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lecture "Relation of Mathematics to physics” can be found at:

‘,\;http:/ /www.youtube.com/watch?v=M9ZYEbOV{8U

Anothere related lecture worth hearing is:
Mathematician versus Physicist

http://www.youtube.com/watch?v=obCjODeoLVw



LECTURE |

INTRODUCTION Tb THE LECTURES ON
MATHEMATICAL TECHNIQUES
of
ENGINEERING AND PHYSICS

TodA? beeins A Mew TeAR of LECTURES AND This Time we witl
DISCUSS The subsecT of MATREMANCAL MEMODS 6f ENGINEERING AND
Phosits. We will be DISCUSSIMG Soch ToPies AS COMPLEX
NOTATION, VECTOFS T ENJOFS | UANIOUS SPECIAL Fo NLTIONS [)KE BESSEL
-Funcnous Whith come AbouT IN NON LINET ?robLeMS,—Foorve-zwﬁv\JS%rnS,

AND SERIES.

Our probleém 1S POT To  For MULATE The PhYsICs s A Given Problem
buT rATher To APPLY USEfuL  MAWaATILAL TEChNIQUES 1IN SOLVING
ThE RESULTING EQuAToNs. As such our €fforTs witl NoT be
DwrecTen TowhArd GENErALIZ ING our TESVLIS To A BroAd CLAss O‘f
ProbLens buT rATwer To PAY ATTENTIONS To C&Thu ASPECTS of The
Probiem IM QUESTIoy. The FirsT fd ’FomwsT TASK before vs IsTo
formMOLATE AN APPRRIMATe EQUATION writh conTihins The Physics
And whith @AM be APPropI mATELY SBLVED . IT 1S IMPOrTANT To APPreciATE
ThAT we€ Are NOT STEIVIMG Hpr The EXACT ANSWER boT only Jor
AN APPIOXIMATELY TIGKT ANSWER., TS MUST be KEPT IM mMinD AS
w€ Proeress | ALWAYS femémber ThE ARcurAcy of The Desiren ANsSweR.

SoL v - EQUANON
WeE AL KNOW how TO SOLVE TheEe SimPLE QUADYATIC EQUANON

X'+ x+ 7 =0
AND WE ShoolD KNOow Kow T0 SOLVE The (ubic &Quimoy

X*+ 3+ K -1 =0
bur how DO we soLve for X GIVEN The €QuATION

e* = cosx?



These SIMPLE EXMMPLES CAN be CATEworiTED AS A SeT of equATons
which Are o
Q) LINEAr  AND Therefore TriviAL
@) QuAbrATIC " "
AN D (3) ALL ThEREST wHich ArE NON TTIVIAL
IT 15 The Third cATEGOrY which NTeresTs The MO0ST SINCE IN The
REAL WOrLD ALL TWE Problem ARE found IN IT.

LET TAKE AN ExAmPLe of A Cubic EQUMONM AnD SE€ how
W€ MIChT SoLwve T, Glven The Cubic whith we wriTE AS,

! - 24X

P 1x*
WE willk SOLVE 1T by The TiAL ANd Evror METhoOD. I This
METhOd GIVES ©S The FrichT ANSwer - GreaT! There s voThin &
WroNG WITh TUrITIN G DoOwN SOME NumbERs IN The Process.
This doesN'T represenT A COLTumL LAG 5 1T 1S SicK TO ThivKk ThAT

T IS,

IM Ordér TO HELP US SoLVE The €QUATMOM WE whl INVEVT
soME WAYS To INCReASE ouRr EFficiency IN GuesSINGThE ANSWER.
LeTs TweR form A Tabte of vAwoes foR X The LefT hAwD
Sipe of The eguiAmoN AND The RIchT Also we witt (OMpuTe
The D fference benween The Two S1D€S. The foLLOWING STeps
e faken

STeP X L.H.S R.H.S i

LHS - RHS
I. TRY X=0 o j. 000 . 000 ). ovO
2. ThAT DIDN'T WOFK : TrY X< | | 0.50 2.00 - 1800

3.THAT DIiDR'T WOrK eATh ér buT

we Are DN EITheT S i1De of The
SWEY, WEe MiGhT Guesy The

swer L1es .4 oF Twe WAY bemeenw oS .® ). 00 - .200
O And ' so LETS Ty X:= .5
4. WEYe &N o6 beTTer Try x:.4 -4 .86l +.860 t,06L

S gINce The DHference 1N 3 Ann 4
15 ON £1Ther Sibe of The AMSWER 02
INTErPoLATE b eTwWEEN Théem € A= z—;z:.ztl

so MY Xz 424 .42y 347 848 . 001

AND Now WE hAVeE The ANSWER To AN AccorAcy of 1% . So
™is meTod 15 PremlY ACcUrATE ANd IS beTier Than A wMAChing
bechuse T (AT GUES WWAT TO DO NEXT.

2.



This METhOD of IMTERPOLATION worKs well wheM The 'aneﬂechc-
BPETWEEN The TWO  Sdes of The €QuioM Come ouT TO be + Awnp —.
IWhen ThAT hAPPeds YOU CAW INTERPOLATE AMD GO AGAIN. (ONE
worD of CAUNON MNEVER USE GrAPh PAPER LT A IS ALwaAYs

EASIER. TO VUSe The N VMbERS.

There Are TWO MORE METhODS Whith ARE MOfe APProPriATE

ol MAChINE ThAN bY hAwn @ They ARe The METOD of ITERATION
ANd MNEWTON'S METhWOoD. ThE IDEA 1S To wWriTE Thé EQuimod AS

Xooy = 1 '
1+ X5

WherRe You Now Try AN X VALYG, E.G Xw=0 ANd fiNd

Xout ; Then PLUC TwaAT [ALue bAK M ETC.
STep Xin XouT
| 0 .80
2 .S . |
3 ‘9 . 431
4 43 A6

H You WANT A LoT of Accurac? IN The ANSwWeR This METhoD has
fiN Error which Detreases much Mmore SLowlY ThAN The Previoss
meTod. Also  You hAVE To be (ARefuL ThAT The €QutTiow
IS weiTIEN IN The RIGKT Jorm  oTherwisé The ANSWER Won'T

Converee, To Show This Sowve for XIN

X|N = ! -
ZXouT
MAKE A THBLE AND STHRT EVALVATING
X‘N XO\’T
“) . 5
.S 0.9
0 9.0



To ste whnY The AMSWER IS DIVERGING LeTS SUDbSS\TUTE

Xinz XTrue + €

Where Xt = .\{ L
, aXr
e f ST /_——-' )- € ’x"]/l'rﬂ’
(Xt €Em) Zxq7! Xo~ 94%a1

ExPANDING WE hAve

SO ™M AT
€outr = - —L3 €
8 Xo
Eour IS Then GVeaTer ThAN TWICE The Evror IN 50 Theé
ASwer 1S DIVErG-ING

NewTON'S METhoD

"The VewTon'S MeThOD REQUIRESWRITING The -Fuuc.’nord IN The€¢
+°RH ‘FCX) = O ) \ E

. -¢X =0
1x) = 4x*

H you ATe close TO The ASWER wiTh A Guess SAY X1 Thew
EVALVATE  $(X) md Also (X)), IN Tws cAse

&‘(x) > eX LT 2 ™)
¢14x) w)\
Tred The N&T e would be - \\ _ X
Xo = X1 = {ex) |
‘f‘()‘d
TRY X,z0 e (X 0-Ya = .5, And {(X1): ;_Z—w
m X'L’- '5 - ‘-—-?: = 1424
2.64

ThiS TE€LhNIQUE DOESN'T REQURE Much |NTELLIGENCE % SO IT
IS erent for A COMPUTER . The ANSWER WiLl ALWAYS CONVERGE
excerT for A Few FAre EXAMPLES. Howewer TMIS METhop REQUIfES

EVALVATLNG BOTh F(X) And f'(x) . '(X) MAY be had TO
compute MNd Difficorr 1o EvALVATED.



—_—
PRObLEM SOLVE e = WS X To 1) °lo

A word ON CoMPLEX TROOTS. | You MADE A MISTHKE MID

DIDN'T DO The ProbLem RielT OF TOU DIDN'T gx PecT The
PhYSIS RichT The reoTs MAY be comelex, To FIND OMpLen ROOTS
You hAVe 10 Sorve TWO EQUATIONS IN A UNKNOWNS. Th)s
(AN be Domve by The SAMe Procepure A3 OUTLINGD be fore.
GIVEN F(x,y) 20 Ad G(x,?7) 20 find ¥ As A
fonqon of X 1§ POSSIbLE TheN SubSHTUTE BACK

INTO ONE
of The €qQuUATIONS.

SERIES

WE WANT To DEAL wiTh The ProblLem oF SUMMING SERIES.
There Are LoTs of WAYS To Do 1T, The SASIEST wAY INVOLVES
ADDING The NVUMbErs, This MrY SIYiIKe You AS odd Siuce You MAY
HAve beend TAUGKT A LOT ot ShiirP MeThop of Summing SERies
which You hive ALL forcoren. You ol of CouRse Try TO Memorize
The MSwer I SOME SPeCIAL CASEY Aud AT IS GoOD SomeTiME,
Yor EXAMPLE 1T 1S QUITE vsetL T© KNOW AT

l
X% XLy x>y --- =

=X
ONE | BNpww ThAT  S€ERIES | AN dEAL W I Th MOrE COMPLICATED
Sé€rks svch AS

T Gcos® + alcosz_e + 02 co538 = ¢
FIrsT  1cAN SubsTITUTE  dor cose,

N . —"9
cose : Re‘® : e ® re
Z
Then | hAve
-] -ce I -2¢ 9
11 '€ 1YV ee  +'ha‘e - 4 hale 4 .- =
' ' -0 3 -2¢9 -
e (1 +tae @ ate™™ +--- ) 1+ Yo (1tae rate +--)=

I l + 1 ) = V|1 aose 1ias® |, I-6coh0 - apon®
Y- L, — 5
¢ (i-ae ) ¢ Ci-ae LQ) Sl acosorts (asmg)t  C1mucose) Husig

= | - a cose

| =24 058 1T



A KnowLeDse of omilex Reoor Numberrs IS VERY IMPORTANT
IN SIMPLYINMG- GEOMETrIC S€R)eS. LIKE wWiBe 1T IS 1MPOTtTHUT
TO P& AbLE TO EXTEND OMeE formulA TO more APPLICATION, €.6
The SEr)es 3, ... = L
I+ X

¥ 1 Now hAve A Heéw Problem where 1wmnT The Som
of The series

|- % 4+ X - X + ---- =5
(= 3 9
L The NUMbErs 18 Twe DeMomINATOF Are nICE Mumbers | o
SuM TE SEFIES HoT TO Do TmAT | Meéep To KNow How TO
DiHferennare AnD INTEGTATE Series. UNML | GET The Twe

Series \N f forvi U Recoenize. IN The wAse Above
| wanT To G€T rD of 2,34 ----. To Do ThAT
’D\‘Hzefef\)ﬂfm:— WITR rESPeCT To (WRT) X

dxs] = x-x . x3 - xS
d X z 3 4
R S
VX

L = d x Scx)
S Ll

|- x + x-x

o]
" X S(x) = Awm(1%x) + CONSTANT

To fINd The coNSTANT L& X=0 Thed XS(X) =0
so C=0 AMND | HAve

Stx) = 4 I/V\(")X)
X

SuPrPose we MAKE uf The SERIES
x + x* , x>, x9 C - = TU(X
9 5 ' i )

Aud we whanT To find  Tex). BY DifHferevTiaTing
I+ % 4 %X 4 Xy -l = T(X)
z 3 3

From The cAse Above

T'(x) = - ;(- A C1 - x)



Now WE KAvVe To INTEGVATE,

TX) = S:_. _1(-3 ﬂ,\,‘(n-a)da %f?

-u

SybsmuT \-Y = € Thén
-y w
T s | sae deo (sl
- > %
| —e e -|

So AETer ALL pur worK WE Are STULK wiTh A INTEeYAL
whith we have To LooK UP 1 A TAbLLE.

The ONLY OTherl fecodrse 1 Solv NG The PREVIOLS Problém
1S To Add UP The MUMDBERS, TWAT S0OMDS OIRTY buT belicve
ME Tnere 1S NOThING WroNe wiTy (T. We hAve Theu
For TCV

"

bt g + Wy + e + - --

1 14 S0 4.1 +.063 4 ,090 + .0tg8 4.0l 010 +,010+ -~~~
AND we hAve The AnsweEr TO 9o RCecurAlY. | Al ADD uP ThE
Series more raPipLy f CONSIDER TheE SERIES ‘f U
n:j

ONE WAY TO TYeAT This SETIES 1S LIKE The ADDITION 01 4
Lot of recmmueies of Y2 INTEGER IN wiDTh AN CONSIDER
A & ComTinuum of VALUES . ) 1
Go TD The JIB NuMber AMNd INTEGYATE
™e remmNING VALUES | have

0
I+ZL+3—Ll+ 5

1

\/x

©

dx

Ty

3 X *

|

L
NSTE The LowER  INTEGrgION LIMIT 1S o l a 3 4 5
Twe MiddLE POS TMION 0{— ThEe (AST INTETVAL THAKeM. LeT me COM/’)MG

The AccurAcY ot ™IS APProximATEON wih The crodesT, 12 owlY
2 TEYXmS

-]
,+11+S d2 - 12so + L = )bSo o
(A ' xl ZVL oD TO
1o ALready
L+ &+ L Sm d» . 136 N 1S
L 3t 3% xt L+ /3‘/1, ,
M Lo note Lz 42857 ?
AMd ™e HNEXT TErm s . Luss 7 \c_fé;'“’ss
—_— = . S
] + l/Lt. + ‘/31, + l/‘_’z. + S“"/b Xt | 456
NG .
9y



IT 1S Good TO KNow THE folLOwWINMG- SERIES

J

L = b4 x o4 xt X

1-X
Am €1-x)
A X
. X x* P SR S 2
e’ = byt 7t ¥ z n!
cos X = - X L X L -y A
5 . a" 4'. /Z‘y‘){
INYX - X ..2(‘_'3 + LS - s o +C_|)hn xH
n 3! s! ('LV\")
Cirx%)
Some ProbiLEms
4 Stx) = x = X3 XS .,
3 5
L) i - '/3 .,.l/s - Yyt -
CALL S = J vy )9 r e t s o0
+inp b4 Y9 + ‘s + Ygy =y odd Number
Sum B s LU
A 3! 9",
Som B e T
A 23 34



TO | %/o

PRODLE M gove €7 = cod¥
e-x = ‘—X + ‘X_?' —-1-3 + — - -
rA b
COS)( = ‘-x"- + }j_ ¥ -
7 24
e-% = COSX - | - X +)‘l-§}*__- - X_LL +—x_-4
] o 2z 2 Y
X1 ¢ A% -t ¢+ x =0
24 [ Z
X ( Z;?’ ¢+ *L _ X 4+ 1)=0
L4 © 2
k= O
X3 + 4x* -1k 24 =0 = f(x)
Xt (¥ + 4) - t1x tl4 =0
X (xt4) = tex 3
x* = 1z (x-1 y S \-x\)
Xxt4
§'cxy = 3atr4p -1 =0
Try = 8 Xt = I'Z.('_Z(_:L)
» 14
X L HS WS
] o! -2
~ 4 1. 5
3/1_ l'L/H
JrY X, =1
iz 1V - U = j-3.4 ° ~LH
5
%3 = -2.4 - 60.8
143



LECTURE 3

METHOD S oOf DIFfERENTIATING
AND
INTEGCRATING

THE 1S A STrAIchTforwArd wAY TO T e RenTIATE
COMPLICATED fuNCTIONS, SUPPOSE W& hAve The FuNCTON

t .Is
f(xy = Clx ) . :}/_v\__x
¢ 1remx)’t T xt

Avd WEe wWANT f'cx)_ HERE'S WhAT You mDoO:

STep
l. WRITE DowWN The FuncnoN ANd besioe 1T puT A brAckeéT
3 ‘13 X
Cre ) n X Som of DervaTIVE of TErMS
— 3
(L +eogx)? X&

2 sTarT DitferevTiANNG EACH  fACTOr ONE AT A TIFE
by fIrsT  wWrITING DOwN TRE EXPONENT, TheN

~— IN The DeNOMINATOr WriTE Thé FunNcNON ThAT IS
beine D\‘Her&MﬁAT&D, IN The Mumer ATOr puT The
devivaTive of The fumncTion., IT Goes LIKE This
o PDEnvAnve
(+x4)"3 Anx{ L _AX 4. Ix .3 ComX _24}
Cr+cosx) xt 13 (1+x3%) Anx 2 (1t+cosx) x
EFponénT 1
WhAT IS bemo- ditferevTiATED
3. CoMbINE ThE BrAkéT TErCM AND SIMPLITY 15 PossibLE
The reAsoM WAY This TECHNIQUE WOrkKS CAd be ExPLAINED Tigoprousty
buT QUITE SIMPLY 1T IS ASSoCiATED WITh The dervAnve of LosAriThm.
tE 1 have The funcTion
flu,ywr = U VP WS aud 1 wand () Thew
@yb ., < % vb C a d
dﬁ‘(“"w)’uvw(-_ e}/d)( +1>d-v-r.gcl_‘1’)
X v Vv 9dx w X
where | Vs€ The HMCT That
dinN 1 dN
dx N dX

IO



| USE ThiS TEChiqQuée every TIMe | nave To DItteRENTIATE
Eved when IT 1S A SimPLE fuMcTioN LIKE

fr0x) = X5 where  f'(x) = X (E - l)
14X J+x \ X I +x
| Do T ThAT WAY becAuse | (AN NEVEr TeEmEmbER ThE ruLe for
DifferevTiAmMNG The PropucT of TwO fumNcnou, s
dYv . i(ﬂ-g)ziduwiv
dx V U Vv v vV
This mnethon 0F DYFERENTIFNING 1S NOT DISCUSSED IN VERY
MANY BOOKS buT | Recommenp YOou LERRN How TO use 1T

becpause 1T 1S QUITE VALUADLLE,

FMIETHODsS of INTEGTATION

There ARE SEVErgaL wiiYs 1IN WhicH COMPLILATED INTEGTALS
AN be EVALVATED, They ARE!

(V. BY substiwmon of vARIAbLES
@) INTEGYATION bY PARTS
(3, BY cOMPLEX UVAriAbLES

The Third MmeThoD 18 The one | widT To worlkk wiTh becfAuse
IT 1S The MOST PoweETHIL meThod Jor hANdLIMG CompuLicATED
INTEG Y ALS .

The SudSTITUTION which (wilL b€ MAKING, which |
PRESUME You ALL KnNOwWw 1§
-]

e = Cose + LSINO
one oF The BUDING BLOCKS wWhicH | NEeD 1S The FoLLOWING
INfor MATION ! %
g e dx = =+
o a

Now Suppose | WANT TO EVALVATE The D e+INITE INTEGTAL

® X
- A
SO € cos px dx

WhAT Do | do?

H.



— 1bx -uby
The HirsST ThiNe IS To sUbSITTUTE Jor cosbx , € te

Then . 2

—

® N
-ay © -ax ¢« by -tbx
_L = J e codlox A;& = S e (e + e cl)(
° 2

(]

FEAYYrANGING w€E G€T

-(Ca—c‘b)x . .
-é— S [ e ;e («nb)x:‘dx

ANd FeECALLING ThAT

- (SoMETh 1) X
S e Jx = \
SomeThING

wé have TWAT
T:=-14 l__._'_ y L ] = &
< a-¢h a+i b Gt +b?
ONE NOTE ThAT This TECHNIQUE ALSO woOrks ON Tne indefimTe
INTEGTrAL AS weLL, 1 <

Sa e " cosbx dx

o

We wiLl ofTen TiMES HAve 70 DHHeReNnTIATE UNJDER The
INTEGTAL S1eN BefoRe GETING The INTeeviwd INTO A form That
WE (AN EASILY INTEGv ATE. ThE GeNERAL formua ThAT weé
WANT TO Usé€ tS
— S Xu(X)

1 = 1 (x,%) dx

X, k)

The S1MPLEST  cASE 1S when X, ANd Xo ARE $1xep VALUES
AMND DO MOT DEPenD ON The VATIAbLe . IN This CASE

dT - d igxif(x,oc)clx] - Sh d Hxet) dx
Xi

d& d«K X, 3oL

1z



IM TWE oMmer cASe When The LmiITS ot
oN ol wt hAVE ThAT

I

INTEGVATION DEPEND

V)

d
do

Xi(ok) % & < X

AS AN EXAMPLE

[+ )
1 5 xe Tdx = d (T ey
. cmg e dx=-gT(a)= v

]
LIKE WISE

I- S xte Fdx = o« j_lbge-axclx = é_t (é)= ._7'.'.3
@ dat A

SINCE WE ATe wWOrKING wWiTh MeThoDs o MAThEMATICs wE
WANT TO LEAYN TO EXPANGDO OUR MNEW KNOWLEDGE TO NEw Problems.

suppose | Gve ¥You The JollowiNG INTEGYA L TO EVALUATE
Sm SINX  dx
° X

WhAT woulDd YOU Do? Well Try PUTTING X IN The
SINE fONCTION SO TwAT

T(x) = Sm S AR ]y
> x

Now
I'(x) = gm [ X ‘-ﬁ“]&x = goo coS o x dx
b) o

X

UnforTUNATELY WE CAN'T EVALVATE The LAST
fonuCNOM  COS X X 1S

INTEGY AL SINCE The
OSCILLATORY Wit A ZEro AVerAac e UVALVE.
LETS ey A DiferedT Soncnon
w -
I- S e™ ™ sinbx dx

<]

X
dT . @ -Gx - -
d_If; i So € 7 xwsex dx = (7 e Teesbxdr = a
X
Then -
T-= S Lody L tmTE 4c
at+b @

I3.

%K)
g { dHx) 4 %) d xall) _ Rx-cou)g)_)(_.cx)]‘;x



So FINALLY  wé hAve ThAT

@ _a,x

S € swhx gy = T B 4c

° X a
To find C Choose b=0 which (mpLies C=0. WE Are
Mow IN & POSIMoN TO fiup S:’ siwbx dy f we LeT azo

Then o ° . X
S" S_!_h_l_lzx c‘)( = 'l‘A‘N o =1

x 2
SSL”;‘”‘ dx = -1 "[‘/b>o S = +1 md

T

¥ b=o S 2 0. GYrAPKICALLY The FUNCTION LOOKS LIKE

Thus 1 F b ¢0O

PE

DELTA FUNCTIONS

- ]
We Tried 7o EVALUATE THE INTEGrAL go cos 3x dx  Aud

CONCLUDED ThAT 1T WAS INdeTerminAbT., TS 1§ NOT STTICLY True

bECAVIE WE (AN EVALUATE The INTEGMAL TO be
©
ga oS (5x dx = 11 é(P)

W here 8(/5) 15 CALLED A deLTh funcnoN. ThE coNcerT of A
deTp ONCNON 1S QUiITe usedul IN Physics ANd Thercfore woRTh
discussing HERE.

The deth SUNCIION CONCEPT INVOLVES A S€EQuence of Funchons
CeNTErEQ AbovT A POINT AND Whose ATel € QuALS UNITY. ThAT IS
ThE widTh 1S ProPorMONAL TO X ANd The Hel6hT INVErseLY
ProPOYTIONAL To X "IN The LMIT The delmh FuNCMON 1S ZERD EVErfwhere
ExceeT AT X =0 : Theére IT hAS AN ATEA EQUAL TO UNITY

Sm S dx |
-

1]

/4




The GENEAL FormulA

AsS AN ex AmPLE  LeT f(x) =

o

Hor ™Te DeLTA funcnion

S: fx) § (x-

a) dx = f(a)
X" Then
Scx-a)dx ~ a-

[ 6]
\ XP§ix-a)dx = q‘j
-00 -

SOME |MPOCTRNT ProPerRTIES OF The DELTA
SUNCTION ATE The &ou.ownd(;l

S fix) §'Cx-a)dx =

-4'(a)

The derivamve OF The detT™ $oNCcNOon LOOKS LIKE
SCax) = L Scx) d'cx)
Al
-
And -
S(x) = ~S(-K) ;

WE CAM EMSILY Prove Scax) = 1 §(x)

tat
bY HMULTIPLYIMG by An drbiivary TUNCTMON iy
Pd Then INTEGYATING

5 Qix) Scaxydx = L

| @ix)dx)dx= L o)
lalJ CF g | &l CP

OTher DELTH FUNMON PROPERTIEY ARE

S't-x) = -8'x)

Xx &(x) =0

X §(x) = -9

) (acx)) = _ 1 & (axo)

8’()(0)

IN Theé Problen S:’ cos 3 x dx = ﬁé(p) And  STrAIGhT forward

wWAY 0O ECUALUATE The INTEYATL 1S To COMPUTE The Ivd ehriTe

VALveE SOL ospxdx = %Sw/sx}‘— = siNpL ANd (eT L 2D seT
)

SINAL =0  SiNce for fill PhYSICAL SYSTEMS SINPL will EveuTuALLY

DAMMP ouT.

15



As  AnoTer EXAMPLE | WAS ONCE GIVEN The FOLLOWING
INTEEGY AL TO EVALVATE

T
SD/L cOS (w\‘fﬁﬂe) de

To ST TS Problem  SeT X = tAN®  Then do = X

—

142t

S - Sm LSwmx dx SCm)

d Eo
D\HerennaTING

s'tm) = _Smxﬂmy dx
Y {+x+
AGcmin
5"Cm) - -Sm Xt oS mx dx
° T+ x*
Now | hAve bullT A PoLYNOMIAL

INTO THE  NOMETATOR. bY
| wsvde The S SienN 1 hAave

Sm LX) casmy dx = Sem) - S"(m)

o C n-rx")

DifferenTIATING, BY ADDING

which becomes The folLowine DifferevMaL €QuAT loN

S'(Mm) = Stm) = -1 S(m)

To Sowve The DifferenwTiAL cQuUAMON Y0U hAive TO breax The
ReGioN of m INTO Two PAFTS ' m<¢0 ANd mM>0

for m>o S'"(m) -3cm) =0
" m <O SU{m) = S(m) =0
™e solunmoN To The €QuATIONS Are
for m >0 Stm) = Ae™ 4 Re ™
"M - M
“ mceco Stm) = Ce 1+ De

We don'T KNow wwaT A B, C, AD D ARE 3B TO Go furTher

WE hve 10 USE The S(m) HUNCNON TO ReELMe The TwO

ReGONS. This Shows You how COMPLICATED ThESE  INTEGrANONS
N GET.

le,



FEYN MAN OM THe THeORY of QUARKS - oy

BdAY | may hhve discoverep A fond AMESTAL TeLATION Ship
beTweerd SPIN STATISTICS AMd QUATK Theo RY, T herRe has been
A cooTmuing EFfrT To TYY T retpte  boTh  Fermi And Bose
SPIN STAMENCS N QuAnTUM mechmiics. Fermi SMATISTICS SAYS ThAT
SPIN YL PAYTICLES TDON'T LIKE TO BE IN The SAME  STRTE  WhiLe
RoS€ STATISTICS ( Bosons ) LIKe To RBe IN The SAme STATE !, Thése
Are The INTEGY AL SPIN PArMcLeS LIKE PhoToMS,

Mow QUATKS ANd TheoremeAilY  seim 2 Parncte . Taree
QuATKS AMAKE UP The fundAmentAl PATIICLES ) €.9- ELecTrons
PrOTONS. SUPPosedlt NS SPIN Y PmTIcLes The obeY ferm
STAMISTICS. ProToNS however SE€C1 70 hAve Quarks which obey
o s STATISTICS .

I Now beLieve TAT ALL The APAFENT ANOMALIES IN QuArK

Theory Cin be EXPLAINED 1§ we consideR QUATKS To Be

PLECES 0oF MATTEY WiTh SPIN 'ho TWHT ObeY TBose STRTISTICS.

7



(0

(2)

(3)

@).

(§) .

LecTurRe 3

PRODBLEMS
EVALUAT @
© SD}JXZ C‘X
> X*
SHow -a - b
(0 e -edy = An(%)
: d

G el g:o e'azéd - ﬁ/Z/

fiND @ 2_ b3y 2
0 99 -
MINT @ PUT G INTO The —S—\rsTS Then Diff erenTmTe
®
FinD - P¥ L Y
50 ¢ clK
1,1
'P(‘ ve [v o] -ay _ ‘_D_L
° 5-03 e cosh x c‘x = :\L_}; e 9Ja*
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Va
T = (7 amxdr § o s X
o 7(7‘ XZ
d_l;(_o’} - X (o3 XX ﬁfx : S Cow\xac‘ X = —'z{y/z,
o h X?«
7 -
d Iio() . \ z{xz S dx - -4 T ()
Jdk XF
)
dJLEGY 4Tt =
d
. 2 = Fold e 2t
I (x)= & g L) = +ue T--ge
T-= 8“ = COS 2

3
- a‘ ¢ .
Tud) = 343 T'ta)= -Szeq‘3cla = -

!

I 3 §
1(b) = S &J Il(b) - - g 8 ’by . A
T 57

10y - fanca

I:;Lb) 2 = (b)

T - -t-ﬂ,\(,a.) ‘P‘ng(fb) = L\'\(a/b)

} ® ‘“3__”” 0 -a ® .
R R R s







LEeTurRe ¢

MORE ON MeTrHoDS oF INTEGRATION

| wanT TOo POINT 0UT ThAT LEATMING ThE Tricks of CAtcouLus IS
QNTE 1MPOrTANT  pecaaBe wiT™ A few 1rItKS You chAd SoLve ALMOST ANY
S0LVAbLE ProbleM. BuT You will NEED The HElP of 4 mMumber of
KEY (MTEGTAL from which ALl The oMers ATe derivAbLE. For
EXMMPLES \N Pierces TABLe of INTEGYALS oMWY A couPLE of The
DEFINITE INTEGYALS CANNOT be QuicklY SoLved, The mwo wWhicH
I have oond ThAT REQUITE SPECIAL INGENUITY fAfe The foLlowinG:

©0 -
S € dx = Jm
-00

And

SQ X dx - n*

o SiNhX m

I MosST of The dehmite  INTesrals  IN TPiefce TheY cAM be
LoLVED bP USING- Se€uéerfiL TECHMIQUES Soch AS  INTEcrATION bY PAHTS,
sebsTyvTIoN S variAbles AN d\‘HH&NTIﬂ‘TINO— ONdEr ThEe  INTEGTAL
SIGN: |IN The exAmMeLes fbooT 1T IS ofTerd PossibLe TO slve

The INTEGTYAL  bY Series  exPANSION. LETS wOrK The Second
INTEGrAL ouT.

-
We have  ThAT r Edx | subsTiTuTe  for  SINhX Q__i:__e;
S Sinhx A
AN veAvr ANGE S«o 265 5 d
° | - e %

SINCE We CAN HANDLE The INT eorAToN  of €% The mMore we have
™e betrer off we will be, Thus exPmid The dend™MINATOr  AS

® - - - -
ZS e’xdx<a+e"+€”+e“+~---) =
Qo
- 3% -S$X
lgtxe’dx + nge dx + nge dx*--‘
)
Now we swouold YeMEMDBER ThAT
®  .xx | © %
e Tdx = - I
SD X v fnd S; XE 0‘7‘ O(L

19



INTEGTALS WE Thed have ThaAT

USING- THESE
@
Xdx o - 1<|+{+ Lol
Sinhx 3 S 9*

Now | happen To KNOw ThAT The Sefries N be Summep ANd hAs
A vhe of oo 14 Yoo don'T KNow TWAT YOu mre sorT of

STueK . BuT 1f Y0ou ONLY wAnNTed The ANSwer ™ A CouPLe o
decimpAlL PLACES Y00 would JUST ADD SomME Térnmg AN |

EXPLINED betoReE. Thus we hAve ThAT

{2 = 1
°  Siwhx 4

| SOGGEST YOU TYY TO WOrK ouUT Twhe definiTe INTEGVALS GIVEn M
Prerce (PAGE 62) becavse vou MAVE ALL The MNECESSATY TooLs.

INTEGTALS UWSING DIfFERENTIAL EQUATIONS

SOLVING
LAST TIME 1 WAS TryiNG T® WOrkK OUT T™E INTEGFAL
o
Stm) = S coSmx  Jx
° 1+ x*

| hAD GoTren As FAv RS WrITING The INTEG AL AS A DiFferenmint

EQUATON

Stm) = 5" (m) :S cosmxdm = T Sim)
[=]

To soLve Tis eguimon | CAN fIND A dormuta IN A booK wWhicH
The SOLUMON TO The €EQUIMON

dia
dxt
IS ;iven by

SAYS ThAT
—a = *f(X)

o8]

8:6

where we hive AT
% = S A=m

(07)

mNd o= -8em)

20
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We MAY SPECULATE TAT  Stm) CONTRINS A delTA fun o
buT wé& sooN Teflize TAT F 1T DID (TS Second DEVIVATIVE
would be A horribLE JuMCTioM CONTHIMING The SECONd DENIVATIVE
of & delTA UNCNON. Thus we Are LED TO BELIEve ThAT S (m)
CONTIINS A delTh foncnod. 1 This were The CASe The FirsT
JETIVATIVE wWould be conTAIN A JUMP OR  STEP CHANGE. Thus
WE HavE INTEcrALE OVER A JUMP., ThAT MEANS ThaT sSum) hAs
A KINK IN T, The ™Wo SLoPes DiffeR bY A& fagor of T,

IT 1S Now KNowd ThAT (N The Weithborhood of m=0 The
gquaTioN  for  Stm) bewmes

S (m) = - Hdim)
pnid = ¢ m Y
S'cm) = -fidlm] + CONSTANT '{,:c-ﬂ m>7
d
ANd  hoauwY Sem) = ~Tim dm) + Cm + D

I+ we NoTe TMAT AS m — oo SCMY > 0 we conclude A=0
Pld LIKEWISE AS W > - Sim) =50 $0 D =zg. Do T The
STHMETTICAL  chiracTer of Stm) we have ThAT T=-C. Thus
we CAN WRITE for mo>o , Be" And for mco 1e’™ . Since

Stm) = Be™  myo md De™ we AN EBVALUATE B SINGC
N -re™ Mo
+ %eTM M‘o
.S“ = B@ﬂ“ m 70
4336““ m <0
or " = -28 &m)
buT ST - T §im)
50 3= 1
2
nd we have

S‘” Lsmx - gem) = L g™
> L+ X* s QED

Al



Ther OUr  IMTERMEDIATE ANSWER 1S

oo

wm

LEN + - - m
Y= e'"‘s e’ [-nsm]ldy - e V[ ev[-ﬂgw,]év +he +BE
-

The SirsT INTEGVAL WilL GIVE The VAWE -K1 1 The iMTeoraTiow

from - whoiY T M conTmNg The delrta fomcnosn V), If 1T DOGN'T
TheN The SECOMD |INTEGTYAL WIiLL &Ive The VALWVE -1 . WE CAN wrTe

T™hen
- -
Stm) = -xe  J(m) -rﬂeh(l—lcm) + Ae™ + ge”
Here ™ fontMon Jem) 1S Dedinen as The STEP funcnod
4(m) |
dim)y= 0 mco
Jim)=1 m >0
™
Thus
for wm o Sim) = —rc’"‘ T Ae'“ + Be™
And -f—
o m L0 -
i Scm) = +me™ 4+ Ae’ "+ BE™

To co ForTher (T 15 MEESSATY TO FINDAAND B. By symmerry of cosine

foMcnoN for M boTh £ wE hive ThAT A AN B MOST be E@UAL.
Then 1f we LeT M = e  cosine
DAMPS OUT EVENPALLY S0

IN RAPIDLY OSCILLATORY wHICH
A Prd B musT 6o TO ZERD,

Now N The RANGe of m #0 ¢

where §dwm) =20 WE pHnave
e DIFfErENTIAL  EQuUATIONS

Sim)

v

S"im) —  S(m)

Ae™ + Be ~  for mvo
AnNd

)

stmy = SYim) —  S(m)
We  have Te Problem of FITING These TW O SOLUTIONS TOGETWER AT m=0,
This 18 commonty CALLED A BoondArY vaLue ProbieMm. NMormALLlY
These fire TAVGKT To The STUdENT To be QUITE DIFfiLT bl Tne
delTh funcnod  RESOLVES AL of The weiRd CONdITIONS develoPeD
by ™e TEACHER. BOTh The deuth funcnon Aid STEP funcron serve
To TELW US WhAT HAPPENS beTween The TWO REGIONS.

