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Preface

This is a revision of Vol. 346 of Springer Lecture Notes in Physics written by D. Lüst
and S. Theisen in 1989. The notes have long been out of print, but over the years
we had continuous positive feedback from students, who found the book helpful in
their attempt to enter string theory. To make the book useful for a new generation
of string theorists required a revision and a substantial extension. Unfortunately this
means that it became intimidatingly voluminous.

The purpose of this new edition is the same as of the old one: to prepare the reader
for research in string theory. It is not a compendium of results but is intended to be
a textbook in the sense that, at least in most parts, the reader is not referred to the
original literature for derivations. We try to be pedagogical, avoiding excessive use
of phrases such as “it is well known,” “one can show,” which are often frustrating
(not only) for the beginner.

Aiming at a pedagogical introduction to a vast subject such as string theory also
means that we had to make a selection of topics. Major omissions are black holes
in string theory, strings at finite temperature, string cosmology, anomalies in string
theory, model building, matrix model description of M-theory, string field theory, to
name a few.

We give references at the end of each chapter. We restrict ourselves to some
basic papers and reviews from which we have profited and also some additional
references which cover material which goes beyond what we could cover. Almost
all references are easily available. With few exceptions they are either published in
journals, available as preprints on the arXiv or scanned at: http://www-lib.kek.jp/
KISS/kiss prepri.html.

The influence of the classic string monographs by Green, Schwarz, Witten, and
Polchinski can be felt throughout most chapters.

München, Germany Ralph Blumenhagen
München, Germany Dieter Lüst
Golm, Germany Stefan Theisen
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Chapter 1
Introduction

String theory started in the late 1960s as an attempt to organize and to explain the
observed spectrum of hadrons and their interactions. It was then discarded as a
candidate theory of strong interactions, a development which was mainly triggered
by the rapid success of quantum chromodynamics. One problem was the existence
of a critical dimension, which is 26 for the bosonic string and 10 for the fermionic
string. Another obstacle for the interpretation of string theory as a theory of strong
interactions was the existence of a massless spin two particle which is not present
in the hadronic world. In 1974 Scherk and Schwarz suggested to turn the existence
of this mysterious massless spin two particle into an advantage by interpreting it as
the graviton, i.e. the field quantum of gravity. This means that the fundamental mass
scale, i.e. the tension of a string, is related to the characteristic mass scale of gravity,
namely the Planck mass MP D

p„c=GN ' 1019 GeV=c2. They also realized that
at low energies this stringy graviton interacts according to the covariance laws of
general relativity. With this insight, string theory became a candidate for a quantum
theory of gravity which could, at least in principle, achieve a unification of all
particles and their interactions.

There are open and closed strings. The massless spin two particle appears in the
spectrum of the closed string. Since any open string theory with local interactions,
which consist of splitting and joining of strings, automatically contains closed
strings, gravity is unavoidable in string theory. At that time it was only known
how to incorporate non-Abelian gauge symmetries with open strings. However,
these open string theories are plagued by gravitational and gauge anomalies which
were believed to be fatal. Renewed interest in string theory started in 1984 when
M. Green and J. Schwarz showed that the open superstring is anomaly free if and
only if the gauge group is SO.32/. But they also realized that the ten-dimensional
supersymmetric Einstein-Yang-Mills field theory is anomaly free not only for the
gauge group SO.32/ but also for E8�E8. So far this gauge group had not appeared
in any of the known string theories. This soon changed with the formulation of the
heterotic string by D. Gross, J. Harvey, E. Martinec and R. Rohm. It is a theory of
closed strings only and represents the most economical way of incorporating both
gravitational and gauge interactions. The allowed gauge symmetries are precisely

R. Blumenhagen et al., Basic Concepts of String Theory, Theoretical and Mathematical
Physics, DOI 10.1007/978-3-642-29497-6
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2 1 Introduction

E8 � E8 and SO.32/, and they originate from affine Lie algebras, also called
Kač-Moody algebras, which are infinite-dimensional extensions of ordinary Lie
algebras. Phenomenologically, the group E8 was considered to be very promising
as it contains all simple GUT groups like SU.5/, SO.10/ or E6 as subgroups.

Until 1994 the situation was that there were five string theories in ten-dimensions:
the type I theory, the two heterotic theories and the type IIA and type IIB theory.
Only the type I theory appeared to contain open strings. The only known link
between these theories was the so-called T-duality, an inherently stringy symmetry
relating the type IIA to the type IIB theory and the heterotic E8�E8 to the heterotic
SO.32/ theory upon compactifying on a circle.

In a stunning talk at the “Strings 1995” conference at the University of Southern
California, E. Witten provided theoretical evidence for an intricate web of dualities
among all five superstring theory, where an essential role was reserved for a new
theory in eleven dimensions, whose low energy limit should be the well known
eleven-dimensional supergravity theory. In this picture, the five known superstring
theories are various perturbatively defined limits of this eleven dimensional theory,
which Witten called M-theory. A qualitative boost to our understanding of string
theory occurred when J. Polchinski realized that string theories have additional
degrees of freedom, so-called D-branes. From the point of view of the weakly
coupled string theories, these are non-perturbative objects which turned out to be
the key ingredients for establishing the non-perturbative dualities between all five
string theories.

String theory in its critical dimension obviously fails to reproduce an important
experimentally established fact, namely that we live in four dimensions. This
led to the concept of compactification or, more generally, to the choice of an
internal conformal field theory. This choice determines the low-energy physics as
seen by a four-dimensional observer. For a purely geometric compactification the
requirement of conformal symmetry implies equations of motion for the metric
which, at leading order in a derivative expansion, are the familiar source free
Einstein equations. Non-trivial solutions were known to exist: Ricci-flat metrics on
Calabi-Yau manifolds. The relation between string compactifications and Calabi-
Yau manifolds had already been realized in 1985 by P. Candelas, G. Horowitz,
A. Strominger and E. Witten.

One of the short-comings of these compactifications is the existence of many
massless scalar fields, also called moduli, which cause phenomenological and cos-
mological problems. To remedy this, one can consider more general backgrounds,
where not only the metric but also fields corresponding to massless bosonic string
excitations, the dilaton or the various anti-symmetric tensor fields, have non-trivial
background values. These backgrounds are called flux-compactifications and in
general lead to isolated string vacua with no or only a small number of massless
scalars. Gauge fields can arise on lower dimensional D-branes leading to the general
idea of a brane world scenario, where the gauge interactions are confined to the
brane and only gravity propagates into the ten-dimensional bulk. The exploration
of the possible compactifications or, in other words, of the space of ground states
of string theory, has led to the development of the concept of the string landscape.
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Even though this general concept dates back to the mid 1980s, it has received a
major boost with the construction of flux vacua and the realization that their number
is enormously large.

These developments introduced one concept into string theory which is a blatant
blow to the early hope that string theory might have an (almost) unique ground state
that correctly describes our world: the anthropic principle. From this perspective,
string theory together with a mechanism to populate the landscape, like eternal
inflation, might be considered as a physical framework for anthropic reasoning.
There is still an ongoing controversy about the apparent loss of predictivity, but
the pure fact that string theory is so rich that it describes not just a single universe
but a multiverse is not in contradiction with the uniqueness of the fundamental ten
or eleven dimensional theory. Even though there might exist many vacua, it is far
from true that ‘anything goes’. From a bottom-up perspective, not all possible four-
dimensional anomaly free quantum field theories can be consistently extended to
include quantum gravity.

Another major development in string theory occurred in 1997 with J. Maldacena’s
formulation of his conjecture, which is also known as the AdS/CFT correspondence
or the gauge-gravity duality. One central feature of this duality is its holographic
nature, i.e. it relates theories in different dimensions, namely a gravity or string
theory in the bulk to a field theory on its boundary. In some sense, it has brought
string theory closer to its beginnings: it offers a very concrete realization of the QCD
string of strong interactions as the fundamental type IIB string. In the AdS/CFT
correspondence, string theory is not so much considered the fundamental theory of
quantum gravity but rather serves as a theoretical tool with the potential to furnish
dual descriptions of interesting physical systems of various sorts, e.g. Yang-Mills
theories in the infrared, at finite temperature, fluids, superconductors, etc. In all
these cases, string theory is believed to be the consistent ultraviolet completion.
After all, the challenging question remains, whether the theories realized in our
universe, e.g. QCD with SU.3/ color symmetry and dynamical quarks, real fluids
and superconductors are among the theories allowing for such a dual description.

One of the criticism string theory is often confronted with is that it does not make
any—hopefully testable—predictions. As a matter of fact, it makes plenty of general
predictions and some of them are quite generic. For instance, there are computable
corrections to general relativity in the form of higher derivative corrections to the
Einstein-Hilbert action. The problem is that generically these corrections are very
difficult to test because they are very small. But this is not an intrinsic problem
of string theory but of any theory of quantum gravity which is simply related
to its tiny length scale, which is the Planck length `pD

p
GN„=c3' 10�33 cm.

In string theory, the Planck scale is a derived quantity, whereas the fundamental
scale is the string scale which can be parametrically smaller than the Planck scale.
This leads to the logical possibility of having a low quantum gravity scale which
can be detected experimentally, e.g. in the form of Kaluza-Klein gravitons, in
collider experiments. Other general predictions are the existence of high scale
supersymmetry and of axions, whose four-dimensional masses however depend
on the details of the compactification and the process of supersymmetry breaking.
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For specific predictions, e.g. the precise values of coupling constants and masses
in the Standard Model, ones needs to know the string vacuum which correctly
describes our world. In view of the landscape paradigm, this might indeed be
difficult to find.

It is fair to say that string theory provides a framework of ultimate unification.
All particles, matter and interactions have a common origin: they are excitations
of the string. The theory seems to be consistent and much richer than originally
thought. It has led to new developments in mathematics and has led particle
physicists, both theorists and experimentalists, to explore, literally speaking, new
dimensions. While it is not clear whether string theory is the correct theory to
describe nature, it is fair to say that over the last 25 years, it has ignited many
interesting developments in theoretical higher energy physics, in mathematical
physics, in various branches of mathematics and, more recently, also in other areas
of theoretical physics. It is therefore worth studying.

General References on String Theory and Background Material

Text books on string theory

• M.B. Green, J. Schwarz, E. Witten, Superstring Theory, vols. 1, 2 (Cambridge
University Press, Cambridge, 1987)

• J. Polchinksi, String Theory, vols. 1, 2 (Cambridge University Press, Cambridge,
1998)

• C.V. Johnson, D-Branes (Cambridge University Press, Cambridge, 2003)
• B. Zwiebach, A First Course in String Theory (Cambridge University Press,

Cambridge, 2009)
• K. Becker, M. Becker, J. Schwarz, String Theory and M-Theory (Cambridge

University Press, Cambridge, 2007)
• E. Kiritsis, String Theory in a Nutshell (Princeton University Press, Princeton,

2007)
• A. Uranga, L. Ibáñez, String Theory and Particle Physics: An Introduction to

String Phenomenology (Cambridge University Press, Cambridge, 2012)

Early reviews of string theory are

• P.H. Frampton, Dual Resonance Models and Superstrings (World Scientific,
Singapore, 1986)

• M. Jacob (ed.), Dual Models, a reprint collection of several Physics Reports by
the fathers of string theory (Elsevier, Amsterdam, 1974)

• J. Scherk, An introduction to the theory of dual models and strings. Rev. Mod.
Phys. 47, 123 (1975)

• J.H. Schwarz, Superstring theory. Phys. Rep. 89, 223–322 (1982)

The history of the early days of string theory is recalled in

• P. Di Vecchia, A. Schwimmer, The beginning of string theory: a historical sketch.
Lect. Notes Phys. 737, 119 (2008) [arXiv:0708.3940 [physics.hist-ph]]
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For the necessary background in Quantum Field Theory, see e.g.

• M. Peskin, D. Schroeder, An Introduction to Quantum Field Theory (Addison-
Wesley, Reading, 1995)

• S. Weinberg, The Quantum Theory of Fields. Vol. 1: Foundations; Vol. 2: Modern
Applications (Cambridge University Press, Cambridge, 1995 and 1996)

• M. Srednicki, Quantum Field Theory (Cambridge University Press, Cambridge,
2007)

For General Relativity consult

• R.M. Wald, General Relativity (Chicago University Press, Chicago, 1984)
• S. Weinberg, Gravitation and Cosmology (Wiley, London, 1972)
• H. Stephani, Relativity: An Introduction to Special and General Relativity

(Cambridge University Press, Cambridge, 2004)

and for Supersymmetry and Supergravity

• J. Wess, J. Bagger, Supersymmetry and Supergravity (Princeton University Press,
Princeton, 1992)

• I. Buchbinder, S. Kuzenko, Ideas and Methods of Supersymmetry and Supergrav-
ity: Or a Walk Through Superspace (IOP, Bristol, 1998)

• S. Weinberg, The Quantum Theory of Fields. Vol. 3: Supersymmetry (Cambridge
University Press, Cambridge, 2000)

• D. Freedman, A. van Proeyen, Supergravity (Cambridge University Press,
Cambridge, 2012)

• A. Salam, E. Sezgin (eds.), Supergravities in Diverse Dimensions. Vol. 1, 2
(North-Holland and World Scientific, NY, 1989)

• H.P. Nilles, Supersymmetry, supergravity and particle physics. Phys. Rep. 110,
1–162 (1984)

Good and useful introductions to group theory, addressed to physicists, are

• H. Georgi, Lie Algebras in Particle Physics, 2nd edn. (Westview, Boulder, 1999)
• J. Fuchs, C. Schweigert, Symmetries, Lie Algebras and Representations:

A Graduate Course for Physicists (Cambridge University Press, Cambridge,
1997)

• P. Ramond, Group Theory (Cambridge University Press, Cambridge, 2010)



Chapter 2
The Classical Bosonic String

Abstract Even though we will eventually be interested in a quantum theory of
interacting strings, it will turn out to be useful to start two steps back and treat the
free classical string. We will set up the Lagrangian formalism which is essential for
the path integral quantization which we will treat in Chap. 3. We will then solve the
classical equations of motion for single free closed and open strings. These solutions
will be used for the canonical quantization which we will discuss in detail in the next
chapter.

2.1 The Relativistic Particle

Before treating the relativistic string we will, as a warm up exercise, first study the
free relativistic particle of mass m moving in a d -dimensional Minkowski space-
time. Its action is simply the length of its world-line1

S D �m
Z s1

s0

dx D �m
Z �1

�0

d�

�

�dx
�

d�

dx�

d�
���

�1=2

; (2.1)

where � is an arbitrary parametrization along the world-line, whose embedding
in d -dimensional Minkowski space is described by d real functions x�.�/; � D
0; : : : ; d � 1. We use the metric ��� D diag.�1;C1; : : : ;C1/. The action (2.1) is
invariant under �-reparametrizations � ! Q�.�/. Under infinitesimal reparametriza-
tions � ! � C �.�/, x� transforms like

ıx�.�/ D ��.�/ @�x�.�/ : (2.2)

1It is easy to generalize the action to the case of a particle moving in a curved background by
simply replacing the Minkowski metric ��� by a general metric G��.x/.
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The action is invariant as long as �.�0/ D �.�1/ D 0. The momentum conjugate
to x�.�/ is

p� D @L

@ Px� D m
Px�p�Px2 ; (2.3)

where PxD @�x and Px2D ���x�x� . Equation (2.3) immediately leads to the follow-
ing constraint equation

� � p2 Cm2 D 0 : (2.4)

Constraints which, as the one above, follow from the definition of the conjugate
momenta without the use of the equations of motion are called primary constraints.
Their number equals the number of zero eigenvalues of the Hessian matrix @p�

@ Px� D
@2L

@ Px�@ Px� which, in the case of the free relativistic particle, is one, the corresponding
eigenvector being Px�. The absence of zero eigenvalues is necessary (via the inverse
function theorem) to express the ‘velocities’ Px� uniquely in terms of the ‘momenta’
and ‘coordinates’, p� and x�. Systems where the rank of @2L

@ Px�@ Px� is not maximal,
thus implying the existence of primary constraints, are called singular. For singular
systems the �-evolution is governed by the HamiltonianH D HcanCP ck�k , where
Hcan is the canonical Hamiltonian, the �k an irreducible set of primary constraints
and the ck are constants in the coordinates and momenta. This is so since the
Hamiltonian is well defined only on the submanifold of phase space defined by
the primary constraints and can be arbitrarily extended off that submanifold. For the
free relativistic particle we find that Hcan D @L

@ Px� Px� � L vanishes identically and
the dynamics is completely determined by the constraint Eq. (2.4). The condition
Hcan � 0 implies the existence of a zero eigenvalue of the Hessian: @2L

@ Px�@ Px� Px� D
@
@ Px�Hcan D 0. This is always the case for systems with ‘time’ reparametrization
invariance and follows from the fact that the ‘time’ evolution of an arbitrary phase-
space function f .x; p/, given by df

d�
D @f

@�
C ff;H gP:B:, should also be valid for

Q� D Q�.�/ on the constrained phase-space; here f ; gP:B: is the usual Poisson bracket,

ff; ggP:B: D
�

@f

@x

@g

@p
� @f

@p

@g

@x

�

. From this we also see that a particular choice of the

constants cn corresponds to a particular gauge choice which, for the relativistic
particle, means a choice of the ‘time’ variable � . We write

H D N

2m
.p2 Cm2/ (2.5)

and find that

dx�

d�
D fx�;H gP:B: D N

m
p� D N Px�p�Px2 ; (2.6)

from which Px2 D �N2 follows. For the choiceN D 1 the parameter � is the proper
time of the particle.
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At this point it is appropriate to introduce the concept of first and second class
constraints. If f�kg is the collection of all constraints and if f�a; �kgP:B: D 0; 8 k
upon application of the constraints, we say that �a is first class. Otherwise it is called
second class. First class constraints are associated with gauge conditions.

For the relativistic particle the constraint given in Eq. (2.4) is trivially first class
and reflects � reparametrization invariance.

Classically, we can describe the free relativistic particle by an alternative action
which has two advantages over Eq. (2.1): (1) it does not contain a square root, thus
leading to simpler equations of motion and (2) it allows the generalization to the
massless case. This is achieved by introducing an auxiliary variable e.�/, which
should, however, not introduce new dynamical degrees of freedom. The action
containing x� and e is

S D 1

2

Z �1

�0

e
�

e�2 Px2 �m2
�

d� : (2.7)

e plays the role of an ein-bein on the world-line. To see that (2.7) is equivalent
to (2.1), we derive the equations of motion

ıS

ıe
D 0 ) Px2 C e2m2 D 0 ;

ıS

ıx�
D 0 ) d

d�

�

e�1 Px�� D 0 : (2.8)

Since the equation of motion for e is purely algebraic, e does not represent a
new dynamical degree of freedom. We can solve for e and substitute it back
into the action (2.7) to obtain (2.1), thus showing their classical equivalence.2 We
note that since @2L

@ Px�@ Px� D e�1��� has maximal rank, we now do not have primary
constraints. The constraint equationp2Cm2D 0 does not follow from the definition
of the conjugate momenta alone; in addition one has to use the equations of
motion. Constraints of this kind are called secondary constraints. But since it is
first class, it implies a symmetry. Indeed, the action Eq. (2.7) is invariant under �
reparametrizations under which x0�.� 0/ D x�.�/; e0.� 0/ D .@� 0=@�/�1e.�/ or, in
infinitesimal form with � 0 D � C �

ıx� D �� @�x� ;
ıe D �@� .�e/ (2.9)

and we can make a �-reparametrization to go to the gauge e D 1=m. If we then
naively used the gauge fixed action to find the equations of motion, we would find

2It is important to point out that classical equivalence does not necessarily imply quantum
equivalence.
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Rx� D 0, whose solutions are all straight lines in Minkowski space, which we know
to be incorrect. This simply means that we cannot use the reparametrization freedom
to fix e and then forget about it. We rather have to use the gauge fixed equation of
motion for e, T � Px2 C 1 D 0, as a constraint. This excludes all time-like and
light-like lines and identifies the parameter � in this particular gauge as the proper
time of the particle. In the massless case we set e D 1 and have to supplement
the equation Rx� D 0 by the constraint T � Px2 D 0, which leaves only the light-
like world-lines. Note that the equation of motion, Rx� D 0, does not imply T D 0,
but it implies that dT

d�
D 0, i.e. T D 0 is a constraint on the initial data and is

conserved.

2.2 The Nambu-Goto Action

Let us now turn to the string. The generalization of Eq. (2.1) to a one-dimensional
object is to take as its action the area of the world-sheet ˙ swept out by the
string, i.e.

SNG D �T
Z

˙

dA

D �T
Z

˙

d2�

�

� det ˛ˇ

�

@X�

@�˛
@X�

@�ˇ
���

	�1=2

D �T
Z

˙

d2�
h

� PX �X 0�2 � PX2X 02
i1=2

� �T
Z

˙

d2�
p�	 ; (2.10)

where �˛ D .�; �/ are the two coordinates on the world-sheet; we choose them such
that �i < � < �f and 0 � � < `. The dot denotes derivative with respect to � and
the prime derivative with respect to � . X�.�; �/; � D 0; : : : ; d � 1 are maps of
the world-sheet into d -dimensional Minkowski space and T is a constant of mass
dimension two (mass/length), the string tension. Our conventions are such that X�

has dimensions of length and so do � and � . 	˛ˇ D @X�

@�˛
@X�

@�ˇ
��� is the induced metric

on the world-sheet, inherited from the ambient d -dimensional Minkowski space
through which the string moves and 	 < 0 is its determinant. The requirement that
	 be negative means that at each point of the world-sheet there is one time-like or
light-like and one space-like tangent vector. This is necessary for causal propagation
of the string. Requiring PX� C 
X 0� to be time-like and space-like when 
 is varied
gives 	 < 0. The action Eq. (2.10) was first considered by Nambu and Goto, hence
the subscript NG.

One distinguishes between open and closed strings. The world-sheet of a free
open string has the topology of a strip while the world-sheet of a closed string has
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that of a cylinder. The string tension T is the only dimensionful quantity in string
theory. Instead of the tension, one also uses the parameter

˛0 D 1

2�T
(2.11)

also called the Regge slope. ˛0 has dimension (length)2. The open and closed string
tensions are the same because in the interacting theory an open string can close and
become a closed string and vice versa.

It is also common to introduce the string length scale

`s D 2�
p
˛0 (2.12)

and the string mass scale

Ms D .˛0/�1=2 : (2.13)

Being the area of the world-sheet, the Nambu-Goto action is invariant under repara-
metrizations under which X� transforms as a scalar3

ıX�.�; �/ D ��˛ @˛X�.�; �/ ; (2.14)

as long as �a D 0 on the boundary of the world-sheet. In addition to local coordinate
transformations, global Poincaré transformations of the space-time coordinates,
X� ! X� C a�, are also a symmetry of the action.

To derive the equations of motion for the string we vary its trajectory, keeping
initial and final positions fixed, i.e. ıX�.�; �i / D 0 D ıX�.�; �f /. This gives

@

@�

@L

@ PX�
C @

@�

@L

@X 0�
D 0 (2.15)

together with the boundary conditions for the open string

3A general tensor density of rank, say (1,1), and weight w transforms under reparametrizations
�˛ ! Q�˛.�; �/ of the world-sheet as

tˇ˛ .�; �/! Qtˇ˛ .Q�; Q�/ D
ˇ

ˇ

ˇ

ˇ

@.Q�; Q�/
@.�; �/

ˇ

ˇ

ˇ

ˇ

w
@��

@Q�˛
@Q�ˇ
@�ı

t ı� .�; �/ ;

where the first factor is the Jacobian of the transformation. For infinitesimal transformations
Q�˛.�; �/! �˛ C �˛.�; �/, this gives

ıtˇ˛ .�; �/� Qtˇ˛ .�; �/� tˇ˛ .�; �/ D �.�� @� � w@� �
� /tˇ˛ � tˇ� @˛�� C t ı˛@ı�ˇ :

The generalization to tensors of arbitrary rank is obvious.
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@L

@X 0�
ıX� D 0 at � D 0; ` (2.16)

and the periodicity condition for the closed string

X�.� C `; �/ D X�.�; �/ : (2.17)

For each coordinate direction � and at each of the two ends of the open string there
are two ways to satisfy the boundary condition of the open string:

1. we may impose Neumann boundary conditions which amounts to requiring ıX�

to be arbitrary at the boundary. This requires @L
@X 0� D 0. Physically this conditions

means that no momentum flows off the end of the string. This will be become
clear below.

2. Alternatively, we may impose Dirichlet boundary conditions where we set
ıX� D 0 at the boundary. In other words, we fix the position of the boundary
of the string. Thus Dirichlet boundary condition breaks space-time translational
invariance. We will discuss the consequences in Sect. 2.4

Due to the square root in the Lagrangian, the equations of motion are rather
complicated. The canonical momentum is

˘� D @L

@ PX�
D �T .

PX �X 0/X 0� � .X 0/2 PX�



.X 0 � PX/2 � PX2 X 02
�1=2

: (2.18)

The Hessian @2L
@ PX�@ PX� D @

@ PX� ˘� has, for each value of � , two zero eigenvalues with

eigenvectors PX� and X 0�. The resulting primary constraints are

˘� X
0� D 0 (2.19)

and

˘2 C T 2X 02 D 0 : (2.20)

After gauge fixing they become non-trivial constraints on the dynamics and play an
important role in string theory, as we will see later. The canonical Hamiltonian,
Hcan D

R L

0 d�.
PX � ˘ � L / is easily seen to vanish identically and hence the

dynamics is completely governed by the constraints.

2.3 The Polyakov Action and Its Symmetries

Due to the occurrence of the square root, the Nambu-Goto action is difficult to deal
with. As in the case of the relativistic particle, one can remove the square root at
the expense of introducing an additional (auxiliary) field on the world-sheet. This
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field is a metric h˛ˇ.�; �/ on the world-sheet with signature .�;C/. In the resulting
action the d massless world-sheet scalars X� are coupled to two-dimensional
gravity h˛ˇ:

SP D �T
2

Z

˙

d2�
p
�h h˛ˇ @˛X� @ˇX

����

D �T
2

Z

˙

d2�
p
�h h˛ˇ 	˛ˇ ; (2.21)

where hD det h˛ˇ . This form of the string action is the starting point for the
path integral quantization of Polyakov, hence the subscript P. Note that the world-
sheet metric does not appear with derivatives, in accord with our requirement
that it is not dynamical. The components of the metric play the role of Lagrange
multipliers which impose the Virasoro constraints which are now no longer primary
constraints.

The action is easy to generalize to a string moving in a curved background: one
replaces the Minkowski metric ��� by a general metric G��.X/. In this general
form, the action is that of a non-trivial, interacting field theory: a non-linear
sigma-model. Choosing G�� D ��� can be considered as the zeroth order term in
a perturbative expansion around a flat background. This is of course a limitation
and a complete theory should determine its own background in which the string
propagates, much in the same way as in general relativity where the metric of
space-time is determined by the matter content according to Einstein’s equations.
However, at this point this is simply a consequence of how the theory is formulated
and it is not an inherent problem. We will discuss strings in non-trivial backgrounds
in Chap. 14. For now we use (2.21).

We now define the energy-momentum tensor of the world-sheet theory in the
usual way as the response of the system to changes in the metric under which
ıSPD 1

4�

R

d2�
p�hT˛ˇ ıh˛ˇ (ıh˛ˇ D �h˛�hˇııh�ı), i.e.

T˛ˇ D 4�p�h
ıSP

ıh˛ˇ
(2.22)

is the world-sheet energy-momentum tensor. Using ıh D �h˛ˇ.ıh˛ˇ/ h we find

T˛ˇ D � 1
˛0

�

@˛X
�@ˇX� � 1

2
h˛ˇ h

�ı @�X
� @ıX�

	

(2.23)

and the equations of motion are

T˛ˇ D 0 ; (2.24a)

�X� D 1p�h @˛.
p
�h h˛ˇ @ˇX�/ D 0 (2.24b)
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with the appropriate boundary and periodicity conditions:

X�.�; � C `/ D X�.�; �/ (2.25)

for the closed string and

n˛@˛X
� ıX�j�D0;` D 0 (2.26)

for the open string. Here n˛ is a normal vector at the boundary. We require the
boundary condition at each end of the string separately, since locality demands that
we take ıX� independently at the two ends.

Energy-momentum conservation, r˛T˛ˇ D 0, which is a consequence of the
diffeomorphism invariance of the Polyakov action, is easily verified with the help
of the equations of motion for X�. r˛ is a covariant derivative with the usual
Christoffel connection 	 �

˛ˇ D 1
2
h�ı.@˛hıˇ C @ˇh˛ı � @ıh˛ˇ/. From the vanishing of

the energy-momentum tensor we derive det˛ˇ.@˛X�@ˇX�/ D 1
4
h.h�ı@�X�@ıX

�/2

which, when inserted into SP, shows the classical equivalence of the Polyakov and
Nambu-Goto actions.

One checks that the constraints, Eqs. (2.19), (2.20), which were primary in
the Nambu-Goto formulation, follow here only if we use the equation of motion
T˛ˇD 0, i.e. they are secondary. This is the same situation which we encountered in
the case of the relativistic particle.

Note that we have introduced two metrics on the world-sheet, namely the metric
inherited from the ambient space, i.e. the induced metric, 	˛ˇD @˛X�@ˇX

����
which enters the Nambu-Goto action and the intrinsic metric h˛ˇ which appears
in the Polyakov action. They are, a priori, unrelated. The Polyakov action is not the
area of the world-sheet measured with the intrinsic metric, which would simply be
R

d2�
p�h and could be added to SP as a cosmological term (see below). However,

for any real symmetric 2� 2 matrix A we have the inequality .trA/2 � 4 detA with
equality for A / 1. With the choice A˛ˇ D h˛�	�ˇ it follows that SP � SNG.
Equality holds if and only if h˛ˇ /	˛ˇ , i.e. if the two metrics are conformally
related. This is the case if the equation of motion for h˛ˇ , Eq. (2.24a), is satisfied.

We can now ask whether there are other terms one could add to SP. If we restrict
ourselves to closed strings moving in Minkowski space-time without any other
background fields, the only possibilities compatible with d -dimensional Poincaré
invariance and power counting renormalizability (at most two derivatives) of the
two-dimensional theory are4

S1 D 
1
Z

˙

d2�
p
�h (2.27)

4For the open string with boundary @˙ there are further possible terms besides S1 and S2, which
are defined on the boundary of the world-sheet: S3 D 
3

R

@˙ ds and S4 D 
4
R

@˙ kds. Here k is
the extrinsic curvature of the boundary. It turns out that these terms can also be discarded.
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which is the cosmological term mentioned above, and

S2 D 
2

4�

Z

˙

d2�
p
�hR D 
2 .˙/ (2.28)

whereR is the curvature scalar for the metric h˛ˇ . S2 is the two-dimensional Gauss-
Bonnet term and  the Euler number of the world-sheet, which is a topological
invariant. The integrand is (locally) a total derivative and consequently does not
contribute to the classical equations of motion. S2 does, however, play a role in the
organization of string perturbation theory.
2 turns out to be the constant background
value of the dilaton field ˚ , which is one of the massless excitations of the closed
string and which couples to the world-sheet via 1

4�

R

d2�
p�h˚R. Inclusion of the

cosmological term S1 would lead to the equation of motion T˛ˇD � 
1
2T
h˛ˇ from

which we conclude that 
1h˛ˇh˛ˇ D 0. This is unacceptable unless 
1D 0.5 We will
thus consider the action SP, Eq. (2.21), which is the action of a collection of d
massless real scalar fields .X�/ coupled to gravity (h˛ˇ) in two dimensions.

Let us now discuss the symmetries of the Polyakov action.

1. Global symmetries:

• Space-time Poincaré invariance:

ıX� D a�� X� C b� .a�� D �a��/ ;
ıh˛ˇ D 0 (2.29)

2. Local symmetries:

• Reparametrization invariance

ıX� D ��˛ @˛X� ;

ıh˛ˇ D �.�� @�h˛ˇ C @˛�� h�ˇ C @ˇ�� h˛� /
D �.r˛�ˇ Crˇ�˛/ ;

ı
p
�h D �@˛.�˛

p
�h/ : (2.30)

• Weyl rescaling

ıX� D 0 ;
ıh˛ˇ D 2�h˛ˇ : (2.31)

5Note that inclusion of S1;2 breaks classical Weyl invariance. In the quantum theory the regular-
ization procedure leads to an explicit breakdown of Weyl invariance and divergent counter-terms
associated with S1 and S2 are generated.
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Here �˛ and � are arbitrary (infinitesimal) functions of .�; �/ and a�� and b� are
constants. From Eq. (2.29) we see that X� is a Minkowski space vector whereas
h˛ˇ is a scalar. Under reparametrizations of the world-sheet, Eq. (2.30), the X�

are world-sheet scalars, h˛ˇ a world-sheet tensor and
p�h a scalar density of

weight �1. The scale transformations of the world-sheet metric, Eq. (2.31), is the
infinitesimal version of h˛ˇ.�; �/ ! ˝2.�; �/h˛ˇ.�; �/ for ˝2.�; �/ D e2�.�;�/ �
1C 2�.�; �/.

One immediate important consequence of Weyl invariance of the action is the
tracelessness of the energy-momentum tensor:

T ˛˛ D h˛ˇ T˛ˇ D 0 (2.32)

which is satisfied by the expression Eq. (2.23) without invoking the equations of
motion. It is not difficult to see that this has to be so. Consider an action which
depends on a metric and a collection of fields �i which transform under Weyl
rescaling as h˛ˇ ! e2�h˛ˇ and �i ! edi��i . If the action is scale invariant, i.e. if
SŒe2�h˛ˇ; e

di��i � D SŒh˛ˇ; �i �, then

0 D ıS D
Z

d2�

(

�2 ıS
ıh˛ˇ

h˛ˇ C
X

i

di
ıS

ı�i
�i

)

ı� : (2.33)

If we now use the equations of motion for �i , ıS
ı�i
D 0 and the definition T˛ˇ / ıS

ıh˛ˇ
,

tracelessness of the energy-momentum tensor is immediate. We note that it follows
without the use of the equations of motion if and only if di D 0; 8 i . This is, for
instance, the case for the Polyakov action of the bosonic string (where f�i g D fX�g)
but will not be satisfied for the fermionic string in Chap. 7.

The local invariances allow for a convenient gauge choice for the world-sheet
metric h˛ˇ , called conformal or orthonormal gauge. Reparametrization invariance
is used to choose coordinates such that locally h˛ˇD˝2.�; �/�˛ˇ with �˛ˇ being
the two-dimensional Minkowski metric defined by ds2D �d�2C d�2. It is not
hard to show that this can always be done. Indeed, for any two-dimensional
Lorentzian metric h˛ˇ , consider two null vectors at each point. In this way we get
two vector fields and their integral curves which we label by �C and ��. Then
ds2 D �˝2d�Cd��; hCC D h�� D 0 since the curves are null. Now let

�˙ D � ˙ � ; (2.34)

from which it follows that ds2 D ˝2.�d�2C d�2/. A choice of coordinate system
in which the two-dimensional metric is conformally flat, i.e. in which

ds2 D ˝2.�d�2 C d�2/ D �˝2d�Cd�� (2.35)

is called a conformal gauge. The world-sheet coordinates �˙ introduced above
are called light-cone, isothermal or conformal coordinates. In these coordinates
�˛ˇ� h˛ˇp�h D �˛ˇ . We can now use Weyl invariance to set h˛ˇ D �˛ˇ .
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We collect some results about the world-sheet light-cone coordinates (2.34)
which we will frequently use below. The components of the Minkowski metric in
light-cone coordinates are

�C� D ��C D �1
2
; �C� D ��C D �2 ;

�CC D ��� D �CC D ��� D 0 : (2.36)

We will also need

@˙ D 1

2
.@� ˙ @�/ (2.37)

and indices are raised and lowered according to

�C D �2�� and �� D �2�C : (2.38)

It is important to realize that reparametrizations which satisfy L�h˛ˇ D �.r˛�ˇ C
rˇ�˛//h˛ˇ can be compensated by a Weyl rescaling. Expressed in light-cone
coordinates the conformal gauge preserving diffeomorphisms are those which
satisfy @C��D @��CD 0, i.e. �˙D �˙.�˙/.6 (Here we have used that rC�C D
hC�rC��DhC�@C�� since the only non-vanishing Christoffel symbols in con-
formal gauge with ˝ D e� are 	 CCC D 2@C� and 	 ��� D 2@��.) Indeed, instead
of �˙ we could as well have chosen Q�˙ D Q�˙.�˙/ or, in infinitesimal form,
Q�˙ D �˙ C �˙.�˙/. Note that the transformation �˙ ! Q�˙.�˙/ corresponds

to

�

�

�

	

!
� Q�
Q�
	

D 1
2
Œ Q�C.� C �/ ˙ Q��.� � �/�; i.e. any Q� and Q� satisfying the

two-dimensional wave equation will do the job.
Conformal gauge is unique to two dimensions. In d > 0 dimensions a metric

h˛ˇ , being symmetric, has 1
2
d.d C 1/ independent components. Reparametrization

invariance allows to fix d of them, leaving 1
2
d.d�1/ components. In two dimensions

this suffices to go to conformal gauge. The Polyakov action then still has one extra
local symmetry, namely Weyl transformations, which allow us to eliminate the
remaining metric component. This also shows that gravity in two dimensions is
trivial in the sense that the graviton can be gauged away completely. For d > 2

Weyl invariance, even if present as for instance in conformal gravity, won’t suffice
to gauge away all metric degrees of freedom.7

The argument given above that conformal gauge is always possible was a local
statement. We will now set up a global criterion and consider the general case with
gauge condition

6After Wick rotation to Euclidean signature on the world-sheet these are conformal transforma-
tions. More about this later.
7Note that the action for the relativistic particle was not Weyl invariant; there reparametrization
invariance was sufficient to eliminate the one metric degree of freedom.
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h˛ˇ D e2� Oh˛ˇ : (2.39)

In conformal gauge Oh˛ˇ D �˛ˇ . Under reparametrizations and Weyl rescaling the
metric changes as

ıh˛ˇ D �.r˛�ˇ Crˇ�˛/C 2�h˛ˇ
� �.P �/˛ˇ C 2 Q�h˛ˇ ; (2.40)

where the operator P maps vectors into symmetric traceless tensors according to

.P �/˛ˇ D r˛�ˇ Crˇ�˛ � .r� �� / h˛ˇ ; (2.41)

and we have defined 2 Q� D 2��r� �� . The decomposition into symmetric traceless
and trace part is orthogonal with respect to the inner product .ıh.1/jıh.2// D
R

d2�
p�hh˛�hˇııh.1/˛ˇ ıh.2/�ı . The trace part of ıh˛ˇ can always be cancelled by

a suitable choice of �. It then follows that for the gauge Eq. (2.39) to be possible
globally, there must exist a globally defined vector field �˛ such that

.P �/˛ˇ D t˛ˇ (2.42)

for arbitrary symmetric traceless t˛ˇ . If the operator P has zero modes, i.e. if
there exist vector fields �0 such that P�0 D 0, then for any solution � we also
have the solution � C �0. In this case the gauge fixing is not complete and those
reparametrizations which can be absorbed by a Weyl rescaling are still allowed, as
we have already seen above.

The adjoint of P , P�, maps traceless symmetric tensors to vectors via

.P �t/˛ D �2rˇ t˛ˇ : (2.43)

Zero modes of P� are symmetric traceless tensors which cannot be written as
.P �/˛ˇ for any vector field �. Indeed, if .P �t0/˛ D 0, then for all �� ; .�; P �t0/ D
.P �; t0/ D 0. This means that zero modes of P� are metric deformations which
cannot be absorbed by reparametrization and Weyl rescaling. If they do not exist,
the gauge is possible globally. This applies in particular to the conformal gauge;
there the condition is that the equations @�tCC D 0 and @Ct�� D 0 have no globally
defined solutions. We will further discuss the solutions to these equations in Chap. 6.
The equation

.P �/˛ˇ D 0 (2.44)

is the conformal Killing equation and its solutions are called conformal Killing
vectors. In contrast to Killing vectors which generate isometries, conformal Kill-
ing vectors generate Weyl rescalings of the metric; in particular, they preserve the
conformal gauge.
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In conformal gauge the Polyakov action simplifies to

SP D �T
2

Z

d2� �˛ˇ @˛X
� @ˇX�

D T

2

Z

d2� . PX2 � X 02/

D 2T

Z

d2� @CX � @�X : (2.45)

Varying with respect to X� such that ıX�.�0/ D 0 D ıX�.�1/ we obtain8

ıSp D T
Z

d2� ıX� .@2� � @2� / X� � T
Z �1

�0

d� X 0� ıX�

ˇ

ˇ

ˇ

ˇ

�D`

�D0
: (2.46)

The surface term is absent for the closed string for which we impose the periodicity
condition9

(closed string) X�.� C `/ D X�.�/ : (2.47)

To achieve the vanishing of the boundary term for the open string we have to impose
either Dirichlet or Neumann boundary conditions for each X� and at each of the
two ends of the string:

@�X
�j�D0;` D 0 (Neumann) (2.48)

or (open string)

ıX�j�D0;` D 0 (Dirichlet) : (2.49)

The Dirichlet boundary condition means that the end-point of the open string is fixed
in space-time. This boundary condition thus breaks space-time Poincaré invariance.
As we will discuss below, these boundary conditions have important implications.

The vanishing of (2.46) leads to the following equations of motion

.@2� � @2� / X� D 4@C@�X� D 0 (2.50)

which have to be solved subject to (2.47) or (2.48), (2.49).

8One can show that on the strip and the cylinder one can always go to conformal gauge and preserve
0 � � � `.
9More general periodicity conditions X�.� C `/ D M�

�X
�.�/ for any constant O.1; d � 1/

matrix M also leave the action invariant. If we want to interpret X� as coordinates in Minkowski
space, only (2.47) is allowed, i.e. they are the only periodicity conditions which are invariant under
d -dimensional Poincaré transformations. When we consider compactifications of the string we
will consider so-called twisted boundary conditions for which M is non-trivial.
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Eq. (2.50) is the two-dimensional massless wave equation with the general
solution

X�.�; �/ D X�
L.�

C/CX�
R.�

�/ : (2.51)

HereX�
L;R are arbitrary functions of their respective arguments, subject only to peri-

odicity or boundary conditions. They describe the “left”- and “right”-moving modes
of the string, respectively. In the case of the closed string the left- and right-moving
components are completely independent for the unconstrained system, an observa-
tion which is crucial for the formulation of the heterotic string. This is however not
the case for the open string where the boundary condition mixes left- with right-
movers through reflection at the ends of the string. We will present explicit Fourier
series solutions for all possible boundary conditions in the next two subsection.

On a solution of the equations of motion we still have to impose the constraints
resulting from the gauge fixed equations of motion for the metric: we have to require
that the energy-momentum tensor vanishes; i.e.

T01 D T10 D �2�T . PX �X 0/ D 0 ; (2.52a)

T00 D T11 D ��T . PX2 CX 02/ D 0 (2.52b)

which can be alternatively expressed as

. PX ˙X 0/2 D 0 : (2.53)

In light-cone coordinates they become

TCC D �2�T .@CX � @CX/ D 0 ; (2.54a)

T�� D �2�T .@�X � @�X/ D 0 ; (2.54b)

TC� D T�C D 0 ; (2.54c)

where TCCD 1
2
.T00CT01/, T��D 1

2
.T00�T01/; Eq. (2.54c) expresses the trace-

lessness of the energy-momentum tensor. In terms of the left- and right-movers
the constraints Eqs. (2.54a), (2.54b) become PX2

RD PX2
LD 0. Energy-momentum

conservation, i.e. r˛T˛ˇ D 0 becomes

@�TCC C @CT�C D 0 ; (2.55a)

@CT�� C @�TC� D 0 (2.55b)

which, using Eq. (2.54c), simply states that

@�TCC D 0 ; (2.56a)

@CT�� D 0 (2.56b)
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i.e.

TCC D TCC.�C/ and T�� D T��.��/ : (2.57)

The conservation equations (2.56) imply the existence of an infinite number of
conserved charges. In fact, for any function f .�C/ we have @�.f .�C/ TCC/ D 0

and the corresponding conserved charges are

Lf D 2T
Z `

0

d� f .�C/ TCC.�C/ (2.58)

and likewise for the right-movers.
The Hamiltonian for the string in conformal gauge is

H D
Z `

0

d� . PX �˘ �L /

D T

2

Z `

0

d� . PX2 CX 02/

D T
Z `

0

d�
�

.@CX/2 C .@�X/2
�

; (2.59)

where, as before, the canonical momentum is ˘� D @L =@ PX� D T PX�. We note
that the Hamiltonian is just one of the constraints. This was to be expected from our
discussion of constrained systems in the context of the relativistic particle. Indeed,
we saw that the canonical Hamiltonian derived from the Nambu-Goto action van-
ishes identically and the �-evolution is completely governed by the constraints, i.e.

H D
Z `

0

d�
n

N1.�; �/˘ �X 0 CN2.�; �/ .˘2 C T 2X 02/
o

; (2.60)

whereN1 andN2 are arbitrary functions of � and � . Using the basic equal � Poisson
brackets

fX�.�; �/; X�.� 0; �/gP:B: D f˘�.�; �/;˘�.� 0; �/gP:B: D 0 ;
fX�.�; �/;˘�.� 0; �/gP:B: D ��� ı.� � � 0/ (2.61)

we find

PX� D N1 X 0� C 2N2 ˘� (2.62)

and

P̆ � D @�.N1 ˘� C 2T 2 N2 X 0�/ : (2.63)



22 2 The Classical Bosonic String

If we choose N1 D 0 and N2 D 1
2T

, Eqs. (2.62) and (2.63) lead to the equation of
motion .@2� � @2� /X� D 0 which we have obtained previously from the action in
conformal gauge. This means that choosing N1 D 0 and N2 D 1

2T
is equivalent to

fixing the conformal gauge. With this choice for the functions N1 and N2 we also
get the Hamiltonian (2.59).

In conformal gauge the Poisson brackets are

fX�.�; �/; X�.� 0; �/gP:B: D f PX�.�; �/; PX�.� 0; �/gP:B: D 0 ;

fX�.�; �/; PX�.� 0; �/gP:B: D 1

T
��� ı.� � � 0/ : (2.64)

With their help one readily shows that �T R PX � X 0d� and 1
2
T
R

. PX2 C X 02/d�
generate constant �- and �-translations, respectively. More generally, using the
explicit expression for TCC one finds that the charges Lf of Eq. (2.58) generate
transformations �C ! �C C f .�C/, i.e. those reparametrizations which do not
lead out of conformal gauge:

fLf ;X.�/gP:B: D �f .�C/ @CX.�/ : (2.65)

So far we have only discussed issues connected with world-sheet symmetries. How-
ever, invariance under d -dimensional global Poincaré transformations, Eq. (2.29),
leads, via the Noether theorem, to two conserved currents; invariance under
translations gives the energy-momentum current

P˛
� D �T

p
h h˛ˇ @ˇX� ; (2.66)

whereas invariance under Lorentz transformations gives the angular momentum
current

J ˛�� D �T
p
h h˛ˇ .X� @ˇX� � X� @ˇX�/ D X�P˛

� � X�P ˛
� : (2.67)

Using the equations of motion, it is easy to check conservation of P˛
� and J ˛�� .

The total conserved charges (momentum and angular momentum) are obtained by
integrating the currents over a space-like section of the world-sheet, say � D 0.
Then the total momentum in conformal gauge is

P� D
Z `

0

d� P �
� D T

Z `

0

d� @�X�.�/ (2.68)

and the total angular momentum is

J�� D
Z `

0

d� J ��� D T
Z `

0

d� .X�@�X� �X�@�X�/ : (2.69)
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It is straightforward to see that P� and J�� are conserved for the closed string.

Indeed, @P�
@�
D R `

0
d� @2�X� D

R `

0
d� @2�X� D @�X�.� D `/ � @�X�.� D 0/

which vanishes for the closed string by periodicity. For the open string it only
vanishes if we impose Neumann boundary conditions at both ends. Hence our earlier
statement that Neumann boundary conditions have the physical interpretation that
no momentum flows off the ends of the string. This is not the case, however, for
Dirichlet boundary conditions. They break Poincaré invariance and consequently
space-time momentum is not conserved. Conservation of the total angular momen-
tum is also easy to check for closed strings and open strings with Neumann boundary
conditions at both ends.

With the help of the Poisson brackets Eq. (2.64) it is straightforward to verify that
P� and J�� generate the Poincaré algebra:

fP�;P �gP:B: D 0 ;
fP�; J �� gP:B: D ��� P � � ��� P � ;

fJ��; J �� gP:B: D ��� J �� C ��� J �� � ��� J �� � ��� J �� : (2.70)

2.4 Oscillator Expansions

Let us now solve the classical equations of motion of the string in conformal gauge,
taking into account the boundary conditions. We will do this for the unconstrained
system. The constraints then have to be imposed on the solutions. We have to
distinguish between the closed and the open string and will treat them in turn.

Closed Strings

The general solution of the two-dimensional wave equation compatible with the
periodicity condition X�.�; �/ D X�.� C `; �/ is10

X�.�; �/ D X�
R.� � �/CX�

L.� C �/ (2.71)

where

X
�
R.� � �/ D

1

2
.x� � c�/C �˛0

`
p�.� � �/C i

r

˛0
2

X

n¤0

1

n
˛�n e

� 2�` in.���/;

(2.72a)

10A more general condition which guarantees that the boundary term in (2.46) vanishes is
X�.�; �/ D X�.� C �; � C `/. In fact, the periodicity of the solution is not preserved under
a world-sheet Lorentz transformation. We can always find a Lorentz frame in which the more
general periodicity condition reduces to the usual one.
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X
�
L.� C �/ D

1

2
.x� C c�/C �˛0

`
p�.� C �/C i

r

˛0
2

X

n¤0

1

n
˛�n e

� 2�` in.�C�/

(2.72b)

with n2Z and arbitrary Fourier modes ˛�n and ˛�n . The normalizations have been
chosen for later convenience, and we have also introduced the parameters c�, which
will become relevant in Chap. 10 when we discuss toroidal compactifications. Here
we can choose the zero mode part of the expansion (2.72a) and (2.72b) left-right
symmetric and set c�D 0. Our notation is such that the ˛�n are positive frequency
modes for n<0 and negative frequency modes for n>0. Note that the left- and
right-moving parts are only coupled through the zero modes x� and p�. The
requirement thatX�.�; �/ be a real function implies that x� and p� are real and that

˛��n D .˛�n /� and ˛��n D .˛�n /� : (2.73)

If we define

˛
�
0 D ˛�0 D

r

˛0
2
p� ; (2.74)

we can write

@�X� D PX�
R D

2�

`

r

˛0
2

C1
X

nD�1
˛�n e

� 2�` in.���/ ; (2.75a)

@CX� D PX�
L D

2�

`

r

˛0
2

C1
X

nD�1
˛�n e

� 2�` in.�C�/ : (2.75b)

From

P� D
Z `

0

d� ˘� D 1

2�˛0

Z `

0

d� PX� D p� ; (2.76)

we conclude that p� is the total space-time momentum of the string. From

q�.�/ � 1

`

Z `

0

d� X� D x� C 2�˛0

`
p�� ; (2.77)

we learn that x� is the ‘center of mass’ position of the string at � D 0. Using the
expression for the total angular momentum, we find

J�� D
Z `

0

d� .X�˘� � X�˘�/ D 1

2�˛0

Z `

0

d� .X� PX� �X� PX�/

D l�� C E�� C E��
(2.78)
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with

l�� D x�p� � x�p� (2.79)

and

E�� D �i
1
X

nD1

1

n
.˛��n ˛�n � ˛��n ˛�n / (2.80)

with a similar expression for E
��

.
From the Poisson brackets Eq. (2.64) we derive the brackets for the ˛�n , ˛�n , x�

and p�:

f˛�m; ˛�ngP:B: D f˛�m; ˛�ngP:B: D �imımCn ��� ; (2.81a)

f˛�m; ˛�ngP:B: D 0 ; (2.81b)

fx�; p�gP:B: D ��� : (2.81c)

We have introduced the notation ım D ım;0. x� and p�, the center of mass position
and momentum, are canonically conjugate. The Hamiltonian (2.59), expressed in
terms of oscillators, is

H D �

`

C1
X

nD�1
.˛�n � ˛n C ˛�n � ˛n/ : (2.82)

We have seen above that the constraints (2.54a) and (2.54b), together with energy-
momentum conservation, give rise to an infinite number of conserved charges
Eq. (2.58), with a similar expression for the right-movers. We now choose for the
functions f .�˙/ a complete set satisfying the periodicity condition appropriate for
the closed string: fm.�˙/ D exp. 2�i

`
m�˙/ for all integers m. We then define the

Virasoro generators as the corresponding charges at � D 0 11

Ln D � `

4�2

Z `

0

d� e�
2�i
` n� T�� D 1

2

X

m

˛n�m � ˛m ;

NLn D � `

4�2

Z `

0

d� eC
2�i
` n� TCC D 1

2

X

m

N̨n�m � N̨m : (2.83)

With the help of the representation of the periodic ı-function

11Since the Hamiltonian is one of the constraints and the constraints form a closed algebra under
Poisson brackets (i.e. they are first class; cf. below), it is clear that the Ln are constant in � (modulo
the constraints); this is indeed easily verified.
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1

`

X

n2Z
e
2�i
` n.��� 0/ D ı.� � � 0/ ; (2.84)

one can invert the above definitions:

T��.�/ D �
�

2�

`

	2
X

n

Ln e
2�i
` n� (2.85)

and likewise for TCC.
The Lm’s satisfy the reality condition

Ln D L��n; Ln D L��n : (2.86)

Comparing with Eq. (2.83), we find that the Hamiltonian is simply

H D 2�

`
.L0 CL0/ : (2.87)

The general � evolution operator would have been H D P

n.cnLn C cnLn/;
the choice implied by Eq. (2.87), cn D cn D ın is the conformal gauge. Since the
constraint T

R `

0
d� PX �X 0 D 2�

`
.L0� NL0/ generates rigid �-translations and since on

a closed string no point is special, we need to require that L0�L0 D 0. It is through
this condition that the left-movers know about the right-movers. The Virasoro
generators satisfy an algebra, called the (centerless) Virasoro algebra:

fLm;LngP:B: D �i.m� n/LmCn ;
fLm;LngP:B: D �i.m� n/LmCn ;
fLm;LngP:B: D 0 : (2.88)

In the mathematical literature this algebra is called Witt algebra. Equation (2.88) is
straightforward to verify. It is nothing but the Fourier decomposition of the (equal �)
algebra of the Virasoro constraints:

fT��.�/; T��.� 0/gP:B: D C2�ŒT��.�/C T��.� 0/� @� ı.� � � 0/ ;
fTCC.�/; TCC.� 0/gP:B: D �2�ŒTCC.�/C TCC.� 0/� @�ı.� � � 0/ ;
fTCC.�/; T��.� 0/gP:B: D 0 : (2.89)

It is useful to recognize that if we replace the Poisson brackets by Lie brackets, a
realization of the Virasoro algebra is furnished by the vector fields Ln D e 2�i` n�C

@C
andLnD e 2�i` n��

@�. They are the generators of the reparametrizations �˙! �˙C



2.4 Oscillator Expansions 27

fn.�
˙/. If we define the variable z D e

2�i
` �

� 2S1, we get LnD iznC1@z, which
are reparametrizations of the circle S1. The algebra (2.89) expresses the conformal
invariance of the classical string theory. Its quantum version will be one of the
central themes in the following chapters.

Open Strings

Next we discuss open strings, where we have to distinguish between Neumann and
Dirichlet boundary conditions. Because the boundary reflects left- into right-movers,
and vice versa, the open string solutions have only one set of oscillator modes.

For Neumann boundary conditions at both ends, we have to require X 0� D 0

at � D 0 and � D `. The general solution of the wave equation subject to these
boundary conditions is

.NN/ X�.�; �/ D x� C 2�˛0

`
p�� C ip2˛0

X

n¤0

1

n
˛�n e

�i �` n� cos
�n��

`

�

(2.90)
from which we get

@˙X� D 1

2
. PX� ˙X 0�/ D �

`

r

˛0
2

C1
X

nD�1
˛�n e

� i�n` .�˙�/ : (2.91)

We have defined

˛
�
0 D
p
2˛0p� : (2.92)

As in the case of the closed string we easily show that x� and p� are the center of
mass position and total space-time momentum of the open string. The total angular
momentum is

J�� D 1

2�˛0

Z �

0

d� .X� PX� �X� PX�/ D l�� C E�� (2.93)

with l�� and E�� as in Eqs. (2.79) and (2.80). We again find

f˛�m; ˛�ngP:B: D �imımCn ��� ; (2.94a)

fx�; p�gP:B: D ��� : (2.94b)

In terms of the oscillators the Hamiltonian for the open string is

H D �

2`

C1
X

nD�1
˛�n � ˛n : (2.95)
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The easiest way to derive this is to use the doubling trick and to write

H D 1

2�˛0

Z `

0

d�
�

.@CX/2 C .@�X/2
� D 1

2�˛0

Z `

�`
d�.@CX/2 (2.96)

which is possible because of X 0.�/ D �X 0.��/. On the interval �` � � � ` the
functions ei�m�=` are periodic.

The open string boundary conditions mix left- with right-movers and conse-
quently TCC with T��. We define the Virasoro generators for the open string as
(again at � D 0)

Lm D � `

2�2

Z `

0

d�
�

e
i�
` m� TCC C e� i�` m� T��

�

D `

2�2˛0

Z `

0

d�
�

e
i�
` m� .@CX/2 C e� i�` m� .@�X/2

�

D `

2�2˛0

Z C`

�`
d� e

i�
` m� .@CX/2

D 1

2

C1
X

nD�1
˛m�n � ˛n : (2.97)

TheLm are a complete set of conserved charges respecting the open string boundary
conditions. Comparison with Eq. (2.96) gives

H D �

`
L0 ; (2.98)

which, as in the closed string case, reflects the fact that we are in conformal gauge.
The Lm satisfy the Virasoro algebra

fLm;LngP:B: D �i.m� n/LmCn : (2.99)

The second choice of boundary conditions are Dirichlet conditions at both
ends of the string. We impose them by requiring PX�D 0 at � D 0 and at � D `.
The positions of the ends are fixed at X�.� D 0; �/Dx�0 ; X�.� D `; �/D x�1 .
The general solution of the wave equation, subject to these boundary conditions, is

.DD/ X�.�; �/ D x�0 C
1

`
.x
�
1 � x�0 / �

Cp2˛0
X

n¤0

1

n
˛�n e

� i�` n� sin
��n�

`

�

(2.100)
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with n 2 Z. There is no center of mass momentum. From (2.100) we derive

@˙X� D ˙�
`

r

˛0
2

1
X

nD�1
˛�n e

� i�n` .�˙�/ ; (2.101)

where

˛
�
0 D

1p
2˛0

1

�

�

x
�
1 � x�0

�

: (2.102)

The oscillator modes satisfy Eq. (2.94a). There is no center of mass momentum.
The center of mass position is

q� D 1

`

Z `

0

d� X�.�; �/ D
�

x
�
0 C x�1
2

	

: (2.103)

For the Virasoro generators Lm for m ¤ 0 one gets the same expressions as for
Neumann boundary conditions, Eq. (2.97). The Lm also satisfy the algebra (2.99).
With H D �

`
L0 we find for the Hamiltonian

H D T

2`

�

x
�
1 � x�0

�2 C �

2`

X

n¤0
˛�n � ˛n : (2.104)

The first term is the potential energy of the stretched string.
We can also impose mixed boundary conditions, i.e. different boundary condi-

tions at the two ends of the open string. For Neumann boundary conditions at � D 0
and Dirichlet boundary condition at � D ` the general solution reads

.ND/ X�.�; �/ D x� C ip2˛0
X

r2ZC 1
2

1

r
˛�r e

� i�` r� cos
��r�

`

�

; (2.105)

where x� is the position of the � D ` end of the open string. Note that the center
of mass momentum vanishes and that the oscillators carry half-integer modes. They
also satisfy Eq. (2.94a). For completeness we also give the last possible combination
of boundary conditions

.DN/ X�.�; �/ D x� Cp2˛0
X

r2ZC 1
2

1

r
˛�r e

� i�` r� sin
��r�

`

�

; (2.106)

where x� is the position of the � D 0 end of the open string. We have .˛�n /� D ˛��n
for all possible boundary conditions. From (2.105) and (2.106) one derives
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@˙X� D

8

ˆ

ˆ

ˆ

ˆ

<

ˆ

ˆ

ˆ

ˆ

:

�

`

r

˛0
2

X

r

˛�r e
� i�r

` .�˙�/ .ND/

˙�
`

r

˛0
2

X

r

˛�r e
� i�r

` .�˙�/ .DN/ :

(2.107)

For all four boundary conditions one can use the doubling trick and combine @˙X
into one field, say left moving which is defined on the doubled interval 0 � � � 2`:

@CX� D

8

ˆ

<

ˆ

:

@CX�.�/ ; 0 � � � `
˙@�X�.2` � �/ ; ` � � � 2`

�Csign for (NN) and (ND) ;

�sign for (DD) and (DN) ;

D �

`

r

˛0
2

X

˛�n e
� i�n` .�C�/ ; 0 � � � 2`

�

n 2 Z for NN and DD ;

n 2 ZC 1
2

for DN and ND :
(2.108)

The signs are chosen to have continuity at � D `. Clearly

@CX�.� C 2`/ D @CX�.�/ for (NN) and (DD) .

@CX�.� C 2`/ D �@CX�.�/ for (DN) and (ND) . (2.109)

If the string moves in d space-time dimensions, one can combine various
boundary conditions. For instance, one can have open strings with .pC1/Neumann
directions and .d �p�1/ Dirichlet directions. The end points of the open string are
then confined to .p C 1/ dimensional subspaces of the d dimensional target space.
Space-time translation symmetry along the .d � p � 1/ transverse directions is
broken by these solutions. As we have already remarked, this means that the space-
time momentum in the Dirichlet directions, which is carried by the open string, is
not conserved; it can flow off the ends of the string. Since the translation invariance
is spontaneously broken, momentum must be conserved. One is thus forced to
consider the subspaces, to which the endpoints are attached, as dynamical objects
which exchange momentum with the open strings ending on them. These objects are
called Dp-branes. The world-volume of a Dp-brane is .p C 1/-dimensional. String
endpoints can move along them (these are the Neumann directions), but cannot leave
them. In other words, open string cannot simply end in free space. They are always
attached to D-branes.

We will further analyze D-branes in Chaps. 6 and 9. In particular, we will show
that they also have tension and therefore a mass density. However, as we will see, the
tension scales like 1=gs with the string coupling constant, which indicates that these
objects are not visible in string perturbation theory, but should be considered as non-
perturbative objects. That means they are string theory analogues of monopoles or
instantons.
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By choosing N boundary conditions in some and D boundary conditions in the
remaining coordinate directions, we obtained static D-branes at fixed transverse
position and of infinite extent. Since branes carry a finite tension, which we
will compute in Chap. 6, branes of infinite extent are therefore infinitely heavy
and can absorb any amount of space-time momentum. But in general they are
dynamical objects and their dynamics is governed by world-volume actions which
are .pC 1/-dimensional generalizations of the Nambu-Goto action, to be discussed
in Chap. 16. The transverse fluctuations of a D-brane correspond to massless scalar
fields in this .pC 1/-dimensional field theory. These are the Goldstone bosons of
the spontaneously broken translation invariance.

If we impose N boundary conditions in all space-time directions, we obtain
space-time filling D-branes. The other extreme is a D-instanton, which only exists
at one space-time point. A D1-brane is also called a D-string, to be distinguished
from the fundamental string that we have studied so far and which might end on
a D-string. D-branes play a central role in all recent developments of string theory
and we will learn more about them as we go along.

2.5 Examples of Classical String Solutions

The solutions to the wave equations satisfying various periodicity and boundary
conditions which we have found in the previous section are still subject to the
Virasoro constraints: T00DT01D 0. We will now construct simple explicit solutions
of the classical equations of motion which satisfy the constraints.

Since in conformal gauge the coordinate functionsX� are solutions of the wave
equation, we can use the remaining gauge freedom to set X0 D t D �� for some
constant �. The Xi , i D 1; : : : ; d � 1 then satisfy

.@2� � @2� /Xi D 0 (2.110)

with solution

Xi.�; �/ D 1

2
ai .� C �/C 1

2
bi.� � �/ : (2.111)

The constraint PX �X 0 D � PX0X 00C PXiX 0i D 0 leads to a02 D b02 and PX2CX 02 D 0
to 1

2
.a02 C b02/ D �2. Combined this gives

a02 D b02 D �2 : (2.112)

The simplest example of an open string with N boundary conditions is

X1 D L cos
���

`

�

cos
���

`

�

X0 D t D �L

`
� ;
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X2 D L cos
���

`

�

sin
���

`

�

;

Xi D 0; i D 3; : : : ; d � 1 : (2.113)

It clearly satisfies the constraints. It is a straight string of length 2L rotating around
its midpoint in the .X1;X2/-plane. Its total (spatial) momentum vanishes and its
energy is E D L�T from which we derive the mass M2 D �P�P� D .L�T /2.
The angular momentum is J DJ12D 1

2
L2�T and we find that J D 1

2�T
M2D˛0M2.

