is

S= k
4π

∫ M
d3x εμνλAμ∂νAλ≡ k

4π

∫

M
AdA (22.8)

where, in the last equality, we introduced the notation of forms.
On a closed manifold M, this action is invariant under both local and large gauge

transformations (which wrap around the closed manifold), provided the parameter k,
known as the level, is an integer. The Chern-Simons action is also odd under time reversal
T , x0→−x0, and parityP , defined as x1→−x1 and x2→ x2, but it is invariant underPT .
The Chern-Simons action is the theory with the smallest number of derivatives that satisfies
all these symmetries. For a general non-abelian gauge group G, the Chern-Simons action
becomes

S= k
4π

∫

M
d3x tr

(
AdA+ 2

3
A∧A∧A

)
(22.9)

Here, the cubic term is shorthand for

tr
(
A∧A∧A

)
≡ tr

(
εμνλAμAνAλ

)
(22.10)

for a gauge field Aμ that takes values on the algebra of the gauge group G.
A closely related (abelian) gauge theory is the so-called BF theory (Horowitz, 1989),

which, in a general spacetime dimensionD (even or odd), is a theory of a vector field Aμ (a
one-form) and an antisymmetric tensor field B with D− 1 Lorentz indices (a D− 1 form),
known as a Kalb-Ramond field. Its action is

S= k
2π

∫

M
dDx εμνλ···Bλ···∂μAν (22.11)
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where, once again, k is an integer. We will see shortly that this theory has the same content
as the topological sector of a discrete gauge theory, which we discussed in section 22.2.

Chern-Simons theory was studied by mathematicians in the context of the classification
of knots and representations of the Braid group. This theory first entered in physics as the
effective action of a theory of N Dirac fields with mass m in 2+1 dimensions, coupled to a
background gauge field, and the parity anomaly of the fermion determinant (Deser et al.,
1982a; Redlich, 1984a). Up to subtleties related to regularization, the low-energy effective
action of the gauge field is found to be (in the abelian case)

Seff [Aμ]=−itr ln(i /D[A]+m)=
∫

d3x
N
8π

sign(m)AdA+O(1/m) (22.12)

and similar expression for the non-abelian case. The fact that, superficially, the level of this
effective action is k= N

2 sign(m) requires special care in the regularization of the fermion
determinant. We discussed this problem in section 20.7. This theory has had great success
in explaining the phenomenon of statistical transmutation, by which bosons turn into
fermions through a process of flux attachment. This mechanism is the basis of the modern
theory of anyons, particles with fractional statistics (Wilczek, 1982).

22.4 Quantization of abelian Chern-Simons gauge theory

Here we focus on the simpler case of canonical quantization of the abelian Chern-Simons
theory in 2+1 dimensions (Dunne et al., 1989; Elitzur et al., 1989; Witten, 1989). Consider
this theory coupled to a set of conserved currents jμ. Its Lagrangian is

L= k
4π
εμνλAμ∂νAλ− jμAμ (22.13)

which, in Cartesian components, becomes

L=A0

( k
4π
εij∂iAj− j0

)
+ k

4π
εijAi∂0Aj+ j ·A (22.14)

As usual, the A0 component plays the role of a Lagrange multiplier field that enforces a
constraint. While in Maxwell’s theory the constraint is Gauss’s law, � ·E= j0, in Chern-
Simons theory, the constraint implies that

k
2π

B= j0 (22.15)

where B= εij∂iAj. In other words, this constraint implies a condition that flux and charge
must be glued (or attached) to each other. We will see that this is closely related to fractional
statistics.

However, the equation of motion of the gauge field is

k
2π

F∗μ= jμ (22.16)

Therefore, in the absence of external sources, jμ= 0, the solutions of the equations ofmotion
are the flat connections, Fμν = 0, and hence are pure gauge transformations.
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At the classical level, the second term on the right-hand side of eq. (22.14) implies that
the spatial components of the gauge field, Ai, form canonical pairs. Thus at the quantum
level, as operators, they satisfy the equal-time commutation relations

[
A1(x),A2(y)

]
= i

2π
k
δ(x− y) (22.17)

Finally, the third term of eq. (22.14) implies that the Hamiltonian is

H=−
∫

d2x j(x) ·A(x) (22.18)

Hence, in the absence of sources ( j= 0), the Hamiltonian vanishes: H= 0.
The Chern-Simons action is locally gauge invariant, up to boundary terms. To see this,

let us perform a gauge transformation, Aμ→Aμ+ ∂μ�, where �(x) is a smooth, twice
differentiable function. Then,

S[Aμ+ ∂μ�]=
∫

M
(Aμ+ ∂μ�)εμνλ∂ν(Aλ+ ∂λ�)

=
∫

M
d3x εμνλAμ∂νAλ+

∫

M
d3x εμνλ∂μ�∂νAλ (22.19)

Therefore, the change is

S[Aμ+ ∂μ�]− S[Aμ]=
∫

M
d3x ∂μ�F∗μ

=
∫

M
d3x ∂μ(�F∗μ)−

∫

M
d3x�∂μF∗μ (22.20)

where F∗μ= εμνλ∂νAλ is the dual field strength. However, in the absence of magnetic
monopoles, this field satisfies the Bianchi identity, ∂μF∗mu= ∂μ(εμνλ∂νAλ)= 0. Therefore,
using Gauss’s law, we find that the change of the action is a total derivative and integrates to
the boundary

δS=
∫

M
d3x ∂μ(�F∗μ)=

∫

	

dSμ�F∗μ (22.21)

where	= ∂M is the boundary ofM. In particular, if� is a nonzero constant function on
M, then the change of the action under such a gauge transformation is

δS=�× flux(	) (22.22)

Hence, the action is not invariant if the manifold has a boundary, and the theory must be
supplemented with additional degrees of freedom at the boundary.

Indeed, the flat connections (i.e., the solution of the equations of motion, Fμν = 0) are
pure gauge transformations, Aμ= ∂μϕ, and have an action that integrates to the boundary.
LetM=D×R, where D is a disk in space, and R is time. The boundary manifold is 	=
S1×R, where S1 is a circle. Thus, in this case, the boundary manifold 	 is isotropic to a
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cylinder. The action of the flat configurations reduces to

S=
∫

S1×R

d2x
k
2π
∂0ϕ∂1ϕ (22.23)

which implies that the dynamics on the boundary is that of a scalar field on a circle S1, and
obeys periodic boundary conditions.

Although classically the theory does not depend on the metric, it is invariant under
arbitrary transformations of the coordinates. However, any gauge-fixing condition will
automatically break this large symmetry. For instance, we can specify a gauge condition
at the boundary in the form of a boundary termLgauge fixing=A2

1. In this case, the boundary
action of the field ϕ becomes

S[ϕ]=
∫

S1×R

d2x
k
2π

[
∂0ϕ∂1ϕ− (∂1ϕ2)

]
(22.24)

The solutions of the equations of motion of this compactified scalar field have the form
ϕ(x1∓ x0) (where the sign is the sign of k), and are right- (left-) moving chiral fields,
depending on the sign of k. This boundary theory is not topological, but it is conformally
invariant.