A2

-M
ce™ 1 De for m<o

m



ANOTHER  IMIEGTAL WOrTh woOorkKiNe ouUT 1§

S:O qu‘&%-e-ba C‘H’

wWe cfn GET The ANSwer A Moumber of wavs boT NoTE I f

WE work Witk Te frsT INTEerAL S e |, we chu
g d
differennare WRT a  And  GeT
o0 -Q

d‘:[. - - S e a (l = - .J-

do. o a oo
51!

T = - fno T CONSTAVT

To TVALATE The CONSTANT WE NeeD TO EVALUKTE The INTEGTAL
AT oNE s€T of o And b vAaLves. NoTe 1+ a=b we have JusT

o = =
Sooaga = a1y = 0 ™erefore T =0 fMd  C= +hnb. Thus

I = I P

observe AT we AN'T TRKE The Lower LIMIT of The

INTEGY AL Sm e'qa clg SINCE The VALVE bLows VP LOGANThMICALLY
0 ————

IN The LIMIT, arhus T™ GeT A fAANITE LT LET O be replAcen
bY € MNd TAKE The LIMIT, Therefore

(v O] e

¢ J
The MUMDErs EMTENNG IN HEre ATE A Curiovd ThiMg which yvou
MAY TrY{ To Derive,

| WANT To POINT oulT find CAUNOM YOU NOT T0 be SLoPPY
WiTh The CONSTANTS of INTEGrAT1ON., IN The (ASE where
) SPUIT of The INTEGYAL INTO

© -4y w -by
Sc € dg - S €
The INTEGYATNON G LVES

S +00 +hab - ©
ANd You AN CASURLLY SOBTYACT OUT Thg Two INFNIMES To 6Ive O,
ThS 1S bad ANd VErY |LLE 6\ TIMATE.

23



To Show YW WhAT AN hAPPEN suPPose | SobsTiToTe foR ¥ | Fa
Tmen | have

(& -} -
S e Tdan gw e%’; = 2
d b - - 0

3/@ é
Whenever Yoo TYANSIOrM LimITS whith o To @ you cAM GET
IMN TYOUDBLE, The besT HeT 1S To POT € And KeeP The LIMITS
J—\NITE; TheMd YoU CAN COMQIME ThE AMSWER So \T DOES N OT DEPED
oMt €, IMThe Kbove CASE where wWeE  SeT 3= a_a LeT

@ -% @ -3 eb - €
ea e—Jé -Seb e__gla = S e_ﬁg = g bidé
o & €o b 7y
I ()= I (9a)
As A rure when | Go Throuoh # Problem The frsT TIME
I fid USURLLY QO\TE SLOPPY NOT PAYIMG- ATTENTION TO SIGNMS,
Pi’s  daaors of 2 eTc. The resson 1S ThAT more ofTer Thaw
NOT MY fAvrsT  APProACh LeadS T© A dead end so | haveTd
ReTrenT T ANoTher TART. | | Se€ | §iufiily hAave A WAY TO
The ANSWEr | Then Go BACK very Catefully PuTmwe- 118 ALL The
Go rreET SACTOrS, And & rinNd —~Grind= GriMdd,

| meAiNoned ThAT  when AM  INTEGTARL LS SOLVAbLE Théere

Are & oo 4 HerenT whYs T© wWork noovl. 7o Show You
WhAT | medn  consider AN The 1IN TECATE S“’ coSmx df.
™TMiS TIME witl KilL The Prohtem wWiTh A ° Pt
SLENGE hitmmer. SUPPBSE we Knew ThAT

S‘” e~o(x cos O x dx = L

0 Kt +E"
Ther | (AN SOBSNITUTE AN INTEGTAL INTO The INTEGYrAL for
A Plece which 15 Waivd TO handlE. morefully The reSolTING
INTEGYRL 1S EASLer TO SOLVE. Thus

W -
S e cosxt dt = __L
° L+ Xt

24



WE Thed HAVE TwAT

Sw coSmE Ay = XW CHS dt € cosxt cosmx dt

| +x* o
[+]

NMow don'T be AN IDIOT AM INTEGYrATE WRT t F1rsT  because
YoU WILL be rNMehT bACK Where YoUu STACTED from, SubsTiTuTée

Sor
cosxt cosmy = —?l’ [ Cos (m+t) K + €OS cwn-t)x_]

Aud  recALL S:o cos Kx dx = q78(x)

Thew 0 ¢
S e g[é(;wwt) x §m-t) ] dt

You WAVE TO be caedul  here F wée TRKE M to be G reATEr ThAN O
T™Ted we TAKE Scm-t)  AnNd  GeT

O

® osmx Tt -
coom* d = 1 e ™ »0
SO l.,-x"" x 2

We AN TrY ANOThEr memtmod USING SEries exPANSION, | &

S COSmx ch( > ECOS)U\; (, -)(7'-!—)(4")(5-})(84-*““) A/\

K
. T Sm) 4TS m) 4 g ST () e

Mow TS IS A MESS Rl V'd STOP ANd Try Awoher MeThod.
Howerer You Could Press on  Using The differennal operATor
NOTATIONM

S oswx dx s 4+ p 4D r-] = L mdm)

t+x* l'D"
Now you hWAave 19 Solvg
(=-D*) S(m) = 7 & (]

Sm) =S m) = idim]
And YOU're RIGWT  bACK whére vou  3TarTed £rom,

or

25



PRObBLEM - LECTURE ¢

Show
w© . o .
SiN X - cosx dx = 2 T
L d x SO z.‘):
3‘” 3x - AT
0 xq‘i'CLq qa}

T
gal Joa(rvnx) dx = %L‘/L

Sol Rncrex) dx %/@“L

I +x %

SHIL X SiMX - “’L
° | +Cog X ‘2{,‘
T
Jo o AEa A - =11 + hatii-y ]
S > e dxy = 1
o | +e¥ sidaw

(o v]

S Swhax dx - L 4pu Y2

0 7
Sinh X

At



LECTURE 5

SOLVING DefINITE INTE G raLs

Pd LIKE TO Go Over SomMe of The 7ProbLems | ASSIGNED
LAST- TWMe So Pou CAM GeT A Teet How | Go ADOUT solViNe
Twese dehmiTe INTEGPALS

SuPPode | WANT The INTEGTrAaL

T = ©  dx
L= 60 w5
X' +Q
To SOLVUE This | michT Try PACTOrING SINCe | KNOW ThAT
S” K |
o X‘L,'_(bl ZP
| have ThAT
1= g dx = ) - cl)C
(Xl (X Cat) 1t XHlat  x*-clalt
Tle'-’__']=ﬂFc—ra'
T 2« L oafg ati a3 L A

\

Now | hAive ™ have T™e SQUuAre rooT of ruus AnNd MINUS o,
To ceT 1¢ Mid 4< | TeAKe A COMPLEX cCircre AnNd GeT The

{POTENUSE AS - | ,
2 PlE et r_ﬁ;_ E é (1+.)
H: ‘l -—-‘.- -~ —! ,-L‘
L ey - r:LC )
Ten | have
Ir= r - dud
2R a’ 403

Note TWAT The 's  cAncetted ooT 5O | have The THGAT
roots of 47 Aud Fo . If | hawd TAken The NeoAnUE
YooTs | woold hAVE Godten The wroNG o ANSwer - T woud
WAVE heen \MAGIMETY,

22



SUPPOSE | WANTED ThE ufllue of The HfoLlowiNG

JNTEGYAL -
Fim) = S cosmx dx
0 4
I +X

Note 1f DifferenTATE Fim) Sour TIMES WRT M  fAnkd ADP
Fim) 16 GeT

oo
F'Yim) + Flm) = So cosmx dx = 1a&(m)
The fNcnoN f(M) 1S SYRMETFICAL  SIMCE The 9 denvATIvE

of B &guals Twe NesATVe of 1msetf. A Ronmon which
has This chAriceTer 18

K I~
Fim)=¢

¢
Then The divHeronnal CQUATION GIUES AS ThEe rooTd o(‘f-I,
Tms €QuATON  HAJ HFour FeoT) Ansine from The QuAdy AMC SR

. . } . - .
dvr E(1ee)  da=s L (4 -0) oﬁs-‘ﬁéb-') 0(92‘-—';"("*’)

T
_ THE form  of Te SoLuTiION IS Then
\ .8
Fim) = Ae®™ r Re™™ + ce™™ 4 pe™™

WE Now observed TWAT AS wm —> o Fim) shoutd ApproAcH O;
TherefoRE A D B S0 sTherwise The FuNCNON EXPLODES, Now we

hive ™ AT -mo ‘:_.“'\ -h/r +L‘p./,—
Fim) = CeR™ T e T z
which AV be rewminieN  AS
~W\/1—- —
Fim) = e LL ¢' eos WA 4 D'SiIN "‘/ﬁ,J

wWhere C' Aud D' hAvE T be real where ¢ MDD coud be
COMPLEX. W& Now hAVE To TiNd 2 real CopsTHMIS. When m <o
we hAvE ThAT Fim) - e!™/® (clcosmp - D'sin™/ni) . The
DELTRA FURCTION MUST fELATED These TWO vAlves of F (m,
We KNOw ThAT The 4B DeriuaTive CONTMNS A DEeLTA FuN(how
™us ™Me Dermvamves ¢ivet VS Foor eqQuAmoM To find 2

UMKNOWR ) JHm: Bl £ s B em)

£60) ~FM(-0) =W, e Jum? Gives us The §-foncnon
N The 4Th Derw imve,

L8



LET'S TrY To FIND ThE I1WMTEGrAL

1= Sﬁh An Csinx) dx

(]

FIFST TrY INTEGYrATING BY PAYTS

5!»‘. X sk dx = S xcoT X dx
° SINX

New 1'M STUCK . How Do | INTEGrATE X WTA: | don'T Know, WeLl
I TrY AGAIN., | could EXPANd bY seres ANd INTEGrATE TEMM
bY TExM. ThAT'S A helluvA WAY TO runv A TAWrodd. SupposeE
I MAKE ThE€ follOWING observANON ThAT

[
Sa" A Csinx) dx = Sf"- A cwosx) dx = A

™ enl W
A = &oh' [QM(Jnmx) + An ClosX) 1 dx
COMbN - of ) “-
- go o (Awx cesx) dx = So" Ldn(Lowex) |dx
Ani g .
T +
A ﬂf“‘h. dr *Sa Jon (o 2x ) di
- LI .
=m0 2 4 [ A (0wnr)dr
If | vow sobSTITVTE Y= 2Xx | GET
Vi
A = - fr 4 g fon Cang) dy
1 ) z
Mo The INTEGML S JUsST Twice Twe owe V' STACTED
WiTh SO
LA Tl +2@A) —> A= -0 Aat
T T T
oc

“I’L T
S /Q'\A(/Jv-\ﬁ) cl/c tjb“/ea\(oosx)c\/c = —1?’,&\1_

0

A9



Now LET'S TrY TO WTEGYATE

{
T - 80 fan C1EX) dy

C 1+X*)
LET'S sUbSTMTVTE X = TANMY SINCE I kpow ThAT
d)( = C‘Y g S\_K = AY
costy )4t
Then LI}
1- S Y Lo ety dy
[}

Yq p d K
- S‘) I (cosy +8iMY) dY - go i Ceosy)dy

New 1'M worried AbouT The INTEerfiTON LIMIT Ty So -
remember

The TricodeMemic |dedTITY

CosY + 31Ny = T cos( Y- Ty)
e, TWO SiNe w fives tAM he ombhiNEed jut© oN& SINE wWhAve,

e

T (0% tnfe dt 4 (00 L feosdon] dy - OO fucost dr

If T = Tq-7 Then The LAST TWO INTEEVALS SULTrALT ol
d we hnve

I'—'—%rxmﬁ_ :TI/LV\Z.

——

¥
Ler Me wTeorpTe S ASING dx T
)

C1+costx)
X
I: Sall MX Cl)‘ 1 Sﬁ XS“\’)( C‘)(
ITCOS.'X IT/\, ‘.’_(_oszﬁ
v
fot(n-vswy dy
. | oty
Thew
T:= 5“ nsmydr  — W
° | +costy g
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o ax
Now we'tl  Try S e
[o]

d x

| +e*
EAPANG bY Sérncs,
— - -1x -3x -4x
_]_:Sw cwx(c)‘-e 4e -e +"')°‘)‘
[+

T N R R Y Y
| ~a -a 3-« 4-a

- ——

Ths LAST SENeS hag To De summen Anud 1T 1S NOT EASY
Jo Do. The ANVswer 15

- hhj
oo = A
S ) SN

'Ll hAVE 70 come bAcK AN Show You how TO Sum This
SEVIES .

TWiS Prohlem 1S = of The 3AMeE CLASS AS
S‘” SN QX ]y

o SIN‘\X
-x
MOTE £ 1 sSUbSMTUTE Sinhx = e’-e
2z
-X
1= S Z.SlNax(__g____u)c\)C
| —e
oo -3x -5x
z % 4e 1 C + =)
‘Z..So oW\&.)ﬁ(c +
AMAMd Mow | USe T™me T TwaT
o ~P
SO SN (x e X A}Q = __E
e
| &€T TheN
A | A +—--J
Star zu[ lrat 9Tt 2seadl

3]



LECTURE S

PROBLEM S

de - ena
(at+beose)? Cat-bt) 2

L S P afl(q-m)

G+ bcecose

© d
x T (La+tb)

—_\
zadbcatbh®)

Y

® -
cosmx dx = I (1 +m)@ "
°  (urxd*t 1
®  sinnx dx - TF(CK")
S (Sinkx JC1xY) (—‘~) n-i
e*-i)e

Lo ( ct - 2ac cose tat) dx

|
COSAx  dx =  Tat
(1-2acosk +at) I -a*

32
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COMPLEX NVvMDERS

Couptex NMUMDPETS

Are CemTEreD Arvound
EQUATION

oNE FondArenTAL
k8

X = -]
IM order TO SOLVE TS €QufimMon T WS NE&wss ARY
TO WNVENT The SY¥™Mbol

: which s defined AS hpune
The POPECTY ThAT ¢-= -1, WITh s dethinITMoN T Thed
PMATINGLY €moveh T SATISHY AL The bAsic ALGEbrAlC

RELATNONDSALPS | For EXAMPLE mMULDPLILAMOM would GIVE

C'li)lz 4(£L) = -4

1)

a2
(z +¢)
or

(K]

£t Jul 4t - ~1-2 -1 = -9

Thus wWhed | have A ComPLEX  MNUmher MADe VP of Aw
IMAGINEYY AMNd REAL PART  SUCh AS at+ be where

omd b Are YAV | CAM MULTIPLY AS foLLo wi,
(S+ 3v)(1+42¢) = 3S+3r -6

29+ 31

NVULTIPLY N 6 AND ADDING COMPLEX NUMDErS GiueS A New
WMPLEXY NVMber,

DIVIDING TWO ComMPiLex MUMDERs INVOLVES TAKING

The LOMPLEX CONJUGATE oF The denNoMmivATor AMd MULTOLY ING
TP ANd boTiOmM, E. G

T420 _ 1+20 (5-30) - (1ni)s-s) = 4114
5§+3¢ ;35 LS‘3L) 39 34

The LomMmPLEx WNILGATE 1S obimined by ChANGING ALL
™ S1eNS o N L.

SUPPOSE wW e WANTED %

:{ sotved. To DO ThiS
LeT X = a¥be

Twenw | hAve (oatbe)™ =¢  AMd

Ot4z2abe-bt =7 which Gwes Two €QUATIONS at-bt-0

M 2ab = |, ode rOT (s a=b Then &= (2 =b, Thus

X = ":.,'Lli'l:) . SiNce @ =-b s Also A YooT X 5 T or-.
T

e AMATING TAANG rbodT coMPLER nuMbers TWAT ONCE

wWe dehINEd 7 we MEVEr WAVE T MAXE AVOTREY SIMILAY dETINGTION.
WE WAVE oPened ThG dooR To A Wil MewW wordd
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LECTURE 6§
CoOMPLEX NUMBERS

TIME we STArTEd TO TALK AbouT ComMELEX

CONVENLEWT WhenN WOrKIMG WITHh comMPLEC

DRAW A DIAGTAM., The PLANE TheN

A IMAGCINATY PATT OFf The C.N. IN The
rEPreseNTeo The GEmErAl

Lasr
NVmbers, 1T s
Mumbhers C C.M.) To
repres€nTS The reAat
DIAGrAM THAT HfollowsS WE have

b

C. N a + bi. 1MAGIN BFY
Axns, L
[ J5 S, 1
1
e
i
ry REAL AxsS

ANy C.N. Then CANV be rePresenTeED AS A POINT IN ThE OomMmPLex
PLANE ANd LocaTed by The Coord)pATES &G ANd b . IT S
ofTem TIME CONV IENIENT TO T(EPRESeNT The C.N. IN PoLAR

COoRd WATE NOTANMON. I+ we LET

aQ = Acoso And b= nsIN®

©: tAan Ya  ANd R = fattp: we hAvVeE LocATED

where
& fvrom The reAL AxIS AND

The SAme POINT  HY AN ANGeLE
A LeNeTh \n, from The oriein.

Whed TWO C.N.S Are ADDED WwWE (AN Deéscribe The

GeoMeETr (AL SiGNWICANCce of ThS oPeranosN Throveh The

DiferaM  TEchnIQue.
In
b'TbLA [ A

i
1 (
l
|
i

Q,rB.q

Re

TS DIAGrAM Shows ThAT The Two C.N's pdd  JusT
Lixe VELTOrs ACcording To The WELLKNOowM PARALLELOGrAM RULE,
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ROLTIPLICATION of coMPLEX MU M DERS

When Two  CN!s Are MULTIPLIED TOGETheR ThE
RESULT|NG- PropucT 15 hore DifFf1coLT TO SEE EVEMN DifGram-

MATICALLY, Svppese | have Two C,N’S X=a+teb And

d= C¢+id. It 1 MULTIPLY Them TOGETheR TwWo Thines hAppen -
The ProducT IS STRETCHED AMNd ROTATED. Usine The dideram
WE hAve Ih &

LeT'S worK The ProducT OUuT USING POLATY CcOord INATES,
X = 1] ( COS@utiSINBL) And (5= 1l (058 +i8i1NEs)
Twe ProductT 1S
o&(}, = !o&[s' [ CoSOpcos O ~SINBLSINGs 3 ¢ (51MBy €08 + SINGK cose,s)]
US NG The Trie., 1denNTiTY wé hAve
Ap oz 1dpl [ osCoextBp) + ¢ SINCOk +6p) ]

Therefore The New LeneTh s ldpl ANd The ANele 1s The
Sum of The TWO oricipAL ANGLES. You Shootd womice 1f
] hAve A C N, ANd  MNULTIPLY 1T b¢ ¢ Thée Number or
V ECTOC \S FoTATED 90 deerees. MOLTIPLY ING A C.N. by -
S\WMPLY chANGES 1TS VALVE DY 180°,

Now we find 7 USING The GEOMETrICAL TProPerTIES
of C.N's QusT describépd. LleT 47 =x Then x°=¢.The cn.

X I's ™eN A Number which has uMaT LENGTh L :
- )
Thus  Jatrb* =) Aud a=b So Q= /i ANd I f==-AXT R
]
X~ 1, 2, . 0f coorse we hAave The NECANVE 0
"R i Re

]
rooT wHich LIES 1IN The oMher QUADPANT, The cLue "

ThAT The resolT s Mt ¢ 1s The HAaT ™aT we
Need AV ANGLe which whed Dovhied &ives 9o°;
This 1s of covrse 45S°
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Now ThAT we ATe GeTTING SMART AT WOTKING

wiM  C.M'S  LeT TrY TJo soiLve

S~ . 2

-. = ¢
1f WE Cube MBOoTh SIdeES Then wWE hAVEe X3=‘z'_ Now
we Need A NUMDer whend roMATED Throvoehk 3 €QuhL ANGLES
GETS US 10 -¢ which 1S AT ©=272" Thus 6/3= 90°
Mhich MEANS ONE rooT I1s @ TSeld. pNow
There fATe TWO oTher rooTS which WE have
T0 FiNd., How AbouT AddiMe 360° to 270°;
SurelY | end VP Wwhere | STATTED buT
Mow when (diVide by 3 AGAIN | GeT °¥5=20°
Thuos ANOTher RODT |s AT A O ancile of 2j0°.

To fI1Nd (TS® COMPONENTS Draw A DiferamMm

The LeneTh MUST UMITY S0 The 1mMAGCINATY
PACT 1S =5iN30° (1) = =2, This MAKeS The *
ReAt PAYT fi-yy =- /2 . Thus we hAave B o
ANOThEY YoOT ./{ 30 '
' A !
x'z.: - .£-§ - L T .
2z rA -1
To Check TS ANSwer Cube 17T ANd See F
You GET -¢ — oo will! W& STILL hAve AnOTher

rcoT To find so LeTs Abpdp AnoTher 369° o 630°.
We geT 990° Now DividiNGeC bY 3 AGAIN WE
GeT 330°. Thus The OTher rooT MNE=AF would Tu

be

X2 =B+

Thus we hAave found The I cube rooTs of ¢, ya i) e

IN GENEYAL EverY NUMbhber HAS 3 wwbe
rooTsS. ConsSider, 8 , \T has 2 AS ONE&E Ube rouT,
Tofind The oTher 2 , nomMce The LeneT of The

C.N. MUST be U ANd A when 1ITS ANGLE MUTLIPLIED

bY 3 we oeT back To 0°. Thus 360°/3 = 120° Is The |

PosiTMoN Of oNe oTher YOOT. The ComPONENTS Pl

ARe -1 Awd */iy . To finvd Te 39 rooT we Add 3'}0 éxm 2
ANOThe 360 dwide by 3 #MNd &€T 290°, The oTher *
rooT 1S =1 -4Y/f3. if we Add 360° AGmn wWE

6T 2 AmM SO Thatts ARLL Th E rooTs.
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As A oeenerfiL rooT 1T \S PossibLe To TAKe ANY
IMTEGrAL FooT of A COMPLEX or (&AL MNMuUMber, Thé
YooTsS wilL Lie ON radic LocATeD by dividiNe 360°
INTO M sQuAl PAYTS | Like A Plece of Ple. E.e¢ To
{ind Ou'“’ The rooTS Are LocATeDd EBvery 360/5 or 60°
Around The umVTY CIrcLe. Thet form The spokes of A
HEXAGO M.

If one The oTher HANd Yoo whNT The T™ rooT
of A NUMDH' You Are ovT of LVCK becpuse There
Are AN INIENITE NUMber of Them.

POWERS of wHMPLEX NumMbers

IN order To wWOrK ouT #/ ProblLen LIKE 2.'“' wE

wilL N€eD TO KNOw The ProdvucT of Cos@ ¢+ (sine HinNd
cos@ + iawng . If we LeT RZ = cose +¢sind ANd RP -
CHqQ +teAamg@, Thew wouldw'T IT pe mice f The ProducT
were JusT RE.RY = Re+?

To see \F we ¢ Prove soch A Theorem LeTs defive
R to be cosi + (st which 1S A PerfecTLY Good ComPpLéx
Nomber we. R=.840 +((.%a) . Now R® woutd CQUAL COSTitam,
And N Genwerpl T holds ThAT for And réaL n Rn-‘ ecosn1iSINT,
Now 1f The Theorem hotds Awvd REPRT = R®T? mhe
Mumber R MUST be some sSorT of 'fvnidhmemT&L rooT $rom
which ALL Number s cAN be ™MKEn. |udeed This Turns oot To be
The CASE.

WhAT | WANT TO Prove 1s TwAT R°® =(e")9 = e‘e.
To do ThAT CONSIdEr (R%)N = R® = ( cos O/t ¢ SIN 9/N)N
AMd LET N be very (ATee  c.¢  10° 10%, 10, 1f we
WriTE Tme Siue coSine Series (Nside The PArewTheses Then Tre
leAd\wo- TErMS  Are 1 +¢8y - e/;ua. t - .. . The '[N Terms
WILL drop ouT AS N €TSS Livee. WE have Then TO TAKE
The LimiT s N > ot (I + ‘-‘9/,4)“. This  hnas BEeN ESTAbUSheD
To be . x\N X

L (12) = e

Thos 1F X=(© . (o . _o
I (t+ ¢By) = € *R

N =300
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- N

To ANSWEr The QuesmoN ANOTheR waY 1f R® =(F!)
whaT 1s F 2 we know TmAT RP R™® = | by The ruce
for TAKENG COMPLEX CONJUGATES. TheN 1T MUST be Trve ThAT

(F) ( 797°°) =

orR (F)£e=,
N

Thus For This T ©oLd F-= F® S0 F MUST bé RenL.
It TUrNS ouT TWAT F 7 2.72 _ .

The FACT ThAT ,

ces O +Csing = e°°
Is ONe of The MOST REMATKABLE €QUANONS IN ALl of
MATRE MAMCS = 1T IS NOT ThE MosT TEemMATKAbLE €EQUATIONM . IT
IS ™M)S €QuATMIONY ThaT TUrNS A bdt INTO A MAN ; A STUdenT
INTO A MATREMATCAN., IT 1S Pee A vert deltchThl Thiwe,
BUT The MOST (emarkable fOrmuLA N ALL oF MATheMANCs <
by A SOMEWhAT SubJecNve EVALUVATION ) IS

e’ +1 =0 Feynman loved this equation

™IS EQUATION CONTAINS ALL Thé €SSenmMAL ACTIONS of
MATREMATICS PLUS  ALL The KEY S¥mbols, {0, e, t, 1, id
The eQuALITY  SieW. The OPERMOM S INVOLVEd ARE AddITION
MULTIWPLICATION AND TAKING EXPONEGNENTIALS 1T NVOLVES
NOT ONLY PefAL NVMbeErS boT 1MAGINATY MVUMbeER, IN ENGLISH

This  SAYS TAT  ef" = | . This 1S A curious facT
becAVSE T cAN be INTETPErTed ASs SAYING
'r‘l-' “
(e):-| or (23) =-|
SmitArtY  e*™ = ) oR  TwaT  ( 546) X *1 . Thus The
©Th

L e Power of rrATIONAL NUMberS Ay Produce read
NUMbeRS — A MOsST corious FACT of comMpLex NumbeRrs |
| Shoutd POINT OUT AT 4] =546/

Why would the ith root of 1 produce 5462¢? Maybe this is the right answer
instead of "42" as suggested in the Hitchhiker's Guide to the Galaxy!
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The Geverfal FormulA FOR TAKING Thée COmMPLex
Power oF A compLEX NuMbeER 1S

z . :
2, ¢ where 2z.= atbl avd Zi= ctde
=) . C+dve : CCH -
4 2, - nec Thhew (n.e‘e) L - n_c_-rdl. e < do
which swmpLes To cco 4 -od
A -
ne ~np%e

Now Twis formutA 1S ALMOST owndersTANDAbLE excerT WHAT
deey N° Med b L gs JusT A LeneTh Therefore | hAave
nd = (nd)" = (el Nvmber) rased To 2 Power. I 1
ler RY = €' where t z dlun Then (ef) = T = cost +iout.
As pAnv EXAMPLE FinND l:-z";. Accord nle ™ The formurA

é-aa . e-zf,[m,_' } e-zgl:/(ml-rz'(%fznn‘)]
- e-Zc[O+ L'L’r/z,fsz)l - en+4“nn’

LoeAr i Thms ©OF COMPLEX NUMber

we PEXT WANT TO comnsideR TAKING The LOGATIThM
of A complex Number 1z, An(atbi). To Find ooT whaT
This 1s LeTs define
/()’h (a+be) = x+¢ ¥
TheEN T 1s €QoIvALENT To

X"(‘Y "V
atcb = e = e*e ‘

ex(ccs? ti0uaY)
Now we hAvE Two EQUAMONS TO SOLVeE

a = e"cosY
b = e*siInY

A ( mb)

From which we ObT™IN Jat+bt = e’ X
Add Y = b/a . Thus we have

In (atbi) - Ao Ao+t + Ctaw % a
or v PoLAYT NoTYIMON
Jn (ne®) = fun +:6
SINCE © cAM  be ANY UALUe (each DIt ING by ), A ComPLex

MUMbDER hAS INfANITELY MANY WO eATIThMS d fterive from each
omeR by MurLTiPles oF are.
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ON €XTrA TreAT of TAKING The LOG of CoMPLEx
NOMbers IS ThAT we CAV MNMOwW TAKE The Loo of A
NecaTive Mumber, e.g

An -1) = oy
The An of ¢ 0AN be Foumnd SImPLY sIMcE

In (0) LA']o‘-ﬂ" + ¢ tast Yo
iﬂ/z,

Ino + tan @

1)

"

TrIGONOMETYrIC FUNCNONS of COMPLEY NUMbERS

Lel's Porsve The ideA of C.N’s furTher AMd See
1 WeE (AN  GiVe MEAVING TO The SYmbOLS SIN(2+3()
Or GENETALLY SINZ where T 1S ANY COMPLEX NUMDBER.
Suprese we JusT TooK Jor fMTh ThAT
e“% = C0SZ +(SIME
where ¢ MAY be comPLex or reAl, Thew we cAM SolLve
for SINET ANd  cosz To GeT

(Z -r 2 ¢ -
Sinz = € - e avd cosz=<=3%+-e_t
Ze r3

The INverse Trie FoNcnoNS AN AlSo be dehned 1

W:=sE The 2 = cos
Likan€Se For The SINE. SVppose we WANT  The [(NVErse
TANGGNY | 1e.

-1
w= ta™ =
WHiCh MmPLLES
z= thww
SULSMITUT\NG for TANG&LT
[V} -c'w)
z = (e -e¢
i(c[wi-f."w)
ColleCTING TETYMS .
. ew . tiw 2w . 'w
2T = e ‘7" —_— Léce -fl) - e -' -—> '+I-E U
el‘wf| ‘_‘.2

1+¢2

w bl (55) = ez

EXPONENTIALS  Avre reAllY SINES AnNd C(OSINES AN N The COmMPpLEX
NUMberR 8YSTEM TheY ARe Tied (LOSELY TOO-¢TheR.
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LETS oo bhAcK ANA THKE A CcLoseR LOOK AT
COS (XT(Y). EXPANIING 00T we GeT
COX+¢eY) e—t‘(x+=‘f v

Coscx +eY) = e + - e cec‘x+e17’e-c’x
T

2
-¥ . N
7"[ e '(cosx +¢ Awrx] + CY(COS)( —c‘/.)nmx)_]

Y. ¥ Y =%
(e t e )oosx 4 c(e -C )SINX
~

z

\4

IT 1S SOM&TIMES CONVEMIENT TO Detine The New funcmons

- g{ —f
simhY = ef _e” ANd  CoshY - € €

~ Z
Which Are cAalled hy Pe bouric FUNCTIONs. They cANM
ALTEr MATELY Be detiNned S

cosh ¢ = coscit) SinhY= -usin Y

The coshy md S iNhY  hAvVvE The ProrPerty ThAT

cosh™ Y » - s)nh*y = |
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-
ProbLem . FIND ( 14¢)

= 2
This 1S of T™e form ‘ '
Caf\,;)udt _ (n e‘e) C4d¢
where &z | b=t ¢=1 'd:-; = 72 G:TT/q
. (_;—1 ez‘ﬂ/q )C-fdc . (1 ein/q)c (3 e”r/")dd

= J2 (Cosmy +¢ s “'/q) ( {Ed" e-dﬂ/q) .