This is a straight line in the .M2; J / plane with slope ˛0D .2�T /�1, called a
Regge trajectory. It can actually be shown that for any classical open string solution
J <˛0M2. (In the gauge chosen here and in the center of mass frame J 2 D 1

2
Jij J

ij ,
i; j D 1; : : : ; d � 1.) The velocity of the string is vvv2 D cos2. ��

`
/. It is one at both

endpoints. This is an immediate consequence of the constraint PX2 C X 02 D 0 and
holds for any open string with Neumann boundary conditions (X 0 D 0 at the ends).

A second simple open string solution is

X0 D t D � X1 D vt ; X2 D 1

`
L� ; X3 D � � � D 0 : (2.114)

This describes a string which is spanned between D-branes which are a distance L
apart. The string moves rigidly along theX1 direction with a velocity v. It satisfies N
b.c. along X0 and X1 and Dirichlet boundary conditions along X2. The constraints
are satisfied if L D `p1 � v2. This is simply the relativistic length contraction.

For the closed string the periodicity requirement leads to a.� C `/ D a.�/ and
b.� C `/ D b.�/. From

X

�

� C `

2
; � C `

2

	

D 1

2
a.� C � C `/C 1

2
b.� � �/

D 1

2
a.� C �/C 1

2
b.� � �/ ; (2.115)

we find that the period of a classical closed string is `=2. For an initially static closed
string configuration, i.e. one that satisfies PX.�; � D 0/ D 0, we find X.�; �/ D
1
2
.a.� C �/C a.� � �//. After half a period, i.e. at � D `

4
, X.�; `

4
/ D X.� C `

2
; `
4
/,

the loop doubles up and goes around itself twice: X.�/ D X.� C `
2
/. A simple

closed string configuration is

X0 D t D 2�

`
R� ;

X1 D 1

2
R
h

cos
�2�

`
.� C �/

�

C cos
�2�

`
.� � �/

�i

D R cos
�2��

`

�

cos
�2��

`

�

;
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X2 D 1

2
R
h

sin
�2�

`
.� C �/

�

C sin
�2�

`
.� � �/

�i

D R sin
�2��

`

�

cos
�2��

`

�

:

(2.116)

At t D 0 it represents a circular string of radius R in the .X1;X2/-plane, centered
around the origin. Its energy is E D 2�RT . Linear and angular momentum vanish.
At � D `

4
(t D �

2
R) it has collapsed to a point and at � D `

2
(t D �R) it has

expanded again to its original size. Similar to the open string case, one can show
that a general classical closed string configuration satisfies J � 1

2
˛0M2.

Further Reading

Constrained systems with applications to string theory are discussed in

• K. Sundermeyer, Constrained Dynamics. Lecture Notes in Physics, vol. 169
(Springer, Heidelberg, 1982)

• A. Hanson, T. Regge, C. Teitelboim, Constrained Hamiltonian Systems (Acca-
demia Nazionale de Lincei, Roma, 1976), also available at https://scholarworks.
iu.edu/dspace/handle/2022/3108

• J. Govaerts, Halitonian Quantization and Constrained Dynamics (Leuven
University Press, Leuven, 1991)

Discussion of various terms which can be added to the Polyakov action:

• O. Alvarez, Theory of strings with boundaries. Nucl. Phys. B 216, 125 (1983)

Classical string solutions:

• P. Shellard, A. Vilenkin, Cosmic Strings and Other Topological Defects
(Cambridge University Press, Cambridge, 1994)



Chapter 3
The Quantized Bosonic String

Abstract In this chapter the quantization of the bosonic string is discussed. This
leads to the notion of a critical dimension (d D 26) in which the bosonic string
can consistently propagate. Its discovery was of great importance for the further
development of string theory. We will discuss both the quantization in so-called
light-cone gauge and the covariant path integral quantization, which leads to the
introduction of ghost fields.

3.1 Canonical Quantization of the Bosonic String

In this section we will discuss first the quantization of the bosonic string in
terms of operators, i.e. we will consider the functions X�.�; �/ as quantum
mechanical operators. This is equivalent to the transition from classical mechanics
to quantum mechanics via canonical commutation relations for the coordinates and
their canonically conjugate momenta. We replace Poisson brackets by commutators
according to

f ; gP:B: ! 1

i
Œ ; � : (3.1)

In this way we obtain for the equal time commutators1

ŒX�.�; �/; PX�.� 0; �/� D 2�i ˛0���ı.� � � 0/ ;
ŒX�.�; �/; X�.� 0; �/� D Œ PX�.�; �/; PX�.� 0; �/� D 0 : (3.2)

1Our notation does not distinguish between classical and quantum quantities and between operators
and their eigenvalues. Only when confusion is possible we will denote operators by hatted symbols.

R. Blumenhagen et al., Basic Concepts of String Theory, Theoretical and Mathematical
Physics, DOI 10.1007/978-3-642-29497-6

35
3, © Springer-Verlag Berlin Heidelberg 2013
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The Fourier expansion coefficients in Eqs. (2.72a), (2.72b), etc. are now operators
for which the following commutation relations hold:

Œx�; p�� D i��� ;
Œ˛�m; ˛

�
n� D Œ˛�m; ˛�n� D mımCn���;0 ;

Œ˛�m; ˛
�
n� D 0 : (3.3)

For the open string the ˛�m are, of course, absent. The reality conditions (cf. (2.73))
become hermiticity conditions

.˛�m/
	 D ˛��m ; .˛�m/

	 D ˛�m (3.4)

which follow from requiring hermiticity of the operators X�.�; �/. If we rescale
the ˛�m’s and define, for m > 0, a�m D 1p

m
˛
�
m; .a

�
m/

	 D 1p
m
˛
��m, then the a�m sat-

isfy the familiar harmonic oscillator commutation relations Œa�m; .a�n/
	�D ım;n��� .

One defines the oscillator ground state as the state which is annihilated by all
positive modes ˛�m; m>0. They are annihilation operators while the negative modes
˛
��m m > 0 are creation operators. This does not yet completely specify the state;

we can choose it to be an eigenstate of the center of mass momentum operator with
eigenvalue p�. If we denote this state by j0Ip�i, we have

˛�mj0Ip�i D 0 for m > 0 ;

Op�j0Ip�i D p�j0Ip�i : (3.5)

The number operator for the m’th mode (m > 0) is ONm DW ˛m � ˛�m WD ˛�m � ˛m,
where the normal ordering symbol which, like the number operator, is defined w.r.t.
the vacuum j0i, instructs us to put annihilation operators to the right of creation
operators. The number operator satisfies ONn˛�˙m D ˛�˙m.Nn � ın;m/. From now on
we drop the hat on ON and denote by N both the operator and its eigenvalue and
likewise for p.

We now face the following problem: Since the Minkowski metric ��� has
�00D �1, we get Œ˛0m; ˛

0�m� D Œ˛0m; ˛
0
m
	� D �m and states of the form ˛0�mj0i

with m > 0 satisfy h0j˛0m˛0�mj0i D �mh0j0i < 0; i.e. these states have negative
norm. They are called ghosts.2 Negative norm states are bad news since they are in
conflict with the probabilistic interpretation of quantum mechanics. However, just
as we had to impose the constraints on the solutions of the classical equations of
motion, we have to impose them, now as operators, as subsidiary conditions on the
states. We then can hope that the ghosts decouple from the physical Hilbert space.
Indeed, one can prove a no-ghost theorem which states that the ghosts decouple in
26 dimensions (i.e. d D 26) if the normal ordering constant to be discussed below

2These ghosts are not to be confused with the Faddeev-Popov ghosts of Sect. 3.4.
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is�1. We will not prove this theorem here, but instead arrive at the same consistency
condition by different means (c.f. below and Chap. 5).

Let us now determine the propagators for the fieldsX�.�; �/. As usual, we define
them as

hX�.�; �/X�.� 0; � 0/i D T ŒX�.�; �/X�.� 0; � 0/�� W ŒX�.�; �/X�.� 0; � 0/� W ;
(3.6)

where T denotes time ordering and W � � � W normal ordering. Zero modes need special
care. We define W p�x� WD x�p� . This corresponds to the choice of a translationally
invariant in-vacuum p�j0i D 0.

We start with the closed string, i.e. with the propagator on the cylinder. Expressed
in terms of the variables .z; z/ D .e2�i.���/=`; e2�i.�C�/=`/ 2 S1 � S1 we find3

hX�
L.z/X

�
L.w/i D

1

4
˛0��� ln z � 1

2
˛0��� ln.z � w/ ; (3.7a)

hX�
R.z/X

�
R.w/i D

1

4
˛0��� ln z � 1

2
˛0��� ln.z � w/ ; (3.7b)

hX�
R.z/X

�
L.w/i D �

1

4
˛0��� ln z ; (3.7c)

hX�
L.z/X

�
R.w/i D �

1

4
˛0��� ln z (3.7d)

and

hX�.z; z/X�.w;w/i D �˛
0

2
��� ln

�

.z � w/.z � w/
�

: (3.8)

For z 2 C the expression on the r.h.s. of (3.8) is familiar from two-dimensional
electrostatics where �q ln jz � wj2 is the potential at w due to a charge q at z and
vice versa. The right hand sides of (3.7c, 3.7d) do not vanish because XR abd XL
have common zero mode operators. If we define the fields

X
�
R.z/ D x�R C

�

`
˛0p�R.� � �/C oscillators ; (3.9a)

X
�
L.z/ D x�L C

�

`
˛0p�L.� C �/C oscillators (3.9b)

with

Œx
�
R; p

�
R� D Œx�L; p�L� D i��� (3.10)

3In Chap. 4 we will perform a Wick rotation to a Euclidean world-sheet and z 2 C with z its
complex conjugate.



38 3 The Quantized Bosonic String

and

Œx
�
L; p

�
R� D Œx�R; p�L� D 0 (3.11)

we find

hX�
R.z/X

�
R.w/i D �

1

2
˛0 ln.z� w/��� ; (3.12a)

hX�
L.z/X

�
L.w/i D �

1

2
˛0 ln.z� w/��� (3.12b)

with vanishing cross terms. We note that the propagators for XLCXR are the same
in both cases. Treating left- and right-movers as completely independent fields will
be the key ingredient for the construction of the heterotic string, which we will
discuss in Chap. 10.

For the open string we compute the propagator on the strip of width `. In terms
of the variables .z; z/ D .ei�.���/=`; ei�.�C�/=`/ we find

hX�.z; z/X�.w;w/i NN
DD
D �˛

0

2

˚

ln jz� wj2 ˙ ln jz� wj2� ��� ; (3.13a)

hX�.z; z/X�.w;w/i ND
DN
D �˛

0

2

8

<

:

ln

ˇ

ˇ

ˇ

ˇ

p
z�pwp
zCpw

ˇ

ˇ

ˇ

ˇ

2

˙ ln

ˇ

ˇ

ˇ

ˇ

ˇ

p
z�pwp
zCpw

ˇ

ˇ

ˇ

ˇ

ˇ

2
9

=

;

��� :

(3.13b)

They are manifestly symmetric under .z; z/$ .w;w/ and they satisfy the necessary
boundary conditions. For instance, the DD propagator vanishes at the two ends of
the string where z D z while for the NN propagator @� D � i�` .z@z � z@z/ vanishes
there. When checking the boundary conditions of the DN and ND propagators one
has to use that at the � D 0 boundary,

p
z D pz while at � D `,

p
z D �pz.

The electrostatic analogy is again clear; e.g. Eq. (3.13a) follows from Eq. (3.8) by
the method of images. We either have a charge of the same sign at z (NN) or of
opposite sign (DD).

We now turn to the constraints. In the classical theory they were shown to
correspond to TCC D T�� D 0 or, expressed through the Fourier components,
Ln D Ln D 0 (in the open string case the Ln are absent). However, in the quantum
theory any expression containing non-commuting operators is ill-defined without
specifying an operator ordering prescription. This applies in particular to L0 (the
other Ln’s are safe). Classically it was given by L0 D 1

2

PC1
nD�1 ˛�n � ˛n . In the

quantum theory we define the Ln’s by their normal ordered expressions, i.e.

Ln D 1

2

C1
X

mD�1
W ˛n�m � ˛m W (3.14)
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and, in particular,

L0 D 1

2
˛20 C

C1
X

mD1
˛�m � ˛m : (3.15)

For L0 there is an ordering ambiguity, i.e. L0 is not completely determined by its
classical expression. This ambiguity is taken into account by including a normal
ordering constant in expressions containing L0, i.e. by replacing L0 ! L0 C a.

We now have to determine the algebra of the Ln’s. Due to normal ordering the
calculation has to be done with great care; the details can be found in the appendix
of this chapter. We find the Virasoro algebra O�

ŒLm;Ln� D .m � n/LmCn C c

12
m.m2 � 1/ ımCn ; (3.16)

where c is called the central charge. The Virasoro algebra is the central extension of
the Witt algebra.

Let us state the mathematical definition of a central extension Og D g ˚ Cc of a
Lie algebra g by c. It is characterized by the commutation relations

�

x; y
�

Og D
�

x; y
�

g
C c p.x; y/ ; x; y 2 g ;

�

x; c
�

Og D 0 ;
�

c; c
�

Og D 0 ; (3.17)

where c belongs to the center Og, i.e. it commutes with all generators. By Schur’s
lemma, it is constant in any irreducible representation of the algebra. We use the
same symbol c for this constant. p W g � g ! C, called a 2-cocycle, is bilinear
and anti-symmetric. As a consequence of the Jacobi-identity it satisfies the cocycle
condition p.Œx; y�; z/ C cyclic D 0. A cocycle is called trivial if we can redefine
the generators x ! Qx s.t. Œ Qx; Qy� D Qz. For the Virasoro algebra this is the case for
the term linear term in m. Indeed, QLm D Lm � ˛ım satisfies the Virasoro algebra
with an anomaly

�

c
12
m3 C .2˛ � c

12
/m
�

ımCn and for ˛ D c=24 we can eliminate
the linear term. This shift also changes the normal ordering constant in L0 to
a ! a � ˛. Only the term in the anomaly proportional to m3 has an invariant
meaning. Central extensions of algebras are closely related to projective representa-
tions which are common in quantum mechanics.

Physically the term proportional to c in (3.16) arises as a quantum effect. It is
an anomaly due to the breaking of Weyl invariance of the quantum theory. In the
representation through d free bosons, c D �

�
� D d . In the present context, d is

the dimension of the embedding space-time, the number of free scalar fields on the
world-sheet. This means that each free scalar field contributes one unit to the central
charge. In Sect. 3.4 we derive the contribution of the Faddeev-Popov ghosts to the
central charge and in later chapters of other fields such as free world-sheet fermions.
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The quantum version of the Virasoro algebra in the form of Eq. (2.89) is

ŒTCC.�/; TCC.� 0/� D �2�ifTCC.�/CTCC.� 0/g@�ı.� �� 0/� ic�

6
@3�ı.� � � 0/ ;

ŒT��.�/; T��.� 0/� D C2�ifT��.�/C T��.� 0/g@�ı.� � � 0/C ic�

6
@3�ı.� � � 0/ ;

ŒTCC.�/; T��.� 0/� D 0 (3.18)

which corresponds to the choice ˛ D c
24

.
It is now easy to see that even though in the classical theory the constraints are

Ln D 0, 8n, this cannot be implemented on quantum mechanical states j
i since

h
jŒLn; L�n�j
i D h˚ j2nL0j
i C c

12
n.n2 � 1/h
j
i : (3.19)

i.e. we cannot impose Lnj
i D 0, 8n. The most we can do is to demand that on
physical states

Lnjphysi D 0 ; n > 0 ; (3.20a)

.L0 C a/jphysi D 0 ; (3.20b)

i.e. the positive modes annihilate physical states. The conditions (3.20) are called
Virasoro constraints or physical state conditions. This is consistent since the Ln for
n > 0 form a closed subalgebra and the requirement Lnjphysi D 0 for n > 0 only,
effectively incorporates all constraints since with Ln D .L�n/	 we find that4

hphys0jLnjphysi D 0 8 n ¤ 0 : (3.21)

For the closed string we have in addition the Ln’s. They also satisfy a Virasoro
algebra and commute with the Ln’s. We impose the condition Eq. (3.20b) also for
the Ln’s and the level matching condition

.L0 � L0/jphysi D 0 : (3.22)

The reason for this constraint is that the unitary operator

Uı D e2�i ı` .L0�L0/ (3.23)

satisfies

4Note that the situation is very similar to the one in the quantization of electromagnetism. There
we can only impose the positive frequency part of the gauge condition @ �AD 0 on physical states.
This suffices to get hphys0j@ � Ajphysi D 0. In this restricted Hilbert space longitudinal and scalar
photons decouple.
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U
	

ı X
�.�; �/ Uı D X�.� C ı; �/ ; (3.24)

i.e. Uı generates rigid � translations. This already follows from our discussion in
Chap. 2 of the motions generated by the constraintsL0�L0 D �

R

d�X 0 �˘ . Since
no point on a closed string should be distinct, we have to impose Eq. (3.22). (This
also follows from Eq. (3.20b) and the equivalent condition for L0 if a D a which is
the case for the bosonic string moving through Minkowski space-time.)

We define the level number operator for the open string as

N D
1
X

nD1
.˛��n ˛�;n C ˛i�n ˛i;n/C

X

r2N0C 1
2

˛a�r ˛a;r ; (3.25)

where � enumerates the NN directions, i the DD directions and a the DN and ND
directions. Using the condition (3.20b) we find that physical open string excitations
have to satisfy

˛0m2 D N C ˛0.T�x/2 C a (3.26)

wherem2D �p�p� is the mass of the excitation and .�x/2D�xi�xi the distance
between the two ends of the open string in the DD directions. N is the total level
number of the string state, i.e. the eigenvalue of the level number operator. Note that
the mass of the ground state of the open string is determined by the normal ordering
constant and a piece which grows with the minimal length of the string. Due to its
tension it costs energy to stretch the string a distance j�xj.

For closed strings we find from L0 D P1
nD1 ˛�n � ˛n C 1

2
˛20 D N C ˛0

4
p2 and

the analogous expression for L0

m2 D �p�p� D m2
L Cm2

R ; (3.27)

where

˛0m2
L D 2.N C a/ ;

˛0m2
R D 2.N C a/ (3.28)

and

m2
L D m2

R (3.29)

as a consequence of L0 � L0 D 0. The mass of the ground state (N D N D 0) is
again determined by the normal ordering constant.

We want to remark that the normal ordering constants drop out from the
expressions for the angular momentum operators and one easily verifies the Poincaré
algebra (2.70) as an operator algebra, after replacing the Poisson brackets by
commutators.
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3.2 Light-Cone Quantization of the Bosonic String

It is possible to choose a gauge, called light-cone gauge, in which the Virasoro
constraints can be solved explicitly and the theory can be formulated in terms
of physical degrees of freedom only. It is therefore a unitary gauge but it is a
non-covariant gauge. As the formulation in light-cone gauge is obtained from
a manifestly Lorentz invariant theory via gauge fixing, one might expect that
d -dimensional Lorentz invariance is automatic, though not manifest. However, as
we will see shortly, this is true in the quantum theory only if d D 26, which is the
critical dimension of the bosonic string.

Quantization in light-cone gauge is the fastest way to get the excitation spectrum
of the string. For the computation of scattering amplitudes, however, a covariant
quantization procedure is more convenient. We will discuss covariant quantization
in Sect. 3.4 and in Chap. 5. It leads to the same result for the critical dimension.

Space-time light-cone coordinates are defined as .XC; X�; Xi /, i D 2; : : : ;
d � 1, with

X˙ D 1p
2
.X0 ˙X1/ : (3.30)

Xi are the transverse coordinates. The scalar product in terms of light-cone
components is V � W D V iW i � V CW � � V �W C and indices are raised and
lowered according to V C D �V�; V � D �VC and V i D Vi .

Light-cone gauge is a conformal gauge where the residual gauge freedom
�! Q� D f .�C/ C g.��/; � ! Q� D f .�C/ � g.��/ is fixed by choosing5

XC / � . On-shell this is possible since XC satisfies the two-dimensional wave
equation. The constant of proportionality is determined by (2.68):

XC D 2�˛0

`
pC� : (3.31)

For the open string we need that X˙ satisfy Neumann boundary conditions. The
oscillators in the XC direction all vanish, except for the zero mode for which

˛C0 D ˛C0 D
r

˛0
2
pC (closed string) ; ˛C0 D

p
2˛0pC (open string) :

(3.32)

The action in light-cone gauge is6

5The proper way to go to light-cone gauge would be to use the local symmetries on the world-sheet
to fix components of the world-sheet metric and XC. One then has to show that no propagating
ghosts are introduced in this process of gauge fixing. Rather than going through these steps we take
this a posteriori justifiable short-cut.
6Here and below a summation over i D 2; : : : ; d � 1 is implied.
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S D 1

4�˛0

Z

d�d�
˚

. PXi/2 � .X 0i /2� �
Z

d� pC Pq� D
Z

d� L ; (3.33)

where q� D 1
`

R `

0 d�X
�. The canonical momenta are

p� D �pC D @L

@ Pq�

˘i D @L

@ PXi
D 1

2�˛0
PXi (3.34)

and the canonical Hamiltonian in light-cone gauge becomes

Hl.c. D p� Pq� C
Z `

0

d� ˘i
PXi � L ;

D 1

4�˛0

Z `

0

d�
˚

. PXi/2 C .X 0i /2� : (3.35)

With the help of the constraints . PX� ˙ X 0�/2 D 0 we can express X� through the
transverse coordinatesXi via

@˙X� D `

2�˛0pC
.@˙Xi/2 : (3.36)

Adding the two constrains we find

@�X
� D `

2�˛0pC
˚

. PXi/2 C .X 0i /2� (3.37)

or, with p� D 1
2�˛0

R

d� PX�,

p� D `

2�˛0pC
Hl.c. : (3.38)

Subtracting the constraints we find, after integrating over the length of the closed
string and using periodicity,

(closed string)
Z `

0

d�X 0i˘i D 1

2�˛0

Z `

0

d�X 0i PXi D 0 : (3.39)

This is the �-translation operator and we have to impose this constraint on physical
closed string states.

We now turn to the light-cone quantization of the bosonic string. The dynamical
variables are p�; q�; Xi ;˘i . We impose the following canonical commutation
relations
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Œq�; pC� D �i ;
Œqi ; pj � D iıij ;
Œ˛in; ˛

j
m� D nıij ınCm;0 ; Œ˛in; ˛

j
m� D nıij ımCn;0 ; (3.40)

where we have used the mode expansions of Chap. 2. For the open string the ˛
oscillators are, of course, absent.

When we express e.g. the light-cone Hamiltonian in terms of oscillators, we have
to worry about ordering ambiguities of the oscillators. As before, we define the
Hamiltonian as a normal ordered expression and include a normal ordering constant
which we determine momentarily. For the closed string we find

Hl.c. D 2�

`

 

X

n>0

�

˛i�n˛in C ˛i�n˛in
�C aC a

!

C �˛0

`
pipi (3.41)

and for the open string

Hl.c. D �

`

X

n>0

�

˛i�n˛in C a
�

C �˛0

`

X

NN

pipi C 1

4�˛0`
X

DD

.xi1 � xi2/2 ; (3.42)

where the mode numbers are integer for NN and DD boundary conditions and half-
integer for DN and ND.

We now determine the normal ordering constants. We first give a formal
derivation which we will then justify by a physically motivated one. Recall how
the normal ordering constant arose:

X

n¤0
˛�n˛n D

X

n¤0
W ˛�n˛n W C

1
X

nD1
n D 2

 1
X

nD1
˛�n˛n C 1

2

1
X

nD1
n

!

: (3.43)

For simplicity we have assumed n 2 Z. The last sum in this expression is undefined
and must be regularized. We do this in two ways. The first method uses so-

called �-function regularization. Consider the sum
1
X

nD1
n�s � �.s/ which is the

Riemann zeta-function. The sum converges for Re.s/ > 1 and has a unique analytic
continuation at s D �1 where it has the value �.�1/ D � 1

12
. This determines

the contribution to a from one coordinate of the closed string and from a NN or
DD direction of the open string as � 1

24
. For half-integer modes we have to use the

generalized �-function �.s; q/ DP1nD0.nC q/�s with

1
X

nD0
.nC q/ D �.�1; q/ D � 1

12
.6q2 � 6q C 1/ : (3.44)
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Let us now justify this ‘mathematical trick’. Consider the open string light-cone
Hamiltonian

Hl.c. D �

`

X

n>0

˛i�n˛in C
�

2`
.d � 2/

1
X

nD1
nC �˛0

`

X

i

pipi : (3.45)

For simplicity we consider only the case where all directions are NN. The
generalization to other boundary conditions is straightforward. We regularize
the sum

�

`

1
X

nD1
n! �

`

1
X

nD1
n exp

�

��n
`

�

D �

`

e��=`

.1 � e��=`/2

D `

�
2 � 1

12

�

`
CO.1=/ ; (3.46)

where we have introduced the UV energy cut-off . The divergent part, being
proportional to the length of the string, can be cancelled by adding a cosmolog-
ical constant /2

R

d2�
p�h to the Polyakov action. The remaining finite part

reproduces what we had obtained via �-function regularization.
We can now write down the mass operator m2 D 2pCp� � pipi . Using (3.38)

and the expressions for the light-cone Hamiltonian, we find for the closed string

m2 D m2
L Cm2

R (3.47)

with

˛0m2
L D 2

�

N tr � 1

24
.d � 2/

�

; ˛0m2
R D 2

�

Ntr � 1

24
.d � 2/

�

(3.48)

and

m2
L D m2

R (3.49)

as a result of (3.39). Ntr is the level number in the transverse directions and (3.49)
is the level-matching condition

Ntr D N tr (3.50)

in light-cone gauge, which follows from (3.39).
In light-cone gauge there are no non-zero oscillator modes in the ˙-directions.

Therefore L0 D Ntr C ˛0

4
p2. With p2 D pipi � 2pCp� and (3.38) we find L0 C

L0 C a C a D 0. Combining this with L0 � L0 D N � N D 0, we recover the
physical state condition (3.20b) with a D a the same constant as in (3.41).
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For the open string the mass operator is

˛0m2 D Ntr � d � 2
24
C �

16
C ˛0.T�X/2 ; (3.51)

where � is the number of directions with mixed boundary conditions, i.e. DN or ND.
It remains to determine d , the number of space-time dimensions in which the string
can be consistently quantized. To find d we look at the mass spectrum of the string
and require Lorentz invariance, which is not manifest in the light-cone gauge.

3.3 Spectrum of the Bosonic String

In light-cone gauge the excited states of the string are generated by acting with the
transverse oscillators on the ground state. They must fall into representations of
the little group. Consider first a massive particle moving through d -dimensional
Minkowski space. Since any massive particle necessarily moves with a speed
less than the speed of light, we can make a Lorentz boost and go to its rest
frame. In this frame the particle’s momentum is p�D .m; 0; : : : ; 0/with p2D �m2

whose invariance subgroup (isotropy group, little group) is SO.d � 1/. This means
that massive particles, and by the same token, massive string excitations, can be
classified by representations of SO.d � 1/. For a massless particle the situation
is different. Since they necessarily move at the speed of light and satisfy p2D 0,
we can choose a frame in which its momentum is p�D .E; 0; : : : ; 0; E/. The
invariance group of this vector is E.d � 2/, the group of motions in .d � 2/-
dimensional Euclidean space, whose generators are rotations and translations in
.d � 2/-dimensional Euclidean space. Massless string states form, however, rep-
resentations of its connected component SO.d � 2/ � E.d � 2/. We now discuss
open and closed strings in turn.

Open String Spectrum

We start with NN boundary conditions in all directions, i.e. unbroken d -dimensional
Poincaré symmetry. This corresponds to a space-time filling D-brane. The ground
state j0Ipi is unique up to Lorentz boosts. Its mass is given by its eigenvalue of
the mass operator ˛0m2j0Ipi D aj0Ipi. The first excited state is ˛i�1j0Ipi. It is
a .d � 2/-dimensional vector of the transverse rotation group SO.d � 2/. Lorentz
invariance requires that this state is massless. Acting on it with the mass operator
we get

0 D ˛0m2
�

˛i�1j0Ipi
� D .1C a/ ˛i�1j0Ipi (3.52)
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Table 3.1 The five lowest mass levels of the oriented open bosonic string
Level ˛0.m/2 States and their Little Representation contents

SO.24/ representation contents group with respect to the

little group

0 �1

j0i

�

.1/

SO.25/
�

.1/

1 0

˛i
�1 j0i

.24/

SO.24/
.24/

2 +1

˛i
�2 j0i

.24/

˛i
�1˛

j
�1 j0i

C �

.299/C .1/

SO.25/
.324/

3 +2

˛i
�3j0i

.24/

˛i
�2˛

j
�1j0i

C C �

.276/C .299/C .1/

˛i
�1˛

j
�1˛

k
�1 j0i

C

.2576/C .24/

SO.25/
.2900/

C

.300/

4 +3

˛i
�4j0i

.24/

˛i
�3˛

j
�1j0i

C C �

.276/C .299/C .1/

˛i
�2˛

j
�2j0i

C �

.299/C .1/

˛i
�2˛

j
�1˛

k
�1 j0i

2� C C

2� .24/ C .2576/C .4576/

˛i
�1˛

j
�1˛

k
�1˛

l
�1j0i

C C �

.17250/ C .299/ C .1/

SO.25/

.20150/
C

.5175/

C

.324/
C

�

.1/

i.e. we have to require a D �1. Comparison with (3.51) immediately leads to the
important result d D 26. This value is called the critical dimension of the bosonic
string. To summarize, space-time Lorentz invariance of the quantized bosonic
string theory in Minkowski space requires aD �1 and d D 26. A more rigorous
argument, which also relies on Lorentz invariance, is to check the closure of the
Lorentz algebra; the commutator ŒM i�;M j�� is crucial. In contrast to the Lorentz
generators in covariant gauge,Mi� contains cubic normal ordered expressions due
to the appearance of ˛�n which is a quadratic expression of the transverse oscillators
(cf. Eq. (3.36)). The actual calculation of this commutator is quite tedious and will
not be presented here.

An immediate consequence of aD �1 is that the ground state satisfies
˛0m2D �1, i.e. it is a tachyon. The presence of a tachyon is not necessarily a
fatal problem for the theory. It means that the ‘ground state’ is unstable and some
other, stable ground state might exist. Another way to get rid of the tachyon is
to introduce anti-commuting degrees of freedom whose normal ordering constant
cancels that of the commuting degrees of freedom of the bosonic string. This is
indeed what is done in the superstring theory.

In Table 3.1 we have collected the light-cone states of the open bosonic string
with NN boundary conditions up to the fourth level. It is demonstrated how, for the
massive states, the light-cone states, which are tensors of SO.24/, combine uniquely
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into representations of SO.25/. It can be shown that this occurs at all mass levels
and depends crucially on the choices aD �1 and d D 26. Since at level nwith mass
˛0m2D .n� 1/ we always have a state described by a symmetric tensor of rank n,
we find that the maximal spin at each level is jmaxDnD ˛0m2C 1. All states satisfy
j �˛0m2C 1 and, since j andm2 are quantized, all states lie on Regge trajectories,
with the tachyon lying on the leading trajectory.

Open String Spectrum for Dp-branes

Consider an open string with .p C 1/ Neumann boundary conditions and .25 � p/
Dirichlet conditions. This is an open string with end points on a single Dp-brane.
The story is very similar to the previous case, except for the difference between
excitations parallel to the brane and normal to the brane which breaks SO.24/ to
SO.p � 1/ � SO.25 � p/. Let us denote the parallel (N) directions as Xi and the
normal (D) ones as Xa.

Indeed the ground state only carries momentum along Xi , i.e. j0; pi i. The first
excited massless states are ˛i�1j0; pi i and ˛a�1j0; pi i, which transform as a vector
and .25 � p/ scalars of SO.p � 1/, respectively. Therefore, on the Dp-branes one
gets still a massless vector field in addition to a number of scalars which can be
considered as the Goldstone modes for the broken translational symmetry in the
directions orthogonal to the Dp-branes. As is well known from quantum field theory,
massless vector fields are gauge fields and, indeed, by analysing the couplings of
these open string massless modes one finds that they precisely couple like gauge
fields among themselves and to other charged matter fields. We will study this more
closely in Chap. 16. We will not discuss higher excited (massive) states, though it is
straightforward.

One can also consider an open string, which is stretched between two parallel
Dp-branes located at, in general, different positions xa0 and xa1 . The oscillator
excitations are completely analogous to the previous case, the only difference being
that all mass levels experience a shift by the energy of the stretched non-excited
open string

m2
0 D

1

.˛0/2
X

a

	

xa1 � xa0
2�


2

: (3.53)

This implies that the modes ˛i�1j�xa; pi i are not any longer massless.
If one places N such Dp branes on top of each other, one can write for instance

the massless vector excitations as

˛i�1jk; l Ipi i; k; l 2 f1; : : : N g : (3.54)

The discrete degrees of freedom k; l are labels which encode the information on
which brane the open string starts and ends. These are called Chan-Paton labels.
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We can represent theN2 states labelled by k; l in terms of a matrix which we expand
into a complete set of N �N matrices �akl ; a D 1; : : : ; N 2 and write

jk; l Ipi i D �akl jaIpi i : (3.55)

The �akl are called Chan-Paton (CP) factors. Clearly, this gives N2 massless vector
fields with momentum along the world-volume of the Dp-branes. We will later argue
that these are the gauge bosons of an U.N/ Yang-Mills theory on the world-volume
of the D-branes, i.e. a natural choice for the �akl are the Hermitian generators of
U.N/ satisfying �	 D �. The transverse scalar modes

˛a�1jk; l Ipi i; k; l 2 f1; : : : N g (3.56)

also carry the N2 Chan-Paton factors and they also transform in the adjoint
representation of the gauge group U.N/.

If we separate the branes in the transverse directions, due to (3.53) some of the
open strings become massive and the gauge symmetry is spontaneously broken to
a subgroup. In the .p C 1/-dimensional U.N/ gauge theory on the world-volume
of the Dp-brane this is described by giving a non-zero vacuum expectation value to
some of the adjoint scalars (3.56) proportional to the separation of the branes.

The fact that the massless modes of open strings ending on Dp-branes lead to
non-abelian gauge fields in p C 1 dimensions is important for building realistic
particle physics models within string theory.

Closed String Spectrum

On a closed string we can excite both left- and right-moving oscillators. Its states
are simply tensor products of the open string states, subject to the level matching
condition which means that the excitation level in both sectors has to be the same.
The ground state is again a scalar tachyon j0i with mass ˛0m2 D �4a. The first
excited state is ˛i�1˛

j
�1j0i with mass ˛0m2 D 4.1 � a/. We can decompose this

state into irreducible representations of the transverse rotation group SO.d � 2/ as
follows:

˛i�1˛
j
�1j0; pi D

�

˛
.i
�1˛

j /
�1 �

1

d � 2ı
ij ˛k�1˛k�1

�

j0; pi C ˛
Œi
�1˛

j �
�1j0; pi

C 1

d � 2ı
ij ˛k�1˛k�1j0; pi ; (3.57)

where indices in parentheses and brackets are symmetrized and anti-symmetrized,
respectively. As for the open string we conclude that aD 1 and d D 26. The
states (3.57) represent a massless spin two particle, an antisymmetric tensor and a
massless scalar which we will later identify as the graviton, an antisymmetric tensor
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Table 3.2 The three lowest mass levels of the oriented closed bosonic string
Level ˛0.m/2 States and their Little Representation contents

SO.24/ representation contents group with respect to the

little group

0 �4

j0i

�

.1/

SO.25/
�

.1/

1 0

˛i
�1˛

j
�1j0i

�

.24/ .24/

SO.24/
.299/

C

.276/

C

�

.1/

2 +4

˛i
�2˛

j
�2j0i

�

.24/ .24/

˛i
�1˛

j
�1˛

k
�1˛

l
�1j0i

�

C �

�

�

�

C �

�

.299/C .1/ .299/C .1/

˛i
�2˛

j
�1˛

k
�1j0i

�

�

C �

�

.24/ .299/C .1/

˛i
�1˛

j
�1˛

k
�2j0i

�

C �

�

�

.299/C .1/ .24/

SO.25/

.324/
�

.324/
D

.20150/
C

.32175/

C

.52026/
C

.324/
C

.300/
C

�

.1/

field and the dilaton. The spectrum for the first three levels is displayed in Table 3.2.
Again, the massive states combine into representations of the little group SO.25/.
The relation between the maximal spin and the mass is now jmax D 1

2
˛0m2 C 2.

Oriented vs. Non-oriented Strings

Even after going to light-cone gauge the original diffeomorphism invariance of the
Polyakov action has not yet been completely fixed. The discrete world-sheet parity
transformation, which possesses no infinitesimal version, � ! Q� D ` � �; � !
Q� D � , is still possible. It respects the periodicity of the closed string and maps the
two end points of the open string to each other but it reverses the orientation d�^d�
of the world-sheet.

The concept of orientability can be made precise by defining a unitary operator
˝ which implements the above discrete diffeomorphism and thus reverses the
orientation of the string, i.e.

˝X�.�; �/˝�1 D X�.l � �; �/: (3.58)

Expressed in terms of oscillators this means for the modes of the closed string

˝ ˛�n ˝
�1 D ˛�n ; ˝ ˛�n ˝

�1 D ˛�n (3.59)

and for the open string

˝ ˛�n ˝
�1 D .�1/n ˛�n (NN) (3.60a)
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˝ ˛
�
n ˝

�1 D .�1/nC1 ˛�n
˝ x

�
0;1˝

�1 D x
�
1;0

)

(DD) : (3.60b)

For mixed boundary conditions, we get that the ND-sector is mapped to the
DN-sector and vice versa

˝ ˛
�;ND

nC 1
2

˝�1 D i .�1/n ˛�;DN

nC 1
2

: (3.61)

The action of ˝ on a state is fixed only after we specify its action on the ground
state. Requiring˝2 D 1 on all states, which makes 1

2
.1C˝/ a projection operator,

leaves a sign choice. As we will see in Chap. 9, it is constrained by so-called tadpole
cancellation conditions. Once it is fixed, the action of˝ on all oscillator excitations
of the ground state is also fixed.

There are now two possibilities. If we gauge the discrete symmetry we arrive
at unoriented strings whose physical states must be invariant under ˝ . Otherwise
we have the oriented string without such a restriction on the spectrum of physical
states. The spectrum of unoriented closed strings consists of states symmetric under
the interchange of left- and right-moving oscillators. Of the massless states only the
symmetric (graviton) and singlet piece (dilaton) survive. For historical reason the
closed oriented bosonic string theory is referred to as the extended Shapiro-Virasoro
model, whereas the unoriented theory is called the restricted Shapiro-Virasoro
model.

For the case that ˝ acts on the ground state with a plus sign, the spectrum of an
unoriented open string with NN (DD) boundary conditions consists only of states
with even (odd) level number. For the case of a single D9-brane this projects out the
massless vector. However, for 2N branes on top of each other, one has to take also
the action of ˝ on the CP factors into account. Since ˝ changes the orientation

˝jk; l Ipi i D jl; kIpii ; (3.62)

at the massless level, N.2N � 1/ of the .2N /2 CP-factors survive. This gives a
massless vector of a SO.2N/ � U.2N/ gauge theory. Contrarily, if ˝ acts with
a minus sign on the open string vacuum, the CP labels are symmetrized and we get a
massless vector of a Sp.2N/ � U.2N/ gauge theory.7 The symplectic groups are
non-compact and the compact gauge group is USp.2N/ D Sp.2N IC/ \ U.2N/.

One can dress the world-sheet parity transformation by additional Z2 symmetries
of the string theory. In this way one can define more general gaugings. Such
constructions are also called orientifolds. For instance, the combination˝In, where
In reflects n of the 26 space-time coordinates, leads to orientifolds, where the 26�n

7The group Sp.2N / is defined as the group generated by 2N � 2N -matrices with MJM T D J

where J D
	

0 �

�� 0



and � is the N � N unit matrix. In our conventions Sp.2N / has rank N .
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dimensional fixed locus of In defines a so-called orientifold O(25 � n)-plane. One
can think of these as defects in space-time, which carry a mass-density. We will
discuss such quotient theories in more detail in Chap. 9, where we will see that in
contrast to D-branes the O-planes are not dynamical.

Let us now interpret the mass spectra. Any interacting string theory with local
interactions has to contain closed strings. String interactions consist of strings
splitting and joining. How this is incorporated in string theory will be discussed
in Chap. 6. The assumption of locality implies that two joining ends of strings can
be either two ends of two different open strings or the two ends of one open sting,
joining to form a closed string.

Looking at the closed string spectrum we see that a massless spin two particle is
always present. It is very suggestive to identify it with the graviton, i.e. the gauge
particle of the ubiquitous gravitational interaction. If we do this we have to relate
the string scale set by the slope parameter to the Planck scale, i.e. ˛0	G where
GDM�2P is Newtons constant and MP the Planck mass. It is of course one of
the attractive and encouraging features of string theory that it necessarily contains
gravity.8 This however also means that the massive states, since their mass is an
integer multiple of the string mass Ms , cannot be identified with known particles or
hadronic resonances as was the original motivation for string theory. But this is all
right, as the higher mass and spin resonances of hadronic physics have by now found
an adequate description by QCD and the prospect of having a consistent quantum
theory including gravity has led to a shift in the interpretation of string theory from
the hadronic scale (100MeV) to the Planck scale (1019 GeV). The other massless
states of the closed string, the singlet and the antisymmetric tensor part of Eq. (3.57)
can be interpreted as a dilaton and an antisymmetric tensor particle.

As we will discuss in Chap. 17, within the so-called brane-world scenario, there
exists the possibility to have a low string scale which could bring the masses of
low string excitations within the reach of particle accelerators. But even with a high
string scale one can describe hadronic physics, or at least a theory with similar
features, within string theory. This is in the context of the AdS/CFT correspondence
which we will introduce in Chap. 18.

What about the states of the open string? As already mentioned, the massless
vector could be interpreted as a gauge boson, if we associate a non-abelian charge
in the adjoint representation of the gauge group to the open string. This can indeed
be done by attaching to one end of the string the charge of the fundamental
representation and to the other end the charge of its complex conjugate represen-
tation. This is the method of Chan and Paton. For a Dp-brane the momentum of
the vector is confined to the p C 1 longitudinal Neumann directions so that the
gauge boson cannot leave the brane. It is confined to it. For space-time filling D25-
branes, consistency of the interacting theory restricts the possible gauge groups to

8The presence of a massless spin two particle is a priori not sufficient to have gravity. We will show
in the last chapter that at low energies it couples to matter and to itself like the graviton of general
relativity.
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SO.8192/ for the bosonic string. We will go into details of the Chan-Paton method
in Chap. 9 where we also explain why in the superstring with space-time filling D9
branes, the gauge group SO.32/ is singled out. In Chap. 9 we will also learn how to
get non-abelian gauge symmetries in a theory of only closed strings.

At the end of this discussion about a possible connection of string theory with
known physics we have to say a word of caution. The suggested interpretation of the
massless particles can, of course, only hold if they have the interactions appropriate
to gravitons, gauge bosons etc. This means that the theory has to be gauge invariant
and especially generally coordinate invariant as a 26 dimensional theory. This is
not a priori obvious and will be demonstrated in Chap. 16. Also, we still have to
find a way to go from the critical dimension to 4 dimensions. We will address this
important question in Chap. 14.

3.4 Covariant Path Integral Quantization

Path integral quantization à la Faddeev-Popov has proven useful for theories with
local symmetries, e.g. Yang-Mills theories. As such it is also applicable in string
theory and an alternative to the non-covariant light-cone gauge quantization. The
starting point is the Polyakov action (2.21). As discussed in Chap. 2, the induced
metric �˛ˇ D @˛X

�@ˇX
���� and the intrinsic world-sheet metric h˛ˇ are related

only on-shell, i.e. through the classical equations of motion T˛ˇ D 0. Quantum
mechanically this does not need to be so. In fact, just as we integrate in the Feynman
path integral approach to quantum mechanics over all paths and not only classical
ones, we have to integrate over h˛ˇ and the embeddings X� independently. One
must, however, find a measure for the functional integrations which respects the
(local) symmetries of the classical theory, which are reparametrizations and Weyl
rescalings. In the classical theory the symmetries allowed us to gauge away the
three degrees of freedom of h˛ˇ . If these symmetries cannot be maintained in the
quantum theory, one has an anomaly and the quantum theory has additional degrees
of freedom. Indeed, the measures for the integrations over the metrics and the
embeddings are both not Weyl invariant. However, Polyakov has shown that their
Weyl variations cancel in 26 dimensions in which case there is no Weyl anomaly.
This is the same value which we found from Lorentz invariance in the light-cone
gauge.

One can also consider so-called non-critical string theories where d < dcrit.
For these non-critical string theories not all world-sheet fields can be interpreted as
coordinates of Minkowski space. If we want to quantize string theory in Minkowski
space without any additional degrees of freedom, we need d D dcrit. We will not
discuss non-critical strings.

Polyakov’s analysis will not be presented here but we will rederive the critical
dimension by the requirement that the central term in the Virasoro algebra cancels
when the contributions from the Faddeev-Popov ghosts are included. We will show
in Chap. 4 that this is equivalent to requiring a vanishing Weyl (trace) anomaly.
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We will assume in the following discussion that we are in the critical dimension in
which the combined integration measure is Weyl and diffeomorphism invariant.

Consider the vacuum to vacuum amplitude or partition function9

Z D
Z

DhDX eiSP Œh;X� : (3.63)

The integration measures in Eq. (3.63) are defined by means of the norms

jjıhjj D
Z

d2�
p
�hh˛ˇh�ııh˛�ıhˇı ;

jjıX jj D
Z

d2�
p
�hıX�ıX� : (3.64)

For finite dimensional spaces the norm jjıX jj2 D gij ıXiıXj leads to the volume
element

p
gdnx. In the infinite dimensional case the measure can be implicitly

defined via the Gaussian integral

1 D
Z

D.ıX/ e�
1

4�˛0
jjıX jj2 (3.65)

and likewise for the other variables. The measures are invariant under reparametriza-
tions but neither measure is invariant under Weyl rescaling of h˛ˇ . The measure in
Eq. (3.63) is not complete. Factors involving the volume of the symmetry group will
be discussed below and in Chap. 6.

The initial step in the Faddeev-Popov quantization procedure is to fix the gauge.
As described in Chap. 2, we can use reparametrizations to go to a gauge in which
the metric is equivalent to a fixed reference metric Oh˛ˇ ; i.e. our gauge condition is

h˛ˇ D e2
 Oh˛ˇ : (3.66)

We have also seen that under reparametrizations and Weyl rescalings the changes of
the metric can be decomposed as

ıh˛ˇ D �.P �/˛ˇ C 2 Qh˛ˇ ; (3.67)

where the operator P maps vectors to symmetric traceless tensors. The covariant
derivatives in above expressions are with respect to the metric h˛ˇ , which is also
used to raise and lower indices. The integration measure can now be written as

Dh D D.P �/D Q D D�D

ˇ

ˇ

ˇ

ˇ

ˇ

@.P �; Q/
@.�;/

ˇ

ˇ

ˇ

ˇ

ˇ

: (3.68)

9Later we will compute scattering amplitudes as correlation functions with this partition function.
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The Jacobian is easy to evaluate formally:
ˇ

ˇ

ˇ

ˇ

ˇ

@.P �; Q/
@.�;/

ˇ

ˇ

ˇ

ˇ

ˇ

D
ˇ

ˇ

ˇ

ˇ

det

	

P 0


 1


ˇ

ˇ

ˇ

ˇ

D j detP j D .detPP	/1=2 ; (3.69)

where 
 is some operator which does not enter the determinant. The integral over
reparametrizations simply gives the volume of the diffeomorphism group (more
precisely, the volume of the component connected to the identity). This volume
depends on the Weyl degree of freedom as the measure D� does. We do, however,
assume that all dependence on the conformal factor will eventually drop out in the
critical dimension. We thus ignore it and drop the integral over. We then have

Z D
Z

DX� .detPP	/1=2 eiSP Œe
2
 Oh˛ˇ;X�� : (3.70)

The last step of the Faddeev-Popov procedure is to rewrite the determinant by
introducing anti-commuting ghost fields c˛ and b˛ˇ , where b˛ˇ is symmetric and
traceless. We then obtain

.detPP	/1=2 D
Z

DcDb exp

	

1

2�

Z

d2�
p
�h h˛ˇ bˇ� r˛c�




; (3.71)

where h˛ˇ D e2
 Oh˛ˇ is the gauge fixed metric. The normalization of the ghost
fields are chosen for later convenience. Note that c˛ corresponds to infinitesimal
reparametrizations and b˛ˇ to variations perpendicular to the gauge slice. One often
refers to b˛ˇ as the anti-ghost. If we insert Eq. (3.71) into the partition function we
get

Z D
Z

DX� DcDb eiSŒX;
Oh;b;c� ; (3.72)

where

S D � 1

4�˛0

Z

d2�
p

� Oh Oh˛ˇ
n

@˛X
�@ˇX� C 2i˛0bˇ� Or˛c�

o

: (3.73)

The action is independent of the Weyl factor. If we choose b and c Hermitian, the
action is real. For the conformal gauge choice Oh˛ˇ D �˛ˇ we find

S D SŒX�C SghostŒb; c� (3.74)

with

SŒX� D 1

�˛0

Z

d2�@CX�@�X� ;

SghostŒb; c� D i

�

Z

d2�.cC@�bCC C c�@Cb��/: (3.75)
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Since b˛ˇ is traceless symmetric its only non-vanishing components are bCC and
b�� .

We have to point out that our treatment above left unmentioned several subtle
points. One, having to do with the conformal anomaly, was already touched upon
and will be taken up shortly. Another issue has to do with reparametrizations which
satisfy .P �/˛ˇ D 0, i.e. with the possible existence of conformal Killing vector
fields. The equation of motion for the c ghosts is the conformal Killing equation, i.e.
the c zero modes correspond to diffeomorphisms which can be absorbed by a Weyl
rescaling. In the functional integration we are to integrate over each metric deviation
only once. Since the ones generated by conformal Killing vectors are already taken
care of by the integration over the conformal factor, we have to omit the zero modes
from the integration over c.

Another problem concerns the question whether all symmetric traceless metric
deformations can be generated by reparametrizations. As we know from Chap. 2,
this is not the case if P	 has zero modes; they correspond to zero modes of the b
ghosts. If present, they have to be treated separately to get a non-vanishing result,
since

R

d�1 D 0 for � a Grassmann variable. We will come back to the issue of
ghost zero modes in Chap. 6.

The energy momentum tensor of the ghosts fields can be derived from Eq. (3.73)
using Eq. (2.22). Dropping hats from now on, we find

T˛ˇ D �i.b˛�rˇc� C bˇ�r˛c� � c�r� b˛ˇ � h˛ˇb�ır�cı/ ; (3.76)

which is traceless as a consequence of the Weyl invariance of the ghost action. In the
derivation one also has to vary the metric dependence of the covariant derivatives
and has to take into account the tracelessness of b˛ˇ , e.g. via a Lagrange multiplier.
One can verify that r˛T˛ˇ D 0 if one uses the equations of motion. In light-cone
gauge, the non-vanishing components are

TCC D �i
�

2bCC@CcC C .@CbCC/ cC
�

;

T�� D �i .2b��@�c� C .@�b��/ c�/ (3.77)

and energy-momentum conservation is

@�TCC D @CT�� D 0: (3.78)

The equations of motion for the ghost fields are

@�bCC D @Cb�� D 0 ;
@Cc� D @�cC D 0: (3.79)

They have to be supplemented by periodicity (closed string) and boundary con-
ditions (open string). The periodicity condition is simply b.� C `/ D b.�/ and
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likewise for c. In the closed string case the equations of motion imply that bCC
and cC are purely left-moving whereas b�� and c� are purely right-moving. For
the open string, the boundary terms which arise in the derivation of the equations of
motion vanish if we require

b01 D c1 D 0 (3.80)

at the two ends of the open string. This is equivalent to bCC D b�� and cC D c�.
This choice, which is not the only possible one, has the following interpretation:
through the relation between c˛ and the parameter of reparametrizations it means
that we are restricting to variations which do not move the boundary. The covariant
form of these boundary conditions is n˛ıcˇb˛ˇj@˙ D 0 with ıc˛ 	 t˛ , where n˛

and t˛ are normal and tangential to the boundary of the world-sheet.
The ghost system, consisting of Grassmann odd fields, is quantized by the

following canonical anti-commutation relations:

fbCC.�; �/; cC.� 0; �/g D 2�ı.� � � 0/ ;
fb��.�; �/; c�.� 0; �/g D 2�ı.� � � 0/ (3.81)

with all others vanishing. We can solve the equations of motion and express the
canonical brackets in terms of Fourier modes. We then define the Virasoro operators
of the b, c system as the moments of the constraints TCC D T�� D 0.

For the closed string the solutions of the equations of motion, periodic in � with
period ` are

cC.�; �/ D `

2�

C1
X

nD�1
cn e
�2� i n.�C�/=` ;

c�.�; �/ D `

2�

C1
X

nD�1
cn e
�2� i n.���/=` (3.82)

and

bCC.�; �/ D
	

2�

`


2 C1
X

nD�1
bn e

�2�in.�C�/=` ;

b��.�; �/ D
	

2�

`


2 C1
X

nD�1
bn e
�2�in.���/=` (3.83)

and the canonical anti-commutators become

fbm; cng D ımCn ;
fbm; bng D fcm; cng D 0 (3.84)
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and likewise for the barred oscillators. Left-moving modes anticommute with right-
moving modes. The Virasoro operators are defined as in Eq. (2.83) and we get

Lm D
C1
X

nD�1
.m � n/ ?

?bmCn c�n ?? ;

Lm D
C1
X

nD�1
.m � n/ ?

?bmCn c�n ?? (3.85)

Here the normal ordering symbol means that we move the modes cn; bn with n > 0
to the right, taking due care of minus sign arising from the anticommutativity of
the modes. The modes c0 and b0 do not appear in L0, which is the only one of the
Ln’s which is effected by normal ordering ambiguities. We distinguish this normal
ordering symbol from the more familiar one used e.g. in (3.14) and more generally
introduced in Chap. 4. Normal ordering is always defined with respect to a choice
of vacuum state which defines which oscillator modes are creation and which are
annihilation operators. We will encounter two choices of vacua for the ghost system
in Chap. 5, one corresponding to the W and one to the ?

? prescription.
Hermiticity of b and c entails

cn D c	�n; bn D b	�n (3.86)

from which we get

L	m D L�m (3.87)

with identical relations for the left-movers.
We can now compute the commutator of the Virasoro operators to find the algebra

they satisfy. Following the same steps as the ones outlined in the appendix, we obtain

ŒLm;Ln� D .m � n/LmCn C A.m/ ımCn ; (3.88)

where the anomaly is

A.m/ D 1

12
.�26m3 C 2m/ ; (3.89)

i.e. the central charge of the ghost system is c D �26.
Let us now look at the combined matter-ghost system. We define the Virasoro

operators as the sum of the Virasoro operators for the X� fields and the conformal
ghost system

Lm D LXm C Lghm C aım ; (3.90)
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where the last term accounts for a normal ordering ambiguity in LX0 CLgh0 . We then
get

ŒLm;Ln� D .m � n/LmCn C A.m/ ımCn (3.91)

with

A.m/ D d

12
m.m2 � 1/C 1

6
.m � 13m3/ � 2am : (3.92)

The first term is due to the X� fields (� D 0; : : : ; d � 1), the second is due to the
ghosts and the last arises from the shift in L0. A.m/ vanishes if and only if d D 26
and a D �1. These are precisely the values we found from requiring Lorentz invari-
ance of the theory quantized in light-cone gauge. Here they arose from requiring that
the total (ghost plus matter) anomaly of the Virasoro algebra vanishes. This in turn
is the condition for conformal symmetry to be preserved in the transition from the
classical theory to the quantum theory. We will show at the end of Sect. 4.1 that
c ¤ 0 implies a non-zero trace of the energy-momentum tensor. If T˛ˇ is no longer
traceless, the theory is not Weyl invariant if it is coupled to gravity. Weyl invariance
is, however, the condition that all three components of the world-sheet metric are
unphysical which is an essential feature of the Polyakov formulation of the string.

The discussion for the open string is almost identical. We will not present it here
and only give the mode expansion for the ghost fields:

b˙˙.�; �/ D
��

`

�2X

n2Z
bn e
�i�n.�˙�/=` ;

c˙.�; �/ D `

�

X

n2Z
cn e
�i�n.�˙�/=` : (3.93)

The Virasoro generators are the same as for one sector of the closed string.
The anomaly in the Virasoro algebra in light-cone gauge is 24, the number of

transverse dimensions. Even though in the critical dimension light-cone quanti-
zation is completely consistent, we cannot expect the anomaly to vanish since in
making this gauge choice we have completely fixed the gauge so that the light-cone
action is no longer invariant under the transformations generated by TCC and T��,
i.e. they are not a symmetry.

3.5 Appendix: The Virasoro Algebra

In this appendix we derive the algebra satisfied by the Virasoro operators. The fact
that in the quantum theory the Ln’s are normal ordered expressions, requires some
care. For purpose of illustration we present some details of the calculation. For
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notational reasons we use a Euclidean metric so that we do not have to distinguish
between upper and lower indices.

The following commutator will be useful:

Œ˛im; Ln� D
1

2

C1
X

pD�1
Œ˛im; W ˛jp˛jn�p W� : (3.94)

Here we can drop the normal ordering symbol since ˛im commutes with c-numbers.
Using ŒA;BC � D ŒA;B�C C BŒA;C � we get

Œ˛im; Ln� D
1

2

C1
X

pD�1

n

Œ˛im; ˛
j
p�˛

j
n�p C ˛jpŒ˛im; ˛jn�p�

o

D 1

2

C1
X

pD�1

n

ımCp˛jn�p C ımCn�p˛jp
o

mıij D m˛imCn : (3.95)

Next we write

ŒLm;Ln� D 1

2

C1
X

pD�1
ŒW ˛ip˛im�p W; Ln� (3.96)

and break up the sum to eliminate normal ordering and use (3.95):

ŒLm;Ln� D 1

2

0
X

pD�1
Œ˛ip˛

i
m�p; Ln�C

1

2

C1
X

pD1
Œ˛im�p˛ip; Ln�

D 1

2

0
X

pD�1

n

.m � p/˛ip˛imCn�p C p˛inCp˛im�p
o

C 1

2

C1
X

pD1

n

.m � p/˛imCn�p˛ip C p˛im�p˛inCp
o

: (3.97)

Now we change the summation variable in the second and forth term to q D p C n
and get

ŒLm;Ln� D 1

2

(

0
X

pD�1
.m � p/˛ip˛imCn�p C

n
X

qD�1
.q � n/˛iq˛imCn�q

C
C1
X

pD1
.m � p/˛imCn�p˛ip C

C1
X

qDnC1
.q � n/˛imCn�q˛iq

)

: (3.98)

Let us now assume that n > 0 (the case n � 0 is treated similarly). We then get
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ŒLm;Ln� D 1

2

n
0
X

qD�1
.m � n/˛iq˛imCn�q C

n
X

qD1
.q � n/˛iq˛imCn�q

C
C1
X

qDnC1
.m � n/˛imCn�q˛iq C

n
X

qD1
.m � q/˛imCn�q˛iq

o

: (3.99)

We now notice that except for the second term all terms are already normal ordered
(the only critical case is when mC n D 0). The second term can be rewritten as

n
X

qD1
.q � n/˛iq˛imCn�q D

n
X

qD1
.q � n/˛imCn�q˛iq C

n
X

qD1
.q � n/qdımCn ; (3.100)

where d D ıii . Using this we get

ŒLm;Ln� D 1

2

C1
X

qD�1
.m � n/ W ˛iq˛imCn�q W C

1

2
d

n
X

qD1
.q2 � nq/ımCn : (3.101)

If we now use

n
X

qD1
q2 D 1

6
n.nC 1/.2nC 1/ and

n
X

qD1
q D 1

2
n.nC 1/ ; (3.102)

we finally obtain the Virasoro algebra

ŒLm;Ln� D .m � n/LmCn C d

12
m.m2 � 1/ımCn : (3.103)

In Chap. 4 we will see how conformal field theory provides a simple tool to rederive
this algebra. But if we are only interested in the structure of the central term, we can
proceed as follows. Since only L0 is affected by normal ordering subtleties, we
know that the central term is of the form A.m/ımCn. One first shows that A.�m/ D
�A.m/. The Jacobi-identity can then be used to derive A.m/ D A1mCA2m3. One
finally determines A1 and A2 by evaluating e.g. the ŒL2; L�2� commutator on the
vacuum state.
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Chapter 4
Introduction to Conformal Field Theory

Abstract This chapter is an introduction to conformal field theory (CFT) which is
the basic tool for studying world-sheet properties of string theory. First, we discuss
CFT defined on the complex plane, which is relevant for closed strings at tree level.
As an application, we then discuss the CFT of a free boson, i.e. string theory in flat
space. Finally, we discuss boundary conformal field theory relevant for describing
open strings ending on D-branes and non-oriented strings in orientifolds.

4.1 General Introduction

Conformal field theory deals with quantum field theories having conformal sym-
metry. The conformal group is the subgroup of those general coordinate trans-
formations which preserve the angle between any two vectors. They leave the
metric invariant up to a scale transformation. In distinction to higher dimensions the
conformal algebra in two dimensions is infinite dimensional, as it is generated by
analytic and anti-analytic vector fields. Associated with the infinity of generators is
an infinity of conserved charges. That imposes important restrictions on the structure
of two-dimensional conformally invariant theories.

One class of physical systems which is described by conformal field theory
(CFT) are two dimensional statistical systems showing the behavior of a second
order phase transition at a critical temperature TC . At this particular point, the
system has long range correlations, i.e. it has no particular length scale and is
in fact conformally invariant. The representation theory of the conformal algebra
places constraints on the critical exponents at TC . A simple such system is the two-
dimensional Ising model. We will, however, not cover this application of CFT.

The second important application of conformal field theory is to string theory.
We have seen in Chap. 2 that the string action in conformal gauge is invariant
under conformal transformations with the infinite dimensional Virasoro algebra as
symmetry algebra. The classical solutions of string theory are conformally invariant
two dimensional field theories. A particular choice corresponds to a particular

R. Blumenhagen et al., Basic Concepts of String Theory, Theoretical and Mathematical
Physics, DOI 10.1007/978-3-642-29497-6
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4, © Springer-Verlag Berlin Heidelberg 2013



64 4 Introduction to Conformal Field Theory

vacuum which determines e.g. the number of space-time dimensions, the gauge
group, etc. There are of course constraints that a conformal field theory has to
satisfy in order to be an acceptable string vacuum. One obvious condition that
we have already encountered is the vanishing of the conformal anomaly. Others,
coming from modular invariance, spin-statistics etc. will be discussed in subsequent
chapters. We can then use methods of conformal field theory to determine the string
spectrum and to compute string scattering amplitudes.

In a more general context, e.g. two-dimensional systems at the critical point, there
is no need for the CFT to have cD 0. In fact, there c has a physical (and measurable)
interpretation as Casimir energy. In string theory, which is a theory of gravity on
the world-sheet, coupled to matter fields, one needs this condition to maintain in
the quantum theory the local world-sheet symmetries, which were needed to gauge
away the metric degrees of freedom.

In order for the full power of conformal field theory to be applicable to
string theory, we have to continue the signature of the world-sheet metric from
Minkowskian to Euclidean. Consider the world-sheet of a free closed string—the
cylinder—parametrized by � 2 Œ0; `/ and � 2 .�1;C1/. We now make a Wick
rotation, i.e. go to imaginary � W � ! �i� or

�˙ D � ˙ � ! �i.� ˙ i�/ : (4.1)

Define complex coordinates on the cylinder

w D � � i� ;
w D � C i� : (4.2)

We can then map the cylinder to the complex plane via the conformal
transformation

z D e 2�` w D e 2�` .��i�/ ;
z D e 2�` w D e 2�` .�Ci�/ : (4.3)

This is illustrated in Fig. 4.1. The conformal map from the cylinder to the
(punctured) plane will not change the theory if it is conformally invariant. This
will be the case for string theory in the critical dimension.

Having defined the theory on the complex plane, we can use powerful techniques
of complex analysis. Lines of equal time � are mapped into circles around the origin.
Integrals over � will be replaced by contour integrals around the origin. The infinite
past becomes z D 0 and the infinite future z D 1. In addition, �-translations
become rotations: � ! � C `

2�
� ) z! e�i�z and time translations become scale

transformations, which are also called dilations: � ! � C `
2�
a) z! ea z . In the

quantized theory the generator of dilations will take the role of the Hamiltonian and
time ordering will be replaced by radial ordering. Equal time commutators will be
equal radius commutators. This is known as radial quantization. Products of fields
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Fig. 4.1 Conformal map
from the cylinder to the
complex plane

are only defined if we put them in radial order. Radial order is defined in analogy
with time order in ordinary quantum field theory:

R .�1.z/ �1.w// D
�

�1.z/ �2.w/forjzj > jwj
�2.w/ �1.z/forjwj > jzj: (4.4)

There will be a relative minus sign for the case of two anti-commuting fields. Pro-
ducts of operators will always be assumed to beR-ordered and we drop the ordering
symbol. The necessity to put operators in radial order will be illustrated below. The
equal radius commutator is then defined by

Œ�1.z/; �2.w/�jzjDjwj D lim
ı!0

˚

.�1.z/ �2.w// jjzjDjwjCı � .�2.w/ �1.z// jjzjDjwj�ı
�

:

(4.5)
After Wick rotation Eq. (4.1) and application of the map (4.3), right- and left-
moving is replaced by holomorphic in z and z, respectively. We will use both
terminologies interchangeably. Also, we will call fields holomorphic in z anti-
holomorphic or anti-analytic. Most expressions of Chaps. 2 and 3 which were
expressed in isothermal coordinates are unchanged if we replace �� by z and �C
by z and include the Jacobian factors from the map (4.3). For instance, the non-
vanishing components of the energy-momentum tensor are now Tzz and Tzz.