A similar result is found in non-abelian Chern-Simons gauge theory. In the case of the
SU(N)k Chern-Simons theory on a manifold D×R, where D is a disk whose boundary is
� and R is time, the action is

SCS[A]=
∫

D×R

d3x
[

k
8π

tr
(
εμνλAμ∂νAλ+ 2

3
εμνλAμAνAλ

)]
(22.25)

This theory integrates to the boundary, �×R, where it becomes the chiral (right-moving)
SU(N)k Wess-Zumino-Witten (WZW) model (at level k) at its IR fixed point, λ2c = 4π/k:

SWZW[g]= 1
4λ2c

∫

�×R

d2x tr
(
∂μg∂μg−1

)+ k
24π

∫

B
εμνλtr

(
g−1∂μg g−1∂νg g−1∂λg

)

(22.26)
Here, g ∈ SU(N) parametrizes the flat configurations of the Chern-Simons gauge theory.
Therefore, the boundary theory is a nontrivial CFT, the chiral WZW CFT (Witten, 1989).

22.5 Vacuum degeneracy on a torus

Let us construct the quantum version of this theory on amanifoldM=T2×R, whereT2 is
a spatial torus of linear size L1 and L2. Since this manifold does not have boundaries, the flat
connections, εij∂iAj= 0, do not reduce to local gauge transformations of the formAi= ∂i�.
Indeed, the holonomies of the torus T2 (i.e., the Wilson loops on the two noncontractible
cycles of the torus �1 and �2 shown in figure 22.1) are gauge-invariant observables:

∫ L1

0
dx1A1≡ ā1,

∫ L2

0
dx1A2≡ ā2 (22.27)
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where ā1 and ā2 are time dependent. Thus, the flat connections now are

A1= ∂1�+ ā1
L1

, A2= ∂2�+ ā2
L2

(22.28)

whose action is

S= k
4π

∫
dx0εijāi∂0āj (22.29)

Therefore, the global degrees of freedom ā1 and ā2 at the quantum level become operators
that satisfy the commutation relations

[ā1, ā2]= i
2π
k

(22.30)

We find that the flat connections are described by the quantum mechanics of ā1 and ā2.
A representation of this algebra is

ā2≡−i2πk
∂

∂ ā1
(22.31)

Furthermore, the Wilson loops on the two cycles become

W[�1]= exp
(
i
∫ L1

0
A1

)
≡ eiā1 , W[�2]= exp

(
i
∫ L2

0
A2

)
≡ eiā2 (22.32)

and satisfy the algebra

W[�1]W[�2]= exp(−i2π/k)W[�2]W[�1] (22.33)

Under large gauge transformations,

ā1→ ā1+ 2π , ā2→ ā2+ 2π (22.34)

Therefore, invariance under large gauge transformations on the torus implies that ā1 and ā2
define a two-torus target space.

Let us define the unitary operators

U1= exp(ikā2), U2= exp(−ikā1) (22.35)

which satisfy the algebra
U1U2= exp(i2πk)U2U1 (22.36)

The unitary transformationsU1 andU2 act as shift operators on ā1 and ā2 by 2π , and hence
generate the large-gauge transformations. Moreover, the unitary operators U1 and U2 leave
the Wilson loop operators on noncontractible cycles invariant:

U−11 W[�1]U1=W[�1], U−12 W[�2]U2=W[�2] (22.37)
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Let |0〉 be the eigenstate ofW[�1] with eigenvalue 1,W[�1]|0〉= |0〉. The stateW[�2]|0〉 is
also an eigenstate ofW[�1] with eigenvalue exp(−i2π/k), since

W[�1]W[�2]|0〉= ei2π/kW[�2]W[�1]|0〉= e−i2π/kW[γ2]|0〉 (22.38)

More generally, since

W[�1]Wp[�2]|0〉= e−i2πp/kWp[�2]|0〉 (22.39)

we find that, provided k∈Z, there are k linearly independent vacuum states |p〉=
Wp[�2]|0〉, for the U(1) Chern-Simons gauge theory at level k. This theory is denoted as
the U(1)k Chern-Simons theory. Therefore the finite-dimensional topological space on a
two-torus is k-dimensional. It is trivial to show that, on a surface of genus g, the degeneracy
is kg .

We see that in the abelian U(1)k Chern-Simons theory, the Wilson loops must carry k
possible values of the unit charge. This property generalizes to the non-abelian theories,
where it is technically more subtle. Here we only state some important results. For
example, if the gauge group is SU(2), we would expect that the Wilson loops will carry the
representation labels of the group SU(2), and, as such, they will be labeled by ( j,m), where
j= 0, 12 , 1, . . ., and the 2j+ 1 values of m satisfy |m| ≤ j. However, it turns out that SU(2)k
Chern-Simons theory has fewer states, and that the values of j are restricted to the range
j= 0, 12 , . . .,

k
2 .

22.6 Fractional statistics

Another aspect of the topological nature of Chern-Simons theory is the behavior of
expectation values of products of Wilson loop operators. Let us compute the expectation
value of a product of twoWilson loop operators on two positively oriented closed contours
γ1 and γ2. We will do this computation in the abelian Chern-Simons theory U(1)k in
(2+1)-dimensional Euclidean space. Note that the Euclidean Chern-Simons action is purely
imaginary, since the action is first order in derivatives. The expectation value to be
computed is

W[γ1 ∪ γ2]=
〈
exp

(
i
∮

γ1∪γ2
dxμAμ

)〉

CS
(22.40)

We will see that the result depends on whether the loops γ1 and γ2 are linked or unlinked,
as in the cases shown in figure 22.3.

This calculation is simpler than the one we did for Maxwell’s theory in section 9.7. As in
Maxwell’s case, the expectation value of a Wilson loop on a contour (or union of contours,
as in the present case) γ can be written as

〈
exp

(
i
∮

γ

dxμAμ
)〉

CS
=

〈
exp

(
i
∫

d3xJμAμ
)〉

CS
(22.41)

where the current Jμ is

Jμ(x)= δ(xμ− zμ(t))
dzμ
dt

(22.42)
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(a) (b)

γ2γ2γ1 γ1

Figure 22.3 (a) Two linked Wilson loops forming a knot; (b) two unlinked Wilson loops.

Here zμ(t) is a parametrization of the contour γ . Therefore, the expectation value of the
Wilson loop is (Witten, 1989)

〈
exp

(
i
∮

γ

dxμAμ
)〉

CS
≡ exp(iI[γ ]CS)

= exp
(
− i

2

∫
d3x

∫
d3y Jμ(x)Gμν(x− y)Jν(y)

)
(22.43)

where Gμν(x− y)=〈Aμ(x)Aν(y)〉CS is the propagator of the Chern-Simons gauge field.
Since the loops are closed, the current Jμ is conserved, and ∂μJμ= 0, and the effective action
I[γ ]CS of the loop γ is gauge invariant.