. 4
= {1 Ce_*n’/q + Zﬂ"‘) ( cosTyy +“S|H“/‘4) G—i’) l

No w de d e
° (Tl) = n ‘ = Cost + ¢siMt where t=d/@nn
t: -} Lnia 0 ™A™ ﬁ—‘ = cos(-/&y\r,_) ft'oo;(—lnﬁ)
T = TN 6”1‘”“"

l_ Los Ty + cosC-An ) L‘(sm Ty +0{m(—/&.li))]

. eﬁlt\nv\ﬁ [ c,O\S(T‘/q’L“ﬁ) + OV‘;\(F/Q"/&“E’) 7
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FUNCTIONS of A COMPLEX VARIAbLLE

I Now LIKE TO0 TALK AbovT A MOre GenNerAL SVbJIT
TrAgT of The Properties of Fuvcnous which oNTHIN cOMPLEX
VARIADLES. | will dedAl Wit fuomcnons ofF The TrPe
w= §(z) where 2z ANd W Ace boTh WOMPLEx NUMbErs(C.u)
AN EXAMPLE MiGwT be

W = 2% = X+(Y
Then W = U+ by 1S describable ™ TeErms of X And Y
SINCE T t-2t) 4+ WXKY L, Thed we hAve ThAT

U= X*HY% ANd V= Lk

AvoTher gExamprre of w= fcz) S

L
l+¢2

Mvd To fiNd U Md V ] hawe TO rewriTe w AS

\ . i (1-¥) - ¢X
W= P } Tt L ot
b +50X +0Y) (1 -¥)+cx Cr-4)% +x
or U= ) -Y AN V= - X
(1-1) +x* (-3)t+x*

You S€&6 Then ThaT A CoMPLER NUMber of A coMPLEX
foncion 1S A HoNcrion of R reat vATIAbLES.

IT 1S hard To PLoT w becAvuse For eEvery Z
which  reQowes T el vuAarftbLEes TO LD tATE 1T Th er€
Afe 1L YeAL UATNiAbLES IN The w PLANE. Twos we hAve
A toor dimensional MAPPING.

Anomer exampiLe of w=fz) 15 The Joncnon
w:= 2¥  where we wWMT The comPlex condJUGATE Of 2.

+ .
Thus Wt v 2 CxdcY) = X -0
y=x md  v=-Y
One  More expMPLE - w: et = et

Wz e¥ ceosy +¢omY)
U= e cogy v = e*siNnY
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So AR we hAven'T SMD Too MucH AbooT The GENERAL

ProperTies OoF A COMPLEX FUNCNON. There 18 A Difference

berween cerTmN FNMOINS ANY  The dfferevce has 70 do wiTh

WheTher, The TONCNON (s ANALYTIC or NOT. MW AN ALYTIC
fUNCRON WAS The ProPerTt ThAT T AN be differevmaren.

THAT MeANS ThAT U Aid V. Ate MOT  ARLITrACY ANd hAVE

A sPeciAl ProrerT! ThAT Thet Come from The same funvinon,

Some TONCTIONS  five moT ANVALYTIC. FOR INSTANCE wWhAT
1S The dervv ATive ot %* 2 where & DenoTs TAKING
Theé COMPLEX CONJUGATE. How do Yo U JHEREVTIATE AN

oPerAMoN LIKE ThAT, SomMcThinGe ROST be The MHATTER.
LeT's Detive The Derivamue AS

F'ez) 2 Ane f (eraz) - f(z)
45 —2Q A}
fvd Mow Y The Fup chiow ‘2?,
ac%)= zh - ()w—t\’)”r = (X-CY)

Then a‘ct) S (zt+az)® —z*
. 4370 AZ
where A7 = AX~148Y, Thus
‘(z) = Amm (éz)# - Awm Ax-cay
8 ﬂj-vo AT ax1t4y  Ax +cAY

20
ThiS LiMiT DeEPends oN Twe vATIo of Ax/mf,7 1T 1S E1ThER
1 oR -| . Thereforee The LitMT Depeds on HOw The O
1S APPROACHED. PN AN ALYTIC SuncTion 1S DefhinEd 1IN The

LimiT AS A3 =0 drom fuy DIRECTION ee. 1f w= 32
The §' = 1y or

Joam  (ETAZIE - 35 L2343
430 T - 23

IN order for A 'f‘umc’nou TO be AVALYTIC 1T HMUST
SATISTY A CRITERION cAbled The (puchy - Riempan: oriTerIf.
LET'S DeriVE The (riTeriA for w= H2)  where The
repl And  MAGIMErY  PATTS of W ATE GIVEN by UWU-T
wLx,¥) ANd V= VIX,¥) RESPecTIVELY.

:Zé,
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EXPANS IV oUT The DERIVATIVE
ey = Avm W T4y - W)

Ay t'4? 0 43

= e LuCxran, pray) +<vonstn v4av)] - Loy +cvex,v)]
Ax +C AY

= ax %y + AY oy 4 ¢ 9Vx Ax 4 (I, QY
dx+cavy

e hiffereamal coetflenTs MUST be exACTLY €QuUAL
Whed Ay=O0 AnNd AX == o ANd vice VErsa. TWo EQuATIONS

EVOLY € £1(z) = Y 4 iV pod Flcw) = -z(%_"*“%‘é)

oY X
FOr These TP be €QuAL Wwe MLUST ReQuUIke
X Y Avd V. -9y
£y, 3y X g

Thos AN ANALITIC fUNCNION HMOST obeY ThesEE QO ATION.

Mow To The domb PhisicisTs Who Do&SN'T Glve A
4N AbouT ALL TS M WEMANCS he MAY  come ACross
These ANAWTIC CHITERIRS | A PrObLem ThAT REQUIRES
SoLviNe £ DIfFEReVTVAL €QUATon. His ProbiLem maY hAve
The ProPerTY ThaT

ﬁi’ = é_v ﬁ'h)d, 3/! > _&9
9% Y dx 2y
This 1s ACCURLLY A TRIRLY <COMMON condiTioN <Sor if |
Differevrmre Amn AVd ELIMINATC V (| have ThaT U
SAMSHed Q:_U N 3tV
At 9
This s The ™o DIMENSIONAL  LAPLACI AN EQ ufimon . |M Three
wmestopy T would be
Qv 4 W L ¥V 1
dx* 9t 23"
It ™e problem poes o Depenwd oN 3 TheN The Solumoy
IS NOT Too ddwd To obTaN.

> 0O

L

The cdouchy <RigMaAv  CriTerih hAS AN INTEeSTIN G
ceomerricAL Sieoficapce, 1F A MAPpING 1S MAdE AbouT

30 The denvamve of The duvcnonr 1s Shrunk (v MAGMITUd Ed
Avd PTATEd Throve h SOME ANGLE
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CoOMPLEYX

Now 1'd
wMPLEX PLANE., Soppe
fvom L To 2. Omve whaY
TAKING VerY

LIKE TO DIlsScuss

S MALL STEPS ,

INTEGrATION
INTEGY ATION IN The
wmiT To oo
1S TO GO fALONG
1 €.

S«

S‘§Lz>ai - £ flo) e '

We would wviTe TS

§ Luaxiv) + ¢vex, 3010 Axc+iar]

where 1IN The INTEorfil wée woold TAKe The refic
PﬂfTSl\i 2
S| Udyx -Vvdy

Now whAT DETEr MINES The RELATIVE Siz€ o dx mnd
d9 2 OpLY The cURve . IF The NTEGriMon 1§ MADE
over pADferenT PR Thenw The ANSwEr woold omLy
Defend ON The END PUINTS | F(3,) ~F(3.). This 15 A
consequevce of F  beve ANALYTC

AS

3

If we vow MAVE TWO SEPARATE PATHhS BETWEEN
POWTS I dWd T TheY Should GIvVE The SAmMeE ANVSWER

t 1
O =

i

G

Thus The IvTeeraL Around A cLosed , '
PhHm

1S O, § Jdx —vdY 0. Thi
IS A vervy ingo T RESVLT To Th & PhYSLEISTS,
A noRe GENErAL R&SULT IS

§ acxy) dx + bex,v)dy = g a“ +éb)cl)(cl‘(
areh

TN$ 1S CALLED ST‘OK&S'
§dex +Fe dy = S

VAW,  An expample 1S

(3% éﬁ)axau

QurL F

47



LET'S TrY SOMe&e ProbLEMS INVOLVING CoMPLEX
IMTEGY ATIONMN .

LeT  w= 3F U= X*-%* And Vv zoxy
]

Udx -vdy = (u-v)dx = ('-zxtdx = 2 w
30 ' ) fo ~2rtdr= g

MNow LeT'S TYY W = Yz pand  INTEGTATE

AbouT A CiIfcLE
S, dz - S Xdx +vdy
Xt o+ " ®
swece  w= 4 o l‘_‘_“fl w2 v=-Y K
X+eq X 2+Y XY X+ PY

If w& Chinece vATiabLES The ProbLeM wiLt
RE A LITTLE TASIEr, Thar IS LeT 3= ae‘®
A s A LousTANT rAdivs Avd © 1S uArifbLe., We hpvue
hen  d3 = lae‘®de  And

Ség: SLQCGC(_Q %Ae:&ﬂl—

NoTE This (eSOLT 1S INd &@enT ofF The radivs. This
RESULT |s VErY 1MPOrT™ANT. \T SAYS 1F The 1nTerat
CoNTRINS A SINGULATITY The VALVE of The INTEeraL
1S e . l{’ There Are NO SiInGULATITYES Thed The
CLosed INTEGrAL 1S O.
dr - [, ‘

S 2 = Aman /ems,, = NI L

Where mn Telws how mMANY TiMey Yo U GO #round

LeT'S Ty d | Lemve T = ae®
T
dr ce “°do . '
r T = = = (csdo - £ ;
=z S Y a S Sd > S sunedo

Thos St dt = © J4or n= \NTeoer
=me " oon= -

yg

-

9



LETS T>0 ONE MORE PRObLEM

-— Sw dx - dz
I - — az
Line
1M -L toTL

\

neaws

% - gwe + S =0

24O,
we OmnLY HAVE To worK ouT The Semy crcle 1o
GeT T . Tws

. “9 \ .
L e ~ ~¢ @ _ 2
S :-r L? et ® A@ i i S € G(Q - 0.

WhiT WENT wyone ¢ Well AT 3= ¢ e foncTom 1S
MoT AMNALYHc. ThusS we peed The INTEeral Aroumnd 5=£

T -y, dx = 1oeme=g
O.

1z’ 2¢
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NoMERICAL IMTEGrATION

TRAPEZOIDAL ANd Simpsond RULE

Suppese we weed The

vAtue of the INTEGrAL of
The funNcnon ‘_.‘1_ from o to 1. OFf course w€ shovtd ALL
+X

be Able To diRecTL? INTEGrATE S; ‘-_-'l)“,,elx = ANk | o= TAML = B
BUT SUPPOSE WwWE WErEN'T 90 SHMALL AnNd we doN'T HNow how T
INTEor ATE whaT dor we do? Well | ome wa? 15 T BreAk P
The INTErUAL INTO  SAY 4 €QuAL PATTS  And €UALLATE The FINCcTIONM
§CR) * B AT €Ach POINT, | g

X ¥ x)

o 1.0 'ﬁx)

Uq 991

Yz .Bo | N S ——

Y4 o4 °of mrar

| .S

The TraPezomAL vuLe Teitls WS ThAT The Area; undel The
curve 1S EQUHL TO

A = ,ﬁl [ FF) + () + FCY2) ‘;(3/4) + '/1{0)]
Where A = INTErV AL widTh

A= Yal 'nt) + 99 1+ .8 4 04 + Yal¥)]
= ,7828

SIHceE TO  eXACT AswelR }S

18534 The TrAPeR0IDAL RULE
1S poT so BAd. 1T 8

IN ecror b Less TwhAaM  12°%e.

There 1S ANOThER meThod FDr  SUALUATING The fRcA UnNderR

The INTeerAal, ANd ThAT (Nuole The SIMPSON  RULE, The siMpson
Yule MAKeES use of The GeverAlL SormulA

A: A

s I+, 4fy | 2 §2) ; ‘115(3), Z—ch}/ 4,0(5115554,)]
For The exampLe Above

As - ‘—'.L-[!"l T 4%.99) + 2x.80 + 4K.6Y4 + :x.sj = .78533

e



The resulT |15 AMAZINGLY  ACCUrATE .

I7T tS IN grrOof bY OMLY
| PACT N

A hundred ThousAnd. TS 1S SensMoOnAL AccuRACY
Sor OMLY 5 POINTS SPACED €UeEry .25  1NCREMEMT. Simpsop’s
RULE s very Pouger&n, And Shoutd be used Hdor mosT

CALCOLATIONS which pre DifficvutT 70

INTEGrATE AMd YeT
which reQoIre ACCUTrALY,

As mvomTher Exampie  Find
I
So In Ciix)  dx

|+ x*
Lel = Y4
h X I+x* £ C11x) f?: CLix)
T X*

o l.o o o .UTO

Yy 941 18648 col98 L7 3

2 8o .4054) , 0507 t.o“

/4 .64 . 53357 ,0832 3.2

- | 385

| .S . 69315 (.38s 1392

¢.Y19

A= L (cu19)= .§35

I >
IN ThiS ©xfimPLE | hAve Shown Twf
A hard oNCNON 1T
VALUES DbVY

INSTeAd of TrY NG TO INTEGrATE

IS mMucth €ASIerR To JusT worK ouT SoOmeé
hand  Then vse SIMPsSONS fOLE TO GET The ANS wer
7o hich Accuracd, simpson's

APPLICATIONS Where
desired.

FULE WILL WOrkK Sor ALpMosT ALL
ACcuracy Less Thau | PArT v 10° (5
1T witL MOT WOrKk when Thea INTEGrAnd has A
poLe or WheNn The INTEG rATON LiMmiT 7P ODUCES

INFINITY, 13
5 ¢4 One MO Around T™is Problem
r._ dx R

1S TO  Pertorm A

Per TUIBATION ANALYNS AoouT The Troubte PUNT, IN The case of
\ %
go cosh % dx

we& hAve TroublE AT x=1. SO LeT
o ® S osh ci-€)t L
X=1-€ And we hAVE Sa de - S cas h (1-€)
fi-ca-e+ =
1o fesT order we have L '°50QSL\ fee {i-en
o Sa Ide
fe

For pccurfcy PurPoses The error

IN The SIMBOod rJLé
resuLT IS GiIveN by

€ = 24°§"x)
180
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Hore ©N The SimpsON RuLE

ConsideR The INTEGTrAL

& - X

S e  dx

]
WhAT 1S 1TSS UALVE? WelL, APPLYING  SIMPSONS ruLe IM
sPeps of 1| we woutd hAve A fired which DePends

od The vALve of a ¢

= -a - -
,\lca) ‘3—[ l+4€ .f’z_ela+4esc\+___]

WELL, The INTEGFAL |S QOITE EAS? TO € vALWATE ANd 15 JusT Yg .,

Thus weE hAvE ThAT NC@) = Yy = Y3 L v+ 4e™ ™ -r?_e'“‘-rqe"“,n-_'l

The seried cN DHE WRITEN RS

-q -24
é [ It ___43_1“ + 2 _€
I—Q l_e'ZQ

| hAVE €euALUATED The VAWe ofF The INTEGTAT" for vArious
VALVES of (L us\P6b 1wAddITION The TraPezoIDAL TuLe for
Comp ArISO N,

o O. N Ca) O CN Ca
IrAPcToInD AL S imMpson
~ 94

¢ It €/n It € Ygo
vs l'ol‘ I-O‘U'o3q
| 0o l.oB81 ). 0049
1.3863 I. 1SS l.ole?
1.3025% I+q907 1.093

NoTe dor o = .33, 1.38¢ And 2.30 The duncTion IS droppme
Down bY¥ A facror of ?.,‘ilﬁ—ud_ 10 resPecTivelyY IN ODNE

e op 2.71. IT 1S iNcredible ThAT The SIMPSON TULE
PRESErveES WMiGeh& PACWRALY €ven To o= 1,3863
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DIffERENTIAL OPERATOR, D

For  Reéflsons which ARE NOT APPARENT I'd LiKe TO THALK
About The p fferevN AL OPer&TOR , D |, Avd Sdme of ITS Properics.
ConsideR The Funcon Fx) AN TS dervgamue £'(x),Then

$4x) = d fix) = DFx) D has maNY ProPerTIES which
PermiT 9% TS MANIPULATNON AS AN ALGEbrAIC SYMbOL.

Yor €xAMPLE IDD i = §"(x) = D). Also

(+20 +DY)HW) = $x) 1 250x) # 1)
(1+D)* ¥

Now LETS ASK  WhAT -‘-D D 5 MefN. We mAY 6uess
ThAT Y/ 1S rELATed  TO INTEGrATION  /MNd TwAT

4 = (F The consThT of INTeerAmON
P:=3 S t C C s NoT defped.

IN other words 1f D oPerATes ON F(x) Thed IT Produces
FWX)., To Prove This MOlTiPLly Throveh bYP D 1¢,
© L (.X) = F = 3¢
(g f DFX) = §x)
The squAire roOoT OPRPerATOr 1S Defived AS

Jo LD fexl = f'(x)
The operATor €% |5 oNe of PARMCULAR IMPORTANCE
ANd 1S Dehwnved 1™ be

e®*® fix) = Fixta)
e*® s ThudS CALLED A TrANSLATOR Since 1T mMoves X to

X4, The exPoNeENTIAL OPErATOR has The ProPerTyY ThAT

e®Pe® . o“™P 7, prove This

ebD eQD _F('x) - eCQTbID ‘S‘(.X)

e®® fix+a) = F(xtbra)
e fixtatb) = Fx+b+a)

LeT's DOifferedTiAl LI\TK rESPECT To B,
D= d D e*®fxy = F'(xTa)

da
S le™ fud

g’x (fexta)) = §'(xta)

S3.



oD
The oreramol e £ has memdiNe when \T 15 ex PANd ed
D
e Fux) = (i+ap +ard +alD’ .---)«fo)
X 3!
We v USE The Differennal To Derive Th e SIMPSON RULE .
ler I & = jo’ §xidx . We wiuT The fwreerm. AT Atilh
1o eQuAl  The followiNg
TxtzhA) 2 T(x) + aflx) + bfxrh) +c_{(x+zﬁ) + Lot
We Need To Bivd a, b, aud < for This T® be True. Thus
We Need To €xPawd T (Xx+rh) AS A Power semes N A.

Txth) ~T(x-A) = o $x-4) + b §tx) + CFxth) +§
_r(x) '\"'\I\CX) .,-}:LIM()\) _t_b}l I"I(X) "I(X_“) -
v 31

Th T'xy +2W IMox) + 11\55‘ IV + v = (arhtc) FX)
Yo T'Ch) s QCX)“ o ex) 2{"‘Cx) e + (ha-hc) f'(x)
F MOST MATCh ﬂ\erc’/fure Zh = on—b:rc_ +

ha £ he = a-=c B
b_.s:)’\lC\_ _7(1:3]@ ‘Yu
4k

Thos The PATErN 1S %cm,n) 3
Usine The D iffereundL oPeRATOR NoTATION we cAn

WOrK oUT The AVPProxiMATION
F(xthh) = afU-h) + bfx) + CFxrh) +dfxtzh)

-h Th 2hD
=<xeD+b+ce b + de

EXPANdING RS Pouwer series fAiNd MATChiING TERMS

~¥ehD 32 h -V, kD +Y2 hD
| 2 & ¢ —rdelbw-be“ + Ce

Q. = d A’Nd b:c_
| = 2a cosh (3 ho) + 2beosh(Y2hD)

y T y
<

YLhD

We WANT 2A+2b= | az |-h ;
2a Yg +?.b—é o - b= Y ,0l=‘//b
FOO = - foermn) e Fxrhe) T Y FOxok) -E F(x-34)
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MoRe on DiFfeRemTIAL  OPERATORS

We have TALKed AbovT Twe DiffecenTInL oPErATOR D
S0 Now LeT ME Show Yoo Some of (75

INTEFESTIN &
proPerties ., M 1

hAave HomncToud acx) Then The 1NVErSE

oPer ATOF D'  worKING ON (T

wiltl ProDoce The ind eh e
INTEGTAL Sxacu.)du(/ e,

D gl :5’( acu)clu

ExTeENdipe Tmis 1defg o rer The Sé&copd INTe(,rh'L of a(/(}
1S Then -2 ,
D auw = S"cx-m)gculdu

To Prove Twis we cpp INTEGTATE be PARCTS

-2 X ]
D g - S du Sa(v)dv
dv v
oV |]* - 5" udv

XS"JW)AV - Sf uacuwu

n

cottecTIN G Termg

N

D au() 5x (Jw) (Xx-u) dv

Therefore we fivd we cAnv Pecform A Doohble WTeorATION by
A SINGLE INTEGTrATIOM . Now This 1def

CAv be oeeverfLized
AMud we AP Show ThET

'D-3C7(;g) = 4 57‘ (;(-u)za“’)du
fod W GENETA( |

o7 g < 4, [ oo gend

weE CAN GIve
1. &
/

Thus UsSING ThiS formo LA

A MEANMING TO
The oPerpnon D '* gen

-2 X -1
D/ acx) = /'ﬁ g CX-U) "’acu)clu
The consTAvT N fYonT B MAY

NOT b€ fiehT bdT The
CESULT 1S MosST INTEQRESTIN &.
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SPeciAl  FumcToN  foneT worTh KNOwiING

Soppese Yoo hAad A ProbLem which jwovoLved The

ks
FVYNcTIONM F(x) = Sx e"" dy - WEeLL , fou wonN'T eeT HAr
2
TeYiwe T™ EVALVAT € This indehioiTe INTEGrAL . I POO
CAN'T INTEGrATE 1T WwhAT Do Y090 do wiT 1T ? NoThne |

WeLL, moT QoiTe PoThive . 0Thers hAve Tied T INTEorATE

iT Aavd Gone T A o7 of Troubie Dome SO0. There ArTe oTher
forcmons simitar T® Théeé Above whith Are de’gu)e:l AS INTEGCrALS
Md As soch hAVE The ProperTy of CArrfiNG The foNcTMION D6TSIdE
of The NormAL CLASS of Fon(TIONS NIZ, ERPONENTIALS, LOGATITHMS,
TriconomeTic, find TrANscend EMT AL FuncTlonS. OMY  (MTerANOM
s T pProperiy of TAKwWG A PucNon o007 of The normAl
cipss. D1 ereNTIAMNON witt pOoT DO This Trick.

Some of Mese odd fpcmons have come up TregueeTiy
SO PEOPLE hAave Gome ™ A (o7 of Trduble 10 MAKE ¢p A
sev of MAbLES which AVdS (M TUALVUATING The founcnon
Vor €xfimple F(x) s CALLEd Twe €rror funvcnoN of X
Md s pehrned AS

i
erfwx) = & gxe-? c,'v
n Je

This RCNON freguenTly ocCurs 10 ProbabILIT? Theor!, ITS
otd +ashion TO  LEATN  AboyuT ThéEse o moenoms SiNce ANY ONE
CAN ook Twmet 0P, however, 7 g worTawhile To kKndw
The benmvior of The InTeorpL fr ufnous vALves of x.

So LeTs STODY  erdx) for LAartee AN SMALL URLUVES
of A FirsT for Smatl X we can expAnd The expon enTiAL
md INTEGYRTE Terta bY TeETHM

erfox) = 2 S: (n-v“ri" -%° ---)c'r
A" 3
A

Tmis APPFOXIMATION WwWitl be UfhLID Sof StMALL X,
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Mow Jor LArce X The APProXIMATIONM IS A (i1TILE MmOTreE
DifficulT bourT we Proteed AS FollLows:

Erfexy = 2 © -t ©® ¢t
A ARG N

X

The firsT Term S dehimiTe AND €qQofLls -~ '17—7‘/1/ Then wé hpve

Co 1
er—ﬂx) 2 . ~-¥ cl
™ )x e 8‘
Now we hAve T® SOLUE ThE INTEGYAL, To Do ThAT we mAY
Sx € . S — e 2¥ Cl‘n"

INTECYATING BY PARTS 5

d(—e'*t)
cae T

Now SiNce K 1S LATGe (o€ CAN AProximaTe X by Y Awd
£xPANd The €ExpopewTiAl Aud  INTeorATE Term by Term. We
A nd AT

erfx) = |-

[

2 Lo " ['_ Joy 13 ss
fm 2x ) )’

ANoTher whY TP AMMive AT Tmis  AWSWER IS To LeT Y= X+T
whkere N 15 sMALL Thew EX P id e("“‘) , 1€

T
© -t © ~X  -rkn -nt
erhx)“—l--z-g e d - |-z
&) -1tk Te e e dn
™ Ropping Terms N N For hrsT  APPROXIMATIONS W€
CAd INTEGYATE S':" e "M dn = I"x so To FrsT order
-x‘—
ertix) = 1 - “Zf—:f\ ‘;:1 c ¥ hicher ordér Terms,

The Series which we htve JUST WrITTEN  INVOLVES
fAcTriAls 1IN The NomeraTor Md Therefore The series 1S
ULTIMATELY DIVerRGIMG. Thus we MArY Defive TheE DIVEY&GING
Series AS hAVING The uALve -)_‘;j_ L - erfcx)_l_—_ -4, 413

L

o C1xy
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S

A very pTeresNee ProfPerTy ot The series For uhree X
1S ThAT P00V CAN GeT AWAY WiTh A cood APPIOXIMATIOM by
RETAMNMING ONLY The FirsT few Terms, dowever, OLTIMATELY
ThéE Seres will Diwwerege BbOoT %00 WwitlL hhye ThE fighT HNswer
To A REAONALLE ACCUrACY. The Error \NM The resOLT 1B
of Me order of The LAST Term reTAINS. For exfAmpLe 1 f
¥ 2 Theny The Seraes (§

- 4 .‘.__3 - 3‘5- 3'5'7 . - -
- 3 o4 53 * et

i oy 3 Terms Are KEPT The ANSWEr 1S Good TO ffbead
5%. |f x=1 The Error 15 QuiTe Large , of The order | 1TSeLf
SO0 X MUST be eveATer ThAT AT LEAST 2 Hor The APPtoximANW
To worK,

As A Probrem SUPPOSE YOU wWANTEd The £ ONCTION

Gew bY The INTesrAl SD" erfrydy . This 1s NoT

TADOLATED SO0 Y0U hAve TO Do Some work., |f we sobspTuTe
for erf(y) we have The double INTEGrATION

X Y Lot
S Sb e’ " dudy

[+
Now We wANT T° reverse The order of nTeoramod . To doThis

7T A8 wordmwhiLe ™ Draw A PICTURE 1Lg1=_*.7w u=y
We wiNT The crossed hATCh AREA INTEGrATING Y ;/
with respect To Y FirsT, LV
X ~ot XX u
So 3 e dudy - g L
® Y e Cl“r’ CIL{

LS

z S: (xX-u) e-o do

-gt -0t
:XS:QUJU—SUQUCIQ
kS

(Peden dy s X erfixy 4 1 (&7 -0)

©
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AvoTheR  pProbléM  worTh solviNeG IS The INTEGrAL
% vy - o ¢ 2 L
-xt  fwx ~(X= ‘) - wYy
-0
It we LT P = X~ Lw  The INTEGrAL BEWMES
[A
-w‘/ 0O ¢ wyq -2
e 1§ . e  dy
-0 1-600/1_
The  (wa om The INTEGrATION  LIMITS CAM b€ 16 NOReY
50 wE hAve ThAT

(%) _x ¥
S—oo ) P

We fiud ThaT  INTEerAL of The GAUSSIAM 1S AN ervor ‘F\»Jc"nou.
As MV exeras€ prove )2 .
~ (x=x - X' 2
S o e %L X

o € e = n
ﬁa’”rb"
A Number of PhysichL Phenomep A 1NUDLUE INTEGTALS

ot The Above THPe. The Theory of hefAT Trawster oses
The Above INTErALS (N SOLING The D)fterenTAL €quAmod

-wY,

e at+h?

3T T
ot Ix*
The 3oLvTiod Te This eQuATIO N IS .
| - (x-X)
T = —. e t

§4nt

Ao MPorTANT ProPerTy of The differeumel €9 oAMON  resolTs
i Tt —= 0". IN Tis case T The TempPerATUre A PPROAChes
Twe deltmw fncnon §Cx'), Theretore 1§ At t=o, T

1S described by FCXx) AT AMNY LATER Te T The TEMPErATURE
T (X, t) 1S GlveN by

‘cx—x')l ,
T(X,t) = —-—'———S e 4t  fx) dx
{4rt

This 1S A VELY (MPOrTANT ResOLT 70 ALl of MATh PhysIcS
AVd T 1s worTh UNdersihdide 1TSS MefMING.
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RELATED TDO The ERROIR FONCTION Ave SeverAlL OTher
SPeCIfL fon NoNs encoounTered |M PhvSics;

SoeYLJT , be c,osa"cla , Sm@g‘:‘d

The WAST TWO fAre caAlled Fresnel \NTEGYALS ANd ATe
encoonTEred 1N oPTes 10 diffhrAcmoNn Theory,

To S€EE how The TreEsNeL INTEGrRALS EubLUE And
Are vsefvl comsider A Sinele SUT or knmite edoe
WivminATEd by AN - inhiniTe Sovrce . The shiddow cAsT
bY The suUT s NoT AS exrecTed by Faits off ru
AN oscillAaTory fFAaghion wiTh some LisghT  fALLiNe INse
The suiT

R L
3 g E¥recTed shadow Livg
(O seuece SRR
X s KTORL LIGhT INTEWSITY
Y A
b

I oeder 1 hnd The LichT INTERSITY AT A DISTANT POWT
X ©°on A gur'sﬁce R ‘—fee“l' from The Kpife We mosT use
HuY Gen's ? rinciPles whichk reguires uUs T® Add ALl The
fpLITOAES of  The INCrEMeuTAL  ELlecTric frelds INGAENT oM X,
Thos we nive ThAT

At x) = 5 ws[ wit- as)] dy

r
Tre dismmce A}j = ARY4C(g-x)7 AV IS APPrOX MATELY = R, _L‘z(X‘Y)
sveh  ThAT 2z

A (t x) - &Scosz wit-R/ic) 1 ’l?‘z("'”l] Jo’
2

wher e /?Lz “We = 7—“/7‘ = wAvE MNuMb e

6o



WeiTTiNG 1M exponenNAL form

k
ACE X ) o ec’[_wéf"z/c) ‘I’{.‘L""“")l] Ja.
I ) w ‘I/I _ ]_
ccwct-ﬂ/c) jo ei‘fi (x f)Ar

The INTEerfL cAv be wriTTey IN The fottowiv e form

fNCf'%’c @ 2
A R ., e 23
- X

where 5 = (Y-x) ,(:e;

” C
R

~— e’

S

IS GIuenN by The sooAre ot The
AMd we cAM wniTe

The LIGhWT INTEMSITY
APy IVE €

T = KV - “%/%Ic’w.sﬂ

we ot fnd T for LARee Uhues of X

O T, . ~ 0o
¢ = S_x cosad. = 5_00 c,osa"ds[ :g

S INCE

SIMLATEY s=C

whenre

where £ = )&\/&fzg

I we WANT T9 Kmow T™e behAvior oF The (16 hT
INTENSITY  ioside The €dee &, for § 40 we wANT ©
EVUMVATE

[~ ]



i we

Looke JUST AT The FIrsT TErM WwWE CAN GeT AN

ided of how The WWTewsiTy fBLLs off
ABOUT E€QUAL To

NoTe ThAT 1T 1S
) T
< e"'S‘ to ordér A
215! St
The re co
re'f'o S e—os(’)]'clé x —ow 'S"L
15| 5
2 gl
S . g z
5 S c(é x cos 151
5! 2 is !
Addive The sQuftres To AN ThE INTENSITP? we +udd
IT ProPorTONAL  To l/‘]nsl . ThAT s T fAuLs off
AS ‘/5" coiNe 10 Trom The “edse.

On T™he oFRER hand  for
™e €db€E  WwWe

%
)-s

LAfee vALve of § Hrom
have ThaT

wséiéé = Sj: cosaldé ~5’: CO.Sélc‘j

= i _ osuwlslt
\vo) . FL Z’S’
S-S /"“Mé Aé

= ""T(L + Co5igit
SQUANING Mud Add ING  we find The 0w TensITY
PYOPOrNONA L o

cosist™ + ouslt

3
DSCiLLUOTOrY

This descrybes

AN
As

INTENSITY

faLine off
"5, The osull AMons fite AbouT SOME MEM vQLue
ProformMonAL T° The WiTI AL INTENSITY,

There S AN INTEFeSTING ProPerTY O’f Twhe ‘LrC-SMeL
INTEcraLS 1§ we LeT

X= C(3) MmMd v SC5/
fAvd  PLOT  C(E) vs S§)

wiTw $ AS A VAr AbLE.
WE GET A

COrve wHich LOOKS LIKE The -f-oLLDwmc-/
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53)

ccs)

This curve 1S Chlled A COrNU SPITAL. The corve hABE
SOME INTERESTIMG ProPerTiES. NoTe ThAT

dx = cosgtdg d¢ =singt ds

ds = fdgtidyt = d3

TWIS Mepns ThAT § 1S avariable of LeNoTh AloNG
The curve. The corve IS LAYEed OUT N equaL unTs of
{'o. The swre oF The Curve s Gived by

dY - anve = TA’MS"
d X

OR o = SL
ThusS The curve hAs The UeryY UNIQue ProP€RTY ThAaT

Yow Kee® TOCNING AT A RATE €QUAL TO The SQUARE
of g.

The DISTANCE beTween) SPIRAL CeNTERS IS The AmpuiTude
of LichT Thus The OrieiN  Corres Ponds Go The Knife edeé,

The arsmance from 0 to 1 s R A, A The INTENSITY 1S V4T,

As The LemweTh A chiuees or The SPITAL uNWIdES 1T oSCILLATES
AbouT e cewter,



More SPeciAl  FUNCTIONS
EXPONENTIAL INTEGTALS

some of The speciaL funciions

We hAve beend dussineg
Tod A® ''d Like

which 900 MAY come ACROSS N YouR wWORIK,
To START wWIiTh The FUNcioM Defived bY The INTEGFAL

jx e dt | E.x)
T

This indefiniTe INTEGrAL of X 1S CALLED Tht EXP INVERSE

ExPONENTIAL INTEGrAL, Yor Some STUPID REASONM The EXPoNenTIAL

INTEGrAL S Detimed  AS

oo -t
S e Jt > - Ei('t)
x t
The& INTEETAL CAN be EXPRESSED AS A SiNe AMd CosiNE
FuNcnonN  AS .
Cooxy= - |, omtdt
x ¢
X
Sc(x) = So siNt dt
t

INTEGVALS GIUueN dor VARIDOS

Mow There Are TAbles of The
The TroubLe of Triwe

SWhoutd NOT Go To
IT 1S opN\wY IMPOrTANT TO RECOGNITE WhEN
So Youv

VALves of x. VYou

To WorK Them ovT.
You have RepAched This PoINT M SoLViINg The Problem

AN o To The TADLES.