The basic objects of a conformal field theory are the conformal fields, also called
primary fields, �.z; z/. Consider a conformal transformation z ! z0 D f .z/; z !
z0 D Nf .z/. Primary fields transform as tensors under conformal transformations1:

�.z; z/! �0.z0; z0/ D
�

@z0

@z

��h �
@z0

@z

��h
�.z; z/ : (4.6)

1�0.z0; z0/ .dz0/h .dz0/h D �.z; z/ .dz/h .dz/h
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All other fields are called secondary fields. Under infinitesimal transformations2

z0 D zC �.z/ ; z0 ! zC �.z/ (4.7)

primary fields transform as

�.z; z/! �0.z; z/ D �.z; z/C ı�;N��.z; z/ (4.8)

with
ı�;N��.z; z/ D �

�

h @� C Nh N@ N� C � @C N� N@��.z; z/ : (4.9)

We have introduced the notation @ D @
@z and @ D @

@z . h and h are called the conformal

weights of � under analytic and anti-analytic transformations. Tensors with Nh D 0

(h D 0) are called holomorphic (anti-holomorphic) tensors. Note that h does not
denote the complex conjugate of h. Purely left- or right-moving fields are called
chiral. If we want to make a distinction between left- and right-moving chiral fields
we call the latter anti-chiral. (Anti)chiral fields necessarily have Nh D 0 (h D 0).
Under a rescaling (dilation) z! 	z, 	 2 R, �0.	z; 	z/ D 	�.hCNh/�.z; z/ and hC Nh
is called the scaling dimension of �. In radial quantization the generator of dilations
plays the role of the Hamiltonian and the scaling dimension is related to the energy.
Under rotations z ! ei�z, � 2 R one finds �0.ei�z; e�i� z/ D e�i.h�Nh/��.z; z/ and
h� Nh is referred to as the conformal spin of �.

Consider the map (4.3) from the cylinder to the complex plane. Applying
Eq. (4.6), chiral fields on the cylinder and the plane are related as follows:

�plane.z/ D
�

`

2�

�h

z�h �cyl.w/ : (4.10)

The generalization to arbitrary primary fields is obvious. If �cyl.w/ has a mode
expansion

�cyl.w/ D
�

2�

`

�h
X

n2Z

�n e
� 2�

` nw (4.11)

then the mode expansion on the complex plane is

�plane.z/ D
X

n2Z

�n z�n�h (4.12)

2On the Riemann sphere C [ 1 the only analytic functions are the constants. When we speak
about infinitesimal conformal transformations, we mean that �.z/ is analytic and small in the
region where the operators are inserted. Outside this region, they are also small but not necessarily
analytic.



4.1 General Introduction 67

with the same coefficients �n. From now on, unless otherwise stated, all fields will
be on the complex plane. The inverse of Eq. (4.12) is

�n D
I

C0

d z

2�i
�.z/ znCh�1 ; (4.13)

where the integration is counterclockwise around the origin. The value of the
integral is independent of the specific contour as long as it is running around the
origin. For fields to be single valued on the complex plane the mode numbers n
have to be such that nC h 2 Z. They will, however, always be integer spaced. Note
that due to the Jacobian factor of the map (4.3) single valuedness on the plane does
not mean single valuedness on the cylinder and vice versa.

We already know from Chap. 2 that in a conformally invariant theory the energy-
momentum tensor is traceless, i.e. T ˛˛ D 0. Expressed in conformal coordinates this
reads

Tzz D 0 : (4.14)

This, together with energy-momentum conservation

@zTzz C @zTzz D 0 ; @zTzz C @zTzz D 0 (4.15)

shows that in a conformally invariant theory we have

@zTzz D 0 ; @zTzz D 0 : (4.16)

The two non-vanishing components of the energy-momentum tensor of a conformal
field theory are analytic and anti-analytic functions, respectively. We will use the
notation T .z/ D Tzz.z/ and T .z/ D Tzz.z/. T and T are therefore chiral and anti-
chiral fields, respectively. From the conservation law Eq. (4.16) we immediately find
that, if T .z/ is conserved, so is �.z/T .z/ as long as � depends only analytically on
its argument.3 This infinity of conserved currents is equivalent to the statement at
the beginning of this chapter that the conformal algebra in two dimensions is infinite
dimensional. With each current we associate a conserved charge

T� D
I

C0

d z

2�i
�.z/ T .z/ (4.17)

which generates infinitesimal conformal transformations

z! z0 D zC �.z/ (4.18)

3With indices made explicit, the conserved currents are �z.z/Tzz.z/.
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Fig. 4.2 Integration contours in Eq. (4.21)

with a similar expression for the anti-analytic component T . From now on we will
restrict our attention to chiral fields, say right-moving ones.

It is important to keep in mind that, due to the holomorphicity of T .z/, we obtain
an infinite number of conserved charges, here parametrized by analytic functions
�.z/. In general, if we have a conserved current @˛j ˛ D 0 or, in conformal
coordinates, @z jz C @z jz D 0, the only conserved charge is the combination

Q D 1

2�i

I

d z jz C 1

2�i

I

d z jz (4.19)

with the convention that both contour integrals are taken in the counter clockwise
orientation, in the z- and z-plane, respectively.

Returning to the energy-momentum tensor, the transformation Eq. (4.9) is imple-
mented by the commutator of �.z/ and T�

ı��.w/ D �ŒT� ; �.w/� : (4.20)

Using the prescription of radial ordering in Eq. (4.5), this gives

ı��.w/ D �
I

C0
jzj>jwj

d z

2�i
�.z/ T .z/ �.w/C

I

C0
jzj<jwj

d z

2�i
�.z/ T .z/ �.w/

D �
I

Cw

d z

2�i
�.z/ T .z/ �.w/ : (4.21)

The contours are shown in Fig. 4.2.
For the anti-holomorphic part one similarly gets

ı��.w/ D
I

Cw

d z

2�i
�.z/ T .z/ �.w/ : (4.22)

where the path Cw is counter-clockwise in the z-plane, i.e. clockwise in the z-plane.
Recall that all operator products are assumed to be radially ordered. Comparing

Eq. (4.21) with Eq. (4.9) for h D 0 and @� D 0 we find with the help of the Cauchy-
Riemann formula
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I

Cz

dw

2�i

f .w/

.w � z/n
D 1

.n � 1/Šf
.n�1/.z/ (4.23)

that any conformal field must have the following (R-ordered) operator product
with T .z/:

T .z/�.w/ D h�.w/

.z � w/2
C @�.w/

.z � w/
C finite terms : (4.24)

Therefore, instead of Eq. (4.6), the operator product with the energy-momentum
tensor can serve as the definition of a primary field of weight h.

Equation (4.24) is our first example of an operator product expansion (OPE) of
two fields. The basic idea is that if fOi g is a complete set of local operators with
definite scaling dimensions, then the product of two operators can be expanded as

Oi.z; z/Oj .w;w/ D
X

k

Cij
k
�

.z� w/
�

Ok.w;w/ : (4.25)

A simple example is the product of any operator with the identity operator

�.z/ I D
1
X

nD0

.z � w/n

nŠ
@nw�.w/ : (4.26)

Only the first term in the sum is a primary field, i.e. � itself, all others are called
descendants of �.

The operator product is associative and for Grassmann even fields commuta-
tive. Covariance under rescaling specifies the structure functions up to numerical
constants:

Cij
k
�

.z� w/
� D .z � w/hk�hi�hj .z � w/hk�hi�hj Cij k (4.27)

where hi are the scaling dimensions of the fields which are not necessarily
primary. Operator products should always be thought as inserted into correlation
functions (cf. below). The radius of convergence of the operator product expansion
is restricted by the positions of the other operators in the correlation function.
Completeness of the set of operators fOig means that any state can be generated
by their linear action. Note that the set of chiral operators closes under the operator
product expansion, i.e. the chiral fields form a subalgebra.

We now examine the conformal transformation properties of the energy-
momentum tensor. Using the commutation properties of infinitesimal conformal
transformations

Œı�1 ; ı�2 � D ı.�2@�1��1@�2/ (4.28)



70 4 Introduction to Conformal Field Theory

we find

T .z/ T .w/ D c=2

.z � w/4
C 2 T .w/

.z � w/2
C @T .w/

.z � w/
C finite terms : (4.29)

The first term is allowed by Eq. (4.28) and is consistent with Bose symmetry and
scale invariance. We can rewrite Eq. (4.29) in an equivalent way as

ı�T .z/ D �2@�.z/ T .z/ � �.z/ @T .z/ � c

12
@3�.z/ : (4.30)

We see that T .z/ transforms as a tensor of weight two under those transformations
for which @3�.z/ D 0 but fails to do so for general conformal transformations if
c ¤ 0. Classically c is zero and c ¤ 0 represents a conformal anomaly, a purely
quantum mechanical effect. We will elaborate on the relation between the central
charge of the Virasoro algebra and the breakdown of Weyl invariance at the end
of this section. Note that the scaling dimension of T .z/ does not get modified by
quantum effects. The reason is that for a rescaling � / z the last term in (4.30)
vanishes. One should compare Eq. (4.29) with Eq. (3.18).

Let us now show that the OPE T .z/ T .w/ is equivalent to the Virasoro algebra
with central charge c. For this purpose, we expand T .z/ in modes

T .z/ D
X

n

z�n�2 Ln (4.31)

which in turn gives

Ln D
I

d z

2�i
znC1 T .z/ ; (4.32)

where Ln’s are the Virasoro generators. They satisfy the Hermiticity relation

.Ln/

 D L�n (4.33)

which follows from the reality of the energy-momentum tensor in Minkowski space
(c.f. Chap. 2). We remark that the Hermitian conjugate of a chiral field of weight h
with mode expansion (4.12) is generally defined by

Œ�.z/�
 D �

�

1

z

�

1

z2h
: (4.34)

For the modes this means

�

�

�

�n D
�

�n
�

: (4.35)

The generalization to non-chiral fields �.z; z/ is straightforward. The conformal
properties of a field and its Hermitian conjugate are identical and we can, if we
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wish, choose Hermitian combinations. Note that a real field in Minkowski space
corresponds to a Hermitian field on the complex plane, i.e. it satisfies �
 D �

and therefore .�n/
 D ��n. As a consequence, also for real fields there is no
relation between the holomorphic and anti-holomorphic sector of the CFT on the
complex plane. Consider the continuation back to the Minkowski space cylinder.
The missing factors of i in Euclidean time-evolution, �.�; �/ D eH��.�; 0/e�H� ,
must be compensated in the definition of the adjoint by an explicit time reversal
� ! �� . On the complex plane this is z! 1=z.

The Virasoro algebra is now easily obtained, using Eq. (4.29) as the difference of
a double contour integral:

ŒLm;Ln� D
I

C0

dw

2�i

I

Cw

d z

2�i
zmC1wnC1

�

c=2

.z � w/4
C 2 T .w/

.z� w/2
C @T .w/

.z� w/

	

D c

12
m.m2 � 1/ ınCm;0 C .m � n/LmCn : (4.36)

T .z/ or, equivalently, the Ln satisfy identical algebras as T .z/ and the Ln. The two
algebras commute, i.e. ŒLn; Lm� D 0. Thus we have shown that the singular terms
in the OPE of the energy-momentum tensor are equivalent to the Virasoro algebra.
As we have mentioned, the set of chiral fields closes under OPE so that the singular
terms give rise to a chiral algebra. In fact such extensions of the Virasoro algebra
by other chiral primaries describe extended symmetry algebras of CFTs and are
denoted as A ˝A . They are also called W -algebras.

The Ln’s act as the generators of all possible conformal transformations.
A primary field is defined via the Ln’s as

ŒLn; �.z/� D zn Œz @C .nC 1/ h� �.z/ (4.37)

or, in terms of the modes of �:

ŒLn; �m� D
�

n .h � 1/�m��nCm : (4.38)

Comparing Eq. (4.58b) with Eq. (4.9), we see that Ln is associated with the infinite-
simal transformation �.z/ D �znC1. In particular,L0;L1; L�1 generate infinitesimal
transformations ız D ˛ C ˇzC �z2; they are the generators of SL.2;C/ (for ˛; ˇ;
� 2 C), the maximal closed finite dimensional subalgebra of the Virasoro algebra.
The finite transformations are

z! z0 D azC b
czC d

�

a b

c d

�

2 SL.2;C/ i:e:
a; b; c; d 2 C;

ad � bc D 1 ; (4.39)
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from which we infer that a Z2 reflection .a; b; c; d / ! .�a;�b;�c;�d/ does
not change the conformal map so that the actual conformal group is PSL.2;C/ D
SL.2;C/=Z2. Indeed, if we expand (4.39) around a D d D 1; b D c D 0we obtain
ız D ıbC2ıa z� ıc z2. The anti-holomorphic modesL0;L1; L�1 generate a second
PSL.2;C/. PSL.2;C/ transformations are the only globally defined invertible
one-to-one conformal mappings of the Riemann sphere C [1 onto itself. This is
in fact easy to see. The transformations ı� are generated by the vector fields �.z/ @z;
only those for which @3�.z/ D 0 are defined at z D 0 and at z D1 (for z D1 one
uses the map w D 1=z). The transformations (4.39) are called fractional linear or
Möbius transformations. If we treat z and Nz as independent variables, as we often do,
the globally defined conformal transformation act independently on z and z and they
form the group PSL.2;C/ � PSL.2;C/. If we treat them as complex conjugates,
it is PSL.2;C/ ' SO.3; 1IR/=Z2 and z D z� defines the real surface.

A special class of secondary fields are those which transform as tensors
under Möbius transformations. They are called quasi-primary fields. The energy-
momentum tensor is an example of a quasi-primary field as the last term in (4.30)
vanishes for sl.2;C/ transformations. As usual, we denote the group by capital and
the algebra by small letters.

The behavior of T .z/ under finite conformal transformations z ! w.z/ can be
obtained as follows. From Eq. (4.30) we know that it must be of the form

T .z/! T 0.w/ D
�

dw

d z

��2 n
T .z/� c

12
fw; zg

o

; (4.40)

where fz;wg must satisfy the following properties:

.i/ fzC �; zg D ��000.z/C O.�2/

.ii/ fw; zg D 0 ” w D azC b
czC d ; ad � bc ¤ 0

.iii/ fu; zg D
�

dw

d z

�2

fu;wg C fw; zg

.iv/ fw; zg D �
�

dw

d z

�2

fz;wg : (4.41)

With the help of (iv) we can rewrite (4.40) in the form

T 0.w/ D
�

d z

dw

�2

T .z/C c

12
fz;wg : (4.42)

Property (i) follows from comparison with Eq. (4.30); property (ii) is a consequence
of the fact that T is a quasi-primary field; (iii) follows from considering two conse-
cutive transformations z ! w ! u and property (iv) from (iii) with u D z. Taking
(iii) with u D wC ıw one finds
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ıfw; zg � fwC ıw; zg � fw; zg D .w0/2@3wıw ; (4.43)

where w0 D @zw. Using the chain rule to write @w D 1
w0
@z we find

ıfw; zg D ı
(

w000

w0
� 3
2

�

w00

w0

�2
)

(4.44)

and, upon integration,

fw; zg D w000

w0
� 3
2

�

w00

w0

�2

: (4.45)

Consistency with (i) means that the integration constant vanishes. fw; zg is the
Schwarzian derivative. It is the only object with properties (i)–(iv). For the map
from the cylinder to the plane Eq. (4.40) gives

Tcyl.w/ D
�

2�

`

�2 


z2Tplane.z/ � c

24

�

: (4.46)

In particular for L0 we find

.L0/cyl D .L0/plane � c

24
: (4.47)

Let us now consider the Hilbert space and some representation theory of conformal
field theories. Denote the in-vacuum by j0i. Regularity of the energy-momentum
tensor at z D 0 (� D �1), i.e.

lim
z!0

X

n2Z
Ln z�n�2j0i D reg: (4.48)

requires

Lnj0i D 0 for n > �2 : (4.49)

The Ln’s with n > �2 generate conformal transformations which are regular at
the origin. To get the conditions on the out-vacuum h0j following from regularity at
z D 1 (� D C1) we map the point at infinity to the origin via w D 1=z. The mode
expansion of T is then T 0.w/ DPwn�2Ln and we find

h0jLn D 0 for n < 2 : (4.50)

Equations (4.49) and (4.50) are Hermitian conjugates of each other. Identical rela-
tions also hold for theLn. The generators of SL.2;C/ annihilate both the in- and the
out-vacuum. We refer to this vacuum as the SL.2;C/ invariant vacuum. Similarly,
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the requirement of regularity at z D 0 and z D 1 leads for a primary field of weight
h with mode expansion as in Eq. (4.12) to

�nj0i D 0 for n > �h ;
h0j�n D 0 for n < h : (4.51)

Remarkably, for h < 0 there are modes of � which annihilate neither the in- nor
the out-vacuum. We will see below that unitarity restricts the conformal weights to
h � 0. This restriction is avoided by the non-unitary ghost system. The c-ghost
has h D �1 and indeed the three zero modes c�1; c0 and c1 do not annihilate the
SL.2;C/ invariant vacuum. We will come back to this in the next chapter.

Let us now construct the asymptotic in- and out-states of the conformal field
theory. Since the time � ! �1 on the cylinder is mapped to the origin on the
z-plane, it is natural to define in-states as

j�ini � j�i D lim
z!0 �.z/j0i D �.0/j0i D ��hj0i ; (4.52)

where

��h D
I

C0

d z

2�i

1

z
�.z/ : (4.53)

This 1-1 correspondence between states j�i and operators �.z/ is called the state-
operator correspondence. With

�.z/ D ezL�1�.0/e�zL�1 (4.54)

one obtains �.z/j0i D ezL�1 j�i.
To define the out-states we have to construct the analogous objects for z ! 1.

If we require h�outj D j�ini
, then Eqs. (4.34) and (4.35) lead to the following
definition for h�outj:

h�outj D lim
z!1 h0j�


.z/ z2h D h0j.�
/h : (4.55)

We define the inner product

h�i j�j i D lim
z!0

w!1

w2hj h0j�
j .w/ �i .z/j0i (4.56)

and normalize h0j0i D 1.
As we will see below, when we consider correlation functions, another notion of

an out-state, the so called the BPZ-conjugate state to j�i, is relevant. It is defined as

h�j D lim
z!1 h0j�.z/ z2h (4.57)
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so that no Hermitian conjugation is involved. While our discussion was for chiral
fields, the state-operator correspondence also holds for non-chiral fields according
to j�i D limz;z!0 �.z; z/j0i.

Since � is primary, one derives from Eqs. (4.38) and (4.52)

L0j�i D hj�i ; (4.58a)

Lnj�i D 0 8 n > 0 : (4.58b)

In addition one gets

L0




L�nj�i
�

D .nC h/



L�nj�i
�

for n � 0 ; (4.59)

i.e. the L�n .n � 0/ raise the eigenvalue of L0. For quasi-primary fields (4.58b) is
replaced by the single condition L1j�i D 0. If one wants to check whether a given
field is primary, it suffices to verify (4.58a) and L1j�i D L2j�i D 0. The Virasoro
algebra then guarantees that (4.58b) holds for all n � 1.

States which satisfy Eq. (4.58) should be called ‘lowest weight states’; however,
in analogy to the terminology used in the representation theory of Lie algebras they
are called highest weight states of the Virasoro algebra. Via (4.52) we have thus
established a correspondence between conformal fields and highest weight states.
In fact, as we will see below successive action of the modes Ln, n < 0 on the state
j�i amounts to taking derivatives and normal ordered products with the energy-
momentum tensor. Moreover, the vacuum j0i is itself a highest weight state; in a
unitary theory (h � 0, cf. below) it has the lowest eigenvalue of the ‘Hamiltonian’
L0. Highest weight states with different L0 eigenvalues are orthogonal.

The complete Hilbert space is obtained by acting with the raising operators
L�n .n > 0/ on highest weight states. The new states obtained in this way are
called descendant states. On each highest weight state j�i we can act with a whole
tower of L�n modes. Using the Virasoro algebra, we can order the modes and get
the linear independent states in the Hilbert space

j�k1:::kmi D L�k1 � � �L�km j�i ; k1 � k2 � : : : � km > 0 (4.60)

with L0 eigenvalue h CPi ki . The collection of these states is called the Verma
module V.c; h/ of the highest weight state j�j i. If we choose a basis of highest

weight states such that h�i j�j i D 0 for �j ¤ �
i , states in different Verma modules
are orthogonal to each other as are states in the same Verma module but at different
levels.

Descendant states are created from the vacuum by descendant fields which are
not primary but rather secondary operators. They are contained in the operator pro-
duct of the primary fields with the energy-momentum tensor:

T .z/ �.w/ D
1
X

kD0
.z � w/�2Ck �.k/.w/ (4.61)
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i.e.

�.k/.w/ D
I

d z

2�i
.z � w/1�k T .z/ �.w/ � OL�k �.w/ : (4.62)

In particular

�.0/.z/ D OL0 �.z/ D h�.z/ ;
�.1/.z/ D OL�1 �.z/ D @�.z/ : (4.63)

The descendants for k � 2 appear in the regular terms of the operator products
Eq. (4.61) and can be understood as normal ordered products of T .z/ and �.w/.
The fields �.k/ do not exhaust the descendants of the primary field �. The operator
product T .z/�.k1/.w/ contains the fields �.k1;k2/.w/ and so on. For the descendant
field that creates the state (4.60) we get

�fkg.z/ D OL�k1 : : : OL�km �.z/ : (4.64)

The fields constitute the conformal family Œ��. We have already encountered one
example of a secondary field, namely the energy-momentum tensor T .z/. It is in the
conformal family of the identity operator ŒI� which is present in any conformal field
theory. Indeed

I.2/.z/ D OL�2 I.z/ D
I

Cz

dw

2�i

T .w/

w � z
I.z/ D T .z/ : (4.65)

A state is defined to be in the n’th level of the Virasoro algebra if its L0 eigenvalue
is h C n. Thus the n’th level is spanned by the vectors of (4.60) with

P

ki D n.
There are P.n/ such states, where P.n/ is the number of ways to write n as a sum
of positive integers, i.e. the number of partitions of n. One easily convinces oneself
that the generating function for the partitions P.n/ is

1
X

nD0
P.n/ qn D .1C q C q2 C : : : /.1C q2 C q4 C : : : /.1C q3 C : : : / � � �

D
1
Y

nD1

1

.1 � qn/ ; (4.66)

where we have defined P.0/ D 1.
The asymptotic growth of the number of partitions of n is extremely fast. It is

given by the Hardy-Ramanujan formula

P.n/
n!1� 1

4
p
3n
e�
p

2n
3

�

1C O

�

ln n

n1=4

��

: (4.67)
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The character of a representation of the Virasoro algebra is a generating function
for the degeneracy a.n/ of states at all levels:

j .�/ D Trj q
L0� c

24 D qhj�
c
24

1
X

nD0
a.n/ qn ; q D e2�i�

D qhj� c
24

1
Y

nD1
.1 � qn/�1 ; (4.68)

where the trace is over all members of the conformal family Œ�j �. In Chap. 6 the
identification of � with the complex structure modulus of the world-sheet torus,
relevant for one-loop string calculations, will be explained. Considering the torus as
a cylinder whose two ends have been identified, the relation (4.47) explains the shift
by � c

24
.

The character of a generic Verma module V.c; h/ has a.n/ D P.n/. However,
it might happen that for certain values of the central charge and highest weight hj
there appear states ji in V.c; hj / which are themselves annihilated by all Ln;
n > 0. Such states, called singular vectors or null vectors, are orthogonal to all states
in V.c; hj /, in particular they have zero norm. Furthermore, they create their own
Verma module which is contained in V.c; hj / and all states in these submodules
have zero norm as well. If a Verma module contains singular vectors it is therefore
not irreducible. One constructs an irreducible representation of the Virasoro algebra
by taking equivalence classes of states, where states which differ by a state of zero
norm (at the same level) are identified. The characters of irreducible representations
of the Virasoro algebra therefore satisfy a.n/ � P.n/.

One can show that for c > 1 there are never null vectors with the exception of
L�1j0i in the Verma module of the identity operator. The irreducible character is
therefore

0.�/ D q� c
24

1
Y

nD2
.1 � qn/�1 : (4.69)

Let us now take up the discussion of operator product expansions, Eq. (4.25). In
general, the product of two operators contains primary fields and descendant fields.
In particular, if �i and �j are two primaries, one finds

�i .z; z/ �j .w;w/ D
X

k

X

fl;lg
C
fllg
ij

k .z� w/hkC
P

n ln�hi�hj

.z � w/hkC
P

n ln�hi�hj �fllgk .w;w/ :
(4.70)

It can be shown that C fllgij
kDCij kˇflgij k ˇ

flg
ij

k where the ˇflgij k are uniquely deter-
mined by conformal invariance in terms of the dimensions hi ; hj ; hk and the central
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charge c. Then the spectrum of primary fields, their operator product coefficients
Cij

k and the central charge of the Virasoro algebra completely specify a conformal
field theory. These parameters cannot be determined from conformal symmetry.
One needs additional, dynamical principles such as associativity of the operator
algebra. Not any set of parameters fc; hi ; Cij kg defines a conformal field theory. A
classification is possible only under certain additional restrictions.4

The information, which conformal families are contained in the operator product
of two primary fields is encoded in the fusion rules

Œ�i � � Œ�j � D
X

k

Nij
k Œ�k� ; Nij

k 2 N0 : (4.71)

Nij
k D Nji

k > 1 means that there is more than one way the primary field �k is
contained in the product of �i and �j . This is similar to the situation in the theory of
finite dimensional groups where an irreducible representation can appear more than
once in the product of two representations. Due to the associativity of the OPE, the
fusion algebra is also associative, which leads to the relation

Nij
k Nkl

m D Nikm Njl k : (4.72)

Defining the matrices Ni D .Ni /kj , Eq. (4.72) can be written in the form

ŒNi ; Nj � D 0 : (4.73)

We will now investigate the constraints of unitarity for representations of the
Virasoro algebra. Unitarity means that the inner product in the Hilbert space is
positive definite. The inner product of any two states can be computed from
Eqs. (4.36) and (4.58)

h�j jLn L�nj�j i D
h

2nhj C c

12
.n3 � n/

i

h�j j�j i : (4.74)

Taking n sufficiently large implies c > 0,5 while for n D 1 we find that hj � 0; i.e.
the vacuum is the state of lowest energy (L0 eigenvalue) and this state is unique.

Indeed, consider a field �0 with scaling dimension hD 0. The associated state
satisfies L0j�0iD 0. If we assume that the CFT is unitary, we also have to require
LC1j�0iD 0. Otherwise this state would have negative energy. (The same argument
gives Lnj�0iD 0 for all n>0.) Using the Virasoro algebra, it then follows that

4In analogy, Lie algebras cannot be classified, but finite dimensional semi-simple Lie algebras
allow for the so-called Cartan classification.
5Alternatively, take the vacuum state and n D 2, then h0jL2L�2j0i D c

2
, which is the two-point

function of the energy-momentum tensor.
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jjL�1j�0ijj2D 0 and from (4.63) that �0 must be a constant.6 Reversing the
argument shows that in unitary theories chiral (anti-chiral) fields necessarily have
h D 0 (h D 0). In particular, the only field with h D h D 0 is the unit operator.
If there were another field with zero weight, the state created by it would also be
SL.2;C/ invariant. This implies that the vacuum state in a unitary CFT is unique.

Further analysis shows that unitarity places no additional constraints for c � 1.
Then one has in general an infinite number of primary fields and c and h can take
continuous values.7 On the other hand, if c < 1, one encounters the aforementioned
null-states. A detailed analysis shows that only for special quantized values of h
and c unitary representations can exist. For this so-called unitary series one finds
that c is given by

c D 1 � 6

m.mC 1/ ; m D 3; 4; : : : (4.75)

and for a given s there is a finite set of allowed values for h

hp;q D Œ.mC 1/p �mq�2 � 1
4m.mC 1/

p D 1; 2; : : : ; m � 1; q D 1; 2; : : : ; p : (4.76)

The conformal theories with c and h given by Eqs. (4.75) and (4.76) are called
minimal models. c and h are rational and there is only a finite number of primary
fields. Conformal field theories with these properties are also called Rational
Conformal Field Theories (RCFT) . For the first few values ofm the minimal models
have been identified with two-dimensional statistical models. The first non-trivial
one is obtained form D 3 and describes the continuum limit of the two-dimensional
Ising model at the critical point.

Rational Conformal Field Theories often have extended chiral and anti-chiral
symmetry algebras A and A , respectively. Besides the two commuting Virasoro
algebras there are additional symmetry generators which also generate infinite
dimensional symmetry algebras. We will encounter explicit examples in Chap. 12.
By definition of a RCFT the Hilbert space splits into a finite number of irreducible
representations of the symmetry algebra

H D
M

i; N|
Mi N| Hi ˝H N| (4.77)

So far we have only defined the character of the, say, right-moving representation.
We still need to combine the left- and the right moving sectors. The information

6In quantum field theory, locality and causality demand that operators at space-like separation
commute. It follows that an operator which does not depend on position commutes with all other
operators and is therefore a c-number.
7We will see examples of this later.
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about the entire Hilbert space can then be encoded into a partition function where
the trace is over the left- and the right moving sectors. This partition function is a
combination of left- and right-moving characters as follows

Z.�; N�/ D
X

i; N|
Mi N| i .�/  N| . N�/ : (4.78)

One obvious constraint on the coefficients Mi| is that they are non-negative.
Modular invariance, which will be discussed in Chap. 6, imposes additional less
trivial restrictions on the coefficients.

Let us now make some general remarks about correlation functions. For simpli-
city we will only exhibit the chiral part. For the anti-chiral one completely analogous
results hold. Recall (from quantum field theory) that correlation functions are
vacuum expectations values of R-ordered products of fields. In a CFT their general
structure is severely restricted, as we will now demonstrate. Since the vacuum
is invariant under SL.2;C/ (however not under all generators of the infinite
dimensional conformal algebra) correlation functions have to satisfy8

h�01.z1/ � � ��0n.zn/i D h�1.z1/ � � ��n.zn/i ; (4.79)

where �0.z/ D U �.z/ U�1 is the SL.2;C/ transformed of �.z/ and U leaves the
in and out vacua invariant. For primary fields we know how they transform under
conformal transformations (see Eq. (4.6)). The following discussion is, however,
valid for quasi-primary fields, which transform as tensors under SL.2;C/ but not
necessarily under the full conformal algebra. Many secondary fields, e.g. the energy-
momentum tensor, are of this type. The generators of SL.2;C/ act as

L�1 W translations U D ebL�1 �0.z/ D �.zC b/ ;

L0 W dilations and
rotations

U D eln aL0 �0.z/ D ahi �.a z/ ;

LC1 W special conformal
transformations

U D ecLC1 �0.z/ D . 1
1�cz /

2h �. z
1�cz / :

(4.80)
This leads to the three conditions on the correlation functions of quasi-primary
operators

X

i

@i h�1.z1/ � � ��n.zn/i D 0 ; (4.81a)

X

i

.zi @i C hi /h�1.z1/ � � ��n.zn/i D 0 ; (4.81b)

8As we remarked above, SL.2;C/ transformations map the Riemann sphere to itself. More general
conformal transformations change the geometry.
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X

i

.z2i @i C 2zihi /h�1.z1/ � � ��n.zn/i D 0 (4.81c)

with similar equations satisfied by the anti-holomorphic part. Invariance under
translations tell us that a general n-point function of quasi-primary fields can only
depend on the coordinate differences zij D zi � zj . This means in particular that
one-point functions must be constant. From dilation invariance, it then follows that
they vanish

h�i.z/i D ıi0 (4.82)

for all quasi-primary fields; the label 0 refers to the unit operator. This is no longer
true in other geometries, e.g. on the cylinder. From (4.46) we find e.g.

hT .w/icyl D � c
24

�

2�

`

�2

: (4.83)

This is possible because the geometry provides a scale, the radius of the cylinder `.
Equation (4.83) also provides a physical interpretation for the central charge as a
Casimir energy in a finite geometry.

Returning to the complex plane, for two-point functions invariance under dila-
tions and rotations means that they can only be h�i.z/�j .w/i D Gij .z � w/�.hiChj /
where Gij is a constant which cannot be determined from SL.2;C/ invariance.
Invariance under special conformal transformations restricts this further to hi D hj
so that finally

h�i .z/�j .w/i D
8

<

:

Gij

.z�w/2hi
hi D hj ;

0 otherwise :
(4.84)

We assume that Gij is non-degenerate.
We have already seen that chiral fields generate a subalgebra of the operator pro-

duct algebra. From (4.84) we learn that locality, i.e. absence of branch cuts, restricts
the conformal dimension of chiral quasi-primary fields to be integer or half-integer.
For general (i.e. non-chiral fields) the restriction is that h � h must be integer or
half-integer.

We can always find a basis f�i g of primary fields of a given theory such that the
only non-vanishing two-point functions are

h�i.z/�j .w/i D
di jC

.z � w/2hi
; (4.85)

where dijC D 0 if �i ¤ �cj where �cj is the unique field which is conjugate to �j .
For real fields �cj D �j . Clearly hjC D hj . Note that dijC D Cij

0 D h�i j�j i.
ThereforeCij 0 is not a free parameter of the CFT but merely a normalization factor.

Three-point functions are constrained by dilations and rotations to be of the form
f .z12; z13; z23/ where f is a homogeneous function of degree h1 C h2 C h3. This
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function is completely determined, up to a constant, by invariance under special
conformal transformations. We find

h�i .z1/ �j .z2/ �k.z3/i D Cijk

z
hiChj�hk
12 z

hiChk�hj
13 z

hjChk�hi
23

; (4.86)

where Cijk DCij kC

dkC k are related to the operator product coefficients, cf.
Eq. (4.25). In the presentation we restricted ourselves to chiral fields, but the same
results also hold for non-chiral fields �.z; z/.

Using this equation we can also evaluate the expectation value of a field �j .z/
between an asymptotic in-state j�k ini and an asymptotic BPZ out-state h�i outj. This
simply amounts to multiplying Eq. (4.86) by z2hi and taking the limit z1 ! 1 and
z3 ! 0:

h�i outj�j .z/j�k ini D Cijk

zhjChk�hi
: (4.87)

For correlation functions of four and more quasi-primary fields the situation is more
complicated. They are no longer determined up to a constant. The reason is that out
of four points zi we can form anharmonic quotients or cross ratios

Xkl
ij D

zij zkl
zi lzkj

(4.88)

which are invariant under SL.2;C/ transformations of the zi . For four points there
is only one independent cross ratio. For n-point functions there are n � 3. Then,
repeating above reasoning, we find the following general structure for an arbitrary
correlation function of n quasi-primary fields:

h�1.z1/ � � ��n.zn/i D
Y

i<j

z
��ij
ij f .Xkl

ij / ; (4.89)

where the �ij D �j i are any solutions of the set of 1
2
n.n � 1/ equations

X

j¤i
�ij D 2hi (4.90)

and f is an undetermined function of the .n� 3/ independent cross ratios; it cannot
be determined from SL.2;C/ invariance. (Note that, if �ij and Q�ij are two different

solutions of Eq. (4.90),
Q

i<j z
�.�ij�Q�ij /
ij is always a function of the Xkl

ij .) One
solution for n D 4 is

h�1.z1/ �2.z2/ �3.z3/ �4.z4/i D zh2Ch413 zh1Ch324

zh1Ch212 zh2Ch323 zh3Ch434 zh1Ch414

f

 z12 z34

z13 z24

�

: (4.91)
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Fig. 4.3 Crossing symmetry of the four point amplitude

The four-point amplitudes can be used to obtain some constraints on the operator
product coefficients Cijk . One evaluates the four-point function in two ways as
shown schematically in Fig. 4.3. Associativity of the operator product algebra
implies that the two ways give the same result. This is known as crossing symmetry
or duality of the four-point amplitude. In this way we obtain a number of equations
that the Cijk have to satisfy. The procedure of solving these relations is known as
conformal bootstrap; in general this is very difficult to do in practice. We note that
one can also use this bootstrap approach to construct chiral symmetry algebras,
where this method has been worked out for many cases.

We complete our discussion of general properties of correlation functions in
conformal field theory by writing down the conformal Ward identities satisfied
by correlation functions of primary fields �i .z/. Ward identities among correlation
functions generally reflect the symmetries of a theory. We want to investigate the
constraints of the local conformal algebra on the correlation functions of the primary
fields. Therefore consider the action of the generator of arbitrary infinitesimal
conformal transformations,

H

C0

d z
2�i

�.z/ T .z/, on the correlation function of n
primary fields �j .wj ;wj / .j D 1; : : : ; n/ where the z-contour surrounds all points
wj . Analyticity allows to deform the contour to a sum over contours encircling each
of the points wj (we take the wi and wj as independent variables):

ı
˝

�1.w1;w1/ : : : �n.wn;wn/
˛

D �
D

I

d z

2�i
�.z/ T .z/ �1.w1;w1/ : : : �n.wn;wn/

E

D �
n
X

jD1

D

�1.w1;w1/ : : :



I

C.wj /

d z

2�i
�.z/ T .z/ �j .wj ;wj /

�

: : : �n.wn;wn/
E

D �
n
X

jD1

D

�1.w1;w1/ : : :
�

hj @�.wj /C �.wj / @wj



�j .wj ;wj / : : : �n.wn;wn/
E

:

(4.92)

Using (4.23) we can write
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0 D
I

d z

2�i
�.z/

"

D

T .z/ �1.w1;w1/ : : : �n.wn;wn/
E

�
n
X

jD1

�

hj

.z � wj /2
C 1

z � wj
@wj

�

D

�1.w1;w1/ : : : �n.wn;wn/
E

#

:

(4.93)

Since this must hold for all �.z/, the integrand must vanish and we conclude

hT .z/ �1.w1;w1/ : : : �n.wn;wn/i

D
n
X

jD1

�

hj

.z � wj /2
C 1

z � wj
@wj

�

h�1.w1;w1/ : : : �n.wn;wn/i : (4.94)

This is the unintegrated form of the conformal Ward identity for correlation
functions of primary fields. Note that the l.h.s. is a meromorphic function of z
with simple and double poles at wi , the insertion points of the primary fields.
Expanding (4.94) for large z and using that the first three terms have to vanish on
account of (4.81), we conclude that

hT .z/�1.w1;w1/ : : : �n.wn;wn/i z!1� 1

z4
� .w1; : : :wn/ (4.95)

or simply T .z/
z!1� 1

z4
, valid inside correlation functions. This is, of course,

an immediate consequence of h0jLn D 0 for n < 2. Similarly, if we view the
correlation function of n primary fields as a function of w, i.e. the insertion point
of one of the primaries, it follows from (4.52) that it is regular at small w and
from (4.57) that the leading large w behavior is � w�2hw�2h. For h; h ¤ 0 this
excludes non-vanishing one-point functions, which translational invariance requires
to be constant.

We now show that the central charge in the Virasoro algebra is related to the
trace anomaly of the energy-momentum tensor. One way the anomaly manifests
itself is that, after coupling a CFT to an external c-number metric h˛ˇ , the vacuum
expectation value (vev) of the trace of the energy-momentum tensor no longer
vanishes. In two dimensions, the only possible trace anomaly is of the form9

hT ˛˛ i D �
c

12
R ; (4.96)

9The r.h.s. can be written as 4�
p

h
h˛ˇ ı

ıh˛ˇ




c
96�

R p
hR 1

�
Rd2�

�

, where the action in parenthesis

is the non-local effective action for the external metric, also called Polyakov action, which one
obtains if one integrates out the CFT. The fact that the trace is the variation of a non-local action
means that it cannot be removed by the addition of local counter terms, i.e. we have a true anomaly.
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where R is the Ricci scalar of the metric. An infinitesimal Weyl variation of this
expression followed by setting h˛ˇ D ı˛ˇ gives the two-point function in flat space.
Expressed in complex coordinates it is

hTzz.z/ Tww.w/i D �c �
6
@z
N@z ı

.2/.z � w/ ; (4.97)

where we used ı�R D �2�R � 2.d � 1/�� . Here we see another manifestation
of the trace anomaly as a contact term in special correlator functions. On the other
hand, from the Virasoro algebra we know that

hTzz.z/ Tww.w/i D
c
2

.z � w/4
: (4.98)

Applying N@z
N@w to this expression, using Eq. (4.15) and10

@N@ log jzj2 D N@1
z
D 2�ı.2/.z/ ; (4.99)

we reproduce (4.97).
Here we have assumed that energy-momentum conservation is non-anomalous.

We could instead choose to quantize the theory in such a way that it is violated
but the trace vanishes. There is, however, no way to quantize such as to respect all
symmetries unless c D 0.

4.2 Application to Closed String Theory

So far we have considered abstract CFTs and everything we have learned about them
are consequences of the symmetry. In particular, there was no need for a Lagrangian
description.

We have seen in Chap. 2 that string theory becomes a conformal field theory after
fixing the conformal gauge. Prior to gauge fixing, we had a two dimensional field
theory coupled to two-dimensional gravity with full diffeomorphism invariance. In
conformal gauge this huge symmetry was reduced to conformal invariance which
is still infinite dimensional. String theory, when viewed as a CFT, remembers its
origin as a diffeomorphism invariant theory in several ways. First, there are the
reparametrization ghosts whose CFT we treat in the next chapter. Second, the

10One way to see this is as follows: @N@ log jzj D 1
2
@ 1z D 1

2
@ z

jzj2 D 1
2

lim�!0 @
z

jzj2C�2
D

1
2

lim�!0
�2

.jzj2C�2/2
D �ı.2/.z/. An alternative way is to integrate with a test function, e.g. e�˛zz.

The normalization is such that
R

d2z ı.2/.z/ D 1. For z D �1 C i�2; z D �1 � i�2, i.e.
d2z D 2 d�1d�2, ı.2/.z/ D 1

2
ı.2/.�/ with

R

d2�ı.2/.�/ D 1.
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conformal anomaly has to vanish, i.e. we have to work in the critical dimension
where the anomaly due to 26 free scalar fields cancels that of the ghost system.
Thirdly, we have to impose a physical state condition which is the remnant of the
equation of motion for the world-sheet metric which is invisible in conformal gauge.

The matter fields on the world-sheet are free massless scalars X.z; z/. They
furnish the simplest example of a conformal field theory. This is a Lagrangian field
theory where all the abstract notions become very explicit. In Euclidean space the
action for a free scalar field is

S D 1

2�˛0

Z

d2z @X.z; z/ N@X.z; z/ (4.100)

which is, up to the index �, the Euclidean action of the bosonic string. It leads to
the equation of motion

@N@X.z; z/ D 0 (4.101)

with general solution
X.z; z/ D X.z/CX.z/ (4.102)

and mode expansion

X.z; z/ D q � i ˛
0

2
p log jzj2 C i

r

˛0
2

X

n¤0

1

n
.˛n z�n C ˛n z�n/ : (4.103)

The fields X.z/ and X.z/ are the right- and left-moving coordinates of the closed
bosonic string, respectively. The two-point function for the free boson X.z; z/
following from the action (4.100) is

hX.z; z/X.w;w/i D �˛
0

2
log j.z � w/=Rj2 : (4.104)

In order to make the argument of the logarithm well-defined, we have introduced an
arbitrary scale R which also serves as an IR regulator and can be thought of as the
size of the system. We will demonstrate later that this is not in conflict with scale
invariance by showing that the dependence onR cancels in all correlation functions.
The two-point function (4.104) satisfies the equation

@z@z hX.z; z/X.w;w/i D ��˛0 ı.2/.z � w/ : (4.105)

An easy way to derive (4.104) and (4.105) is via the path integral identity

0 D
Z

ŒDX�
ı

ıX.z; z/

�

X.w;w/ e�SŒX�
�

D
Z

ŒDX�

�

ı.2/.z � w/C 1

�˛0
@z@z X.z; z/X.w;w/

�

e�SŒX� (4.106)
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To arrive at (4.105) use (4.99). From (4.106) we also derive (4.101) as an operator
equation which is valid in any correlation function where all other insertions have
no support at .z; z/.

From (4.102) it follows that the derivative fields @X.z/ and @X.z/ are holomor-
phic and anti-holomorphic fields, respectively. The two-point function for these
chiral fields are

h@X.z/ @X.w/i D �˛
0

2

1

.z� w/2
;

h@X.z/ @X.w/i D �˛
0

2

1

.z� w/2
: (4.107)

From its two-point function we see that the field X does not have a definite scaling
dimension. However, we will only need its derivatives and exponential which, as we
will see below, have definite scaling dimensions and are, in fact, primary fields of
the CFT of a free boson.

The energy momentum tensor following from the action Eq. (4.100) is

T .z/ D � 1
˛0
W @X.z/ @X.z/ W (4.108)

and likewise for T .z/. This can be found with reference to Eq. (2.54a). An alternative
way to derive the energy-momentum tensor, which does not require the coupling to
a world-sheet metric, is to compute the change of the action under infinitesimal non-
holomorphic coordinate transformations ız D �.z; z/ and ız D �.z; z/ (the action is
invariant under holomorphic reparametrizations):

ıS D 1

2�

Z

d2z
�

@ N� T C N@� T � : (4.109)

Equation (4.108) then follows with ıX D �.� @X C N� N@X ). In Eq. (4.108) normal
ordering is defined by

W�i .z/ �j .z/ WD lim
w!z

�

�i .w/ �j .z/ � poles
� D 1

2�i

I

dw
�i.w/ �j .z/

w � z
; (4.110)

where the pole terms to be subtracted are those arising in the operator product
expansion of �i .w/ �j .z/. This assumes that we are dealing with analytic and
mutually local fields, i.e. the only singularities in the operator product are poles.
Using contour deformations shown in Fig. 4.2, one can express the modes of the
normal ordered product as

� W�i �j W
�

m
D

X

n��hi
�i; n �j;m�n C

X

n>�hi
�j;m�n �i; n ; (4.111)
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i.e. normal ordering W 		 W is defined with respect to the SL.2;Z/ invariant
vacuum (4.51). Sometimes it is convenient to define normal ordering such that all
positive modes are moved to the right. This normal ordering will be denoted by ?

? �� ??.
More generally, the normal ordered product of two fields at non-coincident points,
W �i .z/�j .w/ W is defined as the regular part of their operator product. The singular
part is called the contraction, often denoted by �i.z/�j .w/ so that the operator

product is

�i.z/ �j .w/ D �i.z/�j .w/C W�i .z/ �j .w/ W : (4.112)

For the free field X we have

@X.z/ @X.w/ D �˛
0

2

1

.z� w/2
C W@X.z/ @X.w/ W (4.113)

and we can define the energy momentum tensor (4.108) as

T .z/ D lim
�!0

�

� 1
˛0

�

@X.zC �/ @X.z/C ˛0

2�2

��

: (4.114)

In terms of the oscillator modes the Virasoro generators are

T .z/ D
X

n

Ln z�n�2 (4.115)

with

Ln D 1

2

X

m

W˛n�m ˛m W : (4.116)

Note that free fields have the characteristic property that there is only one singular
term in the operator product, but this is not true in general, as the following example
shows.11

It is straightforward to compute the operator product of the energy-momentum
tensor with itself. Since we are dealing with free fields, we can use Wick’s
theorem. Remembering that no contractions are to be made within normal ordered
expressions, we find with the help of the basic contraction Eq. (4.113)

11Great care is required when dealing with normal ordered products of more than two fields.
If they are not free fields, the product is not associative and Wick’s theorem cannot be applied
straightforwardly. An example will be the Sugawara form of the energy-momentum tensor which
we will discuss in Chap. 11.
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T .z/ T .w/ D
1
2

.z � w/4
C 2 T .w/

.z � w/2
C @T .w/

.z � w/
C : : : : (4.117)

This shows that we have a conformal field theory with c D 1.
Finally, we have to specify the conformal fields of this model. As already

mentioned, X.z/ is not a conformal field due to the logarithmic z-dependence of its
propagator. However, we have already seen that @X.z/ is a chiral field. Computing
the operator product of T .z/ with @X.z/,

T .z/ @X.w/ D @X.w/

.z � w/2
C @.@X.w//

.z� w/
C : : : (4.118)

shows that @X.z/ is a primary field with dimension h D 1. Higher derivatives
@nX.z/ are not primary but descendant fields with h D n. For example, @2X.z/ D
L�1@X.z/. The only other conformal fields in the free scalar model are normal
ordered exponentials of X.z/:

T .z/ WeikX.w;w/ W D
"

˛0

4
k2

.z� w/2
C @w

.z� w/

#

WeikX.w;w/ W (4.119)

and a similar result for the anti-holomorphic OPE. This is again shown using Wick
expansion. We find that the operator W eikX.z;z/ W has conformal dimension .h; h/ D
�

˛0

4
k2; ˛

0

4
k2
�

with k being a continuous variable.
The complete operator product algebra among the conformal fields has the

following form12:

WeipX.z;z/ W WeiqX.w;w/ W D jz� wj˛0pq W ei.p X.z;z/Cq X.w;w// W
D jz� wj˛0pq Wei.pCq/X.w;w/ W
C ipjz� wj˛0pq




.z � w/ W@X.w/ ei.pCq/X.w;w/ W

C .z� w/ W@X.w/ ei.pCq/X.w;w/ W
�

C : : : ;
(4.120a)

@X.z/ WeipX.w;w/ W D �˛
0

2

ip

z � w
WeipX.w;w/ W Cfinite : (4.120b)

From Eq. (4.107) we find
Œ˛m; ˛n� D mımCn : (4.121)

The relation ˛
�n D ˛n follows from Hermiticity of i@X . As a check, let us use this
algebra to compute the two- point function on the plane

12Note that the field conjugate to eipX.z/ is e�ipX.z/ .
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h@X.z/ @X.w/i D �˛
0

2

X

m;n

h0j˛n ˛mj0i z�n�1 w�m�1

D �˛
0

2

X

n>0

n z�n�1 wnC1

D �˛
0

2

1

.z � w/2
for jzj > jwj ; (4.122)

where we have used Eq. (4.51). The above derivation demonstrates that the operators
have to be radially ordered for the sum to converge.

In the bosonic string theory one deals with d (d D 26) identical free bosonic
fields X� .� D 0; : : : ; d � 1/ and their contribution to the central charge is c D
c D d . Physical string states must satisfy the following conditions:

Lnj�i D Lnj�i D 0; n > 0 ;

.L0 � 1/j�i D .L0 � 1/j�i D 0 ;
.L0 � L0/j�i D 0 : (4.123)

This means that physical string states correspond to primary fields of the conformal
field theory:

j�i D �.0/j0i D lim
z;z!0 �.z; z/j0i : (4.124)

�.z; z/ are conformal fields and create asymptotic states. They are called vertex
operators. String scattering amplitudes are then simply correlation functions of
vertex operators (cf. Chaps. 6 and 16). Equation (4.123) also implies that the
conformal dimension of vertex operators is .h; h/ D .1; 1/ and that expressions
such as

R

d2z�.z; Nz/ are well-defined.
Let us briefly discuss the spectrum of the closed bosonic string in the context of

conformal field theory. The lowest state is the tachyon; it is a space-time scalar with
momentum k

jki D lim
z;z!0 We

ik�X.z;z/ W j0i : (4.125)

The physical state condition Eq. (4.123) requires that W eik�X.z;z/ W has conformal
dimension h D h D 1. With Eq. (4.119) this leads to ˛0k2 D 4 which is the mass
shell condition for a tachyon: m2 D �k2 D � 4

˛0
. Let us verify that the state jki

carries momentum k�. We restrict our attention to one, say the right-moving sector.

The momentum operator is p� D
q

2
˛0
˛
�
0 D 2

˛0

H

d z
2�i

i@X� and

p�jki D 2

˛0

I

d z

2�i
i@X�.z/ Weik�X.z;z/ W j0i D k�jki : (4.126)
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We have used the operator product Eq. (4.120b). The states at the next level have the
form:

jk; �i D � 2
˛0
���.k/ lim

z;z!0 W@X
�.z/ @X�.z/ eik�X.z;z/ W j0i

D ˛��1 ˛��1jki ��� : (4.127)

Here ��� is a polarization tensor. These states are those discussed in Eq. (3.57).
We still have to check whether this vertex operator is a conformal field with
dimensions .h; h/ D .1; 1/. We therefore take its operator product with the energy-
momentum tensor T .z/; we can do this for the holomorphic and anti-holomorphic
parts separately:

T .z/ W���@X�.w/ @X�.w/eik�X.w;w/ W D � i˛
0

2

k����

.z � w/3
W@X�.w/eik�X.w;w/ W

C
"

˛0

4
k2 C 1

.z � w/2
C @w

.z � w/

#

��� W@X�.w/ @X�.w/ W eik�X.w;w/ W C : : : : (4.128)

In order to get rid of the unwanted cubic singularity one has to demand that

k� ��� D ���k� D 0 ; (4.129)

where the second condition comes from the anti-holomorphic sector. Together with
k2 D 0, to obtain h D 1, this is the on-shell condition for a massless tensor particle
which we identify with the graviton, antisymmetric tensor and dilaton, depending
on whether ��� is symmetric traceless, antisymmetric or pure trace. In terms of the
state (4.127) the conditions (4.129) are a consequence of the requirementL1jk; �i D
L1jk; �i D 0. Higher Ln’s do not lead to non-trivial conditions. At the first massive
level, third and fourth order singularities can appear and forcing them to be absent
leads to conditions on the polarization tensors. Equivalently, L1 and L2 have to
annihilate the state, etc.

Scattering amplitudes of asymptotic string states are correlation functions of the
corresponding vertex operators.13 We have already said that the vertex operators
are primary fields of the Virasoro algebra of weight .h; h/ D .1; 1/. It involves,
however, also an integration over the positions of the vertex operators. (This will be
discussed in Chap. 16, where we explicitly compute string scattering amplitudes.)
We then get expressions of the form

Z n
Y

iD1
d 2zi hV.z1; z1/ : : : V .zn; zn/i : (4.130)

13The discussion here is limited to string tree level amplitudes since there the world-sheet is the
(Riemann) sphere which is conformally equivalent to C[1.
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Since the V ’s have weight .h; h/ D .1; 1/ and the integration measure transforms
under SL.2;C/ as d2z ! d2z

jczCd j4 we find, using Eq. (4.6), that string amplitudes
are SL.2;C/ invariant.

Let us now demonstrate that secondary states decouple from string scattering
amplitudes. Consider the correlation function

A D h�.k/.z/ �1.z1/ : : : �n.zn/i ; (4.131)

where the �i , i D 1; : : : ; n are primary and

�.k/.z/ D OL�k �.z/ D
I

Cz

dw

2�i

T .w/

.w� z/k�1
�.z/ (4.132)

is secondary. We now insert Eq. (4.132) into (4.131) and deform the contour to
enclose the points z1; : : : ; zn instead of z. (This is easy to visualize for the sphere
which is conformally equivalent to C[1.) Then, expanding the operator products
T .w/ �i .zi /, we get

A D
n
X

iD1

�

� .k � 1/hi
.zi � z/k

C @zi

.zi � z/k�1

�

h�.z/ �1.z1/ : : : �n.zn/i : (4.133)

If the �i are vertex operators, we have hi D 1, 8i and this can be written as

A D
n
X

iD1
@zi

�

1

.zi � z/k�1
h�.z/ �1.z1/ : : : �n.zn/i

�

; (4.134)

which vanishes upon integration over the positions of the vertex operators. This
argument can be generalized to the case of several descendant fields.

We still need to comment on the dependence on the infrared mass scale R
appearing in the two-point function (4.104). Let us first notice that the two-point
function diverges for z ! w. To regulate this divergence we introduce an UV cut-
off a and define hX.z; z/X.w;w/i D �˛0 log

�

a
R

�

for jz � wj < a. Using Wick’s
theorem14 it is straightforward to show that

eikX D

 a

R

� 1
2 ˛

0k2 WeikX W : (4.136)

14Recall Wick’s theorem which reads schematically:

� � � ��
„ƒ‚…

n

DW� � � �� W C X

single
contractions

�� W� � � ��
„ƒ‚…

n�2

W C X

double
contractions

�� �� W� � � ��
„ƒ‚…

n�4

W C : : :
(4.135)

and use �� D �˛0 log.a=R/.
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The R-dependence of n-point functions hQi e
ikiX.zi ;zi /i is R� ˛

0

2 .
P

ki /
2

and disap-
pears if

P

ki D 0. In Euclidean signature the correlation functions vanish in the
limit R ! 1, unless this condition is satisfied. In the Polyakov path integral
momentum conservation is due to the integration over the zero modes x�. The
dependence of (4.136) on the UV cut-off shows that the anomalous dimension of the
tachyon vertex operator is ˛0

2
k2. The a-dependence can be absorbed in a rescaling of

the vertex operator. A similar argument holds, if we replace the tachyon by a vertex
operator of, for instance, the form W@XeikX W.

We want to close this section with an interesting remark. The generic form of an
excited string state is ˛i1�n1 � � �˛ik�nk j0i with a similar expression for the left-movers.
The number of states at level n D P

i ni for one oscillator direction was quoted
in (4.67). The generalization of the density of states to d � 2 D c directions is

�.L0/ � e2�
q

cL0
6 : (4.137)

We have written the density of states at levelL0 in a form which can be shown to be
valid for a general CFT with central charge c. This is known as the Cardy formula.
For a bosonic string excitation at level n with m2 � E2 � n=˛0 we find �.E/ �
exp. Qc Ep˛0/ ( Qc is a constant) and therefore for the entropyS � E . The temperature
T D .@S=@E/�1 approaches a limiting value TH � 1=

p
˛0 which is called the

Hagedorn temperature. No matter how much energy we pump into the system, we
cannot increase its temperature beyond TH . This is due to the exponential increase
of the density of states with energy, which is a characteristic feature of string theory.

Strings at finite temperature are an interesting subject, e.g. within the context of
string cosmology, but we will not elaborate on it any further.

4.3 Boundary Conformal Field Theory

So far we have discussed CFT on the complex plane which is directly applicable
to closed string theory. When working with open strings, we have boundaries. The
presence of boundaries forced us to impose boundary conditions for the free boson
fields X�. We distinguished between Dirichlet and Neumann boundary conditions
and were led to introduce the concept of D-branes. However, in an abstract CFT
usually there is no Lagrangian formulation available and no boundary terms will
arise from a variational principle. Therefore, to proceed, we need a more inherent
formulation of a boundary and boundary conditions. In the following, we give an
introduction to boundary CFT and to the so-called boundary state formalism, where
we illustrate the main features for the example of the free boson. As an application
we compute the boundary state of a bosonic Dp-brane in the next section.

We have seen in the previous section how the (Euclidean) world-sheet of a
free closed string, the infinitely long cylinder, can be conformally mapped to the
Riemann sphere, cf. (4.3). For a freely propagating open string the world-sheet is an
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infinite strip of width `. In the following we parametrize the strip as �` � � � 0
and �1 < � < 1. After a Wick rotation � ! �i� and with w D � � i� we can
map the strip to the upper half plane HC via

z D e�.��i�/=` D e�w=` : (4.138)

The lower and upper edges of the strip are mapped to the positive and negative
real axis, respectively.

We now impose a physical boundary condition on the energy-momentum tensor:
no (world-sheet) energy-momentum flows across the real axis, i.e. T01 D 0 at the
boundary. Expressed in complex coordinates this is

T .z/ D T .z/
ˇ

ˇ

ˇ

zDz
: (4.139)

Via this condition, the boundary breaks the conformal symmetry from two indepen-
dent Virasoro algebras to a single (diagonal) Virasoro algebra.

The conformal transformations which leave the real axis z D z fixed, are the
real analytic functions, i.e. functions which satisfy �.z/ D �.z/. The invertible
one-to-one maps of the upper half plane to itself are generated by L0;˙1 with real
coefficient. The group is PSL.2;R/. It maps the real axis to itself.

In passing we mention another common representation of the open string world-
sheet, the unit disk. The map from the upper half-plane z to the unit disk z0 is15

z0 D 1C iz
1 � iz : (4.140)

The real axis is mapped to the unit circle. We will use the expressions disk and upper
half plane interchangeably. These two maps are shown in Fig. 4.4.

In Sect. 4.1 we used the independence of the holomorphic and anti-holomorphic
transformations to get a holomorphic and an anti-holomorphic Ward identity. Since
these two transformations are now linked, there is only one Ward identity

hı�;� Xi D �
I

C

d z

2�i
�.z/ hT .z/Xi C

I

C

d z

2�i
�.z/ hT .z/Xi : (4.141)

X D �1.w1;w1/ � � ��n.wn;wn/ is the insertion of a product of fields (as in (4.92))
with scaling dimensions .hi ; hi / inserted in the upper half plane. The counter-
clockwise contour C encloses all insertion points.

We now rewrite (4.141) in the form (4.92) by using the following doubling trick
(cf. Eq. (2.97)). We consider the dependence of correlators on the anti-holomorphic
coordinates wi , with wi in the upper half-plane, as a dependence on holomorphic

15More generally, z0 D ei˛
z�z0
z�z0

; ˛ 2 R; Im.z0/ > 0.
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t

z= eπ(τ−iσ)   )  ζ = e2π i(τ−iσ t

σ = −

σ = 0

Fig. 4.4 The doubling trick

coordinates w0i D wi in the lower half-plane. We use the boundary condition (4.139)
to analytically continue T to the lower half plane via T .z0/ D T .z/ for Im z0 � 0

(with z0 D z). We now have a holomorphic energy-momentum tensor T .z/ on the
whole complex plane. The contour of the second integral in (4.141) is now reflected
into the lower half z-plane. To make it again counter-clockwise we have to reverse
the direction, which cancels the relative sign in (4.141). Using (4.139), the two
contours combine into one which encloses the wi in the upper half-plane and the w0i
in the lower half plane; the two horizontal pieces cancel (Fig. 4.4). The conformal
Ward-identity is (cf. (4.94))

hT .z/
n
Y

iD1

�i .wi ;w
0

i /i

D
n
X

jD1

�

hj

.z� wj /2
C 1

z� wj
@wj C

hj

.z� w0

j /
2
C 1

z� w0

j

@w0

j

�

h
n
Y

iD1

�i .wi ;w
0

i /i :(4.142)

As in the case without boundary, the Virasoro generators are

Ln D
I

d z

2�i
znC1T .z/ : (4.143)

The difference is that there are no Ln’s.
One important consequence of the presence of a boundary is that one-point

functions (tadpoles) on the upper half-plane are no longer required to vanish. On
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the plane their vanishing is a consequence of translational invariance, but this is
broken by the boundary. The distance from the boundary being the only scale, one
point functions must be of the form

h�i.z; z/i D
dC.i/iC

jz � zj2hi ıhi ;hi (4.144)

which has the structure of a two-point function on the plane. The two indices on
dC.i/iC refer to the holomorphic and anti-holomorophic parts of �i . C.i/ contains
the information about the boundary condition that we have imposed along the real
axis and dijC are the constants appearing in the bulk two-point functions (4.85).
Recall that for these not to vanish i and j must be conjugate to each other. More
generally, n-point functions on the upper half-plane have the structure of 2n-point
functions on the plane. This is obvious in the case of factorized fields but is also true
in general.

The discussion which led, in the presence of a boundary, to the breaking of the
direct sum of a left-moving and a right-moving Virasoro algebra to the diagonal
subalgebra, can be generalized. Given a holomorphic fieldW.z/ of dimension h, we
can define conserved charges

Wn D
I

d z

2�i
W.z/ znCh�1 : (4.145)

On the cylinder the charges are integrals at constant � and conservation means that
they are time independent. On the strip conservation is not guaranteed because the
current can have a component normal to the boundary and charge can flow off the
boundaries of the strip. This will happen unless particular boundary conditions are
imposed. On the upper half-plane we define the charges as in (4.145) but the integral
is over a semi-circle in the upper half-plane with the origin as its center. This integral
is not independent of the radius of the semi-circle because of the contributions
from the real axis; cf. the lower left picture in Fig. 4.5. However, if we also have
an antiholomorphic currentW .z/ such that we can impose (cf. Eq. (4.139)

W.z/ D W .z/
ˇ

ˇ

ˇ

ImzD0 (4.146)

the charges

Wn D
Z

d z

2�i
W.z/ znCh�1 �

Z

d z

2�i
W .z/ znCh�1

D
I

d z

2�i
W.z/ znCh�1 (4.147)

are conserved. In the first line the integrals are over semi-circles. In the second
line we have used the doubling trick and the integral is over a circle enclosing the
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Fig. 4.5 Two maps of a finite strip to regions in (left) the upper half-plane and (right) the complex
plane

origin. While there were two sets of charges,Wn and W n in the complex plane, the
boundary has broken them to a diagonal subset.

We now consider the free scalar field on the upper half plane. Its mode
expansion is

X.z; z/ D
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(4.148)

where the boundary conditions are imposed along the real axis. For the mixed
boundary conditions they change at the origin.