The Euclidean propagator of Chern-Simons gauge theory (in the Feynman gauge) is

Gμν(x− y)= 2π
k
G0(x− y)εμνλ∂λδ(x− y) (22.44)

where G0(x− y) is the propagator of the massless Euclidean scalar field, which satisfies

− ∂2G0(x− y)= δ3(x− y) (22.45)

As usual, we can write

G0(x− y)=
〈
x
∣∣∣∣

1
−∂2

∣∣∣∣ y
〉

(22.46)

Using these results, we find the following expression for the effective action

I[γ ]CS= πk
∫

d3x
∫

d3y Jμ(x)Jν(y)G0(x− y)εμνλ∂λδ(x− y)

= π
k

∮

γ

dxμ
∮

γ

dyνεμνλ∂λG0(x− y) (22.47)

Again, since the current Jμ is conserved, it can be written as the curl of a vector field, Bμ:

Jμ= εμνλ∂νBλ (22.48)

In the Lorentz gauge, ∂μBμ= 0, we can write

Bμ= εμνλ∂νφλ (22.49)



708 . Chapter 22

Hence,
Jμ=−∂2φμ (22.50)

where

φμ(x)=
∫

d3y G0(x− y)Jμ(y) (22.51)

On substituting this result into the expression for Bμ, we find

Bμ=
∫

d3yεμνλ∂νG0(x− y)Jλ(y)=
∮

γ

εμνλ∂νG0(x− y)dyλ (22.52)

Therefore, the effective action I[γ ]CS becomes

I[γ ]CS= πk
∮

γ

dxμ
∮

γ

dyνεμνλ∂λG0(x− y)= π
k

∮

γ

dxμBμ(x) (22.53)

Let 	 be an oriented open surface of the Euclidean three-dimensional space whose
boundary is the oriented loop (or union of loops) γ . Then, using Stokes’ theorem, we write
the last integral in eq. (22.53) as

I[γ ]CS= πk
∫

	

dSμεμνλ∂νBλ= πk
∫

	

dSμJμ (22.54)

The integral in the last part of this equation is the flux of the current Jμ through the surface
	. Therefore, this integral counts the number of times nγ the Wilson loop on γ pierces
the surface 	 (whose boundary is γ ), and therefore it is an integer: nγ ∈Z. Let us call this
integer the linking number (orGauss invariant) of the configuration of loops. In other words,
the expectation value of the Wilson loop operator is

W[γ ]CS= eiπnγ /k (22.55)

The linking number is a topological invariant, since, being an integer, its value cannot be
changed by smooth deformations of the loops, provided they are not allowed to cross.

We now show that this property of Wilson loops in Chern-Simons gauge theory leads to
the concept of fractional statistics. Consider a scalar matter field that is massive and charged
under the Chern-Simons gauge field. The excitations of this matter field are particles that
couple minimally to the gauge field. Here we are interested in the case in which these
particles are very heavy. In that limit, we can focus on states that have a few of these particles,
which will be in their nonrelativistic regime.

Consider, for example, a state with two particles, which in the remote past (at time t=
−T→−∞) were located at two points A and B. This initial state will evolve to a final state
at time t=T→∞, in which the particles either go back to their initial locations (the direct
process), or to another one inwhich they exchange places,A↔B. At intermediate times, the
particles follow smooth worldlines. These two processes, direct and exchange, are shown in
figure 22.4. There we see that the direct process is equivalent to a history with two unlinked
loops (the worldlines of the particles), whereas in the exchange process, the two loops form
a link. It follows from the preceding discussion that the two amplitudes differ by the result
of the computation of the Wilson loop expectation value for the loops γ1 and γ2. Let us call
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(a) (b)

γ2γ1

A B

T T

−T −T

A B

A
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B

B

Figure 22.4 (a) A direct process is represented by two unlinked Wilson loops. (b) An exchange
process is represented by a topological link of two Wilson loops forming a knot (or braid).

the first amplitudeWdirect and the secondWexchange. The result is

Wexchange=Wdirecte±iπ/k (22.56)

where the sign depends on how the two worldlines wind around each other.
An equivalent interpretation of this result is that if�[A,B] is the wave function with the

two particles at locations A and B, the wave function where their locations are exchanged is

�[B,A]= e±iπ/k�[A,B] (22.57)

Clearly, for k= 1 the wave function is antisymmetric and the particles are fermions, while
for k→∞ they are bosons. For other values of k, the particles obey fractional statistics and
are called anyons. The phase factor φ=±π/k is called the statistical phase.

Notice that, while for fermions and bosons, the statistical phase ϕ= 0,π is uniquely
defined (mod 2π), for other values of k the statistical angle is specified up to a sign that
specifies how the worldlines wind around each other. Indeed, mathematically, the exchange
process shown in figure 22.4b is known as a braid. Processes in which the worldlines wind
clockwise and counterclockwise are braids that are the inverse of each other. Braids can also
be stacked on top of each other yielding multiples of the phase ϕ. In addition to stacking
braids, Wilson loops can be fused: seen from some distance, a pair of particles will behave
like a new particle with a well-defined behavior under braiding. This process of fusion is
closely related to the concept of fusion of primary fields in CFT, discussed in chapter 21.

What we have just described is a mathematical structure called the Braid group. The
example worked out using abelian Chern-Simons theory yields one-dimensional represen-
tations of the Braid group, with the phase ϕ being the label of the representations. For
U(1)k, there are k types of particles (anyons). These one-dimensional representations are
abelian in that, in the general case of U(1)k, acting on a one-dimensional representation p
(defined mod k) with a one-dimensional representation q (also defined mod k) yields the
one-dimensional representation p+ q (mod k). We denote the operation of fusing these
representations (particles!) as [q]mod k×[p]mod k=[q+ p]mod k. These representations are
in one-to-one correspondence with the inequivalent charges of the Wilson loops and also
with the vacuum degeneracy of the U(1)k Chern-Simons theory on a torus.
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A richer structure arises in the case of the non-abelian Chern-Simons theory at level k
(Witten, 1989), such as SU(2)k. For example, for SU(2)1, the theory has only two
representations; both are one-dimensional and have statistical angles ϕ= 0,π/2.

However, for SU(2)k, the content is more complex. In the case of SU(2)2, the theory
has (a) a trivial representation [0] (the identity, (j,m)= (0, 0)), (b) a (spinor) representation
[1/2] ((j,m)= (1/2,±1/2)), and (c) the representation [1] ((j,m)= (1,m), withm= 0,±1).
These states will fuse, obeying the following rules: [0]× [0]= [0], [0]× [1/2]= [1/2],
[0]× [1]= [1], [1/2]× [1/2]= [0]+ [1], [1/2]× [1]= [1/2], and [1]× [1]= [0] (note the
truncation of the fusion process).

Of particular interest is the case [1/2]× [1/2]= [0]+ [1]. In this case, we have two
fusion channels, labeled [0] and [1]. The braiding operations now act on a two-dimensional
Hilbert space and are represented by 2× 2 matrices. This is an example of a non-abelian
representation of the Braid group. These rather abstract concepts have found a physical
manifestation in the physics of fractional quantumHall fluids, whose excitations are vortices
that carry fractional charge and anyon (Braid) fractional statistics.