WhiLE 1T 15 wASTEfUL To TeY TO INTEGrATE ThesSE

fopcnons, IT 1S useful To INVESTIGATE The behavioR for

SMaLL ANd LARGE VALUES of X. Therefore we woll firsT

hAappers AS X — o, We rfpLACE X bY € M

ANd ASK  WHhAT 1S The ProperRTY of
[~ o] -
Icey) = ge e ¢ dt

—

t

To Proceed we witt add And
Which hAaS The sAMeE pe havior I8 ThEe LimiT AS €

LooK AT whAT
The IdMTEGrAL

SOobTrACT AN INTEGrAL
-> 0,

- Y



An  INTEGYAL which cAN be useEd 15 5‘ Ldt which s
€
VAL d ‘Fw SMALL €. Thys INTEGrAL 1S dc—hmret AN has The

vaLve = fme. Thus we cAN WRITE
@D "tJ g -t I
Tooe e {"ec e (" 1at hme
T € + e t
The IBT€orALS CAM bE ComMbived [NTo The foLlowine Yorm
® -t |
. -t
I ce S e dt S (e -1)dt - 4.e
t € _'t
If we pow Re PLAe € DY 0 The INTEerALs ARE defiviTe
And  hAve A fiNniTte ovAwe which 15 —.5772. This Nomber s
dehined To be C, eulER’S MNUMBER. Thus we hAve Then
_ ® ¢
A C€Y = e -
cel ge F dt - —.5771—/&16 = ‘/&h(l-78l€)

ThE INTEGrAL IS LoeAriThMiC dI1veRGENT ANd AT A FATE which
dePends oN  The ovfALve of €.

Fhe Cicx) And Sicx)  fowcmons ARe MNecesSAriLY
LocAriTamicarlyY dwvercenT for gmALL X and hAve The LimiTing
behfivior for SHALL X  of

C;(x} = )&\46':78'?()
X

for SmALL X
S¢Cx)

"

EulER'S consTANT C & dehned by The INTEGraL
g~} -
c::%a e bax dx = .5772
or IN SeERIES l\)OTﬁ'ﬁON

c= A ‘_l+i+:{,+---+lh _,g,m:(

h ->00

ThERE ARE SEVERAL OThER PROPERTIES of The gxPONENTIAL
Funcnon worTihh KNowING !

[+ ¥

e” - e

Sw e’ dx
x EiC¢x) - (1-€)

i

° xta

"

X
go E;(u)dx
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As ProblLEMS PROVE The FOLLOWING

S:D e S;(%f) dt = (JI - ‘{fw-{)

ANJ o _
3 Sivmt dt = 4 [e " E«.(W\) - e””E((—m)]
° b4t c

The whol€ PoINT of GoiNe INTO A diScosSio N O‘l( ThEeSe
SPECIAL fomcTioNs IS To be Able T MAMIPILATE AN INTEGVAL
LIKE The Llower one Above INTo A Torm  whick CAN be €EUVALVATEd
bY USING TABLES. A Good Kuowledoe of These FoncloNS S

QUITE: UALUADLE N WorKING Problems. AS Av ExAmpLE FECALL
Pe hpad A Problem where we were ™ fHud

o -G¥% ~bx
5 e - e dx
° x
This 1S easy To EvALUATE 1§ we LeT € = o ANd  breAk 1T INTD
T™O lNTE(prQLS‘p.Z.
— 0 -a ® ot
Tae) = Se e "dx = Sac e dt _ | An(1.781a€)
x —t
where we LeT X= t/la ke wise,
L Y
- - -b
Ttbe) = §, e “dx = - An(1.781 bE)
A

S0 we have

b
T cae) - TChe) = A (18I bE) - An (17810€) = Anl /o, )

The MORE ¥ou LEArN The bETER Your ChAnces become of

STUMbLING OM e rfichT WAY T0 66T The ANSWER., BuUT Remember

ONE TheRE 1S A waAY To Find The ANSWER TheRE ARE JMMed ATELY
MANY WAYS 10 GeT The SAMe ANSweRr,

Now LeTs 3sTud? The bewAvioR of -5/ (-X) FoR LARGE X

@ -
To sTRT we can NTEerAaTE {7 e T dt by  PARTS,
g -t | ® a - ~X o ~¢
-Bi(-x) = € _S etyt = e e’ 4t
el ke x A t?
NoTE HERE ThAT we hAve JusT showM ThAT
© -t , x
§ e dt = E/(-x) * &
t* X

bb
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Now WE CAN IMTEGrATE bY PARTS AGAIN AND GET

-X -x @ -t
~Ecx) = € —QL "'5 ze J‘(‘
X < 13

X

We CAN KeeP This UP ANd weée will GeT A SERIES
which defines - E(-x),
~Ei-x) = e ( Lo p2h 30 4! ,,/
X X X3 x4 S
Observe TwAT The coetfidents ARe tacToriALSs ANd TheREfoRE
for A GIVEN X You CAN o TAR enoveh TWAT The SERIES

OILL UM MATELY dIVERGE. I+ YOU EVER rAN ACrossS This
SEREs You Shoold rewemt & 1T As -e'% E(-x)

ELLIWPTIC INTE GRALS

ANO_”\EK SPeciAl FOMCTIOM Which 1S Good To KNOW s CHLLEJ
The €ELLIPTIC IMTEGrAL. RAcTUuALLY TWERE ARE SeverAL Kinds oRR
CLASSES OoF ELLIPTIC IMTEGrALS.

The SiIRsT KiNd of £LLIPTiC INTeoraLs s detfived RS,

FOk,g) = S? de = U
o -
‘l—)f(",ow\z?
This INTEGFAL 1S NOT PoSSIbLE To (JNTEGrATE ()N TErms o‘f
Ord \WARY FUnNcTIONS buT rATRER INVOLVES TrAnsceddAL funcTions.

ThE ELLIPTIC WTEGrAL of The stecond KiMd is  detined

) 9
ek d) > N TTRae do

ANd The ELLIPTIC INTEGTrAL of The Third KiNd Is defined
AS

AS

g‘*’ do

2
0 (+n Slrlza) ’ ’__/kv.s'“le
The firsT Two Kivds of gLLi1?PTic [NTEGCALS ARE MORE
FREQUENTLY ENCOUNTERED ANd TheREFORE | will DisCYSS

Them.
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1T kKivd BELLIPTIC INTEGTAL

Ong sPeuAL ¢Ase of The
'S for The cAse (ohen c.? UAries beTwEEen o And Wiz,
This dovcnon s CALLEd K (&)
Kek) = M __do
o i )—-/k"—p.&z@‘
ThE ComMPLETE ELUPTIC INTEGRAL.

TS 1S CALLED

OTheR $orms oF The eLLIPTIC INTEGFALS MAY FEQUIRE
SubsTTuTiIOoN OF VARIALLES IN oRdEr To CewGNITE. ONE
COMMOM SObSTITUTIOM IS T = 51N, The differennal
subsMTuTion Is doe= dt so ThAT WU = F(AR, @) becomes

Ti-t+
v = SSW dt

> -t fioett

obTmined bY Shiftive The

Furfher GENETALIT? AN be
scAaLte of € soch TWAT we hAave

w = j dt

[ at-bi¢t ct-d¥t”®

OR. IN POLZMVOMIAL form

3 dt
U = .
{abt +cttedt’s et?

of WNTeerAaTIoN T s GreATER ThAN

I+ The vAriAabLE
Lucik Tre NG TO cAST The

A QUAAYATIC  Yod ARg ouT ot
INTEGYAtE IN ewliPTIc foRM, HoweverR You Shoucd TrY¢ T

COMPLETE The sgofiTe Awnd SEe (f The PowymomiALl witl fAcTOR.

INVEYSE ELLIPTIC Fomcmions ARE vsed, Im

Somemies The
am d . The Transformanon

Ths NoTATION @ = flu) AnNd s CALLed

- NS

EQUATIO AR E cosp = Cneyy
SIN ¢ FSNnLU

{l —REswt T dnev)

L8



You MAY be wondenne WhAT ELLIPTIC FUNCTIONS ARE IM
The MATReMATICAL wOrld. You Know ThAT TrioNOMETNIC TuNcTIONS

Such AS The SINEe ANd Cosine Ave The simplesT Periodic foucnous

From which ALl oTher common funcnons cav be expressed AS

B SErIES POTATIONS, EB.9 CxPONENTIALS. When OPEVATING IN ThE
COMPLEX PLANE The FultNonS SN(U) ANd Sncu) hAve The ProPerRTY
of Bemo The  SIMPLEST DoOubLY PERODIC SunCcTIONS WhicCh

ARE ADAWNTIC. They Therefore form The BAse Hor TrANS CendAl

fuNCNONS  Which CAY be exprlessed w Terms of Snwav) And

Cn(v). TheSE Are UVErYy NTECESTNG TONCTIONS To The MATWEMATIC AN,

IT 15 WworTh d15CussSING ProbLems which INvVoLvE
ELLIPTIC INTEOGYrALS So Yoo GET A +eel

$or The APPEARAMCE
IN Physics AnNd EOGINEENING. OricinvALLY

TheY weRE vSEd To
seTEYMiNg The  LENGTR of A ELLIPSE, 1.6, 1 TS PERIMETER.

IN The ANALYSIS of A SWINGING PeNduLum TheE GOVErNING
D eRENTIAL EQUATION IS

de - S

— = IN©

dt* %

The Period of oscitLanon 1S dePendenT ON The AMpLITULE

of oSALLATION. ONLY wWhen SINO % O s The Period independenT
of MpuTUdE. The Above differamal e@uamon 18 SoLued Throuch
The vse of ELLIPTIC INTEGrALS.

Now because ALL ThiS 1S VERY DHOoRING TO LEARN AbodT

These sSPeriAL FUNCTIONS ['LL GIVE You AN INTERESTING PRObLEM

Where These weird fJuncmons Come vp. This Problem whS found,

bY The wA<? AMfTER The AVSWER WAS KNOw M.

SUPPOose | wAVT The mean of wo Numbers sayY | And 9
WeELL, The Answer IS EASY | The AN MeThMIC MEAN 1S S, RBuT,wiiT/
WhAT AbouT The GeomMeTric MeAus ¢ IT 1§ 3. Which 1s The
beMeR? Suppose | waANT e mean memn or The Grefl  MEAN.

Whi 0T TRKE The mMemnw of 3 and S which 18 42 Aud Then
The GEOMETrIC MeAaN S 3.8 13,
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Now we cAav KEEP GOIMG UNTIL wé GeT WhAT 15 cALLED ThE

GAUsSS's M EAN. ThiS MARY be  CALLEd ThE AriThmeToesomerric

MmeAd of TWO NUMBER  m n. |T Turps ouT ThAT This
MeEm 1S Givenw by

il
MeAN ( m n) = n

m
svch. 4o 2 K(@})

> z
{m*siN?6 TN cos®d

You wooLd be hard Predsed 1O ASSOCIATE SUCkHérﬁmuLT

FUPCTION wiTh SOCK A SIMPLE I1d6A AS COMPUTING A
MEAN bouT 1T 1S True,

BESDSEL FUNCTIONS

To fAMUSE Pou FTorTher 1°LL

INTROduCE You To A New SET
of SpeciAal fumcnons

IN A JgeLesS buT INTERESTING WAY.

Some OF You hAVE heArd of covTmuine FraAcnoNS. TheY
Are of The dform

2+ ! =

, - X
1 —
2+ _L.
2+ 1
i 24 ---
Thes FrACTION 1S of The Form
- A
X =2 4 X
Which (s JUST A QUAIrATIC EQUMONM IN X. Now we€ CAN
YAYY The RbemFh Re¢Thm  of The fracnod by chaNeING
The repenTive MuMbers) e.g
)+ —L -
ey L )(
) + &
2+ 4
1 +2
Now The Adorm (8 X = L+ L = 1+ X
2+2L 21X

X
which 1S AGAIN A Quadv ATIC IN X . No MATER WhAT

REPETMONM PATTERN YOU PiLcK YoUu Wil ALWAY S ENd vP
MmTh A QUAIrATIC RELATIONShip.
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Now T 1S PoOsSibLe To (oNSTrUCT A CONTINUING 4rACTION
wWhich dees woT  hAve The rhyThmic repeTimon ol The Above

FADON.  Tne SIMPLEST NOWG6e rpyThemc Tracmon 1S The

&LLaWING . -+ {

2+ _1
3+_1
4+ |
S+l
FiINdinG The Sormut A for This FracTitM 1S QUTE dn%cub?j
INfheT 1T held VP The develoPrienT Off The Aormic bomb
WhiLE we worked (T ouT, Wit considerabLe etforT you

CAM Show The Above frachod 1S &g oAl To
- 26‘ J_a (- 2‘)
\To C‘Zé)

Here The s¥mbols J, And Jo reder To Tdessel AunNCMons

S0 we See ThAT These SPec AL TUNCTIONS CAN be ReLATED
To ORI INARY NUMDERS.

BesseEL TumncNoNS ARE dE':['\NE'd as defiuiTe INTEGRALS
IN THE FoLLOWIMG HMANNER

)
Jniv) = %.—)‘ cos( nt -vsint) dt
[>]

N here (s AN INTEG Er INdeEX WITh V beiNne A VArIAbLE,
There ATe MANY WAYS TO EXPRES The TIESSEL FUMCTIO)J;
ONE MDre coMmMOoN whAY S B .

il Cveos T ¢t
Jaev) = L) e e dt
(AT ]

BESSEL FuNLNONS APPEAR. MANY TIMES wheN The INTEGTAL
INVOLVES The ProducT ot SINeS And cosiMeS. A LoT o’{'
Phesits ProbLEMS TURM OP ResSeEL FoNCTIONS . ope beine
iN THE AVALYSIS ot F ReQuenver HMOJULATION. IN This cASE wé
htve A TrAMSMISTED whve Geived by A cos @ut) . The
Phase @ (t) 15 Time vArvive AS The cArfrier freguency
ISMOdULATEL bY The sionfl Frequewcey, ¥, 1., The whve
frequency w (s We + G A CVT),
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SINCE THE PhASE s ChANeING 1T dePends onN The INSTANTEOUS
frequenct. We beed T sotve dY . w¢) or
dt

C?'—' wot ‘l’%(,osﬂ

Thvs The sieMAL 1S deseribed AS

A cos ((wot %ooSV’f)
Now we MieWT ASK  WhAT frequency ComponenTS ARE ThERE
IN Twys WAVE,bi. WhAT Side Bﬁ-ﬂd —f—reque-,uqes ARE CARRIED T We
NEED To EVALVRTE The INTEGTrAL

vt

5 COS(Wot -r%cosvi') e dt
To deTermine how auch of fregoevcy v 1s carried. This TheN
IS AN Ex AmpLe of The use of A GesSeL funvchom,

Whgoever The Problem IMVOLVES TWO DIMENSIONAL WAVE
ProPAcATMON OrF MOTMOM BESSeL FfumcnoNs APPEAR. Such problems
AS WATEYr wWAUES dRuM hesd vibrnon Md OFher ProblLeEMS NVOLVING
CYLINDYICAL STMMETRY (NUoLVvE BOLVING ®e&SSEL funcnons.

PRoPerRTIES of ®ESSEL funcmoNs

I'd Mow LIKE T discuss some of The ProPERTIES of BESSEL
FUNCTIONS. The SimpLesT Jorn of The besser FomcTion Juiv) as

Whew The ddex M=o ANd we hive The 2ero order bessel FoncTion

(AT ;
- 4 ¢VcosSt
Jotvy= 1 So e dt

B mi Avd n-t order bessel JuncioNs chAM be relLATEd

Throve h A fecorsion RELATIONShp of The form
nTnn = ¥ [T, ¢ T, )

OR ExPressed ANOTWER whY

The n

Janev) = 20 Jav) = dn- (V)
v

Therefore 1 we hAave A TAbLe of TJo aAnd J, Then wt have
ALl hicher order bessel funcmons by usiNe The AbovE
formuh. This sAveS g Lol of wWoRK.
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Some OIThER USEtUL RELATIONSHIP oF BESSEL FUNCTIONS

The denvAnue o3 The Qessel U NCTION 1S GiveM by
4 T, V) = T.'(v)
dv

by d\ﬂerew*nﬁtmc, UNder The INTEGrAL Si1N we hftue

In' (V) = ;’{ go“ (-omt) SN (nt-vsvt) dt

ANd BY expAndive The ProducT of The sives 4% The difference
of 2 cosiNes w& AN WRITE
\Th‘(V) = - "i EJ-hflcv) ":rh-lcv)l
OTher ProPerties of The derivamnue of The Wesser fomcmon
ARE
d woT W
Jv Lv JhCV)] =V Jn- (V)

jl—v [v"“ ]hcv)] =~V Tpy (V)
S Jovidv = - Tocv)
Yv Jocv)dv = v 3J,v)

§ L Jo] vdv = !5 Ldlcv) + 37 wvif
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MoRE ONM TBESSelL FUNLTIONS

LAST TwMe I WAS DISCUSSING WESSEL FUNCTIOMNS ANd

HAd ENUMErATED SOMeE oF The MORE useful RE(LATIONS hiPS
WORTh REMEMDERIMG. TheY WERE:!

W,
Jacv) = 4 5 " '™t iveest

®

m -Th(V) = ,\?{ (Ju“ -+ jh-o')

1
s
4

|

NS

Jh“ +

RESSEL funcnNONS  Appedr FreqguenTLY IN PhYSICS ANd opne of

The mMosT COMMON OLUPRENCES IS (¥ The form of The sorumon

To A differenTiAl EQUATION. Since The differenmml equAmON
IS MPorTANT N PhYSIcS I'LL ATTEMPT To WORK A PRObLEM.

- SUPPOSE ThAT WAVES ARE PROPAGATING INSide A

(28 A3 w €. w
eyLIvg ot rAOWS A, The Aes sAns+Y The wave —~——>
EQUATION GIVEM by

V‘V = E\_Lz, %’:‘ft oe-0, 1
Wheve V' s The LAPLACIAN OPETATOR, {

vt -§: —r,ai + AL
T 1 .t
X éa 33

Let ne ff\v‘sr consid €r The cASe oF AN m—F\mTG L/O
CYVINDER ANd ThE WAYES Are TUNNING UP ANd down,
| WANT A soLvTON wHich s of The form

Yexe,3,t) = et Fx, v, 3)

I8 Tas SoluDoN | AiM LOOKING For A Sotumon wiTh A deFiniTe
Srequency, w. | ALSO WANT A PAMCOLAR 3 TrAvELING WAVE
wWhich has ™e ProPerTY AT The waLl IT Goes TO 2ZERGD LE

Y =0 At p=o. For CONVENIENCE IT 1S EASIER TO WORK
_ IN POLAR COOrDINAES DUE TO The SYMMETRY of The ProbLem.
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The SOLUNON  WOOLD be oF The Form

(wt ¢
Y, 7,2,t) = € Wt etiE G (psg, poung)
where | Tramsformed X as pwsy  Avd ¥ AS PsSing. Mow |
e DIHErenTIATE ANd  GeT The €QUAMON
§}. _a—l. _ wt _ Ky o\
S T3p) @ 7 (B -X)e =)o

A is someTIMES T REFERRED TO AS THE EJGENVALVES of The
Differennal EQuAToN. Note 1f | had No Z VARIATION Then
A=Y . NMow T° 66 fuormer | MusT TRiwstorm The Differenmat
OPETAOR To POLAC COOYdINATES oOr UArIALLES P Ad @, Thas
TeAvShrmAmon 1S ACLonPLished USING The chAne RULE !

2. 3p3 4 A

Ix 2x Op ax 30
Wor KiNe P ThROUGh ThEe ALGERRA YIELDS The ResoLT
T
i ¥ I = ..a:- + —‘- —é ¥ L i
X" ay* YA A =L A

Nonce There Are mo SINES or S INES \N The €Qu AamMoN. This 1S A5
IT ShooLd be  SiNCe The Problem IS STHRMETTICADUT The 3
Aus. Now we need To soLve The BgYaTION

2
a——;c’;_ ¢ 426 —+—112:_"z = A'G
Y T Y
ASSUMING NOw Jorm The MomenT TAT A= “/c¢ Ad | have
Mo z UARIAMON | ShatL TrY A SOLUTIOoN of The formM

st q) = T By
TheRe 1S REALLY Mo Good REASON why | TFY This SOLUTION
oTher Thaw | KMew 1T WOTKS. However, IT 1S ONLY wWhew SPECIAL
Geomesries PErmiT ThAT SEPARATION gf UVARIAbLLES 1S
WorTh TrY ING. WiTh | PLUG Twis SOLUTION INTD ThE DiffereomaL

EuAmon | havE
CP(F”—I'J-FI)%'FEPF“:_’&J_L F@
P ’f‘w —~ et
Here's wherRe PeoPle ATQUE A LITILE beCAUSE WE wiLL Divide
Throvoh by FP. 1 Goess 17'S OKAY To Do ThAT bechuse
IT worKS!
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IF | DwIDE Twroubh by FP |

66T
Fn + (y)Fl + El _ —321_
F Fz.cp c*

Now Here 1S AN INTERESTING POINT, ThE€ TWO TE&RMS ON
The LEIT Have uniQue PROPERTIES, The Term N F 1S onLY
i Foncnon of o while The TERWM W 3 1soNLY A

Funcnon of @. Iu PARTICOLAR d musT be A VvERY SPELIBL
FunchoNd which sAMshes The eQufioN

@Il
(3
e
P‘L
WheRE N 1S Some consTANT. ThE sQLUTION TO ThiS EQUATION
IS JUST _
= e o Plop=e

The MoST GENErAaL SOLUTMON would be

‘n == ~tn@
\ &€

$(9) = ASINng +Bcosng
The SoLUNON MUST be Periodic TheredorE N CANNOT be

Less ThAw O OF IMAGINAY, The FuNCDON MUST SHISTY The
PhisStcAL CONSTYAINT ThAT Thi~ wheN You 6o Around 360°
you MUST  have The SAme FuncnonN s_e,,fou MUST fEAd The SAME
PRESSUTe OF DISPLACEMEnNT,

Kbowine The Sotvmon for @ The &guAmon For F
ChYy be SOLVEd,
it -_L ) _ n]_ - 9:)1
FiCp) + > F'(p) 5 Flp) = - 2. F )
IT 15 CONVENIENT To ChANGE The SCALE bY LEMNGe P~ é,
soch ThAT F([)) - J-(%)n,) ThHEN wWe cAY WwriTE

I, LdTmy (-1 )Tn) =0

dn* ngn

n

Jainy 15 PO The RBessel 4uncndnd o The umviabLe n ANG
QONSTINTES A SoLuTNON T The Differenmal g0udtioN, Thus we
htve AS A CoOmMeLeTe SOLUT)ON
ih(.P (et t'.Kbi
G= e e Jn(n) €
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IN This SoLuTION The BeSSel FUNCTION TAKes TwE PLACE
of The SIMPLE SINE  COSINE UARIATION IN A DNE DIMENSI0NAL

PLA ProbLeM. The Bessel FUNCIOM 1S The TwWO DIMENSIONAL
ANALOG oFf TheEe Sanves And COSINES.

The QesseL FUNCTNONS HAVE SOmMe INTERESTING PROPERTIES
ANd WE Should TAKE A LooK AT Some of TheH.

The SiMPLEST WAVE or mMode of The Besser Tunenod
Does NOT DePend oN @ sol That nso. The fupcnon Jo (R)

LeokS  LIKE o (n)

2.405 n
h= .7((9 ()((.«)/6-)_{3 ) we RequiRe ¢ =0 AT f=0 Thed Jo(Xa):=0D
MpuEs At X = 2.408/a ., Now I‘F Wi 15 Lesst ThAw 2.40S /e
The EXPONENTIAL 13y NeoATWE ANd FerL ANd The WAYE wiLl
NoT PROPAGATE NTo The Pipe. DM The Oherhmid 1+ The
frequenct 13 hioh &oveh | The whve GETS TrANSHITIED.

IV The chse of A Drom head Ky o fnd ™E rsT pAUrAL,
'FKE:QU&MC,\’ IS W= 1405 ¢ . Hibh& frequencies CorresPond TO
hicher Ordér Zeroes BF The BESSeL FunION. The rooTs ARE
NoT 1IN ANY SimPLe molTirte reuamnship Therefore The
NoTes fvom A drum ARE NOT metodivse A PICTURE of The
£wsT 3 rodes of The zero ordér bessel Ffomcmod ARE:

The + Devores AN
vpwhArd HOTION « -
DenoTES A downwhrd
MOMON. Thée DAsh LINES
DeNOITE NOdES

The lowesT ™Mode oF The TirsT order Ressel fonenon
INVOLVES A @ dependsEpnce Aidd VAIES AS Cos @ ke

J/,(x[/)) I(K/O)

Xp




The NEXT TWO moDes of J.

WE WANT TO INVESTIGATE SOME MORE PROPERTIES OF The
RBessel Fovemion, Twniv)

Locor LIKE

—

In (V)

|-

-

M St Veost
PR © ¢ dt

Ler's consider The Rehmvior o\{' JntV) -For SMALL V.
To Proceed We'tL ExPANA gVt

AlSo 1'LL JuST Do dolv) Hor Now.
- ~ LR

{

2T

_—

AS A Power SérieS.

¢ t
Jovy = 1 3 e VP 4t
A °
Ak
N L T P
LM o % ““—)‘J—‘
VL '
Vv £
=hE g 53 cost dt
Now | dop'T  KNOW hOw TO \PTEGCATE Thé FUNCTION cosk‘t‘.
BT 1Ll see f ) updersmnd 1T TEcM bY Term
P L
R coskt Soﬁ cos® ¢ dt
(0] ( 21
} COS't o)
2 costt n
3 oS3t 0
94 co54f 4 T

4H

WELL 1T LOOKS LIKe IMAY be AbLe TO SOWVE ThiS. | ALrédy

KNOW M wmusT be evew oTherwise The INTEGraL EQUAL TEFD,
0 : 1
Thereore AeT h=24; £ beane av

IVTEGER. Now | WAHT TO
INTEOLTATE

o B
kA ¢ L‘f -‘-\t -Le
28, [ et re 7,
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_ Now we waANT TO WAITE The INTEGrANd AS

\ 2w At —ec( -0t +‘LC{7]
7t € + e e

AVd USe The TRINOMIAL ThepREM which SAYS

n-k 4
S o(x+t) = oz MiX Y
_ At e C)’l*/&.))\ //?.{
Where X = ¢ o d + Lt g en if n#o
weéE Now Néed p:“ Cht d'(: = 'l'. e Ia - T ’—)L n=ov
REMNING Theg CENTAL Term (N T\:‘e‘ e)(pﬁwsao»\/:u
j ) 24l 2
TN
27 AL |
Tir\us A Qﬁa 21 ISRy 4
T = T SV 'ZC‘,Q‘)
(277 (2X) ! LA ATA
1 Y Vv
R VS R G G 5
(| 11} 3131
~ This SEFES ®ehfives AS A CoSINE funchon.
GENERALITING TS RESOLT TO The NI order Qessed
FuodMCnNomn 1S
- AT [N 9 { v
Jw) = L ¥ 'L, _ R, () ~ (A) 4o
¢ n. T+ 2 (nh)ntr)  3) (na(nsr)(nt3)

Soe fwr WE have ONLY DeALT WiTh INTERER VALULES

of n buT LeT's NOW ASK WhEA 1 =i, Thed WhAT 1S Typvd?
Well imrediATeltY we have TMoobl €& becpuse we donN'T Kuow
WhAT ('/Z)' 1S. BUT dAmn The TRPEDoes Th AT

1S oNLY A
SthLe frcTo R LeT'S Go frhead fNd LeT n>Y ANd See wWhAT
W € \,\m/c,,

Jpov) = V& )'a - v v - v

= (n)!

— +
2;(3/2,) 1!425(3/7,)(%) 2933(%)(%)(%
DEMONINATORS (AN be ReEATMANGED Suth ThAT wWE hAve

Jpwvy = vT [l- AN A —_Y_L r -
{Z (r)! 3! 5! 7!

The

S—
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The SERIES 1S JusT The SINV S0 we hAVE wiThiM

v
The cONSTANT TUrNS 00T TO fe »F/ﬁ_ ISN'T \T MATING

ThaT Jijy (v) TUTNDS OUT TO0 bhe Svch A& SimMmpLE  prdinARY
fuNv ecnon  AFTIET AL s MIGhér MATheMANCAL hokuS POKUS.
Mote Prmher ThAT Sivce we have A Yecorsion formolA

ThAT WE AW (OMPUTE J%2 (V) fwd OTHER walf ordere
f3esseL fuNanons.,

METhoD ©F STeePesT DESceNT

| NexT WANT TO TALK AbouT The behAvior ot

The besser funenod for LAYGE V. This 1S AN INTERESTING
CASE BNd BEaUSE WE AGAN have To EXPAId  AS
A PowkEt SERIES boT MOW be cAREPL 1N Which TEMS
We KeepP, We will USE A HeMod ofF INTEGTATIOM
which s very usePl cpalled The MEMOd of STEEPEST
DESENT.

. The IdeEA 1S INVOLVED wWITh AN INTEGrAL LIKE
S%‘:*ec"““dt where v maY be 10,000 or MORE.

Now the Huncnory OoXILLATES LIKE hell ANd MNever
GETS AVYWheRE, T 1S BPLY Whey INTEGPrATING Throush

A SMALL rivee of T WhERE The PhASe 1S MOT ChMoive
So RAPIDLY ThAT The INTeEerat hAS A chhiNce To

A OUNT To AVY TMING. The fOMCTIOM MAY LoOK LIKE

—) ié—— RewlON of SLow Phase ChANGE.
TELE
|

WeE hive Thed The INTEGVAL S:“ ei ) dt where Qt) =

n € rv st mud we WiT T KNow where ¢ IS A

MAX or mMiM. 1T 1S oMLY AT The EXTremum ThAT The INTE6rAC
CANV AmMouNT T© ANYThiNG. Thvs We wANT  @'(te) =0 wheee

1o 1S The TiMe The PhASE 1S NoT ChANGING.
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it EREGVIATI NG Plt) md SsoLvive dor o
VSHJ'to +n =0

40 = SIN zn-g

LET M€ GO Oover ThiS AGMN 1N A NORE GENErAL MANNER
SINCE IT 1S IMPORTANT. Suppose | wANT

. 6 o] JA‘P“’)
I = Aw L Gt) e dt

A—=>0

where GLt) A& 15 ANY sMO0TW Fum oM 01[ t.

a——y

FEOloN _y e M)

Convtribunon
i1 ! Rl

Now we WANT (})Lﬂ EXPrivd ed ﬁSTﬁ POWER Ser1€S  fbouT 1o
PpLt) = Glte) + (t-to) @'lto) + (4-to)* P'lto)

where 4o maxe @' lo) 0. SubsPTING bzgﬂ’. wro T
T = §ott) et IR A

N (L8 - 2
The expoNnenTIAL e‘w“” “—E‘") IS A GAUSSIAM OSCILLATOR

md  hAS Tae chiracTeR
e ‘
5 e d+ = |L
Here ok = -cx ¢ Thew AS fu APPROXIMATION
% APt o 4 )ec,\cbc o)
§ .o GLde t = °
t i n @h(de)
M oor cASE G =e' A=

vV A
WD~ te = 0 or 2, GLh) = 1 RONED

i tnt  (veost VvV

(o e e Tdt s A1 e T cosv - Smv
v v v

T hi severAl mARIMAR Thew vou JuST Sum Op

fll The CopTibuMoNS -

8l



MORE OM THe METHOD oF STATIONARY PHASE

LasT Tme we wWEeRE Try Mo To FIND The behfAvior
A FLt)
of The INTEGrAL f e TP At for Lavee vaLves of AL
IM PARTICOLAT The INTEGrAL wWAS ThEe RRESSEL FuntTion,
Tocv) = —- ewcoﬂ e "t dt

- hn
KA )
-gtoy

The ufeABLE vV 1S Thé LATGEe uATIABLE A And wWE Ate 10Te RESTED
IV whAT The VALve of The IVTEGTrAL 1S. The onLY? TIME

The INTEGRAL AMOUNTS TO ANY ThiING 1S Whe&N The PhASE

IS CONSTANT OF  SAD MAThemATILALLY  wheu

d (vewst) = o
dt

TMis condiMon MPLIES ThAT vsSivt=zo or T=0 or 7.

SINCE The INTEGrAL OMLY CONTYIbUTES NERR t:=o WE
cAv BApAnd  Cost  As 1 - t%/2  Thus

i-6° .42
f ezv e"'V’t/z e\fh—t JT
(ST
Here The INTEGrANon LIMITS hAve beenw Adjusted So we
por'T  hAvE TO worrY?Y AbouT The funtnoNn riochT AT €= 0.