Using the doubling trick one can compute the two-point functions on the upper
half-plane which, in general, is already a four-point function on the complex plane.
One finds (cf. (3.13a))

hX.z; z/X.w;w/i NN
DD
D �˛

0

2

�

log jz� wj2 ˙ log jz � wj2� : (4.149)

For mixed boundary conditions we find from (3.13b)

hX.z; z/X.w;w/i ND
DN
D �˛

0

2

0

@log

ˇ

ˇ

ˇ

ˇ

p
z �pwp
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ˇ

ˇ

ˇ

ˇ

2

˙ log

ˇ

ˇ

ˇ

ˇ

ˇ

p
z �pwp
zCpw

ˇ

ˇ

ˇ

ˇ

ˇ

2
1

A : (4.150)
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We can use (4.149) to compute the one-point functions

h.@X@X/.z; z/i NN
DD
D ˙˛

0

2

1

jz � zj2 (4.151)

which should be compared to (4.144). On the other hand, from (4.150) we find

h.@X@X/.z; z/i ND
DN
D ˙˛

0

4

1

jz� zj2
 

r

z

z
C
r

z

z

!

(4.152)

which is not of the form (4.144). The reason is that it is a four-point function with
so-called boundary changing operators inserted at the origin and at infinity.

So far we have considered only bulk fields. In the string theory context they
are closed string vertex operators which are inserted in the bulk of open string
world-sheets. Examples are the vertex operators which we discussed in the previous
section. In addition there are boundary operators which have to be inserted on the
boundary of the world-sheet. They are the open-string vertex operators and one has
to distinguish two types. The first one arises from quantizing an open string with
both end-points on the same type of boundary (D-brane). The corresponding open
string fields 	aij �a.x/ (no sum on a implied) can be inserted on the boundary, i.e.
on the real axis of the complex plane x 2 R. Here 	aij is the Chan-Paton factor
introduced in Chap. 3. The n-point functions of such operators are very similar to
the closed string correlation functions. Using the PSL.2;R/ symmetry of the real
axis, the two- and three-point functions are fixed to be of the form (xij D xi � xj )

h�a.x1/ �b.x2/i D dab

x
2ha
12

ıha;hb

h�1.xa/ �b.x2/ �c.x3/i D Cabc

x
haChb�hc
12 x

hbChc�ha
23 x

haChc�hb
13

: (4.153)

The second type of boundary operators originate from open strings with the two
end-points on different types of boundaries (D-branes). Examples are the open
strings with mixed Neumann-Dirichlet boundary conditions. The corresponding
fields 	abij �ab.x/ can also be inserted on the real axis, but they must have different
boundary conditions a and b to the left and to the right, i.e. at their position the
type of boundary changes. For this reason, such operators are also called boundary
changing operators. Their correlators are, in general, much harder to compute.

For the free boson we can again be more specific. The open string propagators
can be obtained from (4.149) and (4.150). For NN boundary conditions we find
from (4.149) with z D z D x; w D w D y

hX.x/X.y/i D �2˛0 log jx � yj ; (4.154)
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while it vanishes for DD boundary conditions, but

h@nX.x/ @nX.y/i D 2˛0

.x � y/2 : (4.155)

For completeness we also give the vertex operators for the open string tachyon
and gauge boson, where we also indicate the on-shell conditions, i.e. the conditions
that the vertex operators are primary fields of weight h D 1:

V.x/ DWeik�X.x/ W ; k2 D 1

˛0
;

V .x/ D �� W PX�eik�X.x/ W ; k2 D 0; k � � D 0 ; (4.156)

where PX D @xX . The notation indicates that the real axis is the image of the end of
the open string which is parametrized by world-sheet time under the map of the strip
to the upper half-plane. In the presence of several D-branes the vertex operators still
have to be multiplied by CP factors. The on-shell conditions are easily verified.

We now come to an essential point in boundary conformal field theory, which is
the so-called closed-open string duality, also known as tree-channel–loop-channel
equivalence. Under the map (4.138) lines of constant world-sheet time � are
concentric semi-circles around the origin. A finite strip is mapped to a semi-annulus
in the z-plane, as indicated in Fig. 4.5. Also shown in the figure is the image of the
strip under the map

� D e2�i.��i�/=t D e2�iw=t (4.157)

which is an annulus, cut open along the positive real axis.
Using the transformation rule of the energy-momentum tensor, Eq. (4.40), the

condition (4.139) becomes

�2 T .�/.�/ D �2 T .�/.�/ at j�j D 1 and e�2�`=t (4.158)

(the contributions from the Schwarzian derivative cancel). For a field W.z/ of
conformal weight h, for which we impose (4.146), we obtain

�hW .�/.�/ D .�1/h�hW .�/
.�/ : (4.159)

The factor .�1/h is due to the Jacobian @�

@z D 2i � `
t
� �z and will be relevant later

when we discuss fields with non-integer weight.
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If we perform radial quantization on the �-plane, which amounts to considering
the radial direction as world-sheet time and expand T .�/.�/ D

X

L�n �
�n�2, we find

that the boundary condition on T translates to16

L.�/n D L.�/�n at j�j D 1 (4.160)

or, more generally,

W .�/
n D .�1/hW .�/

�n at j�j D 1 : (4.161)

The map from the upper half z-plane to the �-plane essentially exchanges the roles
of � and � and the two maps of the strip lead to quite different interpretations of
the open string diagram. If we identify the two vertical ends of the strip, the world-
sheet becomes a cylinder of circumference t and height `. This can be viewed as an
open string one loop diagram17 where the string propagates for a time t . The fact
that we identify the two ends means that we take a trace. The resulting open string
amplitude is

Tr e�t Hop D Tr e�
�t
` .L0� c

24 / ; (4.162)

where we have used (2.98) and (4.47). But we can exchange the roles of � and �
and view � as the world-sheet time and the cylinder as a tree-level closed string
diagram, where the closed string propagates for a time `. This is precisely what the
coordinate transformation z$ � accomplishes.

On the �-plane the interpretation of the strip is as a tree-level closed string
diagram: a closed string of length t propagates for a time `. Using (2.87) with `! t

and (4.47) one obtains the closed-string tree-level amplitude

hˇje�`Hcl j˛i D hˇje� 2�`t .L0CL0� c
12 /j˛i ; (4.163)

where the information about the boundary conditions ˛; ˇ is encoded in the
boundary states between which the closed string propagates. This is an essential
difference between the open and closed string pictures. In the former the boundary
conditions are encoded in the Hamiltonian which propagates the open string along
the cylinder. In the latter they enter through the choice of boundary states while the
Hamiltonian is blind to the choices for ˛ and ˇ. The fact that (4.162) and (4.163)
are equal is the statement of closed-open string duality. We will return to this issue
in Chap. 6.

16The mode expansion on the z-plane would be T .z/ D P

Ln z�n�2, where the Ln’s are not the
same as the L.�/n . Below we will drop the superscript �.
17We will discuss one-loop diagrams in detail in Chap. 6.
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To compute the amplitude in the tree-channel one needs a way to describe the
coupling of the closed string to the boundary/D-brane. This information is encoded
in a coherent state in the closed string Hilbert space

ˇ

ˇB
˛ D

X

i; N|2H ˝H

˛i|
ˇ

ˇi; N| ˛ : (4.164)

Here i; N| label the states in the left- and right-moving sectors of H ˝H , and the
coefficients ˛i| encode the strength of how the closed string mode ji; |i couples to
the boundary jBi. Such a coherent state, which inserts a boundary on the world-
sheet, is called a boundary state and provides the world-sheet/CFT description of
a D-brane in String Theory. The coefficients ˛i| are nothing else than one-point
functions (4.144) of closed strings on a disk world-sheet with the boundary lying on
the D-brane

˛i| D dC.i/;|C : (4.165)

Therefore the boundary state of a D-brane contains a sum over all closed string
tadpoles on the disk with boundary on the D-brane. As mentioned, C.i/ encodes
the information about the type of the boundary. Instead of computing all these
infinitely many one-point functions directly, one formulates the type of boundary
as conditions on the boundary states, which can then be solved directly. As we will
see for the free boson in the next section, this approach turns out to be very powerful
and as a by-product gives all closed string one-point functions on the disk.

4.4 Free Boson Boundary States

Let us now translate the Neumann and Dirichlet boundary conditions for open
strings, @�X�j�D0 D 0 and X�j�D0 D x

�
0 into the picture of boundary states.

Clearly, we have to exchange .�; �/op ! .�; �/cl and readily obtain

@�X
�
closedj�D0

ˇ

ˇBN
˛ D 0 Neumann condition,

X
�
closedj�D0

ˇ

ˇBD
˛ D x�0

ˇ

ˇBD
˛

Dirichlet condition. (4.166)

Using the mode expansion for the closed string, these conditions give rise to
conditions for the modes acting on the boundary state

�

˛�n C ˛��n
� ˇ

ˇBN
˛ D 0 ; p� jBN

E

D 0 Neumann,
�

˛�n � ˛��n
� ˇ

ˇBD
˛ D 0 ; x�

ˇ

ˇBD
˛ D x�0

ˇ

ˇBD
˛

Dirichlet, (4.167)
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for each n. Here x�0 is the position of the D-brane. Such conditions relating
the left- and right-moving modes acting on the boundary state are called gluing
conditions.

One can give an explicit form of the solution to these gluing conditions. If we
split the coordinates into Neumann and Dirichlet directions according to � D .˛; i/
with ˛ D 0; : : : ; p and i D p C 1; : : : ; d � 1, then the solution for the boundary
state for an infinite, static flat Dp-brane is, up to a normalization,

ˇ

ˇBDp
˛ D exp

�

�
1
X

nD1

1

n
˛��n D�� ˛

��n
�

ˇ

ˇxi0
˛

; (4.168)

where

D�� D
�

�˛ˇ;�ıij
�

(4.169)

and jxi0i is an eigenstate of the position operator in the Dirichlet directions. Its
eigenvalues are the position of the D-brane. Furthermore, it is annihilated by all
the positive oscillator modes and by the oscillator zero modes, i.e, the momentum
operator in the directions along the brane. One can verify this form of the boundary
states by straightforwardly evaluating the gluing conditions.

Note that the boundary state also satisfies the gluing condition (cf. (4.160))

�

Ln �L�n
� ˇ

ˇBN;D
˛ D 0 (4.170)

for the generators of conformal transformations. In this sense it preserves a diagonal
subalgebra of the left- and the right-moving conformal symmetries.

For later generalizations to more abstract CFTs we provide an alternative notation
for the boundary states. We consider one single direction with Neumann boundary
conditions. Applying the identity

exp

� 1
X

nD1
cn

�

D
1
Y

nD1

1
X

mnD0

1

mnŠ
cmnn D

1
X

m1D0

1
X
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1
Y

nD1

1

mnŠ
cmnn (4.171)

to cn D � 1n˛�n˛�n we obtain

ˇ

ˇBN
˛ D exp
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n
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nD1

1
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: (4.172)
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Here j0i is the oscillator ground state with zero center of mass momentum. Next,
we note that the following states form a complete orthonormal basis

ˇ

ˇm
˛ D ˇˇm1;m2; : : :

˛ D
1
Y

nD1

1p
mnŠ

�

˛�np
n

�mn
ˇ

ˇ0
˛

: (4.173)

We now introduce an operator acting as

U ˛n U
�1 D �˛n D �

�

˛�n
�

: (4.174)

With the orthonormal basis (4.173) and the operator U we can express (4.172) in a
more general way as

ˇ

ˇBN
˛ D

X

m

ˇ

ˇm
˛˝ ˇˇU m

˛

; (4.175)

which, as we will see in Chap. 6, generalizes to more complicated CFTs. From
(4.175) we can read off the non-vanishing one-point functions of closed string fields
on the disc with Neumann boundary condition as

h�m;miN D
Y

n

.�1/mn : (4.176)

The expression for a Dirichlet direction is almost identical, with U replaced by the
unit operator so that the one-point functions are simply h�m;miD D 1.

The full boundary state of the Dp-brane is then simply the tensor product

ˇ

ˇBDp
˛ D

p
O

˛D0

ˇ

ˇB˛
N

˛ ˝
d�1
O

iDpC1

ˇ

ˇBi
D

˛

: (4.177)

In Chap. 6 we will use these boundary states to compute the closed string tree
amplitude and compare it to the open string one-loop amplitude. This will also
enable us to fix the normalizations of the boundary states.

4.5 Crosscap States for the Free Boson

In the case of non-oriented strings, one can introduce a very similar structure, which
we briefly introduce in this section. Recall that for the closed string the parity
transformation acts as ˝ W .�; �/ ! .�; 2� � �/. We take the length of the closed
string to be 2`. This reverses the orientation of the world-sheet and forces us to
also consider non-orientable world-sheets. Note that in general this symmetry can
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x↔σ

−x↔σ+π

a b

Fig. 4.6 Illustration of how points are identified on a crosscap, and how a closed string couples to
a crosscap. (a) Identification of points on a crosscap, (b) Closed string at a crosscap

be dressed with space-time symmetriesR. We will give a simple example at the end
of this section.

The simplest Euclidean non-orientable surface is RP
2, which can be viewed as

S2 with anti-podal points identified or, equivalently, as a hemisphere with opposite
points on the equator identified. As shown on the left of Fig. 4.6, it looks like a disk
with a special identification of points on the boundary. Such a world-sheet is also
called a crosscap. As shown on the right in Fig. 4.6, in the same way as the boundary
of the disk is attached to a D-brane, the crosscap is attached to an orientifold plane.
As mentioned already in Chap. 3, the latter can be regarded as a defect in space-time,
which is invariant under the geometric part R of the orientifold projection. We will
see in Chap. 9 how these orientifold planes automatically arise when performing a
quotient by˝R.

One can also consider closed string n-point functions on such non-oriented
world-sheets. Like for the disk the simplest ones are the one-point functions.
Similarly to a boundary state which describe the coupling of closed string states to
a boundary, for orientifold theories there should also exist a coherent state encoding
all these one-point functions.

We now discuss such crosscap states for the example of the free bosons. Similarly
to boundary states, we do not infer them from direct computations of the one-point
functions, but by first finding gluing conditions and then solving them. From Fig. 4.6
it is clear that the fieldX at .�; �/ should be identified with the fieldX at .�C�; �/.
More concretely, we have to impose

X.�; �/
ˇ

ˇ

�D0
ˇ

ˇC
˛ D X.� C �; �/ˇˇ

�D0
ˇ

ˇC
˛

;

@�X.�; �/
ˇ

ˇ

�D0
ˇ

ˇC
˛ D �@�X.� C �; �/

ˇ

ˇ

�D0
ˇ

ˇC
˛

: (4.178)

We have located the crosscap at � D 0. The minus sign in the second line reflects
the change of the orientation. It guarantees that the boundary term at fixed � ,
R 2�

0
PXıX d� , which arises in the variation of the Polyakov action, vanishes.

From (4.178) we easily derive the gluing conditions for the crosscap states
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�

˛�n C .�1/n ˛��n
� ˇ

ˇC
˛ D 0; p�

ˇ

ˇC
˛ D 0 : (4.179)

The center of mass coordinate x0 of the closed string is unconstrained and for
the center of mass momentum one gets the same gluing condition as for a
Neumann boundary condition for a brane. Therefore, the object which satisfies
these constraints can be considered as being extended in all directions X�, � D
0; : : : ; d � 1. It might be called an orientifold plane. To indicate its dimensionality
we refer to it as an O.d � 1/-plane.

Apart from the factor .�1/n, the gluing conditions are those of a boundary state
with Neumann conditions. The solution to the gluing conditions is therefore similar
and reads, up to normalization,

ˇ
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˛ D exp
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nD1
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˛��n ˛��n
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ˇ 0
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: (4.180)

The crosscap state can also be written as

ˇ

ˇCO.d�1/
˛ D

X

m

jmi ˝ jUmi (4.181)

where U acts as

U ˛�n U
�1 D �.�1/n ˛�n D �.�1/n

�

˛��n
�

: (4.182)

Analogous to Dirichlet boundary conditions, we can also get an overall sign change
in the crosscap gluing conditions. This is achieved by dressing the orientifold
projection ˝ by an additional reflection RWXi.�; �/ 7! �Xi.�; �/ for i D
p C 1; : : : ; d � 1. The combined action then reads

˝R W Xi
�

�; �
� 7! �Xi

�

�; � C �� : (4.183)

This replaces (4.178) for the directions Xi by

Xi.�; �/
ˇ

ˇ

�D0
ˇ

ˇC
˛ D �Xi.�; � C �/ˇˇ

�D0
ˇ

ˇC
˛

;

@�X
i.�; �/

ˇ

ˇ

�D0
ˇ

ˇC
˛ D @�Xi .�; � C �/ˇˇ

�D0
ˇ

ˇC
˛

; (4.184)

and leads to the gluing conditions

�

˛in � .�1/n ˛i�n
� ˇ

ˇC
˛ D 0; xi

ˇ

ˇC
˛ D xi0

ˇ

ˇC
˛

; (4.185)

where in general xi0 is a fixed point of R, i.e. Rxi0 D xi0. In our situation we just get
xi0 D 0. Combining the crosscap states for the unreflected and reflected directions
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we get the complete crosscap states for a Op-plane in d -dimensions

ˇ

ˇCOp
˛ D exp

�

�
1
X

nD1

.�1/n
n

˛��n D�� ˛
��n
�

ˇ

ˇ xi0
˛

(4.186)

with D�� D .�˛ˇ;�ıij /, as before.
We close this chapter with the following observation: the conditions (4.167) for

the boundary state and (4.179) and (4.185) for the crosscap state are related via a
unitary transformation generated by ei�L0 . Therefore jBi and jC i are related via
jC i D ei�L0 jBi D iL0CL0 jBi, where we used (4.170).
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Chapter 5
Parametrization Ghosts and BRST Quantization

Abstract As another application of conformal field theory, we want to examine the
reparametrization ghosts which we introduced within the path integral quantization
of the bosonic string in Chap. 3. In the second part of this chapter we briefly study
the very much related issue of BRST quantization of the bosonic string, where we
encounter another characterization of physical string states, namely as states in the
cohomology of a nilpotent BRST charge.

5.1 The Ghost System as a Conformal Field Theory

In conformal coordinates the ghost action is

S D 1

2�

Z

d2z .bzz @zc
z C bzz @zc

z/ (5.1)

and the solutions of the equations of motion are

cz D c.z/; bzz D b.z/ ;
cz D c.z/; bzz D b.z/ : (5.2)

The ghost fields are effectively free fermions with integer spin. b.z/ is a holo-
morphic conformal field of dimension (spin) .h; h/ D .2; 0/, c.z/ is a field of
dimension .h; h/D.�1; 0/; b.z/ and c.z/ are anti-holomorphic conformal tensors
with .h; h/D.0; 2/ and .0;�1/ respectively. In the following we will restrict the
discussion to the holomorphic fields b.z/ and c.z/, i.e. to the holomorphic sector of
the closed string. Following from the action Eq. (5.1) (cf. the derivation of the X
propagator in Sect. 4.2), their propagator is

hb.z/ c.w/i D hc.z/ b.w/i D 1

z� w
: (5.3)
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It satisfies

@z hb.z/ c.w/i D 2�ı.2/.z � w/ ; (5.4)

where we have used the relation

@z
1

z � w
D 2� ı.2/.z� w/ (5.5)

which directly follows from (4.99) on page 85. From the propagator we deduce the
following operator products

c.z/ b.w/ D b.z/ c.w/ D 1

z � w
C : : : : (5.6)

Next we expand the ghost fields in modes:

c.z/ D
X

n

cn z�nC1 ;

b.z/ D
X

n

bn z�n�2 (5.7)

with Hermiticity conditions b�n D b�n and c�n D c�n. On the SL.2;Z/ invariant
ghost vacuum j0ib;c the oscillators act as

bnj0ib;c D 0 for n � �1;
cnj0ib;c D 0 for n � 2 : (5.8)

From the operator products Eq. (5.6) we derive the following anticommutation
relations:

fbm; cng D ınCm ;

fcn; cmg D fbn; bmg D 0 : (5.9)

Note that since we are dealing with anticommuting fields, the contour trick of
Chap. 4 leads to anticommutators. The energy momentum tensor of the b, c system
is (3.77)

T b;c .z/ D lim
w!z

�

�2b.w/ @c.z/ � @b.w/ c.z/C 1

.z � w/2

�

D �2 Wb@c.z/ W � W@bc.z/ W : (5.10)
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Normal ordering is defined as in (4.110).1 One can check that this corresponds to
the ordering such that the modes which annihilate j0ib;c are moved to the right. The
mode expansions of the ghost fields lead to the following expression for the Virasoro
generators (cf. Eq. (3.85) on page 58):

Lb;cn D
1
X

mD�1
.n �m/ W bnCm c�m W : (5.12)

Normal ordering is only relevant for L0, for which one finds

L
b;c
0 D

X

m�1
m .b�mcm C c�mbm/� 1 D

X

m

m ?
? b�mcm ?

? � 1 ; (5.13)

after taking due care of minus signs arising due to the Grassmann property of the
ghosts. The normal ordering prescription ?

? : : : ?? was already introduced in Chap. 4.
It is w.r.t. a state which is annihilated by all positive modes of b and c. We will
define such a state later in this chapter. The constant �1 arises from the need to
reorder expressions containing c1 and b�1 and it represents the expectation value of
L0 in the chosen vacuum. It is zero in the SL.2;Z/ invariant vacuum j0ib;c .

It is straightforward to work out the operator product of the stress tensors with
itself:

T b;c.z/ T b;c.w/ D �26=2
.z � w/4

C 2T b;c.w/

.z � w/2
C @T b;c.w/

.z � w/
C finite terms : (5.14)

This shows that the central charge of the b, c system is cb;c D �26. With c < 0 the
conformal field theory of the ghost system is not unitary, as expected. This already
follows from the negative conformal weight of c.z/. Adding the contribution to the
central charge from d bosonic fields and from the ghost fields one gets

ctot D cX C cb;c D d � 26 (5.15)

so that again the conformal anomaly vanishes if d D 26. The operator product
of T b;c with the ghost fields can be easily worked out and shows that b and c are
primary fields.

Another important operator of the b, c system is the U.1/ ghost number current
j.z/,

j.z/ D � W b.z/ c.z/ WD
X

n

z�n�1 jn ; (5.16)

1For two anti-commuting fields one gets an extra minus for the modes of the normal ordered
product

W�i �j WmD
X

n��hi

�i; n �j;m�n �
X

n>�hi

�j; m�n �i; n : (5.11)
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where

jn D
X

m

W cn�m bm W : (5.17)

j.z/ is a conformal field of dimension h D 1. Classically the ghost number current
is conserved. In the quantum theory there is however an anomaly. This will be
discussed in Chap. 13. The ghost charge is given by the contour integral of j.z/:

Ng D
I

C0

d z

2�
j.z/ D j0 D

X

m

W c�m bm W : (5.18)

Thus, the ghost charge Ng of a particular conformal field �.z/ is given by the
singular part of its operator product with j .

j.z/ �.w/ D Ng �.w/

.z � w/
C finite terms : (5.19)

It follows that c.z/ and b.z/ have Ng D C1 and �1 respectively. In fact, the ghost
number current is the Noether current for the continuous symmetry c ! ei˛c; b !
e�i˛b.

5.2 BRST Quantization

Let us now turn to the question of how to identify physical states. We have seen in
Chap. 3 that in light-cone quantization the longitudinal and time-like components of
X� are not independent degrees of freedom and can be eliminated. All states can be
built as excitations of the transverse oscillators. In covariant Polyakov quantization
we keep all components of X� and, in addition, have the ghost fields b and c.
The excitation of the longitudinal and time-like components of X� and the ghosts
will now become part of the spectrum of string theory and we need some way to
distinguish physical from unphysical states. The tool to do this is the BRST charge.
So let us briefly review some general aspects of BRST quantization and then apply
it to the bosonic string.

BRST quantization was introduced to quantize systems with a local gauge sym-
metry. After gauge fixing, BRST symmetry is a remnant of the local gauge
symmetry. Let us first review the general strategy. Consider a system with gauge
invariances generated by charges Ki which form a closed finite dimensional Lie
algebra g2

ŒKi ;Kj � D fij k Kk; i; j; k D 1; : : : ; dimg I (5.20)

2For instance, in a Yang-Mills theory the Ki are the non-abelian generalizations of Gauss law.
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fij
k are the structure constants of g. One now defines a Hermitian nilpotent operator

which commutes with the Hamiltonian and which acts on all fields like a fermionic
gauge transformation. The gauge parameter is replaced by an anticommuting
variable ci , called a ghost. This operator is the BRST charge Q. An explicit
expression for the Hermitian BRST charge is3

Q D ci
�

Ki � 1
2
fij

k cj bk

�

D ci
�

Ki C 1

2
K

ghost
i

�

; (5.21)

where we have introduced the anti-ghosts bi which obey the following commutation
relations with the ci :

fci ; bj g D ıij : (5.22)

In the following, both bi and ci will be collectively referred to as ghosts. The first
part ofQ clearly acts in the required way on the fields. The second part is needed to
makeQ nilpotent. It acts like a gauge transformation on the ghost fields. Nilpotency
of Q is easy to verify. Using the symmetry algebra Eq. (5.20), the anticommutation
relations Eq. (5.22) and antisymmetry of the structure constants, we find without
difficulty

Q2 D 1

4
fŒij

k fl�k
m .cj ci cl bm/ D 0 : (5.23)

The Jacobi identity was used in the last step. The BRST transformation acts on the
ghosts as

ıci D fQ; cig D �1
2
fkl

i ck cl ;

ıbi D fQ; big D Ki � fij k cj bk D Ki CKghosts
i � QKi : (5.24)

One now shows that

Œ QKi ; QKj � D fij k QKk (5.25)

i.e. the QKi also satisfy the symmetry algebra but, in contrast to the Ki , also
incorporate the ghost degrees of freedom. Finally, one also introduces a ghost
number operator

3For .ci /� D ci ; .bi /
� D bi and K�

i D Ki , Q is Hermitian. Note that (5.20) implies that the
structure constants are purely imaginary.
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Ng D �
dim g
X

iD1
bi c

i (5.26)

so that ci and bi have ghost number C1 and �1 respectively and Q has ghost
numberC1.

Let us now consider the Hilbert space of the theory. Eigenstates of the Hamilto-
nian are said to be BRST invariant if they are annihilated by Q:

Qj�i D 0 : (5.27)

States in the zero ghost sector which satisfy Eq. (5.27) are obviously gauge invariant.
There are two types of BRST invariant states. First, any state of the form

j�i D Qj�i (5.28)

is trivially BRST invariant due to the nilpotency of Q. The states j�i and j�i form
a BRST doublet. They differ in ghost charge by one unit. (We work in a basis of
states with definite ghost number.) j�i has zero norm, due to the Hermiticity and
nilpotency of the BRST charge: h�jQQj�i D 0. These states decouple in S -matrix
elements. (Recall that Q commutes with the Hamiltonian.) Therefore we have to
look for states of the form

Qj�i D 0; j�i ¤ Qj�i : (5.29)

They are BRST singlets. These states will henceforth be referred to as physical
states. Two states j�i and j�0i are said to be equivalent if

j�i � j�0i D Qj�i : (5.30)

The equivalence classes are called BRST cohomology classes. Clearly, all states
within one given cohomology class have the same ghost number. S -matrix ele-
ments are independent of which representative of a cohomology class one uses:
h�1jS j�2i D h�01jS j�02i, for � and �0 related as in Eq. (5.30).

If j�i D limz;z!0 �.z; z/j0i is a physical BRST singlet, then ŒQ; �� D 0.
For states without ghost excitation this implies ŒKi ; �� D 0. Those are the states
identified with physical particles.

Let us now apply the BRST formalism to the bosonic string. In distinction to
the case of gauge theories with finite dimensional symmetry groups, we are now
dealing with the infinite dimensional Virasoro algebra. Expressions such as the
BRST charge and the ghost number must be normal ordered and a normal ordering
constant will appear. Finally, nilpotency of the BRST charge, which contains the
symmetry generators, might be anomalous. Let us start with the BRST charge. The
generalization of Eq. (5.21) to the case of the Virasoro algebra is
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Q D
1
X

mD�1

 

c�m LXm �
1

2

1
X

nD�1
.m � n/ W c�m c�n bmCn W

!

D
X

m

W c�m
�

LXm C
1

2
Lb;cm

�

W

D
1
X

mD�1

 

c�m LXm �
1

2

1
X

nD�1
.m � n/ ??c�m c�n bmCn ?

?

!

� c0 : (5.31)

In the first line we have used the explicit form for the structure constants of the
Virasoro algebra, fmnp D .m � n/ıp;mCn and the identification cm � c�m. The

L
.b;c/
m were given in Eq. (5.12). One easily verifies that Q is Hermitian. Note that

Ltot
m D LXm C Lb;cm corresponds to QKi in Eq. (5.24).
Q can be equivalently written as a contour integral:

Q D
I

C0

d z

2�i
Wc.z/

�

T X.z/C 1

2
T b;c.z/

�

W

D
I

C0

d z

2�i

�

?
?c.z/

�

T X.z/C 1

2
T b;c .z/

�

?
? � 1

z2
c.z/

�

D
I

C0

d z

2�i
jBRST.z/ : (5.32)

The operator jBRST is the BRST current. Equation (5.32) defines it only up to a total
derivative which must however be of dimension one and ghost number one. The
most general form is then

jBRST D c T .X/ C 1

2
c T .b;c/ C � @2c : (5.33)

Requiring the BRST current to be a conformal field of weight one gives � D 3
2
.

We need to check the nilpotency of the BRST charge Q which is crucial for the
identification of physical states. This is most easily done by computing the j.z/ j.w/
operator product. One finds

jBRST.z/ jBRST.w/ D � � � C D � 26
12

1

z � w
.@3c c/.w/C : : : : (5.34)

More singular terms and total derivatives do not contribute to Q2. We thus find
once again D D 26, this time as the condition for nilpotency of the BRST charge.
Alternatively we can compute

Q2 D 1

2
fQ;Qg D 1

2

1
X

m;nD�1

�

ŒLtot
m ;L

tot
n � � .m � n/Ltot

mCn
	

c�m c�n (5.35)
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which implies that Q2 D 0 if the total anomaly of the matter-plus-ghost system
vanishes.

For the BRST transformation properties of the various fields we find

ŒQ;X�.z/� D c @X�.z/;

ŒQ; T tot.z/� D 1

12
.D � 26/ @3c.z/;

fQ; c.z/g D c @c.z/;

fQ; b.z/g D T tot.z/; (5.36)

where T tot D T X C T b;c . One also verifies

ŒQ; jgh.z/� D �jBRST.z/ (5.37)

provided one chooses � D 3
2

and jgh as in (5.16). jBRST and T tot are therefore BRST
exact.

Expressed in terms of modes Eqs. (5.36) are

ŒQ; ˛�n � D �
X

m

n cm ˛
�
n�m;

ŒQ;Ltot
n � D �

1

12
.D � 26/ n .n2 � 1/ cn;

fQ; cng D �
X

m

.2nCm/ c�m cmCn;

fQ; bng D Ltot
n ; (5.38)

where

Ltot
n D

1
X

mD�1

�

1

2
W˛n�m � ˛m W C.nCm/ W bn�mcm W

�

(5.39)

and, in particular

Ltot
0 D

X

m>0

.˛�m � ˛m Cm.b�m cm C c�m bm//C ˛0

4
p2 � 1

D N tot C ˛0

4
p2 � 1 : (5.40)

Here, N tot is the total level number, including the two light-cone directions and the
ghost contribution. Note that the normal ordering constant �1 is due to the ghost
sector. In the critical dimension, i.e. when Q2 D 0, Eq. (5.38) are nothing but
the general results (5.24). For X one simply has the behavior under holomorphic
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coordinate transformations with the symmetry parameter replaced by the ghost. This
is according to the general BRST procedure.

It is now straightforward to verify that the total action

S D SX C Sb;c

D 1

2�˛0

Z

d2z .@X � @X C ˛0 b @c C ˛0 b @c/ (5.41)

is invariant under BRST transformations. In fact, one can derive the BRST current
as the Noether current of this symmetry.

With the help of (5.38) it is possible to show that Q2 D 0 implies that the
conformal anomaly is zero. Indeed,

ŒLm;Ln� D ŒLm; fQ; bng� D �fQ; Œbn; Lm�g C fbn; ŒLm;Q�g
D fQ; ŒLm; bn�g C fbn; ŒfQ; bmg;Q�g
D .m � n/fQ; bmCng D .m � n/LmCn ; (5.42)

where we have repeatedly used the graded Jacobi identity,Q2 D 0 and Eq. (4.38).
We want to comment on the relation of the BRST procedure presented here to

the one familiar from gauge theories. There the ghost contribution to the action can
be written as L ghost � ı.biFi / where Fi is called the gauge fixing function. This
guarantees the BRST invariance of the total action. One introduces the auxiliary
field B via ıbi D Bi and ıBi D 0 as a consequence of Q2 D 0. Bi serves as a
Lagrange multiplier for the gauge fixing. One then eliminates Bi via the equations
of motion (for the non-ghost fields). The gauge fixing function leading to the action
Eq. (5.41) would have been F ˛ˇ D ph.h˛ˇ � 	˛ˇ/.

Let us now turn to the problem of identifying physical states. We again demand
that they are BRST singlet states, i.e. Qj�i D 0 but j�i ¤ Qj�i. According to our
discussion in Chap. 4, a state j�i is created from the SL.2;C/ invariant vacuum by
a local vertex operator: j�i D �.0/j0i. BRST invariance then implies that

ŒQ; �.z/� D
I

Cz

dw

2�i
jBRST.w/ �.z/ D total derivative (5.43)

i.e. the operator product of jBRST and � must not have a pole of order one, unless
the residue is a total derivative, in which case it vanishes upon integration over
the insertion point of the vertex operator. Then correlation functions will be BRST
invariant. Consider states without ghost excitations. Then

I

dw

2�i
jBRST.w/ �.z/ D

I

dw

2�i
c.w/ T �.w/ �.z/

D
I

dw

2�i
c.w/

�

h��.z/

.w� z/2
C @�.z/

w� z
C : : :

�

D h� .@c/ �.z/C c @�.z/ ; (5.44)
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which is a total derivative whenever the conformal weight of � is h� D 1. We have
thus found that primary fields of dimension one create asymptotic BRST invariant
states.

Let us now look at the ghost sector of the theory. Both b and c have zero
frequency components which satisfy the anti-commutation relations b20 D c20 D 0

and fc0; b0g D 1. b0 and c0 commute with the Hamiltonian L0 in Eq. (5.13). There
are then two degenerate states. One, denoted j "i, is annihilated by c0. The second
is then defined as j #i D b0j "i:

c0j "i D 0; b0j #i D 0
b0j "i D j #i; c0j #i D j "i : (5.45)

These states clearly have zero norm. They differ in ghost number by one unit. We
can add a constant to j0 in (5.18) such that the ghost number assignments of the two
degenerate states are symmetric:

Ng D 1

2
.c0 b0 � b0 c0/C

X

n>0

.c�n bn � b�n cn/ : (5.46)

This corresponds to the definition j.z/ D � W b.z/ c.z/ W � 3
2z . With this convention

the states j "i and j #i have ghost chargeC 1
2

and � 1
2

respectively.
On the other hand we notice that the SL.2;C/ invariant ghost vacuum j0ib;c

obeys Eq. (5.8). This means that while being a highest weight state of the Virasoro
algebra, it is not a highest weight state of the b, c algebra since it is not annihilated
by all positive frequency modes:

c1j0ib;c D c.0/j0ib;c ¤ 0 : (5.47)

Since ŒL0; c1� D �c1, j0ib;c is not the ground state of the ghost system. The state

c0 c1j0ib;c D �c @c.0/j0ib;c ¤ 0 (5.48)

has also L0 eigenvalue�1; i.e. the two states c1j0ib;c and c0c1j0ib;c are degenerate.
It is easy to see that if we identify c1j0ib;c D j #i and c0 c1j0ib;c D j "i, we can
verify the relations Eq. (5.45) and their ghost number assignments. In addition, we
find that h" j "i D h# j #i D 0 and h" j #i D h# j "i D b;ch0jc�1 c0 c1j0ib;c ¤ 0

and that j "i and j #i are annihilated by all positive ghost modes. We choose the
normalization such that

b;ch0jc�1c0c1j0ib;c D 1 : (5.49)

This shows that the SL.2;C/ invariant vacuum carries three units of ghost number.
They correspond to the three global diffeomorphisms of the sphere (compactified
plane), generated by L0, L˙1. Since correlation functions are invariant under
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SL.2;C/ (cf. Chap. 4), the gauge fixing is not complete which is reflected by
the presence of ghost zero modes. For details we refer to the following chapter
where we learn how to deal with the ghost zero modes in the computation of
scattering amplitudes. In the operator language, the two-point functions (5.3) are
b;ch0jc�1 c0 c1 b.z/ c.w/j0ib;c and b;ch0jc�1 c0 c1 c.z/ b.w/j0ib;c .

Physical states are characterized by BRST cohomology classes of some definite
ghost number. We can build states on either of the two ghost ground states j "i and
j #i. Let us consider states of the form

j i D j�iX ˝ j #ib;c : (5.50)

BRST invariance of this state then requires

Qj i D
 

c0 .L
X
0 � 1/C

X

n>0

c�n LXn

!

j i D 0 (5.51)

which is equivalent to the physical state conditions

.LX0 � 1/j�iX D 0 and LXn j�iX D 0; for n > 0 : (5.52)

Had we instead taken the state j "i, we could not have obtained the condition
.LX0 � 1/ D 0 since c0j "i D 0. We therefore require b0j i D 0 and for the closed
string also b0j i D 0. This eliminates all states built upon the j "ib;c vacuum. For
the closed string it also implies fQ; b0 � b0gj i D .L0 � L0/j i D 0, i.e. level
matching.

From fQ; b0g D Ltot
0 it follows that any state of definite level number N tot

and definite momentum p� which satisfies Qj i D 0 and b0j i D 0, satisfies
˛0m2 D 4.N tot�1/ D 0, cf. Eq. (5.40). Furthermore, anyQ-closed state of definite
level number and momentum, which does not satisfy ˛0m2 D 4.N tot � 1/, is Q-
exact. Indeed, denote such a state by jN;pi. Then fQ; b0gjN;pi D Qb0jN;pi D
L0jN;pi with L0-eigenvalue ˛0

4
p2 CN � 1. It follows that if this does not vanish,

jN;pi D Q



1
L0
b0jN;pi

�

. It takes more effort to show that every non-trivial Q-

cohomology class has a representative of the form

j i D j�iX ˝ j #i D j�iX ˝ .c1j0ib;c/ ; (5.53)

where j�iX is a highest weight state of the Virasoro algebra with L0 eigenvalueC1.
From the oscillator expression ofQ it follows that any state (5.53) which isQ-exact
must be of the form

P

m>0 Lmj mi ˝ j #ib;c . We have shown in Chap. 4 that such
states decouple from string scattering amplitudes.

The vertex operators of physical states (5.53) are of the form

 .z/ D c.z/ �.z/ : (5.54)
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One easily shows that

ŒQ; .z/� D .h� � 1/ W@c c �.z/ W (5.55)

which vanishes for h� D 1; i.e. if �.z/ with h� D 1 satisfies Eq. (5.44), c�.z/
commutes with Q without any derivative terms. The fields c�.z/ then have zero
conformal weight.

To summarize, there are two versions for each vertex operator of a physical
state: an unintegrated,  .z; z/, and an integrated,

R

d2z�.z; z/ s.t. ŒQ; �� D @.c�/,
ŒQ; �� D @.c�/ and ŒQ; � D ŒQ; � D 0 with  D cc �. Here we have combined
holomorphic and anti-holomorphic parts. For open string vertex operators we have
 D c� and the integrated vertex operator is

R

dx �.x/ where the integral is over
the real axis.

As an example, consider the closed string tachyon with

j�iX D jki D lim
z;z!0 We

ik�X.z;z/ W j0iX: (5.56)

Its mass is given by its Lb;c0 eigenvalue. Since the ghost ground state gives Lb;c0 j #i
D �j #i, we have 1

4
˛0p2 D �1. Therefore we can attribute the negative .mass/2 of

the tachyon to the ghost contribution to the string spectrum.
So far most of our discussion was restricted to the holomorphic sector of the

closed string. The anti-holomorphic sector is completely isomorphic. For the open
string, left and right movers are again coupled through the boundary conditions.

Further Reading

A very readable introduction to the general BRST method is:

• T. Kugo, S. Uehara, General procedure of gauge fixing based on BRS invariance
principle. Nucl. Phys. B197, 378 (1982)

The application to string theory can be found in:

• M. Kato, K. Ogawa, Covariant quantization of string based on BRS invariance.
Nucl. Phys. B212, 443 (1983)

The explicit construction of the BRST charge in terms of the generators and
structure constants of the gauge algebra is due to Batalin and Vilkovisky. It was
applied to the bosonic string theory in:

• S. Hwang, Covariant quantization of the string in dimensions D � 26 using a
Becchi-Rouet-Stora formulation. Phys. Rev. D28, 2614 (1983)

Our discussion follows:

• D. Friedan, E. Martinec, S. Shenker, Covariant quantization, supersymmetry and
stringtheory. Nucl. Phys. B271, 93 (1986)
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Useful reviews are:

• M. Peskin, Introduction to String and Superstring Theory II, Santa Cruz TASI
proceedings From the Planck scale to the weak scale, TASI 1986, H. Haber
(ed.),World Scientific 1987, p.277

• J.H. Schwarz, Faddeev-Popov ghosts and BRS symmetry in string theories. Prog.
Theor. Phys. S86, 70 (1986)

• P. West, An introduction to string theory. Acta Phys. Polon. B20, 471 (1989)

The Q-cohomology is discussed in

• M.D. Freeman, D.I. Olive, BRS cohomology in string theory and the no ghost
theorem. Phys. Lett. B175, 151 (1986)



Chapter 6
String Perturbation Theory and One-Loop
Amplitudes

Abstract In this chapter we study issues of relevance for the perturbation theory
of oriented bosonic strings. After giving a general description of world-sheets of
higher genus, we discuss in some detail string one loop diagrams. We first do this for
the closed string leading to torus diagrams, which we discuss both for the bosonic
string and, continuing our presentation from Chap. 4, also for abstract conformal
field theories. In this context we also present the simple current method, which
provides a powerful tool for generating modular invariant partition functions. We
also discuss the one-loop amplitude for open strings. From the one-loop amplitude
of an open string stretched between two bosonic Dp-branes we extract the D-brane
tension.

6.1 String Perturbation Expansion

String world-sheets are two dimensional surfaces. Clearly, fixing the number of in-
and out-going strings does not yet specify the world-sheet. More complicated world-
sheets intuitively correspond to higher orders in perturbation theory. To illustrate
this, we look at the closed oriented string whose world-sheets are orientable
surfaces. Consider as an example the tree level scattering amplitude of four strings
shown in Fig. 6.1. The interactions of strings result from their splitting and joining.
The corresponding world-sheet has tubes extending into the past and the future for
incoming and outgoing closed strings, respectively. In the Polyakov formulation1

a scattering amplitude is a functional integral over oriented surfaces bounded
by the position curves of the initial and final string configurations, weighted
with the exponential of the free action (Polyakov action) and integrated with
the string wave functions. The key observation is now that conformal invariance
allows to consider punctured world-sheets instead of surfaces with boundaries

1The alternative operator approach leads to the same results.

R. Blumenhagen et al., Basic Concepts of String Theory, Theoretical and Mathematical
Physics, DOI 10.1007/978-3-642-29497-6
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Fig. 6.1 Tree level scattering of four closed strings

Fig. 6.2 Map of asymptotic string states to points on the sphere

corresponding to incoming and outgoing strings. The incoming and outgoing strings
are conformally mapped to points (the punctures) of the two-dimensional surface
(see Fig. 6.2).

Consider, for example, the case of a world-sheet with only one incoming and one
outgoing string, described by a cylinder with metric ds2 D d�2 C d�2, �1 <

� < 1, 0 � � < 2� . From here on, unless specified otherwise, we will always
work with world-sheets with Euclidean signature metrics. There are several reasons
for this. First, it allows us to use techniques of two-dimensional CFT, like the ones
we have developed in Chap. 4 and the mathematics of Riemann surfaces. Second,
Riemann surfaces generally do not admit non-singular Lorentzian metrics. The only
exception is the torus.2 Taking � D ln r this becomes ds2 D r�2.dr2Cr2d�2/. The
incoming string (� D �1) has been mapped to the point r D 0 and the outgoing
string (� D C1) to r D 1. The string world-sheet has been mapped to the plane.
A suitable choice of a conformal factor maps the plane to the sphere. We rescale
the metric by 4r2.1 C r2/�2 and get d Qs2 D 4dr

2Cr2d�2
.1Cr2/2 D 4d zd z

.1Cjzj2/2 where z D

2To have a Lorentzian metric one needs a globally defined vector field which defines the direction
of time. Given such a vector field t ˛ and a Riemannian metric g˛ˇ which always exists on the
surfaces of interest, the metric

h˛ˇ D g˛ˇ � 2g˛�gˇıt
� t ı

.g�ıt � t ı/

is Lorentzian. For a surface without boundary such a vector field only exists on the torus. For
surfaces with boundaries a Lorentzian metric exists on the cylinder but not e.g. for the surface
shown on the left hand side of Fig. 6.2, if we require that the boundary components are space-like,
e.g. time flowing in from the left and out to the right boundary circles. It is clear that the ‘arrow of
time’ must merge and split somewhere where it is not well defined.
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Fig. 6.3 One loop scattering of four closed strings

Fig. 6.4 Multiloop scattering of four closed strings

rei� . This is the standard round metric of the sphere, stereographically projected
onto the plane. Indeed, with z D cot. �

2
/ ei� we find d Qs2 D d�2 C sin2 �d�2. The

incoming and outgoing strings are now finite points, namely the south and north
pole of the sphere. For more complicated string diagrams with several incoming and
outgoing strings, the conformal factor can always be chosen to map all of them to
points on the sphere. This remains also true for loop diagrams (cf. below) where the
external strings are mapped to points on spheres with g handles, where g denotes the
number of loops. The quantum numbers of the external string states are generated by
local operators inserted at these points. These are the vertex operators introduced in
Chap. 4. In summary, performing the conformal mapping, the world-sheet becomes
a two-dimensional surface with the incoming and outgoing particles inserted by
local vertex operators. In this sense vertex operators can be viewed as conformal
projections of asymptotic states. It is however only known how to construct vertex
operators for on-shell states.3 Then string scattering amplitudes of on-shell particles
are correlation functions of vertex operators.

Analogously, the one loop scattering amplitudes are described by world-sheets
with one ‘hole’ (handle) as shown in Fig. 6.3. A four-point multi-loop diagram is
drawn in Fig. 6.4.

Two dimensional oriented surfaces without boundaries are topologically com-
pletely characterized as spheres with g handles. The Euler number, which is a
topological invariant, is � D 1

4�

R

d2�
p
hR D 2.1 � g/. The number of handles

is called the genus of the surface. In summary, an n-point, g-loop amplitude of the
closed oriented string is described by a two-dimensional surface with g handles and

3In previous chapters we have seen how the requirement of conformal or BRST invariance puts
them on shell.
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n vertex operator insertions. No interaction terms need to be added to the Polyakov
action. Interactions are encoded in the topology of the world-sheet.

In perturbation theory, general closed string n-point amplitudes can then be
computed as the following (formal) path integral:

An D
1
X

gD0
A.g/n

D
1
X

gD0
C˙g

Z

DhDX	

Z

d2z1 : : : d
2zn V1.z1; z1/ : : : Vn.zn; zn/ e

�SŒX;h
;

(6.1)

where we sum over all topologies of the world-sheet and integrate over the insertion
points of the vertex operators. C˙g is a weight factor which depends only on the
topology of the world-sheet. It can be computed from first principles, but one
often determines it in an indirect way by imposing unitarity. This will be done
for CS2 and CD2 in Chap. 16. A.g/0 is called the genus g partition function and is
commonly denoted by Z.g/. To shed some light on the meaning of this formal
expression is the purpose of the next section. However, the only amplitudes we
will compute explicitly are tree-level N -point amplitudes in Chap. 16 and one-
loop vacuum amplitudes (this chapter). In these cases, most of the rather heavy
machinery developed here can be avoided by resorting to simpler, somewhat
heuristic, arguments.4

The generalization to the open oriented string is straightforward: we simply have
to allow for surfaces with boundaries. Two-dimensional surfaces with boundary can
be obtained from surfaces without boundary by removing disks. The scattering
amplitude of open and closed strings is associated with Riemann surfaces with
boundaries where the asymptotic open strings are realized as vertex operator
insertions at a boundary component and closed strings are realized as vertex operator
insertions in the bulk of the surface. The Euler number of a Riemann surface with g
handles and b boundary components, each of which is isomorphic to a circle S1, is
� D 2 � 2g � b.

For the perturbation theory of unoriented strings we also need to consider
non-orientable world-sheets. On a non-orientable world-sheet there are closed non-
contractible paths such that if one parallel transports a pair of vectors around they
change their relative orientation. A simple example with boundary is the Möbius
strip. It arises if we consider the propagation of an open string. We can glue the
two ends of the strip to form a cylinder or we can glue up to a ˝ transformation
which results in a Möbius strip. Non-orientable world-sheets can be obtained
from orientable world-sheets by adding crosscaps. A crosscap is obtained if one

4For higher loop amplitudes, e.g. when discussing questions of finiteness of string amplitudes or to
prove unitarity of the theory, these tools are necessary. They are fully under control for the bosonic
string. For the superstring they are much more subtle and not yet fully worked out in all detail.
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removes a disk and identifies opposite points on the boundary. For instance, the real
projective plane can be defined as the space of all lines through the origin in R

2,
or, equivalently, as S2=Z2 where the action of Z2 is the identification of antipodal
points. It is topologically the same as S2 with a crosscap. The Möbius strip is a
hemisphere with a disk removed (i.e. a cylinder) with a crosscap glued in. If one
glues in a second crosscap one obtains the Klein bottle. The sphere, the disk and
the projective plane are tree level and torus, cylinder, Möbius strip and Klein bottle
are one-loop world-sheets. We will encounter the former again in Chap. 16 and the
latter later in this chapter.

The Euler number of a non-orientable surface with g handles, b holes and c
crosscaps is

� D 2 � 2g � b � c: (6.2)

The Euler number is a topological invariant. The Euler number, the number of
boundaries and orientability completely specify the topology of a two-dimensional
(connected) manifold. For instance, attaching two crosscaps to a non-orientable
surface is equivalent to attaching a handle.

The Gauss-Bonnet theorem states that5

�.˙/ D 1

4�

Z

˙

p
hRd2� C 1

2�

Z

@˙

kds; (6.3)

where R is the curvature scalar of h and k the trace of the extrinsic curvature on the
boundary which, in general, consists of several components.6 But these are precisely
the terms which we can add to the Polyakov action without changing the equations
of motion. If we include in SP the term ��� and define gs D e�, then each term in
the perturbation series (6.1) will be weighted by

g
�2C2gCbCcCncC 1

2 no
s D g��CncC 1

2 no
s ; (6.4)

where nc.no/ is the number of closed (open) string vertex operator insertions. The
dependence on � is clear. The factors arising from the vertex operator insertions
are also easily understood as follows. Consider any world-sheet and add a handle
to it, changing g ! g C 1. This corresponds to the emission and reabsorption
of a closed string, i.e. to the insertion of two closed string vertex operators, each of
which contributes gs . Consider now a world-sheet with boundary and add a ‘handle’
to the boundary. This changes b ! b C 1 and is equivalent to the insertion of two
open string vertex operators. In other words, we attach to each closed string vertex
operator a factor gs and to each open string vertex operator a factor g1=2s .

5If the boundary has corners, there is a correction term 1
2�

P

i .� � �i /, where the sum is over all
interior angles.
6For non-orientable surfaces one goes to the orientable double cover (which always exists) with
twice as many boundary components; (6.3) then computes twice the Euler number of the non-
orientable surface.
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The simplest interacting closed string diagram, namely one ingoing and two out-
going closed strings is proportional to gs . Therefore gs is called the string coupling

∼ gs = e
λ = e Φ

constant. However, as we have already mentioned in Chap. 2 and will elaborate
further in Chap. 14, � is the constant background value of the dilaton ˚ and gs is
not a free dimensionless parameter. In fact, there is no free dimensionless parameter
in string theory. Any rescaling of gs can be reabsorbed in the action and the
normalization of the vertex operators.

6.2 The Polyakov Path Integral for the Closed
Bosonic String

Since the action S is invariant under conformal transformations and diffeomor-
phisms of the world-sheet, the Polyakov path integral is highly divergent. One
integrates infinitely many times over gauge equivalent metric configurations, and
in the absence of anomalies, i.e. in the critical dimension, any two metrics which
are equivalent under diffeomorphisms and rescalings give the same contribution
to the path integral. To compensate for this overcounting one has to divide the
measure in Eq. (6.1) by the volume of the symmetry group which is generated by
diffeomorphisms and Weyl rescaling; i.e. we need to consider

Z

DhDX

Vol.Diff/ Vol.Weyl/
: (6.5)

We thus have to examine the measure of the integration over metrics, Dh. First,
fix a particular metric h˛ˇ . We know how it changes under diffeomorphisms and
Weyl rescaling. However, on a general world-sheet not all metrics can be generated
from h˛ˇ by such a symmetry transformation. Clearly, if the operator P� which we
defined in Chap. 2 has zero modes, this is not possible. A point in the moduli space
of metrics is an equivalence class of metrics where two metrics are in the same
class if they can be transformed into each other by a diffeomorphism and a Weyl
rescaling:

Mg D fmetricsg
fWeyl rescalingsg � fdiffeomorphismsg : (6.6)

In the absence of anomalies the Polyakov path integral thus reduces to an integral
over the moduli space. Its dimension is the number of zero modes of P�. Our aim
is to disentangle the integral over metrics into an integral over diffeomorphisms, an
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integral over Weyl transformations and an integral over moduli in such a way that
the first two factors cancel the infinite volume factors and what is left is a finite
dimensional integral over the moduli. The functional integral over metrics is then
reduced to a (finite dimensional) integral over a gauge slice7 such that each metric
can be reached from a unique metric on the slice by a gauge transformation. We will
say more about the moduli spaces of string world-sheets below. It is the separation
of the measure that we now turn to. A word of warning: we will not keep track of
numerical factors.

Let h˛ˇ be the reference metric, i.e. a point on the chosen gauge slice. An
arbitrary infinitesimal change of h˛ˇ can be written in the form

ıh˛ˇ D ı h˛ˇ C .r˛�ˇ Crˇ�˛/C
X

i

ı�i
@

@�i
h˛ˇ; (6.7)

which is the sum of a Weyl rescaling, a reparametrization and the rest. �i are the
moduli parameters, i.e. local coordinates on moduli space at a point in the vicinity
of the reference metric h˛ˇ which, by definition, is at the origin of a local coordinate
system on Mg. We can absorb the trace parts of the latter two terms in (6.7) into the
first term by defining

ı Q D ıC 1

2
r � � C 1

2

X

i

ı� i h˛ˇ @ih˛ˇ: (6.8)

Defining (@i D @
@�i

)

	i˛ˇ D @ih˛ˇ �
1

2
h˛ˇ h

�ı @ih�ı; (6.9)

we can rewrite (6.7) as

ıh˛ˇ D ı Qh˛ˇ C .P �/˛ˇ C
X

ı�i 	i˛ˇ: (6.10)

This is a decomposition of the tangent space of the space of metrics at the point
h˛ˇ . The space of metrics has a natural structure of a fiber bundle with a finite
dimensional base space (gauge slice) and infinite dimensional fibers. The fiber over
a point in the base consists of all metrics which can be obtained by applying all
diffeomorphisms and Weyl rescalings to the metric at that point. The first two terms
in (6.10) are along the fiber at h˛ˇ while the last term is along the gauge slice. The
Eq. (6.10) is not yet what we want, because it is not an orthogonal decomposition.

7The choice of a good gauge slice for the world-sheet gravitino of the RNS string is considerably
more difficult than for the metric for the bosonic string. We will not discuss these issues.
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Orthogonality is defined with respect to the inner product

.ıh.1/jıh.2// D
Z p

h h˛� hˇı ıh
.1/

aˇ ıh
.2/

�ı ; jjıhjj2 D .ıhjıh/ (6.11)

which we had already defined in Chap. 3. Analogous definitions will be used for
the inner product of other tensors. Note that neither jjıhjj2 nor jjıX jj2 are Weyl
invariant, but jjı�jj is. All norms are invariant under diffeomorphisms. The total
measure is only Weyl-invariant in the critical dimension.

The last two terms in (6.10) are not yet orthogonal with respect to (6.11).
The space of symmetric traceless tensors orthogonal to the image of P is
spanned by the quadratic differentials �˛ˇ , i.e. by solutions of P��D 0. Let
f�ig be a basis of quadratic differentials on the world-sheet ˙g and denote by
˘ D P

ij j�i /M�1ij .�j j with Mij D .�i j�j / the projection operator on the space
spanned by the �i . We then have the decomposition

X

i

ı�i 	
i D

X

i

ı� i .˘	/i C
X

i

ı� i ..1 �˘/	/i

D
X

i

ı� i .˘	/i C
X

i

ı� i .P �i / (6.12)

for some vector fields �i (because .1 �˘/	 is in the range of P ). We then find
the orthogonal decomposition of the tangent space of the space of metrics at h˛ˇ

ıh˛ˇ D ıh˛ˇ C .P �/˛ˇ C
X

ijk

�
j

˛ˇ M
�1
jk .�

kj	i/ ı� i ; (6.13)

where we have dropped the tilde on  and we have redefined � CP ı�i �i ! �.
The decomposition of the norm is therefore

jjıhjj2 D 2jjıjj2 C .�; P �P �/C
X

ij

ı� i ı�j .	i j�k/M�1kl .�l j	j /; (6.14)

where jjıjj2 D R
˙

p
h.ı/2. Given the decomposition (6.14) we can finally write

the measure over the space of metrics as

Dh DJ DD 0�
Y

i

d � i (6.15)

with Jacobian

J D det01=2.P �P /
det.�i j	j /

det1=2.�kj�l/
: (6.16)
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The prime means that we do not integrate over the zero modes of P : they are the
conformal Killing vectors (CKV) whose effect on ıh˛ˇ is already accounted for in
the integral over the Weyl factor. We will come back to the subtlety related to CKV’s
later. Before we complete our discussion of the integration measure, we introduce
some useful concepts and notation.

Let us consider two-dimensional compact orientable manifolds without bound-
ary, ˙ . Topologically ˙ is completely specified by its genus, i.e. it is a sphere
with g handles. We can now add additional structure. A Riemannian structure is the
choice of a Riemannian metric on˙ . This is always possible on a compact manifold
(in contrast to a Lorentzian structure, as we have discussed above). We showed
in Chap. 2 that locally on a world-sheet of Minkowski signature we can introduce
coordinates in which the metric has the simple form ds2 D 2e2'..d�1/2 � .d�0/2/.
After Wick rotation �0 D �i�2 and introducing complex coordinates z D �1Ci�2,
Nz D �1 � i�2 the metric becomes ds2 D 2e2'd zd Nz � 2hzNz d zd Nz.8 Coordinates
in which the metric takes this simple form are called conformal coordinates.9

Conformal transformations z ! w D f .z/ and Nz ! Nw D Nf .Nz/ only change
the conformal factor e2' of the metric. However, we know that if the operator
P� defined in Chap. 2 has zero modes, then there exist metrics on the world-
sheet which are not conformally related, i.e. they cannot be obtained from each
other by reparametrization and Weyl rescaling. They are said to have different
conformal structures. All metrics which are conformaly related will take the form
ds2 D 2e2'd zd Nz in some fixed coordinate system. Conformally unrelated metrics
will take the form ds2 D 2e2 Q' jd z C 	d Nzj2 in that same coordinate system where
	 D 	z

Nz.z; Nz/ is called a Beltrami differential. If we make an infinitesimal change of
coordinates to z ! z C ız where .ız; ıNz/ is not a globally defined vector field, we
find to first order in ız, ıhNzNz D hzNz@Nzız D hzNz	Nzz with

	Nzz D hzNzıhNzNz: (6.18)

The conformal structures are distinguished by a finite number of parameters, the
moduli �i . We can then write the change of metric as ıhNzNz D 2rNz�Nz CP

ı�i	iNzNz
where 	iNz z D hzNz@ihNzNz. The first part in ıhNzNz is generated by diffeomorphisms and

8The transformation z ! f .Nz/; Nz ! Nw D Nf .z/ reverses the orientation. The determinant of the
Jacobian is �j@z Nf j2 < 0.
9The existence of conformal coordinates in Euclidean signature is guaranteed by the following
result: Consider a metric ds2 D gij .x/dx

idxj written in a local coordinate system. We can define
local complex coordinates z D x1 C ix2 so that the metric has the general form

ds2 D 2e2' jdzC 	d Nzj2: (6.17)

Via a non-holomorphic coordinate transformation z ! w.z; Nz/ one can bring the metric (6.17)
to the form ds2 D 2e2 Q' jdwj2 with Q' D ' � ln j@zwj provided w is a solution of the Beltrami
equation @Nzw D 	@zw. The Jacobian of this coordinate transformation is j@wj2�j@wj2 which must
be positive to preserve the orientation. Then j	j2 < 1. One can show that a solution of the Beltrami
equation always exists locally.
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the second, more interesting part, by changes of the complex structure, a concept
which we will now explain.

We know from Footnote 9 that we can choose local complex coordinates, i.e. we
can cover the world-sheet by conformal coordinate patchesUa and the metric has the
form ds2 D 2e'a jd zaj2. On overlaps Ua \ Ub ¤ ; the transition functions are then
necessarily analytic. This defines a global system of complex coordinates. A system
of analytic coordinate patches is called a complex structure and a manifold with
a complex structure is called a complex manifold. A two-dimensional connected
manifold with a complex structure is called a Riemann surface. From the above
discussion it is clear that for Riemann surfaces a complex structure is the same as a
conformal structure and one may view the study of Riemann surfaces as the study of
conformally invariant properties of two-dimensional Riemannian manifolds. This is
why they play an important role in string perturbation theory and in conformal field
theory.10 The equivalence between complex and conformal structures only holds in
two dimensions. We will discuss complex manifolds in arbitrary (even) dimension
in Sect. 14.4.

Having globally defined complex coordinates we can define on any Riemann
surface vectors V z@z and V Nz@Nz and 1-forms Vz d z and VNz d Nz and in general tensors
with components V z:::zNz:::Nz

z:::zNz:::Nz. Since the indices z and Nz range only over one value
all tensors are one component objects. Denote by T .n; Nn/.m; Nm/ a tensor with n( Nn) upper z(Nz)
and m. Nm) lower z(Nz) indices. Under conformal transformations it transforms with
weight .h D m� n; Nh D Nm� Nn/. Its conformal spin is h� Nh D .m� n/� . Nm� Nn/.
The non-vanishing metric component hzNz and its inverse hzNz allow one to convert
upper Nz indices to lower z indices and vice versa. It follows that any tensor can be
written with one type of indices only, say z. Such a tensor is called holomorphic.
A holomorphic tensor with p lower and q upper indices is said to have rank n D
p � q. Its rank is also equal to the conformal weight h and to the conformal spin
(since Nh D 0). A rank n holomorphic tensor transforms under analytic coordinate
transformations as T .z; Nz/ ! .@zf .z//n T .f .z/; Nf .Nz//. From now on we will only
consider holomorphic tensors. We will call the space of holomorphic rank n tensors
T .n/. Note that elements of T .n/ are in general functions of z and Nz. An analytic
tensor is a holomorphic tensor whose components depend only analytically on the
coordinates in each local coordinate chart.

We now define a scalar product and norm on T .n/ by (
p
h D hzNz)

.V .n/jW .n// D
Z

d2z
p
h .hzNz/n V .n/�W .n/ (6.19)

and

jjV .n/jj2 D .V .n/jV .n//; (6.20)

10This is even true for non-orientable world-sheets as each such surface has a double cover which
is a Riemann surface.
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where V .n/;W .n/ 2T .n/. This is the only possible covariant ultralocal norm
(contains no derivatives). We note that it is invariant under Weyl rescalings of the
metric only for n D 1.

We can define covariant derivatives. As connection we take the Levi-Civita
connection with the Christoffel symbols as connection coefficients. In conformal
coordinates only two of them are non-zero (recall hzz D e2'; @ D @z)

� z
zz D 2@'; � NzNzNz D 2 N@' (6.21)

and the Riemann tensor for a conformally flat metric is (recall that in two dimensions
the curvature tensor has only one independent component)

RzNzzNz D �hzNzRzNz D �1
2
.hzNz/2R

D @N@hzNz � hzNz @hzNz N@hzNz
D 2 e2' @N@'; (6.22)

where RzNz is the Ricci tensor and R the Ricci curvature scalar

R D �2 hzNz @N@ ln hzNz

D �4 e�2' @N@': (6.23)

Our conventions are such that for the sphere with hzNz D 2
.1Cjzj2/2 one gets R D 2.