Why this is interesting can be seen by considering a Chern-Simons gauge theory with
four quasistatic Wilson loops. For instance, in the case of the SU(2)2 Chern-Simons theory,
the Wilson loops (heavy particles!) can be taken to carry the spinor representation, [1/2].
Let us call the four particlesA, B, C, andD. Wewould expect that their quantum state would
be completely determined by the coordinates of the particles. This, however, is not the case,
since, if we fuseAwithB, the result is either a state [0] or a state [1]. Thus, if the particleswere
prepared originally in some state, braiding (and fusion) will lead to a linear superposition
of the two states. This braiding process defines a unitary matrix, a representation of the
Braid group. The same is true with the other particles. However, it turns out that for four
particles, there only two linearly independent states. This twofold degenerate Hilbert space
of topological origin is called a topological qubit.Moreover, if we consider a system with N
(even) number of such particles, the dimension of the topologically protected Hilbert space
is 2N

2 −1. Hence, for large N, the entropy per particle grows as 1
2 ln 2= ln

√
2. Therefore,

the qubit is not an “internal” degree of freedom of the particles but is a collective state of
topological origin. Interestingly, there are physical systems, known as non-abelian fractional
quantum Hall fluids, that embody this physics and are accessible to experiments! For these
reasons, the non-abelian case has been proposed as a realization of a topological qubit
(Kitaev, 2003; Das Sarma et al., 2008).

Exercises

22.1 Fractional charge and statistics in U(1)k Chern-Simons theory
In this exercise consider theU(1)k abelianChern-Simons theorywith gauge fieldAμ
coupled to two types of sources, jμ and an external (background) electromagnetic
field Aem

μ . The Lagrangian is now

L= k
4π
εμνλAμ∂νAλ+ jμAμ+ e

2π
Aem
μ ε

μνλ∂νAλ

1) Show that the electromagnetic current of this theory is Jemμ = e
2π εμνλ∂

νAλ, and
show that this current is locally conserved.

2) Consider now the case in which the current jμ represents the worldlines of very
heavy particles that are charged under the Chern-Simons gauge field. Integrate
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out the Chern-Simons gauge field, and find the effective action for the matter
currents jμ and for the electromagnetic gauge field Aem

μ .
3) Use the effective action of the previous part to compute the electromagnetic

current induced by the external electromagnetic field. Use the result to compute
the conductivity tensor σij (i, j= 1, 2), such that Jemi = σijEem

j , where Eem is the
external electric field.

4) Use the effective action to show that the particles represented by the currents jμ
have electromagnetic charge q= e/k and fractional statistics θ =π/k.

22.2 BF theory
A simple generalization of abelian Chern-Simons theory is a theory with U(1)×
U(1) local gauge invariance. This theory has two U(1) gauge fields, Aμ and Bμ. Its
Lagrangian density is

L= k
2π
εμνλAμ∂νBλ

where k is an integer. At the classical level, this is a topological field theory.

1) Show that time-reversal acts to exchange the fields Aμ and Bμ.
2) Quantize this theory in the A0=B0 gauge. Find the canonical momenta for the

fields Ai(x) and Bi(x) (with i= 1, 2), and determine the canonical commutation
relations. What is the Gauss’s law constraint for this theory?

3) Consider a theory of this type quantized on a spatial torus. Let γ1 and γ2 be the
two noncontractible loops of the torus. Consider now the Wilson loop operators
WA[γi]= exp(i

∮
γi
dx ·A(x)) and similarly for the field Bμ. Show that the Wilson

loop operators commute with each other if they act on the same gauge field. Show
thatWilson loops on noncontractible loops of the torus acting on different gauge
fields do not commute with each other and obey the algebra

WA[γi]WB[γj]= εije±2π i/kWB[γj]WA[γi]

4) Use this algebra to show that the BF theory at level k has k2 degenerate vacua.
5) Consider now the BF theory coupled to two matter currents jIμ (with I= 1, 2),

representing two types of particles, and two background electromagnetic fields
Aem
μ and Bem

μ . The couplings have the same form as in exercise 22.1. Generalize
the methods used in exercise 22.1 to compute the charges and statistics of the
heavy particles. How many types of particles do you find?
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η-invariant, 635
γ 5 mass, 176
φ4 theory
renormalization functions, 456
renormalization functions at two-loop order,

453
two-point function in the large-N

limit, 489
π1(S1), 580, 582
π1(S2), 580
π2(G/H), 595
π2(S2), 589, 598
π2(SN), 594
π3(SU(2)), 602
θ-vacuum, 641
ζ -function, 201
regularization, 201, 377

1 PI vertex function, 335
generating functional, 336

A0 = 0 gauge, 225
canonical quantization, 227

abelian bosonization
current, 621
mass operators, 623

abelian Higgs, 585
vortex, 585

Abrikosov vortex, 586
action, 12
AdS/CFT, 521
renormalization group flow, 521

advanced Green function, 255
Aharonov-Bohm effect, 52
algebraic screening, 553

analytic continuation, 35, 114, 116
angular momentum tensor, 69
anomalies, 177, 293, 630
anomalous commutators, 619
anomalous dimension, 447, 451, 456
nonlinear sigma model, 476

anomaly inflow, 636
anyon, 137, 679, 702, 706, 709
area law, 244
asymptotic freedom, 452, 477
Yang-Mills, 484

asymptotic triviality, 452, 484
Atiyah-Singer theorem, 631
axial anomaly, 177, 617, 628
1+1 dimensions, 619
3+1 dimensions, 628

axial current, 177, 616
nonconservation, 617, 619

axial gauge, 236
axion string, 636

Bardeen-Cooper-Sohrieffer (BCS) theory, 399
Belinfante energy-momentum tensor, 70
Berry phase, 212, 636
beta function, 410, 447
conformal perturbation theory, 437
fixed points, 450
Ising model, 420
momentum shell RG, 427
MS scheme, 458
scheme dependence, 458
solution, 452
Yang-Mills, 483

Bianchi identity, 29, 547, 599, 611
block spin, 32
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block spin transformation, 414
decimation, 418
Migdal transformation, 419

Bogoliubov transformation, 400
Bogomol’nyi

bound, 587, 601, 603
point, 587

bosonization, 621
abelian, 621
non-abelian, 686
non-abelian currents, 688
non-abelian mass terms, 689

BPS equations, 587
Braid, 709
Braid group, 709
BRST

classification of states, 251
infinitesimal transformation, 250
Jacobi identity, 251

BRST invariance, 250

C-function, 675
Callan-Harvey effect, 639
Callan-Symanzik equation, 428, 447, 448

nonlinear sigma model, 473
canonical anticommutation relations, 163,

164
canonical commutation relations, 80
canonical formalism, 15
canonical quantization

field theory, 80
Maxwell’s theory, 222
quantum mechanics, 78

Casimir effect, 220, 403, 672
Virasoro central charge, 672

Cauchy theorem, 255
Cauchy-Riemann equation, 592
causal boundary condition, 254
causality, 168, 254
central charge, 667