I we VOow ApPproxiMATE e”‘t =z e = | ANd  recAhALlL

(2 ™ dt - iy

WE Thew hAave
. z.n-(," AL . R
‘v Vil Vorg v -t /Qr
e - .
S' dt eI : e e J
Now wWE HAVE TO be cArefull bE The |OTEGrAL FroM -0 o+

CONTOINS ALL The tiMes whev The PhASE STOPS haveIne ANd weé
oNLY WANT ONE CYCLE. The {fymocmony LooKS  LIKE

s
_(_° b

W] lvm‘“h %’MM }/WU/‘UF

i
TRV

t =0 21
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WE HAVE TO EVALUATE The INTEGrAL AT 1= T NOW. To
do AT we ExPMA for A ShorT PhASE ANGLE, T, AbooT R, )L

rertAce € by R+ 7 AVd EXPANd  cost = cos(n+?) = -cos?
SINEEe T 1S SMALW €xpANd ThE CoSINE TO HrsT ordeRk

-cost = - (| "'ZZ_) = -1+ T,
SUBSTITUTING INTO ThE INTEGrAL

tveost  gng iv(-1 +TY, iny
[ e e dt = S e ) &M de
ThiS INTEGC AL CAV bE evALUMEL fvd 1S EQUAL To

-V (X, it
e ¥ e e

Now we hAvE To boT ALL Tws STUff Toe&Ther

v -t -V 4T inr
Jatv) = _bL { u 5t 2 4
Zﬂih v e e + v, e e e
l - NNy
WE Chn wnTE = = , brine This 10TO The brAKeT, Pol
oot [y Avd We have
IV -inly, (W ~{V  ¢ny 1":“/4
Jacvy = _L { e e el L e e e
‘ZTIV

The ExPression IN TheE BrAcKET 1S JUuST 2¢0S (V-“{-“/q) So
weg have For p FINMAL EXPressiown

T . Z/TCO v-n_ 1o
Jncv),J’ﬁ— : sC o 4) FoR  LARGE V

we Should STOP HERE TO DISCUSS AeMN T™E PhYSICcAL
MEANING ofF The SoluvnNod we hive JusT obTmN. 1IN GenerAl
The DESSeL A pcnons APpear IN The sotumion of A TWoO DiMew-
SIONAL WhAve PropAGATION Problem. We have SoLved for
The 9UTboINe WAV E COMPIONENT. The Two dimensioNfAL
WAVE ENEROGY FLOWING Throveh "~ Ever¥ CIR(LE MUST bE
INVersely ProPOIMOP AL To The Rpapius of The ClRceLe. Thus
The coethuenT .f% Gives The CoRRecT MAMPLITUD €

deCreMenT TO Produce The CorrecT EN e€reY DECTréAsSe AS
The€ WAVE PrOPRGATES oVUT.
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The DMENSION LESS UANAbLE V 1S reLATEd TO The radivs

Y AS V= %n. or \/=/fin. where /71'-‘3)?‘ = wWhAVE Number
Amd A 1Y The wave LEneTh,

A Geod QUESTION TO fAISE 15 HOw Do You KNOW WhEN ThE
APPROXIMATION, |T wilLt TUrn OUT ThAT The TrAWSITION FROM SMALL
v To LARGE V And T™he flbove ASYMPTOMC behAavior gecorS 1P The
REGION of V ¥ M. Nowever . To STRAIGhTForwArd  wAY To Go

1S To EXPMId Cost fo Rext hicher ordér T&RM And Look
AT The mAewITUdE OF The COrECTioN TERM.

Expinding  cost to moher order We have -t 4ty
Then Vot cv ~lyty +evty 't
eL cot e e L e ¢ fiy et n . |

EXPANAING The LAST TWO &£ PONEeNTIALS
: LAY .
e e (o avt! yont -t )dt
24 2

| owes US The PREVious resulT. int ARUerAGES To ZERD., Now
T
we meed T EVALATE  ( tteT T dt mud etede

Lt
SinCe Se “ c(-(: = {Tr:( DifferenTiamne We 6eT

Lt -« L
S’t‘e“t dt = 1 mid te 14-&:.3_[1’75,,'
20(311. 4 K
Where K = V4 . Now The T8 Term 1S Yk S™MALLET
TAN The IST order Term And T4 s 2,1 SWMALLER. Collene

Terms The [INTEGrAl

cv r—/ \ Y\‘L ]
=€ VET, |+ £y "5 z - E3 ’L—C"V/ )—]
cv 24 4 (-V/g) -

ey [1s 34 yen?
v 4 v 2V

NoTe TwAT BOTR CovrecTion Terms Arte of Thew ocder '/v
fvd Ay Theredore be combiINed. JTw (V)

o

1S Thewn 6Iven by

= z A -ny _10 * A [ Aune on COSINE
Tn (V) ]}ﬂ ” Cos (v -"E q) il ( )
Now You hfvVe To cOMPARE TeRNS T sce If The Setcond ope

IS IMPOrTANT.
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You MAY hAveE ThouehT T PecOL AT ThAT | KEPT TErMS
N vtd ANd No oThers except n*t° | DID ThAT because
AS VIS LARGE t < YIG . Then vt? x v_L . )

—, =
ANd Mttt < ., | hhve INTEW cEnTlY KepT Vi VThé

<|=

RicwhWT TEYMS.

To S€E howw TS APPrOXIMATION c¢fAN wWORK LeTs TAXE The
Jolv) besser fuopctnol mvd oM PuTe ™e -hrsT ro0T USING The
foove APPTrOXIMATON . For The COSINE TO Re © WE WANT The
AeumenT To be %o e, V<-Tiyg =T oe V= 3w 22385,
Tis comprEs wiTh The ACTUAL rooT of 2.90% ., The MNEXT
rooT requires Vv-il/qg = 3N/ V= 550 AS compAared wiTh
§.520. AT T™e Third rooT would be APproximATELY 32,751
* B.bS0 compAREd WiITh 8.659 ACTUALLY, Dnce The FirsT
Zero AProxiMmATION IS HMADE , The  rooTs fiRe @ood TO
Wit A 190,

LET'S Now CONSIDER ANOTHER CASE oF COMPUTENG HI6hLY
OSCILLATORY  INTEGrALS . This Time we'Ll consitder only Re&AL
CyponenTs fnd forThermore Wwe'LL SUPPOSEe The FunchoN h#As
NO MAXIMA IN ThE rAvee oF INTEorATIONM. Row do wE

CoMpute The UALVE of The INTEGrALT

(=
EoNS\der The INTEGrAL geo e (\HL))A)( . Hﬁ w €

1] x’—
PLOT This FUNCIION (T LooKS LIKE:
WE WILL EVALUATE Twe '1NTEGrAL WheRE fox) g

- (e
The FUNCTION 1S ble6esT And ThAT will -1 e
be AT % ONg End Of The OTher of \/ | +x¥

ITEGY AMON. I8 Twis FuNCion we'ltl LeT
- - N A
X =i, e 1S Then e Md Tis 1M be
frvery SMALL vALVE bUT STILL ITS The ONLY CONTTIDUTION
wWorTa ANYThiING.
WE wilt Now  ExPANd ABOOT X =1 n¢ L& X= I+Y

wWhere ¥ 1S A SMALL NUMber . The€é INTEerAL be OMES

& M R XA KA
e
° U+ Cr+y)

@5



APProxiMATING TWE INTEGYAL
® -z —A?/,-;_ - M © ".>_‘_Y
{, & dy e e * |

t

-

z

= ) ¢

The ivTeorind 1S A d91ve EXPONENTIAL ThAT DoeSNK

ReQuirg tMuch ¥ to KitL 1T, So we hAvE AS AN
Ao pYoximATIO N
SCO e—}‘ﬁ'{xl_ Cl . e—%li
b Tk % A
| Shoultd PoIMT 00T ThAT L toscv-%-T4) s
The sTAVdING WHVE SOLUTION TO TWE anﬁ—ermm e—qufmod-
| Shoutd hhAve TWO SOLUTIONS s The OTheR 1S Theé -": Sm(v-"ﬁl-n)
% L]

Avd T™iS SoLuUTon INWYECES Sources AT The OoRIGIN. Ths
other SolLUMoN 1S CAled The Nevmanw funcTiodn mdd we Shootd
DISCUSS T NoOw,

NeumAap's FUNCTIONS

FROM The BEeSSEL FUNGON Debmimon The difterenTiAl

EQUATON It e _\ll:)——l 4 Cl_r\"/v,_)’j =0

The sowTion @ = AJnv) WAS ObTrved for chses

of NON SiNoULMITIES AT The OTieiN. 1§ Thé Solumon
CoNTmps SINGULARIMES AT The ORIGIN, TheN The oTher
soLuToN 1S B T-n(V)., The ompLeTe SOLVTION of
DEFErEOMAL EQUAMON 1S A LIVEAR OMbiNATION OF The

T™™ 0 soLu"nows‘ We,

(‘b = AJnwv) + RBT-nlV)

H M oIS AN INTEGER Thenw Tncv) Ad J-ntv) fuNCTIONS
RE CELATED bY Theée RELATIOMSWhIP

Tnv) = E0NTniv)  For neinTeeer
The Nevmanm funcnod 1S Dehved 10 Teems of The vATIAbLE @

Netv) SiNPT = Jplv) cospri ~ Jop(v)
for EVE&rY P NOT IMNTEGET,

Bo



Nw(V) 1S JusT Twe OMhooomnAL SBLUTION TO The
DifferennAL EQUATION. ThWEY ObEY The SAME recurs)Ion
RELAMONS AS The Tn(vi 'S. The zero™ Order MeomAd
Pnenon s

Now) = Ancv) Totv) + N* V2 (11y) gvé(I+i+d)
L e
NotV) conTHINS A LOGAYIThMIC Divercevce At v= O, The
wo  USEFUL  recursion TOYMEILAS AR E
N»' = Nntyv = % Na
-2
No- vy Tpiv) = Nptv) TioniCv) =5
Ke asPmpromc sotumon of  Netv) s .[,_?'; S'NC%V-T%)_D’)
A couple MORE REUAMONShips 9

®©
No (x) = ~% 50 oS (xcoshu) do

Jo (x) = 1,_[2. gow Siv Cx coshu) du

HANKEL  ber  bei Funcmows

The MREe S EVERAL MORE FumNCNONS CLOSELY RELATED TO
ResseL fUNC”ﬂONS which Are SEenNd 'FRGQUGNTL'(. TheEY ARE
ALL foRmed by LINMEAR CombivAMONS of The JT'S ANd N's.

The Hmekel funcnon NMumMber 1 1S Dehved AS

s Y

1

H'P v ) = Joev) + CNpev) L:’_:L’MEI'_S-_> e
Tv
2"_).& H 2 . .
p (V) Tpev) - ¢ Nply) ~ Q:w
Somenmes The Bessel funcnon s Expressed In ‘TErhSr;
of A compLex VARIALBLE 1m0 which cAse
Jo (7T X) = berx 1 ¢beiy

Ber Aud Bec AYE JUST The Reat d IMPGINARY PARTS oF The Gesser
FUNCTIONL.

14
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GENERATING FUNCTIONS

I'd LIKE TO TALK AboUT GENEATING WNCMONS NOW.
CeNEATING FUNCTONS  Afe €SSEUTIALLY SeQuences of ToncTions
LiKE To,T,,72,Jy , e7c. ONe Foncmon CONTMNS dLL of The
RBessel FUNCTIONS.

To see 1+ we cAv develtore A HLEVERATING funcnod
for The BESSEL fuNCTION. LET'S suppose The @essel TUNCTIONS
BSATISFY The followine TWO RELATIONShIPS

MNnInlv) = -'2% LUHN + jh-l) g

Ta' -4 (Tngi - Tn-r) @)

Let F(t,v) be T™he GeuerATiNG fuNenon which 1s defived
AS Fety) = Z t" Jawy) 3

Twis detiwoimony SAYS 1 FCTv) 1S EXPANdEd AS Power SERIES
N T Thew The wefhicienTs ire The @essel FUMNCTIONS.

LET'S Try ANd Se€€ 1+ This dehmimon woOrRKS., HULTIPLY
£Q. (1) Above by 1" Aud Sum Ver =n,i.¢

%Ht"Jh(V) < _\_/i thjy,.”CVj + { _éh jh-,(V}

We Need A WAY TO expPReSS The SERIES IN Terms of F. Lel's
(3) by t  Aod  MuOLNPY by

t AFtv) = € nt"Jniv)

atT
ANd from Rbove
F - V/ |
t oF Z_C_E rt) Fidv)
PROCEEdING To  SOLVE This TifferevnAL &QuAnNOY
oF _
ot T L FCQrt) = JSF v gy dt
= 2
or v =V d(t-3)
Fetv) =Aex (7 7) e
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A 15 & cousTANT of INTEGRATION AS FAR AS t Goes.
A coutd be A funucmhow ot V- we peed To sotve for AW).
Let's solve In' = =1 ( Tasi = Tn-1) bY mULTIPLYING by t"
Avd  SUYMMING

Z‘thjn' z --7—" Z'éhjnﬂ + -%i-'fk\-fnq
or S Ly -t) Pl

vl -t)
FLt,v)= Clt) e
The CONSTANT C cavw be A Tonvcnon ot T. However SiNce
The Two FUNCTIONS MUST AGRES The ScALe hAs beep chasty
such ThAT  C =A=A Md The FiNvaL ResolT IS
o - v 0
nz-o0
NoTE TWAT The PpowER EXPANSION CAUNGT be 1y Terms of t-/Jp
Nd ThiS  SEEMS INCONSISTEVNT WITh ool STARMING ASS umpTION.
+ )
IT 18 NECessARY to Exphvd € ANd €Tt SePAvATELY AS The
SUMMAMON ruNS from -e to tov. Theexpansioy has i
ESSevnaL SIMGULARITY AT © AT 00,

v,—[f see 1 This G enver AMNG FUNCTION WORKS LeT me Expmud
e : /%) AS A DoublLE SETIES
Vi L= V) - y)"_‘ _t“ vyt i
LeT's COMpOTe J°1“{' n=0, Te GeT TJo N musT equpl
ETherwise ALL Twe OMer TERMS EAT GEACLHOTher
.
vi2 (t- YE) vtk ) vt u©
c - 5 CF g = - oy ) @y
ANd |T worKS. '
IT 1S very INTEFESTING ThAT The 6V ErAMPe Funcnod
CAY LooK §0 SiMPLEe bvT AT The SAME MIvie ReEPRESVT
SUCh A CompLIcATEd Funcnon, GENERMMNG fUNCTONS
pRe very USERL whew RECUrSIVE RELATIONS hiPs APPEAR.

SupPose t- 660 soME COMPLEY Number Then The
GENErAMNG TuNCNon becomes
v, e _ -(Q IVAmM O ‘ng
e’ (e ™) = e - Jotv) +Z e Jnv)

o NS
LVSINGD _ +t Z e.‘ho (-1) Jh(V)
2 Jo + 22 50 N6 JnlV) n70
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The Poisson DISTRIbOTION

- ANOTheR ExfmpPLe oF A GEnNerATING FONCTION -

IV oTher To €stAbLISh The deA of A GenerAMNe fomvcnow

IN Your mMind  LéT mMe 60 Throvoh AmoTher INTEESTING X AMPLE.
The GAMPLE INVOLVES The DevéloP MenT of The Poisgn DISTribunon
Fumcnon, AS Yoo mm RecALt Twis fumcnon 15 used To PN The
Probabi LITY of 0ObSerume A gerfrin NIMber of €EVENTS IN A GIVEN
TIME INTERVAL t.

The &euT otkcur AT rAndom ANd  AFe STATISCALWLY ING (RPend 0T
of eAch oTheR | Wwhile N ACTUAL PracTice A LoT Of SvenT Depend
ON eAch oTwer 1N SUbTLE ANd omMPLICATED WAYS , We ShaLL
Copsider The follow €XAmPLE AS ANV IDEAL ONE. SUppose WE
WANT 7o CALCULATEL The NUMbEr of MmN DROPS ALLING BN
A ceTn SQUARE FooT  of  PAVEMENT v A BIVEN TIME INTEAL

+. WhAT S The ProbAbili1TY &2 DroPs  wiltl FALL 18 This Timeé
INTE(VAL ?

We wanT o Find The ProbAabiLiTy | P (T), of eemwe

A WU NTS I The INTerUAL oF Time T. Now we need some

MeasuRe of T™mE rate AT which The OUNTS ARE ollorriNG

PEr secoN®D. LeT uUs Al TS
Sewond K, Ju

fuerfee NuMber of coonTS PER

dT 1he PobAabAITY of AN éReEnT 1S ProporNoONAL

To dT by o. 1+ dT 18 7TooO SV\OrT"ﬂaen) RO EveuT will otcur,

A Measuce of how LonNe You wAT BETWEEN EYEUTS IS on The
order ofF YK,

Now WE WANT TO CALCULATe The PODABILITY of R counTs
owvr IN The NME interval T + AT. TS 1S WRITTEN

?X((TTAT) = ("O(CH')?A&(T) + odt Pn~l<T)

This 15 The Sum of Twe Prob A LITIES of The TWO MUTVALL Y EXcLusive

EV &NTS: ThAT & EvenTs hhve ocurred 1w T ANd NoNe occur N AT

AVd  ThaT k-1 eveuts ocurred 1IN T Md | eEvenT 1N AT XdT
1S The ProbABILITY ON | gvedT N T So  1-adT 15 The
ProbAbILITY OF NO "BEVenTs 1N dT

. Pel1) 15 The ProbAabILITY
You hid K evenTs 1N Time .
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BY exPANdING The LetT hfind SIDe | PalT +AT) we
have
P (T) + dt cifﬁ_gﬂ = PalT) - «dT (1) + KAAT Pr- (1)
dt
IN The O™ order ™E “Two Sipes wMUST AGREE ANd 1N The
1T ord er WE TreQuIre They A’Gfeel%ﬁé";ﬁ\"é we hfve ﬁD)HEfﬁdT)ﬁL
EQUATION 1N PRLT) vig

d PrlT) = L o Pa(t) 4 of Prot (7)
4T

We mMUST SoLVE This Sevies of Difftresmat equamons. Nonce
The Ph(T) ™ APPEARS IN A TECOrS oM R ELATONShIP wiTh Pho
Thus wheverer Ty hAPPEVS we Shoold CALL 1IN A GENRAMNG
foncEIoN TO help 0 ALONG. We waAnT TO Define A Funchoy
FiX,t) which hAS The ProPerTy whew 1T 15 expPhAnNded 1IN A
power Senes of X, The wefficienTs TUrN oUT To be The Priv) o,
SHD MﬁTv\eMm‘\anLY we wout,d UKG

F(x,T) = 2_O X* Pe ()

¥ we MUTIPLY The Above EQUATION by 7(4£ And  Sun over

AlL & TheN we hive

® o o

zZxbk db . oL X AR Bt + w2 xR Py

feo d-t— ° pory
You© witt mnomce The second TeECM oM The RI0hT 1S STMRTED AT
k=1 amme Thiwo hk=o. This 15 BecAuse Phisicaty P, s defwed

To be ZEvo, The men TERM 1S MEMIINGLESS SO wé€ will jNvore 1T,
Thus USINe The detininow $or The GevernmmnG fupcnoN we hAave

d F;xf’ - Kk FOXT) + x FUx, 1) = -x-x)F
This 1S EASY To SoLve 1T IS JUST

FoxT) = ¢ e 2T

HERE AGM® WE hAVE To worry AbooT The consSTanT C. This
IS A CONSTANT wWITh (esSPecT To T S0 IN GEN&G AL 1T could
be A fovemon ot x.
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IM ORDER O DeTermMINe WhAT The ONSTANT Shoutd
be LET'S ExAMINE The SPeuffL PROPERTIES oF F(X,T)
which Are fELATED T© The Phvsics of The ProbLem. Consider

Time, T=0  TheN  F(x,0) = C(X). AT Te= O TheREe
1S 100°0 ProbAbILITY of zZero CoumTS DccurrING,ThuS
Poco) = |. The ProbabiLiTY ©OF | OR MORE EVENTS

occufyive AT T =0 Afe ALL ZERO, 1L Pid):0 P:(0)<0 £Tc.
Therefore wE ™MUST ReQUIRE ThAT

F(x0)=2 )(/‘l Pr(o) = | = CX)
Ths  FOX,T) = g *CI-XAT

| wouLD NOw LIKE To Show Y0U how To RECOVER
The Pe(T)'s by ExPAVAING TFTUXT) AS A Powez SER|ES
IN X. To BEGIN LET WE WRITE

FCX,T) = e *T ™™

EXpardine ThE EXPONEMTIAL,

pod k
~LT -~
Tx,T) = € 2 (*XT)
Ao E!
Theretore we have deduced
b -aT
’P,fz_CT) = (.__O_(_I_)____Q
&1

I'd MOw LIKE TD TALK AbouT The Physics of This
fouecnont. FIrST 1T Shootd e True ThAT The ProbAbiuiny’

of ALL EVERTS shouid ADDp uP TO | | | E
@
< Qo ~%T
220 A2z 0 /ﬁl

ANd 1T DoES. Now To obTMIN ThE MEAN NUmber of counTs N
\ MUST CoMPUTE X kb Pe (T) L

N: 5 kPelt) = L }{%—_)& e
)

! T k-1 -
simce k.1 we hwe 3 @t T pemen e

F (k1)) (k-1)! (k-1)!
fvd b7 cededivinG k-1 = 4 AN SUMMING WE hAve

N= &T
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REVORE | GO ON | oulD I Ke To POINT OUT Sowg
UTILTY OF The eeverAMe FONCNON IN UNJESTAND ING The
RESOLTS. LETS RewnTe  FxT) = g X007
¥ Ths were NoT

=T x*Pam).
SULK M0 6agy fJuNncMON To EXPAVD 1IN TE&FHS
of X we (ovtd STILL ChecK To See

T 18 cOorrecT. €.6.
T™e ProbabLTY of 100°%0

1S JosT x= 1 or FO,T)-= e'°=l.
The MeEMY CAY be comPuTED From DifterenTiATING F wiTh
respect T© X MANd EvALumMING AT X =
d Fox,7) | N - k
S % = L kX Pr o= L RXTPk
hel - (1-X)T X

a—

= K1 e = AT = N

To COMPUTE ThE MEMI SQUARE OF TWE NumbeR we WANT
T A Pr(T) = neim SQuire
[T 1S EASIEr TO ArsT COMPUTE ThE WEAN SQUATE NUNUS The
Mem Since
Q°F
AT =1

= I kChk-)PalT) = (1) + T = Nt N

Now £ The ™Mesw Number of counts 1s N TheN

IN A UWIT TIMe INTEYVAL we EXPECT TO GET

ke

k!
The ProBabiLITY of GETTING ND counTS 1S JOST G_N, Thus
The ProbAbIVITY DIES BRPovewTIALLY AS N. AT The DTher
EXTreMe foR VERY LARGE N The Probabit Ty DISTTIbuTION
CAN be APPROXIMATED USING The AT ThAT

AL 2 Awk (,_g_)ft for Lhree R

7?1 1> ASSUMED LAFGE SINtE N 1S LAMGE 1MPYING A LOT of evenTs

OCLUYIING . Then we hAave Nk
P, = Nke® l <N_§>}é N (H )&e ik
A = g £ € = = f
F) 2k [21i e
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AN wRITE Ts RS N
e ‘ \\ —NT&TJ’(/Q»\L‘,?L)
[ A

ThiS Curve LooKkS LIKE

P

t

|

N A -

The mtumr Occurs a7 ®= k= N. | witl ExPAand P abouT

N by remve k= N+XK Where X 1s A + or - sHALL
NUMbER |

14 + LUT»Q),@V.('G%’Q)

Ph-
(2N .
Now An N p —/QM('*',%) z —_/_Q ‘f’—L_Xi + hioher
NED N 7 N*T 0 rd &R,
SObSTIVIING bACK 1IN 2 e z
/P& . X‘I’(N‘be)(‘,q +% ",QL) ’ '/Q/ZN‘
fann N

Thus @& 1S APPOXIMATED AS A GARUSS AN NEAT The M &

- (N-A)
P2 ) o BE
L Y

The widTh 0F The GAUSSIAN 1S ProPormoNAL To AN .
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GAMMA TOUNCNON

I Now  WHNTT 7O TALK fibouT MMOThEL SPec At Funcnon
Wh 1S ENCOUNTERED FREQUENTLY - The 6AMMA FUNCTIOM.
The G AMMA FunchomM 1S COMMONLY USed whed NONINTEGRAL
FACTOUALS ARE ENCOUNTERED. FACTORIALS ARE NMORE CUSTOMENIALLY
gehved for INTEGEr LALUEs of M. ThE FOLLOWIN & DEFINITION ot

The GAMMA FUNCTON s ADOPTED
o
" - ) - no =X
(nr)) = ni = 50 x e dx 7 »0

The INTEGCAL |s NDT DEFINED FOR M <0 So The Above dehnimon

APPLIES onwy for T vo.
To PROVE The NTEGTAL RESVLTS IN The FACTORIAL RECALL

T™MAT gf’ e ™ dx = i‘ iF 1 beoin T differenmaTe Witk
resPecT TO X 1 WILL STAYT TO GET The followiNe INTEGrALS
® - *X o 2 ~olX 12 3~ . 32
Jo xet T dx = 2 §ate ™ dx s % dk
Aud  wiTh LIME MeNTAL EfforT This iV be exTended To
Sx“c-d\x J)( - __Y_'\_' whith for ®= | IS JUST The
nri
Abou & TUNCMON. X
IN order TO EVALOATE Y2 ! we Need To &XTend The
DehmMON of The oAvMA  FUNCNON NOTINe ThAT $om The def-
wmod ! = FIN+1) N be REwriTTEN UsING The TACT TheT
ni = nn-1)! Tme resuLTive recursioy ReELATonship s

d
deveLo?P e FCz+ 0 = 7 F(’Z)
HERE T CAN he |NTEoer , NONTEGES | REAL OF COMPLEX. ThUS +rom
The definmoy we have as The irsT Few Terms
Ter)y=olb =\ T ()= = T@i)=2t =2, exc
Now Ller's Try To  FIND l_'('/z), SUbSTITVTING WWTD The
[+5] - Y -X

r('/z) :5 X e dx

o

» -t
BY SUbSHTVTING X= ¥' The INTEGrAL BecoMes Sb ze dY = 7

Thus wé hftve <*_,£)! :ﬁ
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USING Thée RECUrSIoN RELATIONShIP wé have ThAT
M3r) = o T () = % Am. Thus IN @enerfL

Mintd) = M-1) (n-3%) (n-Sp) - --- 5 T(3)
= (en=Ntn-3)(n-s) -----5:3. I
2'"

Or The PropucT OF ALL The ODD INTELErS 1S JUST 61VER
be The Facrorial fuoNcnon

/
Mene) = HE AW

The BEeSSEL FUNCTION CAN BE DEFINED IN TERMS of ThE
The GAMMA Fumnchon  AS
- 2 (Y )-n T _an d
Tniz) = A ¢ cos (2 cos@aom g o¢
{7 )"Cm'/z_)
When N8 NON INTEGER The  Besset fuNcnonN 1S gnicL Dehned 1N
TECRs of Te efmMnf FUNCTION, However 1+ N FESOLTS IN INTEG (ATING

OVEr oNW PAYT of A crcle The PRObLEM FALLS APART ANd vyol
hive Mo ThsTe for PickING ﬁ bAd N. IN The case of Ty, Cz)

Th € Aboue bewmed
vy, () = 2' | - Cos
J 1 3 i" [ 1‘]

T

The BeTA FUuNcNon

Some one hAS BOMERed To Tehwe A New funcNod  (Auled
T™MEe REA FUNCNON 7O DEAL WITw TAUWMPLY 1IN TV 0
GAMMA FUNCNOMS TOGEThER. LETS STOYT BY MOLTIPLY 1N (M)
by M(n)

D o -t . Ny
Mfim) M (n) = So So X e xde e cl.“
Now Desime X= € gd Y= 717’ ™Then
Finy = o - w (lm~y) tin-~i) - ( L.,.y\")
I (my ) S° S" @ S YL e S Cl An—

1 we vk of g hod 3 As dehmine A PLAne, we wiNT TO
COMPUTE N ATER INTEOr AL, SO Aoy LETS Chﬁ'N(oé— uhAr AbLes
f=rsine fivd 1 = & cosO
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Thus we have

i ®_,t (m-| rin-1) T EL
Fim Tin) = ‘i&o So en ndn siv ocos 6dO

Now The INTEGrAL ouer The rAdIVS L 1S JUST AnvoTher 6 Arm A
Fonenon | T omin), Therefore

LIF3 in-~

i~
Mim) Men) = chmrn)So SIN 6 cosd o de
O DPIVIDIREG OoUT [ (m+n) onw The Rlehl
T - an-t
M) - 2 glLSU\)zM'@cog ecle
9

M(watn)
This 10TEerAL  which  EQUALS Fom)T(n) |5 The DERNITION
of The e tuncnon of m mddnlf‘fwwh) I €.
Bmn)y = Tim) Min)
" (m+n)
IT cAN be Shown ThAT

-

Rim,n) = So' (l"?i)n-‘ X dx
IT 15 Trve ThaT Rim,n) = Bn,m) . ALL 1T CAN be Show ThAT
B(Mm) - So‘b ’—i:,:im (J‘f
Criy)™"
=] Then
fo. Y™ dy
I +Y
WE hAD TYOUDLE  TryiNe To OMPOTE This INTEGraC by (oplouy
INTEGYATION METhoDs boT IT 1S SIYAlehTiordward To EUALUATE
Via GAMMA FUNCNONS ThAT

10 The SPeCIAL CASE M+ n
FTim) TCl-m) =

Pim) T Ci-m) = §~nm

For m="Th [FC)1t = n soch Tw AT Fve) = /i
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LEGeENDRE FPoLYNOMIALS

There 1S oNe MORE cLASS of sPectAl Fumons
ThAT hAS beenw DienNitied by A NAME 50 PNow | WANT TO
DISCVSS ThEM. These Are The SO CAlled B8 (Eoenvdre PolYmnomALS.
Now There ATE MANY WAYS TO DEFINE This seT oF FuNCTONS
HuT 1Id LIKE TO DO T ViFA The GENEATING FONCTION MENOD
Previousty DiscVssed.

The GeNeErAMue FUNCTION FOr The LEGENDRE TOLYNOMIALS
IS \ s n
FCxt) = = Lt Tx)
Y oI- 2tx +tt =0

Now 10 AddimoN To havine A PDUMDber of MAThEMATICAL
IMPLICATION The GENE AMNG FUNCNON HAS AN |MPORTANT
GEOMETTIC AL Slew\ﬁcnwce whihl | WANT 7O MeaTiON. IF 1 wWANT
To SPectfY The DISTANCE BETWEEN 7 POINTS N POLAR
coord INATES | wovld wRITE

My = _(,.L"L + FLZ' -2n Mg cOS©

£ | comsiper ML < L, $irsT , 1 CAN RS
The ReOProcAL DISTANCE
__l__
M

-
-

|
n, [/mY*
(/o] +1 - 2%&16059
2
The SQUARE ROOT CAN Be ExXPANDED AS A TOWER SERIES

Lo ’v%;z (%;)“'R\Ccose)

M

Thus we ¢l EQUATE ThE VARIADLLES IN The GENERATING
FUNCTION 1N ThiS EXPréession

't = Bn_-“b ) x = c0S@e

SinCe 1IN ELECTTOSTATICS ThE TPOTENTIAL ENERGY IS  INVERSeLY
PROPORTION AL To T DISTANCE begween The ChRGES ¢ V= K/,
OR Ve K 5 /) p
= J> 1
. Z (TL;) n CCose)
Thus A NUMDer of Problems omMé- VP Wh&RE This GENEFMNG

SONCNION  APPEARS SO The LEGEUDRE POLY NOMIALS ARE VsSePul TO
KNTW,
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Now BACK To The cenerAnnG fomcnon Avd To 1scover
somemme MpouT ThedSe SPECIAL funcmnods. LET'S exPAND

_"
)7 o & PoweRr SERIES

C) =2tx +t*
-1y
| N B S R ey - 3 (-t +t2) T

hicher

(1-2tx +t*
ordér

COUESNING TermS IN  orders of T

| + tx «+ (_’%X‘L___;/)—('- T hiocher ordér

TPOLY NO MALS

-‘{-L
Cl~2tx+ 1) =
Thos we have The firsT few Lecendase

Po (x) = |
Pe ¢x) = X
(2% CX):%XL'V?.

Now The hioher order Lesendre Polymom|IALS CHV bE COMPUTED

USING The folulowiIne RECURSION RELATIOMS hi P,
(Nt+1) Pan (X)) = (2N+1) X Pnix) + NPy, x) =0

To show how This workKS LeTs comPuTe€ Py from The Above

foRCTON S
3?3 - SX PL h 2—?\ =0
3
3Py = SxPr - 2P = §x (Fx*-1) -2x
- 3 _ 9
- l—,is‘ X7 - —.,:x
0\1 ,p _ g 3 3
3 = F A -3ZX

Aroother  UseduL RECOrSION RELAMONShIP INVOLVES The DERIVATIVE
oF The LeoemDRE POLYNOMIAL VIZ

C1-x2) P (x) + mxPmlx) = NPy (X) =0

USING ThE GENERATING FUNCTION TO COMPUTE INTEGRALS
I wANT TO Show Y0U how TO USE The GeNERATING
LONCNION To COMPUTE The LALueS of |NTecaLs. SuPpose

| wANT T© EVALUATE

Tn = S: Pen Ceos®) PuCcose) S ive cle
This \$ NOT oNve NTEGraL BUT- A whoLe  SeT of INTEGrALS.
How Do | Do TAT? Well f RedeEhNne The UAriAbLES
)
b e Twn = 3_‘ Pnx) Pwm (x) dX
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LET Me DeRpNE A NEW GENerAMNG funcnon Gt s)
which  hAS The FollowiMe Dehpimon

Get,s) = X ¥ Ta. t s"

This PermiTS DOINe The whole ser ofF INTeeraLs AT oNce

for ML | hAave To DO s exPAVd & (4,5) To 6T Thé UA[LVES
of The INTEGALS . FIRST | howenwer , | MUST INTEGRATE
— 1)
= m n
Gts) > L L 1" Putx) S Pnlx) X

-1
SUBSNTUTING IN fOR  The Cseﬂerr’mwcs U NCTYIONS mﬁ P (K)

|
G’Cf)s):éé g CJ)(

- l“Z’t}(-{-tL Y 1-25x+s°

I 1 CAVY DO The  (NTEGrAL on X ;AN e The MISWeER ™ |
A Afee. UnforumaselY | hAve  ConsTrucTed AN INTE6TAL
Which 1S hARAer TO EvALUATE ThY The OrleINRL SET.
ThiS 1S NOT ALWAYS True SO0 DON'T be dJdiscourAGed |7 does
TOrN ovT ThAT The Abous INTEGrAL ChY bE EVALYATED AS

ANV INDEGINITE INTEGRAL And 1T chJ be simpufiep To
)

G(t,S) = ) )Z'h 1 xlsT = 1tw
[s1 L= 5T Tw )Zm 1-w

| hive To  expand ThiS AS A Power sertes 1N W
Gty = L L+ Woowhoewis wd
TW o+ WY, +W3/S ,,.w%{TL - -

= ¥ Wl Wq "'EJ—-‘ Wz"{{

T — -~
Zﬁ 7w Z/iL'H
(' /i - Z_Z A'ft_l,/ﬁ
Thos we see TwaAT
Ih\v\ = .__%.
2kt

WhAT Doed> This mean? FIRST 1T SAYS ThAT 1t M Does NoT
EQUAL N Then Lwmm =O , 0OTheérwise ¥ YV\:h=/fL"-ﬂ«e-)J

T = 2
mmn 2L AT

ANd The WTEGrAL hAS ThiIS VALV e,
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The deT™ TMAT Lwan =0 Hfor m #n 1S A vers 1MporTANT
RESULT  SINCe IT 1MPLIES ThAT The Two fUNCTIONS ARE OrThocOoNAL.
This ProeerTY 1S A bACKbone of A oood PART of MAThemATICS
AN 1T 1S cenTrAL TO The Dehinvimon of A compPLeTe seT of
fomcnNons  LIKE e GenerARN LEGENDRE POLYNOMIRLS

Throveh The Defimimon of Patx) Bad The RecosSior
ReLATONSHIP 1T CAN be ShownN ThAT PalX) sATISFIES
The foLlowive DifferennfAL &quamon

S LO- 2w nonn)Pacn) =0

R L d T 5
0 g | sive d JP‘“(C%Q) + NnT1) PaCws®) =0

SIN® d®© do

TWE REASON | DrArw ATTENTION TO ThiS TQUALITY IS TAT
WiThid The remm of Phvsics This DIfFerenmaC equmon comes
LD VEY requenTly Awd we Need TO Sowve \T. The Reason

This €gufmon comées Up  of Tew 18 AT MANY Prohuems 1nvoLve
e LAPLACGIAN  OPErATOR,

‘-;aL at. 1
v ’a—x‘—r'é"“)-%"

Thiy OPEr AT WorKS! ppd  SomMme tum CTIon 'HX,Y,%), I+ we
TrrwsTorm rom  CARTES AN Coord INATES TO SPhericAl coord INATES
Thed The LAPLACIMY OPErATOR MOUST LIKEWISE be TTANSTormed.
WeE MUST USE  The reurmonShips

X= L3 iNe Cosq ¢ = LSING SING 2 = NLCosS®
ATEC Dot The ALGEDbrA
‘ R . QF 2 F
LTS R | nt oF _,,_!_ £ owe=_ 4, 1 il
vF R dn ( an,) ntome ©° 90 Nromrg ach
SOMETIMES T 1S MORE CONVENIENT TO Th & RADIAL TeRWM AS
__\_ al /
n ant (nt)
You ¢V Show T™MAT  1ndeed
-y (aF) I 3 v AF)
J 2 = 1 3 (v 3f
Y nt a/z_,( AL
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LET'S NOW DiSCosS A Problem INVOLVENG The whAve
EQUATION N SPhencAl  coordINATES, e V' F= - k*'F.
Soppose NrsT Mere 1S o DePenDence oM (@ ; Tis MAKES
ThE PODLEM ONE DeoREE LESS COMPLICLATED. SINCe we KNow

Palose) saAMSHhes The B 'DG’PGNdC‘UCG‘LGT'S TRY The

TION
Soty F = $a(n) Pa CosB)

ThiIS 1S AN 00T GoinGe SPh&EICAL WAHVE WITh SO0MéE ANGULAR
DISTHbUMON  DeSCribeeDd by Pacwse). TF | Pe This
THAL SoLoMoN INTTO The differennAl €QUATION | | GET

Y(O) -,’i.‘_i_LLC/thm)) t tal) d pwe 78 __firy
di nm e 4e do
where Y(8) = P C os®) . BY DIVIDING Twhroveh by Y
ANd MULTIPLY ING Throueh bY AY WE yNCouPLE The rApDidl
fd AVGULAT PATTS, Twos Y (8) musT smsty

4 2 swe d -

Thos Y(BO) 1S THE VEFY SPECIAL FUNCTION Pa¢ ws®).