We now have the following covariant derivatives:

r.n/z W T .n/ ! T .nC1/ W r.n/z T .n/.z; Nz/ D .@ � 2n @'/ T .n/.z; Nz/;
rz
.n/ W T .n/ ! T .n�1/ W rz

.n/ T
.n/.z; Nz/ D hzNzrNzT .n/ D hzNz N@T .n/.z; Nz/ (6.24)

which are nothing but the ordinary covariant derivatives with connection coeffi-
cients Eq. (6.21). They commute with holomorphic coordinate changes. Note that
.PV /zz D 2r.1/z Vz and .PV /zz D 2rz

.�1/V z where P is the operator defined in

(2.41). The adjoint of r.n/z is defined as .W .nC1/jr.n/z V .n// D .r.n/�z W .nC1/jV .n//.
We find

.r.n/z /� D �rz
.nC1/: (6.25)

The Ricci identity is also easy to derive:

Œrz
.nC1/r.n/z � r.n�1/z rz

.n/
 D
1

2
nR: (6.26)
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The zero modes of .r.C1/z /� are the quadratic differentials. They satisfy

hzNzrz
.C2/�

i
zz D @Nz�izz D 0 (6.27)

i.e. they are global analytic tensors of rank 2. They have a natural pairing with
Beltrami differentials

.	i j�j / D
Z

d2z 	izNz �
j
zz (6.28)

which does not require a metric. The quadratic differentials thus span the cotangent
space to the gauge slice. The kernel of r.C1/z is spanned by tensors 2 T .1/ which
satisfy

r.C1/z Vz D hzz @zV
z D 0 (6.29)

which defines conformal Killing vectors V z. They are globally defined vector fields
which span the kernel of r.C1/z . They generate the conformal Killing group (CKG),
the group of conformal isometries. The diffeomorphisms generated by them can be
completely absorbed by Weyl rescaling the metric.

We can now rewrite the variation of the metric in complex coordinates:

ıhzNz D hzNz;

ıhzz D r.C1/z �z C
X

ijk

�jzzM
�1
jk .�

kj	i/ı� i (6.30)

in place of (6.13) and the orthogonal decomposition of the tangent space T.h/ of the
space of metrics at h˛ˇ is

T.h/ D fhzNzg ˚ fimager.C1/z g ˚ fkerrz
.C2/g ˚ c.c: (6.31)

The question, how many moduli parameters �i exist for a compact Riemann
surface of genus g without boundary, can be answered with the help on an index
theorem, the Riemann-Roch theorem, which we will state without proof. If we
define the index of r.n/z to be the number of its zero modes minus the number of
zero modes of its adjoint rz

.nC1/, then the theorem states that

indr.n/z D dimC kerr.n/z � dimC kerrz
.nC1/ D �.2nC 1/.g � 1/: (6.32)

For n D 1 this tells us that the number of conformal Killing vectors minus the
number of complex moduli parameters is �3g C 3 D 3

2
� with � D 2.1 � g/

denoting the Euler number of ˙g .
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It is not hard to find the number of conformal Killing vectors for any compact
Riemann surface without boundary. They have to be globally defined analytic vector
fields whose norm is finite:

Z

˙g

d2z
p
h hzNz V z V Nz D finite; (6.33)

where V z D P

n Vn zn. On the sphere (g D 0) the metric is ds2 D 4d zd Nz
.1Cjzj2/2 . It then

follows that there are three independent conformal Killing vectors: @z, z@z and z2@z.
To show that these fields are also well behaved at 1, we study their behavior at
w ! 0 where w D 1=z. Then the three conformal Killing vectors become �w2@w,
�w@w and�@w. They are the only holomorphic vector fields which are well-behaved
at the origin and at infinity. They correspond to the transformations generated by
L0 and L˙1. The conformal Killing group is thus SL.2;C/, as follows from our
discussion in Chap. 4. From the Riemann-Roch theorem we get for the dimension
of moduli space dim M0 D 0; i.e. there are no moduli parameters on the sphere
which therefore admits a unique conformal and complex structure. All metrics on
the sphere are conformally equivalent and there is a unique Riemann surface at
genus zero. In the same way that we have shown dim kerr.C1/z D 3, we can
show that dim kerrz

.2/ D 0. In fact we easily find that dim kerr.n/z D 2n C 1

and dim kerrz
.n/ D 0 (for n > 0) thus verifying the Riemann-Roch theorem

explicitly for the case g D 0. For g > 0 we use the Ricci identity (6.26). Then
for V .n/ 2 kerr.n/z

0 D �r.n/z V .n/jr.n/z V .n/
�

D �
�

V .n/jrz
.nC1/r.n/z V .n/

�

D �1
2

�

V .n/j
�

rz
.nC1/r.n/z Cr.n�1/z rz

.n/ C
1

2
nR

�

V .n/

�

D C1
2

�

�r.n/z V .n/jr.n/z V .n/
�C

�

rz
.n/V

.n/jrz
.n/V

.n/
�

� 1
2
n
�

V .n/jRV.n/
�

	

;

(6.34)

where the first two terms are non-negative. The torus (g D 1) admits globally a
flat metric ds2 D d zd Nz, i.e. R D 0 and we find that @zV

.n/ D @NzV .n/ D 0, i.e.
V .n/ D const. and dim kerr.n/z D 1. For n D 1 this is the generator of complex
translations generating the conformal Killing group U.1/ � U.1/ of the torus. This
group has one complex generator and therefore, by the Riemann-Roch theorem, the
torus is described by one complex modulus � . To get information about higher genus
surfaces we use a result from the theory of Riemann surfaces which states that any
Riemann surface with g > 1 admits a metric with constant negative curvature. We
conclude that dim kerr.n/z D 0 for g > 1, n > 0 and dim kerrz

.nC1/ D .2nC1/ .g�
1/. For n D 0 dim kerr.0/z is spanned by constant functions. We can then complete
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Table 6.1 Number of zero

modes of r.n/z and rz
.nC1/

g dim kerr.n/z dim kerrz
.nC1/

0 2nC 1 0

1 1 1

> 1 1 for n D 0 g

0 for n > 0 .2nC 1/.g � 1/

Table 6.1, valid for n � 0. To get the results for n < 0 we use dim kerr.�n/z D
dim kerrz

.n/.
Below we will compute the one-loop partition function of the closed string for

which the relevant Riemann surface is the torus. Let us therefore investigate the
difference between two conformally inequivalent tori more carefully. Heuristically,
the fat and the thin torus, depicted in Fig. 6.5 are conformally inequivalent; roughly
speaking, the modulus is given by the ratio of the two radii of the torus. More
precisely, consider the complex z-plane and pick two complex numbers �1 and
�2 such that Im.�2=�1/ ¤ 0, as shown in Fig. 6.6. �1;2 generate a lattice  D
fn�1Cm�2jn;m 2 Zg. The torus is defined by making the following identifications
on the complex plane:

z � zC n�1 Cm�2; n;m 2 Z; �1; �2 2 C Im.�2=�1/ ¤ 0; (6.35)

i.e. the torus is C= and C is its universal covering space. Since �1, �2 are rescaled
and rotated by the conformal transformation z0 D ˛z; ˛ 2 C; it is clear that only
their ratio

� D �2

�1
� �1 C i�2 (6.36)

can be a conformal invariant. We can therefore set �1 D 1 and due to the freedom of
interchanging �2 and �1, we may restrict Im� > 0. The tori are thus characterized
by points � in the upper half plane as illustrated in Fig. 6.7, where opposite sides of
the parallelograms are identified

z � zC nCm� n;m 2 Z: (6.37)

Here � is called Teichmüller parameter and describes points in Teichmüller space
which for the case of the torus is the upper-half plane HC. The Teichmüller
space has the same dimension as the moduli space. It is the universal covering space
of the moduli space.

It is the latter space that we are interested in. To understand the relation between
these two spaces, the following fact is crucial: it is not quite true that � is a conformal
invariant that cannot be changed by rescalings and diffeomorphisms. The reason
is that we must also consider global diffeomorphisms which are not smoothly
connected to the identity. They leave the torus invariant but change the Teichmüller
parameter � . Images of the Teichmüller parameter under global diffeomorphisms
represent the same point in moduli space.
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Fig. 6.5 Two conformally inequivalent tori

λ2

λ1

Fig. 6.6 Definition of the two-dimensional torus by the complex numbers �1 and �2

1

τ τ+1

Fig. 6.7 Definition of the two-dimensional torus by the complex number �

On the torus, the global diffeomorphisms are the following operations. Cut the
torus along the cycle a indicated in Fig. 6.8, twist one of its ends by 2� and
glue them back together. Points that were in a neighborhood of each other before
the twist will be so after the twist. Yet this twist is not connected to the identity
transformation. The same can now also be done along the cycle b. These operations
are called Dehn twists and generate all global diffeomorphisms of the torus. The
action on � of a Dehn twist around the a cycle is shown in Fig. 6.9. In terms of
�1, �2 it corresponds to �1 ! �1, �2 ! �1 C �2, which means � ! � C 1.
A Dehn twist around the b cycle is shown in Fig. 6.10. To bring the transformed
parallelogram into standard form, we have to rotate and rescale it. Under the
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a

b

Fig. 6.8 The two
independent cycles on the
torus

1

τ τ+1

Fig. 6.9 Action on � of the
Dehn twist around the a cycle

1

τ τ +1

Fig. 6.10 Action on � of the
Dehn twist around the b cycle

combined transformation we have � ! �
�C1 . This again follows easily from the

action on �1, �2: �1 ! �1C�2, �2 ! �2. The two transformations � ! � C 1 and
� ! �

�C1 generate the group SL.2;Z/:

� ! � 0 D a� C b
c� C d ; a; b; c; d 2 Z; ad � bc D 1: (6.38)

Indeed, a general transformation is �1 ! d�1 C c�2, �2 ! b�1 C a�2 and the
condition ad � bc D 1 preserves the area of the parallelogram. Since the two

SL.2;Z/ matrices ˙
�

a b

c d

�

generate the same transformation of � , the group of

global diffeomorphisms, called the modular group of the torus, is SL.2;Z/=Z2 D
PSL.2;Z/. We have thus learned that the parameter � , subject to the equivalence
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Fig. 6.11 Fundamental
region F in Teichmüller
space HC and its images
under S and T

relation Eq. (6.38), describes conformally inequivalent tori. Therefore, the moduli
space of the torus is the quotient of the Teichmüller space and the modular group:

M1 D Teichmüller space

modular group
: (6.39)

The Dehn twists correspond to the following SL.2;Z/ matrices: Da D
�

1 1

0 1

�

and Db D
�

1 0

1 1

�

. Instead of the two Dehn twists, one often uses the following

transformations as the generators of the modular group:

T W � ! � C 1;
S W � ! �1

�
: (6.40)

We note that TST W � ! �
�C1 . Any element of SL.2;Z/ can then be composed of

S and T transformations. Any point in the upper half plane is, via a PSL.2;Z/
transformation, related to a point in the so-called fundamental region F of the
modular group. The fundamental region of the torus is

F D f�1
2
� Re� � 0; j� j2 � 1 [ 0 < Re� <

1

2
; j� j2 > 1g: (6.41)

F is shown in Fig. 6.11. It is the moduli space of the torus and points in F
describe inequivalent tori. Any non-trivial modular transformation takes � out of
the fundamental region. The transformation S maps the fundamental region onto
FS shown in Fig. 6.11. T maps F onto FT . Of course, any image of F can serve
equally well to parametrize the moduli space M1. Note that the modular group does
not act freely on modular space. Indeed � D i is a fixed point of S W � ! � 1

�
,
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S2 D 1 and � D e2i�=3 of ST W � ! � 1
�C1 , .ST /3 D 1. Because of these fixed

points M1 is not a smooth manifold but rather a so-called orbifold with singularities
at the fixed points.

It is instructive to show explicitly that the moduli space parametrizes different
complex structures on the torus. Recall that the torus is defined as the quotient C=.
Its complex structure is the one inherited from C. Consider two lattices .�1; �2/
and 0.�01; �02/ and the two tori T D C= and T 0 D C=0. For T and T 0 to define
the same complex manifold (as real manifolds all tori are diffeomorphic) there must
be a holomorphic 1-1 map f W T ! T 0. f induces a holomorphic map F W C! C

between the universal covering spaces of the two tori which has to satisfy

F.zC �1/ D F.z/C a�01 � c�02 ;
F .zC �2/ D F.z/ � b�01 C d�02 (6.42)

with a; b; c; d integers such that ad � bc D ˙1. Differentiating these equations
w.r.t. z shows that F 0 is a doubly periodic function with periods �1;2 and is therefore
holomorphic on T D C=. With T compact, F 0 must be a constant (Liouville’s
theorem), i.e. F.z/ D ˛zCˇ. We set ˇ D 0 by shifting z. Inserting into (6.42) gives

˛�1 D a�01 � c�02 ;
˛�2 D �b�01 C d�02; (6.43)

and we conclude that the moduli of two tori with the same complex structure must be
related as in (6.38). Conversely, if � and � 0 are related via (6.38), there exists a non-
vanishing complex number ˛ such that (6.43) is satisfied and there is a holomorphic
map F D ˛z W T ! T 0. The restriction to ad � bc D C1 arises if we require
Im � > 0. The space of complex structures of the torus is therefore F or any copy
under SL.2;Z/.

Since it is irrelevant which fundamental integration region we choose, the
integrand of one-loop string amplitudes must be invariant under modular transfor-
mations Eq. (6.38). This requirement of modular invariance plays an important role
in string theory and has far reaching implications. We will encounter it for instance
in the construction of the heterotic string where it leads to strong restrictions on the
possible gauge groups and is deeply related to anomalies in the space-time theory.

The requirement of modular invariance, in particular invariance under the
S -transformation, merely reflects the arbitrariness of which of the two (Euclidean)
world-sheet coordinates we call time and which we call space. This observation also
plays an important role for the cylinder amplitude which can be viewed either as a
tree level closed string or an one-loop open string diagram. We will discuss this in
detail later in this chapter.

Let us now turn to the higher genus Riemann surfaces. We will do this mainly to
introduce some commonly used language and to point out some of the difficulties
one encounters when going to higher loops. We have seen that for g � 2 Riemann
surfaces have no conformal isometries but 3g� 3 complex moduli parameters, their
number being identical to the complex dimension of moduli space. Let us choose
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a1 a2 a3

b1
b2

b3

Fig. 6.12 Cycles ai , bi as basis of first homology group H1.˙g;Z/

2g linear independent cycles ai , bi (i D 1; : : : ; g) on˙g forming a basis of the first
homology groupH1.˙g;Z/ D Z

2g . They are shown in Fig. 6.12. This basis has the
property that the intersection pairings of cycles satisfy (including orientation)

.ai ; aj / D .bi ; bj / D 0;

.ai ; bj / D �.bi ; aj / D ıij : (6.44)

Any such basis is called canonical. Now one can also find a set of g holomorphic and
g antiholomorphic closed one forms !i , !i which are called Abelian differentials.
A standard way of normalizing the !i ’s is to require:

Z

ai

!j D ıij : (6.45)

Then the periods over the b cycles are completely determined as

Z

bi

!j D ˝ij : (6.46)

It is not hard to see that the integrals over !j only depend on the homology class of
the cycle; cf. the discussion in Chap. 14, page 461 ff. ˝ij is called the period matrix
of the Riemann surface; it can be shown to be a symmetric matrix with positive
definite imaginary part, i.e. .Im˝/ij ui Nuj > 0. The space of all period matrices
is a complex 1

2
g.g C 1/-dimensional space known as Siegel’s upper-half plane

H
g
C. In fact, the ˝ij can be used to parametrize conformally inequivalent Riemann

surfaces. However it is a highly redundant description, since the same surface will
have in general many different matrices ˝ corresponding to different canonical
bases (cf. below). Remember that the dimension of moduli space is 0 for g D 0,
1 for g D 1 and 3g � 3 for g � 2. On the other hand, the dimension of Siegel’s
upper half plane is 1

2
g.gC 1/. The dimensions coincide only for g D 0; 1; 2; 3. For

instance for g D 1 the period matrix ˝ij is the Teichmüller parameter �—Siegel’s
upper half plane and Teichmüller space are identical. The Abelian differentials are
constant one-forms. However, for g � 4 Teichmüller space Tg is embedded in a
complicated way in Siegel’s upper half planeHg

C—not every symmetric g�g matrix
with positive definite imaginary part corresponds to a point in Teichmüller space.
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This embedding problem and its formal solution can be phrased as the solutions to
complicated differential equations (the so-called KP equations). We will not discuss
this any further.

Analogous to the one loop case, the second source of redundancy has to do
with the reduction of Teichmüller space Tg to the moduli space Mg, i.e. to find
a fundamental region in Tg . In general, the moduli space is obtained by dividing the
Teichmüller space by the group of disconnected diffeomorphisms of˙g . This group
is known as the mapping class group (MCG). We then have the following relations:

Tg D Mh

Weyl � Diff0
;

Mg D Mh

Weyl � Diff
D Tg

MCG
;

MCG D Diff

Diff0
: (6.47)

HereMh is the space of all metrics on˙g and Diff0 the diffeomorphisms connected
to the identity.

A subclass of the mapping class group is the group of modular transformations
which act non-trivially on a given homology basis. Suppose two canonical bases of
the same Riemann surface are related by

�

a0
b0
�

D
�

D C

B A

��

a

b

�

; (6.48)

whereA,B , C ,D are g�g matrices. To preserve Eq. (6.44), the matrix in Eq. (6.48)
must be a symplectic modular matrix with integer coefficients, i.e. an element
of Sp.2g;Z/. These transformations are the analogue of the one loop modular
transformation; indeed, for g D 1 Sp.2;Z/ D SL.2;Z/. We can now compute
the transformation of ˝ij induced by the change of homology basis such that

Z

a0

i

!0j D ıij : (6.49)

It follows that !0j D !k.C˝ CD/�1kj and the new period matrix is

˝ 0 D .A˝ C B/.C˝ CD/�1: (6.50)

The generators of modular transformations are the Dehn twists along the homolo-
gically non-trivial curves of Fig. 6.13. We have two generators for each handle and
one generator for each curve linking the holes of two consecutive handles.

As in the torus case, there is a way of representing Dehn twists in terms of
matrices. A Dehn twist around a non-trivial curve acts non-trivially on the homology
basis. For example, a Dehn twist around a1 induces the following transformation
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a1 a2 a3

b1
b2

b3

a−1 a21

a−1 a32

Fig. 6.13 Cycles ai , bi as basis of first homology group H1.˙g;Z/

on the homology basis: a1 ! a1; b1 ! b1 C a1. Let D� be the modular
transformation defined by a twist around � . Then one can show that the matrices
Da1;Db1 ;Da�1

1 a2
; : : : ;Dag ;Dbg generate all matrices of Sp.2g;Z/. For the same

reason as for the one loop case the integrand of the higher loop string amplitudes
must be invariant under these modular transformations. For instance for g D 2, the
generators of Sp.4;Z/ are given by the following 4 � 4 matrices:

Da1 D

0

B

B

@

1 0 0 0

0 1 0 0

1 0 1 0

0 0 0 1

1

C

C

A

; Db1 D

0

B

B

@

1 0 1 0

0 1 0 0

0 0 1 0

0 0 0 1

1

C

C

A

;

Da2 D

0

B

B

@

1 0 0 0

0 1 0 0

0 0 1 0

0 1 0 1

1

C

C

A

; Db2 D

0

B

B

@

1 0 0 0

0 1 0 1

0 0 1 0

0 0 0 1

1

C

C

A

; Da�1
1 a2
D

0

B

B

@

1 0 0 0

0 1 0 0

�1 1 1 0

1 �1 0 1

1

C

C

A

: (6.51)

However, it is important to note that the modular transformations, i.e. the Dehn
twists around the homologically non-trivial cycles do not generate the whole map-
ping class group. There are also twists around trivial cycles so that they do not affect
the homology basis but nevertheless correspond to non-trivial diffeomorphisms.
These form a subgroup of the mapping class group called the Torelli group. The
quotient of the mapping class group and the Torelli group is precisely the symplectic
modular group Sp.2g;Z/. We will however not consider this subtlety since for
g D 1 (which we will be mainly interested in) the Torelli group is trivial so that
the mapping class group is identical to the modular group SL.2;Z/. This concludes
our considerations about the modular transformations.

We are now ready to resume our discussion of the integration measure. If we use
complex bases for the Beltrami differentials and the quadratic differentials, we can
write the integration over the metrics as

Z

Mg

Y

i

d �2i

Z

DXD 0�D
Vol.Diff/Vol.Weyl/

det.�j	/ det.	j�/
det.�j�/ det 0rz

.�1/ det 0r.C1/z :

(6.52)
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The prime on D 0� indicates that we do not integrate over the conformal Killing
vectors. Their effect on ıh is already taken care of by the integral over . The
prime on the determinants means that one has to drop the zero modes (which are the
conformal Killing vectors). The �i are complex parameters. If we define jMCGj D
Vol.Diff/
Vol.Diff0/

and make an orthogonal decomposition of Diff0 with

Vol.Diff0/ D Vol.Diff?0 /Vol.CKG/; (6.53)

we can write the measure as

1

jMCGj
Z

Mg

Y

i

d �2i

Z

DXD 0�D
Vol.Diff?0 /Vol.CKG/Vol.Weyl/

�det.�j	/ det.	j�/
det.�j�/ det 0r.C1/z det 0rz

.�1/: (6.54)

In the critical dimension, i.e. in the absence of a conformal anomaly, we can cancel
R

D 0�D against Vol.Diff?0 /Vol.Weyl/. Furthermore, we can replace 1
jMCGj

R

Mg
Q

i d �i by an integral over a fundamental region. We then get the following
expression for scattering amplitudes of the closed bosonic string

An D
1
X

gD0

Z

d2z1 : : : d
2zn

Z

Fg

Y

i

d �i

Z

DX

Vol.CKG/

det.�j	/ det.	j�/
det.�j�/

� det 0r.C1/z det 0rz
.�1/ V .z1; Nz1; �i / � � �V.zn; Nzn; �i / e�SŒX;�i 
: (6.55)

At tree level there are no quadratic differentials and the corresponding factor in the
measure is absent. At two and higher loop order there are no conformal Killing
vectors. At one loop there is one of each, both being constants on the torus.

As we did in Chap. 3, we can replace the Jacobian determinant by an integral
over anti-commuting Faddeev-Popov ghosts:

det 0r.C1/z det 0rz
.�1/ D

Z

D 0.b Nbc Nc/ e�SŒb;c;�i 
; (6.56)

where the ghost action is (cf. Chaps. 3 and 5)

SŒb; c
 D 1

2�

Z

d2z .b N@c C Nb @ Nc/: (6.57)

In Eq. (6.56) we have excluded the integration over the ghost zero modes. The
integral would vanish otherwise. We will show in the following that the remaining
factors 1

Vol.CKG/ and det.�j	/ det.	j�/
det.�j�/ can be attributed to the c- and b-ghost zero modes

respectively. This is in fact easy to see. The ghost zero modes satisfy the equations
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N@c D hzNzrz
.�1/c D 0;

N@b D hzNzrz
.C2/b D 0 (6.58)

which tell us that the c zero modes correspond to the conformal Killing vectors
and the b zero modes to the quadratic differentials. By the Riemann-Roch theorem,
Eq. (6.32), we then get

Nb �Nc D 3g � 3 (6.59)

where Nb;c denotes the number of zero modes. (Note that dim kerrz
.�1/ D

dim kerr.C1/z as r.n/z is the complex conjugate of rz
.�n/.) The presence of ghost

zero modes means that the ghost number current is not conserved. We will give a
more detailed and general description in Chap. 13.

Due to the anti-commutativity of the ghosts, integration over their zero modes
will give a vanishing answer if we do not insert them into the integrand. To illustrate
this, consider an anti-commuting variable  and split it into its zero-mode part  0
and the remainder  0:

 .z; Nz/ D  0.z/C  0.z; Nz/ D
N
X

iD1
 i0 �

i .z/C  0.z; Nz/; (6.60)

where the zero mode wave functions �i satisfy N@�i D 0. (E.g. for the b ghosts
they are the quadratic differentials.) The i0 are constant anti-commuting parameters
satisfying

R

d i0 
i
0 D 1,

R

d i0 D 0. Since the action for does not depend on 0,
R

D. N /e�S will vanish unless we restrict the integration to the non-zero modes
or absorb them by inserting

QN
iD1  .zi / into the integrand:

Z

D. N /
N
Y

iD1
 .zi / N .zi / e�SŒ 0
 D j det.�i .zj //j2

det.�i j�j /
Z

D 0. N / e�SŒ 0 
; (6.61)

where the factor det.�i j�j / is relevant if the �i do not form an orthonormal basis.
It renders the zero mode contribution basis independent.11

Using this it is now easy to rewrite the string measure including the integration
over the ghost zero modes. Let us first, for simplicity, restrict ourselves to the case
g � 2 where there are no conformal Killing vectors. Using Eq. (6.61) we find the
following simple expression for the partition function:

Zg�2 D
Z

Fg

d 2
Y

i

�i

Z

DXD.b Nbc Nc/
3g�3
Y

iD1
j.	i jb/j2 e�SŒX;b;c;�i 
: (6.62)

11Note that jj 0jj2 D .�i j�j / i
0
N j
0 .
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Let us now turn to the cases g D 0 and g D 1. At tree level we have no b zero
modes (no moduli) but instead three complex c zero modes, corresponding to the
conformal Killing vectors that generate the group PSL.2;C/. The zero mode wave
functions were found to be 1, z and z2. PSL.2;C/ acts freely on the insertion points
zi of the vertex operators and one can fix three of them, say z1, z2 and z3, at arbitrary
points with a uniquePSL.2;C/ transformation. They are generated by vector fields
.˛C ˇzC �z2/@z and we can trade the integrations over z1, z2, z3 for an integration
over ˛, ˇ, � . From ızi D ˛ C ˇzi C �z2i we find the Jacobian

ˇ

ˇ

ˇ

ˇ

@.z1; z2; z3/

@.˛; ˇ; �/

ˇ

ˇ

ˇ

ˇ

2

D j.z1 � z2/.z2 � z3/.z1 � z3/j2: (6.63)

The integration over ˛, ˇ, � then cancels the Vol.CKG/ factor. Note that the
Jacobian is also j det.V i .zj //j2 where fV i g D f1; z; z2g are the conformal Killing
vectors (which are orthogonal to each other). More importantly, it can be written as

jh0jc.z1/c.z2/c.z3/j0ij2 D jh0jc�1c0c1j0ij2 det

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

1 1 1

z3 z2 z1
z23 z22 z21

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

D j.z1 � z2/.z1 � z3/.z2 � z3/j2; (6.64)

where we have used results from Chap. 5. For tree level amplitudes this means that
the presence of conformal Killing vectors is taken care of if we drop the integration
over the positions of three of the vertex operators and multiply each of them by
c.zi / Nc.Nzi /. We know from Chap. 5 that if

R

V is BRST invariant, then so is c Nc V .
Tree level scattering amplitudes of the closed bosonic string then take the form:

AgD0n D
Z

DXD.b Nbc Nc/ c Nc V.z1; Nz1/ c Nc V.z2; Nz2/ c Nc V.z3; Nz3/

�
n
Y

iD4

Z

d2zi V .zi ; Nzi / e�SŒX;b;c


D
*

c Nc V.z1; Nz1/ c Nc V.z2; Nz2/ c Nc V.z3; Nz3/
n
Y

iD4

Z

d2zi V .zi ; Nzi /
+

; (6.65)

where the last line is a CFT correlation function of the vertex operators. If we
have less than three vertex operator insertions we cannot completely factor out
the PSL.2;C/ volume and the correlation functions vanish upon dividing by the
infinite factor Vol.CKG/. So 0, 1 and 2 point functions vanish at tree level.12 There

12If we have less then three vertex operator insertions the subgroup of PSL.2;C/ which leaves
their positions fixed is non-compact and has infinite volume.
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Table 6.2 Number of
conformal Killing vectors and
quadratic differentials for
surfaces relevant for
tree-level and one-loop string
amplitudes

World-sheet Euler number dim kerP dim kerP �

Sphere 2 6 0
Disk 1 3 0
Projective plane 1 3 0
Torus 0 2 2
Cylinder 0 1 1
Möbius strip 0 1 1
Klein bottle 0 1 1

is no tree level cosmological constant, no tree level tadpoles and no tree level mass
or wave-function renormalization. In CFT there are, of course, two point functions.
But in the CFT’s which arise from string theory, i.e. from a theory with gauge
fixed reparametrization invariance there are ghosts with zero modes and we have
to divide by the infinite volume of the conformal Killing group. To get a non-
vanishing answer it has to be cancelled. This happens by trading the integration
over the positions of three vertex operators for the integration over the parameters
of the group.

Although we do not present a general discussion of the measure for open strings
and for non-orientable strings, we will give some results which are useful for tree
level and one-loop amplitudes. As we have just seen, we need to know the number
of conformal Killing vectors and of quadratic differentials, i.e. the number of zero
modes of the operatorsP andP�. For the various tree-level and one-loop amplitudes
we have collected them in Table 6.2 which counts real dimensions. The index
theorem dim kerP � dim kerP� D 3�.˙/ can be checked in all cases.

The results in the table can be understood as follows. The disk and the projective
plane can be realized as Z2 quotients of the sphere, cf. Chap. 16.2. Half of the CKVs
survive the projection. The real modulus of the cylinder is the ratio of its height to
its circumference. The CKV is translation around the cylinder at constant height.
The same is true for the Möbius strip which is simply a cylinder with a crosscap on
one of its boundary and also for the Klein bottle where both ends of the cylinder are
closed off with a crosscap.

None of the tree-level world-sheets have moduli but they all have conformal
Killing vectors. The sphere was discussed above. The CKG of the disk and the
projective plane is SU.1; 1/ and SU.2/, respectively; this will be derived in
Chap. 16.2 when we discuss open string tree level amplitudes. Therefore the disk
and the projective plane have three real CKVs. The volume of the non-compact
group SU.1; 1/ ' PSL.2;R/ is infinite and zero-point functions on the disk
vanish. The volume of SU.2/, which is compact, is finite and zero-point functions
on the projective plane do not necessarily vanish. For the one-point functions
and two-point functions on the disk the story is more subtle. One- and two point
functions of open string vertex operators, which have to be inserted on the boundary
of the disk, vanish because the residual symmetry which keeps their position fixed
is R

2 and R and one has to divide by their infinite volume. However, for the one-
point function of a closed string vertex operator, which is inserted in the interior of
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the disk, the residual symmetry is U.1/ with finite volume 2� . Therefore, one-point
functions of closed strings on the disk are not necessarily zero.

On the disk we may use PSL.2;R/ transformations to either fix the positions of
three open string vertex operators on the real axis or the position of one open string
and one closed string vertex operator. There are some restrictions. For instance, the
cyclic order of the positions of vertex operators on the real axis (compactified by
adding the point at infinity) cannot be changed by a PSL.2;R/ transformation. The
positions of the remaining vertex operators have to be integrated over. In analogy to
(6.63), there will be a Jacobian due to the change of variables from the integration
over the positions of the vertex operators to the parameters of the CKG. This will
be discussed further in Chap. 16 for tree level amplitudes. In the remainder if this
chapter we discuss the one-loop vacuum amplitudes of the closed and the open
bosonic string. We restrict ourselves to orientable world-sheets, i.e. to the torus and
the cylinder/annulus. Amplitudes on non-orientable world-sheets will be discussed
for the fermionic string in Chap. 9.

6.3 The Torus Partition Function

We start with the torus. Here the conformal Killing vector V and the quadratic
differential � are (complex) constants, which we set to one for simplicity. We can
parametrize the torus by two real variables �1, �2 with 0 � �1, �2 � 1, in terms
of which the complex coordinates become z D �1 C ��2 and we can use Weyl
invariance to set ds2 D jd zj2. The area of the torus is

R

d2�
p
h D Im� . If we

change � to � ! � C ı� , we find (up to a rescaling) ds2 ! jd z C ı� i
2Im� d Nzj2

and therefore	z
Nz D i

2Im� . Neglecting constant factors independent of � , we compute
.�j�/ D Im� , .	j�/ D 1 and Vol.CKG/ D .Im�/2. This latter result needs an
explanation. The two conformal Killing vectors on the torus are @�1 and @�2 . They
are in fact Killing vectors. They generate shifts �˛ ! �˛ C a˛ with 0 � a˛ � 1.
Defining the metric on the space of Killing vectors V ˛

i as gij D
R p

h h˛ˇ V
˛
i V

ˇ
j ,

Vol(CKG) is
R p

detgda1da2 D �22 . Consequently, the total contribution from the
ghost zero modes is . 1

Im� /
3. For the vacuum amplitude the integral over X	 can

be easily performed. Again, the zero mode of the scalar Laplace operator needs
special treatment. We expand X	 into eigenmodes of the Laplace operator, X	 D
P1

nD0 c
	
n �n � X

	
0 C X 0	 where ��n D ��n�n with .�nj�m/ D ım;n and �n � 0.

In particular the normalized zero mode is �0 D .
R p

h/�1=2 D ��1=22 .
The functional integral reduces to an integral over the expansion coefficients. We

will do the calculation for one space-time direction. With the normalization (3.65)
the measure in the functional integral is DX DQn

dcn

2�
p
˛0

and therefore

Z

DX e�
1

4�˛0

R

d2�
p
hX�X D

Z

dc0

2�
p
˛0

1
Y

nD1

dcn

2�
p
˛0
e�

1
4�˛0

�n c
2
n : (6.66)
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The Gaussian integral over the non-zero modes produces

Y

n>0

1

�1=2
� .det 0�/�1=2; (6.67)

where the product over the eigenvalues has to be regularised. The integration over

the zero modes gives
R

dc0 D
R

�

dX0
�0

�

D Lp�2 where L is the size of the system.

Combining the contribution from all 26 space-time directions we finally find for the
torus vacuum amplitude, up to numerical constants,

A
.gD1/
0 	 V26

˛013

Z

F1

d 2�

.Im�/2
1

Im�
.Im�/13 .det 0�/�13 det 0 r.C1/z det 0 rz

.�1/

	 V26

˛013

Z

F1

d 2�

.Im�/2
.Im�/12

Z

D 0X D 0c D 0b e�SŒX;�
�SŒb;c;�
 ; (6.68)

where V26 D L26 is the volume of space-time. The primes on the measures in the
second line mean that we integrate only over the non-zero modes.

The next step would be the computation of the determinants. We will not present
this computation which can be done, e.g. using �-function or other methods of re-
gularization of the infinite product over the eigenvalues of the Laplacian. Infinite
products which appear in the process can be absorbed in the Polyakov action; cf. the
brief discussion in Footnote 5 on page 15. For instance, a different normalization
in (3.65) would have produced an infinite factor in the above calculation which
we could absorb in a bare cosmological constant on the world-sheet. We will not
present any of the details of these calculations, which lead to a well-defined one-loop
partition function with a definite normalization. Instead, we will simply state the
result. We will then rewrite the partition function in a way which exhibits the relation
with the Hamiltonian formalism in light-cone gauge and which gives a heuristic
understanding of the result of the careful evaluation of the Euclidean path integral.
The Hamiltonian formalism is an easy way to compute the torus partition function
and it generalizes to other conformal field theories and to other one-loop amplitudes.
We will also use it when we discuss the partition function of the fermionic string in
Chap. 9.

At this point we simply state the result for the determinants:

det 0 r.C1/z det 0 rz
.�1/ 	 det 0� D .Im�/2 j�.�/j4; (6.69)

where �.�/ is the Dedekind eta-function defined as

�.�/ D q1=24
1
Y

nD1
.1 � qn/; q D e2�i� : (6.70)
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The final, correctly normalized expression for the one-loop vacuum amplitude is

A
.gD1/
0 � T D V26

`26s

Z

F

d2�

4.Im�/2
Z.�; N�/; (6.71)

where

Z.�; N�/ D .Im�/�12j�.�/j�48 (6.72)

is the closed string partition function. V26 is the volume of the space-time. We will
refer to T as the torus amplitude and to Z.�; N�/ as the partition function. The
equation (6.69) indicates that the effect of the ghosts is to cancel the contribution of
two coordinate degrees of freedom which correspond to the longitudinal and time-
like string excitations. Therefore, the partition function counts only the physical
transverse string excitations.

Let us now check modular invariance of the one loop partition function. First
note that the measure d2�

.Im�/2 is invariant by itself. This follows from

d2� ! jc� C d j�4 d 2�;
Im� ! jc� C d j�2 Im�: (6.73)

To check modular invariance ofZ.�; N�/, it suffices to do so for the two generators S
and T of the modular group. With the transformation properties of the eta-function

�.� C 1/ D ei�=12 �.�/;

�

�

�1
�

�

D p�i� �.�/ (6.74)

modular invariance follows straightforwardly.
We will now rewrite the torus amplitude in a way which exhibits the connection

between the Euclidean path integral and the Hamiltonian formalism. Recall from
(3.41) the definition of the light-cone Hamiltonian Hl:c:, the generator of � transla-
tions, and also that the generator of � translations, which we denote as Pl:c:

Hl:c: D
X

n>0

�

˛i�n˛in C ˛i�n˛in
� � 2C ˛0

2
pipi ;

Pl:c: D
X

n>0

.˛�n˛n � ˛�n˛n/ : (6.75)

Using

tr osc:

 NqNL�1qNR�1� D .q Nq/�1

1
Y

nD1
.1 � Nqn/�24 .1 � qn/�24

D 1

j�.�/j�48 (6.76)
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and

Z

d24p

.2�/24
e��˛�2p2 D 1

.2�
p
˛0/24

� 1
�122
; (6.77)

it is not difficult to see that we can then write (6.71) as

T D V26

`26s

Z

F

d2�

4�2

1

�132
tr osc:

�

e�2��2.NCN�2/e2�i�1.N�N/
�

D V26

Z

F

d2�

16�2˛0�22

Z

d24p

.2�/24
tr osc:

�

e�2��2 Hl:c: e�2�i�1 Pl:c:
�

(6.78)

with q D e2�i� . A more succinct way to write the torus amplitude is

T D
Z

F

d2�

4�2
tr Hcl

�

qL0�
c
24 qL0�

c
24

�

; (6.79)

where L0 D Ntr C 1
2
p	p	 and tr includes the trace over momenta:

Z

d26p

.2�/26
hpje��˛0�2p

2 jpi D
Z

d26p

.2�/26
e��˛0�2p

2

V26 : (6.80)

We have used the normalization

hpjp0i D .2�/26ı26.p � p0/ with hpjpi D .2�/26ı.0/ D V26: (6.81)

In (6.79) we have the trace over the closed string Hilbert space. As far as the
oscillators are concerned, we can either only consider the transverse directions
or include all directions, but then we also have to include the ghost sector, which
cancels the contribution of two bosonic oscillators. Either way, the net contribution
is that of 24 oscillator directions. Contrary to that, all 26 momentum directions
contribute.

The interpretation of (6.78) is as follows: the imaginary part of the modulus of
the torus plays the role of an Euclidean time variable or, in statistical mechanics
language, of the inverse temperature. If Re� D 0, we obtain the functional integral
as tr exp.�2��2Hl:c/, where the time evolution operator in the �2 direction is the
light-cone Hamiltonian. (We have rescaled Fig. 6.7 by a factor 2� in order to obtain
a string of length ` D 2� . This leads to the 2� in the exponent of the trace.)
The partition function counts the number of states propagating around the torus
in the �2 direction and weights them with a factor exp.�2��2Hl:c:/. If one thinks of
the torus as a cylinder of length �2 whose ends are identified, one can twist the two
ends relatively to each other by an angle 2��1 before joining them. The operator
generating this twist is Pl:c:.
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Writing the torus amplitude in Hamiltonian form, it is evident that Z.�; N�/
contains the information about the level density of string states, i.e. the number
of states of each mass level. ExpandingZ.�; N�/ in powers of q D e2�i� one obtains
a power series of the form

P

dmn Nqmqn. Here dmn is simply the number of states
with ˛0

2
m2
L D m and ˛0

2
m2
R D n. The first few terms of the expansion are

Z.�; N�/ 	 j�.�/j�48 D 1

jqj2 C 24 q
�1 C 24 Nq�1 C 576C : : : : (6.82)

The first term corresponds to the negative .mass/2 tachyon and the constant term to
the massless string states, namely to the on-shell graviton, antisymmetric tensor
field and dilaton. The second and third term do not satisfy level-matching and
are projected out by the �2 integration. Due to the tachyon pole, one finds that
the one-loop cosmological constant of the closed bosonic string is infinite. The
normalization of the partition function can be fixed by requiring that it correctly
reproduces the ground state degeneracy, which is one in this simple case.

Let us now comment on the connection between these explicit results for the one-
loop partition function of the bosonic string and the general discussion in Chap. 4
where we defined the partition function (4.78) as a sum over characters of the
Virasoro algebra (cf. also Sect. 6.4). One obvious difference is that in CFT there is
no integration over the modulus � . In the string context it is a remnant of the integral
over world-sheet metrics. But for the rest, the string partition function should be a
special case of the more general situation. Note first that in light-cone gauge the
constraints which lead to the physical state conditions have already been taken care
of, i.e. they do not impose restrictions on the trace. So we should be able to write
Z.�; N�/ as a sum over Virasoro characters. We expect that the partition function
factorizes into holomorphic and anti-holomorphic parts, apart from the zero mode
contribution, i.e. the integral over p which is easily done and which we will ignore.
Then, in the absence of null states, which is the case for c > 1,13 the chiral partition
function has the general form

Z.�/ D
P1

mD0 p.m/ qm�
c
24

Q

n>0.1� qn/
; (6.83)

where p.m/ is the number of highest weight states with weight m and the
denominator is due to the sum over the descendants of each highest weight state.
Here we use the fact that for the light-cone bosonic string CFT all states are created
from the states jpi by the action of transverse oscillators with integer (negative)
mode number. It is easy to extract the numbersp.m/ from our explicit results above:

Y

n>0

.1 � qn/ 1

�24.q/
D 1

q
C 23C 299qC 2852q2 C : : : : (6.84)

13With the exception of L�1j0i, but this is irrelevant here since we are considering excitations of
states jpi and L�1jpi ¤ 0.



6.3 The Torus Partition Function 151

The interpretation of the coefficients goes as follows. The first one (1) is the highest
weight state corresponding to the tachyon. The second, 23, are massless states
˛i�1jpi where there is one linear combination, namely pi˛i�1jpi / L�1jpi, which
is a descendant of the tachyon, i.e. it is already accounted for. At the next level
there are 324 states but 25 of them are descendants: L�2jpi and L�1˛i�1jpi (the
state L�1L�1jpi / pi L�1˛i�1jpi is not independent), etc. So we see that the light-
cone partition function does indeed decompose as a sum over Verma modules of the
c D 24 CFT.

The last point to clarify is the physical interpretation of the torus amplitude as
the one-loop cosmological constant of the bosonic string. Recall that the effective
action for a scalar field is defined as

e��E D
Z

D� e�SEŒ�
 ; (6.85)

where SE is the Euclidean action. For a free (massive) scalar field �E D VEvac

where V is the volume of space-time and Evac is the vacuum energy, i.e. the
cosmological constant. In this case SE D 1

2

R

ddx �.��Cm2/� and the Gaussian
integral gives

Z

D�e�SE D �det.��Cm2/
��1=2

: (6.86)

From this we obtain

VEvac D � log det 1=2.��Cm2/ D �1
2

log det��1 D �1
2

tr log��1

D �V
2

Z

ddk

.2�/d
log.k2 Cm2/; (6.87)

where� D 1
��Cm2 is the Euclidean propagator and we have used

tr log��1 D
Z

ddx hxj log��1jxi

D
Z

ddx

Z

ddk

Z

ddk0 hxjki hkj log��1jk0i hk0jxi

D V
Z

ddk

.2�/d
log.k2 Cm2/: (6.88)

This is the vacuum energy for a single bosonic particle of mass m. Therefore the
vacuum energy density for all string excitations is

� D �1
2

X

I

Z

ddk

.2�/d
log.k2 Cm2

I /; (6.89)
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where the sum is over all physical excitations of the string. One can rewrite this
using Schwinger’s proper time representation

� D 1

2

X

I

Z

ddk

.2�/d

Z 1

0

dt

t
e�t .k2Cm2I /

D
Z 1

0

dt

2t

Z C�

��
d�

2�

��

t

�d=2

tr osc:

�

e�
2t
˛0 .k2C.NCN�2// ei.N�N/�

�

; (6.90)

where we have performed the integration over the momenta and we have used
˛0

2
m2 D N C N � 2. Here N; N are the transverse oscillator excitation numbers;

cf. (3.47). We have also implemented the level matching condition N D N via

ıN;N D
Z C�

��
d�

2�
ei�.N�N/: (6.91)

The t-integral diverges at the lower end and has to be regularized. This divergence
reflects the UV divergence of the momentum integral in (6.89). We introduce

2�� D � C i 2t
˛0
� 2�.�1 C i�2/ (6.92)

and perform the trace over the momenta to obtain (d2� D 2d�1d�2, d D 26)

VEvac D V

`26s

Z

d2�

4�2

1

�132
tr osc:

�

e�2��2.NCN�2/e2�i�1.N�N/
�

: (6.93)

If we interpret � as the modular parameter of the torus and restrict the �-integration
to a fundamental domain—this also cuts off the divergence at �2 D 0—Eq. (6.93)
agrees, including the normalization, with (6.71). The latter was the result of a careful
evaluation of the Polyakov path integral. From this ‘derivation’ we learn that the
torus amplitude has the interpretation as the one-loop cosmological constant of the
closed string. It is positive and of the order of 1=`ds . When we compute the partition
function of the superstring in Chap. 9, we will find that it vanishes on account of
space-time supersymmetry.

6.4 Torus Partition Functions for Rational CFTs

The torus partition functions, which we derived for the bosonic string in the previous
section, is an important object in general CFT’s. One interesting aspect is the
relation between the fusion rules (4.71) and the properties of the partition function.
We begin by recapitulating a few facts from Chap. 4.
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Consider a rational CFT with central charge c, i.e. there exist only a finite number
of highest weight representations of the chiral algebra. The prototype example are
the minimal models of the Virasoro algebra (4.75). The character of an irreducible
representation jhi i with highest weight hi is defined as

�i .�/ D trHi

�

qL0�
c
24

�

; (6.94)

where Hi denotes the Hilbert space built upon the (irreducible) highest weight state
jhi i. The complete torus partition function can then be written in terms of these
characters as

Z.�; N�/ D
X

i N|
Mi N| �i .�/ N� N| . N�/: (6.95)

Requiring that this partition function is invariant under global diffeomorphisms of
the torus, i.e. under modular transformations, provides very strong constraints on
the non-negative integersMi N| .

On the space of characters there must exist an action of the two generators T W
� ! � C 1 and S W � ! � 1

�
. In particular, there exists a matrix Tij such that a

modular T -transformation acts as

�i
�

� C 1� D
X

j

Tij �j
�

�
�

: (6.96)

If the levels in the character differ by an integer (this excludes characters in
fermionic theories to be introduced in Chap. 9), the matrix Tij is diagonal with

Tij D ıij e2�i.hi� c
24 /: (6.97)

For Mi N| ¤ 0, T -invariance requires hi � hj 2 Z (if c D c).
Similarly, the action of S is described by the modular S -matrix

�i

�

�1
�

�

D
X

j

Sij �j .�/; (6.98)

which can be shown to satisfy S2 D C . The so-called charge conjugation matrix C
satisfies C2 D 1, i.e. S4 D 1. Furthermore, the S -matrix is unitary and symmetric.
S2 ¤ 1 is only possible if the characters form an unfaithful representation of the
modular group. This happens when there are complex primary fields. The characters
of � and �� are identical and get interchanged under S2. Modular invariance of the
partition functionZ.�; N�/ requires

ŒM; S
 D ŒM; T 
 D 0: (6.99)



154 6 String Perturbation Theory and One-Loop Amplitudes

One consequence of (6.99) is that Mi N| D ıi N| always leads to a modular invariant
partition function. This is called the diagonal invariant.

It is one of the deepest results in CFT that there exists an intricate relation
between the modular S -matrix (torus partition function) and the fusion algebra for
the OPE on the sphere (tree level). Namely, the fusion coefficients Nij k 2 Z

C
0 can

be computed from the S -matrix via the Verlinde formula

Nij
k D

X

m

SimSjmS
�
mk

S0m
; (6.100)

where S� denotes the complex conjugate of S and the index 0 labels the vacuum
representation. It is quite remarkable that the above combination of Sij 2 C always
gives non-negative integers.

We know from (4.73) that the fusion matricesNi can be diagonalized simultane-
ously. If we write the Verlinde formula, using matrix notation,

Ni D S Di S
�1; .Di /mn D

�

Sim

S0m

�

ımn; (6.101)

we can state it by saying that the modular S -matrix diagonalizes the fusion matrices.
Even with the explicit form of the modular T and S matrices known, it is

highly non-trivial to find all solutions for the coefficients Mi N| in the torus partition
function (6.95). For the minimal models (4.75) of the Virasoro algebra, such a
classification has been achieved. Intriguingly, it has turned out that these modular
invariant partition functions obey an ADE classification, very similar to the ADE
classification of simply laced Lie-algebras, the discrete subgroups of SU.2/ and
of a certain class of singularities of complex surfaces. However, in general, to find
modular invariant partition functions is quite a challenge. It would thus be helpful
to have a method which allows to generate modular invariant partition functions
without explicitly classifying all matrices M satisfying (6.99).

Such a method is the simple current construction. Since it has found extensive
application in string theory, cf. the construction of Gepner models in Chap. 15,
we will briefly present it here. For a unitary RCFT, the definition of a simple
current is in terms of the fusion rules of the chiral algebra. Given such a theory
with highest weight representations Œ�i 
 and fusion algebra (4.71), a highest weight
representation J is called a simple current if its fusion with any other highest weight
takes the simple form




J
� � 
�i

� D 
�J.i/
�

: (6.102)

The notation J.i/ means that J permutes the indices of the fields �i . The fact that
only one field appears on the right hand side is the reason why the currents are called
simple. In general the action of J can have fixed points, i.e. J.i/ D i . Every CFT
has at least one simple current, namely the identity. But we are interested in less
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trivial examples. Also, it follows from the associativity of the fusion algebra that J n

for any n is also a simple current.
Since we are considering a RCFT with only a finite number of highest weight

representations, there must exist an integer L 2 Z, called the order of J , such that




J
�L D 
1�: (6.103)

It follows that J c D JL�1 and an equivalent characterization of a simple currentJ is
that in the OPE with J c only the identity appears.14 Similarly, for any primary field
�i there is an integer li such that ŒJ 
li �Œ�i 
 D Œ�i 
. Therefore, J organizes all high-
est weight representations into orbits of length li D L=p where p is a divisor of L

�

�i ; J�i ; J
2� ; : : : ; J li�1�i

�

: (6.104)

Consider now the general form of the OPE of a simple current J and a primary
field �i

J.z/ �i .w/ 	 1

.z � w/Q.�i /

�

ŒJ 
 � Œ�i 

�

.w/; (6.105)

which defines the so-called monodromy charge of the field �l

Q
�

�i
� D h.J /C h.�i/ � h

�

J �i
�

mod 1: (6.106)

The monodromy charge measures the phase that is accumulated if one moves J
around �i . Note that this notion only makes sense because the currents are simple.
If one moves it around the product of fields �i .z/�j .w/, one finds that the phases
simply add, i.e.

Q.�i�j / D Q.�i/CQ.�j /: (6.107)

Applying this to J n�1�i one finds that

h.J n�i / D h.�i /C h.J n/ � nQ.�i / mod 1: (6.108)

For n D L this leads to

Q.�i/ D t.�i /

L
with t.�i / 2 Z: (6.109)

14Proof: assume J � �1 D �2 C �3 C : : : , multiply both sides with J c and obtain � � �1 D
J c � �2 C J c � �3 C : : : which is in contradiction with the fusion rule of the identity operator.
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The integers t.�i / are in general different for different primary fields. Their explicit
form is not needed in the following.

Let us now consider the modular S -transformation of characters in theories with
simple currents. To do so we decompose the space of primary fields into J -orbits
and in each orbit we choose a representative �a. We also introduce the short-hand
notation: J ˛�a DW .˛a/. Let us further restrict ourselves to the case with h.J / 2 Z.
In this case it is consistent with locality of the CFT to set h.J / D 0 and the simple
current can be included in the symmetry algebra of the CFT. This is called a simple
current extension and simple currents with integer conformal dimension are called
orbit simple currents. Integrality of h.J / also implies that Q.J / D 0 and that
Q.J ˛�a/ is independent of ˛. With these assumptions, the requirement that the
fusion algebra respects the monodromy charge Q restricts the modular S -matrix to
have the following form:

S.˛a/.ˇb/ D exp
�

2�i
�

Q.�a/ ˇ CQ.�b/ ˛
�

�

Sab: (6.110)

The proof, which heavily relies on the Verlinde formula, will not be presented here.
With the help of (6.109) one verifies that orbits

b�a.�/ D
la�1
X

˛D0
�.˛a/.�/ (6.111)

of integer monodromy charge Q.a/ transform among themselves under modular
transformations. Using this fact one can construct for each simple current of integer
conformal dimension a new non-diagonal modular invariant partition function in the
following way

ZJ .�; N�/ D 1

N

X

.˛a/
Q.a/2Z

L�1
X

ˇD0
�..˛Cˇ/a/.�/ N�.˛a/. N�/ : (6.112)

The normalization constant N is fixed by the requirement that the vacuum should
appear only once in ZJ .�; N�/. Note that the sum over ˛ extends over the length la
of the orbit a, while the sum over ˇ runs over L, the order of J . One can verify that
M.˛a/.ˇb/ DPL�1

�D0 ıab ıˇ;˛C� ı.Q.a// indeed satisfies (6.99). Here we have defined

ı.n/.q/ D 1 for q D 0 mod n; and ı.q/ � ı.1/.q/: (6.113)

An important feature of ZJ is that only states with integer monodromy charge
contribute, the others are projected out.



6.5 The Cylinder Partition Function 157

6.5 The Cylinder Partition Function

So far, we have considered only one-loop partition functions for closed strings,
respectively CFTs on the torus. Let us now discuss the one-loop partition function
for open strings, i.e. for CFTs with boundaries.

To do so, recall that we defined the one-loop partition function for closed strings
as follows. We started from a theory defined on the infinite cylinder parametrized
by .�; �/ where � 2 Œ0; 2�
 was periodic and � 2 .�1;C1/. We then imposed
periodicity conditions also on the time coordinate � yielding the topology of a torus.
In the present case, the space coordinate � is not periodic and thus we start from a
theory defined on the infinite strip with � 2 Œ0; �
 and � 2 .�1;C1/. For the
definition of the one-loop partition function, we again make the time coordinate �
periodic. This leaves us with the topology of a cylinder instead of a torus. This is
illustrated in Fig. 6.14.

As is evident form Table 6.2, similarly to the complex modular parameter � of
the torus, there is a real modular parameter t with 0 � t < 1 which parametrises
different cylinders. The inequivalent cylinders are described by f.�; �/ W 0 � � � � ,
0 � � � 2�tg.15 Recall from Eq. (4.162) that the cylinder/annulus partition function
is defined as ZA.t/ D tr




exp.�2� t Hop/
�

with Hop D .Lcyl:/0 D L0 � c
24

. The
complete cylinder one-loop diagram can be written as

A D
Z 1

0

dt

2t
trHop

�

qL0� c
24

�

.q D e�2�t /: (6.114)

The derivation is as for the closed string torus amplitude. We have also introduced
the notation A D A.gD1;bD2/0 .

Consider this amplitude for an open string stretched between two parallel bosonic
Dp-branes. In this case the longitudinal center of mass position of the string
introduces a regularized world-volume factor VpC1. Moreover, as for the torus
partition function the trace for the longitudinal center of mass momentum is written
as an integral

A D VpC1
Z 1

0

dt

2t

dpC1p
.2�/pC1

trosc

�

qL0�
c
24

�

: (6.115)

The trace is now only over oscillator excitations of the open string. We have not
yet included the trace over the Chan-Paton indices. In the presence of N parallel
Dp-branes which lie on top of each other this is simply N2 D N C 2� 1

2
N.N � 1/,

where the first contribution is due to the strings whose two end-points lie on the
same brane and the second due to the strings which stretch between two different

15If the cylinder is mapped to the plane its image is an annulus. The map is z D exp. i
t
.� � i�//.

The modular parameter t 0 of the annulus is the ratio of the radii of the two boundary circles. Two
fundamental regions are 0 < t 0 � 1 and 1 � t 0 <1 which can be mapped to each other by an S
transformation t 0! 1=t 0.
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τ

σ

τ

σ

Fig. 6.14 Illustration how the cylinder partition function is obtained from the infinite strip by
cutting out a finite piece and identifying the ends

branes. The factor two in the second term is for the two possible orientations of the
string. If the branes are separated along their common transverse directions one has
to take this into account in the expression for L0.

For each single free boson X	 the trace over the oscillators takes the familiar
form

ZA.t/ D trHosc

�

qL0�
c
24

�

D 1

� .i t/
: (6.116)

But we also have to take into account the effect of the zero modes, i.e. the center
of mass positions and center of mass momentum modes of the open string. Here
we have to distinguish between directions with NN and DD boundary conditions.
We denote the longitudinal directions to the Dp-brane as X	 and the transverse
directions as Xa.

For the case of NN boundary conditions for coordinateX	, the momentum mode
p	 is unconstrained and contributes to the trace. Since it is a continuous variable,
the sum is replaced by an integral

Z 1

�1
dp	 e�2�t ˛0 .p	/2 D 1p

2˛0t
: (6.117)

For the DD case, we have seen in Eq. (3.42) that we get an extra contribution
from the stretched string. Therefore, we get a contribution to the partition function
of the form

exp

�

� t

2�˛0
X

i

�

xaB � xaA
�2

�

� exp

�

� t

2�˛0
Y 2
�

: (6.118)

Combining the oscillator and zero mode contributions, we can compute the one-loop
string partition function for an open string stretched between a bosonic Dp-brane
at transverse position xaA and a second one at position xaB . For the total one-loop
diagram we obtain



6.5 The Cylinder Partition Function 159
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Fig. 6.15 Illustration of world-sheet duality relating the cylinder amplitude in the open and closed
sector

ADp;Dp D VpC1
Z 1

0

dt

t

1

.8�2˛0t/
pC1
2

exp

�

� t

2�˛0
Y 2
�

1

�24.i t/
: (6.119)

The overall factor of two as compared to (6.114) is N D 2, as explained after
(6.115).

So far, we have defined the Dp-branes indirectly via the target-space locus where
the end points of the open strings are confined to. The question now is whether one
can find a more intrinsic description of these boundaries. This is in fact possible
within the boundary state formalism where the D-brane is represented as a coherent
state in the closed string Hilbert space.

Let us repeat the observation about the cylinder diagram which we made in
Chap. 4. It is illustrated more explicitly in Fig. 6.15. Upon interchanging the roles of
� and � we can reinterpret the open string cylinder partition function shown on the
left-hand side as the closed string tree-level diagram shown on the right hand side.
The tree level amplitude describes the emission of a closed string at boundary A
which propagates to boundaryB where it is absorbed. In both views the boundaries
are D-branes. In the open string picture they are objects on which open strings end.
In the closed string picture they are objects which emit and absorb closed strings.
The fact that the same amplitude can be considered either as an open string one loop-
amplitude (loop-channel) or as a tree-level closed string exchange (tree-channel) is
known as world-sheet duality between open and closed strings.

We now use the boundary states constructed in Chap. 4 to compute the cylinder
diagram (6.114) directly in the closed string tree-channel, i.e. by the exchange of
closed strings between two boundaries. Referring again to Fig. 6.15, we interpret
this diagram as a closed string which is emitted at the boundary A, propagating via
the closed sector Hamiltonian Hclosed D L0 C NL0 � cCNc

24
for a (Euclidean) time l

until it reaches the boundary B where it is absorbed. Here we have chosen ` D
2� for the length of the closed string. We work in light-cone gauge which means
that we have to impose Neumann boundary conditions along X˙. The zero mode
integrations have to be performed over all Neumann directions. An alternative would
be to consider the contribution from all 26 oscillators and of the ghosts and then
verify directly that the ghost contribution precisely cancels that of two oscillators.
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In analogy to Quantum Mechanics, such an amplitude is given by the overlap

eA D
Z 1

0

d l eZA.l/ D
Z C�

��
d�

2�

Z 1

0

d l hBj e�2�l
�

L0C NL0� cCNc
24

�

ei�.L0�L0/ jBi ;
(6.120)

where the tilde indicates that the computation is performed in the closed sector (or
at tree-level) and 2�l is the length of the cylinder connecting the two boundaries.
The integral over � has again been included to impose level matching. As we will
see momentarily, the boundary states have .L0�L0/-eigenvalue zero, so the integral
over � gives a trivial contribution. We observe that

Z C�

��
d�

2�

Z 1

0

d l e
�2�l

�

L0C NL0� cCNc
24

�

ei�.L0�L0/ D
ım2L;m

2
R

˛0�.p2 Cm2
L Cm2

R/
(6.121)

is the string propagator.
We will now evaluate (6.120). We define eZDN �2

Dp
eZA

NN
eZA

DD where NDp is

a normalization constant to be determined and the eZA are evaluated with the
unnormalized boundary states of Chap. 4. Recall from there the orthonormal basis
states (4.173). For each Neumann direction we obtain, using that L0jmi D
P

n nmnjmi and likewise for the NL0 eigenvalue of jUmi, and the orthonormality
of these states,

eZA
NN.l/ D

1
X

m1D0

1
X

m2D0
� � � e

�l
6 exp

�

� 4�l
X

n>0

nmn

�

h0j0i

D e
�l
6

1
Y

nD1

� 1
X

mnD0
e�4�lmn

�

h0j0i

D e
�l
6

1
Y

nD1

�

1 � e�4�ln��1 h0j0i D 1

�.2il/
h0j0i : (6.122)

We normalize the momentum eigenstates as in (6.81)

h0j0i D 2�ı.0/ D L; (6.123)

where L is the (regularized) volume of the Neumann direction. We thus find for the
contribution of a Dp brane

eZA
NN.l/ D

1

�.2il/p�1
VpC1 ; (6.124)

where VpC1 is the regularized world-volume of the brane.
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Next, we consider the case of a coordinate with DD boundary conditions. For
the oscillator modes, the calculation is completely analogous to the case with NN
conditions. However, instead of (6.123) we now have to compute the contribution
from the zero modes of .L0 C NL0/:

˝

xB
ˇ

ˇe��l˛0p2
ˇ

ˇxA
˛ D

Z

dp

2�
eip.xB�xA/��l˛0p2 D 1p

4�2l˛0
e�

1
4�l˛0

.xB�xA/2 ;

(6.125)

where we have inserted a complete set of momentum eigenstates 1D 1
2�

R

dpjpihpj.
The contribution from d? D d � p � 1 Dirichlet directions is then

eZA
DD D

1

�.2il/d?

�

1p
4�2l˛0

�d?

e�
1

4�l˛0
.xB�xA/2 : (6.126)

Combining the NN and DD amplitudes we find the overlap between the boundary
states for two bosonic Dp-branes

eA Dp;Dp D VpC1
N 2

Dp

Z 1

0

d l e�
1

4�l˛0
Y 2 1

.4�2˛0l/
25�p
2

1

�.2il/24
; (6.127)

where Y 2 DPi .x
i
B � xiA/2 is the distance between the two branes.

For different boundary conditions at the two ends of the open string one has to
compute the overlap of a Neumann and a Dirichlet boundary state. There is no zero
mode contribution and the oscillator part can be expressed as

eZA
ND.l/ D e

�l
6

1
Y

kD1

1

1C e�4�l k D
p
2

s

� .2il/

#2.2il/
: (6.128)

where we have written the infinite product in terms of a #-function. We will
introduce them more systematically in Chap. 9.

Comparison of the tree level closed string amplitude with the one-loop open
string amplitude derived above allows us to fix the normalization NDp of the
boundary state. For this we have to establish the relation between the parameters
l and t . Recall that the modulus of a cylinder is the ratio of its circumference to
its height. In the tree diagram this is 2�

2�l
whereas in the loop diagram it is 2�t

�
.

Comparison leads to the relation

t D 1

2l
: (6.129)

This is the formal expression for the pictorial loop-channel–tree-channel equiva-
lence of the cylinder diagram illustrated in Fig. 6.15.
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With this relation we can express the cylinder amplitudes in terms of the closed
string parameter l . All we need is the modular transformation of the �-function

�.i t/ D
p
2l �.2il/ (6.130)

so that we find

N �1
Dp D

1

26
.4�2˛0/

1
2 .12�p/: (6.131)

From the closed string point of view the amplitude is a sum over closed string states
which are exchanged by the D-branes. If we expand the �-function we can separate
the contributions from the different closed string mass levels. The first two terms in
this expansion are

1

�24.2il/
D e4�l C 24CO.e�4�l /: (6.132)

The first term is the tachyon contribution. It apparently leads to a divergence in the
annulus amplitude which will be absent in the supersymmetric case to be discussed
later. The constant term in (6.132) is due to the exchange of massless closed string
modes. In particular the coupling to the graviton means that D-branes carry an
energy density in the form of a brane tension and as such they are a source for
the gravitational field.