2D Ising model, 403
Casimir effect, 403, 672
compactified boson, 678
Majorana fermion, 681
minimal models, 685
RG flow, 675
universal specific heat, 673

central extension, 687
Kac-Moody algebra, 687
Virasoro algebra, 667

charge conjugation, 172
charge conservation, 619
charge current

U(1), 63
Chern-Simons, 701
abelian gauge theory, 633
boundaries, 703
bulk-boundary correspondence, 704
bulk-edge correspondence, 704
canonical commutators, 703
flat connections, 702
Gauss’s Law, 702
global degrees of freedom on a torus, 704
induced, 702
non-abelian gauge theory, 634
term, 633
vacuum degeneracy, 704

chiral anomaly, 617
1+1 dimensions, 617
bosonization, 619
Fujikawa determinant, 630
non-abelian, 686
pair creation, 617

chiral compactified boson, 704
chiral condensate, 506
chiral Gross-Neveu model, 351, 505, 509
absence of spontaneous chiral symmetry

breaking, 511
asymptotic freedom, 510
effective action, 509
saddle-point equations, 509
U(1) chiral symmetry, 509

chiral symmetry, 175
spontaneous breaking, 506

chiral transformation, 175
classical conservation laws, 42
classical field, 336
classical Heisenberg model, 474
coarse-grained configurations, 32
cocycle, 209
coherent states, 180
analytic functions, 183
fermions, 188, 189
functional determinant, 197
linear harmonic oscillator, 180
nonrelativistic Bose gas, 186
overcompleteness, 183
path integral, 184, 185
spin, 207

Coleman theorem, 510
collective coordinate, 572
color charge, 65
compact electrodynamics, 529, 543, 604, 610
Hamiltonian, 532

compact Lie group, 46
compactification radius, 622, 678
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compactified boson, 609
complex projective space, 460
complex scalar field, 44
conductivity tensor, 290, 292
confinement, 244
abelian Higgs model, 587
CP

N−1 model, 503
instantons, 587
large-Nc Yang-Mills theory, 520
magnetic condensate, 542
QCD strings, 518
Z2 gauge theory, 541

conformal algebra, 658
conformal blocks, 666
conformal correlators, 659
energy-momentum tensor, 668
four-point function, 660
orthogonality, 659
universal three-point function, 660

conformal field theory
C-theorem, 673
central charge, 667
compactification radius, 678
compactified boson, 676
conformal spin, 673
Dirac fermion, 681
free massless fermion, 680
fusion algebra, 433
highest weight state, 669
Kac determinant, 684
Majorana fermion, 680
minimal models, 685
mode expansion, 668
null state, 683
primary field, 661
RG flow, 673
scaling dimension, 673
two-dimensional Ising model, 685
unitary, 683
vertex operators, 678

conformal invariance, 416, 430, 431, 652
three-point function, 432
traceless energy-momentum tensor, 657
two-point function, 431
WZW, 686

conformal perturbation theory, 435
conformal transformations, 653
conformal Ward identity, 656
connected correlators
generating functional, 332

connected two-point function, 332
conservation law, 43
constant of motion, 44

constraint, 222, 252
contact term, 463
continuity equation, 27
continuum limit, 412
contraction, 122
contravariant vector, 10
coordinate transformation, 65
Jacobian, 66
translations, 67
variation of the action, 67

correspondence principle, 78
coset, 459
Coulomb gas, two-dimensional, 584
Kosterlitz-Thouless transition, 584

Coulomb gas, three-dimensional, 612
logarithmic interaction, 585

coulomb gauge, 30, 224
mode expansion, 226
quantization, 225
topological obstruction, 236

Coulomb interaction, 538
Coulomb phase, 538, 563
Coulomb potential
D spacetime dimensions, 246

Coulomb scattering, 295
counterterms, 368
coupling constant renormalization
one loop, 359
two loops, 361

covariant derivative, 50
non-abelian, 56

covariant gauge condition, 247
covariant vector, 10
CP

N−1 model, 459, 488, 499, 643
beta function at large N, 502
broken symmetry phase, 504
confinement, 503
dynamical mass generation, 502
gap equation, 501
instanton, 595
large-N effective action, 500, 503
large-N limit, 500
renormalized coupling constant, 501

CPT, 172
critical dimension, 372, 531
critical number of flavors, 484
current algebra, 620, 679
SU(N)k, 686
U(1), 620

current correlation function, 289, 290

Debye screening, 610
deconfinement, 542



724 . Index

density matrix, 105
dilation, 430
dilation current, 659
dimensional analysis, 370
dimensional regularization, 377, 380, 456
dimensional transmutation, 477
dimensionless coupling constant, 372, 374
Dirac algebra, 18
Dirac bilinears, 25
Dirac canonical momentum, 27
Dirac current, 21
Dirac equation, 18

covariant form, 19
solutions, 20

Dirac Euclidean Lagrangian, 196
Dirac fermion, 396
Dirac field

charge conjugation, 172
mode expansion, 164
normal ordering, 164
parity, 174
propagator, 170
quantization, 163
time-reversal, 174
vacuum state, 163

Dirac gamma matrices, 19
Dirac magnetic monopole, 597
Dirac mass, 176
Dirac quantization, 55, 213
Dirac relativistic covariance, 22
Dirac sea, 163
Dirac spectrum

charge, 167
energy-momentum, 164
spin, 165

Dirac spin, 25
Dirac spinor

angular momentum, 24
Dirac string

vortex, 606
Z2 gauge theory, 542

discrete Gaussian model, 607
discrete symmetries, 42
disorder operator, 396

condensate, 396
domain wall, 396, 577
φ4 theory, 577
chiral Dirac fermions, 638

dual field, 623
dual group, 605
dual superconductor, 520
dual tensor, 28
duality, 545, 610, 647

strong coupling–weak coupling, 607
XY model, 604

dynamical symmetry breaking, 506
dyon, 648
Dyson equation, 334

effective action
chiral phase field, 510
slow modes, 425

effective potential, 340, 356
one-loop, 357
one-loop renormalized, 359
tree-level, 356

effective temperature, 389
electromagnetic duality, 29
electromagnetic field
equation of motion, 28

electromagnetic field tensor, 28
Elitzur’s theorem, 533
emergent symmetry
scale invariance, 430

energy-momentum four-vector, 10
energy-momentum tensor, 68
conservation, 68, 655
free Dirac field, 168
gauge-invariant, 71
response to a change of the geometry, 73
scalar electrodynamics, 75
scalar field, 68
symmetric, 70, 73
trace, 658
traceless, 657

equivalence class, 579
Euclidean action
extrema, 569

Euclidean Dirac Lagrangian, 196
Euclidean field theory, 33
Euclidean path integral, 116
classical statistical mechanics, 116
on a cylinder, 117
free scalar field, 118

Euclidean propagator, 124
behavior, 124
Fourier transform, 123

Euler angles, 48
Euler character, 515, 518
Euler relation, 514
Euler-Lagrange equation, 13, 34
Euclidean, 570