Now The rADIAL  PAYT MusT sATSEY
\

- dl nivns \
n dat (ﬂ.'&(ﬁ)) T AT Y ";'V\(/L) = "/{LLL’SW\(/L)
The soLoTion T© Twis DifferevmTALr  eQufimond 1S

’S:nC/L) = A ’\J?:%/L Jh#'/b</&/l.) + B@/L N*mt_:' </£/L)

P

| Shoold MENTION TWERE IS ANOTher SeT ot
FuncoNs which ARe RELATED To The Pn'S AS

e L + d
Qw (X) ’LS-, ?“H)x—:r‘;’

SIiNCe ThERE 1S A Pote AT %=y we Need TRePRINGPRE
VALUE ofF The InTEorAL, A word ADOUT The PRINGIPAL UALUE
ot N INTEGIAL S v OrdeR. Suppose | WANT 7o CALCULATE
PQotx) , Thew | WANT TO EVALUATE
+1
=L 1
Qo) =4 § 4 dy

X~

|0 %



TS  INTEGIAL RLOwWS uP AT Y=X so LeT mMe BAw off
oN E\Ther SiDe of The PocLe bY AN AMOUNT € ANd

ThKE The som of The Two PATTS. | &, eeT nid of eF The
TroubLE SPOT by LETNING & ook TO O INThEe LiMIT

I A D G 1° t1dy
R A =1

+C

4ol L] ]
= -—’Z-_ ):-)%/é -r/@v\cxw) —/&\«cx-t)+J§a/€J

= L A (1)

NoTice The DePend&ce on € DROPS 0uT AS 1T Should
1 we TAKE EQUMS AMOUNTS on E1Ther SIDE of X. Thus
WE hAve A LATGE TPOSINVE RARGA beiwe €EATEN by AM
€QUAL buT- NEGATIVE AMOUNT. ThWe PICTURE LOOKS
LIKE -=

IT TUrNs ouT AL The Q's  conThIN  LOGMThMIC Termg
PLUS OTMEr POLYNOMIALS, The Q'S ARE usetut To Phiysics As
They come 1IN wWhetnv A WAVE 15 GENEFATED From A SOUrCE ALONG

The £ - ANS.

I have NOT MEVTIoveEd The oThéR S0 LUTION TO The
RADIAL EQUATION, ThiS SOLUTION IS ASSOLIATED wiTh ExPMEING
FoR Ma <L, , IN Dus  case  fnln) = J_W fud  F = L Po (e,
IS A SoLuTIoN T Thé DIBFeRSITIA L &QU’}VHON. ThiS s oLviioN
oLTAINS WheN There Are ChAr@ES CONCeUTY ATED AT The ORIGIN.
For | chmvee nzo o = | MNd  F = Yr, The SPhericalL

WAVE 1S SYMMETTIC SPhencALLY.
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N

For TWO ChARGES AT The OfleIN A — Avd + chARee A
DIPOLE 15 JormMED wiTh A '/nr ELecTric PoTewTA L UARKTION,
The AVGULAY DISTribuToN  Goes AS P Cwse) = cose. The
NexT PosstbitiTY 1T n=2 or 3 chARGES AT The ORIGIN,
Two PLuses And | mMinvos, This hAaS A more compuicAaTed
elecmic POTENTIAL S IT faks off AS Yn3 And ANGOLATLY UARIES
As 3 (3cs?e -)

z? ANGULAR  DEPENDENCE

So T we have NET WORRIED AbouT AuyY & or

AZIMUTRAL ANGULAR DEPENDENCE WhAT I The DIisSMibunon
Pepends on @7 Thew The Differe VAL €guATION becomes

compLicATEd by _L d'F | However, This 15 The omLy
ntginte dqf'

TerM Which DePends oN ¢ so wé KNow F mMusT be

ProPorMONAL TO ITSELF, )& T = ASiNmg + Deosm@,

Thos The more  GengrAL SoLuTlon FOR F g

—

z‘}k/!- T’“’ri (jiﬂ.) (Phw(@)ﬂ‘/\"\mcﬁ
T (0) 1S The AvALOe of The Lecendre PoLYNOMI AL

 For omeRr cases of m #o Md Is ReuAted T Pn Cwso) by

™ . ™ n
Po" (ose) = (oeme) 47 Pux)
d X
PriCeose) 1S cmiLed The Nssociffed Leoendre TUNCNODS.

LeT'S LtooK AT ThéE ANGULAT DISTMBUTION For Some SPecifiL
afSeS. FirsT For m=o PeCrose) = | This 1S The Trivifl CASE;

TheERE 15 NO ANGULAR PePerddence. NEXT n =1  CONTRINS Three
PosSibiLITMESs M=0 or | boT m musT BLWAYS be (&s5 Thit)
or €QuAlL TO N. Thus wWE&  have
n=l m=o P (wse) = s - 2,
N1 m=i P, Cwse) = S NG &S = X
= SiNesINg = Y/

These Taree FuNAIONS Ve umi@ué 10 ThAT TheyY  onTin D
Depsonence o0 ThE dehuimon of The XY, 2 coordINATE SYSTEM.
Tt s Y TrawsformATON cAv DE exPRessed AS A LINERAR
CombivamoN of The pAbove Thve€ FONCTIOMNS,
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Now LeTs Looke AT N=2Z  ThiS TME There ARE FIve
PossibiLiMeS W‘:O;:‘, T2

Po - 2 wste - o 32 -nt
1 znt
P, 3 cose SINe SOS X/t
Pt 3 cose SINO SING 2Y/nt
Pr 3 sINtO cOSTR  (x2 {1 Ypr
Pv 3 SING sINLg RXYIN®

TherRe 1S ANOTHER USetUL ReATONShIP RETWESN TWO PovTS
pehned 10 SPherichiL CoordINITES ThAT Should be Mevnoned.

The wowoed Anele BeTweew The TWO PoINTS, O , 15 6 1VEN
BY

COS Oz = COSE, COSB. 1 SIND,SINB: COS(P, - )
ThiS ¢cAV bE ex PresSseD AS

- <~ -m)! " ' \
?r\ CCOSQVL) - Z__ (nom): PY\ Cwsel)?hm Cw\se‘)ee"'(ﬂe-(”"p'_ 1}

(nrm) !
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FOURIER S ERIES

I Mow waNuT TO INTYWOdUCe The SobdecT of FourierR

SERIES bY DISCUSSING A Problem which FouRIER Hinselt
ATEMPTEd TO SOLVE ANd IN The Process DevetoPed The very

VselL And GenerAl cowcePT oF fourier $ER165. The ProbLert
DEALT WITh A OnNiForm  Yod of (eweT™ a, The QuesTion

WAS To deTErMINE AT SOME LATER TME Tt whAT The PEMPECATUrE
would be AT Some POSITWON X - ASSOMING The INITIAL TEMPergure
DISTribuTioryn WAS Kpow At t:-o.

™e ProbLem required SOLVING The DiIHerewTAL EqQuATIon
VT =« 20

at
which SimpLifr€es To d T . (3T(xt) 1 we consider A OM¢
DIMENSIONAL fod. Thig Ix* ot m{%e—remm EQuATION hAS
A SPECIAL SOLUTON  GIVEN by  T(Xt) = —th)gu) which wé

(e TCY by PLUGGING INTO Thé equfmor. Hwe Do we ceT

$'ex) g (1) =+ fCx) 3'&)
DIVIDING Throueh by Hx)gtﬂ we hAave

L B
+ (x) ! g t)

Since The egumnonv 10 paES MOT DeEPewd onN e
MUST feQuiTe "~ ThAT {—“(m/ﬂx) = CONSTANT  Or ThAT

T
f(x) be EexpoNeNTIAL, V£t we TAKE ThE CONSTYANT TO be -k

™Then
£(x) = A0unkx

IN GENErAL  4(x) = Agun kx + BCOSRY  buT | fm requiri NG
T=0 At X=& Avd X=0 Thus CokxXx CAuNOT be A soLuTioN AT

X=0, AT X= & we wanT  f@) =o Thus s ko = 0 which

vequires TwAT /k-t\_lt, SolVipe Now Hfor au) we hnd a(f):e’
o

The sownon for T(X,t) 1S Then -
T(x,t) = Asm(Wyx e =
A’ 1S A ConSTANT  which hASN'T beep ’])e'fjpe—p Y ET

t
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LeT's Look AT This SoluvhoN For A couple ot UVALUES
of M Awd see 1+ we AV under sTANd  WhAT T TELLS
Us. First LeT m=1 At T=0 Thew The rd haAsS A
TEMPEr ATUT € me‘n‘e TWAT LOOKS LIKE The FollowiNG:

LoD
e ‘jSIN —Ex

Ty 1 _—
T T I T T I I 117777
() ;'“- a

AS TIME ADVANCES This TEMPErATURE Profile WiLL coLuLAPSE
EXPONENTIALLY ¢, ALL MPLTUDE ALONG X o Down ProforiNoNATELy
WITh A TIME CONSTANT | 7 een bY &/p2 | ¢ s The TiMe TO
redoce ™e mmpumde 'Ye or 368 of The ofteiNAL VALVE. Nore

ALSO The blewetr &  The $BOWEr The TemPeraTORE FALLS ot

Now LET MNMNTL Thew AT Tixt) = T(x,0) Twe disTriboTion

LooKS L1IKE ‘ SIN 2y
Ttxy ‘-‘ a
. \

.
VWil 777 (X (/4 L/777)

AN AT A LATEr TMime t This DiIsTbonom IS
EXPONENTIALLY DECAY buT wiTh 4 NMeS ThE rATE of The
N=1 DIsTribuNonN. T POW bewmes 0—"/4“1. .

WhaT would haPeey (£ The INITMA L TEMPErATOre DISTribomon
WAS NOT A SIMPLE SI1NMUSOID? Kow would we Feore ouT
WhAT The Temperfure 1S AT A LATEC Time + 2 This 1S WhAT
Fourter wWANTEL To KNow, e fooNd ©O0T TMAT IT WASKN'T
NECESSATY To vESoLVve The ProbleMm over Mmid over Ae MM, To
Usderstand wWh AT he did we MUST MAKE USE of oNE I1MporTRWT
ProPerTy o  The Livear DIfFEreNTIAL EQuAmon VT = 3T | ThAT
1s W F Tux, ) mod To(x, 1) ARE SOLVTIONS Thew A Lmaat:r
combivanon of ™e Two # 15 ALSO A SOLUTION  ThAT S,
Ty Ox, 0 = AToxt) 1 3Taix,t)

Thus WE CAM NoOw ADD The n=| AMANd N=2 SOLUNONS
G\VEN Aboveé To Hud A New Sorunon whith hgs an
INMITIAL TEM P& ATUre DISTr1buMON T AT LOOK S LIKE,
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Tex)

i
§
|
f
| Tix) = SIN MY 4+ Sm ¥
! a o

IR NREINNENNEY
0

Q
%

Now AT A LATEY Mine t ThiS DISTHibUTION becomesS MoRE
Aid  mMore LIKE The h=1 DISTribuTiod becAUSeE The h=2
COMPENENT IS DYive oft 4 MMy ASTE T™ny The n=|
PAXYT. Thus AS TMhMe PASS The LowesT order S TEC M
SUrVIVES, The DISTVibUNoN (0oKS toreé SYMMEYcAL Avd DIES
of £ Wi e MMme wNus™T of n=i.

Foufler CoplluneDd ThAT ANY SMO0Th TEMPErAT RE
DISTribumon could be WP ITrEN AS The som of # Senes
ot SINLSOIDAL COMPONENTS of DifferenT AMPLTUdES ANd

DIRFErENT Mode ShAPes ) ).,
o ity
T,t) = 2 AnSINum e oY
nat

a
£ The WM AL TEMPerATUrEe DISTHIBOTION 1S Kpow, & Tx)=T(X,0)
Then 1T CAD be expressen RS

%o
- ¢
fex) = ‘% An SIN (M)

whaT KiNnd of SowcNMons hrve ThiS SPeCirt ProPerTY ot bewe
EXPressible AS The Som of ser1€s ot S1Nes Ad CosINES, Aso

how Do we compute e An's , 1€ The CONTrIboToN of
EACh vode !

Fourier momced T™aT The An'S coold b e RETRIEVED
by The fOLWOWING mMeThod

a &
So +x) sHn niXodx = z An so puﬁ(.’l}")gwcwyg)c\)(

The INTEGrAL oN The rhS  hAS The wonderol ProperTy of beNe
ot mEn mvd 1S ¥r £ m=n. The Proof For s 1s
STr At WY foc whrd

«
S Aun (nlix) sm(vv\_U) dx =
o a

S 4 L tos (h-miny - oS ChEmy X | dx
] 1 [ % [
I v ~ c\
=4 g = Am (n-mixy - = SN {NTm)Tix
Ll mimn) _ T (mtn) a
°
= o -0 = O 'F'Or mgEh
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ThIS IF m=n The INTCoraL 1S MOT Def ued SO
repo ¥

we mMosS T

S SIMNMYY - &
M SIN Mmuy dx — 1 o< 2
- — = S miix =

plgs

™MUS we have Thar
2 q
Am = : S° 4—(;()5,;\1("‘72)‘) dx
The Aw'S fre CALLed The oefhaevTs oF The furer senes.

NoT ™MAT The coefficiauTs Are found we musT nd The
§Cx)'S . ESSSWTIALLY  ALL SmooTh | SiNeled vALVe fPCTIONS  ARE okay
AT LACKS METhEMAM AL ripouoRrR buT IT WOrKs. Thé MORE TEFHS
ThAT Are Thken IN The SERI1ES The beTher The AT TO The
ACTOAL fupcTioN.

FourRiER'S THEOREM.
I WANT T8 REUNN TO0 A MOoRe GEVECAL APPROALH NOw

of fourier Series, | have sSOome _ PeriodiC fon CTo N ,*F(.x) Frud
VWANT Td EXPresS 1T IN Téms ot Sives fAvd cosines 1IN The
INTEfvRL - ¢ To +¢, over This fix)

INTEFUAL TUX) AN be exPress ED AS

Fx)® 380 * Bicos T 4 Ry cos2mx ...
C

)
3
i
i
L]

4 - — e —

¥

+ A'S'N% +A'L$|P\)2'_I_‘_x.,.--‘ -C ° 14cC
[&

Where The Sive find CosiNe coefhicienTs AR e oived by

C - C
Av: £ Soo swamx dx Bnz T Fo cosnmx dx
- I3 ~C [

[

This 1S CALLEd  Fouriers Theorem of INVEMNG A SERIES. The

MATheeic AN S oo d 1T hATd T believe whés T wAS FrST ProPEED.

RS LONG AS FCX) nhas A Tivime voumber of DISCONTINOITIES AN

IS SINGLED VALVE, ThiS SEnes ExPANSION 1S VALID. NoT®& ThAT
F(X) repeaTs every 2¢. FurThermore 1+ FX) 1S A S?MMETICAL
funcnoN  ABOUT X=O ONLY TwE Cosive Terms RMMN. 1+ Fix)
IS AT SYM MGV ICAL onvtY Thesiye TETMS REMMN.
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LET'S work ouT AV ExAnPLE oF Wow A funcion
15 ExPressed (N Terms of A Sourier Series. LET +(x) be
The folLowING £000

) -1 Jor XD
¥ $X)= +1 for X vo

ud!

X —>

FIrST we'lt FIND "ﬂne An's;n\m‘nc.e— T™he FupcTiIonN 1S ANT -
SYMMETFIC SO oMLY The SINE TeErms sorvive. Thus

- 4 ¢ g MK
Aw = a S_L fex)p s 2 dx

For X <0 SobsMTuTe F(x) =2=1 fud for X730 Ler TK)=4+)
o]

An = 1 S - Siv nx d ] ¢
4+ -
I c <X c So I sin M dy
AL we hve dowm 1S JUST break Fx) uvp 10TO TWO

CONTIMVOUS PIECES. TUALVATINGe The An'S

ho = { cos (A | } - 1 ] s n_lxlc
-c Ny C o
for €= " "
S & b~ (=) = (=1) 7 +1 -~ 2 o
A nt nn [, C ’)

This IS © 1 N=EBuen  And For And odd N The An
become Y\

ﬁr. Thos F(X) becomes
|

= ﬂ_ 1 4 SIN + - -~
+(x) > SIN X "'3—%‘5!”311 +§.ﬂ S X

A PhysSicAL EXAMPLE of This funcnow 1S A swiTch
TUrNwe voLThee on Anvd off,

TWO MORE USEFUL FUNCTIONS ARE The SYMmMETICAL
AVd  ANT) SYMMETICAL SAWTDOThs

/T\ ';CX) = -ci - ‘E'l [Coé_l‘f_x _,,__’ CoS IMX 4 - -~
- m c 9 <

- C

. C
= 2| gyyux _ L 20X 4 L
/ }/Z/ £0x) 'ﬁL ik st? +35m3%x+“
P
~C |10




There hAS beew A LoT oFf MATHEMATILAL DISCUSSION ON
The coNvVercence of The foorier series . The Quesnon s
AMTEY SumMive TO A LAYee N fnd Then STOPpiNve how CLOSE
™ we come T FX) 16, how (mporTT 1S Thé resT of The Sertes
Thar YOU Threw AWAY. ASs AN ExAMPLE The SQUAre wAhvVE
FUNCTION hAS A CONVErGENCE bUT Produces AN overshooT which
refChes some LimiMNe UARLVE

_0ErshesT

There 1S A whaAY Aroond Te puershooT DifhcucTyY And
AT 1S To ATTEVUATE The AMpPLUNdE of The hio hér order
Terns . Thus Their effecT 1S LESS aNd The LIMMPNG behavior
of The Seres 1s much SMOOTheET . we can PUT A facor X

InTo The dorter series And have

fexy = & A" o 1w NIX

As ¥ == | Tne PuNcTiON 1S averoached 10 The LimIT. The
SEVIES Som Thed LooKS LIKE Twe followine:
You cAR'T ALWAYS EXPECT The MAThEMATICS -
T GIUE YOU Tne TIGRT ANSWEr. Y00 MUST ¥
UNd & STNd  The ProblLem you AYE VY ING TO
soLve. |f The aerLicamon of This fourier
Sefies ypvolVeED  Some Tureshold DeTecTine
QreuIT, The overshooT Phepomenst could bE QOITE

TroubLe Some Usine The ¥- ATIENVATION METhad would b€ reEQuired.

ON The oTherFiAvd vf P00 JUST waNTEd The Aren UNder
sQuite Wive The ouershopT wWoultd MNOT be AvY Troublé€

SIRCE A PoSIMYe Avd NEGATIVE ouerShooT CANCEL EAChOThEr OUT,

FourieR SER1ES have A LoT of osefol APPLICATION

oM€ which 1S INTEREMNG puT NOT of TEW USEd [T IN SUMMING
SET1ES. For BxMPLE | | LWAD TheE SERIES
L + ) A 4 --- 4 N

— 4
1" | ¥t 143" j+ N

Al



ey RAnd S usive Jourier  ARALYSIS.

Mow SuPPose TheERE
1S Some€ FumcTion Fnl which

Y& Probucés The Above SERIES, \E
Z Fun) = Feo) «+ FCl) + FC) + --- +Fin-1)
n

EACh INTEGEr cAN be EXPresSSep  AS

A DELTA FUMNCTION So LET
Me Dehve WUx) As

I wé consiFFER  Fn) To BE A F uncTioN '
of X Thenw we canv feTriev e

Cex) =“§ §x-n) Cm% Ai lk L
T s e Ty

-

e Fn's by

S k) Fexy dx = 2 F(n)
n

We whaIT oMLY The m's >0 so The sum oN Sx-n)

MUST be ¢cvT Iv hlF %0

. +o0
cexy = 3 & 8¢x-n)

n=gQ

';'fOV\ -~ 1o T

The fumcnoN FCX) 1S even | ¢ Fex) = FC-X) so e SuM § LoOKS LIKE

S= 3 Fw) 17'_(
Fio) +

Fc-2)+ F(C-1) + Feo) + FCI) + F(aYy ¢ -~ )

1

oG
3 g cexy Fox) dx
-0

The Seu™ FUnCnoN  cAv be ExpAnded AS A fourier SereS between

=Y hud + e Sivce Sx) 2 SCX) WE hAve A CoSINEG SETIES

¢Cx) ‘-S_&SCX-V\) = T Vibe * by C"ST% + bycosiWX , ..
[
Whevre The wefhaewTs ba's fAre cilven AS
e
b&—.?c-_s écmcos’@g&: 2
_‘{b
Theretore ®
Cx) = )V + T Zeos2aTkX
=)

The SsummpaTonN 'JCOY‘MULfr becomes

@0 > ®
S= 4 Feo) + So Fex)dx 4 g: S F(X)2cosurhr dx
2]

IWTEGrALS which mAY NOT bé AS easYy
AS somé oTher Techmigue, BOT SoMeETIMES T 1S AMd when 1T 1S

TS APPACKh 1S QUITE ALOrATE. As FUX) GeTs smodTher mid ShosTher
The SEVIES CONVETGeS (M OpWY A Few Terms.

.
Now You WAve To DO The

~at -4at -9a"
AS A Probiem FINd The Sum S =

l+ € + € + € r oo

HZ



CompPLex NorAmOoN oF FOURER SERIES

| Now WART To IMProve The dehnimon of The Fourer

SEMES by WOrKING IN comMmPLEX MNOTATION, The dubcmhow ‘F(x)
P £ n K
_S’cx) - Z a.»\ e <
n-o
IV This poTAION (T S @ASIer TO WorkK ouT  The mMAThemfnCs,

To fivd The coethciouTs we h#Aave

becomes

e - Cinx O <in-m) X
) fixy e “dx = Z a.le dx

<

Here ow Th RHS IS AN oSCILLATOr ¥ €XPOMENTIAL which will
MOT CcoNTHIRUTE  ANYTMING OMLESS m=h. WE GET

C —CMRY
An = A g '{;(X) e ’ ¢ d x
e ),

' FCx) 15 A feal FUNCTION Then 1TSS COMPLEX CONJVUGATE $%cx)

® _-tnnx
s BVeN bY A¥x)r Z Qn € Since Fox) = FROX) The Two
SEM1ES MUST be €gUAL Therefore Thetr coefh el ENTS MUST be €QUAL, )¢

The an's MmosT sn‘nsh Un -‘Q,:.
The ENERGY TMeorRem

One usetul Theorem 1S chAlled The eNeReY Theorem which
\WUOLVES The AbSOLUTE SQUARE ot Fx) 1.2

. v (¢ * - 0¥ P N .
€ _Z_CS_C Fax) Frex)dx 2 iZQ»‘jecaamge < dx

Now rec AT ch - Omny

veckil T S e ¢ o © dXx = Sumz=] forwm=n  or o 1f mzo
Thus we  hAvE

L4
ELc 5 fx)Fx) dx = & Qhat
< 2 *

or E - 3_" lf(x)l glszc b=y Z ‘a.hl = ‘

PAVSIEALLY whaT Ts menws § 1F we hAve 4 compLicATE wWAVE
which CAd be  brokew op (NTO A LOT of Sive whveS ot di Hennve
AMpLITVAES  Gw ( The (NTENSITY of BACh wWAVE), The ToTHL
ENEre? CAvVried 1® The wAVE |S The Som of The Spuare

of EACh COompowewT INTENSITY. The SUM of ALL The SQUARES
MUST EQUAL 1 ng, Twe TOTAL ENECGY M The wAVE

13



You Shoold be AwhAre of Pour exPAndinve Poweéer o
soLve ProbLEms., RECALL we found Hor A SQUAYe wWAVE The
SEries e PAWSION WAS

Snx
fex) = % =

- \ 3fix J
/Jwt%‘ *'3‘5""7_ + S‘S'“

©

The AVErAGGE SQUATe S  EQ UL To {t So

Mol = | o=

Twos we have Found

|
z hr
Nodd

) ] } ) | ) - =
e LR :( %7:

Al

~

ool =t

There 15 A GENSrALIZATION TO Thée € NercyY TheokRem which
EVECLY IS GiIvew by
) S ¥ *
E - {Cg —Rx)acx)c’x = Z. Om bn
.'c CnTA /e
fex): Tane™™ | gy = Thne

- /

wheve

RETUrNING To The Guesnon of CoONverRseNte AGAIM
WE chu DU A DETTEY Job Mow. Soppose TwaT JCX) 1S Seres
ExpANdEd ove& The uTeruAaL of -1 TO ¥ Th e

<nx

Fex) = Tan e
Letrs vy T Fnd N Terms of Tx) whpr fuex) s where
N 1S Some H0ITE Number where The SUMMIPEG STOPS, Fu(x) IS
N .Y .4
nehwed AS Fo(x)= & an e
nz=-nN
e coefhaents are civemw o7

t
Cn- ., © fo) d

So ThAT . 5 -end
() dt
Foex) = 2 € Ll'n g € Fee)
~-N -n

IT APPeATS THAT Thinves fiye GEThNG wWOrse for vs boT - we
PolL The IWNTEGral ouT NONT Then WE hAVE The 6EDMETIC

N : -
Serves 2 €‘h(x” which  <chv be wriTTENY  AS
N ' eév\ tx-t) e“ (W1'R) (x-1) o LN cA-t)
e-“/zLK't) e‘}';_(?("t)

Avd simpufyYive we hAve

|14



W

i —
SIN (NTYL) (x—t) ’FL‘H dt
T Sin Y2 (x-t)

Fh(.x) < 'ZLWSV

ThiS SAYS To TAKE Fit) And  Add TOGEThEr WiTh Thé weiehTIiING

facTor  of SN (MY YL) (x-1) | 0 The case of Fit) bene A
Sid Yicx-t)

STEP FUNCTION we hAvE A formua For tind 1ve The overshoT
2N

n -
Frcr) = & S_” SIMENF)Cx-t) gy
SIN Y lx-1)

i M

FOURIER TRANSFORMS

Se HAR wé& hMve TALKED ABOUT FONITIONS which were
REPresenTEd beTweew - Aud C . | AM NOT IUTETESTED I8 LETING
The ravee BxPerd To oo ANd ASK 1 There 1S STILL A CPRESENTATION
of ™e fumcnion. The ANSWE 15 indeed fes byT 10 ordéer To

MAKE ThE TepreseuTATION MOre ExACT 1'LL meed A LoTE  of h‘fnnx
To KEEP ThE EXPONEGITIAL POwer from kOING TO Z&ro,ne. €  'C
AS C =00 M mMosT — . I WE YePLACE NI by W A New
NUMBEr  They AS ¢ INcreases W GETS CLoscf-r. I0 Thas process
Whe coefthcienTs of Gn  fAre converTed T A fumvcnon of w, Piw),
whiLe The SummAaNon over n becomes Ay INTEGrAL over W, 1€
5 — §dw (g
Thus we have dJor fex), ‘
foxy = §7 @ 0 do
wWhere  2C &n 2 Qrw)

This REPrESEWTATION of FLX) INvoLves The SUPERPosITION of
AN INANITE NUmber of oscillprory waves, 1§ we wayT 7o recover
C()cw) w€ NEed T0 EVALUATE
q)Lw) T 2C¢On = S e

-
Tis 1S Twe tnvverse fourvier Tr Ansiorm,

"\U\JX
fex) dx

IN The wew represouT™mION The ENEr6Y  Theorem becoMes

S"" %) d ERnat) = *dw s 2et ) cw/cp*cw)"(/‘f’
o foxy 1 ¢x) dx = 2enln ) = )anau w ! 'ﬁ) > _QQ N
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Sowv NG TDIFFERENTIAL E€QUATIONS bY
FOURNER TRANMSFORM TeCHtn1Que

SoLuN e LINEAT DIFEREVNAL e@uRTIONS  wiITh cONSTANT
e emw TS 15 A OMMON OCCUMTENCE W PhYSICy And 6N b INEIVG.
AOY echmique  which MRAKES The TAKE EASIER S APPReCIATED. The
NormfiL €EQUAMOM  juvowes TDenvATIVES oF Some UATIABLE ta And
(AN be expPressed AS

Zand ¥ = g
dx"
The RHS 1S Referred 7o The 1Nhomooemcoos PART ot Differavmac
£Quhmol. The hMOMOGIWEOUS EQUATION 1S WheEN &x) =0. AS Awn
tabmpPLe ot The Differevnal EQUATOY 1S

47 ¥ ’Ld,f +Y =0 J—or X &O
d x* dx ~2x
= e 4or x>0

A Livenrr DiFerenmaL €QuANON  has The proPerT? ot
A soilvnonw which & TWe Som of PIECES, For exAMPLE
Lin) = LUV o +%) = LLY: ) 1LY, Thas PoPersy existS when The
Coct CLENTS Do poT DEPENd  ON X,

There Are hondreds of wAYS o Sorve These €QUATIONS
Which cav bore Yov DeAaTh, RBoT Since There 1S onNlY ONE ANSWE
The ErsiesT whAy TO ThaT— AVSWEr 1S MOST ATTTACNVG . Fournes
TAVSForMS e very usefuL IN solvive These Kinds o&f Probuems.
The PriNciPle uPo® WwWhich TweS TeChwi@ue 15 3Aed s

The 14en of cepresewTive A Funanon Fwxl by a four e Transhorm
Quoy  Such TaRT o

Twy
$Cxy = 5 e cw) dw
) e P o) Xy
Difftreamanve  f(x) we Find ThAT
-0 . WX duwo ~ dw
flex) = Y‘” cw e P ) = - tex)

(o oTAerwords DIfFrENTIATING <A be SIMPLIED TO MULTIPUCATION
DY 1wW. TheN The ProblLem S fedoced To ove of Rleebraic
MANIPULATION .

e



The ALGELrAIC MANIPULATION CAN Go boTh wAYS bevTweenw
The fomcnon | 1TS TrANSTOrm, AW d bAackK AomN, CoONSIdéE The
JoLlow ING TWO TYrANSfOrmS

-t WYX

GLWw) = S 8;)() < A)‘

Yew) = S v ox) c-wox dx

we Kpow Th AT - N
tw YX) = S-oa (3—‘; ) e d x
buT ﬁ'LSO -Gt X% A
~Y'(w) =2 S X Yix) € ¥

RETUMNING  T0  The DioffFec enTaL EQUV ATON, T we mulmPLy
boTh sides b ¢ e ‘" dx Avd INTEGrATE we 6€T

Zanciw)“ Yw) = ew)
We cAndehve Pliw) AS T.anccw)” which 18 A POLPNOMIAL

N (W, WE CAN SoLve Sor YW Thew AS

= Glw)
Yew) PCiw)

WE have The fovrier TraNSTorm of The Answer SO We hAve
To TrimsSform OACIK AGAIN

YR = Seo ew) o dw
w0  Plw) Eal

A seT ofF THAbLLES For wopKive OuUT These Foofnier TrAvSTorMs
1S VErY VsSeduL. WhAT we formaAllY hWAVE TO DO 15 SUBLSTYTUTE
IM Sor GLw) (TS TrANSform,
fwx ’L‘WX' 'd
Yix) = 5 e S x') e dx ' dw
! PLiw) d v
H we feverse The o0rder oF (WTErAMMON

. cwex-x")
YR = Sanx‘) dx 3 e dw
Pciw) bl
nehwe , : -
Yo w R(K-K) = S‘ ccw()\ x') d__UO
Riw) i

To EVALUATE R(X-X) (T IS PECessATY TO CALCULATE ThE INTEerfAL

of A POLINOMIAL, The €A51esT wlY To Po ThAT 1S by Residoe
Theort  AMd  CONTOU! INTEGVATION, Swce PClw) s A POLYNOMIAYL
iIT cAY be we\iTen AS

7



Plecw) = Cn(dw-oki) (dw -Lr) --- Clw ~oln)

We wiltlL FUST ASSUME MO L fO0OTS e The SRMeE. Thus
EVEY MME we hAVvE A PoLe AT &,k -.- on, W& MNeed
To DETECMINE The residve, Tihe residve 1S Te  POLY NOMIAL
MISSING The POLE AT wWhich The EUVALUATION 1S MADE WIiTh
Te remmMNING  POLYNOMIRL EUVALUATED AT Ttw =da. As T
s oo0T

{w ~d&r S | -
ST |, Sy = fesidue
W=7 Kn ¥ /L)
So Tafim M€  soLomon T0 The DfferedMaL eQuATION 1S
X '
- A j Anlx-x")
YCX) é_ P! lan) : e 3cxl) d)(

AS Mmeunoved EATLIE we (AN wrTE ThE SOWNON AS
A sum ot PlEces; ove Plece (AW MLWAYS be The hdmMOpencovs
SOLVMION ¢ LY, ) =0 , L(¥) = ox) They LiYi+Ye) = 6(x)

The SolLVNoN be comes
kA X

X - ' AKX
- _l e oA X \
Yex) = Z Plet ) jc e au‘) d)\' TZ An-e
An X

Where € 1S TMe homoweneousS SOLUTION,

There 18 MOTher waP TO wriTe ouT The purfterevmnd
equimon which s ofTew mmes Usetue, If we ose The
NoTAMON TWAT Dy = df/d,\ , ey The DifferenMfl €QvATION
b eCoMn €S

Z anD" Y = g w
or PCD) Yix) = gw

LeT's woOrk ooT & SIMPLE ERAMPLE of A L )near
Ditferesn® €Q umon  of The ¥ Deoree. Consider e dollowinG
pLecmical”  circunT

R
b A —o
€ -t Eouv
o —0

Wheére Ein s ThE INUT VOLT Afbe ANA  EooT IS TNE DUTPIT
VoLTRGE. The TnEe hisTory of CIFCUIT IS Givend bY
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RC d‘—-é"r + EouT = EnCt)
dt

LEMNG D = 2/dt we o WHTE

(RCD + 1) Boor = En

HERE PLD) = PWr) = TRED +1. SOLVING AFor oL we hhve
= -1
X = CRe
Thus There 1S oMLY | rooT aANd P'<x) = RC . Theretore The
SoLLTION 1S
. “re (v _YRe ‘ ! - Yre
Bour = 2c € L e Ent)dt + Ae

Toe oo op we PMeed The INMITNAL cond | TNo ns oFf The ProbLem,
SsJ?’pOSG Esor = E8in = O At t =0. Thed

Eouvr = ELC e“"/&c S * et'/k( B (t') d‘t'
- 2]
As B crEwt . ' Y
RC d & - _ 1 e e 51\ e_Jt /R Ein (1Y dt + € TR e m&u(ﬁ
dt RC ~®
ANOThEr EXAMPLE 1S TO EUALOATE Stm) = S:o Sty mt 4+
1t we differeuTIATE Twice  we have 1T
s'im) = S-—t‘ sinmt 4t
; 1+t*
fddiNe Stm) TO bo Si1deS
-S"(m) + Stm) = g;’o otmt dt = /m
The Problem s Then
sY(m) -S(m) = - 'V
or ALTE NATELY 1
YUX) —Y(R) = ~ x T 6CA)
IN D NoTATNION wé& hpve
D*-] = ~Vx
wWhere PCD) = Dr*-) . FIvdIve The vooTS we GET
oy > FI K27 " |
So ThAT  P' (k) = 2D =2 Aod  Pl(yy) = -2 o
) X X -x! ~X +x! !
Yoo = ef (R L e e —Le gg)(_ dr

19



The INTEOrfAlLS cauNdT  DE EVALYATED DIrecTLyY HWT
ChY De SxPredsed AS Ervor INTEGvAL EC Previovs LY mIscussed.
Thos Scim) chAnN be wryTew S

Scm) = 4 L e™Eitm) - Eim) | T A1 DeET

[+ -SUm) = SC-m) by SYmmerry we deduce B=<f ., ALSO we
KNOow AS m oo The OCILLATIONS WusT DMMP ooT so B=A4=0.