From (6.127) with the expansion (6.132) and the substitution Nl D ˛0l we get

eA Dp;Dp D 24VpC1
2pC13 �pC1.˛0/p�11

Z 1

0

d Nl exp

�

� jYYY j
2

4� Nl
�

1

. Nl/ 25�p2
C : : :

D 3�

27
.4�2˛0/11�p VpC1G25�p.jYYY j/C : : : ; (6.133)

where

GD.jYYY j/ D
Z

dDp

.2�/D
eippp�YYY
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D
Z 1
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ds

Z

dDp

.2�/D
e�sp2p2p2�ippp�YYY D 1

�D=22D

Z 1

0

ds
1

sD=2
e
� jY j

2

4s2

D 1

4�
D
2

�
�

D�2
2

� jYYY j2�D D 1

.D � 2/Vol.SD�1/
1

jYYY jD�2 (6.134)

is the scalar Green function in the space transverse to the two D-branes, i.e. it is
a solution to the equation �GD.jYYY j/ D �ı.D/.YYY /. Here SD�1 is the .D � 1/-
dimensional unit sphere. Note that the set of points a unit distance away from the
brane in the transverse directions is a Sd�p�2.
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The field theoretical interpretation of this result is quite clear: the Y -dependence
is that of the interaction potential created by an extended object, the Dp-brane,
with 25 � p transverse spatial dimensions, where the interaction is due to the
exchange of massless particles. The familiar example is, of course, the Newton
potential of a point mass which is proportional to the mass and, in d space-time
dimensions, has a 1=jYYY jd�3 fall-off. The equivalent of the mass for an extended
object is its tension and the fall-off is determined by the number of transverse
directions. One determines the brane tension Tp by comparing the string calculation
with an effective field theory calculation of the interaction of two branes due to
the tree level exchange of massless particles. It turns out that only the graviton and
dilaton contribute. This calculation is relegated to Appendix 6.8. The result of the
comparison is

Tp D
p
�

16 Q�26 .4�
2˛0/

1
2 .11�p/; (6.135)

where Q�d is the gravitational coupling constant in d dimensions. If the dilaton has
a non-zero expectation (background) value ˚0, this is not the coupling constant
which governs Newton’s law which is derived in a weak field approximation around
a Minkowski metric. In this case, the relevant coupling constant is

�d D gs Q�d ; gs D e˚0 : (6.136)

This will be explained in more detail in Chaps. 16 and 18. Likewise, the string
tension, as measured in an asymptotic Minkowski space-time is

�p D Tp

gs
: (6.137)

In Chap. 16 we will also encounter two different gauge couplings Qgd and gd , whose
relation will depend on the type of string theory.

6.6 Boundary States and Cylinder Amplitude for RCFTs

In this section we provide the formalism how the notion of boundary states and the
computation of annulus diagrams can be generalized to more abstract CFTs without
a Lagrangian description and without an apparent space-time interpretation. Due to
the lack of the latter it is not directly clear what the generalization of Neumann and
Dirichlet boundary conditions is.

However, one can generalize the concept of boundary states and the gluing
conditions they have to satisfy. We have already introduced in Eq. (4.164) the
concept of a coherent state collecting all one-point functions of closed string states
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on the disk. Generalizing the results from the free boson theory, a boundary state jBi
in the RCFT preserving the symmetry algebra A D A has to satisfy the following
gluing conditions

�

Ln �L�n
� ˇ

ˇB
˛ D 0 conformal symmetry;

�

W i
n � .�1/hi W i

�n
� ˇ

ˇB
˛ D 0 extended symmetries; (6.138)

where W i
n is the Laurent mode of the extended symmetry generator W i with con-

formal weight hi Dh.W i /, and W
i

denotes the generator in the anti-holomorphic
sector. The derivation is completely analogous to the one of (4.160).

The condition for the extended symmetries can be relaxed, so that also Dirichlet
boundary conditions similar to the example of a free boson are covered

�

W i
n � .�1/h

i

˝
�

W
i

�n
�

�

ˇ

ˇB
˛ D 0 ; (6.139)

where ˝ W A !A is an automorphism of the chiral algebra A . Such an
automorphism ˝ is also called a gluing automorphism and for the example of the
free boson with Dirichlet boundary conditions, it is simply ˝ W W n 7! �W n.

The next step is to find solutions to these gluing conditions. In general this
is a formidable task but for the simple case of the so-called charge conjugate
modular invariant partition function

P

i �i�iC a general solution has been found
by Ishibashi. Here, the charge conjugation matrix is defined by C D S2 and maps
highest weight representations i to their charge conjugate iC. Denoting the Hilbert
space built upon the charge conjugate representation by H C

i , we can state the result:
For A D A and H i D H C

i , to each highest weight representation �i of A one
can associate an (up to a multiplicative constant) unique state jBi ii such that the
gluing conditions are satisfied.

Since we are considering a RCFT, there is only a finite number of such so-
called Ishibashi states jBi ii. We now construct the Ishibashi states in analogy to
the boundary states of the free boson (4.172). Denoting by j�i ;mi an orthonormal
basis for Hi , the Ishibashi states are written as

ˇ

ˇBi

˛˛ D
X

m

ˇ

ˇ�i ;m
˛˝ U ˇˇ�i ;m

˛

; (6.140)

whereU WH !H
C

is an anti-unitary operator acting on the symmetry generators

W
i

as follows
U W

i

n U
�1 D .�1/hi �W i

�n
��
: (6.141)

To show that the Ishibashi states satisfy the gluing conditions, it suffices to show
that it holds on a complete set of states h�k;n1j ˝ hU.�l;n2/j. This is done in the
following calculation:
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X

m

h�k;n1j ˝ hU�l;n2j.Wn � .�1/hW �n/j�i ;mi ˝ jU.�i ;m/i

D
X

m

n

h�k;n1jWnj�i ;mihU.�l;n2/jU.�i ;m/i

�.�1/hi h�k;n1j�i ;mihU.�l;n2/jW �njU.�i ;m/i
o

D
X
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h�k;n1jWnj�i ;mih�l;n2j�i ;mi� � h�k;n1j�i ;mih�l;n2jW�nj�i ;mi�
o

D ıkiıli
n

h�k;n1jWnj�k;n2i � h�k;n2jW�nj�k;n1i�
o

D 0: (6.142)

In going from the second to the third line we have dropped the overbar as they
are only a mnemonic to distinguish left- from right-movers and we have used the
property of anti-unitary operators hUajbi D hajU�1bi� together with (6.141).

Given the form of the Ishibashi states (6.140) and using the convention of the
out-states (4.55) the tree-channel overlap of two such states is

˝˝

Bj

ˇ

ˇ e
�2�l

�

L0C NL0� cCNc
24

�

ˇ

ˇBi

˛˛ D ıij �i
�

2il
�

; (6.143)

where the sum over all states jmi in (6.140) amounts to the appearance of the cha-
racters �i of the highest weight �i . Performing a modular S -transformation for this
overlap, we expect to obtain an open string partition function. However, because the
modular S -transform of a character �i .2il/ in general does not give non-negative
integer coefficients in the loop-channel, the Ishibashi states themselves are not bona
fide boundary states. However, they are their building blocks guaranteed to satisfy
the gluing conditions. A true boundary state can be found by taking an appropriate
linear combination of Ishibashi states

ˇ

ˇB˛
˛ D

X

i

Bi
˛

ˇ

ˇBi

˛˛

: (6.144)

The complex coefficients Bi
˛ in (6.144) are called reflection coefficients and are

further constrained by loop-channel–tree-channel equivalence. For RCFTs this
condition is also called the Cardy condition.

Indeed, using relation (6.143) the cylinder amplitude between two boundary
states can be expressed as

eZA
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��
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2il
�

: (6.145)
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Performing a modular S -transformation l 7! 1
2t

on the characters �i , this closed
sector cylinder diagram is transformed to the following expression in the open sector

ZA
˛ˇ.t/ D

X

i;j

�

Bi
˛

��
Bi
ˇ Sij �j

�

i t
� �

X

j

n
j

˛ˇ �j
�

i t
�

: (6.146)

Now, the Cardy condition is the requirement that this expression can be interpreted
as a partition function in the open sector. That is, for all pairs of boundary states jB˛i
and jBˇi in a RCFT the following combinations have to be non-negative integers

n
j

˛ˇ D
X

i

�

Bi
˛

��
Bi
ˇ Sij 2 Z

C
0 : (6.147)

In general it is a challenge to find solutions to these equations. However, by
observing that this condition is very reminiscent of the Verlinde formula (6.100),
in certain cases a solution can be found. More precisely, for the case of a charge
conjugate modular invariant partition function we can construct a generic solution
to the Cardy condition by choosing the reflection coefficients in the following way

Bi
˛ D

S˛ ip
S0 i

: (6.148)

Note, for each highest weight representation �i in the RCFT, there not only exists
an Ishibashi state but also a boundary state, i.e. the index ˛ in jB˛i also runs from
one to the number of highest weight representations. Employing then the Verlinde
formula (6.100), the Cardy condition for the coefficients nj˛ˇ is always satisfied

n
j

˛ˇ D
X

i

�

S˛i
��
Sˇi Sj i

S0i
D
X

i

Sj i Sˇi
�

S˛i
��

S0i
D Njˇ˛ 2 Z

C
0 : (6.149)

Building upon this formula boundary states for various RCFT models have been
constructed. Here to mention is in particular the construction of boundary states for
the so-called Gepner models. Gepner models will be the subject of Sect. 15.5, albeit
only in the closed string context.

6.7 Crosscap States, Klein Bottle and Möbius Strip
Amplitudes

Having discussed the boundary states and how they are related to the computation
of open string one-loop diagrams, in this section we introduce an analogous notion
for non-oriented strings. This continues Sect. 4.5 and generalizes the concept of
crosscap states beyond the free boson case. We will also discuss how these crosscap
states are related to non-oriented one-loop diagrams, i.e. the Klein bottle and Möbius
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strip amplitudes. Since we will have an elaborate computation of the Klein bottle
and Möbius strip amplitudes for the ten-dimensional type I superstring in Chap. 9,
here instead we introduce these concepts for rational conformal field theories. The
special case of a theory of free bosons is essentially included, where only the zero
modes require some extra treatment.

Analogous to boundary states one can also define crosscap states for RCFTs. The
crosscap gluing conditions for the generators of a symmetry algebra A ˝A are in
analogy to the conditions (4.179) for the example of the free boson

�

Ln � .�1/n L�n
� ˇ

ˇC
˛ D 0 conformal symmetry;

�

W i
n � .�1/n .�1/h

i

W
i

�n
� ˇ

ˇC
˛ D 0 extended symmetries (6.150)

with again hi D h.W i /. For A D A and H j D H C
i we can define crosscap

Ishibashi states jCiii satisfying the crosscap gluing conditions. A crosscap state
jC i can then be expressed as a linear combination of the crosscap Ishibashi states

ˇ

ˇC
˛ D

X

i

� i jCi ii: (6.151)

The crosscap Ishibashi states and the boundary Ishibashi states are related via

jCi ii D e� i.L0�hi / jBi ii: (6.152)

Using (6.152) and the result for the boundary Ishibashi states (6.143), we can
compute the overlap of two crosscap Ishibashi states as

hhCj je�2�l
�

L0CL0� cCc
24

�

jCiii D ıij �i .2il/: (6.153)

Next we can compute the overlap of two crosscap states (6.151)

eZK.l/ D ˝C ˇˇe�2�l
�

L0CL0� cCc
24

�

ˇ

ˇC
˛ DP

i

j� i j2 �i .2il/ (6.154)

which has the interpretation of a closed string exchange between two crosscap
states. From our experience with boundary states, we expect that this tree channel
amplitude also has an interpretation as a loop diagram. Indeed, as shown in Fig. 6.16,
by a number of cuts and shifts the cylinder with a crosscap at each end is related to
the Klein bottle, which is a one-loop diagram of non-oriented strings. Therefore, in
this channel we would write the same amplitude as

ZK.t/ D trHcl

�

˝e�2�t.L0CL0� c
12 /
�

D trHcl

�

˝e�4�t.L0�
c
24 /
�

: (6.155)
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     diagram

Fig. 6.16 Transformation of the fundamental domain of the Klein bottle to a tree-channel diagram
between two crosscaps

As before, ˝ is the orientation reversal operator on the world-sheet. In the second
line we have used that only left-right symmetric states contribute to the trace.
Moreover, the parameter t is the single real modulus of the Klein bottle (see
Table 6.2). From Fig. 6.16 we can deduce that it is related to the parameter l from
tree channel via

4�t

�
D 2�

2�l
; ! l D 1

4t
(6.156)

Performing now a modular S-transformation of (6.154) we arrive at the loop-
channel Klein bottle amplitude

ZK.t/ D
X

i;j

ˇ

ˇ� i
ˇ

ˇ

2
Sij �j .2i t/: (6.157)

From the definition of the loop-channel Klein bottle amplitude as a trace over the
closed string Hilbert space, one has to require that

X

i

ˇ

ˇ� i
ˇ

ˇ

2
Sij D �j 2 Z: (6.158)
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Fig. 6.17 Transformation of the fundamental domain of the Möbius strip to a tree-channel
diagram between an ordinary boundary and a crosscap

Since˝ can act with a minus sign, the �j are not necessarily non-negative, while the
expansion coefficients in the torus + Klein bottle amplitude have to be non-negative
integers.

Very similarly one can also compute the overlap of a crosscap state and a
boundary state. This leads to a closed string exchange between a D-brane and an
orientifold plane. Again by the series of cutting and shifting operations shown in
Fig. 6.17, this is related to the non-oriented open string one-loop diagram, i.e. a
Möbius strip diagram. The latter loop-channel amplitude is defined as

ZM.t/ D trHop

�

˝e�2�t.L0� c
24 /
�

: (6.159)

Since from the action of ˝ we get extra signs in the expressions, it is useful to
introduce so-called hatted characters as

O�.�/ D e��i.h� c
24 / �.� C 1

2
/: (6.160)

For the Möbius strip tree channel amplitude we readily compute
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: (6.161)
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From Fig. 6.17 we infer the relation between the loop-channel and tree-channel
parameter

4�t

�=2
D 2�

2�l
; ! l D 1

8t
: (6.162)

Since these hatted characters contain this shift by 1=2 in their argument, we cannot
simply apply a modular S-transformation to relate the tree- and the loop-channel.
However, from the mapping of the modular parameter 2il under the combination of
S - and T -transformations

2il
T
1
2������! 2ilC 1
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TST 2S��������! i
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2�������! i

8l
; (6.163)

we can infer the transformation of the hatted charactersb�.�/ as

b�i
�

i
8l

� D
X

j

Pij b�j
�

2il
�

with P D T 1
2 S T 2 S T

1
2 ; (6.164)

where T
1
2 is defined as the square root of the entries in the diagonal matrix Tij

shown in equation (6.97). One can show that P is symmetric and like S satisfies
P2 D C .

Using the P -transformation one can formally compute the Möbius strip ampli-
tude as
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X
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�

it
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: (6.165)

Interpreting this expression as a loop-channel partition function, we again have to
require that the coefficients have to be integer

X

i

Bi
˛

�

� i
��
Pij D m j̨ 2 Z: (6.166)

What we discussed so far is the general structure of the crosscap states and
non-oriented one-loop diagrams, which also feature a tree-channel loop-channel
equivalence. What remains is to find solutions to the resulting Cardy conditions
(6.158) and (6.166). Similar to the boundary states, for the charge conjugated
modular invariant partition function, one can show that these integer conditions are
indeed satisfied for the reflection coefficients of the form

� i D P0ip
S0i

; Bi
˛ D

S˛ ip
S0i

: (6.167)

The Klein bottle and Möbius coefficients can be expressed by two Verlinde type
formulas of the form
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0i Pij

S0i
D Y 0j̨ (6.168)

with the definition

Y kij D
X

l

Sil Pjl P
�
kl

S0l
: (6.169)

One can show that the combination Y kij is always an integer, guaranteeing that
the loop channel Klein bottle and Möbius strip amplitudes contain only integer
coefficients.

6.8 Appendix: D-brane Tension

Consider two parallel Dp-branes in a d -dimensional space-time. In order to compare
the string computation with a field theory computation, one needs to study the
exchange of massless modes between the two branes. D-branes are dynamical
objects which are expected to have a mass-density (tension) and they therefore
couple to gravity and possibly other massless excitations of the closed string,
such as the dilaton and the anti-symmetric tensor. It turns out that the latter does
not contribute to lowest order (there is no field-theoretical one-particle exchange
involving this field) and we will therefore ignore it. In the following we compute
the one graviton and one dilaton exchange amplitude between two Dp-branes from
the effective space-time action, cf. Chap. 16,

S D Sbulk C Sbrane

D 1

2 Q�2d

Z

ddx
p�G e�2˚ 
R C 4@	˚@	˚

� � Tp
Z

W
dpC1� e�˚

p�� :
(6.170)

The first part, the bulk action, governs the space-time dynamics of the closed string
modes. The dilaton dependence signals that it is derived from tree-level closed
string theory, i.e. from a world-sheet with Euler number � D 2. The second part
is the world-volume action of the Dp-brane. �˛ are local coordinates and �˛ˇ D
@˛X

	@ˇX
�G	� is the induced metric on the world-volume W of the brane. X	.�/

describe the embedding of the brane into space-time. The gauge fields, i.e. the mass-
less excitations of the open string, also appear in the D-brane action but they also do
not contribute to the interaction between the two branes because they are confined
to the world-volume and cannot be exchanged between the two branes. The dilaton
dependence indicates that this is the effective action extracted from looking at string
scattering amplitudes on the disk with Euler number � D 1. This world-volume
action is a straightforward generalization of the Nambu-Goto-action to higher
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dimensional world-volumes. It was first considered by Dirac in the context of
membranes.

For this bulk action the propagator will not be diagonal between the graviton and
the dilaton which are the fluctuations of g	� and ˚ around their background values.
In order to decouple them at the quadratic level we first separate off the constant
background value of the dilaton:˚ D ˚0C� and then perform a dilaton dependent
Weyl rescaling of the space-time metric g such that the Ricci scalar appears without
dilaton prefactor:

G	� D e
4�
d�2 g	� (6.171)

leading to

S D 1
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Z

ddx
p�g

�
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	�
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dpC1� e
4�dC2p
d�2 �

p�� ;
(6.172)

where now �˛ˇ D @˛X
	@ˇX

�g	� . The action (6.170) is said to be in the string
frame whereas (6.172) is in the (modified) Einstein frame, cf. Chap. 18. The field
redefinitions have, of course, no physical consequences.

We now expand the metric around Minkowski space and choose a convenient
normalization for the dilaton

g	� D �	� C 2�dh	� ; � D 1

2
�d
p
d � 2D: (6.173)

To proceed we need to gauge fix the symmetries. For the world-volume diffeomor-
phisms we choose the static gauge, i.e. we identify

X˛ D �˛ ; Xi D const ; ˛ D 0; : : : ; p; i D p C 1; : : : ; d � 1: (6.174)

The condition on the Xi means that we fix the position of the branes. We neglect
fluctuations which do not contribute, for the same reason as the gauge fields do not
contribute. In the static gauge the induced metric is �˛ˇ D g˛ˇ and to first order in
the quantum fields the world-volume action is

Sbrane D Tp Q�d
Z

dpC1�
�

D	�h	� �
�

4 � d C 2p
2
p
d � 2

�

D

�

; (6.175)

where D	� D
�

�˛ˇ 0

0 0

�

and we used �p�d D Tp Q�d . If we had included the anti-

symmetric tensor in the world-volume action it would not appear at linear order.
That is why it does not contribute.
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To fix the space-time diffeomorphisms we add a gauge fixing term

�
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(6.176)

to Sbulk and expand to second order in the quantum fields. This yields (h D �	�h	�)
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from which we get the propagators
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If we write the brane action, i.e. the interaction term, as an integral over the
d -dimensional bulk, the one-particle exchange amplitude becomes
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Comparison of (6.179) with (6.133) immediately leads to (6.135).
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Chapter 7
The Classical Fermionic String

Abstract The fermionic string theory presented in this and the following chapter is
the Neveu-Schwarz-Ramond spinning string. We present the world-sheet action and
discuss its symmetries, most notably the local N D 1 world-sheet supersymmetry.
The admissible periodicity and boundary conditions lead to the distinction between
Neveu-Schwarz and Ramond sectors. The oscillator expansions of the world-sheet
fermions differ in the two sectors. We close with an appendix on spinors in two
dimensions. Quantisation of the fermionic string will be the subject of the following
chapter.

7.1 Motivation for the Fermionic String

So far we have only discussed bosonic strings. That means that all physical
world-sheet degrees of freedom had been described by bosonic variables. We have
treated the classical and the quantum theory, the algebra of the constraints (the Vira-
soro algebra) and we have found that at the quantum level the theory makes sense
only in the critical dimension which was found to be d D 26. The spectra of the
open and closed, oriented and unoriented theories were found to contain a tachyon, a
fact which is at least alarming. Let us recall that its negative .mass/2 arose from the
(regularized) zero point energy of an infinite set of bosonic harmonic oscillators.
The problem with the tachyon may be cured if we introduce, on the world sheet,
fermionic degrees of freedom which are quantized with anti-commutators. Then
there is a chance that the zero point energies cancel and the tachyon is absent.

One basic symmetry principle that guarantees the absence of a tachyon in the
string spectrum is space-time supersymmetry. It is important to keep in mind
the distinction between world-sheet and space-time supersymmetry. The fermionic
string theories that we will discuss all possess world-sheet supersymmetry but
not necessarily space-time supersymmetry and are not all tachyon-free. Whether
a particular string theory is space-time supersymmetric or not will manifest itself,
for instance, in the spectrum. Especially the existence of one or more massless
gravitinos will signal space-time supersymmetry.

R. Blumenhagen et al., Basic Concepts of String Theory, Theoretical and Mathematical
Physics, DOI 10.1007/978-3-642-29497-6
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7, © Springer-Verlag Berlin Heidelberg 2013
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Here we will present the Neveu-Schwarz-Ramond (RNS) superstring, which
features manifest world-sheet supersymmetry but lacks manifest space-time super-
symmetry. We should mention that there exists also the so-called Green-Schwarz
(GS) formalism in which space-time supersymmetry is manifest at the cost of
manifest world-sheet supersymmetry. It uses in a crucial way the triality property
of SO.8/, the transverse Lorentz group in ten dimensions, which is, as we will see
later in this chapter, the critical dimension for the fermionic string. The fermionic
degrees of freedom are world-sheet scalars which carry an SO.8/ spinor index. We
will not discuss the GS formulation of the superstring but it will appear in the duality
between type I and heterotic theories in Sect. 18.6. A covariant extension of the GS
formalism is the pure-spinor formulation of the superstring, which we won’t discuss
either.

7.2 Superstring Action and Its Symmetries

In analogy to our treatment of the bosonic string, we start with a discussion of
the classical fermonic string action and its symmetries (but we skip the discussion
of the superparticle). In particular, we want to find the requirements on the field
content coming from world-sheet supersymmetry and to set up the supersymmetric
extension of the Polyakov action. The bosonic string theory was described by the
action for a collection of d scalar fields X�.�; �/ coupled to gravity h˛ˇ in two
dimensions. The purely gravitational part of the action was trivial, being a total
derivative. This left us with

S1 D � 1

4�˛0

Z

d2�
p
�h h˛ˇ @˛X�@ˇX� (7.1)

which is the covariant kinetic energy for the “matter fields” X�. The super-
symmetric extension of S1 should be the coupling of supersymmetric “matter”
to two-dimensional supergravity. With respect to the d -dimensional target space,
which can be considered as an internal space from the world-sheet point of view,
the fields X�.�; �/ transform as a vector. Hence, their supersymmetric partners
should be world-sheet spinors with a target space vector index. We will denote
them by  �.�; �/. We do not exhibit the spinor indices. We refer to the appendix
of this chapter for further details on spinors in two dimensions. Let us now see
how the balance between bosonic and fermionic degrees of freedom works out. The
fields X� representing d real scalars, provide d bosonic degrees of freedom. If we
impose on the d world-sheet fermions  � a Majorana condition, they provide 2d
fermionic degrees of freedom. We have to introduce d real auxiliary scalar fields
F�. Together .X�; �; F �/ form an off-shell scalar multiplet of two-dimensional
N D 1 supersymmetry.1 On-shell .X�; �/ suffice.

1We denote the amount of world-sheet supersymmetry by N and reserve N for space-time
supersymmetry.
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Let us now turn to the gravity sector. The supergravity multiplet consists of the
zwei-bein ea˛ (n-bein in n dimensions) and the gravitino �˛ . The zwei-bein has
two different kinds of indices. a is a Lorentz index and takes part in local Lorentz
transformations whereas ˛ is called an Einstein index and takes part in coordinate
transformations (reparametrizations). Einstein indices are raised and lowered with
the world-sheet metric h˛ˇ and Lorentz indices with the Lorentz metric �ab . The
zwei-bein allows to transform Lorentz into Einstein indices and vice versa. The
introduction of the zwei-bein is necessary to describe spinors on a curved manifold,
as the group GL.n;R/ does not have spinor representations2 whereas the tangent
space group, SO.n � 1; 1/, does. The inverse of ea˛, denoted by e˛a , is defined by

ea˛ e
˛
b D ıab : (7.2)

e˛a defines an orthonormal set of basis vectors at each point, i.e. it satisfies

e˛a e
ˇ

b h˛ˇ D �ab; (7.3)

from which we derive
e˛a e

ˇ

b �
ab D h˛ˇ: (7.4)

The gravitino is a world-sheet vector and a world-sheet Majorana spinor.
In n dimensions the n-bein ea˛ has n2 components. There are n reparametriza-

tions and 1
2
n.n � 1/ local Lorentz transformations as gauge symmetries, leaving

1
2
n.n � 1/ degrees of freedom. The gravitino, being a Majorana spinor-vector, has
2Œ

n
2 �n components, where Œ n

2
� denotes the integer part of n

2
. ForN D 1 supersymme-

try there are 2Œ
n
2 � supersymmetry parameters leaving .n�1/2Œ n2 � degrees of freedom.

For the case of interest, namely n D 2, we find one bosonic and two fermionic
degrees of freedom. To get a complete off-shell supergravity multiplet, we have
to introduce one auxiliary real scalar field A. The complete off-shell supergravity
multiplet is then .e˛a; �˛; A/. The on-shell supergravity multiplet is .e˛a; �˛/.

As an aside, we list the number of on-shell degrees of freedom of various
massless fields in n dimensions

n � bein e˛
a

metric g˛ˇ
W 1

2
n.n � 3/;

Weyl fermion  W 2Œ
n
2 ��	 ;

Gravitino �˛ W 2Œ
n
2 ��	.n� 3/;

p � form A.p/ W
�

n � 2
p

�

; (7.5)

2Under general coordinate transformations, tensor indices are acted on with elements ofGL.n;R/.
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where Œm� is the integer part of m. For fermions we count the number of real com-
ponents. The parameter 	 assumes values 0; 1; 2 for Dirac (0), Weyl (1), Majorana
(1) and Majorana-Weyl (2) fermions (provided they exist in n dimensions). The
gravitino satisfies the condition 
 ˛�˛ D 0, where 
 ˛ are Dirac matrices in n
dimensions. p-form fields play an important role when we discuss the spectrum
of the fermionic string. If its field strength satisfies a self-duality constraint, which
can only happen for a p-form in 2.p C 1/ dimensions, the number of physical

components is 1
2

�

2p�2
p

�

. Note that the number of components of the various fields

are the dimensions of irreducible representations of the little group SO.n � 2/.
So far the discussion was independent of any particular action and only a

statement of the field content of the two-dimensional supersymmetry multiplets.
Let us now complete the string action. The kinetic energy term for the gravitino
vanishes identically in two dimensions.3 The kinetic energy for the matter fermions
 � and the contribution of the auxiliary fields F � is

S2 D 1

4�

Z

d2� e
� � i ��˛@˛ � C F �F�

�

; (7.6)

where e D j det ea˛j D
p�h. Our notation is summarized in the appendix to this

chapter. The fact that the derivative in S2 is an ordinary derivative rather than a
covariant derivative containing the spin connection is a consequence of the Majorana
spin-flip property Eq. (7.76). The action S1 C S2 is not yet locally supersymmetric.
It is simply the covariantized form of the action of a scalar multiplet. Local
supersymmetry requires the additional term

S3 D i

8�

Z

d2� e �˛ �
ˇ �˛  �

�q

2
˛0
@ˇX� � i

4
�ˇ �

�

: (7.7)

The auxiliary field A does not appear and the auxiliary matter scalars F � can be
eliminated via their equations of motion. This will be assumed to be done from
now on.

The complete action4

S D � 1

8�

Z

d2�e

�

2
˛0 h

˛ˇ@˛X
�@ˇX� C 2i  �

�˛@˛ �

�i�˛�ˇ�˛ �
�
q

2
˛0 @ˇX� � i

4
�ˇ �

��

(7.8)

is invariant under the following local world-sheet symmetries:

3In any number of dimensions it is �˛

˛ˇ�Dˇ�� where 
 ˛ˇ� is the anti-symmetrized product of

three Dirac matrices which vanishes in two dimensions.
4The fields and parameters have mass dimensions Œ �D Œ��D 1=2, Œ	�D �1=2, Œ�D ŒX�D �1.
All others are dimensionless. The fact that we choose X to have dimension of length, rather than
being dimensionless, as is more common for a scalar field in two dimensions, is the origin of the

various powers of
q

2
˛0

.
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1. Supersymmetry

r

2

˛0
ı	X

� D i	 �;

ı	 
� D 1

2
�˛
�
q

2
˛0 @˛X

� � i
2
�˛ 

�

�

	;

ı	e˛
a D i

2
	�a�˛;

ı	�˛ D 2D˛	; (7.9)

where 	.�; �/ is a Majorana spinor which parametrizes supersymmetry transfor-
mations and D˛ a covariant derivative with torsion:

D˛	 D @˛	 � 1
2
!˛�	;

!˛ D �1
2
	ab!˛ab D !˛.e/C i

4
�˛��

ˇ�ˇ;

!˛.e/ D �1
e
e˛a	

ˇ�@ˇe�
a: (7.10)

!˛.e/ is the spin connection without torsion.

2. Weyl transformations

ı�X
� D 0;

ı� 
� D �1

2
� �;

ı�e˛
a D �e˛

a;

ı��˛ D 1

2
��˛: (7.11)

3. Super-Weyl transformations

ı��˛ D �˛�;
ı�.others/ D 0 (7.12)

with �.�; �/ a Majorana spinor parameter.
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4. Two-dimensional Lorentz transformations

ılX
� D 0;

ıl 
� D �1

2
l N� �;

ıle˛
a D l 	ab e˛b;

ıl�˛ D �1
2
l ��˛: (7.13)

5. Reparametrizations

ıX
� D �ˇ@ˇX�;

ı 
� D �ˇ@ˇ �;

ıe˛
a D �ˇ@ˇe˛a � eˇa@˛ˇ;

ı�˛ D �ˇ@ˇ�˛ � �ˇ@˛ˇ: (7.14)

If we combine reparametrizations with a Lorentz transformation with parameter
l D ˛!˛.e/, they can be written in covariant form

eˇaıe
a
˛ D �r˛ˇ D �

1

2
.P /˛ˇ C 1

2e2
	˛ˇ.	

�ır� ı/ � 1
2
h˛ˇr � ;

ı�˛ D �ˇrˇ�˛ � �ˇr˛ˇ;
ı 

� D �˛r˛ �; (7.15)

where r˛ is a covariant derivative without torsion and the operator P has been
defined in Chap. 2.

Note that in Eqs. (7.11)–(7.15)�, l and  are infinitesimal functions of .�; �/.

There are several ways to get the complete action and the symmetry transfor-
mation rules. One possibility is to use the Noether method; another is to go to
superspace. Either way, the procedure is analogous to the four dimensional case. In
addition to these local world-sheet symmetries, (7.8) is also invariant under global
space-time Poincaré transformations (2.29) together with ı � D a�� � , ı�˛ D 0.

7.3 Superconformal Gauge

We can now use local supersymmetry, reparametrizations and Lorentz transforma-
tions to gauge away two degrees of freedom of the zwei-bein and two degrees of
freedom of the gravitino. To do this we decompose the gravitino as
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�˛ D
�

h˛
ˇ � 1

2
�˛�

ˇ
�

�ˇ C 1

2
�˛�

ˇ�ˇ

D 1

2
�ˇ�˛�ˇ C 1

2
�˛ �

ˇ�ˇ

� Q�˛ C �˛�; (7.16)

where Q�˛ D 1
2
�ˇ�˛�ˇ is �-traceless, i.e. �� Q� D 0 and � D 1

2
�˛�˛ . This corresponds

to a decomposition of the spin 3=2 gravitino into helicity ˙3=2 and helicity ˙1=2
components. It is orthogonal with respect to the inner product .�j / D R d2��˛ ˛ .
We can make the same decomposition for the supersymmetry transformation of the
gravitino

ı	�˛ D 2D˛	

� 2.˘	/˛ C �˛�ˇDˇ	; (7.17)

where we have defined the operator

.˘	/˛ D
�

h˛
ˇ � 1

2
�˛�

ˇ
�

Dˇ	 D 1

2
�ˇ�˛Dˇ	 (7.18)

which maps spin 1=2 fields to �-traceless spin 3=2 fields. We can now write, at
least locally, Q�˛ D �ˇ�˛Dˇ� for some spinor � where we have used the identity
Eq. (7.78). Comparing this with Eq. (7.17) we see that � can be eliminated by a
supersymmetry transformation. We then use reparametrizations and local Lorentz
transformations to transform the zwei-bein into the form e˛

a D e�ıa˛ which
is always possible locally, cf. Chap. 2. These transformations do not reintroduce
traceless parts into the gravitino, as under reparametrizations it transforms as
�˛.�/�.�/ ! Q�˛. Q�/ Q�. Q�/ D . @�

ˇ

@Q�˛ /�ˇ.�/�.�/. In this way we arrive at the so-
called superconformal gauge which is a generalization of the conformal gauge to
the supersymmetric case:

e˛
a D e�ıa˛; �˛ D �˛�: (7.19)

In the classical theory we can still use a Weyl rescaling and super-Weyl transforma-
tion to gauge away the remaining metric and gravitino degrees of freedom � and �,
leaving only e˛a D ıa˛ and �˛ D 0. In analogy to the bosonic case, these symmetries
will be broken in the quantum theory except in the critical dimension.

The above arguments, used to go to superconformal gauge, are only true locally
and one has to check under what conditions the superconformal gauge can be
reached globally. From our foregoing discussion it is clear that the condition is that
there exists a globally defined spinor 	 and a vector field ˛ such that

.˘	/˛ D �˛ and .P /˛ˇ D t˛ˇ (7.20)

for arbitrary �˛ which satisfies � � � D 0 and arbitrary symmetric traceless tensor
t˛ˇ .
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In Chap. 2 we have seen that the second condition is equivalent to the absence
of zero modes of the operator P�. In the same way we can show that the absence
of zero modes of the operator˘�, the adjoint of ˘ , allows to gauge away the trace
part of the gravitino.˘� maps �-traceless spin 3=2 fields to spin 1=2 fields via

.˘��/ D �2D˛�˛: (7.21)

The zero modes of P� were called moduli. In analogy we call the zero modes of˘�

supermoduli. We thus have

# of moduli D dim kerP�;

# of supermoduliD dim ker˘�: (7.22)

Zero modes of the operators P and ˘ mean that the gauge fixing is not complete.
The zero modes of P are the conformal Killing vectors (CKV) (cf. Chap. 2); the
zero modes of ˘ will be referred to as conformal Killing spinors (CKS); i.e.

# of CKV D dim kerP;

# of CKS D dim ker˘: (7.23)

We will compute the dimensions of the kernels of˘ and˘� in Chap. 9, whereas P
and P� have already been treated in Chap. 6.

In superconformal gauge the action simplifies to

S D � 1

8�

Z

d2�
�

2
˛0
@˛X

�@˛X� C 2i  �
�˛@˛ �

�

(7.24)

which is nothing else than the action of a free scalar superfield in two dimensions.
To arrive at Eq. (7.24), we have rescaled the matter fermions by e�=2 !  . World-
sheet indices are now raised with the flat metric �˛ˇ and �˛ D ı˛a �a. Also, the torsion
piece in the spin connection now vanishes due to the identity Eq. (7.78) and we have
!˛ D �	˛ˇ@ˇ�. The action is still invariant under those local reparametrizations
and supersymmetry transformations which satisfy P D 0 and ˘	 D 0. Under the
supersymmetry transformations the fields transform as

q

2
˛0
ı	X

� D i	 �

ı	 
� D

q

2
˛0

1
2
�˛@˛X

�	 : (7.25)

To see this, we note that the zwei-bein is not taken out of superconformal gauge,
if a supersymmetry transformation with parameter 	 is accompanied by a Lorentz
transformation with parameter l D i

2
	��. The Weyl degree of freedom � then

changes according to ı� D i
2
	�. Likewise, the gravitino stays in the gauge
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Eq. (7.19), if the supersymmetry parameter satisfies �ˇ�˛Dˇ	 D 0 which is the
condition .˘	/ D 0 found above. If we now redefine e�=2 D Q and e��=2	 D Q	
we find, after dropping tildes, Eqs. (7.25). It is also easy to show that the condition
�ˇ�˛Dˇ	 D 0 reduces in superconformal gauge to �ˇ�˛@ˇ Q	 D 0. It is of course
also straightforward to verify directly that the action Eq. (7.24) is invariant under
the transformations (7.25) with 	 satisfying �ˇ�˛@ˇ	 D 0.

Under diffeomorphisms the fields transform as

ıX
� D ˛@˛X�

ı 
� D ˛@˛ � C 1

4
.@ � / � � 1

4
.	aˇ@˛ˇ/ N� �; (7.26)

where ı is that combination of diffeomorphisms, Weyl and Lorentz transforma-
tions which is needed to preserve e˛a / ıa˛.

The equations of motion derived from the action Eq. (7.24) are

@˛@
˛X� D 0;

�˛@˛ 
� D 0: (7.27)

As in the bosonic theory they have to be supplemented by boundary conditions. We
will discuss them at the end of this section.

For theories with fermions the energy momentum tensor is defined as

T˛ˇ D 2�

e

ıS

ıe
ˇ
a

e˛a: (7.28)

We can analogously define the supercurrent as the response to variations of the
gravitino; we will denote it by TF , indicating that it is a fermionic object related
to the energy-momentum tensor T by supersymmetry. This means that ıS D
1
2�

R

d2� e iı�˛ TF˛ with

TF˛ D 2�

e

ıS

iı�˛
: (7.29)

The normalization is such that

ı	TF˛ D 1

2
T˛ˇ �

ˇ	: (7.30)

The equations of motion for the metric and gravitino are

T˛ˇ D 0; TF˛ D 0: (7.31)

They are constraints on the system and generate symmetries, analogous to the
bosonic case. We will say more about this below. After going to superconformal
gauge we find
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T˛ˇ D � 1
˛0
�

@˛X
�@ˇX� � 1

2
�˛ˇ@

�X�@�X�

�

� i
4

�

 
�
�˛@ˇ � C  �

�ˇ@˛ �

�

D 0;

TF˛ D �1
4

r

2

˛0
�ˇ�˛ 

�@ˇX� D 0: (7.32)

Here we have used the equations of motion for  � to cast T˛ˇ into its symmetric
form. Tracelessness follows also upon using the equations of motion. Note that

�˛TF˛ D 0 (7.33)

which is the analogue of T ˛˛ D 0. It is a consequence of super-Weyl invariance.
Again, with the help of the equations of motion, it is easy to show that the energy-
momentum tensor and the supercurrent are conserved:

@˛T˛ˇ D 0;
@˛TF˛ D 0: (7.34)

These conservation laws lead, as in the bosonic theory, to an infinite number of
conserved charges. This is most easily analyzed in light-cone coordinates on the
world-sheet. In terms of these, Eqs. (7.24) and (7.27) become

S D 1

2�

Z

d2�
�

2
˛0 @CX � @�X C i . C � @� C C  � � @C �/

�

(7.35)

and

@C@�X� D 0;
@� �C D @C �� D 0: (7.36)

The conditions on the allowed reparametrizations and supersymmetry transforma-
tions take the simple form

@C� D @�C D 0;
@C	� D @�	C D 0: (7.37)

We have defined5  A D
�

 C
 �

�

and 	A D
�

	C
	�
�

following the conventions of

the appendix.  ˙ and 	˙ are real. Note that for spinors ˙ denote their spinor

5In later chapters we will also use the notations  L and  for left-moving fermions and  R and  
for right-moving fermions.
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components whereas for vectors they denote vector components in conformal
coordinates. The symmetries of (7.35) are

ıX
� D �.C@CX� C �@�X�/;

ı 
�
C D �.C@C �C C �@� �C C

1

2
@CC  �C/;

ı 
�� D �.C@C �� C �@� �� C

1

2
@��  ��/ (7.38)

and

r

2

˛0
ı	X

� D i.	C �C C 	� ��/

ı	 
�
C D �

r

2

˛0
	C@CX�;

ı	 
�� D �

r

2

˛0
	�@�X� (7.39)

with 	 and  subject to (7.37).
The energy-momentum tensor in world-sheet light-cone coordinates is

TCC D � 1
˛0
@CX � @CX � i

2
 C � @C C;

T�� D � 1
˛0
@�X � @�X � i

2
 � � @� �;

TC� D T�C D 0 (7.40)

with
@�TCC D @CT�� D 0: (7.41)

Due to Eq. (7.33), two of the four components of TF˛ vanish identically. The two
non-vanishing components, which we denote by TF˙, are

TF˙ D �1
2

r

2

˛0
 ˙ � @˙X (7.42)

with
@�TFC D @CTF� D 0: (7.43)

The expressions (7.40) and (7.42) can also be derived as the Noether currents
associated to the symmetries (7.39) and (7.38), respectively. From the equations
of motion we learn that X� can again be split into left- and right-movers and that
 
�
C D  

�
C.�C/ and  �� D  ��.��/. The conservation laws tell us that TCC and

TFC are functions of �C only whereas T�� and TF� only depend on ��.
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We have discussed in Chap. 2 how energy-momentum conservation results in an
infinite number of conserved charges which generate the transformations �˙ !
�˙ C f .�˙/ under which the action is invariant after going to conformal gauge.
These are precisely the transformations which do not lead out of conformal gauge.
This carries over to the fermionic string. But now we also have the conserved
supercharges

R

d� 	C.�C/ TFC.�C/ reflecting the fact that the action and the
superconformal gauge condition are invariant under supersymmetry transformations
with parameters satisfying Eq. (7.37).

Next, let us find the algebra of T and TF , which is the supersymmetric extension
of the algebra Eq. (2.89). To do this we need the basic equal � Poisson brackets6

f �A.�; �/;˘B
� .�

0; �/gP:B: D �ıBA ı.� � � 0/ ı�� : (7.45)

The bracket of  with itself vanishes. For the momentum conjugate to  �A we find

˘A
� D

i

4�
 �B .C�

0/BA: (7.46)

If, however, we use this definition of ˘ in Eq. (7.45), we find a contradiction. Let
us explain the way out of this. We notice that Eq. (7.46) constitutes a (primary)
constraint. We define

�A� D ˘A
� �

i

4�
 �B.C�

0/BA (7.47)

and find

f�A�.�; �/; �B� .� 0; �/gP:B: D
i

2�
ı.� � � 0/.C�0/AB���: (7.48)

In contrast to the constraints we have encountered so far (primary and secondary),
the Poisson bracket of this constraint with itself does not vanish on the constrained
hypersurface of phase space. Constraints of this kind are called second class
constraints; the constraints we have encountered so far have all been first class.
If second class constraints are present, Poisson brackets have to be replaced by
Dirac brackets. If �i are a complete set of second class constraints, we define
f�i ; �j gP:B: D Cij . The Dirac bracket is defined as

6For anticommuting variables they are defined as

fF;GgP:B: D
�

@F

@qi
@G

@pi
� @F

@pi

@G

@qi

�

C .�1/"F
�

@F

@�˛
@G

@�˛
C @F

@�˛

@G

@�˛

�

(7.44)

where .q; p/ are the usual Grassmann even phase-space variables and �˛ and �˛ D @L
@�˛

are
Grassmann odd phase-space variables. F and G are functions on phase-space and "F is the
Grassmann parity of F , i.e. "F D 0.1/ for F even (odd). All derivatives are left-derivatives.
The canonical Hamiltonian is defined as H D PqpC P�� � L where the order in the second term
matters.



7.3 Superconformal Gauge 187

fA;BgD:B: D fA;BgP:B: � fA; �igP:B: C�1ij f�j ; BgP:B:: (7.49)

This leads to

f �˙.�; �/;  �˙.� 0; �/gD:B: D �2�i ı.� � � 0/���;
f �C.�; �/;  ��.� 0; �/gD:B: D 0: (7.50)

Using this and the basic brackets for X�.�; �/, we find

fT˙˙.�/; T˙˙.� 0/gD:B: D ˙
�

2 T˙˙.� 0/ @0 C @0T˙˙.� 0/
�

2�ı.� � � 0/;

fT˙˙.�/; TF˙.� 0/gD:B: D ˙
�3

2
TF˙.� 0/ @0 C @0TF˙.� 0/

�

2�ı.� � � 0/;

fTF˙.�/; TF˙.� 0/gD:B: D i

2
T˙˙.� 0/ 2�ı.� � � 0/: (7.51)

It is also easily verified that

˚

TFC.�/;
r

2

˛0
X�.� 0/

�

D:B: D
1

2
 
�
C.�

0/ 2�ı.� � � 0/;

˚

TFC.�/;  �C.�
0/
�

D:B: D
i

2

r

2

˛0
@CX�.� 0/ 2�ı.� � � 0/; (7.52)

which are the supersymmetry transformations. Under the transformations generated
by TCC the field  transforms as

fTCC.�/;  C.� 0/gD:B: D
�1

2
 C.� 0/ @0 C @0 C.� 0/

�

2�ı.� � � 0/: (7.53)

This last equation tells us that the world-sheet fermions transform under conformal
transformations with weight 1

2
.

We now turn to the discussion of the boundary conditions. To derive the equations
of motion (7.27), we impose ı �.�0/ D ı �.�1/ D 0. Further, we have to impose
boundary conditions such that the boundary term

ıS D 1

2�

Z �1

�0

d� . C � ı C �  � � ı �/
ˇ

ˇ

ˇ

ˇ

�Dl

�D0
(7.54)

vanishes. For the closed string this requires . C � ı C �  � � ı �/.�/ D . C �
ı C �  � � ı �/.� C `/ which is solved by

 
�
C.�/ D ˙ �C.� C `/;
 ��.�/ D ˙ ��.� C `/ (7.55)
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with the same conditions on ı ˙. Anti-periodicity of  ˙ is possible as they are
fermions on the world-sheet. As the action is quadratic in  , it is periodic for either
sign. Periodic boundary conditions in (7.55) are referred to as Ramond (R) boundary
conditions, whereas anti-periodic boundary conditions are called Neveu-Schwarz
(NS) boundary conditions. This means that fermions on the world-sheet satisfy
 .�C`/ D e2�i� .�/, where � D 0 for the R-sector and � D 1

2
for the NS-sector.

More general phases are not allowed for real  . Space-time Poincaré invariance
requires that we impose the same boundary conditions in all directions �. This
also guarantees that the supercurrents TF˙ have definite periodicity. However, the
conditions for the two spinor components C and  � can be chosen independently,
leading to a total of four possibilities: (R,R), (NS,NS), (NS,R) and (R,NS).
Obviously, the two components of the supersymmetry parameter 	 have to be chosen
such that ıX� / 	 � is periodic. We will show in the next chapter that string states
in the R sector are space-time fermions and states in the NS sector are space-time
bosons. Therefore, the two sectors (R,R) and (NS,NS) lead to space-time bosons
and the remaining sectors, (NS,R) and (R,NS) to space-time fermions.

For the open string the variation (7.54) has to be canceled on each boundary, i.e.
at � D 0 and � D `, separately. Given that  C and  � are real, this leads to the
following admissible boundary conditions

 
�
C.0/ D ˙ ��.0/;  

�
C.`/ D ˙ ��.`/; (7.56)

which can be imposed for each direction � independently. As for the open bosonic
string, we can impose Neumann or Dirichlet boundary conditions.

If we want to preserve space-time Poincaré invariance along .p C 1/ directions,
we have to impose the same boundary conditions. In analogy to the bosonic string
we call these Neumann directions and without loss of generality we specify NN
boundary conditions for the world-sheet fermions as

(NN)  ˛C.0/ D  ˛�.0/;  ˛C.`/ D � ˛�.`/; (7.57)

where � D ˙1. Only the relative sign in the boundary conditions at � D 0 and � D `
is relevant and by a redefinition  � ! ˙ �, which leaves the action invariant, we
can always move the sign � to the � D ` boundary. We therefore have to distinguish
between two sectors, � D C1 and � D �1. The choice � D C1 is called Ramond
sector and the choice � D �1 is called Neveu-Schwarz sector of the open string.
States in the R (NS) sector will turn out to be space-time fermions (bosons).

We will now demonstrate that the boundary conditions (7.57) break half of the
world-sheet supersymmetry. Indeed, in order to preserve the boundary conditions
under (7.39) we need to require

	C.0/ D 	�.0/; 	C.`/ D �	�.`/: (7.58)

Here we use the fact that for NN b.c.’s @�X vanishes at the two ends while @�X is
free.
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If we want to impose DD boundary conditions along the remaining directions we
require

(DD)  iC.0/ D � i�.0/;  iC.`/ D �� i�.`/: (7.59)

and for mixed boundary conditions

(ND)  aC.0/ D C a�.0/;  aC.`/ D �� a�.`/; (7.60)

(DN)  aC.0/ D � a�.0/;  aC.`/ D C� a�.`/: (7.61)

In all four cases � D C1 is the R-sector and � D �1 the NS sector and all boundary
conditions impose (7.58) on the supersymmetry parameters. The requirement that
they preserve the same world-sheet supersymmetry fixes them.

We can summarize the boundary conditions as

 
�
C.0/ D D�

�.0/ 
��.0/

 
�
C.`/ D �D�

�.`/ 
��.`/

with � D
(

C1 R

�1 NS;
(7.62)

where, as in (4.169), D�
� D .ı˛ˇ;�ıi j /.

7.4 Oscillator Expansions

We now proceed as in the bosonic string and solve the equations of motion for the
unconstrained system. The treatment for the bosonic coordinates is identical to the
one in Chap. 2 and will not be repeated here. The fermionic fields require some care.

Closed Strings

We have to distinguish between two choices of boundary conditions for each
chirality. The general solutions of the two-dimensional Dirac equation with periodic
(R) and antiperiodic (NS) boundary conditions are

 
�
C.�; �/ D

r

2�

`

X

r2ZC�
b
�

r e
�2�ir.�C�/=`

 ��.�; �/ D
r

2�

`

X

r2ZC�
b�r e
�2�ir.���/=`

where

(

� D 0 (R)

� D 1
2

(NS)
: (7.63)
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� can be chosen independently for the left- and right-movers. The reality of the
Majorana spinors translates into the following conditions for the modes:

.b�r /
� D b��r ; .b

�

r /
� D b��r : (7.64)

In terms of the fermionic oscillator modes the basic Dirac bracket Eq. (7.50)
translates to

fb�r ; b�s gD:B: D �i ���ırCs;
fb�r ; b

�

s gD:B: D �i ���ırCs;
fb�r ; b

�

s gD:B: D 0: (7.65)

Next we decompose the generators of conformal and superconformal transfor-
mations into modes. We restrict ourselves to one sector, say the right-moving one.
The results for the left-moving sector are obtained by simply placing a bar over all
oscillators. We define

Ln D � `

4�2

Z `

0

d� e�2�in�=` T��.�/;

Gr D � 1
�

r

`

2�

Z `

0

d� e�2�ir�=` TF�.�/: (7.66)

From Eq. (7.42) it is clear that TF� satisfies the same periodicity condition as the
 �: periodic in the R-sector and antiperiodic in the NS-sector. Consequently, the
mode numbers are integer and half-integer respectively. In terms of oscillators we
find Lm D L.˛/m C L.b/m where

L.˛/n D
1

2

X

m2Z
˛�m � ˛mCn (as before);

L.b/n D
1

2

X

r

�

r C n

2

�

b�r � bnCr ;

Gr D
X

m

˛�m � brCm: (7.67)

Note that
P

r b�r � bnCr D 0. This term has been included to make the expression

for L.b/n look more symmetric. It corresponds to the mode expansion of @�. � �/
which vanishes by the Grassmann property of �. The generatorsLm andGr satisfy
the following reality conditions

L�m D L�m; G�r D G�r : (7.68)
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One now verifies, using the basic brackets Eqs. (2.81a) and (7.65), the following
(classical) algebra:

fLm;LngD:B: D �i.m� n/LmCn;

fLm;GrgD:B: D �i
�

1

2
m � r

�

GmCr ;

fGr;GsgD:B: D �2i LrCs: (7.69)

It can also be derived from Eq. (7.51) and the definitions Eq. (7.66). This algebra is
called the centerless super-Virasoro algebra. In the next chapter we will show how
it is modified in the quantum theory. For the closed string there are two copies of
this algebra, one for the left- and one for the right-movers.

Open Strings

For the open string we also expand the fermionic fields in modes and implement the
boundary conditions (7.56). As expected, the boundary conditions relate the left-
and right-movers and there is only one set of oscillators. We find

(NN)  ˛˙.�; �/ D
r

�

`

X

r

b˛r e
�i�r.�˙�/=` r 2

(

ZC 1
2

NS
Z R;

(7.70a)

(DD)  i˙.�; �/ D ˙
r

�

`

X

r

bir e
�i�r.�˙�/=` r 2

(

ZC 1
2

NS

Z R;
(7.70b)

(ND)  a˙.�; �/ D
r

�

`

X

r

bar e
�i�r.�˙�/=` r 2

(

Z NS

ZC 1
2

R;
(7.70c)

(DN)  a˙.�; �/ D ˙
r

�

`

X

r

bar e
�i�r.�˙�/=` r 2

(

Z NS

ZC 1
2

R :
(7.70d)

In all four cases the surviving supersymmetry parameter has an expansion in integer
(half-integer) modes in the R (NS) sector. This is consistent with ıX � 	 .

As in the bosonic case we can use the doubling trick and define, for each of the
four boundary conditions purely, say left-moving fields  C on the interval 0 � � �
2` by combining C.�/ with˙ �.2`��/. The sign is chosen to have continuity at
� D `. In the R-sector these fields are periodic (with period 2`) for (NN) and (DD)
boundary conditions and anti-periodic for (DN) and (ND) boundary conditions. In
the NS sector the assignments are opposite.

To find the oscillator expressions for the symmetry generators, we also use the
doubling trick, i.e. Ln and Gr are defined as
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Ln D � `

2�2

Z C`

�`
d� ei�n�=` TCC.�/:

Gr D � 1
�

r

`

�

Z C`

�`
d� ei�r�=` TFC.�/: (7.71)

One finds

Ln D 1

2

X

m

˛�m � ˛mCn C 1

2

X

r

�

r C n

2

�

b�r � bnCr ;

Gr D
X

m

˛�m � brCm: (7.72)

Notice that for all boundary conditions the modes ofGr are integer (half-integer) in
the R (NS) sector. This is required in order for the supersymmetry generators

R N	TF
to be well-defined and can be considered the defining property of the two sectors.

The Dirac brackets for the oscillators and the modes of the symmetry generators
are the same as those for, say the right-movers, of the closed string.

7.5 Appendix: Spinor Algebra in Two Dimensions

In this appendix we summarize our notation for spinors in two dimensions and
provide some identities which will prove useful in this and the following chapter.
The two-dimensional Dirac matrices satisfy

f�˛; �ˇg D 2 h˛ˇ: (7.73)

They transform under coordinate transformations and are related to the constant
Dirac matrices �a through the zweibein: �˛ D e˛a �

a from which f�a; �bg D 2�ab

with �ab D
��1 0

0 C1
�

follows. A convenient basis for the �a is

�0 D i�2 D
�

0 1

�1 0
�

; �1 D �1 D
�

0 1

1 0

�

; (7.74)

and we define � D �0�1 D �3 D
�

1 0

0 �1
�

, which is the analogue of �5 in

four dimensions. We define the charge conjugation matrix as C D �0. Then
.�a/T D �C�aC�1. A Majorana spinor satisfies � D ���0 D �TC . This means
that Majorana spinors are real. Using spinor indices, an expression of the form
�
  , where 
 is some combination of Dirac matrices, can be alternatively written
as �A
AB B , where �A D �BC

BA. Two-dimensional spinor indices take values
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A D ˙; i.e.  C D � �,  � D  C. The index structures of the Dirac matrices and
of the charge conjugation matrix are .�˛/AB , CAB and .C�1/AB . With these results
we can convert covariant expressions into component expressions; e.g.

 �˛@˛ D �2. C@� C C  �@C �/: (7.75)

It is easy to prove the following spin-flip property, valid for anti-commuting
Majorana spinors:

�1�
˛1 � � ��˛n�2 D .�1/n�2�˛n � � ��˛1�1: (7.76)

This and the following Fierz identity, again valid for anticommuting spinors, are
needed to show the invariance of the action under supersymmetry transformations:

. �/.��/ D �1
2

˚

. �/.��/C . ��/.���/C . �˛�/.��˛�/
�

: (7.77)

The identity
�˛�ˇ�˛ D 0 (7.78)

follows from the Dirac algebra in two dimensions. Another useful relation is

�˛�ˇ D h˛ˇ C 1

e
	˛ˇ�; .	01 D 1/: (7.79)

A purely helicity ˙3=2 fermion Q , i.e. � � Q D 0, satisfies �˛ Q ˇ D �ˇ Q ˛ . Our
convention for the two-dimensional 	-tensor is 	˛ˇ D ˙1 (	01 D 1) and 	˛ˇ D ˙h
(	01 D h D �e2). Then e˛aeˇb	ab D 1

e
	˛ˇ .
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Chapter 8
The Quantized Fermionic String

Abstract The fermionic string is quantized analogously to the bosonic string,
though this time leading to a critical dimension d D 10. We first quantize in light-
cone gauge and construct the spectrum. To remove the tachyon one has to perform
the so-called GSO projection, which guarantees space-time supersymmetry of the
ten-dimensional theory. There are two possible space-time supersymmetric GSO
projections which result in the type IIA and the type IIB superstring. We also present
the covariant path integral quantization. The chapter closes with an appendix on
spinors in d dimensions.

8.1 Canonical Quantization

We proceed in the same way as in the bosonic theory by making the replace-
ment (3.1) and, in addition, by replacing the Dirac bracket for the anticommuting
world-sheet fermions by an anti-commutator:

f ; gD:B: ! 1

i
f ; g: (8.1)

We find

f �C.�; �/;  �C.� 0; �/g D 2� ���ı.� � � 0/;
f ��.�; �/;  ��.� 0; �/g D 2� ���ı.� � � 0/;
f �C.�; �/;  ��.� 0; �/g D 0 (8.2)

or, in terms of oscillators1

1Again, we will only write down the expressions for the right-moving sector of the closed string.
The left-moving expressions are easily obtained by simply putting bars over all mode operators.

R. Blumenhagen et al., Basic Concepts of String Theory, Theoretical and Mathematical
Physics, DOI 10.1007/978-3-642-29497-6
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8, © Springer-Verlag Berlin Heidelberg 2013
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fb�r ; b�s g D ���ırCs: (8.3)

We define oscillators with positive mode numbers as annihilation operators and
oscillators with negative mode numbers are creation operators. We have seen in
Chap. 3 that ˛�0 and ˛�0 correspond to the center of mass momentum of the string.
We will see below how the fermionic zero mode operators b�0 and b

�

0 in the
R-sector are to be interpreted. But we observe already here that they satisfy a
Clifford algebra:

fb�0 ; b�0g D ���: (8.4)

The level number operator is

N D N.˛/ CN.b/; (8.5)

where

N.˛/ D
1
X

mD1
˛�m � ˛m;

N .b/ D
X

r2ZC�>0
r b�r � br : (8.6)

The oscillator expressions of the super-Virasoro generators are again undefined
without giving an operator ordering prescription. As in Chap. 3 we define them by
their normal ordered expressions, i.e.

Ln D L.˛/n C L.b/n (8.7)

with

L.˛/n D
1

2

X

m2Z
W ˛�m � ˛mCn W;

L.b/n D
1

2

X

r2ZC�

�

r C n

2

�

W b�r � bnCr W (8.8)

and

Gr D
X

m2Z
˛�m � brCm: (8.9)

Obviously, normal ordering is only required for L0 and we include again an as yet
undetermined normal ordering constant a in all formulas containing L0.

Unless stated otherwise, the expressions for the open string coincide with the ones for the right-
moving sector of the closed string.
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The algebra satisfied by the Ln and Gr can now be determined. Great care is
again required due to normal ordering. One finds

ŒLm;Ln	 D .m � n/LmCn C d

8
m .m2 � 2�/ ımCn;

ŒLm;Gr 	 D
�m

2
� r

�

GmCr ;

fGr;Gsg D 2LrCs C d

2

�

r2 � �
2

�

ırCs: (8.10)

This is the super-Virasoro algebra. A straightforward and save way to derive it
is to evaluate the (anti)commutators between two states which are annihilated by
all annihilation operators or to use techniques of superconformal field theory. These
will be presented in Chap. 12. We note that the R (� D 0) and NS (� D 1

2
) algebras

agree formally except for the terms in the anomalies which can be removed by
shifting L0 by a constant. Indeed, if we define LR0 ! LR0 C d

16
, it takes the form

Eq. (8.10) with � D 1
2

in both sectors.
The algebra in the form of Eq. (7.51) is modified by quantum effects as follows:

ŒTCC.�/; TCC.� 0/	 D � � � � i�d
4
@3� 0ı.� � � 0/;

fTFC.�/; TFC.� 0/g D � � � � �d
4
@2� 0ı.� � � 0/; (8.11)

where we have only written the non-trivial quantum corrections. The other terms
follow from (7.51) and (8.1).

Let us now examine the states in the Hilbert space of the theory. In doing so, we
have to distinguish between two sectors, R and NS. The oscillator ground states in
the two sectors are defined by

˛�mj0iNS D b�r j0iNS D 0; m D 1; 2; : : : ; r D 1

2
;
3

2
; : : : (8.12)

and

˛�mjaiR D b�mjaiR D 0; m D 1; 2; : : : (8.13)

(we suppress the dependence on the center of mass momentum). The fact that the
R sector ground state carries a label is because in this sector there are the b�0 zero
modes. They do not change the mass of the ground state or any other state. The
mass operators for the fermionic string are given by the same expressions as in the
bosonic case but with the level numbers as in Eq. (8.5) and as yet to be determined
normal ordering constants aNS and aR which are a priori different. It is then easy to
check that Œb�0 ;m

2	 D 0, i.e. the states j0i and b�0 j0i are degenerate in mass. But ˛�n ,
b
�
r for n; r < 0 increase ˛0m2 by 2n and 2r units respectively (for the closed string;
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for the open string the increase is by n and r units). This means that in the NS sector
there is a unique ground state which must therefore be spin zero. In the R sector the
ground state is degenerate. These degenerate R ground states form a representation
of the Clifford algebra (8.4) and transform as a spinor of SO.d � 1; 1/. We will see
this explicitly below.

Since the degenerate ground states transform in a spinor representation of the
space-time rotation group SO.d � 1; 1/, they are space-time fermions, whereas
states in the NS sector are space-time bosons. The oscillators, all being space-time
vectors, cannot change bosons into fermions or vice versa. Whether a state belongs
to the R or the NS sector depends on the ground state it is built on. We will come
back to this important point in Chap. 12.

We write the R ground state as jai, where a is a SO.d � 1; 1/ spinor index.
We know from the zero mode algebra (8.4) that the b�0 satisfy the Dirac algebra,
and it is very suggestive to represent them as Dirac matrices.2 We identify b�0 jai D
1p
2
.
�/abjbi where 
� is a Dirac matrix in d dimensions, satisfying f
�; 
�g D

2��� .
As announced above, we will now give an explicit description of the Ramond

ground states for d -even. One first defines the fermionic raising and lowering
operators3

b0̇ D
ip
2

�

b00 ˙ b10
�

;

bi̇ D
1p
2

�

b2i0 ˙ i b2iC10

�

i D 1; : : : ; d � 2
2

(8.14)

so that in this basis the Clifford algebra reads (i D 0; : : : ; d�2
2

)

fbCi ; b�j g D ıij : (8.15)

Define a highest weight state j0iR which satisfies bCi j0iR D 0. Successive

application of the lowering operators b�i generates the 2
d
2 dimensional spinor

representation of SO.d � 1; 1/. These states are denoted as4

jsssi D js0; s1; s2; s3; s4i; with si D ˙1
2
; (8.16)

2In fact, the zero modes generate a finite group of order 2dC1 under multiplication. Using results
from the representation theory of finite groups, one can show that for d even there is only one
inequivalent irreducible representation of this group which is not one-dimensional. This represen-
tation must therefore be the one in terms of Dirac matrices. The one-dimensional representations
of the group clearly violate the Dirac algebra. For d odd, there are two representations but they
only differ by a sign of one of the Dirac matrices.
3We anticipate that the critical dimension will be even.
4In this way the states are presented by their weight vector; cf. Chap. 13.
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where j0iR D j C 1
2
;C 1

2
;C 1

2
;C 1

2
;C 1

2
i and the operator b�i lowers si from C 1

2
to

� 1
2
. This leads to a 2

n
2 -dimensional representation of the b�0 and it is obvious from

our discussion that the representation matrices satisfy the Dirac algebra, i.e. they are
Dirac-matrices. Further properties are collected in the appendix of this chapter.