Euler-Mascheroni constant, 126, 472
evolution operator
matrix elements, 112

exponential decay of correlations, 127
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f sum rule, 572
Faddeev-Popov, 572
Faddeev-Popov determinant, 238, 572
non-abelian gauge theory, 247

Fermi energy, 148, 152
Fermi Golden Rule, 299
Fermi momentum, 152
fermion coherent states, 189
fermion doubling, 636
Feynman diagram, 144
Feynman gauge, 225, 239
Feynman gauge propagator, 241
real space, 245

Feynman path integral, 100
imaginary time, 105
relativistic particle, 520
scalar field, 113
vacuum persistence amplitude, 115

Feynman propagator, 112
Feynman slash, 19
Feynman–’t Hooft gauges, 239
Feynman-Schwinger parameter, 123
field strength, 52
field tensor
non-abelian, 61

fine structure constant, 246
finite temperature quantum field

theory, 117
first Chern number, 636
fishnet diagram, 516
fixed point, 416
critical, 417
emergent symmetries, 652
renormalizable field theory, 417
scale invariance, 416
scaling dimension, 430
universality, 430
Wilson-Fisher, 427

flavor symmetry, 64
fluctuation determinant, 105
Coleman’s approach, 107
free Euclidean scalar field, 120

fluctuation-dissipation theorem, 295
flux attachment, 702
flux confinement, 608
flux excitation, 542
flux quantization, 55, 586
Fock space, 6, 85, 137
anticommutation relations, 140
commutation relations, 140
creation and annihilation operators, 139
Hamiltonian, 144
identity operator, 143

inner product, 139
linear momentum, 143
two-body operators, 144

four-point function
conformal invariance, 432

four-point vertex function
relation with the connected function, 339

four-vectors, 10
fractal dimension, 451
fractional statistics, 706
free complex scalar field, 90
field expansions, 91

free Dirac field, 159
canonical momentum, 159
eigenspinors, 161
energy-momentum tensor, 168
Hamiltonian, 160
Lagrangian, 159

free energy
scalar field, 129

free Euclidean scalar field
generating function, 120

free Fermi gas, 152
one-particle states, 154

free fermion
field expansion, 151
filled Fermi sea, 148
ground state, 148
vacuum state, 149

free scalar field
Euclidean propagator, 122
field expansion, 82
quantization, 82
vacuum state, 84

free scalar field propagator
Minkowski spacetime, 125

frustration, 385
functional determinant, 107, 197
ζ -function, 201
coherent states, 197
Klein-Gordon, 205

fusion, 710
fusion algebra, 433, 666

gamma matrices, 19
gap equation, 492
Gross-Neveu model, 506

gauge class, 237
gauge field
non-abelian, 56

gauge fixing, 29, 235
Feynman–’t Hooft gauges, 239
general, 236
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gauge fixing (continued)
Lorentz gauge, 224
Maxwell theory, 224

gauge group
color, 64

gauge invariance, 29, 49, 221, 293, 619
Lorentz invariance, 232
minimal coupling, 51
non-abelian, 56
polarization tensor, 293

gauge theory
absence of spontaneous symmetry breaking,

533
finite temperature, 236
path integral quantization, 231
phase diagram, 561
quantization, 221

gauge transformation, 29, 235
as an orbit in the group, 236
Maxwell, 29
non-abelian, 57

gauge-invariant current, 63
gauge-invariant measure, 235
Gauss invariant, 708
Gauss’s law, 222, 531

constraint on the space of states, 232
lattice gauge theory, 533
Z2 gauge theory, 532

Gauss’s theorem, 43
Gaussian model, 119
Gell-Mann-Low theorem, 114
generalized susceptibility, 286
generating function

Maxwell’s theory, 245
genus, 515, 518
geodesic, 51
geometric quantization, 180, 212
Georgi-Glashow model, 558

instanton, 597
G/H nonlinear sigma model, 594
Gibbs free energy, 335
Ginzburg-Landau equation, 34
Ginzburg-Landau free energy, 33
global internal symmetry, 44
globally conserved charge, 44
gluon propagator

cancellation of one-loop gluon mass terms,
481

dimensional regularization renormalization
constants, 483

large-N limit, 517
one-loop, 480
one-loop logarithmic divergent diagrams, 481

gluons, 64
Goldstone boson, 343
Goldstone’s theorem, 343
grand canonical ensemble, 138
Grassmann algebra, 188
Grassmann Gaussian integrals, 192
Grassmann variables, 188
Green function
advanced, 255
retarded, 254
time-ordered, 257

Gribov copies, 232, 236
Griffiths-Ginibre inequality, 550
Gross-Neveu model, 179, 351, 488, 504
beta function at large N, 507
effective potential, 508
large-N effective action, 506
saddle-point equations, 506
Z2 chiral symmetry, 506

Haar measure, 237, 529
nonlinear sigma model, 463

Hamiltonian duality, 545
Z2 gauge theory, 545

Hamiltonian picture, 540
Hartree approximation, 317, 491
heat kernel, 201, 202
Heaviside function, 255
hedgehog, 598
Heisenberg picture
quantum field theory, 81

helicity, 176
Higgs mechanism, 556

CP
N−1 model, 500

Higgs particle, 558
Higgs phase, 244
observables, 558

Higgs-confinement complementarity, 563
Hilbert space, 77
quantum field theory, 80

holography, 521
homogeneous function, 412, 430
homogeneous space, 462
homotopy, 579
homotopy group, 578, 580
π1(S1), 580, 582
π1(S2), 580
π2(G/H), 595
π2(S2), 589
π2(SN), 594
π3(SU(2)), 602

Hopf map, 460
Hubbard-Stratonovich field, 492
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imaginary time, 35
periodic boundary conditions, 117

infrared divergence, 121
instanton, 568
confinement, 587
dilute gas, 575
double well, 568
Ising model, 575
O(3) nonlinear sigma model, 588
quantum tunneling, 568
scale invariance, 593
Yang-Mills, 601
zero mode, 571, 592

invariant measure, 237
inverted potential, 570
tunneling solution, 570

irrelevant operator, 375
Ising CFT
fusion rules, 685
scaling dimensions, 685

Ising model, 31, 384
central charge, 403, 685
continuum limit, 404
fermion Hamiltonian, 397
ground state, 402
Hamiltonian in a transverse field, 390, 530
Onsager solution, 394
partition function, 385
quantum to classical mapping, 390
specific heat, 402
strong coupling expansion, 391
time continuum limit, 388
transfer matrix, 386
weak coupling expansion, 393
Z2 global symmetry, 390
Z2 invariance, 391

Jacobian, 238
nonlinear sigma model, 463

Jordan-Wigner transformation, 395
inverse, 397

Kac-Moody algebra, 620
Kac-Moody level, 687
Kalb-Ramond field, 611
kink creation operator, 395, 545
Klein-Gordon equation, 4
as a field equation, 15

Knizhnik-Zamolodchikov equation, 693
Kondo problem, 477, 488
Kosterlitz renormalization group, 435
Kosterlitz-Thouless transition, 435, 585
Kramers-Krönig relation, 287