Now $o¢ ™Me e of DoubLe vo0TS W& musT ADD

fOTE T M TO The SOLUTION . ThAaT 1S f D*=1  has
The doobLE vooT oo =1, The SGLUNON S GIVEY bY
Y(X) = j\{ edo C(x~xH X g(x|) dx' . A edox N BxeKoX
PUx)
The PoLioOMIRL  PLD)  witl N0 RLWAYS hhave real rooTsS.
N such A URSEe AS DY -] wWhere D= XL poT ol = r

Mid 0o Fhead. You will 6eT sives And cosipes . I The Awswer
hsS  ferL vooTs TheY will APPEAT A The &6d. Dopn'T e NEVOUS
WITh € xponedTALS ANG compLex coeffhiciewTs.

IN order T etPANd  ocor  KNOWLEdGe we will TALK
Brietl?y AvouT DifferevmAl couimons wit v A ifibLe co et cleuTs.

1+ Pww) s The Fouorier Trfwstorpm of FX) Thew The Ffollowie
Fravwstor mnmons houdD

/

2w Pew) —== FWK
Cw) Pew) — M)
§plew) — xFly
- @ W) - X-Fex)
Cwe —-— d
dx
Cd%' = X

TWUS We se& AT HOLTIPLYING  biY tw IS The €QuiviteuT
T dittecenmANIve 1IN % SPACE. Con Servely FerenTIATING
IN W SPALE 1S €QuUIVALENT TOo HULTIPLYIML bY X 1M X-spACE.
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We v USE The Techn Que of DifferedTIATMIVvO 1M w- SPAce
T S0LVE SOME SkcAL NON-LINear DiffecesnAL Equamon. For

BxMAPLE, SUPPOSE WE W ANT  TO SoLvE

d*Y , xy =o

dx®
BECAVSE This 1S NONLINGAT wiTh X TO FIirdT POWER  We AN TrANSFOrM
ANd  GET .

)™ Yow) 4+ ¢ d Yy =g
Tdw

We hive feduced The order o DifferennN A EguAmon by onNé

S0 \T 15 eMSier TO Sowe. WE AN SoLve for Y(w) And G¢
dY(.W) - o 2 - -f‘—w
Sewl cwidw —> Yiw) = Aes

NMow To hnd Y(X) W€ MusT TrANSEORM bacr 1€,
) |
Yix) = A e “UB o Pr 4
T
This INTEGr AL 15 fetATed 70 The TRedsel JoncToN of V3 ordér,
SomeEnmes CAtLed TE res | wTeeral.

As # PrRObLEM TrP? To SOLVE
xc_‘_iy + Cj\/ + XY 20

dxt X

' Shootd PoINT 0UT ThAT DIVEFGENT SOLUTIONS DO NOT
T
have ¥ourier TraNsforms. For example A€l kA poT F.T

| DOW JWwANT o Discuss A cuLAss of  Bupack boxes CALLEd

AMPLIFIES, The mapLifier hAS The propsTy

ThAT Loyt 1S eMed Tb & (t) by someé , . o

QUANT ITY  SomMeTimes veferred To IS The 6mn Tou Anpuer EooT

o The 4 16 1€ o —°
BEoutr = 3 Eww

heE A number OF ProPecTiEs onNe of which 1S of Tew

CivenTY. ThaT s f Fict) 3 PUT IN Thew Fuois ouT.
md W Few) s N ey T2 G 00T so AT FirfL e
cwwes FitFL ool smPLY STHTEd 1f you DodbLe The INPoT YOU
DoubLE The OVTPUT. Th 15 A LiNeAT AMPuher

1 Z1



The- AmPLIier hAS The ProperTY o‘i‘ beinG NMe IMUATIONT.
H fc s w st t They FCl) 1S 00T, Jhe Thé sAmPLE
SIGNAL \S puT IN T Tinge tta ,The  sSfme 00T PO 1S
obTHINEd.

The amPLLher Ay be ANALYZED by  INvesTiePMING 1TSS
Benfvior To A SPeaipt fup NON, The detTd vanod, which
PermiTy dedocine The redPoNse Ffor o0ThEr u PoT HuNCTIONS.

H we PoT A _detT™ PncTioN  The oO0TPUT wiLL LOO K LIKE

N
7

é(:t) [N} .
Rtt)ou“r
SOMEe ProPerTIEl benoeen  $et) aAnd  RUT) AKE TThe foLlowine
Sttrt,e) - R Ct+ts)

bg'(.{-‘to) —_—> bK(.'t'-to)
St-t) rSct-t) —> Rt T R(t-t)

£ (t) SCE-tD —>  Bit,) R(t-t))

The \d e we Ave DEVELOPING 1S bY POTTING A whot e bopch
oF deumh DecMons TooeThe ech AT DIFFERenT TMcs
id of DiFErevT AMPLIIDES wWe AV oNSTrUCT AP whve
PALRET YOu wANT., ThuS we Ay whiTE

Four () = S Ret-t) §Fin (t') é"t'

ONCE The TESPONSE TOo AN IMPuLSE S EsThabL sheéd T
|5 PoSSIDLE TO SDLUE ALL SODSEQUENT EQUATIONS 6IvEY
Tne sTSTEM TransFer o vchon.

| AZ.



MoRe ONM ThE AMPLIFIER ANd The cAUSAL
TMPLICATMIONS onN The TRAMSTER. FUNCNON.

we  STArTEd  TO DIKuss AN AmpLifier by

Last Time
Theor? . | wWANT TO CONTINUE TwAT SobuecT .

Usive fourier Transform
BASKALLY AN AMPLIFIEC INVOLUES TWO FUNCNONS wrich

Are feLAmed DY some GMher FUNCTION, SomMMMes referred To

AS A erew's fuNcNod, R(t). This IS The resPonse of The

meLifieR To AN mpuiSe INPUT. A TRbe of INPUT AN OUTRVT

foncnoNs g uvsefl  To summnmized

ouT FUNCTION

N Fon enon
dct) | seuth R ()
Sct-a) R({t-a)

5 Sty Sct-t') dt! 5 fct') Ret-t') dt!

These feLAMOMsShIPS  tMPLY 1fF | \NPUT A SIeRAL WITh

CoONSTRWT ’}reQUe—:ocY,w, v Ein = e““”’; e | wILL 6¢T

ouT™ The SAME  Frequency buT Ampuhed ANd Perhaps Ph ASE

Shifred e Eout = Acw) CMT. The dovcnNon /H_u)) 1S COMPLEX
soch ThAm ITS HMAGNITUdE (S cAlLEd The fmpuficAmos while€
Te Gnmewhry PACT  YieLds A PhASE Shift. Aw) = JAwn) e ¢4

Alw) 15 ofTen chtied The Trister uncon of The AmpufieR,

I+ ere Are ALoT of &c-qocwcxes AT The 1MPYd] Then
Em = Q) e®Y aed ™Me ouTPuT will Depend onN The
aplivde of erch of The wAvious ComMPoNEnTS. WE mMUST IN TEGrATE

over ALL fequENCIES To eeT The TOTAL odT PIT SIGNAL
cwt (wt

w) e d.eo — dw

S Pew) 2 S Quo) Aw) € e

\

WE Cas STUAY ThiIS  behAVIOT 10 more JdeTAIL bY usiNG

ST ThAT
TN Ly = S fw) ROt At

. th’ , ¢
et such ThAT The TrAwsier 1s Se Rit-t')dt

Now L&  flt) =
t-t! we el wriTe

BY redehwive Te TMMe bAse T be ¥ =

™e INTErAL  AS
L‘wt [+¢] ‘dwt
e 50 e R(2) dT
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cwt (@t
Thus 1 f Ew = e ANd  Esur = AWW) €

we have upd ThAT o
-
Aw) = S e R(z) de

The oreew WPCNop RCZ)  cav be foonvd by T™e Nverse
cw T
TrAvSFORM RE) = e “EAw) %«;

IN  The cASE MANY freQuemaed ATe PResSeNT wB  hAve

™MAT ) B l.‘u)t‘ J.(AD
T = flE) - 3 pew) € -
hod quo) = § ) T dr .

To find EduT,
Cwt - st {wt
Eour = w) Ay e “Tdw o S N e ‘ dw
ot = 9 o LSHt) e dt'[hge 42

"

3 ') 4t R(E-t)

IN order v PROCEed we Need TO TAKE The JourierR TrawstorHt
of The PRoOdOCT pf Two funwcnoss. This s A usefoL ComcepT
$0 LET ME GEOEALITE by cALLING The Two FoNCNONS Jr‘a’)m)elaa')
boTa Wve F.T.'s o Flt) —= Flw) md get) —> Gew)

Then we WARANT .
5 £Lt') aff”t')df' — F(w) G(w)

Tmwe Prodoe $1Y) acf-t‘) 1S chlied A CONVOLUTION. TS
USENL 1M MY CABES T© €iSh Avound IN The w-3PACE whicth
Mve efsy FT.S SINCE The INTEGrAL reduces To mulTIPLICATION
of Two SunchOMS.

IN SUMMATY we hAve esThbLished ThAT The chAFARCTERISTICS
o m APLSiR cAN  De ebTmved by Kvowiwoe TS TeSPONSE
To AN IMPOLSE or T A Sive whve of dehmTe Frequency.
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iIT 1S \NTEFesTING To STUdY  The CASE whenw R(T) 20 for
Yo, T 1S AISTATEMENT TAT NO (ESPONSE WilL occur UNTIL
AN INPUT SIGNAL S APPLIcd. TWis ThEM AS A STATEMenT OoF ChusaLiTy
d mpnies ThAT  ALW) hAS  cerTmp ChArAUERISTICS. We Reuile

. -cw!’
Then (o Ritye ™ T de -0

SUBLSPTUTING  foR  R(2) ThIS  eguALITY becomes

(G} . dwat
fsno‘) Acw)ecwte wkdt C,lio
The INTEGrArL over T M be EVALIATEd by PUITINGe [N A

e q—
converewe dactor et (uore © <o) Mmd TMKING The Limg
AS € — 0., Thus w€é hAve TO eupaL v ATE

° CLw-w')t € ”
e de
| fo ©
The WreGrAL CAY be eEvAlviied AS
}~ }
m ——
E—>0 c(Ww-W') T€

PorTide Tis  BALK. \WTO ™ME& INTEGNrAL
Go ' '
lim S Aw') d @/ <o

€->o s

L' -w) Tt €
Ths cA be womi TN AS
3 A ) dw'iy =0

w-w! -Ce
Avd ™e INTEGrAL 1S 1IN The form ofF A cod VoluTioM beweas
fewy mid T =H 0L TS BT (M Tine SPACE s JusT

{(-t)RCt) =0
where L(-T) 15 The UuniT STEP fomenon which 1§ o for t¢0,

The condimon on Alw) 1S ThAT T hAVvE No SINGOLARITIES
pbeLowd The Real AXIs. Thos dor RIT) T© be CavsAL ALWD) 1S

MOT ACBVTYATY  buT rther (AT ThE  CriTonft of ™o PoLES
beww ™e TEAL AyS. \
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The wmonon of A comPiex ‘FrequeNCY. w = We + 2 Wr
IS very osedvol here ANd 10 Porsve 1T 1S worThwhile, W
REPrESENTS A whve Whose MPLITVdHe 18 LMo ING ExPONENTIALLY
WITh TiMme. I wr S o0 ‘The frapLi VA e 1S detAv ING WiTh TIME,

Now # oM pLEX &mcnou chin hAve # SINe UL ARITY cALLEd
fr poLe. This 15 A poiNT M7 whickh The ONCTION 1S ASY HPTOTICALLY
INRINITE. A poLe (N & physical & FunCTION REPTESEUTS A RESONANCE,
wWhich 5 & freguency AT which The AmpLide of oscill ATIoN

becomes  1PRiniTe tor A dvivine force of haiTe MpPLITude,

AvyY PhysichL SYSTem has # "nep\o'-y" wWhich LAATS A certma
WhLE ; 1T s impossible ThAT f PhysicaL  sysTem shoold hAve
PRE COG NIZANCE of EUENTS To OME. This 1S vosT A STHATEMenT of The
PRINCIPLE of cAUSALITY. The onlY whAy A Physical SYSTEM CAN h
AChiev e INAMTE AMPLITUdE 1S The YeSULT of ITS Hemory of AN
wWHhNITE dyivine dorce AT some efrLier e, SINCE A POLE REPESENTS
whate fmpuiTud & ot osuiLLon tor f FinTe driviNe 'Force; héence
T rMousT ARise from A force WwAT we" hAS f“XPON(—N‘nﬁ-LLY decreAsed
ot WHMITE MMpLiTUde AT 2 ~00, This 1MpLies The driviNe
force hAS @ compLEXx fregoenctt wiTh PosSIMve Wi, Thus The
PoLes of A REAL sYSTEM HUST LIE N The upper hALT PLANE
of The compLex Neguenty SPACE, COrresPONdING To decAYING
AMPLITOAE), SAID ANOTHer whAY The OSCILLATIONS oF ALL Yea(L
Physichl  sYSTEMS dechy NATUrALLY wWith TINE | The resoN ANCE
frequenciey  fILL hAve PosiMve wi ANd LIE N The UPPER
hauf PLANE.

REE.  OpmcAt Physics | S.G. LiPsoM  ANd  H. Lipsod | (Ambridee (. Press.



LeTs wpow deduce Some Propermes of A by LMUESTIGATING
The LIMIANRG behAuior oF The INTEormId. LET'S wWrTeE The

FacTor —Lw e By The- SUm  of AN IMAoomry And VvEAL PAYT!
w'-w-¢
_.L R _ w.__,_—_w + (: €
wi-w-ce (w'-w)t+c* cw'-w)l'fél
CrenlL) (1mRkGIN ACY)

The behavior of These funcTions oo Kk L rE

" OPrEAL 1M A 6ATY
e widTh

W= W (w'-w)

The reaL PATT 1M The LIMIT coes AS The PrinapPAL UALLE .. PV -—f—
SINCE There Are €QUAL  DISTANGES ©oN € tTher Side of The Sme,umn'ry,‘""
The MAGINATY  PAYT behAaves As A delm FuoNcTiON AS € — O

Whit€ The ACA Goes TO T, ™us we have BS The LiMITINe

Yes VLT :
4 > PV L 4+ oi S(w'-w)
wh-we-ce w'-w

Thus 1+ | UNDersSTANd The PrinapAL  VvALUVE

idefr | hAvE A  resotT ThAT LOOKS LIKE
= l dw! ; ' dus'
0 = Aw') Pv L 29+ (ol pw') Sw'-w) SW
-0 (,J‘*M) n AL

The (MAGINATY  PATT 1S EASY TO  INTEGTATE ; T 1S JosT ¢ AW,
Tae reAl PART NeedS TO be INTeorATed Around The 4
SINGULANMTY AS
- @
Sw 6+S Awo'y Pv ] dw'
-0 w*s

W'-w  2¥ _
TS 1S A LITILe DIFICOLT TD INTEGrATE SO dor The MomMenT

LeT Me WrITE The resouT AS

j°° Aoy Py L dw' o o AW)
" wW-w T
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Now A CW) 1S COMPLEX So we cAM wriTe 1T AS
The som ot A rear AN imAe INATY PART e

Acw) = Arcw) + ¢ At(w)

And from The Prewious T&olT we have The condimond Thg
FOR. The (eAL PPrﬂ'/

(v [}
5_00 Arwy PV dw o Arw)
w'-w T

Thus Givenw The real or IMAGINATY PAYT The OTher ocanN be
soLved for. ThAT 15, dor The reAL PArT
*‘5,: Ar cwoy Pv L -d@l < /4:;7_(00)
w'-w |

An  exmmPLe of These reLmMoNS WHICh hAave been
ChLled The DiSPerSION RELATIONS The (Mdé&x of refracTion
of LIGhT 18 Used. 1M This CASe The 1MAGINAYY Poncnion
corvesPpondy To The AdsorpTion Throveh A MNEdIA whiLe
The refL PAYT IS The refrfcmon Ivdex n. From These

reLATONS We LeAry ThAT N vArieS AS A foncnon of fre@uency.
This PheNomenp 1S Refefred To As  chvommc AberrATION IN oPTIcs,

I'tL Glive ONE- More EXAMPLE of The use ol Fourier
SEFiEs before | LEAVE The soblecT. |'tL wopk oJdT AN
ExAmpLe of  heaT flow. | Wikl SoLve The ONE MENSIONAL
HeAT WLOW  EQufmon

RAETxE) L hxt)
Y ot

SUKT To The INLTIAL coNdIMoON ThAT At 120 The ThedT
DISTAIbUNON 18 eived by £, e Tex,0) = fx). Now fourier
TrAvsformine T (X t) we hAaVe
Zux,t) = S e ‘R Tcx,t) dx
frod Tex, 0) = C?C&)
The difterennal  eguimon  becomes

-kt Pk t) = d2
dt
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This  EQUATION 1S MOw €EASILY SsowLved AS
At
e ACk)

where  ZCk o) = ACR) Qk) . Then TR, 1) - (70\(&) €
Since e-& t 1S UKe A Traster foncnon we AN NVET T TO
FiNd

"

Tk t)
~ Rt

1l

-Rxe
TKt) = 39, ok t) 4 b
27

= ~hye -kt
= (e poh) 44
. 4
SiNe d?(&) = Sec’hx £Cx") dx' we ey RewnTe ThE
thpoRvenTI L AS Ct[Ak + CC_x_-_;‘)]" ~U‘___x.)z.
e 2t e 9T
And FnALLY
_ - cx-x)t |
TX,t) = 5 1 € 7% fx) dx

Thas 1S A ConvoLufiiioN  NTESrAL IN X by A GAUSSIAN
DISTRIDUTION.
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TART Two

I will now ChANGE THE SubJecT AnNd STHRT TO
DISCUSS A  SERIES of NEw SUDIECTS. WhAT | hAD IN Fund
WAS T© o Throveh The FOLLOWING LIST, PASSING Mnroosh
SOME MORE CADILY TThAM OThERS DePeNdiIMe VPON TME NTEREST:

DIFFERENVTIAL - €QUATIONS

PARNAL DifferenTIiL EQUATIONS

CALcoLvs of uaR)ATIONS

INTEG AL  €Q UATIONS

HATYICES WITh APPLICATION To VIDRATION Theory
Eloen vALves of e LiveAr DiF.EQ'S M NTeorAL EQ'S.
PerTuf bamonN POBLEMS ) LiNeaR SYSTEMS.
PROB ABVW] i STATISTICS.

DIFFERENTIAL EQUATIONS

A dibferevmiae EQUAMON IS A REUMIONShIP beTweeN Two
VArIADLE SAY X ANd ¥ INVOLVING  derIVATIVES of one
WITA respecT 70 The oTher | wi AN & EQUAMON 1M Xy, ot diy - EC-{ '
IN GENErAL Tne Lower The order of The equATION, "3 dx ' dxt dA
The N of e deﬂuﬁﬁwe)’}hc~ cas1eR The €ouATION 1S TO SOLVE.
UsOALLY IN ATACKING A  Dff. €Q. The 13 ST s T Redoce
Te order by oNe. There (s oN6& CASE, The Lintir Daff. €@ wiTh
CoNSTANT  COEFHCIENTS, Where TS COMPLICATES The SHLWTION.

L will codSider ™MeE ProbLem Sowved whew Thé soLuTioN
RAS been Reduced To M iNTeEorAl FORM. [N MOST (ASES Thé
. EQ SMIWIT be exAcTLY Sowved. ITS oMLy 1IN ThE TEXTbooKs
Theer you find sowhble Probléms. |'LL ArsT follow TrAdITION
by DISCUSSING soLufble Probiens. Tou wiL see ThAT
souin e miffF eQ. ReguIres A LoT of fooLuine ARooNd TIYING
70 find The Eefsiesi form Sor solVive The eQuATION.
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FIRST ORDER DIFFERENTIAL €QUAMONS

FIRST oRder Diff €9's. ARe of The Horm + ()(,y,:-ll-{) =0.
OR MORE COMMONMLY ERPRESSEd AS dy = F(x,v). The mosT G&nerAL
fistT order DWW EQ.'s  ARe NOT soLvabLE The €QUATION (S sSoLV AbLE
i+ Te Mswer 1s Reduced Tv QuAdrATre. OTTEN TIMES The besT
ftPPoAch 1S To MAKE A TAbLE of Xy, md dy/dx ANd CompoTe
The SLOPE for ufrious INTEreSTING UALUes of  x ANdY . AMTer
You AiNd  how fAST ¥ chivees I X , Y ou oA RECONPUTE.

The D EQ  Do&S NOT  compLeTeLY define The foncnonfi
SolTION ANd 1IN GEVErAL  you NEEd sSoMme ARDITrATY CcONSTANT
of INTEGrATION. AS The ordér of egummoN  INCReASES, you will
Need A corvesPondiNe Number of Such  <ONSTAWTS,

Sowvine Differennfil eguAmoNs by SMdyING The ChATACTES
of The sloPe Ffor usmous vAtues of x s 0fTEw QuiTe
INform AMVE. ThIS IdeE ks been expmided find 1S chLLed
PASCALS DifrerAM. Here for enh vaLve of ¥y And x vou
PrAw K LITILE SWoPe of omT LeveM. ATTEr Draw e A LOT
of hese LiTIle SLopfes vou ol Joiw Them up Md  GeT A
HeeL Hor ™The soLuTow ML \TS behfvior M UATIOUS REQU REGIONS.
The LINES JOINING The ¥ARICOS REGIONS ARE CAITICAL SDLOUTIONS.

Now we'll INVESTIGHTE SOME he€Thods  of sowiNG  ExficTLy
These €QUATONS which AN be SoLved exACTLY,

chase L NoO Y, Zi_))(’ = F(x) ™IS 1S INTErATEd DINGCTLY
CASE 2> NO X dY = Fey) INVErT And (wTeormTe AS L
dx dx = |
dY  Fc
Thew x= dy "
Foy)
cASE 3 FO,¥) = - Mxv)  wiTh SPectAl  condiTon M = O
NCaY) oY I

Tis 1S MoT A VEFY sefoL CARE SIdce NOT  HMANY
€0 uATIONS  hAVE TS ProPeaTY. The DiH. €Q 1S
sowuble  Sinvce Iy = -H > mMdxtNdy =0
A f Qux,y)  smshies
= 2 ey
where M =9¢  avd N> of
Ix 3y
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The SoLUTMON TO CASE R S  JOsT ach,f):S Mdx + X(Y)
As AW ExapLe

dy = _ Y$+x _5  (F+ix)dx +CI-x)dy =0
ax | +%
INTeerATIN b d(yX _'_A’L +Y) 0 we GeT
YXAXE+Y = C  or  y= C-X
]t X
cAsE 4 dy = 4w - dr - dx
dx Fex) L 44x)

IN SoLUING  NOT oMLY HirsT order bdT ALso his her
EQUATNONS VT IS SomeNMes vehil T Ch NG & The SCALE Crf- The
EQUATON By (hinoive o AriAbLes. For ex/AMPLE ConNgIDEL

i,
3})( > l)':_L 2 al!
I¥ X 1S chfmween To ex  AND Y 1S chMeeDd by A LIKE
A0UNT ey TME SchLe (8 PReserved. Such mi €QuAmon IS
Homo Genevus OF \WNUATIANT T A SchALe R TRANSIOT MATON. IMN

such  cases The sobsTiTomon  Y/x =V CAM be wmabde. The
scaLe chmee s X = X¢ Ad v-—>V . Now 1 we Ve g:me

schAles AS X T Ane md U schres AS V. TThe Jorm of The
hffeceomhL equAmom 1S o

dv . £(v)
d§

Aud ONE VATIAbLE hAS been removediiv Tais case §

S AN exnmeLe = VX dy - dy - dy
A Y B I -
dVivoavis = dv = d
d$ VeVt 5
As  AnoTher exfrPLe
dy - x +_)_(_3 y ooes RS x* so | X = cx
ax Y d —»c‘o‘t
Thew = X'V ANd  § = Lagx
3
dXV | axy 4 x*dy = x 4+X
dx dx XV
2Y + dv = - |
43 L+
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The Livear 5T order o \ffereumAl equATION hnS
The GeNeTAL Fform

dy + Pwx)y = Qx)
Jx

e hAS The G ENEFAL SOLUMONM

-fx) Fex') -Fx)
y = ¢ y)‘ e Qx' ) dx’ + A e
A
' ¥
Where Py = §7 Pty dx”
FOR  @=0 The HOMOGENEDUS CASE The SPECIAL SOLUTION 18 JOST
. -F
4= Ae *)
Once ™is equfmon S sowved we AV ALSO Solve
n
dy + Py = Qx) Y
g dX
whtth LS vewrimeny  AS
dy Pex) 1 = Qex)
Yndx T gv\?‘

A SPeUAL CcARER IS cALLEd The TRICCATT] €9 URTION

9\1 acx Lab(.
dx-l' )a X)

ThiS  CANNOT IN GeNerAL be Solved buT 1T 1S ONUSU AL
whAT You CAM do uol’Th IT. We AN rewriTe (T AS

= b_L_x)

a dx A G)
Now LeT g = (¥ qcx)dx' so AT dg = aw) dx
TheN we hAv E

dy LI
Now Let y = $ d¥ = Y'  don'T Ask Why You do Twis
ax
l

Y

T™Then wWe  copan wnhiTE

oWt o)t cs;
%{( % ’LF" ,5 J —ra l".).

Joust a0 T

Which IS wnTew AS

ECS)TP

This 1S Now  LINeAT N Y AV SoLuAbLE buT The order
1S INUERDE 1©  soNd, Sce The HPRL €q oRTION 15 LiKe
e whve €QUAMon The soLuTion 1S hore TAMILIAR To US,
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PROPEYTIES of HIOHER ORJER E€PUATIONS

We Wive flverdy Discossed Livene differeunal equamnons
WITh comw ST coefficienTs avd Found The? oy ALWAYS
he soLved. The cAse of NONLINEAY DiHFEreoMAL €Quimons
IS AN OTher MATTER WHICh We witl DISCUSS 1IN Tne FoLlow vs
CASES.

Chse | . NO Y J x) =0
Reduce order by T w=y!
cae L. NOX . Use dx/dy same s before
Ty ®Q
CASEe 3. EQoAMON  hAS  ROMOGENITY | o PdP ?JP
dd da
case 4 . y' = —FCJ) MULTIPL by y' Thew | NTELrATE

d- & -
o tis) = Ty

CA’SET 5 a\\ —rfF(_x)(j +LPC)\J «so
divide ouTa

LineAr DIf 80 1N g byT thoher ordeR,
et
Pacx d ¥ r Pawr (x) d d + - -- Putx) 9y x)y = QU
X" g e S +% X)y Q)

f Q=0 T™e homo ceveous S0LUTION CAd be wsed o +pd
The- NoN homo eeveous PART.



SowvING DIFFERENTIAL EQUATIONS Nu MERICALLY
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SOLVING INTEGRAL €QUMIONS

A EXAupe OF A  LiveAr rHoMoeeNeoUs INTEGrAL
tEQUATION 1S ThE foLlowING

fix) = A Sm e-yH (x+yll d

° ) y
Here ™e ) NTEGrAL CAVNDT be DOME SINCE (T INVOLUES
§x+y) which 1S WhART We Afe Trvive TO FiNd. TYPicALLY
Then I NTEBrAL €QUATIONS  Are SoLLEd by The MeThad of

TECATON . This s A mAThemancit why of  sAyie it Aud
€rrofr. You have TO GUesS A ix)

Then Plie IN T©  Thé IMTEOrAL,
EOALVATE TheleCALCULATE Fx)

Mmd TYY Auhw.,

The 15 A SMALL  cLAass of  INTEeraL eqQunons which we

o eer rnd of fiehT AwWAY. This NV ES AN €QuimdN
off ™e docwm

for = A { Koy fndy 14«
Here  KOyP) 1s cAlled The Kemel . Ad exmapLe

for = § e S dy

This 1S REFeved B The dSPLACEMEST KHQ&L,KCX‘Y).

MOw The ASEST oty TO Proceed 1§ @ TAKE The CONVOLUTION
of TWiS INTEGrAL. TwAT IS

woutd be

J

; . _(y-x Chamy)  chy
SC‘Y'LX_(,:(X) dx :Q(-)()-")\Sw e(Y?‘)e Y)e 'KX)A)/

)
OR q)(&) - XW(/YL)CP(X")

Where WC&ZL) . ge-)u;edkudu . ,_L )
The e | +4
Pk) = e

| - Al e
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ANOTRER  EXAMPLE 1S
£ = g: Cl=%Y) &36‘7') AY

= §) Pondy - xSe Yo dy
= cC - XV

¢ = () ce-dy)’dy

D= o yce-dy3dy

AoeTwer ExAmPLE 1S

whete

8 )
fx) = §o  cosx-y d
<
L ++ty)
: cosK co5y + SINK Ssmy dy
l‘l"gty) V1)

A cosx + BRMX
Where A md B MUST be NuMEricAlly $0wed And The
SOWMON [TEFRATEd.