The discussion above was for the right-moving part of the closed string and
the results immediately carry over to the left-moving sector of the closed string.
However, we have to be careful when using them for the open string. For NN and
DD boundary conditions they are valid. But for ND and DN boundary conditions
the results for the R and NS sectors are interchanged, because in these mixed sectors
the moding of the fermionic oscillators is reversed. In other words, for ND and DN
boundary conditions the oscillator ground state in the NS is degenerate while it is
unique in the R sector. We postpone a discussion of the propagators for the world-
sheet fermions until Chap. 12.

We still have to implement the constraints on the states of the theory. Due
to the anomalies in the super-Virasoro algebra, it is again impossible to impose
Lmjphysi D Gr jphysi D 0 for all m and r . The best we can do is to demand that

Gr jphysi D 0 r > 0;

Lmjphysi D 0 m > 0 (NS);

.L0 C a/jphysi D 0 (8.17a)

in the NS sector, and

Gr jphysi D 0 r � 0;
Lmjphysi D 0 m > 0 (R);

L0jphysi D 0 (8.17b)

in the R sector. Note that we do not have included a normal ordering constant in the
last equation. There are several reasons for this. From the super-Virasoro algebra
we find that G2

0 D L0, i.e. if we had .L0 � �2/jphysi D 0 we also needed .G0 �
�/jphysi D 0. However, G0 has no normal ordering ambiguity and the normal
ordering constants arising from the bosonic and the fermionic oscillators cancel in
L0 in the Ramond sector. Also, G0 is anti-commuting whereas the normal ordering
constant is a commuting c-number. When we discuss the spectrum we will find that
setting � D 0 is indeed correct.

For the closed string there is, of course, a second set of conditions for the left
movers and we also have to demand that

.L0 �L0/jphysi D 0; (8.18)

again expressing the fact that no point on a closed string is distinguished.
Consider the ground state in the Ramond sector. For it to be a physical state, it

has to satisfy G0jai D 0. With the mode expansion of G0 and (8.13) we find
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G0jai D ˛0�b�0 jai / p�.
�/ab jbi D 0 : (8.19)

If we introduce the polarization spinor ua and define the state jui D uajai this
means that jui is a physical state if p�
� u D 0, i.e. if u satisfies the massless Dirac
equation. In Chap. 13 we will find the same condition by requiring BRST invariance
of the vertex operator of a space-time fermion.

So far the quantization has been canonical and covariant. We know, however, that
due to the negative eigenvalue of ��� there are negative norm states (ghosts). As in
the bosonic theory one can prove a no-ghost theorem which states that the negative
norm states decouple in the critical dimension d for a particular value of the normal
ordering constant a. It turns out that for the fermionic string d D 10 and a D �1=2.
As it was for the conformal symmetry in the bosonic case, in the fermionic theory
the superconformal symmetry is just big enough to allow for the ghost decoupling.
We will not prove the no-ghost theorem here but instead follow our treatment of
the bosonic theory and discuss the non-covariant light-cone quantization where the
constraints are solved explicitly. At the end of this chapter we will discuss the
covariant path integral quantization. Both approaches will also lead to the above
values for the critical dimension and the normal ordering constant.

8.2 Light-Cone Quantization

In the bosonic theory the light-cone gauge was obtained by the choice

XC D 2�˛0

`
pC� (8.20)

(cf. Eq. (3.31) on page 42) which fixed the gauge completely. This choice is again
possible in the fermionic theory and also completely eliminates the reparametriza-
tion invariance. But now we still have local supersymmetry transformations. In
going to super-conformal gauge we have fixed it partially leaving only transfor-
mations satisfying @C��D @��CD 0. This freedom can now be used (cf. (7.39)) to
transform  C away; i.e. in addition to Eq. (8.20) the light-cone gauge condition in
the fermionic theory is

 C D 0 (8.21)

or, equivalently, bCr D 0, 8r . (Here and below the superscript denotes the light-cone
component; i.e.  ˙ D 1p

2
. 0 ˙  1/.) The canonical Hamiltonian in light-cone

gauge is

Hl:c: D �˛0

`
pipi C 2�

`

�

N
.˛/
tr C NN. N̨ /

tr CN.b/
tr C NN. Nb/

tr C aC Na
�

(8.22)
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for the closed string and

Hl:c: D �

`

�

N
.˛/
tr CN.b/

tr C a
�

C �˛0

`

X

NN

pipi C 1

4�˛0`
X

DD

.xi2 � xi1/2 (8.23)

for the open string. Here we have used the number operators for the transverse
degrees of freedom

N
.˛/
tr D

X

n>0

˛i�n ˛in and N
.b/
tr D

X

r>0

r bi�r bir (8.24)

and we have also introduced normal ordering constants which we will determine
later. They will turn out to be different for the NS and the R sectors.

After going to light-cone gauge we can solve the constraints. The bosonic
constraints T˙˙ D 0 lead to

@˙X� D 1

2pC
`

2�

�

2

˛0
@˙Xi@˙Xi C i i˙ @˙  i˙

�

(8.25)

and solving the fermionic constraints TF˙ D 0 we find

 �̇ D 2

˛0pC
`

2�
 i˙ @˙Xi ; (8.26)

which leaves only the transverse componentsXi and  i as independent degrees of
freedom. The corresponding oscillator expressions are

˛�m D
1p
2˛0pC

(

X

n

W ˛in ˛im�n W C
X

r

�m

2
� r

�

W bir bim�r W Ca ım
)

(8.27)

and

b�r D
r

2

˛0
1

pC
X

q

˛ir�q biq: (8.28)

These expressions are valid for the right-moving part of the closed string and have to
be supplemented by their left-moving counterpart. For the open string we find (8.27)
and (8.28) but with an additional multiplicative factor of 1

2
on the right hand side.

From (8.27) with m D 0 and the expressions for the light-cone Hamiltonians we
find

p� D `

2�˛0pC
Hl:c:: (8.29)
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For the closed string, the expression
R

d�.@C � @�/X� D
R

d�@�X
� D 0 leads to

the level matching condition

N
.˛/
tr CN.b/

tr D NN. N̨/
tr C NN. Nb/

tr : (8.30)

The mass operators are now easily obtained from (8.29). For the closed string we
find

˛0m2
L D 2. NN. N̨/

tr C NN. Nb/
tr C Na/ ˛0m2

R D 2.N .˛/
tr CN.b/

tr C a/ (8.31)

and

m2
L D m2

R (8.32)

as a consequence of level matching and assuming a D a. For the open string the
mass operator reads

˛0m2 D N.˛/
tr CN.b/

tr C
1

4�2˛0
.�X/2 C a: (8.33)

We still need to determine the normal ordering constants. Here we have to
distinguish between the two sectors. In the NS sector of the closed string it is
aNS D NaNS D 1

2
.d �2/.P1nD0 n�

P1
rD1=2 r/ D 1

2
.d �2/.� 1

12
� 1
24
/ D � 1

16
.d �2/,

where again we have used -function regularization (3.44). In the R sector of the
closed string the sum in the fermionic sector is over integer modes and it cancels the
contribution from the bosons. Therefore one simply gets aR D NaR D 0.

For the open string, in addition to the distinction between the NS and R sector,
we also have to distinguish between various boundary conditions. For NN and DD
boundary conditions one obtains the same results as for the closed string except that
d is replaced by the number dNN=DD of NN plus DD boundary conditions. In the
DN and ND sectors, the bosons are half-integer moded. Following our discussion
in Sect. 7.3, the fermions in the R sector have the same moding as the bosons while
in the NS sector they have the opposite (integer vs. half-integer) moding. We find
aNS D � 1

16
.dNN=DD � 2/ C m

16
D � 1

16
.d � 2/ C m

8
and aR D 0, where m is the

number of directions with mixed boundary conditions. Note that in the R-sector the
contributions from bosons and fermions always cancel.

8.3 Spectrum of the Fermionic String, GSO Projection

Let us now look at the spectrum of the fermionic string, where we have to distinguish
between NS and R sectors. We first discuss the open fermionic string spectrum with
NN boundary conditions. The spectrum of the closed string then follows easily as
the tensor product of two open string spectra, one for the left and one for the right
movers, subject to level matching.
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1. NS-sector: The ground state is the oscillator vacuum j0iwith ˛0m2 D a. The first
excited state is bi�1=2j0i with ˛0m2 D 1

2
C a. This is a vector of SO.d � 2/ and,

following the argument of Chap. 3, must be massless, leading to a value a D � 1
2

for the normal ordering constant. Using a D � 1
16
.d � 2/ we derive d D 10

for the critical dimension of the fermionic string. At the next excitation level we
have the states ˛i�1j0i and bi�1=2b

j

�1=2j0i with ˛0m2 D 1
2
, comprising 8 C 28

bosonic states. It can again be shown that these and all other massive light-cone
states, which are tensors of SO.8/, combine uniquely to tensors of SO.9/, the
little group for massive states in ten dimensions.

2. R-sector: We already know that the R ground state is a spinor of SO.9; 1/. A
Dirac spinor in ten space-time dimensions has 25 independent complex or 64
real components. On shell this reduces to 32 components since the Dirac equation

�@� D 0 relates half of the components to the other half. We can now still
impose a Weyl or a Majorana condition, each of which reduces the number of
independent components further by a factor of two. In ten dimensional space-
time it is even possible to impose both simultaneously5 leaving 8 independent
on-shell components. They can also be viewed as the components of a Majorana-
Weyl spinor of SO.8/. It is easy to see that the Ramond ground state is indeed
massless. In light-cone gauge, using the description given in (8.14), one only
has the raising and lowering zero modes bi̇ with i D 1; : : : ; 4. Therefore, the
degenerate R-ground can be described by the 16 states js1; s2; s3; s4i with si D
˙ 1
2
. We can now choose the ground state to have either one of two possible

chiralities, which we will denote by jai and j Pai respectively. The ground state
jai contains all states with

P

i si 2 2Z and j Pai all states with
P

i si 2 2ZC 1.
The first excitation level consists of states ˛i�1jai and bi�1jai plus their chiral
partners with ˛0m2 D 1. Again, for d D 10, all the massive light-cone states
can be uniquely assembled into representations of SO.9/. In Table 8.1 this is
demonstrated for the first few mass levels.

It can be shown that the fermionic string theory with all the states in both the
NS and R sectors is inconsistent. This can be reconciled by making a truncation
of the spectrum, called the GSO (Gliozzi-Scherk-Olive) projection, which renders
the spectrum tachyon free and space-time supersymmetric. We will prove both
statements, the necessity of the truncation and the space-time supersymmetry of the
resulting spectrum, in Chap. 9 where the first assertion follows from the requirement
of modular invariance and the second from the vanishing of the one-loop partition
function. Another argument would be the locality of the operator algebra generated
by the vertex operators, cf. Chap. 15.

5The general statement is that we can impose Majorana and Weyl conditions simultaneously on
spinors of SO.p; q/ if and only if p � q D 0 mod 8. For Minkowski space-times (q D 1) this is
the case for d D 2C 8n and for Euclidean spaces (q D 0) for d D 8n. More details can be found
in the appendix of this chapter.
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Table 8.1 Open fermionic string spectrum

˛0.mass/2 States and their Little .�1/F Representation contents with
SO.8/ representation contents group respect to the little group

NS-sector

� 1
2

j0i
.1/

SO.9/ �1 .1/

0
bi

�1=2j0i
.8/v

SO.8/ C1 .8/v

C 1
2

˛i
�1j0i
.8/v

bi
�1=2b

j

�1=2j0i
.28/

SO.9/ �1 .36/

C1

bi
�1=2b

j

�1=2b
k
�1=2j0i

.56/v

˛i
�1b

j

�1=2j0i
.1/C .28/C .35/v

bi
�3=2j0i
.8/v

SO.9/ C1 .84/C .44/

R-sector

0

jai
.8/s

j Pai
.8/c

SO.8/

C1

�1

.8/s

.8/c

C1

˛i
�1jai

.8/c C .56/c
bi

�1j Pai
.8/s C .56/s

˛i
�1j Pai

.8/s C .56/s
bi

�1jai
.8/c C .56/c

SO.9/

C1

�1

.128/

.128/

Here we will turn the argument around and motivate the GSO projection by
requiring a space-time supersymmetric spectrum. By inspection of Table 8.1 we
see that at the massless level this can be achieved by projecting out one of the two
possible chiralities of the R ground state. This leaves us with the on-shell degrees
of freedom of N D 1, d D 10 Super-Yang-Mills theory: a massless spinor and
a massless vector. Obviously, we also have to get rid of the tachyon. Let us define
a quantum number which is the eigenvalue of the operator .�1/F where F is the
world-sheet fermion number. If we assign the NS vacuum .�1/F j0i D �j0i, we
can write in the NS sector F D P

r>0 b
i�rbir � 1. If we then require that all states

satisfy .�1/F D 1, we remove all states with half-integer ˛0m2 (for which there are
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no space-time fermions). In particular the tachyon disappears. A general state in the
NS sector, ˛i1�n1 � � �˛iN�nN bj1�r1 � � �bjM�rM j0i has .�1/F D .�1/MC1 and all states with
M even are projected out.

In the R sector the equivalent of .�1/FL is a generalized chirality operator

.�1/F D 16 b20 � � �b90 .�1/
P

n>0 b
i
�nb

i
n ; (8.34)

where 
 D 16 b20 � � �b90 is the chirality operator in the eight transverse dimensions
and

P

n>0 b
i�nbin the world-sheet fermion number operator. It is easy to see that

f.�1/F ;  �g D 0 and the eigenvalues of the R ground states are ˙1, depending on
their chirality, if we define .�1/F jai D 16

Q9
iD2 bi0jai D C1jai and .�1/F j Pai D

�1j Pai. Then a general state in the R-sector ˛i1�n1 � � �˛iN�nN bj1�m1 � � �bjM�mM jai has
.�1/F D .�1/M .�1/

P

i ımi ;0 and the analogous state built on the jai ground state
has .�1/F D �.�1/M.�1/

P

i ımi ;0 . The GSO projection then amounts to demanding
that all states have either chirality .�1/F D 1 or .�1/F D �1. We see from
Table 8.1 that making the GSO projection we arrive at a supersymmetric spectrum
(at least up to the level displayed there).

Of course, the consistency of the truncation requires that in the interacting theory
we do not produce any of the projected-out states. This will follow from demanding
locality of the operator product algebra of the vertex operators for all allowed states.
We will discuss this further in Chap. 15.

To obtain the closed string spectrum, we take the tensor product of two open
string spectra, one for the left- and one for the right-movers, obeying the constraint
Eq. (8.18). We have to distinguish between four sectors, two of which, namely
(NS,NS) and (R,R), lead to space-time bosons and the two sectors (NS,R) and
(R,NS) to space-time fermions. An additional complication arises because we can
choose between two possible chiralities for the left and right R ground state. Since
in each sector we have to satisfy the constraint L0 � L0 D 0, or, equivalently
m2
R D m2

L, the closed string states are tensor products of open string states at the
same mass level. The possible states up to the massless level are shown in Table 8.2.
There are too many states at the massive level to display, but it is straightforward to
work out the continuation of the table. Again, we have to make the GSO projection.
One way to perform it is for the right- and left-movers separately. For the NS
states we require .�1/F D C1 and .�1/F D C1 and for the R-sector states
.�1/F D C1 or .�1/F D �1 and likewise for .�1/F . This leads to two inequivalent
possibilities, .�1/F D .�1/F and .�1/F D �.�1/F . For instance, the theory with
.�1/F D .�1/F D C1 has no tachyon and the following massless states:

Bos: Œ.1/C .28/C .35/v	.NS;NS/ C Œ.1/C .28/C .35/s	.R;R/ ;
.IIB/ Fermi: Œ.8/c C .56/c	.NS;R/ C Œ.8/c C .56/c	.R;NS/ ; (8.35)

i.e. we find a total of 128 bosonic and 128 fermionic states, indicating a supersym-
metric spectrum.
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Table 8.2 Closed fermionic string spectrum

˛0.mass/2 States and their SO.8/ Little .�1/F .�1/F Representation contents with
representation contents group respect to the little group

(NS,NS)-sector

�2 j0iL
.1/

� j0iR
.1/

SO.9/ �1 �1 .1/

0
b
i

�1=2j0iL
.8/v

� bj
�1=2j0iR
.1/

SO.8/ C1 C1 .1/C .28/C .35/v

(R,R)-sector

0

jaiL
.8/s

� jbiR
.8/s

j PaiL
.8/c

� j PbiR
.8/c

j PaiL
.8/c

� jbiR
.8/s

jaiL
.8/s

� j PbiR
.8/c

SO.8/

C1

�1

�1

C1

C1

�1

C1

�1

.1/C .28/C .35/s

.1/C .28/C .35/c

.8/v C .56/v

.8/v C .56/v
(R,NS)-sector

0

jaiL
.8/s

� bi
�1=2j0iR
.8/v

j PaiL
.8/c

� bi
�1=2j0iR
.8/v

SO.8/

C1

�1

C1

C1

.8/c C .56/c

.8/s C .56/s

(NS,R)-sector

0

b
i

�1=2j0iL
.8/v

� jaiR
.8/s

b
i

�1=2j0iL
.8/v

� jPaiR
.8/c

SO.8/

C1

C1

C1

�1

.8/c C .56/c

.8/s C .56/s

The projection as given above defines the type IIB superstring theory whose
massless spectrum is that of type IIB supergravity (SUGRA) in ten dimensions.
The .35/v represents the on-shell degrees of freedom of a graviton, the two .28/’s
represent two antisymmetric tensor fields and the .35/s a rank four self-dual
antisymmetric tensor. In addition there are two real scalars. The fermionic degrees
of freedom are those of two on-shell gravitinos (the .56/c) with spin 3=2 and of two
spin 1=2 fermions, called dilatinos. The number of components for the massless
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fields follows from (7.5). The presence of two gravitinos means that this theory has
N D 2 supersymmetry. Since both gravitinos are of the same handedness, it is a
chiral theory. It is worth mentioning that the handedness of the dilatinos is opposite
to that of the gravitini. Together a gravitino and a dilatino form a reducible vector
spinor  � whose traceless part 
� � D 0 is the gravitino and whose trace part is
the dilatino.

The choice .�1/F D �.�1/F D 1 leads to the following massless spectrum:

Bos: Œ.1/C .28/C .35/v	.NS;NS/ C Œ.8/v C .56/v	.R;R/ ;
.IIA/ Fermi: Œ.8/c C .56/c	.NS;R/ C Œ.8/s C .56/s	.R;NS/ ; (8.36)

representing the degrees of freedom of a graviton .35/v, an antisymmetric rank three
tensor .56/v, an antisymmetric rank two tensor .28/, one vector (.8/v) and one real
scalar, the dilaton. The fermions can be interpreted as two gravitinos of spin 3=2
and two dilatinos of spin 1=2, one of each handedness. Again, we have N D 2

supersymmetry but non-chiral. This theory is called the type IIA superstring and its
massless sector type IIA supergravity. We already note here and will discuss it in
more detail in Chap. 16, that the massless spectrum of the type IIA theory can be
obtained by dimensional reduction of eleven-dimensional supergravity down to ten
dimensions. The fermionic degrees of freedom combine into those of one eleven-
dimensional Majorana spinor with 8 �24 D 128 degrees of freedom, cf. (7.5) on page
177. As for the bosons, Œ.1/ C .8/ C .35/	SO.8/ D 44SO.9/ which are the on-shell
degrees of freedom of an eleven-dimensional graviton and Œ.28/ C .56/	SO.8/ D
84SO.9/ which is a three-form.

Both supergravity theories, type IIA and type IIB, have N D 2 supersymmetry
in ten-dimensions. This means that there are two fermionic generators QI; I D
1; 2 which are Majorana-Weyl spinors of SO.1; 9/. Together they have 32 real
components. Often this is expressed by saying that the type II supergravities
have 32 supercharges. When one compactifies on a torus to four dimensions,
the resulting four-dimensional theory has N D 8 supersymmetry with eight
fermionic generators QI; I D 1; : : : ; 8 which are Majorana spinors of SO.1; 3/.
Again, the number of supercharges is 32. In other words, denoting the amount
of supersymmetry by the number of supercharges is independent of space-time
dimension and is invariant under compactification on a torus. Compactification on
manifolds with curvature will, on the other hand, break some or all supersymmetries
and reduces the number of supercharges. For instance, in Chap. 14 we consider
compactification on Calabi-Yau manifolds which preserves one quarter, i.e. eight,
supercharges, that is N D 2 supersymmetry in D D 4. The type I supergravity
theory which we consider next has 16 supercharges.

Let us finally look at the unoriented closed string. It is clear that its states are a
subset of those of the left-right symmetric type IIB theory, namely those which are
symmetric under world-sheet parity˝ which interchanges left- and right-movers

˝X�.�; �/˝�1 D X�.` � �; �/; ˝  
�

˙.�; �/˝
�1 D  ��.` � �; �/: (8.37)
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In terms of the oscillator modes this becomes Eq. (3.59) for the bosons and for the
fermions one obtains

˝ b�r ˝
�1 D e�2�ir b�r ; ˝ b

�

r ˝
�1 D e�2�ir b�r (8.38)

with r 2 Z (r 2 ZC 1
2
) for the R (NS) sector. From this it is clear that˝ exchanges

the (NS,R) sector with the (R,NS) sector. We also have to define how ˝ acts on the
closed string ground sates. Taking into account that the Ramond ground states are
space-time fermions with odd Grassmann parity, one defines

.NS;NS/ W ˝
�j0iL � j0iR

� D j0iL � j0iR;
.R;R/ W ˝

�jaiL � jbiR
� D �jbiL � jaiR;

.NS;R/ W ˝
�j0iL � jaiR

� D jaiL � j0iR;
.R;NS/ W ˝

�jaiL � j0iR
� D j0iL � jaiR: (8.39)

Thus, among the massless (NS,NS) sector states the .1/C .35/ survive, and among
the (R,R) states the (28). Among the fermions a diagonal combination of the .8/c C
.56/c survives so that the massless closed string spectrum of the non-orientable
theory is

Bosons: Œ.1/C .35/v	.NS;NS/ C Œ.28/	.R;R/ ;
Fermions: Œ.8/c C .56/c	.NS;R/C.R;NS/ : (8.40)

These are the states of N D 1 supergravity in ten dimensions which is the massless
closed string sector of the type I superstring theory. Both the field theory and the
string theory obtained from the type IIB theory by retaining only states invariant
under reversal of the world-sheet orientation are inconsistent. We will come back to
this in Chap. 9 when we discuss the full type I superstring theory. We will see that
consistency requires the addition of so-called twisted sectors which, in this case, are
open strings which give rise to massless gauge bosons.

8.4 Path Integral Quantization

Let us now turn to the path integral quantization of Polyakov. In Chap. 3 we
have seen that to obtain the ghost action we had to re-express the Faddeev-Popov
determinant as an integral over anti-commuting ghost fields. The ghost action
was than simply Sgh �

R

b˛ˇ
ıh˛ˇ
ı�

c
 where b˛ˇ was symmetric and traceless, the

tracelessness following from the Weyl-invariance of the theory (at least in the critical
dimension). In other words, the ghost Lagrangian followed immediately from the
traceless symmetric variation of the metric by replacing the gauge parameter �˛ by
a ghost field c˛ of opposite statistics and introducing the anti-ghost b˛ˇ with the



8.4 Path Integral Quantization 209

same tensor structure as the gauge field h˛ˇ , but opposite statistics. We will now
apply the same procedure to the fermionic string.

The transformations of the zwei-bein and the gravitino under reparametrizations
and supersymmetry transformations were discussed in the previous chapter. The
starting point is (7.15). We make compensating Weyl, Lorentz and super-Weyl
transformations to eliminate the trace and antisymmetric part in e˛aıeˇa and to
achieve �˛ı�˛ D 0. The parameters of these transformations are

� D 1

2
r˛�˛;

l D 1

2e
�˛ˇr˛�ˇ;

� D ��˛r˛� C 1

4
�˛�ˇ.P �/˛ˇ : (8.41)

In the critical dimension these are good symmetries and they can be used to make
� �-traceless. This is what we have done. In this case the torsion piece in the spin-
connection vanishes and all covariant derivatives will be without torsion. We obtain

e˛aıe
a
ˇ D �

1

2
.P �/˛ˇ � i

2
.�ˇ�˛�/;

ı�˛ D 2.˘�/˛ � 3
4
�ˇ�
�˛.rˇ�
 /C 1

2
�˛.r � �/ � .rˇ�˛/�ˇ: (8.42)

The ghost action is then

Sghost D � i

2�

Z

d2�
p
�h
�

b˛ˇ
h

e˛a
ıeaˇ

ı�

c
 C i

2
e˛a

ıeaˇ

ı�


i

C iˇ˛
hı�˛

ı�ˇ
cˇ C i

2

ı�˛

ı�


i

	

D � i

2�

Z

d2�
p
�h
�

b˛ˇr˛cˇ C ˇ˛r˛


� i�˛
h

cˇrˇˇ˛ C 3

2
ˇˇr˛cˇ � i

4
b˛ˇ�ˇ


i

	

: (8.43)

Here, ˇ˛ and 
 are commuting spin 3=2 and spin 1=2 ghosts with � � ˇ D 0

and b˛ˇ and c
 are as in Chap. 5. The factors of i have been included to make 

real and ˇ imaginary. Note that the term in brackets which multiplies N�˛ will be
absent in superconformal gauge. We could also have introduced ghosts for Weyl,
Lorentz and Super-Weyl transformations, but they would have been integrated out,
giving constraints on b˛ˇ and ˇ˛ , which imply them to be symmetric-traceless and
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�-traceless, respectively. Also, we would find that only the helicity ˙3=2 compo-
nents of the gravitino couple, reflecting super-Weyl invariance.

From the ghost action we can now derive the ghost energy-momentum tensor
and the ghost supercurrent. Using the definitions (7.28) and (7.29), the equations of
motion and a gravitino in superconformal gauge, we find

T˛ˇ D �i
�

b˛
rˇc
 C bˇ
rˇc
 � c
r
b˛ˇ

C 3

4
.ˇ˛rˇ C ˇˇr˛/
 C

1

4
.r˛ˇˇ Crˇˇ˛/


	

;

TF
 D i
�

�3
2
ˇ˛r
c˛ � .r˛ˇ
/c˛ C i

4
b
ı�

ı


	

: (8.44)

We could now proceed as in Chap. 3, expand the ghost fields in modes, find their
contribution to the super Virasoro operators and show that the conformal anomaly
vanishes in the critical dimension. We will however not do this here but rather
postpone the discussion until Chap. 12, where we will be able to derive the same
results in a much easier way using superconformal field theory. There we will also
discuss the supersymmetry of the ghost system.

8.5 Appendix: Dirac Matrices and Spinors in d Dimensions

Clifford Algebra and Dirac Matrices

The Clifford algebra in d dimensions is

f
�; 
�g D 2��� (Minkowskian) ; f
�; 
�g D 2ı�� (Euclidean) ; (8.45)

where �; � D 0; : : : ; d � 1.6 The extension to arbitrary signatures is possible. We
will restrict the discussion to Minkowskian and Euclidean signatures. All indices
are flat tangent space indices. One can convert them to curved indices with the help
of a d -bein. Often, in particular when we work in the critical dimension d D 10 of
the superstring, we also use the notation � � for the Dirac matrices.

Define the anti-symmetrized products


�1:::�p D 
Œ�1 � � �
�p	 D 1

pŠ

�


�1
�2 � � �
�p ˙ permutations
�

: (8.46)

6In Euclidean signature the labelling is usually 
1; : : : ; 
d , but for unity of notation we use � D
0; : : : ; d � 1 in both cases.
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The 2dC1 matrices ˙�;˙
�;˙
��; : : : generate a finite group. Every represen-
tation of a finite group can be made unitary by a similarity transformation. If we
assume that all 
� are unitary, then it follows from the Clifford algebra (8.45) that
all 
 ’s are Hermitian, except 
0, which is anti-Hermitian in Minkowski signature;
i.e.

.
�/� D 
� (Euclidean) ; .
�/� D 
0
�
0 (Minkowskian): (8.47)

The Hermiticity property is preserved under unitary transformations.
Consider the product 
dC1 / 
0
1 � � �
d�1. For odd d it commutes with all 
�

and therefore, by Schur’s lemma, it is a multiple of �. For even d D 2n it anti-
commutes with all 
� and one defines the chirality operator


dC1 D ˛
0
1 � � �
d�1 with ˛ D
(

in�1 Minkowskian

in Euclidean
: (8.48)

The phase ˛ has been chosen such that 
2dC1 D �. Furthermore 
�dC1 D 
dC1 .
If 
� is a Hermitian representation of (8.45), so is �
� and ˙.
�/T. But they

are not all inequivalent. In fact, with the help of the representation theory of finite
groups one can prove (independent of the signature) the fundamental theorem of
Dirac matrices: (1) for even d all irreducible representations of the Clifford algebra
are equivalent and are n � n (Dirac) matrices with n D 2d=2; (2) for odd d there
are two inequivalent irreducible representations. They are in terms of n � n (Dirac)
matrices with n D 2.d�1/=2. For d D 2n and d D 2nC1 the dimensions of the Dirac
matrices agree. The two inequivalent representations in d D 2nC1 are obtained by
taking the Dirac matrices in d D 2n and addingC
2nC1 or �
2nC1.

It follows from the algebra that in Euclidean signature all matrices 
� are
traceless and that they square to C�. Therefore, their eigenvalues are ˙1 in equal
number; in Minkowski signature 
0 squares to �� and its eigenvalues are˙i .

For any two equivalent representations 
� and 
 0�, there exists an intertwiner
A such that A
�A�1 D 
 0�. If such an intertwiner exists, it is essentially unique.
Indeed, assume A and QA are two intertwiners. Then QA�1A must commute with all

� and must therefore be proportional to �.

The fact that for d odd not all representations of (8.45) are equivalent can
be demonstrated as follows. From A
�A�1 D �
� we derive A
dC1A�1 D
.�1/d
dC1 which is in contradiction with the previous result that 
dC1 / � for
d odd. For d even, A D 
dC1.

One defines the ‘charge conjugation’ matrices C˙ as the intertwiners between

� and�.
�/T:

.
�/T D �C˙
�C�1˙ : (8.49)
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The existence of C˙ in even dimensions and of one of them in odd dimensions (cf.
below) is guaranteed by the fundamental theorem of Dirac matrices. Iterating (8.49)
we find that C�1C T commutes with all 
� and must therefore be proportional to the
identity matrix, i.e. C T D �C . Iterating this leads to �2 D 1 or

C T D ˙C: (8.50)

Using (8.49) and its complex conjugate together with (8.50) one shows that C�C D
˛�. Since the l.h.s. is a positive matrix, ˛ > 0 and we can rescale C such that it is
unitary.

Before we proceed we give an explicit representation for the 
 -matrices and the
charge conjugation matrices.7 Let �i be the Pauli matrices. The set of d D 2n n-fold
direct products


0 D �1 ˝ � ˝ � ˝ � � � ˝ �


1 D �2 ˝ � ˝ � ˝ � � � ˝ �


2 D �3 ˝ �1 ˝ � ˝ � � � ˝ �


3 D �3 ˝ �2 ˝ � ˝ � � � ˝ �


4 D �3 ˝ �3 ˝ �1 ˝ � � � ˝ �

:::
:::

:::


2n�1 D �3 ˝ �3 ˝ �3 ˝ � � � ˝ �2 (8.51)

satisfy the Euclidean signature Clifford algebra. For Minkowski signature one
replaces 
0 by �i�1 ˝ �˝ � � � . In odd dimensions (d D 2nC 1) one adds


2n D �3 ˝ �3 ˝ �3 ˝ � � � / 
0
1 � � �
2n�1 : (8.52)

In d D 2n, 
2n D 
dC1 is the chirality matrix with eigenvalues˙1.
In even dimensions we have the following two explicit representations of C˙.

CC D �2 ˝ �1 ˝ �2 ˝ �1 ˝ � � �
C� D �1 ˝ �2 ˝ �1 ˝ �2 ˝ � � � / CC
2nC1 (8.53)

which satisfy C˙ D C�

˙ D C�1˙ and

C T˙ D .�1/
1
2 n.n˙1/C˙: (8.54)

One might wonder how much of these and other properties derived below depend
on a particular representation of the Dirac matrices. If we make a unitary basis

7In Chap. 7 we used a different representation for d D 2.
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transformation of the Dirac matrices, which preserves their Hermiticity properties,
and define 
 0� D U�1
�U then (8.49) is preserved with C replaced by C 0 D
U TCU . C 0 has the same symmetry as C , i.e. (8.54) and also unitarity of C˙ is
representation independent, but the property C2 D �, which is satisfied by (8.53),
is not.

If we denote by 
Œp	 an antisymmetrized product of p 
 -matrices, we find, with
the help of (8.49) and (8.54), that it enjoys the following symmetry properties:

�

C˙
Œp	
�T D .�1/ 12 n.n˙1/C 1

2 p.p˙1/ C˙
Œp	: (8.55)

In odd dimensions 
Œ2n	 is one of the Dirac matrices and we have to obtain the same
sign in (8.55) for p D 1 and for p D 2n. This means that

d D 2nC 1 W C D
(

CC n odd

C� n even:
(8.56)

For the appropriate C Eq. (8.55) is then still valid for d D 2n C 1. In all cases
.
 Œ2	/T D �C
Œ2	C�1.

Let us remark that ˙.
�/� also satisfy the Clifford algebra and have the same
Hermiticity properties as 
�. Therefore we can define intertwiners B˙ such that
.
�/� D ˙B˙
�B�1˙ . Using the above results one easily shows that B˙ D C˙
0.

Spinor Representations

We now discuss spinor representations of SO.d/ and SO.1; d � 1/. The matrices

T �� D � i
2

�� (8.57)

satisfy the algebra

ŒT ��; T �� 	 D i .���T �� C ���T �� � ���T �� � ���T ��/ ; (8.58)

as one easily verifies using (8.45). They are generators of infinitesimal SO.d/ and
SO.1; d � 1/ transformations in the spinor representation. A spinor  transform
under an infinitesimal transformation with parameters !�� as ı D i

2
!��T

�� . In
Euclidean signature the generators are Hermitian. In Minkowski signature T 0i are
anti-Hermitian and the others are Hermitian .i D 1; : : : ; d � 1/. In d D 2n and
d D 2nC 1 dimensions the representation space is spanned by the 2n dimensional
Dirac spinors.

Given any irreducible representation T �� of the algebra (8.58),�.T ��/� is also a
representation. If the two representations are equivalent, i.e. if there exists a matrix
R such that
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�.T ��/� D RT ��R�1; (8.59)

the representation is called real. Otherwise it is complex. One can show that R
is essentially unique and using that T � D T T for Hermitian and T � D �T T

for anti-Hermitian generators, one can show that RT D ˙R. A more refined
characterization is

R D CRT (real) ; R D �RT (pseudo-real): (8.60)

Let us consider odd and even dimensions in turn.

• d D 2nC 1
We easily show that

.T ��/� D �.CD/ T ��.CD/�1: (8.61)

With D D � and D D i
0 for Euclidean and Lorentzian signature, respectively
and C D CC for n odd and C D C� for n even. Examining the symmetry
properties of CD we find

SO.2nC 1/ SO.1; 2n/

Real n D 0; 3 mod 4 n D 0; 1 mod 4
Pseudo-real n D 1; 2 mod 4 n D 2; 3 mod 4

• d D 2n
Since 
dC1 commutes with all the T �� , they cannot generate an irreducible

representation of the Lorentz algebra. We therefore project the generators to the
irreducible subspaces of chiral spinors (more on them below) and define T ��˙ D
T �� 1

2
.1˙ 
dC1/. They satisfy the Lorentz algebra and

(Euclidean) .T
��

˙ /� D
8

<

:

�.C˙/T ��� .C˙/�1 for n odd

�.C˙/T ��˙ .C˙/�1 for n even
(8.62)

and

(Minkowskian) .T
��

˙ /� D
8

<

:

�.C˙
0/T ��˙ .C˙
0/�1 for n odd

�.C˙
0/T ��� .C˙
0/�1 for n even:
(8.63)

Analyzing the symmetry of .C˙D/ we find

SO.2n/ SO.1; 2n� 1/
Real n D 0 mod 4 n D 1 mod 4
Pseudo-real n D 2 mod 4 n D 3 mod 4
Complex n D 1; 3 mod 4 n D 0; 2 mod 4
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For the complex representations the two chiralities are obviously related by
complex conjugation.

Define (here we take d even)8

bi D 1

2

�


2i C i
2iC1� ; bi D 1

2

�


2i � i
2iC1� ; i D 0; : : : ; d
2
� 1: (8.64)

They satisfy bi D .bi /� and

fbi ; bj g D ıij fbi ; bj g D fbi ; bj g D 0; (8.65)

i.e. they satisfy the algebra of fermionic oscillators. In Minkowski signature we
have to replace b0 D i

2
.
0C
1/ and b0 D i

2
.
0�
1/. The oscillator algebra (8.65)

remains unchanged.
Define a highest weight state j˝i by the condition bi j˝i D 0. Altogether

there are 2n states in this representation which we can label as j ˙ 1
2
; : : : ;˙ 1

2
i

where the highest weight state is j˝i D j C 1
2
; : : : ;C 1

2
i. These 2n states span the

(reducible) spinor representation of SO.2n/. The components of the two irreducible
representations of definite chirality are the states with an even (odd) number of � 1

2

entries. They are obtained from j˝i by the action with an even (odd) number of
creation operators.

In this notation, the 2n-dimensional vector representation of SO.2n/ consists of
the states j ˙ eii, i D 1; : : : ; n where ei is the unit vector with components .ei /j D
ıij . More generally, given a weight vector ��� D �iei of SO.2n/, the corresponding
state is j�1; : : : ; �ni. This will be discussed further in Chap. 11.

Let .ta/
j
i be the (traceless) generators in the fundamental representation n of

SU.n/. Using (8.65) one shows that

ta D bi .ta/ji bj (8.66)

satisfy the SU.n/ algebra. Because of

bibj D 1

2
fbi ; bj g C 1

2
Œbi ; bj 	

D 1

2
ıij C

i

2
T 2i;2j C i

2
T 2iC1;2jC1 C 1

2
T 2i;2jC1 � 1

2
T 2iC1;2j ; (8.67)

the ta can be written as linear combinations of the SO.2n/ generators (8.57). They
therefore generate a subalgebra of SO.2n/. It also follows from (8.65) that

Œta; b
i 	 D bj .ta/ij Œta; bi 	 D �bj .ta/ji ; (8.68)

8Another common notation is bi D 
i and bi D 
N{ .
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i.e. the bi and bi transform in the n and n of SU.n/, respectively. The states
bi1 � � �bik j˝i transform in the antisymmetric product of k n’s of SU.n/. In particular
j˝i and j˝i are singlets. Here j˝i D j � 1

2
; : : : ;� 1

2
i is the lowest weight state; it

is annihilated by all bi . From this one can work out the decomposition of the two
spinor representations of SO.2n/ into irreducible SU.n/ representations.
SU.n/ is not a maximal subgroup of SO.2n/, but SU.n/ � U.1/ is. The U.1/

generator, which commutes with all ta, can be straightforwardly constructed. It is
essentially the number operator. A convenient normalization is

Q D 2
n
X

iD1
bib

i � n (8.69)

such that the two singlets have opposite U.1/ charge�n.

Dirac, Weyl, Majorana, Majorana-Weyl Spinors

Given a complex (Dirac) spinor  we can define its Dirac conjugate  D , or simply
 , whose components are linear combinations of the components of  �, i.e. we
define  D D  �D where the matrix D is chosen such that   transforms as a
scalar under rotations. In Euclidean signature D D 1 while in Lorentzian signature
D D 
0.9 Under Lorentz transformations it transforms as ı D D � i

2
 DT

��!�� .
One defines the Majorana conjugate  M of  to be that linear combination of

the components of  which transform under Lorentz transformations in the same
way as  D , i.e.  M D  TM where M has to satisfy .T ��/T D �MT��M�1.
We can therefore identify M D C , i.e.  M D  TC . If we further require that  M
and  satisfy the same Dirac equation we find for massless spinors the condition
C
�C�1 D ˙.
�/T and for massive spinors the stronger condition C
�C�1 D
�.
�/T which leaves only CC.

A Majorana spinor is a spinor whose Majorana conjugate is proportional to its
Dirac conjugate, i.e.  M D ˛ D . This means that a Majorana spinor is essentially
real. While a Dirac spinor has 2n complex components a Majorana spinor has 2n

real components. Iterating the Majorana condition one finds the condition

1 D j˛j2D�.C �/�1DC�1: (8.70)

From (8.70), using the unitarity ofC˙ and the explicit forms ofD we derive j˛j D 1
and

C T˙ D C˙ .Euclidean/ ; C T˙ D �C˙ .Minkowskian/ (8.71)

9Another common choice is D D i
0 to make  D Hermitian.
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Table 8.3 Majorana spinors in various dimensions

d 2 3 4 5 6 7 8 9 10 11

Euclidean M� MC M� MW M� M�

Minkowski MW MC MC M� M� MW MC

A subscript indicates if only CC or C� is allowed. A Dirac spinor in d D 2n and d D 2nC 1
dimensions has 2nC1 real components. Majorana and Weyl conditions reduce them by a factor 2.
The table continues d mod 8

as the conditions for the existence of Majorana spinors. Redefining the phase of  
we can set ˛ D 1, i.e. Majorana spinors satisfy  M D  D .

For d odd, Dirac spinors furnish an irreducible representation of the Lorentz
group. For d even it is reducible. Indeed, in even dimensions 
dC1 commutes
with the Lorentz generators and by Schur’s lemma its value on an irreducible
representation is constant. The two irreducible representations are those with

dC1 D ˙1. They are the Weyl spinors of positive and negative chirality. The
projection operators which project a Dirac spinor on its two irreducible components
are 
˙ D 1

2
.1 ˙ 
dC1/. Note that 
˙ commute with the massless Dirac operator

i
�@�, i.e. chirality is a conserved quantum number of massless fermions. A Weyl
spinor has 2n�1 complex components.

If one imposes in addition a Majorana condition one arrives at a Majorana-Weyl
spinor with 2n�1 real components. Majorana-Weyl spinors do not exist in all even
dimensions in which Majorana spinors exist. We have to satisfy the additional
requirement that 
dC1 also satisfies the Majorana condition. This leads to the
conditionD�1
dC1D D C�1.
dC1/TC where we have used that 
dC1 is Hermitian.
If we now use that 
dC1 is the product of an even number of Dirac matrices which
obey (8.49), this conditions leads to the conclusion that Majorana-Weyl spinors exist
in those even dimensions d D 2n where Majorana spinors exist and if nD 0 (mod 2)
for Euclidean and nD 1 (mod 2) for Minkowski signature.

We have collected the results of this analysis about the existence of various types
of spinors in Table 8.3. For both signatures it continues mod 8 to higher dimensions.

If Majorana spinors exist, we can always find a representation of the Dirac matri-
ces, the Majorana representation, whereC D D, i.e. C D � for Euclidean signature
and C D 
0 for Minkowski signature. To prove this we have to show that there
exists a unitary matrix U such that C 0.D0/�1 D U T CD�1 U D �. One first checks
that under the condition that (8.71) holds, CD�1 is both symmetric and unitary.
Then, by a theorem of linear algebra,10 a unitary matrix with the required properties
exists. In a Majorana representation,  D  � and the Dirac matrices are either
purely real (Minkowskian with CC and Euclidean with C�) or purely imaginary
(Minkowskian with C� and Euclidean with CC). If it exists we will always use CC,
e.g. in ten-dimensional Minkowski space or eight-dimensional Euclidean space.

In those dimensions where no Majorana spinors exist one can define modified
Majorana spinors. For this one needs to consider several spinors  i for which one

10Proven e.g. in B. Zumino, Normal forms of complex matrices. J. Math. Phys. 3, 1055 (1962).
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defines

 iM D . j /T˝ji: (8.72)

If we now require  iM D ˛ iD , the left hand side of (8.70) changes to ˝�˝ . We
therefore find

˝�˝ D �1 (8.73)

as the condition for the existence of modified Majorana spinors in those dimensions
in which Majorana spinors do not exist, i.e. where Eq. (8.70) cannot be satisfied.
Due to the positivity of ˝�˝ , (8.73) implies ˝T D �˝ , and for ˝ to be non-

generate we need the range of i to be even. The choice˝ D
�

0 1

�1 0

�

leads to so-called

symplectic Majorana spinors. If we further impose the Weyl condition, we arrive at
symplectic Majorana-Weyl spinors. In Euclidean signature they exist in 4 (mod 8)
dimensions and in Minkowski signature in 6 (mod 8) dimensions.

Spinor Indices, etc.

So far we have suppressed spinor indices. Sometimes it is useful to exhibit them
explicitly. By convention, a spinor has a lower index ˛, i.e.  ˛ , Dirac matrices have
index structure 
˛ˇ, the charge conjugation matrix is C D .C ˛ˇ/ and its inverse
C�1 D .C˛ˇ/ such that C˛ˇCˇ
 D ı˛
 . The Hermitian conjugate of a spinor is
 �̨ D . ˛/

� and its Majorana conjugate  ˇCˇ˛ . The symmetry properties (8.55)
are those of .
 Œp	C�1/˛ˇ and of .C
Œp	/˛ˇ . The charge conjugation matrix and its
inverse can thus be used to raise and lower spinor indices.

In even dimensions the spinors  ˛ do not transform irreducibly under Lorentz
transformations. One splits the spinor index ˛ D .a; Pa/ where  a . Pa/ are the
components of a positive (negative) chirality spinor.11

Since Dirac matrices change the chirality, they decompose into two blocks
.
�/a

Pb and .
�/ Pab . More generally, the matrices (8.46) have the following block
form


Œp	˛
ˇ D

 

0 
Œp	a
Pb


 Œp	 Pab 0

!

(p odd) ;


 Œp	˛
ˇ D

 


Œp	a
b 0

0 
Œp	 Pa Pb

!

(p even): (8.74)

In this basis the chirality matrix is

11In later chapters we will also use .˛; P̨/ for chiral spinor indices.
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dC1 D
�

� 0

0 ��
�

; (8.75)

where � is the 2n�1 dimensional unit matrix. The charge conjugation matrix has the
index structure

C˛ˇ D
 

Cab 0

0 C Pa Pb

!

for d D 4n; C ˛ˇ D
 

0 C a Pb
C Pab 0

!

for d D 4nC 2 (8.76)

and likewise for its inverse, but with lower indices. The index structures of 
Œp	C�1
are

• d D 4n

.
Œp	C�1/˛ˇ D
 

0 

Œp	

a Pb


Œp	

Pab 0

!

(p odd);

.
 Œp	C�1/˛ˇ D
 



Œp	

ab 0

0 

Œp	

Pa Pb

!

(p even) (8.77)

• d D 4nC 2

.
 Œp	C�1/˛ˇ D
 



Œp	

ab 0

0 

Œp	

Pa Pb

!

(p odd) ;

.
 Œp	C�1/˛ˇ D
 

0 

Œp	

a Pb


Œp	

Pab 0

!

(p even) : (8.78)

The matrices C
Œp	 with two upper indices have the same block structure as those
with lower indices.

Group theoretically the Dirac matrices 
Œp	 are Clebsch-Gordan coefficients for
the coupling of spinors to anti-symmetric tensors. For instance, the absence of Cab
components in d D 10 means that the singlet does not appear in the tensor product
of two positive chirality spinors. This immediately follows from the form of the
spinor weights which we discuss in Chap. 11. As another application of the above
results, in d D 8 we have the expansions

 ˛�ˇ D
X

p even

A
.p/
i1:::ip

.
 i1:::ipC�1/˛ˇ;

 ˛� P̌ D
X

p odd

A
.p/
i1:::ip

.
 i1:::ipC�1/˛ P̌ (8.79)
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with A.p/i1:::ip /  C
i1:::ip�, which expresses the fact that in the massless spectrum
of type IIB (IIA) there are p forms with p even (odd). If we did the analogous
expansion in d D 10, we would get the same information, but now expressed
in terms of the field strengths F.pC1/D dA.p/. In the above expansions not all
coefficients are independent. Indeed, for d D 8 there are only 64 independent
matrices with the given index structure, say .˛ˇ/, e.g. C; 
Œ2	 and 
Œ4	C where 
Œ4	C
is the self-dual part of 
Œ4	, i.e. it satisfies



i1:::i4˙ D ˙ 1

4Š


j1:::j4
˙ �j1:::j4

i1:::i4 : (8.80)

The other terms in the expansions (8.79) are related by Hodge duality where the
Hodge dual of 
Œd�p	 is defined as

.�
/i1:::ip D 1

.d � p/Š

j1:::jd�p �j1:::jd�p

i1:::ip ; (8.81)

where we define �0:::d�1 D C1. This is because in the chiral basis 
0 � � �
d�1 D ˙�.
In fact, in the first line of (8.79) only the self-dual part of 
Œ4	 contributes due to the
property, valid in Euclidean signature,

1

2
.1˙ 
/ 
 Œ4	C D 
Œ4	C ;

1

2
.1˙ 
/ 
 Œ4	� D 0 ; .
 D 
0 : : : 
7/: (8.82)

The analogous relation in Minkowski signature is

1

2
.1C 
/ 
 Œ5	C D 
Œ5	C ;

1

2
.1C 
/ 
 Œ5	� D 0 ; .
 D 
0 : : : 
9/: (8.83)

These relations show that the 4-form potential of the type IIB theory has a self-dual
field strength.

Further Reading

The proof of the no-ghost theorem and the determination of d D 10 first appeared
in the work of
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Chapter 9
Superstrings

Abstract In the first part of this chapter we compute the one-loop partition function
of the closed fermionic string. We will do this in light cone gauge. The possibility to
assign to the world-sheet fermions periodic or anti-periodic boundary conditions
leads to the concept of spin structures. The requirement of modular invariance
is then shown to result in the GSO projection. We also generalize some of the
results of Chap. 6 to the case of fermions. We then consider open superstrings, i.e.
we extend the formalism of conformal field theories with boundaries to include
free fermionic fields. This gives rise to D-branes in superstring theories. We also
discuss non-oriented superstrings, which result form performing a quotient of the
type IIB superstring by the world-sheet parity transformation. We show that one-
loop diagrams are divergent unless D-branes are present in the model. This defines
the type I superstring, whose construction we discuss in some detail.

9.1 Spin Structures and Superstring Partition Function

The RNS formulation of the superstring, discussed in the previous two chapters,
possesses world-sheet spinor variables. Given a topological manifold we can always
endow it with a Riemannian structure, i.e. we can always define a metric on it but
there are topological conditions which have to be met in order to define spinors.
On a d -dimensional orientable manifold, the transition functions of the frame
bundle are elements of SO.d/. SO.d/ has no spinor representations, but its double
cover Spin.d/ does. Spinors can be defined if the transition functions of the frame
bundle can be consistently lifted to Spin.d/. The set of transition functions defines
a spin structure, which does not have to be unique. Manifolds which admit a spin
structure are called spin manifolds. On an orientable manifold the necessary and

R. Blumenhagen et al., Basic Concepts of String Theory, Theoretical and Mathematical
Physics, DOI 10.1007/978-3-642-29497-6
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224 9 Superstrings

sufficient condition to be spin is that the second Stiefel-Whitney class of the tangent
bundle vanishes.1

In string theory the question of spin structures poses itself at two levels: first
at the level of the world-sheet and second at the level of the background space-
time through which the string propagates. The latter occurs when we discuss the
low-energy effective action and solutions to its equations of motion. In this chapter
we will only be concerned with world-sheet properties. (The space-time is always
Minkowski space which certainly does allow spinors.)

Except for a few comments at the end, the discussion in this section will
be concerned with the closed string whose (Euclidean) world-sheet is a genus
g Riemann surface ˙g . Riemann surfaces are spin and, as we will now discuss,
except for g D 0, they admit more than one spin-structure. Let us begin by
characterizing spin structures on˙g . We know from Chap. 6 that there are two non-
contractible loops associated with each of the g holes. All other non-contractible
loops can be generated by deforming and joining elements of this basis. When we
have spinors defined over˙g we can assign to them either periodic or anti-periodic
boundary conditions around each of the 2g loops. Each of these 22g possible
assignments is called a spin structure on˙g . An important distinction is that of even
and odd spin structures which is connected to the zero mode structure of the chiral
Dirac operator which, on ˙g , is simply rz and rz for the two chiralities. We will
treat these operators in more detail below. We call a spin structure even if the number
of zero modes of the chiral Dirac operator is even and we call it odd otherwise. We
will first study the situation for the torus and then generalize to arbitrary genus.

We can put a flat metric on the torus for which the chiral Dirac operator is @z. It
is then clear that the only global zero mode is the constant spinor. Obviously, only
.C;C/ boundary conditions allow for a constant spinor where the two entries refer
to the boundary conditions along the two non-contractible loops. This means that
there are three even and one odd spin structure on the torus. For the generalization
to arbitrary genus and the properties under modular transformations the following
facts are important. We state without proof:

• For a given spin structure, the number of chiral Dirac zero modes modulo two is
a topological invariant;

• The number of chiral Dirac zero modes modulo two is additive when we glue
together two Riemann surfaces.

The second fact together with our result for the torus can be used to find
the number of even and odd spin structures for arbitrary Riemann surfaces. It
is not hard to see that there are

P

m odd

�

g
m

�

3g�m D 2g�1 .2g � 1/ odd and
P

m even

�

g

m

�

3g�m D 2g�1 .2g C 1/ even spin structures. Since the number of zero
modes of the Dirac operator mod 2 is a modular invariant (this follows from the first
item above), the two classes of spin structures transform separately under modular

1Even if this condition is not satisfied, one might still have spinors. But this requires the existence
of a suitable complex line bundle to which they couple. This leads to the notion of SpinC-structures.
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transformations. In fact it can be shown that they transform irreducibly. This means
that in the computation of the partition function or any correlation function we have
to sum over all boundary conditions leading to even or odd spin structures. The
relative phases between the different contributions are then determined by modular
invariance.

Let us illustrate the above and work out the details for the vacuum amplitude
on the torus, the one-loop partition function. As already discussed in Chap. 6 we
parametrize the torus by two coordinates �1; �2 2 Œ0; 1�. We have the following
possible boundary conditions for fermions, leading to four spin structures:

 .�1 C 1; �2/ D ˙ .�1; �2/ ;
 .�1; �2 C 1/ D ˙ .�1; �2/ : (9.1)

Periodic boundary conditions in �1 correspond to the Ramond sector and anti-
periodic boundary conditions to the Neveu-Schwarz sector.

We now want to determine how the boundary conditions transform under modu-
lar transformations of the torus. To this end we look at the more general boundary
conditions2

 .�1 C 1; �2/ D h .�1; �2/ ;

 .�1; �2 C 1/ D g .�1; �2/ : (9.2)

Recall from Chap. 6 that the torus is generated by two complex numbers �1;2,
such that Im.�/ > 0 where � D �2

�1
. If  satisfies (9.2) on a torus with modular

parameter � , then the boundary conditions on a torus with complex structure a�Cb
c�Cd ,

generated by �02 D a�2 C b�1; �01 D c�2 C d�1, will be

.h; g; �/$
�

hdgc; hbgaI a� C b
c� C d

�

(9.3)

or, equivalently

�

h; g;
a� C b
c� C d

�

$ .hag�c ; h�bgd I �/ : (9.4)

From this we find that under an S -transformation � ! �1=� with modular matrix
�

0 1
�1 0

�

the spin structures transform as

2For a real fermion the only choices for g; h are ˙1. For complex fermions they can be arbitrary
phases and if we consider several fermions they can be orthogonal matrices; see also the appendix
to this chapter.
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.��/! .��/
S W .CC/! .CC/; .C�/! .�C/

.�C/! .C�/ : (9.5)

For a modular T -transformation � ! � C 1 with modular matrix
�

1 1
0 1

�

we find

.��/! .�C/
T W .CC/! .CC/; .C�/! .C�/

.�C/! .��/ : (9.6)

This demonstrates our general statement that even and odd spin structures transform
irreducibly under modular transformations.

In string theory one of the basic principles is invariance under diffeomorphisms
of the world-sheet including also global ones. Since, as we have seen, they change
the spin structure, we have, in order to find modular invariant expressions, to sum
over all different spin structures in each class (even and odd). At the one loop level
the .CC/ spin structure is invariant by itself, being the only odd one and so is
its contribution to the partition function. The other three must all be included in a
modular invariant way. This means in particular that we must include both the R and
the NS sectors.

It is now important to note that due to the world-sheet supersymmetry algebra,
world-sheet fermions  � as well as the gravitino �˛ and consequently also the
superconformal ghosts ˇ; � , all have the same spin structure. Left- and right-movers
however can have different spin structures. We then denote the contribution to
the partition function of the right-moving fermions with spin structure .CC/ by
�
.CC/
ferm .�/ and likewise for the other three cases and the left-movers. In light-cone

gauge we get the following expressions which are trivial generalizations of the
corresponding expression for the bosonic string:

�
.CC/
ferm .�/ D 	.CC/ tr e2
i�HR.�1/F ;
�
.C�/
ferm .�/ D 	.C�/ tr e2
i�HR ;

�
.��/
ferm .�/ D 	.��/ tr e2
i�HNS

�
.�C/
ferm .�/ D 	.�C/ tr e2
i�HNS .�1/F ; (9.7)

where the 	 are phases to be determined by modular invariance. Let us comment
on the .�1/F factors (F is the world-sheet fermion number). For anticommuting
variables the trace automatically implies that the fermions satisfy anti-periodic
boundary conditions along �2. If we want to have periodic boundary conditions, we
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have to insert the operator .�1/F .3 The light-cone Hamiltonians in the two sectors
for a closed string of length ` D 2
 are (cf. Chap. 7):

HR D
9
X

iD2

1
X

mD1
mbi�m bim C

1

3
;

HNS D
9
X

iD2

1
X

rD 1
2

rbi�r bir �
1

6
: (9.8)

The normal ordering constants follow directly by subtracting the bosonic contri-
bution � d�2

24
from the total normal ordering constant in each sector, namely 0 (R)

and � 1
2

(NS). It is now easy to evaluate the different contributions to the partition

function. For instance, for �.��/ferm .�/ we find .q D e2
i� /

�
.��/
ferm .�/ D 	.��/ tr e2
i�HNS

D 	.��/ q� 16 tr

�

q

P

1

rD 1
2
r bi

�r b
i
r

�

D 	.��/ q� 16
Y

r

0

@

X

NrD0;1
qrNr

1

A

8

D 	.��/ q� 16
 1
Y

nD1
.1C qn� 12 /

!8

: (9.9)

The calculation is analogous to the bosonic case only that the occupation numbers
are now restricted by the Pauli principle to Nr D 0 and 1. (This is just the grand
partition function of an ideal Fermi gas with energy levels Er D r .) We can now
write

q�
1
6

1
Y

nD1

�

1C qn� 12
�8 D

(

q�1=24
1
Y

nD1
.1 � qn/�1

) 4 ( 1
Y

nD1
.1 � qn/4 .1C qn� 12 /8

)

D #43 .0j�/
	4.�/

; (9.10)

where 	.�/ is the previously encountered Dedekind 	-function and #3 is one of the
four Jacobi theta-functions. In general, one defines the #-functions

3For instance, if one computes the partition function of a fermionic oscillator in the path integral
formulation, one obtains the correct result only if one uses anti-periodic boundary conditions for
the fermion along the compact Euclidean time (temperature) direction.
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#

�

˛

ˇ

	

.0j�/ D 	.�/ e2
i˛ˇq ˛2

2 � 1
24

1
Y

nD1

�

1C qnC˛� 12 e2
iˇ
� �

1C qn�˛� 1
2 e�2
iˇ

�

D
1
X

nD�1
exp




i
.nC ˛/2� C 2
i.nC ˛/ˇ� : (9.11)

Through the one-loop partition function the #-functions for arbitrary ˛ and ˇ are in
correspondence to the generalized fermion boundary conditions4 as

 .�1 C 1; �2/ D �e2
i˛ .�1; �2/ ;
 .�1; �2 C 1/ D �e2
iˇ .�1; �2/ : (9.12)

The different spin structures then correspond to

(R)

(NS)

.CC/ ˛ D 1=2; ˇ D 1=2 #
h

1=2
1=2

i

D #1 ;

.C�/ ˛ D 1=2; ˇ D 0 #
h

1=2

0

i

D #2 ;

.��/ ˛ D 0 ; ˇ D 0 #
h

0
0

i

D #3 ;

.�C/ ˛ D 0 ; ˇ D 1=2 #
h

0
1=2

i

D #4 : (9.13)

The Jacobi #-functions and their generalizations to higher genus Riemann surfaces
(the Riemann theta-functions) play an important role in string theory and conformal
field theory. They satisfy many intriguing identities. At one loop, some of the most
useful ones are

#42 .�/ � #43 .�/C #44 .�/ D 0 (Riemann identity) ; (9.14a)

#2.�/ #3.�/ #4.�/ D 2 	3.�/ (Jacobi triple product identity) ; (9.14b)

# 01.�/ D 2
	3.�/ : (9.14c)

The notation here and below is #i .�/ D #i .0j�/ and # 0i .�/ D @z#i .zj�/jzD0 (cf.
appendix). Also, it is easy to see that #1.�/ D 0. In the same way that we have
derived the partition function for the .��/ spin structure, we compute

�
.��/
ferm .�/ D 	.��/ #

4
3 .�/

	4.�/
;

4This will be derived in the appendix to this chapter.
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�
.�C/
ferm .�/ D 	.�C/ #

4
4 .�/

	4.�/
;

�
.C�/
ferm .�/ D 	.C�/ #

4
2 .�/

	4.�/
;

�
.CC/
ferm .�/ D 	.CC/ #

4
1 .�/

	4.�/
: (9.15)

Obviously, �.CC/ferm .�/ D 0, i.e. the partition function for the odd spin structure
vanishes. This is not surprising since we know that the Dirac operator has a zero
mode and �.CC/ferm � R

D exp.� =D / D 0. We remark that #2 and # 01 both
have an overall factor of 2. In the partition function this is the degeneracy of the R
ground state. The �.˛ˇ/ferm.�/ are the determinants of the Dirac operator on the torus
with modulus � with periodicity conditions .˛; ˇ/ along its two cycles. We have
computed them using, as we did in Chap. 6, the connection between the Euclidean
path integral and the Hamiltonian formulation.

We have stated above that odd and even spin structures transform irreducibly
under modular transformations. This should be reflected in the transformation
properties of the #-functions. Indeed, from their representation as infinite sums it is
not hard to show that

# 01.� C 1/ D ei
=4 # 01.�/ ;

#2.� C 1/ D ei
=4 #2.�/ ;

#3.� C 1/ D #4.�/ ;

#4.� C 1/ D #3.�/ ;

	.� C 1/ D ei
=12 	.�/ ; (9.16)

which reflects the transformation properties of the spin structures under T

(cf. Eq. (9.6)). Under S they transform as

# 01.�1=�/ D .�i�/
3
2 # 01.�/ ;

#2.�1=�/ D .�i�/ 12 #4.�/ ;
#3.�1=�/ D .�i�/ 12 #3.�/ ;
#4.�1=�/ D .�i�/ 12 #2.�/ ;
	.�1=�/ D .�i�/ 12 	.�/ ; (9.17)

which corresponds to Eq. (9.5). Equation (9.17) can be proven with the help of the
Poisson resummation formula which will be derived in the appendix.
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Let us now determine the phases 	. We first demand that the spin structure sum is
separately modular invariant in the left- and right-moving sectors. This corresponds
to a non-diagonal modular invariant. Since only relative phases are relevant we will

arbitrarily set 	.��/ D C1, i.e. �.��/ferm .�/ D #43 .�/

	4.�/
. Using the transformation rules of

the #- and 	-functions we easily find

�
.��/
ferm .� C 1/ D �.�C/ferm .�/ D #44 .�/

	4.�/
e�i
=3 : (9.18)

The contribution from the eight transverse bosonic degrees of freedom is � 1
	8.�/

which contributes an extra factor of e�2i
=3 so that we get for the phase 	.�C/ D �1.

Similarly, by verifying that �.�C/ferm .�1=�/ D �
.C�/
ferm .�/ we show that 	.C�/ D �1.

Clearly, 	.CC/ cannot be determined from modular invariance; we will show below
that it has to be 	.CC/ D ˙1. With these phases the contribution of the right-moving
world-sheet fermions to the superstring partition function is

�ferm.�/ D tr

�

e2
�iHNS
1

2

�

1 � .�1/F �
�

� tr

�

e2
i�HR
1

2

�

1 � 	CC.�1/F
�

�

D 1

2

1

	4.�/

˚

#43 .�/ � #44 .�/ � #42 .�/C 	.CC/#41 .�/
�

(9.19)

with a similar expression for the left-movers. The relative sign between the two
sectors reflects the fact that states in the NS sector are bosons whereas states in
the R sector are fermions. Note that the 1

2
.1 � .�1/F / in the NS sector is just the

GSO projection. In the R sector it is .�1/F D ˙1 according to 	.CC/ D ˙1
which agrees with Chap. 7. Due to the identity Eq. (9.14a) and the vanishing of
#1, the partition function vanishes. This is the hallmark of a supersymmetric
spectrum: the contributions from space-time bosons and fermions cancel. Including
the contribution from the bosons, the partition functions of the type II theories are

Z.�; �/ D 1

4

1

.Im�/4
1

j	j24
ˇ

ˇ#43 � #44 � #42
ˇ

ˇ

2
: (9.20)

A factor 1=j	j16 originates from the 8 C 8 transverse bosonic oscillators and the
factor .Im�/�4 from the Gaussian integration over the transverse momenta; cf. the
discussion in Chap. 6. Even though this expression vanishes, it is useful to determine
the number of physical states at each mass level in the various sectors (NS-NS,
NS-R, etc.) separately.