Kramers-Wannier duality, 604
Ising model, 545

Kubo formula, 286

Lagrange multiplier field, 494
A0, 222

Lagrangian
Dirac, 26
for a classical particle, 11
Maxwell, 30
real scalar field, 14
for a relativistic massive particle, 12
renormalizable, 375

Landau theory of phase transitions, 32
Langevin equation, 252
large gauge transformations, 236
large-N limit, 488
φ4 theory, 489
as the sum of bubble diagrams, 491
matrix models, 513
minimal subtraction scheme, 496
O(N) nonlinear sigma model, 493
path integral approach, 492
saddle-point equation, 492
self-consistent one-loop approximation,

491
solution and scaling, 496
string interpretation, 519

lattice gauge theory, 376, 519
Euclidean formulation, 529
Hamiltonian formulation, 531
non-abelian, 544
weak coupling expansion, 537

lattice regularization, 526
least action principle, 12, 13
Legendre transform, 336
Legendre transformation, 15
Levi-Civita tensor, 28
light cone, 10
linear effective potential, 541
linear potential, 244
linear response theory, 284
linking number, 708
local charge conservation, 27
local symmetry, 49
logarithmic corrections, 453
loop expansion, 355
Lorentz gauge, 30, 224, 236
Lorentz group, 8, 9
generators, 9
spinor representation generators, 24

Lorentz scalar, 10
Lorentz spinor, 11
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Lorentz transformations, 8
boosts, 8
Dirac bilinears, 25
spinors, 22

Lorentz vector, 10

magnetic flux, 586
magnetic loop, 545
magnetic monopole, 29, 55, 213, 597, 599, 610
magnetic susceptibility, 333
Majorana fermion, 396, 680

fermion parity, 397
Majorana fermion CFT, 406, 685
Majorana mass, 406
Majorana spinor condition, 399
Maldacena conjecture, 521
Mandelstam operators, 623
marginal operator, 375
marginally relevant operator, 419
mass gaps, 127
mass renormalization

one loop, 358
two loops, 360

mass shell, 88
massless Dirac field, 176
Maxwell’s equations, 28
Maxwell’s theory

scaling of the coupling constant, 245
Maxwell U(1) gauge theory

propagator, 241
mean field theory, 34
Meissner effect, 520
Mermin-Wangner theorem, 510
metric tensor, 9

Minkowski, 10
minimal coupling, 61
minimal subtraction, 377, 382, 456, 471
minimal surface, 520
minimap coupling, 51
monopole, 55, 213
monopole condensate, 520, 614

Nambu representation, 399
Nielsen-Ninomiya theorem, 636
Noether charge, 44

energy-momentum conservation, 68
Noether current, 44

general case, 49
Noether’s theorem, 42
non-abelian gauge invariance, 56
non-abelian gauge theory

BRST invariance, 250
lattice Hamiltonian, 532

quantization, 247
Yang-Mills Lagrangian, 61

nonlinear sigma model, 347, 459, 493
2+ ε expansion, 474
anomalous dimension, 473
asymptotic freedom, 477
beta function at large N, 498
Callan-Symanzik equation, 473
cancellation of linear divergences, 471
correlation length exponent, 474
dimensional regularization with minimal

subtraction, 472
Einstein equations, 478
equation of state, 496
large-N effective action, 494
logarithmic corrections to scaling, 477
nontrivial UV fixed point, 474
one-loop beta function, 473
one-loop effective action, 467
one-loop renormalized effective action, 468
one-loop two-point vertex function, 470
order parameter exponent, 475
partition function, 462
perturbative expansion, 467
primitive divergences, 465
proof of renormalizability, 466
renormalization, 462
renormalization in the large-N limit, 495,

496
saddle-point equations, 495
tree-level effective action, 467

nonrelativistic field theory, 145
nonrenormalizable theory, 374
normal ordering, 150
null state, 683

O(3) nonlinear sigma model, 347, 588, 644
classical Euclidean equations, 588
Euclidean action bound, 591
general instanton solution, 592
instanton zero modes, 592
self-dual solutions, 591
topological charge, 589

O(N), 47
generators, 48

O(N) nonlinear sigma model, 459
large-N limit, 493

one-particle irreducible vertex function, 335
operator product expansion, 432, 666
φ4 theory, 438
energy-momentum tensor, 667
Ising, 685
SU(2)1 currents, 679
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pairing Hamiltonian, 399
parafermion, 679
parallel transport, 50
non-abelian, 58

parity, 174
parity anomaly, 633
particle-hole excitations, 148
particle-hole transformation, 150
partition function
gauge theory, 529

path integral, 96
charged particle in a magnetic field, 134
coherent state representation, 185
Dirac field, 194
double well, 133
fermions, 194
fluctuation determinant, 105
gauge theory, 231
imaginary time, 105
integration measure, 104
linear harmonic oscillator, 102
Majorana fields, 196
non-abelian gauge theory, 247
phase space, 100
scalar field, 110, 113
spin, 207
sum over histories, 101

path-ordered exponential, 51
Pauli principle, 27
Pauli-Lubanski vector, 70
Pauli-Villars, 376
penetration depth, 586
perimeter law, 244, 539
deconfinement, 244

perturbative renormalizability
criterion, 372

perturbative renormalization group, 445
phase transition
confinement-deconfinement, 550
scaling, 412

phase-space path integral, 113
photon, 227
photon self-energy, 351
physical Hilbert space, 232
planar diagrams, 514, 515
poincaré conjecture, 478
poincaré group, 653
point-splitting, 620, 686
Poisson bracket, 76
Poisson summation formula, 220
polarization operator, 351

CP
N−1 model, 503

gauge invariance, 351

polarization tensor, 290
polyacetylene, 179
Pontryagin index, 602
power counting, 373
primary field, 661
primitively divergent diagrams, 373
principal chiral field, 461
principle of relativity, 50
propagator, 97
Dirac field, 170
free Euclidean scalar field, 122

QCD strings, 519
quadratic Casimir, 482
quantization
Dirac field, 163
free scalar field, 82
Maxwell theory, 221
non-abelian gauge theory, 247

quantum antiferromagnet, 155, 488
quantum chromodynamics, 64
one-loop beta function, 483
Feynman rules, 479
Lagrangian, 479

quantum electrodynamics
Lagrangian, 63
large-N effective action, 511
large-N limit, 511
nontrivial fixed point for D< 4, 511
one-loop beta function, 484, 511
Ward identity, 349

quark-gluon plasma, 564
quarks, 64
quasi-primary operator, 431

radial quantization, 664
random matrices, 488
random phase approximation, 491
rational conformal field theory, 680
reduction formula, 282
reflection positivity, 386, 549, 661, 670
regularization, 375
ζ -function, 377, 631
dimensional, 377
Gaussian, 376
lattice, 376
Pauli-Villars, 376
UV cutoff, 375

relativistic interval, 9, 10
space-like, 10
time-like, 10

relativistic string action, 520
relevant operator, 375, 609
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nonlinear sigma model, 466