137



~—

C ALtcuLus of VARIATIONS

Noew | WAIT TO S0LVeE sdME PrObLEMS of A DiIffeTen™

TYPe . As exAMPLE SuPPose | hAVE A STING And |
WANT TO eNCLOSE The MAKIMUM ATEA. WhAT ShAaPe doed ™
st TAKE? ThE  Arefd 1S eivenw AS

A= §, $o dx %)
A s Then A nember wWhich dépadds o A

)
foNcnod. We htl A A FUNCRONAL siuce T X {
DePends on fox).
AS  ANOTher XAMPLE SOPPase | Thnw A bALL uP N
The M. Wh AT PAW will T follow? The ANSWer 1S The DMNE

ThAT MAKES The TOTAL en erey LEAST. BJT which oNE (S ™MeT ¢
We witlk Dehwe A New Term A The ATRN | which 1S The

TME INTEeL of KE-PE. Thus
- modh )Y
A = S ) L(“) W\ah(.{-)] dt
The Problem S ™ AN The wrie which MAaKes This  Acnod
MINIMOM. To Do This we MUST Maximize The (uTeeravd. This

mems THAT 1 KX) describes e AcTudt PAW of The BAWL ThEN
£CX+e) Is 2% order M€ 1€ you (fin GO ot The Peax of The

hite 'n AY divecnon Add e Chflee YOUTr SLOPE,

SuPPOSE Thed Rer) 15 The fonmon which mMAXiMiIzes

The INTEOMAYd . NAT Ty hat) = Bet) +q(t) which 15 stiehTly
difterest om ™e corvecT PATh. Thed ovr coNdImoN  becomes

ALK = ALRE)] + No (¥ order N n
SUBSTITUNING TheN R hit) we have

AChwl = §U8[H 10 -machrn)] dt
EXPANDING - 5 [n_zr\-—e‘z_ MJ';\ + m‘.h';t- Mg"( T%] Jt

o

we Now W T

f[mh -mhc)] dt + n 1 order oy
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Thus we€ reQuite

5: ] m‘i\y'L— W\J)l] it =

wWhich cAN be INTEGrATED by TPARTS
= mh }/mt)]: ~ S: M;F;(,t)rltt) - SmancﬂcH-
o) - S: (m :F.\(,t)-rma)n(t) dt

-
-

TheN we  have oo
hit) = - %

TRIS 1S The EXPERTED YesolT of A PArTicle 4 FALLUNG IN
A eeavimimon AL feld.
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More oM  Th€ VUAT)AMOM PRINCIPLE

| meadioned  LAST TiME how The uANMfMONAL PrinciPLeE
WAS USEFOL |V SoLViIMGe Problems. 1'd LIKE TO ILLUSTPATE ThiS
b)' wWIrkKiNG oVT MAMOTheR EXAMPLE This TIME 1M ELECTTOSTATICS.
Consider TWoO SYLINDRICAL CONDUCTOr which Are coNCENTYIC, The INNEr
of vAadios a (s AT A POTEOTIAL V  whilte The obier of radjus b
IS AT O PoTEOTIAL. The PUTENT)HL (.p berween The
condocTolS CRAY be QUITE conpLATed DEPEDING
on The sorface chfivee However The exAcT ¢ 6
IS The oNE Which MINIMITES The ENETOY ) P
wWhich MAKeES The goverey INTEGraL mimIMyH

E = e_;__. S(VCP)z dVoL = PMiNitMum

This Enefey 15 The enéfeY of The SYSTEM whith 1S €qufAl
To 1 CV: Whére < 15 The caAPALTMNCE. Thus SINE V1S fixed
we can hind  C

The corved ANS wer  For w we KNow . 1T 1S A 'n
variaAnonN  such ThAT The exACT VALYe for @ 1S
¢ = 2xee
An ®/a

We MIGhT S€€ how Close we cAv €T This fnswer by
TAKING A TRAL @ which S NOT The correcT one. LETS
'S\fST Tv-\/ A L‘NW"Y decrehSle 'F’ELJ,

9= V (|- o)
C1-%b)
Sub STITUTING ANd  |NTEGMMATIN G wWE GeT
Cun = bra
2Ti€o 2(b-&)

AMOTREY  Guess MIGhT  be A QuAdrATIC -Fonc:nouz_

- o (n-&) R -0
=V [ 1+ T Clto) ( b—a>]

Qur ProbLem 1S TO  SELECT The besT curvATure or o fRom
The fmiy of PAvaboLAs,
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WEe'LtL Proceed by COMPUTING ThE

INTEGYr AL
Ve = V[« - u.—x)(ﬁ;«»)]
2 (b-a)
Ve = VL& -2 0-a)(r-a) 75
R (o-a)
- ° T
E - %_ g vV [0(-2.U~o<)(_f_l._-a) zum,d/z,
x (h~a)
INTEGrAMINGe ANd  SoLviNe Sor C
¢ : < b« 42 4 +—'—dz-r—'-]
27 €0 B-a [ o ( 6 3 ) e S
Now | Need TO TicK The K whicth MppH2esS MINIMITES
This FUNCTION. Thus To fiud Cuamp | iffereamaTe C wrRT =
A SET e€Quiil T®O O. Whew | do’ThT | Fnd
oo = ~-2b
bta
And {wm.t.y | nive
Caar = b t4abrat
AR 3cet-at)
Now LE&T Mg (oM PACE ThESE TWO reSOolTS Wit The AcCTOAL
vhlve for uee  for  difteresT  vAT0s of Pl
__b_ . ¢_TFU€- C LiNgA C,Q_gnd
a 7 €o 27 €o N &o
2 1.4483 1.5 1.446
4 kY] . 833 0.133
jo® .434 Lbl2 L4175
100 L2617 .Sl 346
) 2. Yool 1.S0 2. 4067
il 10. 492070 10 .500000 10.4920¢s5
Thus  for smflL

Differences 1N b ANd & The TWO
TAOAS worK WeELL WiITh The QUADYATIC TMAL ban e ExCepMONAL,
IT 1S onNuy

wWhty The rdTiI0 ©€TS 0P To
The Qumarmec

wo TO |
MddEL  BreAxsS down

ILY:ZN
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The VANADONAL PONGPLE uds  mANY  APPLICATION | M
IN PRYSICS . |7 1S very POowetL wWhew The Problem INVOLVES

Mo LOSSES. MMy Problems hAveE MIWNIMOM PridcPLES AS Thear
BASIS.

You MiehT be oTeEresTed To KNow Th AT T™e maxwell
£Q U AMONS for free s an be  derived drom A MinmYM
PrivciPle- ©Wey A Velur PoTennfL ACK,t) Add A SCAL -
ATENTIAL Qo ). The AMON 1S minimum for The System which
obeys MAXWELL'S EQUATONS . Thos weé MAY wrITE

- L N éLA)( L 2 2 R 2 3
S 5 {(wx? cv A, + (Vay ‘Z'L‘MT’» r (VA) %L%ﬁi ‘V‘Yé-fg{-) dvdt

—

4+ § [((A]) - 9eldvdt

OTher MiMIMUM  PrivciPle's wvotve LiehT which Thxes
The MiWiMUM TIME BeTween TWO  POINTS - FermaAT'S PRINCIPLE,
Shroed INGEr'S eQuAMON  ALSO Obeys A MINIMUM EnErey

PriNaPLE: R 2
! £ = S [Zii(vw + Vi) Y [ dVeL

Min

E s Minimum for ALL NOorMftized whve ‘}UM(—T(OMS/].[‘ Pp'o
which samsty  § p¥y*duo =

JHT



MATRICES

kA mavix s A Arcay of Numbers  Layed ooT M A
RECTINGLE Shape wwith SANsty ceTMR combinATION LAws ond

reLAmovsmps. R SPevial cLass of MATRICES 1s The sSQoAre
MATYIX Wwhich we'tl d6AL wWith.

The mMaTrIx 1S LAYed ouUT IN A YOw cOLUMN NETWOrK
where- L denoT&S The vow pumber H-a)d& denotes The oluvm
NUMber . The €Ath €lemesT 1S do0Ted by A Qi . Thee
INdex  » And J koTh voy T N s0 The MAMIX IS
DimensioNfil NXN. The AYMYy s DWOTED AS Q

Now Two AYrAys (AN be fAdded | ¢
a +h = o
H @ij 1 big = Cij
The ProdvcT of TwWo MMAYICeS (S Given AS
a v =-c

—

Whevre Q;d- = E Eep .B&d‘

A AN Exhmpee 0F W TaiS  MULTIPLLCATION WORKS LET'S
MOLTPLY T D\e— +ou.ownuo TWo MMYICES ToGeTher

] ‘ ' . 7 + 2.5 14 + 2°§ } - )'7 IG)
43 47 t3:5 449 + 36 34

t/oo ALWAYS 6O Atress & find DowM b whew MULTIPLYING.

For PrACNsSe TRKE The followiNe “Dor MATYICES N Show The
Follo WING

B} ° | _ 0 -« /1o - [vo

f"( to) 0—‘6'(& o) o3 ~ °") 1’(01)
Then L .
; o‘x O_J = 00:3 = "o-d Sx
I MK MOLTIPLICATION The  PrododT & b 1S diHferenT

from TRE PROBUCT b a ., Ths you htye T be chrefol whAT
Your DOING.
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AM  EXAMPLE of MATMIX FIOLTIPLICATION (S  LINEAT coord IuARE
TrastormAMOoN. Soppose we hhe The seT ot coordinmes

Xo, Xu, Ky, --- Xmn which or g X N RECTANGULAT MATTIW
More COMMONLY A

IXM MEYIX S CALLed AVECTDR. Now
A New Se€T of coordinATES AN be WHITTEN AS A LINeer soM oF
The oLd (oord INATES,

Xu‘ S Anw Xy + Qi X'L + -

Xy = Qu X+ TQwr X + -~ -~

Xa = Qmixe + o o Ol X
TS 1S A SQUfiTe  MATYIX

wheére

'

.o . -
XJ = ZCLJ" X =7 -&h - _@_’_ X
Thos we A TMINK  of MOLTIPLY INe A Vewor oy A MATTIX VO
TRAOCE A NEW VETDR., |f we mAde ANOTREY TrAwstormATION
AoA\N  SA {
/ X' = Tobye X
The finAL  TrAnsformamon  juvoLves Two TrAwsdormnTion

Ll . . ., . .

X" 2(Z bin ) ko = Z Gk

COMDINE  Trinsform AMON CAV be exPressed
C =baga

Twe As

—

The order BeiNG FirsT A TRANformATON by & TheEN oNe by b,
Anoer wihy of wrnTNe This IS

"chs) = DCR) —DCRo)

Proceedine OM

N Dehoimons  Aind TErMi1NOLOGY.
The YT MATOIX 1S

detfined TO be

l ooo

Sig = () .1 =T
o010
00 01

The UMT MATY IR hAS The ProperTy ™aT

la = a =aT

Tos L 1> smp 0 commuTe. |T fowows ThAT

z Sc&&&d‘ = A
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HovnPuAiTION  of A MATY X b)/ A NUMbeRr 1NvoLVES

MOLTI PLY IMG ¢hch elemenT by AT NUMbER )¢

BE = pdy
The 7ero MHAYIX 1S ThE Nul mMATV Ix ¢

0 = ( $33)

—

The veuProcAL of & mAMIX S cALLed ThE INVErse mmTi

{ {
X = Z deg xy — xa—‘Zd;J- X;
J -
A  AMd 1S DewoIED AS & ‘,

ég‘, IS The reciProcAL or (NVESE ot
\T 1S Trve 'ﬁr\a,T 5 9: ~ 1 - Q:‘Q,

MATFIK MOTIPLICATION 1S AssocifiMve , L&

& (bec) = (ab)e

MATYiX ADDMON IS DISTNHbOMVE

o (bre) = ab +oag
MATYIX  MULTIPULAAMON 1S comMuTATIVE | £
ab = ba

The CMMUTHOR  of
&b__ ‘,b_Q. = Eg'.b.]

o fNd b 15 dehiwed o be

The Trmwspose of @ s

t t
& = (a )‘J =0
INTEFCh ANGEDY  The ™IWs And COLU MM S whit €

The WA VvSPose
MNMN d\RGOM AL UNMCWBANGED.

LEARVING The
The Hermi TN AdJOINT | Q—* 1S dehed &
* * .
((L)id = QJ; = COMPLEX COMJOUGATE of @
A REAL MMRIX WAS ReL ELEMENTS;
a=a*
A SYymMeTrIX MATYIX IS pNe which €QUALS TS T ANSPOS €
a = at
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A HERMITIAN  MATTIX 18 ONE whith ¢QuALS The
COMPLEX NIV GATE of TS  TrANSPOSE

O.:Q-.r*

A UMTARY MATIX S Msties
a¥ s g

—

TWO  FACTS wWOorfTh TEMEMbENNMG

- v -
@b)” = b a”
And 4
(ab)" = oa"
The determinfieE of A MATYIXK 1S The Prodod suM
oF The eLemendTS deT A

™e TrAce of A Mfirix s The som of The
QLRCONAL ELEWEMTS
Tr & =2 Qeo
™e Tracte his The fowowiNe ProPermMes
™ (ab) =Tr (ba)
Tr cath) = Trchta)
Tr Cabe)=Tr(eab) # Tr(ach)
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APPLICATION ot MATRIX THEORY ToO
SOLVING The POLY ATOMIC MOLecvLE

We hhe beew DI5ScUsSING The Theory of MATTICES

Now LETS APPLY WhAT WE hAve LArNEd TO Sowwine A

specifiC ProbLem. sSuppose | NAD A molecore of sime

share AMd  TO hrsT APPLOXIMATION we
MoOLECULE To  ComMsisT of A
SPANGS . '

S ? x
K¢
Ky

M‘ \o_wo
4 K

Each MASS 1S5 decribed by 3 coordiwATES

CAN ImAeiNe This
Nombé& ofF TDiscret€ MASSES Mdd

X.,y;'%" Xz, Ye, Bz, =--"
SYSTEM IS &IVEN by
- t - ) . . s 22
KE = Jawmii 4y, + 2 ) + 4w (X2 1Y +22) +
The PoemmAL ERNErey 15 GIVES by

Such ThAT The KiNence ENEfey of The

Ve VX ), &, Xa,Ye, 22, --+)
Now | WHANT To Describe The SYSTEM by A Mew SeT of
coordivATEs wWhith  Shatlt Dehine T be:
3. > Jwme X 3z=ﬁ»Xz %s:mig 4 -
Wit ThESE MNewd UATIfAbLES Y We MRAY wri T
KE =z 1g: PE= Vg, G, ---)

it e SYSTEM 1S eQuiltibrivm  The EnEey IS A
MINIMUM, 1§ ThIS STATE 18 Defiwed by The seT ot uﬁﬂﬁb:.es'g"
Me CONd MOV which MUST be sATMshed 15 ‘W/acb ’i = o.

Thvs we e ExPANE AbouT This EQUiILI briuMm STATE FOF SMALL

PerTur bAMoNS 1.2, LeT %:(Z+e, ExPAndiNG  V AS A
POWEr SEFIES  GIVES

Ve Vg, G )t T (ge-q) Y

— +1 509 3V

}pg,' 2
+ hiowery order Terms
Now ALl ArST ofder Terms = 0. And ALL we reThIN 1S The
zeroT™m OFdeEr  And secoNd order TefM. | we redefine oor varifbles

§rom The equilibriom g g g;l'— 3"‘3”—" Thew oNLY The QUAVATIC
Terma temAINIS.
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leri siaplify Vo by TDehiniNe The New QuANITY, Co,
S9ch ThAT C = iy
N 94994

The enefey of The syS’R—M.ch MOW bhe WHNTTEN AS

B 1T ¢ o+ $TT (GG
The sYSTem hAiS beew reduced To A seT of PAMcLes Awd
INTHCONNECTING SPCINGS, C;J rEPIESENTS The IMTEY ACTING Jorces
benwetn PAYTcLES. WITh The TOTRL ENEBY WE (AN SDLVE FOr
The equATON of MoToN by Hw findiNe The moTION whith
MINIMIZES The ACNON. To Acomplish Tis wWEe WRITE The
LAGrmuAN L Joc The SYSTEM,

« 2
L= KE -Pe = 1Tq - 1E24% %%
Niw WéE WANT TO MiINIPnLZE ThidS U NCTION , g

. L
5 (L2 G0 - L2 0 g)dt = mw
tJ

To Proceed LeT gl = g +7; whee §i 15 The corredT
monor of The (™ PAMICLE ANd Yi 18 TS PErTUrHATION From
This MOMOM. DiffegenTIAMNG And S DSTITUTING wWE 6ET 7O

ArsT order n
- S (z‘_ g(. nt”"%c,“.%n‘)df R Y

For This INTECAL TO DE A MINIMUM ThE fOLLOWIM 6 condiTonN

€ - g (t) = Zc;;g,-&)

This  condIMoN 1S g seT of egumons of mmon  which
SAYS T™eE AccelermON ot The (B parnelé s poe To g The
som 0F ML The oMher Forces BCTING oM 1T \F ¢ row From
I o N Thee fire N diHtereoT 1AL CQuUATIONS

WE 0w WANT To dISCOSS The 3Sdlonoy To hesSe
EQUATIONS  ID MATYIXx  NOTHTION. The g'S fre RepregewTed
by A colym®  MATOY | SOHMETIMES ChLLeéd  f VECTOR,

%
7- (%

3»
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The symboL Cy STMds Jor A Normat MATTIx C
In owr uew,uowmw We  mAy siMPLY The £ umoms “of
MOTYOM TO 2 L o3

3- = 3

ThuS The SOLUTION his The Pro?erTY ThAT TS Secopdd DeEiuAmue
IS ProporMONfrL To 1TSelLf. WeE AV 60esS A SOLUTION SINCE
We RAUVE Scen THAS €EQUATION €99 beforé. WeE KNOW by STTTIVG
The MoMo 1IN A CerTmN whAY ALL The DISTUrb ANCES Ll
ESOONE AT ChACACTENST\CY fequencies. The (hirAcTensMC MOTIOM
of The SYSTE™M (s Described by TS NOrmAL Modes. These
NOrMAL mMODES Y , witl be The So0tuMOoNM TO The Aboue EQUATION, 1¢
The sAnsty The equm.%/ = e““’T

Now we (will Pursve The AOALYSIS 18 MATrIx  POTAMOM
buT LET ME cAUNON ThaT The onty viemE ot Thas APProAch
(5 one of €XPeRiency. )T SAVS You PMPer BuT IT Doesn'T Do
MYThiNG  €LS€. You DON'T UNJESTRRNd The ProbleM  fwy EASI167 )
IN MET 1§ YOoU Avre nNOT (Avrehe The noTATION wiLl cONTuse You.
Thos  USING 0UFr MATY X NOTAMOIN We My WnTE The
€Quimons of momoN  As

~wlui = C U = AL
The PAAMMETEr A 1S redered 7 As ™e EloeN v AL LE R
clogy FreqQuencies o The Moo M. Mow we need The o 'S
whith TewS oS8 Twhe size of disTwrbauce oF The (B pode. Thus
wE Need T SoLve Ths MATX / yecTor  egq ufTOM
CU: = AW

™S AV be wriTTen AS

Z CcJ )\Uc
The problémM |5 To SoLve ﬁ SeT of LINEAR EqQuATIOoNS Tor
N ONKNownS (The WUn's). IT Turns o7 ThAT Therte ATe NOT

N INdepend T URTIADLES SINGE Thée {fpLlowiNe €QuOM
MusT  KOLd

Zj C C(.J - ASLJ ) dJ =0
OR ©DehmPe ™Te New MmIYiIx A = ¢ - AN I ww (T FoLlows
™MAT A= ©® since A Q; -0



The oNW sowvnod T9 A U =0 ower ThAN The TriviAL (Ase

of U 20 s 1¥ A s $1v60tAR wWhith 1mPLIES ThAT

TS DeTermivel 1S O, Thos We N oNLY 6T A uibrfAmoy
i f DET €& - A\ 1 =0

To ESTARLISKh wwicth X's sAmsty TS  €QUALTY reRoires
workive 00T The DeTerminaT . C 1S GIvew by The dy N Amic AL
EQUATIONS ANd  Theredore KNowM. Thus we mosT woRK ouT

T}\e AF\HM\NMT 0& C\\ ~ ). c_‘; C.} - - ClN
€2y Ciz-A, Ciy ---Cau
Cm . - - - .- - CV\V\_XV\

A pmosT Tere Are N DifferenT  URLves dor A RHowover
There iy be LESS f several Are €QuhL of dE6tNeraTE,
To ARd The A'S we mMusT spLo€ A PoLYndmi @l pt
Peeree N. WE wWMT The 0TS of The PoLy NIMIRL SO We

°¢T T eQuhth ToO Zero.

We shatl frsT wnsider The cAse where ALL The rooTs
e ’DI‘H'H&MT' e Shfitl DendTE ThE rogTS A A Where
L ooes om | To0 N. Theredore The SdLoToMs  U's il 6o
Wit & PrcotAr A S, dor each NY Thee s 4 M
Ths SAYS for each fregueney There 1S A ChATACTENSTIC MOTION

or PATTECN of Vibramod. The coufimons whith fre Thew sATished
¢ — (1) (g 7, (U
fe —C‘ u... = )\ U-t
[ @3
o Zoco o = N

Now weltL Look M some of ProPermes of This soLunow,
FirsT The SoLoTIOMS ARe ORThoGonAL. This mMems MAThEMATICHLLY

]
¢
Tais s Tree oy o 2o, 16 A EXY To Prove This
we Show ThAT ) ) )
Z.C,;J' u.,.(/J - /\<0 U-«(o

(2)

e ) ) (n]
sz 0. )CJJ‘ a},m . /\(A- z Q.
,(9) of (A, o
gowMega s ATz
Now €= ¢ And A-NZ20™u 20 Sivce AT 2A°

J
IT ™MosT  Hollow AT 2 W US> 0. Ths mesvs L onel T°
five pPaewdicoctr T @chomer.
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The ProPerTy of ORTROGAWALITY 15 VERY usehol AS YoU
- Wil UATEr See.

Now ANOTheR ProPedTy of The SoLunopN we witl FB;JJ
usefol s The NumMmencdL uftve of 2 a;‘”’u;"’_ IT Turws
oUT WE cMN ONLY GeT The A proPorTIonAL Size of The
U's . we Don'T have evovelk INformATON TO GET The
fibsoLuTe size of The U's. To &5MbLSK A soloTmdMN we

CheoS€ The NOrMALITING CONSTFAINT ThAT
(al (i

Z U a.c: =

As A summprY of The ofmocoNauITY AnNd NOrHALLTY CONdITIONS
oN The U'S we MAY WwriTE N The ShorT Hid MoThmow

Ca"m)) Q.“’ ) = é/LE

where Sas=0 1fF nzs md =1 f =S, Twis nommoN
IS CAUEd The INNET oFf SCALAT ProdocT o Two uelTors.

The S0LVTION we hAvE  ObThped IS mMOre GEOErAL ThAM
IT APPEATS. ThE 6ENEALITY INVOWES The SoLuNOM of The PAMICLE
MOTIOM  WhErE The DISTUrbAVCE Does NUT QUITE ResONVANTE Wik A
MorMAL. ®IF WE pPescribe The (NiMAL CONdITION pf SYSTém And
At 40 M 4., Then we cn hud The subSegoesT MINONY
C&;Lt). The Reasod wWE (AN DO ThiS S bethvse we AN Add TOGEThee
e soLumods  with  ACh Ty CoefhcienTs | Fé.

(%)

3;({) - au) da)eéw + . acuua-)ecw t
oK —_— “wl'l),t_
gty = € A" Me

Here The ai” Ave The pormAL MODEs &F The SYsTemS whick hnve
been workKed ovT. The aA™ Me Tax Mumbers which dePeud s

oM How ™TMe SYSTEm S STAVTED. T 15 IT TelS uS how puch
of tach MovmAL  mode 1S PresenT. The G caungT be computed

fherd of Mme. The iTeresINe Time 1S Givew 40(0) The
a™'s cAN be foonud. The IMIAL CONJITMOMS AN be

expressed AS ‘ZL‘CO) -z am) a‘_m)
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IT ArsT LooKS LIKE ThiNGs Are Goine TroM bAd To worse. 1Bu7

F wWeE recAtl A SIMILAY ProbLem Whed DeALING wWiTh &Dofttf
SRIES W MAY €T Sometwhére. ™TeRe wewAnTed To KPOOow

how mMoch EACh MOdE ADDed TO GiIver A OMPOSITE Sien fiL,
We were ADDENMG SINES or OSINES oT  DifterenT Hreqoenaies,
IN orDer T®© DETermine how mMuch of ONe MODe 1S PREOT
we mMAY MUL‘nPLy Bl b)/ ANC ey MoDE, | €,

(nR)

(('L) AN
zZ a:' g.‘co> 2 f de &
-
Now The riehT SIDe =0
sorvives ANd WE hAvVE

Thus we have A GewerALI TATION of A Touvier CUPANSIOM.

S
odless =S So omNy g

LiNgAR  Vibeanond of (O,

LETS S&& how TS The LINGYT vibrAmon

oF A (0L MOLECULE. The MOLecOLE 1S mOdeled AS 3 PACTICLES
CONNECTED by TwWOo SPrinved

ALl workKs ow

«— Xy = — XL —> = Xy—
The Kinenc ENELY IS GIvEen A5
- ' .l _’_ J * l ' 01
KE= 1 l6x 2 1T X 4+ Zlbxs
New | Ad 3 DO RNOT |NTEFACT so The POSTEUTIAL 6N ERGY
RECOMES

L
PE = 1 Kixi-x)° + LK X3)
Renchivme  UATIRAbLES

< - | - J
"7 % X2 = 3 B X3= 3 §s
We WAVE

Ke
PE

v

7]
P\K rl’—
™
PN
Tr" .
\'
3
OQ
L—J
"n
o0
(J
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The ¢ mmm¥ 1S DdDeTermived AS dolilows

L 8l,_ o <
-~ ! s 3 -zb 0
Ciy = K( -1 -4 -
Y 8, © 83 | K.y g -3
; 2 -
—8—-(‘3 \o © 2f3 3

For COPUENIENCE PICK The SPrimwe cOomsTAVT K98, Now TO
find The A's we MosT sowwe PeT (C-2I)=zp. hE,

3-N -y ©
-DeT_ ( -3_{‘6 8’A .ZG = O
° il 3-x
Tis 1S expiNded OUT TO be

(3-A)(8-A) - 12(3-A) —Ju(3-N =0
(3-N°(8-A) -29(3-2) =0
The voots of Ty cobic  ARe

A >3 ALz 0O As = I
Thos The Hequencies ot oibramon ATe
W, = B Wy =0 Wy = m

We now Need T find  The MormAL modes | The U3 wahick
corresPoND TO These PATNICOL AT SYeqQuenwti€d. To Do ThAT we Need
To Hor c @«

-l 3 - 1{3 (@] U|'
Q u = -'Ll's 8 _1{3 ql.‘ - A a
° -y 3 Us

This GIVES O3S Thfee EQuATION
33U, -2l Vs + 003 = AU
- 1hy, O0'Vr =-203V; = AUw
o -2f3ve + 30y =AUz

For A=)\ =3 we nave

3V, -tl3 O, 230,

-1, 130 -21303 = U
-1 0 +3V3 = 303

Thos we hm'(e) ( »
) ]
Up= O u.’ = - Uy
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This 1s AL we Krpow AbouT The pPropPorMONS of ELEMEUTS
ot u“, wWe hAve onLY E5TADBLISHh TREIT TELATIVE S1Z€ - NOT Their

-
Absolote MAENITUDE . However |1+ we NOrmALIZE u.) e GET

- u) Y
o = ( o]
-

which TS MODe chArAcTEI2€S
—-> <—

O—wr—0O—an—=0

—

The mMonown 1S The SoLldwWiING

& o
The TwWwd 0D ATOMS MOVe puT ANd
CENTEr (ArbonN ATPmMY YVemMmus STHRTIONARY.

LET'S NOIW
This Mme 30,-20( 0L 0O
- 2302 30y =0

IT foLlows ThAT 2 2 5
U = 03 = /‘-3 OL

0 TOGEThEr SOCh Thifi The

()

sdLve dor The Second NOrmhL MODE 1.e A =D

Aoy MOTMALIZI NG
—@) Yy
u : (‘L( I )
AL

at (B ran) = | or
2

- @) Lt
O < B/ ) 2 /R (’3)
I g
For TWiS (ASE There 15 DO FESTOFI NG force SO This
frequeny MODEe Wherin AL The AToms MOVE TOGENEr

a- [

1S The Tero
N A TTANS LATIDM.

3)
For The 3™ soiomown A= we Hind AT
- ZB UL = 804
-LFS Uz :803 u‘ - US
Whith cived tov U“) AMTer NOormALITIVG
- rj/”- ) ] s
u = (R Y (-
-B/f{v ¢ r;l

WE (AN ESTADLISKh ThEsEe mopes e ONMhoGONAL BY COMPONNG

s
L ) (u“’,u"): i%,(,ﬁ/n) + 0 -f;‘_ﬁl =0

(P u) = & [ 2R -4 23] =0

\

(
(u"/u“)) = & L% ro —Z/rz,_] )
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WE SHALL MNOW Try TO SOLVE TviS Probiem wiTh SOIME
IMITMAL coNpiMONs . Hefe The UnLITy of The offhoeonALiny (eLATIONShp
Wil PIOVE TO be JYery useful. Suppose The SOLUTION TO The
ProbLem 1S Gilven AS— o — cay R

®) = Z G U
3 (%)

fNd AT t:0 WE kpow CZCO). TheE ProbiLem 15 TO i d a‘n),
wWellL IT JoLtows ™AT

%W) -5 a(fn—ml
So ™ eerT A AL we Need Do IS mMoLTIPLY by U‘”J 1<
— 4 A
g = oz a0
UnLess  s=n The RHS =0 SO OMNLY N =S SORWVVES
— 3
) ) %CO)) - B )
Avomer ousefuL  DYNAMICAL  Comnce®T 1s ThAT of pNormAc

Coord WATES . HEFrE A  TY AWSFOrmMION 1S MADE 4vom Thé oOLD

—

coord \nNATES %; to A NEwW SE€ET _C.)m" . The NEw Q ‘A ATE f
~ (a)
Livear COMbiNnmoN ot The T "o e

—(g; = Q(M Jc *
Thus g compPLicAred mMoTowm ch-»u be ExPressed AS A LINEAT
combipmor  of The NofMfiL MoDes where @7 Tells how wmuck
oF e ™ mope 1S PredenT. Thus AShN WE hAve AN
Adftocy wiTh f?ourucr senes IN TUrN To Find The QM) e
TErms of The u‘ we  hAvE

) - 2 U.W ’
q z U g,

The UNLITY N workive wiTh Q™ 1S N simpufrine The
ENEeY TQUMMoN. Yol €XAMPLE ThE KINeNC ENetoy AN be W TTen AS
KE = '/1.§ (Z"‘ g’a - "i?{% Q’m M)Q”Ma.
Q¥ 1s b DywmmichL PACAMeTEr Avd (AN be PotLed Thioveh U
S The §S0m 2VUE f fWd S cfiv be mMAdE Thus Simpufyive
The expression

(1) ‘('t)

KB = 12Q
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The PoTENTIAL  ENEfEY AN be simpufied buT required
More  work,

PE-= —,’;i CZ;C;.‘U'%;

SURSTTOTING ) a) S (n)
-33z2 QUWY ¢y QY
~ 8 l-J'
I (
Mow vi C{,‘ ch)) N )\s)di <o
J
o (s)
PE - 2272 NQ"Q U Ui
(a_) (/L) (’L)

- )
2. A°Q Q
Which S npow A ‘Hﬂrl.] SIMPLE €X Pression j0o0LVING DMLY The

som of SQUATES, Thys BOTh The KE ANd PE  becom€e uUNCOUPLER

EQUATONS  Theredor ¢ s () (v
) (
Q  =-AQ

7o Show y ov hWow  This NOTMAL Coord ivATE STUfE WOTKS  1'LL
Use The Previoos €xmMmrLe. There
) i 1

Q R %' t 0%1 - ﬁ,%‘— = {-‘;_C%u'%s)
(2) 2

3 £

(& @)t g)
¢y

Q7 = A [ Begrg) -5

ThEN - \ 2 L a
PE= 5 3d + 1o’ ++0Q

MAThemMATICALLY Whifi, wWE hfive DONE |S TO DIAONALITE The
C wmAMIx by A LiNeAr TransformanoM.

r)

1

1Y)

| MNow WANT  TJp Pursve 3doHE N&o IDEAS  INVOLVING

nTIces Ad VecTors L LET ¢ = (. pud G = AL The
operfmod @ L = V. A New V&TJor,

The SCALAT PropocT of wo  veeTors s
X,Y )= T XY
ALso \T AV be  Show

[



W1 ThovT my Proof T 1S

| MW WANT T TALK AbooT AN €QUIVALENCE TraNSIor nATION.
This 1S A LiNeAr coordINATE TYrAnStormATION ot The form
%. = Sn%;‘ ‘I’Sn.%»‘ "i’SIS%;
%’L B Su‘:‘s‘ 'i'SLL%z: T3 CA;

o

!

|

——

= 3
Ve Th AT

.:;)C,Q

37 23
Now makiING TS TrAnsform ATION 1IN The KiINeETIC ENET6Y €QUATION.
_ | i = - | 2t -—t
ke= +(7,3) =2(s¢,8%")
USinNe  our wew HACT s <IN be wriTTew
2 )
Ke = 1 (%, £57%)
Now 1+ we reQuife MSs exprasion ™ be o Te equuuﬁtﬁdlf
oM A befored 16 Y, Cg',f‘) Thenw wé reQoire The Trivsdorm
MusT S ATISTY S*S = |
or st= ' Which mer 1s The cowdimon dor S TO be
URVTATY.

For The PE ExPRESSION We HAVE

(92]
e ~
i\
o Qi
—
i
ol—
~
oQ

wWhere g' - §-, cs
becones  Twe  Propey  prawstormamon of The PE. MATIX

The eqQufmos of MoToN Are S samshed by
This TrAwsdorm ATION

- A= el _CS /
> - S = "=
R N

hod %=S

The Goeoohloes of C' ArE The same /S C beavs€
our Trwsfor mMMon hAs NOT Chinee The Physics of The Prablen.
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PROBLEMS

I Show  €lowufliés of ¢ hpgve MAbsorore ovAloe |
where L' = 5 W

2, Show v A 4 Setmup CQUIVALEMCE TYmustor mAM oL
B HErMETEM M IX STAYS HE™MITEAN.

3. ASOm ¢ CroEnveeTors UT Aud  clemumucs A" mf A Chermerem )
e kNdwa. dowe dor X 4N TEMS of Y The €QuATop

Ax-AXx=Yy
Where A = Number.
SJee&sT A 7HYSlCﬁL ProbLem

4, ™Me EletwuALlvey EQ. for €leevunlues O"f“_& 1S
e (A - ANI ) 20 S fF Polypomim AL
&QVWQN 4[—01‘ )\'

PCA) = £ Cu A 20
Show mMmArx A sAnshies
Z Cu A =D
w
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