renormalizable theory, 374
renormalization conditions, 364
renormalization group

anomalous dimension, 447
beta function, 410
effective action, 414
fixed point, 416
flow, 415
Migdal transformation, 419
momentum shell, 421
nonlinear sigma model, 462
transformation, 413

renormalized perturbation theory, 445
resolution of the identity, 97
retarded Green function, 254

definition, 255
RG flow, 415
φ4 theory, 427
Ising model, 420
Wilson-Fisher, 427

rotations, 69
running coupling constant, 449

saddle-point equation, 495
scalar field, 13

causality, 87
Euler-Lagrange equation, 14
Feynman propagator, 112
finite temperature, 129
Lagrangian, 14
Lorentz invariance, 14
N-point function, 112
positive energy, 18
sum over histories, 113
time-ordered product, 112
Wightman function, 112

scalar product, 10
scale invariance, 412

as emergent symmetry, 430
scale transformations

generator, 658
scaling dimension, 374, 430, 451
scaling function, 449
Schrödinger equation, 78
Schrödinger picture

quantum field theory, 80
Schrödinger propagator, 97
Schwartzian derivative, 668
Schwinger model, 512, 519, 641
Schwinger term, 620, 686

nonrelativistic current algebra, 293

SU(N)k, 687
U(1), 620, 682
Virasoro algebra, 667

Schwinger-Dyson equation, 348
quantum electrodynamics, 349

second quantization, 136
self-energy, 335, 337
shooting method, 108
simplectic 2-form, 211
sine-Gordon model, 609, 612
SL(2,Z), 647
Slater determinant, 138
Slavnov-Taylor identities, 483
SO(3, 1), 9
soliton, 396, 568
φ4 theory, 577
domain wall, 577
kink, 577

spacetime symmetries, 65
spectral asymmetry, 635
spectral function, 287
spin coherent states, 207
spinor transformation, 22
spin-statistics theorem, 27, 168
spontaneous symmetry breaking, 336, 393
standard model, 64
state vector, 77
state wave functional, 80
Stefan-Boltzmann law, 673
stereographic projection, 589
string tension, 244
string theory, 516
strong coupling expansion, 540
gauge theory strings, 548

SU(2)
commutation relations, 48
generators, 48

SU(N), 47
color gauge group, 64

SU(N)k Kac-Moody algebra, 687
superconducting gap, 557
superconductor, 585
abelian Higgs, 585
type I, 586
type II, 586

superficial degree of divergence, 373
superposition principle, 77
super-renormalizable theory, 374
symmetry
continuous, 43
quantum theory, 89
unitary transformations, 89

symmetry group, 45
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generators, 47
structure constants, 47

target manifold, 459
target space, 578
O(3) nonlinear sigma model, 580

temporal gauge, 225
tesselation, 518
thermal propagator, 131
’t Hooft coupling, 517
’t Hooft loop, 699
’t Hooft magnetic loop, 543
’t Hooft model, 519
’t Hooft-Polyakov monopole, 597
topological charge, 599

three-point function
conformal invariance, 432

three-point vertex function, 338
time-ordered Green function, 257
Feynman propagator, 257

time-ordered product, 112
time-reversal invariance, 174
topological charge, 568, 602
’t Hooft–Polyakov monopole, 599
vorticity, 606

topological current
’t Hooft–Polyakov monopole, 599

topological excitation, 568
topological field theory, 236, 697
BF, 701
classical, 697
Chern-Simons, 701
deconfined discrete gauge theory, 698
vacuum degeneracy, 698, 704

topological invariant, 568
Pontryagin index, 602
vorticity, 582
winding number, 580

topological nonlinear sigma model,
644

topological qubit, 710
topological soliton, 396
trace anomaly, 671
transfer matrix, 386
hermitian, 386

transverse gauge, 30
tunneling
essential singularity, 576
multi-instanton partition function, 576
one-instanton, 574

two-dimensional Ising model
conformal field theory, 685

two-point 1-PI vertex function, 337

two-point function
conformal invariance, 431
corrections to scaling, 452
logarithmic corrections, 453
scaling form, 450

U(1), 44
conserved charge, 45
conserved current, 45

U(1) Faddeev-Popov determinant, 239
U(1) gauge theory
generating function, 240

U(1) Gauss’s law, 543
U(1) global chiral symmetry, 509
U(1) Kac-Moody algebra, 620
U(1)N Kac-Moody algebra, 687
U(N), 47
ultraviolet divergence, 121
ultraviolet fixed point, 417
ultraviolet uncertainty principle, 78
unitarity, 386
unitary transformation, 79
universality, 458
universality class, 416

vacuum persistence amplitude, 113, 287
vacuum persistence function
generating function of the N-point functions,

115
vacuum wave functional, 230
vector bundle, 236
vertex function, 335
scale dependence, 450
scaling form, 450

vertex operators
conformal weight, 679
vorticity, 609

Virasoro algebra, 667, 669
vortex, 582
logarithmic interaction, 584
two-dimensional Coulomb gas, 582, 610
XY model, 604

vortex proliferation, 610
vorticity, 582

Ward identity, 293, 341
conformal, 656
CP

N−1 model, 503
for the generating functional, 342
global O(2) symmetry, 341
global O(N) symmetry, 344
Goldstone theorem, 343
nonlinear sigma model, 464
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Ward identity (continued)
photon propagator, 351
quantum electrodynamics, 349
Yang-Mills, 481

wave function renormalization, 363
weakly interacting Bose gas, 218
Weierstrass representations, 381
Wess-Zumino action, 211
Wess-Zumino-Witten model, 645, 704

central charge, 692
conformal field theory, 686
currents, 691
null state, 691
primary fields, 690
scaling dimensions, 692
SU(N)k, 693
Sugawara energy-momentum tensor, 692
Virasoro and Kac-Moody algebras, 690

Wess-Zumino-Witten term, 645, 686
Weyl equation, 177
Weyl spinor, 177

left handed, 177
right handed, 177

Wick rotation, 35, 105, 116
Wick’s theorem, 122
Wightman function, 96
Wilson action, 529
Wilson arc, 541
Wilson fermion, 566
Wilson loop, 60, 243, 528

abelian gauge theory, 243
area law, 244, 538, 614
compact electrodynamics, 613
effective potential, 243, 538

fundamental charge, 529
general behaviors, 244
noncontractible cycles, 698
perimeter law, 244, 539
scale invariance, 244, 245

Wilson loop–’t Hooft loop algebra, 700
Wilson-Fisher fixed point, 427
correlation length exponent, 430
two-loop order, 455

winding number, 579

XY model, 604

Yang-Mills, 61, 65, 488
beta function, 483
counterterms, 482
large number of colors, 517
one-loop renormalization, 482
renormalization, 479

Yang-Mills instanton, 601
Yang-Mills lagrangian,
Feynman–’t Hooft gauge, 249

Yukawa couplings, 557

Z2 gauge theory, 531
deconfined phase, 537
Euclidean, 529
Hamiltonian, 531
magnetic excitations, 542
self-duality, 547
topological phase, 547

Z2 global symmetry, 390
spontaneously broken, 393

zero modes, 596
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