It is worthwhile mentioning that there is one other modular invariant combination
of boundary conditions: it consists of summing over the same boundary conditions
for the left- and right-movers. It follows that the left- and right-moving sectors are
not separately modular invariant due to the non-trivial connection between their
boundary conditions. This leads to the following partition function:



9.1 Spin Structures and Superstring Partition Function 231

Zferm.�; �/ D tr

 

e2
i�HNS�2
�iHNS
1C .�1/FCF

2

!

Ctr

 

e2
�iHR�2
�iHR
1 � 	CC.�1/FCF

2

!

: (9.21)

Including the contribution from the bosons, we find

Z.�; �/ D 1

2

1

.Im�/4
j#3.�/j8 C j#4.�/j8 C j#2.�/j8

j	.�/j24 ; (9.22)

which defines the so-called type 0A/B string theories, depending on the sign 	CC.
Modular invariance of this expression is easily checked. This theory has only
space-time bosons and contains a tachyon. Indeed, the GSO projection in the NS
sector is .�1/FCF D 1 allowing the tachyon in Table 8.2.

Let us now argue why the phase 	.CC/ can only be˙1. For the partition function
to have the interpretation as a sum over states we can only allow 	.CC/ D 0 or
˙1. If we look at the partition function at two loops it will be expressible in terms
of the appropriate Riemann theta-functions, ten of which correspond to even and
six to odd spin structures. In the limit where the genus two surface degenerates
to two tori, the genus two theta-functions become simply products of Jacobi theta
functions. Especially #1.�1/#1.�2/, where �1;2 are the Teichmüller parameters of
the two resulting tori, is the degeneration limit of an even theta-function at genus
two. This has to be part of the partition function as the even theta-functions
transform irreducibly under global diffeomorphisms (the Dehn twists) of the genus
two surface. Thus the choice 	.CC/ D 0 is excluded.

Let us close this section with the extension of some of the results of Chap. 6 to the
case of fermions. We know from Chap. 7 that the covariant derivative acts on a spin
1=2world-sheet fermion as r˛ D @˛ � i

2
!˛� where !˛ is the spin connection

(we are working in Euclidean signature, hence the i and � D �3). In conformal
gauge with zwei-bein e˛a D e'ıa˛ the spin connection is !˛ D ˛

ˇ@ˇ'. In local
complex coordinates the covariant derivatives act on the two helicity components as
rz ˙ D .@z � 1

2
@z'/ ˙.

Recall now our discussion in Chap. 7, where we had to rescale the fermions
to arrive at the action in conformal gauge. Under conformal transformations they
transform with weight 1=2 (this follows from the invariance of the action or from
Eq. (7.53)) and the factor by which we had to rescale them was exactly the square
root of the zweibein. Multiplying the fermions with the square root of the zwei-bein
converts their tangent space spinor index to an Einstein index (and they become
half-differentials). Let us denote the transformed spinors by e'=2 ˙ D Q ˙. Since
the zwei-bein is covariantly constant, the covariant derivative acts on the Q ˙ as
rz Q C D .@z � @z'/ Q C and rz Q � D @z Q �. Generalizing the notation of Chap. 6 to
tensors of half-integer rank, we find that Q C 2 T .1=2/ and .hzz/1=2 Q � 2 T .�1=2/.
We can then extend the definition of covariant derivatives Eq. (6.24) to half-integer
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Table 9.1 Number of zero

modes of r.n/z and rz
.nC1/

g dim kerr.n/z dim kerrz
.nC1/

0 2nC 1 0

1 1 1
Odd spin
structure

1 0 0
Even spin
structure

> 1 1 for n D 0 g

0 for n > 0 .2nC 1/.g � 1/

n. The scalar product Eq. (6.19) also generalizes. Of particular interest is the
Riemann-Roch theorem which holds without modification.

We can then complete Table 6.1 for half-integer n in the same way as we did for
n 2 Z in Chap. 6. The only subtlety is at genus one. For integer n > 0 there is
always a constant zero mode of r.n/z . For n 2 Z C 1

2
this is only true for the odd

spin structure. The results are collected in Table 9.1 We find that there are two zero
modes of r.1=2/z at g D 0 corresponding to conformal Killing spinors or zero modes
of the superconformal ghost � . The zero modes of rz

.3=2/ indicate the presence of
super-moduli. We will however not discuss them here. The ghost zero modes for
arbitrary (integer and half-integer) n will be discussed in Chap. 13.

We end this section with a few comments on spinors on more general world-
sheets with boundaries and possibly non-orientable. One can show that spin
structures can always be defined.5 This is indeed a necessary physical requirement of
unitarity of the open and non-orientable type I string theories (which will be defined
and discussed below). Again, for each non-contractible loop and each boundary
component, one has to specify the periodicity condition of the fermions. For the
explicit construction of spinors of such world-sheets one may use the fact they can
all be obtained from compact Riemann surfaces without boundaries by identification
of points under an involution whose fixed points are the boundaries of the quotient.
The different spin structures then arise from the different ways of realizing the invo-
lution on the spinor fields combined with the spin structures on the covering space.

9.2 Boundary States for Fermions

In Sect. 4.4 we have constructed boundary states for bosons. They are a way
of representing D-branes within closed string theory. We will now repeat this
discussion for fermions. The main ideas are the same as those for the bosonic
string, but there are differences due to the possibility of having NS and R sectors
and subtleties with the zero mode structure in the latter.

5There is a subtlety here related to the fact that e.g. the second Stiefel-Whitney class w2 of RP2
does not vanish. For non-orientable manifolds there is a second construction of spinors for which
the obstruction is w2 C w1 [ w1 which vanishes on any two-dimensional manifold.
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Let us first find the gluing conditions. We again make the transformation
from the closed to the open string channel via the exchange �$ � , or �˙ !
� 0˙ D ˙�˙. Under this diffeomorphism the fermions transform as  0C.� 0C/ D
�

@� 0C

@�C

��1=2
 C.�C/ and likewise for  �. We now impose open string boundary

conditions as gluing conditions on a boundary state:

�

 
0�
C .�

0C/C 	D�
� 
0�� .� 0�/

�jB; 	i D 0 at � D 0 ; (9.23)

where 	 D ˙1. We will see in a moment the significance of this extra sign choice.
D�

� is a diagonal matrix with entriesC1 along directions with Neumann boundary
conditions and entries �1 along directions with Dirichlet boundary conditions; cf.
(4.169). Expressing  0 though  , (9.23) becomes

�

 ��.��/C i	D�
� 

�C.�C/
� jB; 	i D 0 at � D 0 : (9.24)

Using the mode expansions (7.63), we obtain the gluing conditions for the modes

�

b�r C i 	 D�
� b

��r
�

jB; 	i D 0 : (9.25)

These gluing conditions imply .Ln� NL�n/jB; 	i D 0 as well as .Gr� i	G�r /jB; 	i
D 0. We will now determine the boundary states for the NS and R sectors in turn. We
will do this for one complex fermion D  1Ci 2 with the same kind of boundary
conditions for both real fields. These are the building blocks for the boundary states
in type II superstring theories in ten-dimensional Minkowski space.

In the NS sector one readily verifies that

jBNS; 	i D exp
�

� i 	
2
X

iD1

X

r>0

bi�r b
i

�r
�

j0iNS (9.26)

solves the gluing condition where the � sign is for N and theC sign for D boundary
condition. Thus they are fermionic Ishibashi states. Here j0iNS denotes the non-
degenerate vacuum in the NS-sector. The overlap of two N or of two D boundary
states is also easily computed. The contributions of the half-integer moded fermionic
oscillators is determined in complete analogy to the bosonic ones and one finds

hBNS; 	je�2
l Hcl jBNS; 	i D #3.2il/

	.2il/
; (9.27a)

hBNS; 	je�2
l Hcl jBNS;�	i D #4.2il/

	.2il/
; (9.27b)

i.e. different relative signs of 	 correspond to different spin structures. It is instruc-
tive to study the transformation of the overlaps under modular S -transformation, as
we did for the bosonic string. This will allow us to relate the one-loop open string
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amplitude to the tree level closed string exchange. We find,

#4.2il/

	.2il/

lD 1
2t����! #2.it/

	.it/
;

#3.2il/

	.2il/

lD 1
2t����! #3.it/

	.it/
: (9.28)

We see that the .C;C/ and .�;�/ overlaps yield the trNS q
L0�c=24 sector, while the

.C;�/ and .�;C/ overlaps yield the trR q
L0�c=24 sector. For the overlap of an N

with a D boundary state the right hand sides of (9.27a) and (9.27b) are exchanged.
The remaining two spin structures arise form the R-sector. Here the situation

is complicated by the degeneracy of the ground state. We recall from Eq. (8.14)
that we can pairwise combine the zero mode oscillators to fermionic creation and
annihilation operators and that the 2d=2 dimensional SO.1; d/ spinor representation
is built by acting with the creation oscillators on the highest weight state j0iR, which
is defined to be the state annihilated by all the annihilation operators. Let us now
take one such pair of operators for the left and for the right moving sector, b0̇ D
1p
2
.b10 ˙ ib20/ and Nb0̇ . The most general ground state is a linear combination of the

states j0iR; bC0 j0iR; NbC0 j0iR and bC0 NbC0 j0iR and it is straightforward to construct the
state which satisfies the gluing conditions:

jRi D .bC0 C i	 NbC0 /j0Ri : (9.29)

The complete Ramond sector boundary states, including the oscillators are

jBR; 	i D exp
�

� i	
2
X

iD1

1
X

nD1
bi�n b

i

�n
�

jRi (9.30)

with NN and DD overlaps

hBR; 	je�2
l Hcl jBR; 	i D #2.2il/

	.2il/
; (9.31a)

hBR; 	je�2
l Hcl jBR;�	i D #1.2il/

	.2il/
D 0 ; (9.31b)

with

#2.2il/

	.2il/

lD 1
2t����! #4.it/

	.it/
;

# 01.2il/

	.2il/

lD 1
2t����! t

# 01.it/
	.it/

: (9.32)

We should mention that the boundary states only involve the NS-NS and R-R
sectors, but not the mixed ones. This can be seen as follows: in the open string one-
loop (cylinder) diagram, we can impose either anti-periodic or periodic boundary
conditions along the compactified time direction, i.e.  �˙.�; 0/ D 	˙ �˙.�; t/.
Consistency with (7.62) requires 	C D 	�. When translated to the closed string
picture the claim follows.



9.3 D-branes 235

9.3 D-branes

We are now ready to consider the full type IIA/B superstring theories in ten-
dimensional Minkowski space. Recall that in light-cone gauge we are dealing with
a superconformal field theory of eight free bosons Xi and eight free fermions
together with a GSO projection. The difference between the type IIA and the type
IIB superstring is the definition of the GSO projection in the Ramond sector which
we can schematically write as

IIA W .NSC;NSC/˚ .RC;R�/˚ .NSC;R�/˚ .RC;NSC/ ;
IIB W .NSC;NSC/˚ .RC;RC/˚ .NSC;RC/˚ .RC;NSC/ : (9.33)

A Dp-brane is defined to have .pC1/ Neumann boundary conditions (including the
time direction) and .9 � p/ Dirichlet boundary conditions. In light cone gauge this
means that one has the following boundary conditions for the eight free bosonic and
fermionic fields6

.˛in CDi
j˛

j�n/jDp; 	i D 0 ;
.bir C i	Di

j b
j

�r /jDp; 	i D 0 : (9.34)

Moreover, in the Neumann directions the center of mass momentum vanishes ki D
0, i D 0; : : : p, whereas in the Dirichlet directions the boundary states can carry
unconstrained center of mass momentum k? D fki ; i D p C 1; : : : ; 9g.

The boundary states which satisfy these gluing conditions are simply

jDp; 	i D
Z

dk? exp

"

�
X

n>0

1

n
˛i�n Dij ˛

j�n � i	
X

r>0

bi�r Dij b
j

�r

#

eik?�x?

0 jk?i ;

(9.35)

where x?0 denotes the position of the D-brane in the Dirichlet directions, i.e.
transverse to the brane’s world-volume. In the NS-NS sector the ground state jk?i is
simply the unique ground state with transverse momentum k?. In the R-R sector the
degenerate ground state also has to satisfy the gluing condition for the zero modes

�

bi0 C i	Di
j b

j

0

�

jk?i D 0 : (9.36)

Even though the states (9.35) satisfy the gluing conditions, they cannot be the
complete boundary states in type II superstring theory for the following reason.

6We choose the .0; 1/-directions as the light-cone directions.
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They are not eigenstates of the GSO projections .�1/F and .�1/F . Let us analyze
this issue in the NS-NS and R-R sectors separately.

In the NS-NS sector, acting with the GSO projections on the jDp; 	iNS boundary
states, we get

.�1/F jDp; 	iNS D �jDp;�	iNS; .�1/F jDp; 	iNS D �jDp;�	iNS; (9.37)

where the minus sign is due to the fact that the NS ground state carries odd fermion
number. Therefore, in the NS-NS sector the GSO invariant boundary state has the
form

jDpiNS D 1

NNS

�

jDp; 	 D 1iNS � jDp; 	 D �1iNS

�

: (9.38)

The computation of the overlap of two such boundary states is now very easy. For
the fermionic part we use (9.27) and for the bosonic part the results of Chap. 6. We
obtain

eA D
Z 1

0

dl NShDpje�2
l Hcl jDpiNS

D 1

N 2
NS

Z 1

0

dl e�
1

4
˛0l
Y 2 2 VpC1
.4
2˛0 l/

9�p
2

�

#43 � #44
	12

�

.2il/ : (9.39)

Transforming this expression to the loop-channel by the modular S-transformation
l D 1

2t
yields

A D 25

N 2
NS

.4
2˛0/p�4
Z 1

0

dt

t
e�

t
2
˛0 Y

2 VpC1
.8
2˛0t/

pC1
2

�

#43 � #42
	12

�

.it/ : (9.40)

Up to the prefactor, which we can normalize to one by choosing NNS accordingly,
this has precisely the form of a trace of all open string excitations between two
Dp-branes. However, the sum over the #-functions does not include all four possible
spin structures. As a consequence, this boundary state still carries a tachyonic mode
and is therefore unstable. What is missing is the contribution from the R-R sector.
Due to the ground state degeneracy, here the invariance under the GSO projections
is subtle though interesting.

First, let us define the following left-right combinations of the Ramond zero
modes7

7Note that this linear combination is different from the one introduced in Eq. (8.14), which did not
mix left- and right moving zero modes.
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bi˙ D
1p
2

�

bi0 ˙ i b
i

0

�

; (9.41)

which satisfy the anti-commutation relations

fbi˙; bj˙g D 0; fbiC; bj�g D ıij : (9.42)

Then, the zero mode gluing conditions can be written as

bi	jDp; 	iR D 0; i D 2; : : : ; p ;
bj�	jDp; 	iR D 0; j D p C 1; : : : ; 9 : (9.43)

Due to the anti-commutation relations we can define

jDp; 	 D C1iR D
p
Y

iD2
biC

9
Y

jDpC1
bj� jDp; 	 D �1iR ;

jDp; 	 D �1iR D
p
Y

iD2
bi�

9
Y

jDpC1
b
j
C jDp; 	 D C1iR : (9.44)

Recall from (8.34) that the GSO projection on the R-R ground state is defined as

.�1/F D 16
9
Y

iD2
bi0 D

9
Y

iD2
.biC C bi�/

.�1/F D 16
9
Y

iD2
b
i

0 D
9
Y

iD2
.biC � bi�/ : (9.45)

Now, it immediately follows that

.�1/F jDp; 	iR D jDp;�	iR

.�1/F jDp; 	iR D .�1/pC1jDp;�	iR ; (9.46)

which implies that the only .�1/F invariant boundary state is

jDpiR D jDp; 	 D 1iR C jDp; 	 D �1iR : (9.47)

Since the right moving GSO projection acts on this boundary state as

.�1/F jDpiR D .�1/pC1jDpiR ; (9.48)
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it is only .�1/F invariant if

p D odd for type IIB with .�1/F D C1 ;
p D even for type IIA with .�1/F D �1 : (9.49)

Thus, from the invariance of the boundary states under the GSO projection, we
have derived that the type IIB/type IIA superstring contains Dp-branes only for p
odd/even.

The total boundary state is now the combination of the NS-NS and R-R parts

jDpi D 1

NDp
.jDp; 	 D 1iNS � jDp; 	 D �1iNS

Ci jDp; 	 D 1iR C i jDp; 	 D �1iR/ ; (9.50)

where the factor of Ci in front of the R-sector boundary state is fixed by closed-
open string duality and guarantees the correct GSO projection in the loop-channel,
which projects out the tachyon. Note that each term in jDpi is an Ishibashi state,
i.e. it satisfies the gluing condition, but only the combination (9.50) satisfies both
the Cardy condition and supersymmetry. Using (9.27), (9.31) and the results from
Chap. 6 for the bosonic part, the overlap of two such boundary states gives

eA Dp;Dp D
Z 1

0

dl hDpje�2
l Hcl jDpi

D 2 VpC1
N 2

Dp

Z 1

0

dl e�
Y 2

4
˛0l
1

.4
2˛0 l/
9�p
2

�

#43 � #44 � #42
	12

�

.2il/ : (9.51)

The normalisation factor will be determined via loop-channel–tree-level equiv-
alence. To this end we perform a modular S -transformation of this amplitude.
This must coincide with the loop-channel amplitude for open strings ending on a
Dp-brane

ADp;Dp D
Z 1

0

dt

t
trNS�R

h�

1C.�1/F
2

�

qL0�
c
24

i

D VpC1
Z 1

0

dt

t
e�
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˛0

Y 2 1

.8
2˛0t/
pC1
2

1

2

�

#43 � #42 � #44
	12

�

.it/ : (9.52)

This fixes the normalization to

N �1
Dp D

1

8
.4
2˛0/

4�p
2 : (9.53)
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The boundary state (9.50) yields the complete GSO projected loop-channel ampli-
tude, which means, in particular, that there is no tachyonic mode and the state jDpi
is stable. These states are also called Dp-brane states, emphasizing the target space-
time point of view.

Recall that the one loop cylinder amplitude has the tree-level interpretation of
closed strings being emitted on one boundary (D-brane), freely propagating to
the other boundary and being absorbed there. For the case of a Dp-brane, the
formula (9.51) therefore encodes that the brane couples to closed string states
in the NS-NS sector and R-R sector such that these two contributions precisely
cancel. Mathematically this is due to the Jacobi triple identity and physically due
to supersymmetry. In particular, the Dp-brane couples to the massless modes. Since
the matrix Dij is symmetric, from the boundary state (9.35) we can directly read
off that in the NS-NS sector it only couples to left-right symmetric modes, i.e. the
graviton and the dilaton. However, it does not couple to the left-right antisymmetric
NS-NS two-form B�� . Due to the extra sign in the R-R sector, the brane couples to
the appropriate antisymmetric R-R form CpC1.

If we expand the #- and 	-functions in powers of q D e�2
l we find

eA Dp;Dp D 2 VpC1
N 2

Dp

.16NS � 16R/

Z 1

0

e�
1

4
˛0l
Y 2 1

.4
2˛0l/
9�p
2

�

1C O.e�2
l /
�

D 


8
.4
2˛0/3�p VpC1 .16NS � 16R/

1


˛0
G9�p.Y /C : : : : (9.54)

The notation was defined in Eqs. (6.133) and (6.134). As in the bosonic case we
can reproduce this part of the amplitude, which is due to exchange of massless
closed string modes, from the low-energy effective action. For the NS-NS sector the
world-volume and space-time actions are the same as in the bosonic case (see also
Chap. 16) and the calculation is identical to the one in Chap. 6 with d D 10. This
leads to

Tp D
p



Q�10 .4

2˛0/

3�p
2 D

p



Q�10 `
3�p
s : (9.55)

We now turn to the contribution of the RR-sector to eA Dp;Dp. From a space-time
point of view a Dp-brane with .pC1/-dimensional world-volume naturally couples
to a R-R .pC 1/-form potential via �p

R

W CpC1 where �p is the Dp-brane charge.
This is the immediate generalization of the coupling of a point particle of charge q
to a 1-form gauge potential q

R

A where the integral is over the particle’s world-
line. In both cases there will, of course, also be a kinetic energy term for the p-form
potential.8 The result (9.49) on the existence of Dp-branes for p even/odd in type
IIA/B theory is therefore consistent with the spectrum of p-form fields in the RR
sector that we found earlier.

8We will say more about the effective world-volume action of D-branes in Chap. 16.
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Computing the contribution due to exchange of CpC19 one finds

�p D Tp : (9.56)

Two comments are in order:

1. In string theory the dimensionless ten-dimensional gravitational coupling Q�10=˛04
has no absolute meaning. A change can always be compensated by a constant
shift of the dilaton, ˚ ! ˚ C ˚0. This freedom is conventionally fixed by
requiring that the tension of the fundamental string TF1 � T D 1=.2
˛0/ is
equal to the tension of the D1-string TD1 D TF1. The relation TF1=TD1 D 1 then
implies

Q�210 D
1

4

.4
2˛0/4 D 1

4

`8s : (9.57)

Therefore, the tension and R-R charge of a Dp-brane is given in terms of the
string scale as

Tp D �p D 2
 .4
2˛0/�
pC1
2 D 2
`�.pC1/s : (9.58)

2. The physically measured tension �p and the parameter Tp which appears in front
of the world-volume action of the brane in (16.160) differ by the background
value ˚0 of the dilaton or, with gs D e˚0

�p D Tp

gs
D 2


gs `
pC1
s

: (9.59)

The world-sheet analysis of this section has led us to the conclusion that
a D-brane boundary state corresponds to a dynamical target-space object with
tension Tp and R-R .pC1/-form charge�p . There are competing forces between
two D-branes, namely attraction due to exchange of gravitons and dilatons and
repulsion due to the exchange of the R-R form. These two forces precisely cancel,
independent of the distance between the two branes. In the space-time picture this
is due to the equality of charge and tension, i.e. Tp D �p .10 This is reminiscent of
the magnetic monopole in the Georgi-Glashow model. There the magnetostatic
repulsion of two monopoles is precisely canceled by the attraction due to

9The calculation is similar to the one in the appendix of Chap. 6; we have to use the propagator for
CpC1 as derived from the gauge fixed bulk action 1

2�210

R

d10x 1
2.pC1/Š

C�1:::�pC1
�C�1:::�pC1 .

10The general rule is that if the exchange particle has even spin, equal sign charges attract and
opposite charges repel. If the spin is odd, the situation is reversed. Exchange of an antisymmetric
tensor particle leads to repulsion between equal charges.
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Higgs exchange. These monopoles are also called BPS (Bogomol’nyi-Prasad-
Sommerfield) monopoles and for the same reason branes with the described
properties are called BPS branes. As in the monopole case, supersymmetry is the
mechanism responsible for the BPS property. In the annulus partition function
space-time supersymmetry is evident by the vanishing of these amplitudes due to
the Jacobi triple identity. Here it depends very much on the fact that we consider
two branes with the same orientation and same charge, rather than a brane and
an anti-brane or branes at angles. We will discuss the condition under which
different kinds of branes preserve some supersymmetry in Chap. 10.

In Chap. 18 we will encounter branes as classical solutions to the supergravity
equations of motion. There it will become obvious that they are sources of the
gravitational field and of p-form fields. This will play a crucial role for the AdS-
CFT correspondence. Another context in which D-branes play a central role is in the
realization of standard-like models in compactifications of type II string theories to
four space-time dimensions. Consistency of the latter constructions needs one more
ingredient, which are so-called orientifold planes. The prototype example of such
an orientifold construction is the type I string, which we are proceeding to discuss
in some detail in the following section. Generalizations and compactifications will
be considered in Chap. 12.

9.4 The Type I String

So far we have discussed the ten-dimensional type II superstring theories. These
theories contain oriented strings. However, there exists one consistent superstring
theory in ten-dimensions which contains non-oriented strings.11 This is the type I
superstring, which we are going to present in this section. We will see that the
definition of this theory is only the simplest example of a very general construction.

The starting point is the type IIB superstring theory. Since one is taking the same
GSO projection in the left- and right moving Ramond sector, in contrast to the
type IIA superstring, it enjoys the symmetry of exchanging the left-moving and the
right-moving sectors of the theory. We have encountered this symmetry in previous
chapters: the world-sheet parity which acts on the world-sheet coordinates as

˝ W .�; �/! .` � �; �/ : (9.60)

This transformation reverses the orientation of the string. Being a symmetry of
type IIB, we can consider its quotient by ˝ . This means that we identify the two

11We have already discussed aspects of non-oriented strings in Chaps. 4, 6 and 8, but so far did not
construct a complete model.
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Fig. 9.1 The Klein bottle

orientations of a string so that in the quotient theory we are dealing with non-
oriented strings.

Since˝ is a symmetry, the whole Hilbert space of the type IIB superstring allows
for an action ˝ . The operator 1

2
.1C˝/ projects to ˝-even states. In the one-loop

partition function we insert this projection operator into the trace (cf. Eq. (6.155))

Z˝.�; �/ D trH

�

1C˝
2

PGSO q
L0� c

24 qL0�
c
24

�

D 1

2
Ztorus.�; �/C 1

2
trH

�

˝ PGSO q
L0� c

24 qL0�
c
24

�

D 1

2
Ztorus.�; �/C 1

2
trH

�

˝ PGSO e
�4
t.L0� c

24 /
�

; (9.61)

where in the last line we have used that all states which contribute to the trace
with the ˝ insertion have L0 D L0 and we have set �2 D t . We have denoted
the projector onto GSO-even states by PGSO. In the Hamiltonian formulation of the
partition function the second term has the interpretation that we have a twist ˝ in
the time direction, i.e. geometrically the world-sheet is a Klein bottle as shown in
Fig. 9.1.

Including the measure factor the Klein bottle vacuum diagram is defined as

K D
Z 1

0

dt

2t
trHcl

�

˝ PGSO e
�4
t.L0� c

24 /
�

: (9.62)

The evaluation of this amplitude for the type IIB superstring is straightforward and
gives

K D V10

.4
2˛0/5

Z 1

0

dt

2t

1

t5

�

#43 � #44 � #42
2 	12

�

.2it/ ; (9.63)

where the t�5 factor comes from the Gaussian integration over the ten-dimensional
closed string center of mass momentum. In the following we will use the dimension-
less volume v10 D V10=.4


2˛0/5 D V10=`
10
s . As discussed in Chap. 6, applying the

cut and shift transformations shown in Fig. 6.16, one can transform the Klein bottle
into a tube stretched between two so-called crosscaps at the two ends. Therefore,
very similar to the loop-channel–tree-channel equivalence for the cylinder diagram,
there also exist two descriptions of the Klein bottle amplitude which are related via a
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modular S-transformation. For the Klein bottle amplitude in tree-channel we obtain
from (9.63), with t D 1=.4l/

fK D v10

Z 1

0

d l 24
�

#43 � #44 � #42
	12

�

.2il/ : (9.64)

In analogy to the tree-channel annulus diagram for two D-branes, we interpret
this result as coupling of closed string modes to the crosscaps at the end of the
tube. Their locus in the target space-time is called an orientifold plane. In the
case considered here, the objects are space-time filling so that we are dealing with
O9-planes. Similar to D9-branes these objects have tension and carry R-R 10-form
charge. This means that there exist non-vanishing one-point functions (tadpoles) of
the NS-NS graviton/dilaton and of the R-R 10-form on the brane. The exchange
of massless closed string modes leads to divergences in the tree-channel amplitude
which can be seen by expanding the integrand of (9.64), where the assignment R vs.
NS can be read off from the #-functions

fK D v10

Z 1

0

d l 24 .1NS � 1R/



16 q0 C OO.e�2
l /
�

: (9.65)

Even though the divergences due to exchange of massless particles in the two sectors
cancel, we will now argue that this is not sufficient for consistency. Indeed, we learn
from the above discussion that an O9-plane is charged under a R-R-field which must
be a ten-form C10. Its coupling to an O9-plane with charge �O9 can be included in
the effective action through the term

Seff D �O9

Z

R1;9

C10 : (9.66)

There is no kinetic term forC10 because in ten dimensions its field strength vanishes
identically, dC10 � 0 in d D 10. Therefore, the equation of motion for C10 is
�O9 D 0, i.e. the presence of the charged O9-plane violates the equation of motion.
In fact, this is just a special case of the general feature that one cannot put a non-
vanishing net charge on a compact space. If the space transverse to the charged
object is compact, the field lines have nowhere to end on.12

The source for this inconsistency is already at the level of the disc diagrams,
where there exist non-vanishing one-point functions (tadpoles) of the C10 gauge
field and the graviton. This C10 tadpole leads to a divergence in the tree-channel
Klein bottle amplitude in the R-R sector and therefore, as it stands, the ˝ quotient
of the type IIB superstring is not consistent. However, the analysis above already
contains the seed for the resolution of this divergence. If the O9-plane has tension

12While in the case considered here only D9 branes and O9 planes exhibit this problem, in the
compactified theory also lower dimensional D-branes and orientifold planes will lead to potential
inconsistencies whenever their transverse space is compact.
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and carries R-R charge, then we need to introduce additional objects into the theory
which also have tension and R-R C10-charge so that the total charge adds up to zero.

The objects at our disposal are of course the D9-branes of which we now take
N . If we put a certain number of D-branes on top of each other, we call it a stack of
D-branes. However, as already explained in Chap. 3, multiple branes are accompa-
nied by non-trivial Chan-Paton factors.

ˇ

ˇm I i; j ˛ D ˇˇm˛˝ ˇˇi; j ˛ D �aij
ˇ

ˇm I a˛ ; (9.67)

where jmi denotes the states for a single string and i; j D 1; : : : ; N label the
branes on which the string starts and ends, respectively. There are N2 such open
strings. The N2 matrices �a can be chosen Hermitian and to form a basis of
N � N matrices which we normalize as tr .�a�b/ D ıab . Hermitian conjugation
is .ji; j i/� � hi; j j D haj�aj i . The normalization

˝

i; j
ˇ

ˇ k; l
˛ D ıikıjl (9.68)

follows from hajbi D ıab and
P

a �
a
j i�

a
kl D ıikıjl . We now formalize the action of

˝ on the Chan-Paton factors. Since ˝ changes the orientation of the world-sheet,
it clearly interchanges start and end points of open strings. But we can allow for a
more general action on the CP indices of the form

˝
ˇ

ˇ i; j
˛ D

N
X

i 0;j 0D1
�jj 0

ˇ

ˇ j 0; i 0
˛�

��1
�

i 0i
: (9.69)

This form is dictated by the requirement that an open .ij / string can join with a
.jk/ string to form a .ik/ string. Here .ij / denotes an oriented open string which
starts at the i -th brane and ends at the j -th brane.13 To preserve the normalization
(9.68), � must be unitary.

We now require that the action of ˝ on the Chan-Paton labels squares to the
identity. This is necessary if we want 1

2
.1C˝/ to be a projection operator. For this

we calculate

13While for this interaction the two endpoints of the string which join have to meet on a brane,
there is another interaction between open strings: .ij/ C .kl/ ! .il/ C .kj/. Here the two
strings touch at interior points where they split and join while respecting the orientation. This can
happen anywhere in the bulk. This local interaction allows for the emission of closed strings from
D-branes: two interior points of an .ij/ string touch, split and joint, leaving an .ij / open string plus
a closed string. The reverse process is the absorption of a closed string. In the CFT description
these processes are described by various correlation functions of open and closed string vertex
operators.
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˝2ji; j i D �jj 0 ˝jj 0; i 0i .��1/i 0i
D �jj 0 �i 0i 00 ji 00; j 00i .��1/j 00j 0 .��1/i 0i

D 


.��1/T�
�

i i 0
ji 0; j 0i 
.�/�1�T

�

j 0j

ŠD ji; j i ; (9.70)

from which we infer the constraint on the matrices

�T D ˙� : (9.71)

After these preliminaries, we now compute the loop-channel annulus amplitude for
open strings stretched between a stack of N D9-branes:

A D N2 v10

Z 1

0

dt

2t

1

.2t/5

�

#43 � #44 � #42
2 	12

�

.it/ : (9.72)

The factor N2 is from the trace over the Chan-Paton factors. The transformation to
tree-channel via t D 1

2l
gives

eA D N2 v10

Z 1

0

dl 2�6
�

#43 � #44 � #42
	12

�

.it/

D N2 v10

Z 1

0

dl 2�6 .1NS � 1R/



16 q0 CO.e�2
l /� : (9.73)

Since in the closed string sector we took the ˝ quotient, we also have to do so in
the open string sector. Its action on the world-sheet coordinates and on the bosonic
fields X� was given on page 50. On the world-sheet fermions it is

˝  
�
C.�; �/˝

�1 D  ��.` � �; �/ ; (9.74)

for DD and NN boundary conditions. In terms of the modes this is

˝ ˛�n ˝
�1 D ˙.�1/n ˛�n ; ˝ b�r ˝

�1 D ˙e
ir b�r ; (9.75)

where the upper (lower) sign is for NN (DD) boundary conditions. In the following
we will need the former. We also have to specify the action of ˝ on the NS and R
open string ground states. Since we are interested in supersymmetric string theories,
we choose this action such that the total Möbius strip amplitude vanishes.14 With
hindsight we choose

14Different relative signs for the massless NS and R states correspond to O9-planes whose tension
has the opposite sign as the R-R charge.
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Fig. 9.2 The Möbius strip

˝j0iNS D �i j0iNS; ˝jaiR D �jaiR : (9.76)

We will see in a moment that the overall sign is arbitrary and can be compensated
by the sign choice in (9.71).

As it stands, ˝ does not square to one on all open string states but it does square
to one on all states which survive the GSO projection. Also, ˝ commutes with
PGSO. Therefore, 1

2
.1C˝/ is a projection operator in GSO projected amplitudes. If

we introduce it into the open string trace, we get the additional contribution

M D
Z 1

0

dt

2t
trHop

�

˝ PGSO e
�2
t.L0� c

24 /
�

; (9.77)

which is the one-loop partition function on the Möbius strip, as shown in Fig. 9.2.
Next we have to analyze the contribution from the Chan-Paton factors. We
straightforwardly compute

N
X

i;jD1

˝

i; j
ˇ

ˇ˝
ˇ

ˇ i; j
˛ D

N
X

i;j;i 0;j 0D1

˝

i; j
ˇ

ˇ �jj 0

ˇ

ˇ j 0; i 0
˛�

��1
�

i 0i

D
N
X

i;j;i 0;j 0D1
ıij 0 ıj i 0 �jj 0

�

��1
�

i 0i

D Tr
�

�T ��1
� D ˙N ; (9.78)

where in the final step we used (9.71). In summary, by including a factor of ˙N in
the Möbius strip partition function, we can account for a stack of N D-branes. We
can now compute the complete Möbius partition function; we obtain15

M D �N v10

Z 1

0

dt

2t

1

.2t/5

�

#43 � #44 � #42
2 	12

��

itC 1

2

�

: (9.79)

15This is most easily seen by representing ˝ D ei
.N˛CNb/ where N˛ and Nb are the number
operators for the bosonic and fermionic oscillators, respectively.
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We have seen in Chap. 6 that also the Möbius strip amplitude has a tree-channel
interpretation. By applying the cut and shift operations shown in Fig. 6.17, one
transforms the Möbius strip into a tube with a boundary on one and a crosscap
on the other end. For the transformation to tree-channel one can either use the
P D T

1
2 S T 2 S T

1
2 transformation introduced in Eq. (6.164) or alternatively one

can use the relations

#2

	

�

itC 1

2

�

D #2

	
.2it/

#4

	
.2it/

	2
�

itC 1

2

�

D 	2.2it/
#3

	
.2it/ (9.80)

to avoid dealing with the half-shifted arguments in the #-functions. The tree-channel
Möbius strip amplitude can then be written as (t D 1=8l)

QM D �N v10

Z 1

0

dl 28 l4 .1NS � 1R/
#42 #

4
4

#43 	
12

�

i

4l

�

D �N v10

Z 1

0

dl .1NS � 1R/
#42 #

4
4

#43 	
12
.4il/

D �N v10

Z 1

0

dl .1NS � 1R/
#42
	12

�

2ilC 1

2

�

D �N v10

Z 1

0

dl .1NS � 1R/



16 q0 CO.e�2
l /� : (9.81)

If we combine the divergences from the Klein bottle, the annulus and the Möbius
strip amplitude, we find that they are proportional to a perfect square

2�6 .N 2 � 26 N C 210/ D 2�6 .N � 25/2 : (9.82)

Therefore, if we choose the plus sign in Eq. (9.71) and correspondingly the minus
sign in the Möbius amplitude, we can cancel the tadpole for N D 32. This means
that in this case the tension/R-R charge of the O9-plane is negative and that it is
canceled by the positive tension/R-R charge of the N D 32 D9-branes, i.e.

�O9 D �32�D9 : (9.83)

Tadpole cancellation is schematically indicated in Fig. 9.3. The sum of the cylinder,
the two Möbius and the Klein bottle diagrams must be a perfect square such that the
sum of the disc and the crosscap tadpoles cancel.

We want to stress once more the importance of the cancellation of R-R tadpoles.
Quite generally, a tadpole means that the chosen background does not satisfy the
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Fig. 9.3 Tadpole
cancellation

equations of motion. For NS-NS tadpoles we can shift the background into a
consistent one which does satisfy the equations of motion. A R-R tadpole, on the
other hand, violates Gauss’ law, i.e. charge conservation. It can only be eliminated
by a discrete modification of the background, e.g. by adding 32 D9 branes on top of
the orientifold plane. To summarize: the ˝ quotient of the type IIB superstring can
be made one-loop consistent by the addition of N D 32 D9-branes. Therefore, this
ten-dimensional superstring theory contains non-oriented closed and open strings.

Let us mention with reference to Sects. 4.5 and 6.7 that one can also consider
orientifold projections ˝R, where R W Xi ! �Xi for i D p C 1; : : : ; d � 1.
Performing an analogous computation as above, one realizes that the tree-channel
Klein-bottle and Möbius strip amplitudes can be expressed in terms of crosscap
states, which take the form

jOp; 	iNS;R D i 2
p�4

NDp

Z

dk? exp

"

�
X

n>0

ei
n

n
˛i�n Dij ˛

j�n

�i	
X

r>0

ei
rbi�r Dij b
j

�r

#

eik?�x?

0 jk?i ;

(9.84)

where the normalization is such as to lead to tadpole cancellation. The crosscap
states satisfy the gluing conditions

�

˛in C .�1/nDi
j N̨ j�n

� jOp; 	i D 0 ;
�

bir C i	ei
rDi
j
Nbj�r
� jOp; 	i D 0 ; (9.85)

equipped with the momentum conditions ki D 0, i D 0; : : : p and unconstrained
center of mass momentum in the directions i D pC1; : : : ; 9. They can be written as

�

Xi.�/ �Di
jX

j .� C 
/� jOp; 	i D 0 ;
�

@�X
i .�/CDi

j @�X
j .� C 
/� jOp; 	i D 0;

�

 i�.�/C i	Di
j 

j
C.
 C �/

�

jOp; 	i D 0 : (9.86)

These are to be evaluated at � D 0 and should be compared to (9.24).
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Combining the NS-NS and R-R contribution as in Eq. (9.50), the overlap of the
crosscap state (9.84) with itself gives the tree-channel Klein bottle amplitude

fK D
Z 1

0

dl hO9je�2
l Hcl jO9i : (9.87)

Similarly, the overlap of a crosscap state with a boundary state gives the tree-channel
Möbius strip amplitude

fM D
Z 1

0

dl
�hO9je�2
l Hcl jD9i C hD9je�2
l Hcl jO9i� : (9.88)

The massless spectrum of the type I theory can be read off from the ˝ projected
closed and open string partition functions. In the closed string sector, we get the left-
right even states in the NS-NS sector and the left-right odd states in the R-R sector.
Moreover, under˝ the NS-R sector is mapped to the R-NS sector and a symmetric
linear combination survives. The massless closed string spectrum of the type I string
is therefore

Bosons W Œ.1/C .35/�C Œ.28/� ;
Fermions W Œ.8/C .56/� ; (9.89)

i.e. it contains the graviton, the dilaton and the R-R two-form, one gravitino and one
dilatino. The projection has reduced the ten-dimensional N D 2 supersymmetry to
N D 1, which has 16 supercharges. It is also worth noting that the NS-NS B-field
is projected out.

The spectrum is enlarged by extra massless states from the open string sector.
Prior to the orientifold projection a stack of N D 32 D9-branes supports ten-
dimensional U.32/ gauge bosons A.ij/� , each carrying eight on-shell degrees of
freedom. In addition there are gauginos, Majorana-Weyl fermions with eight on-
shell degrees of freedom. The gauge fields, together with the gauginos, comprise
a vector-multiplet of ten-dimensional N D 1 supersymmetry. However, the ori-
entifold projection acts non-trivially on these gauge fields. Using the notation of
the Chan-Paton factors in Eq. (3.55), the corresponding massless open string states
transforms under˝ as

˝ W � b�� 12 j0iNS ! �� �T ��1 b�� 12 j0iNS : (9.90)

Therefore, for the invariant gauge bosons, the 32 � 32 Hermitian matrix of
Chan-Paton factors � has to satisfy � D �� �T ��1. A possible representation for �
satisfying Eq. (9.71) with plus sign is � D �. The Chan-Paton factors then have to
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satisfy � D ��T . Together with �� D � this gives 1
2
N.N � 1/ D 496 real degrees

of freedom of an SO.32/ gauge field.16

Since both the annulus and the Möbius strip vanish, the R-sector gives the
massless on-shell degrees of freedom of the corresponding gaugino. The massless
open string spectrum of the type I superstring therefore reads

Bosons W 496 � Œ.8v/� ;

Fermions W 496 � Œ.8s/� : (9.91)

We emphasize that, in contrast to D-branes, O-planes do not specify loci of open
string end-points and they therefore do not support gauge fields on their world-
volume. But due to the projection with which they go along, the gauge group on
the D-branes which are required by tadpole cancellation is projected from U.2N/

to SO.2N/. The intuitive understanding is as follows. Before projection, there are
2N branes on top of an O9-plane supporting 2N �2N oriented open strings. Under
˝ an open string from brane a to brane b is identified with the open string .ba/
with the opposite orientation. It is clear that depending on the sign ˝ acts on the
.aa/ open strings, the latter are either projected out or are left invariant. In the first
case, N.2N � 1/ D dim.SO.2N// massless open string states survive while in the
second the other N.2N C 1/ D dim.SP.2N // states survive. We have just shown,
that supersymmetry and tadpole cancellation enforces the first kind of projection
for the type I superstring. But if we give up supersymmetry, symplectic groups are
also possible.

Let us discuss the tension of the type I D9-brane. Due to the factor 1
2

in the
projection operator, for the orientifold the normalization of the one-loop amplitudes
differs by a factor of 1=2 from those of the type II theories.17 Thus, the tension �I

p

of the D-branes in type I is

T I
p D �I

p D
r




2

1

Q�10 .4

2˛0/

3�p
2 D 1p

2
T II
p ; p D 1; 5; 9 : (9.92)

Finally, let us mention that already at the field theory level, the N D 1 super-
gravity theory with the field content of (9.89) is inconsistent due to the existence
of gravitational anomalies in ten dimensions. These anomalies can be canceled by
amending the supergravity theory with a super Yang-Mills theory with gauge group
SO.32/ or E8 � E8. The SO.32/ gauge group is present in the type I superstring
discussed in this section and the SO.32/ heterotic superstring theory. The E8 � E8
gauge group is perturbatively realized only in the E8 � E8 heterotic superstring
theory. We will discuss heterotic strings in Chap. 10.

16It is straightforward to show that if we change the overall sign in (9.76) we need the lower sign

in (9.71) and � D ��T��1. In this case we can choose � D
�

0 �

�� 0

�

and we also find 496 states in

the adjoint of SO.32/.
17In other words, we do not sum over the two orientations as we did in the orientable case.
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This closes our discussion of the type I string which, as was shown, is a string
theory which combines closed and open strings in an intricate way. In fact the ˝
projection makes the introduction of D-branes a necessity. Such so-called orientifold
constructions can be generalized in many ways and have been under intense
investigation, also for realizing four-dimensional compactifications of string theory
with quasi-realistic gauge groups and matter content. These compact orientifold
models will be further discussed in Chap. 15. They contain D-branes and O-planes
for various dimensions.

9.5 Stable Non-BPS Branes

From our discussion in the previous section it is clear that the only type IIB BPS
Dp-branes which survive the orientifold projection are the D9, D5 and D1 branes.
The D1 brane couples ‘electrically’ to the R-R two-form C2, D5 branes couples
‘magnetically’ to C2 (i.e. it couples to the dual six-form); the D9 branes couple
to the non-dynamical C10. These D-branes and their respective boundary states are
supersymmetric, i.e. they are BPS-branes.

Using the boundary state formalism we will now argue that besides these
supersymmetric BPS D-branes, there also exist non-supersymmetric though per-
turbatively stable, i.e. tachyon free D-branes. These stable non-BPS branes are a
peculiar feature of orientifold and orbifold models and show that geometrically
D-branes on compact spaces are not classified by homology classes, as one might
naively have guessed, but by K-theory classes. These correctly take into account that
there exist always D-branes and their oppositely charged anti-D-branes and that, in
addition, both branes and anti-branes support vector bundles on their world-volume.
Mathematically K-theory is the framework to make sense of the notion of adding
and subtracting vector bundles. D-branes are a very concrete and intuitive physical
realization of these notions because D-branes carry gauge fields and (sometimes
tachyonic) charged matter fields on their world-volume and the process of putting
D-branes on top of each other or annihilating D-branes and anti-D-branes corre-
sponds to adding and subtracting vector bundles.

As we have seen before, the pure NS-NS boundary state (9.38), though GSO
invariant, is not stable in type II string theory. This can be detected by computing
from the overlap of two boundary states the tree-channel annulus diagram, and then
transform it to loop-channel, where a tachyonic mode appears. Recall that due to
the lack of a R-R part in this boundary state, there is no GSO projection in the
loop-channel.

However, in the type I string one performs not only a GSO but also an orientifold
projection on the spectrum. It is therefore conceivable that the tachyonic mode,
though not projected out by the GSO projection, is eventually removed by the ˝
projection. We will show in this section that for certain Dp branes this is indeed
the case.
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Let us reconsider the pure NS boundary state

jfDpi D �

NDp
.jDp; 	 D 1iNS � jDp; 	 D �1iNS/ ; (9.93)

where NDp is the normalization found for BPS Dp-branes in (9.53) and � sets the
overall normalization which, as usual, we will later constrain by open-closed string
duality. Since we are looking for a dynamical D-brane with positive tension, we
need to require � > 0.

One can straightforwardly compute the tree-channel and loop-channel annulus
diagrams for such a single brane

A D �2

2

Z 1

0

dt

t

VpC1
.8
2˛0 t/

pC1
2

.#43 � #42 /
	12

.it/ : (9.94)

Comparison with (9.52) teaches us the following two properties of the fDp branes.
They do not couple to R-R fields and their tension is �Tp .

The next step is to compute the Möbius strip amplitude from the overlap
of boundary state (9.93) and the O9-plane from Eq. (9.84). This overlap can be
written as
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: (9.95)

The transformation to loop-channel via l D 1
8t

proceeds via the P -transformation
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(9.96)

and yields, after a few elementary steps,
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: (9.97)

Extracting the tachyonic mode from the annulus (9.94) and Möbius strip (9.97)
partition functions, one finds

A CM '
Z 1

0

dt

t

VpC1
.8
2˛0 t/

pC1
2

q�1=2

2

�

�2 C 2� sin
h


4
.5 � p/

i�

: (9.98)

With the brane tension � restricted to be positive, this implies that only for the
cases p 2 f�1; 0; 6; 7; 8g the tachyon has a chance to be removed by the orientifold
projection. For p even a more detailed analysis shows that the world-sheet parity
operation acts on the open string ground states with eigenvalue e�i 
4 p . For p D 6,
˝2 D �1 and .1 C ˝/=2 is not a projection operator and the above analysis is
meaningless. There is no such obstruction in the other cases so that we are left with
the stable non-BPS branes shown in Table 9.2.

Recall from (9.93) that � D 1 corresponds to the normalization of the BPS
Dp-branes of the type I superstring. The non-BPS D.�1/ instanton and the non-
BPS D7 brane both have � D 2 and can be considered as a brane–anti-brane pair,
whose tachyonic mode is projected out by ˝ .

If one computes the loop-channel annulus diagram for an open string stretched
between such a non-BPS brane and the 32 D9-branes present in the type I string
theory, one finds that here only the D.�1/ and D0-branes are tachyon free.

Table 9.2 Stable non-BPS
branes p �1 0 7 8

� 2
p
2 2

p
2



254 9 Superstrings

Table 9.3 K-theory groups
for Type I superstring

p �1 0 1 5 7 8 9

KO.S.9�p// Z2 Z2 Z Z Z2 Z2 Z

Of particular interest is the non-BPS particle, i.e. the non-BPS D0-brane, whose
existence has been inferred as a consequence of the proposed SO.32/ heterotic-type
I strong-weak duality.18 Indeed the massless Ramond open string states between
the non-BPS D0-brane and the 32 D9-branes indicate that the D0 brane transforms
in the spinor representation of SO.32/. Such spinorial states are present in the
perturbative heterotic string, but are not among the perturbative states of the type I
string.

With a stack of at least two non-BPS branes, one can show that the ˝ projection
cannot remove all tachyonic modes, so that a pair of such branes is unstable and
decays into something else. For completeness, but without further explanation, we
want to mention that this is related to K-theory classes, KO.S.9�p//, which are all Z2
valued. In Table 9.3 we list the relevant K-theory classes for stable D-brane in type I
string theory. They reflect the fact that BPS branes carry Z-valued charge and stable
multiple brane configurations exist (only branes and anti-branes can annihilate)
while non-BPS branes carry Z2 charge and annihilate in pairs. The K-theory classes
for other values of p are trivial.

9.6 Appendix: Theta-Functions and Twisted Fermionic
Partition Functions

In this appendix we collect results on #-functions which will prove useful and we
prove the Poisson resummation formula which is used to derive the modular trans-
formation properties of partition functions. Finally, we generalize the computation
of the fermionic partition functions to general boundary conditions.

Theta-Functions

Theta-functions are actually functions of two variables #
h

˛

ˇ

i

.zj�/. They have a

series expansion (Im� > 0)19

18Duality symmetries will be discussed in Chap. 18.
19This representation of the theta-function has an immediate generalization to higher genus
Riemann surfaces ˙g :

#
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n2Z
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i
.nnnC aaa/T ˝.nnnC aaa/C 2
i.nnnC aaa/T .zzzC bbb/� : (9.99)
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#
h

˛
ˇ

i

.zj�/ DPn2Z exp



i
.nC ˛/2� C 2
i.nC ˛/.zC ˇ/� : (9.100)

From the discussion in Sect. 9.1 it is clear that the parameters .˛; ˇ/ encode the
periodicity conditions in the .�1; �2/ directions of the torus. From (9.100) one finds
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.�zj�/ : (9.101e)

The first argument, or the shift in the �2 boundary condition, is important if one
couples the fermions to an external field. We will use the notation #.�/ � #.0j�/.
An alternative representation of the theta-functions is as an infinite product (�1=2 �
˛; ˇ � 1=2)

#

�

˛

ˇ

	

.�/

	.�/
D e2
i˛ˇq ˛2

2 � 1
24

1
Y

nD1

�

1C qnC˛� 12 e2
iˇ
� �

1C qn�˛� 1
2 e�2
iˇ

�

(9.102)

with qD e2
i� . For completeness we repeat the definition of the Dedekind
	-function

	.�/ D q1=24
1
Y

nD1
.1 � qn/ : (9.103)

For ˛; ˇ 2 f0; 1
2
g the #-functions have special names,

#

�

1=2

1=2

	

D #1 ; #

�

1=2

0

	

D #2 ; #

�

0

0

	

D #3 ; #

�

0

1=2

	

D #4 : (9.104)

aaa;bbb; zzz 2 R
g , nnn 2 Z

g and ˝ is the period matrix. aaa and bbb denote the spin-structure or, more
generally, encode the periodicity conditions around the a and b cycles of the Riemann surface.
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It is not hard to show the transformation properties under S and T transformations,
the generators of the modular group:

#

�

˛

ˇ

	

.� C 1/ D e�
i.˛2�˛/ #
�

˛

˛ C ˇ � 1
2

	

.�/ ; (9.105a)

#

�

˛

ˇ

	�

�1
�

�

D p�i�e2
i˛ˇ #
��ˇ

˛

	

.�/; j arg
p�i� j < 


2
: (9.105b)

The first equation follows directly from the sum representation. To show the second
one, one uses the Poisson resummation formula, which we will prove below.
For completeness we also repeat the modular transformations of the Dedekind 	-
function:

	.� C 1/ D ei
=12	.�/ ; (9.106a)

	.�1=�/ D p�i�	.�/ : (9.106b)

The transformation rules for a general SL.2;Z/ transformation are more difficult
to derive. We simply state the result in a form which will be useful later. The
combination

Z

�

˛

ˇ

	

.�/ D ei
˛.ˇC1/
#

"

˛ C 1
2

�ˇ � 1
2

#

.�/

	.�/

(9.107)

transforms in a simple way:

Z

�

˛

ˇ

	�

a� C b
c� C d

�

D "g Z
�

a˛ � cˇ
dˇ � b˛

	

.�/ ; (9.108)

where "g depends only on the SL.2;Z/ element g D
�

a b

c d

�

. It satisfies "12g D 1;

e.g. "T D ei
=6 and "S D ei
=2 for the two generators T D
�

1 1

0 1

�

and S D
�

0 1

�1 0

�

of

SL.2;Z/.
The theta-functions satisfy the following useful identities:

#42 .�/ � #43 .�/C #44 .�/ D 0 (Riemann identity) ; (9.109a)

#2.�/ #3.�/ #4.�/ D 2 	3.�/ (Jacobi triple product identity) ; (9.109b)

# 01.�/ D 2
	3.�/ : (9.109c)
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The physical content of the Riemann identity is the vanishing of the one-loop
partition function of the type II theories due to a space-time supersymmetric
spectrum.

A generalization of this supersymmetry identity, which will be needed in
Chap. 10, is the generalized Riemann identity

X

˛;ˇ2f0; 12 g
e2
i.aCb/

4
Y

iD1
e2
i˛hi #

�

˛ C gi
ˇ C hi

	

.�/ D 0 ; if

P

i gi D 0 mod 1
P

i hi D 0 mod 1 :

(9.110)

Poisson Resummation Formula

The transformation properties of partition functions under the modular S -trans-
formation can be derived via the Poisson resummation formula. In its general form,
this formula needs some notions from the theory of lattices, which we will discuss
in more detail in Chaps. 10 and 11. Consider the function

F.xxx/ D
X

ppp2�
e�
.pppCxxx/TAAA.pppCxxx/C2
iyyy�.pppCxxx/ ; (9.111)

where the sum runs over the points of an n-dimensional lattice � and AAA is a
symmetric positive definite n � n matrix. xxx and yyy are arbitrary vectors. Since

F.xxx Cppp/ D F.xxx/ (9.112)

for ppp 2 �, we can expand it in a Fourier series

F.xxx/ D
X

q2��

e2
ixxx�qqq F �.qqq/ ; (9.113)

where

F �.qqq/ D 1

vol.�/

Z

unit cell

dnx e�2
iqqq�xxx F.xxx/ : (9.114)

Here �� is the dual lattice. Inserting Eq. (9.111), combining the sum over � and
the integral over the unit cell to an integral over all of Rn, we find, after doing the
Gaussian integral, the Poisson resummation formula

X

ppp2�
e�
.pppCxxx/TAAA.pppCxxx/C2
iyyy�.pppCxxx/

D 1

vol.�/
p

detAAA

X

qqq2��

e�2
iqqq�xxx�
.yyyCqqq/AAA�1.yyyCqqq/ :
(9.115)
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Twisted Fermions

In the first part of this chapter we have seen that the four theta-functions #i ; i D
1; : : : ; 4 are in one-to-one correspondence with the four possible spin-structures on
a torus. The spin-structures are defined in terms of the periodicities of a fermion
along the two homology cycles of the torus. For real fermions the only allowed
phases are ˙1. For complex fermions more general phases are allowed. We will
now compute the one-loop partition function of a complex fermion with so-called
twisted boundary conditions. A similar discussion for twisted bosons will be given
in Chap. 10.

We define  D 1p
2
. 1 C i 2/ and  D 1p

2
. 1 � i 2/.20 The action for one

chirality (say the right-movers) is

S D i




Z

d2�  @C (9.116)

with energy-momentum tensor

T D i

2

� N @� C  @� N 
�

: (9.117)

The only non-zero anti-commutator is

˚

 .�0; �1/;  .�0; �10
� D 2
ı.�1 � �10/ : (9.118)

Impose the twisted boundary conditions21

 .�0; �1 C 2
/ D �eC2
i˛ .�0; �1/ ;
 .�0; �1 C 2
/ D �e�2
i˛ .�0; �1/ : (9.119)

The mode expansions compatible with (9.119) are

 .��/ D
X

n2Z
bnC˛C 1

2
e�i.nC˛C 1

2 /.�
0��1/ ;

 .��/ D
X

n2Z
Nbn�˛� 12 ; e

�i.n�˛� 12 /.�0��1/ (9.120)

20Here a bar means complex conjugate, not left-movers.
21In terms of the coordinates �1; �2 the boundary conditions (9.119) and (9.125) were given in
(9.12). �1 ! �1 C 1 corresponds to .�0; �1/! .�0; �1 C 2
/ and �2 ! �2 C 1 to .�0; �1//!
.�0C2
�2; �1C2
�1/. The complex coordinates on the torus are z D �1C i�0 D 2
.�1C��2/.
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where

Nbn�˛� 12 D
�

b�nC˛C 1
2

��

: (9.121)

The non-trivial anti-commutator of the modes is

n Nbn�˛� 12 ; bmC˛C 1
2

o

D ımCn;0 : (9.122)

Here, b	 and Nb	 are annihilation operators for 	 > 0 and creation operators for
	 < 0. The Hamiltonian is

H D
X

m2Z

�

mC ˛ C 1

2

�

Wb�
mC˛C 1

2

bmC˛C 1
2
W C˛

2

2
� 1

24
D L0 � c

24
(9.123)

with

L0 D
1
X

mD1

�

mC ˛ � 1
2
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Nb�m�˛C 1
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bmC˛� 12

C
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m � ˛ � 1
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Nbm�˛� 12
�

C ˛2

2
(9.124)

and c D 1 for one complex fermion. Using zeta-function regularization (3.44),
the normal ordering constant in (9.123) is �Pm�0.m � ˛ C 1

2
/ D ˛2

2
� 1

24
. The

constant in L0 can be computed directly as the one-point function of the energy-
momentum tensor on the plane in the vacuum annihilated by the b	 and Nb	 with

	 > 0 via hT .z/i D ˛2

2z2
D 1

z2
hL0i. These expressions are valid for � 1

2
< ˛ < 1

2
.

The expressions for 1
2
� ˛ < 1 follow via the replacement ˛ ! ˛ � 1.

We now compute the partition function for one complex fermion on a sector
where, in addition to (9.119), the fermions satisfy

 .�0 C 2
�2; �1 C 2
�1/ D �eC2
iˇ .�0; �1/ ;
 .�0 C 2
�2; �1 C 2
�1/ D �e�2
iˇ .�0; �1/ ; (9.125)

where � D �1 C i�2 is the modular parameter of the world-sheet torus. The minus
signs in (9.125) are automatic in the trace as it corresponds to a path-integral with
anti-periodic boundary conditions. If we want periodic boundary conditions we have
to insert .�1/F . But we still need to implement the ˇ-twist, i.e. we look for an
operator U which satisfies

UbnC˛C 1
2
U�1 D eC2
iˇbnC˛C 1

2
;

U NbnC˛C 1
2
U�1 D e�2
iˇ NbnC˛C 1

2
: (9.126)
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This operator is easily found to be

U D e2
iˇ.N�N/ ; (9.127)

where N;N are the number operators

N D
X
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b�	 Nb	 ; N D
X

	>0

Nb�	b	 : (9.128)

The partition function is (q D e2
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˛
�ˇ
�

.�/

	.�/
D det.@˛;ˇ/ : (9.129)

Up to a phase this result is valid for all ˛; ˇ. The last equality expresses the relation
between the Hamiltonian formulation and the functional integral of the vacuum
transition amplitude.

Comparison with (9.108) shows that the transformation of the boundary condi-
tions under modular transformations, Eq. (9.3), are encoded in the partition function
(9.129).

Further Reading

Spin structures in string theory and their relation to modular invariance were first
discussed in

• N. Seiberg, E. Witten, Spin structures in string theory. Nucl. Phys. B276, 272
(1986)

Further insight into the subject is given in
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Chapter 10
Toroidal Compactifications:
10-Dimensional Heterotic String

Abstract So far we discussed the 26-dimensional bosonic string and three kinds of
10-dimensional superstring theories, the type IIA/B theories and the type I theory.
One option to make contact with the four-dimensional world is to compactify the
closed string theories on compact spaces. We first study the simplest examples,
toroidal compactifications of the bosonic string and the type II superstring the-
ories. These feature a new symmetry, called T-duality. To break supersymmetry,
however, one has to compactify on non-flat spaces. The simplest such class are
toroidal orbifolds. Moreover, we introduce two additional superstring theories in
ten-dimensions, which are hybrid theories of a right-moving superstring and a left-
moving bosonic string, whose additional sixteen dimensions are compactified on
the weight-lattice of Spin.32/=Z2 or E8 � E8. We then study D-branes on toroidal
spaces and how they transform under T-duality. We introduce intersecting D-branes,
their T-dual images and simple orientifolds on such toroidal spaces.

10.1 Motivation

In previous chapters we have described two kinds of closed oriented string theories.
First, the closed bosonic string theory was formulated consistently in 26 dimensional
Minkowski space-time. The spectrum of physical states contains a negative .mass/2

scalar tachyon and, at the next level, with .mass/2 D 0, a symmetric traceless tensor
(the graviton), an antisymmetric tensor field and a scalar dilaton. These states are
accompanied by an infinite tower of massive excitations. As such, the closed bosonic
string has several serious drawbacks: flat 26-dimensional space-time, a tachyon and
no space-time fermions.

Some of these difficulties are overcome with the 10-dimensional fermionic string
theories. Modular invariance requires a GSO projection of the spectrum. This
projects out the tachyon and leads to a space-time supersymmetric spectrum. The
lightest states are again a massless graviton, a dilaton and several anti-symmetric
tensor fields. These bosonic fields are accompanied by their superpartners, namely

R. Blumenhagen et al., Basic Concepts of String Theory, Theoretical and Mathematical
Physics, DOI 10.1007/978-3-642-29497-6
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10, © Springer-Verlag Berlin Heidelberg 2013
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two gravitini and two dilatini. The theory has N D 2 space-time supersymmetry
in ten dimensions. A further projection, which involves the world-sheet parity
transformation, leads to a ten-dimensional theory with non-Abelian SO.32/ gauge
group and N D 1 supersymmetry.

To relate these higher dimensional fundamental string theories to the physics
in our four-dimensional world, one has to explain why we do not see the extra
space-time dimensions. This can be achieved by compactifying some of the string
coordinates on an internal compact space of sufficiently small size so that the masses
of the so-called Kaluza-Klein modes are beyond the energies reached by particle
physics experiments.

The notion of compactification should not be taken too literally. With the most
general ansatz of constructing four-dimensional string theories, the concept of
critical dimension is replaced by the requirement that the total central charge of the
Virasoro algebra be zero. Four-dimensional space-time can be realized by introduc-
ing only four flat string coordinates (i.e. free CFT bosons/fermions) corresponding
to four-dimensional Minkowski space-time and in addition a two-dimensional
(super) conformal field theory (including a ghost sector which reflects the consistent
coupling to world-sheet gravity) which has to satisfy the consistency constraints
of unitarity, locality, modular invariance etc. Simple realizations of these internal
conformal field theories are two-dimensional bosons whose target space is a torus.

Due to the decoupling of the left- and right-moving world-sheet sectors, one
can define a hybrid superstring theory whose right-moving sector is that of the 10-
dimension fermionic string and whose left-moving sector that of the 26-dimensional
bosonic string compactified on special 16-dimensional toroidal spaces. Absence of
tachyons and modular invariance imposes further constraints and eventually leads
to the two heterotic superstring theories. These aspects of toroidal compactifications
will be the main subject of this chapter. An interesting generalization are strings on
orbifolds which we also introduce in this chapter. In later chapters we will expand
on this and also discuss more general compactifications both as conformal field
theories and by geometric means.

Let us mention that many constructions may turn out to be quantum mechanically
equivalent, e.g. via the two-dimensional equivalence between bosons and fermions
which we discuss in Sect. 11.4. String dualities lead to further redundancies in the
description of physically inequivalent compactifications. They will be discussed in
some detail in Chap. 18.

In this chapter, for economy of notation, we use ` D 2� for the closed string and
` D � for the open string; � and � are dimensionless.

10.2 Toroidal Compactification of the Closed Bosonic String

For illustrative purposes we first consider the simplest case of one coordinate
compactified on a circle of radius R. It means that for one spatial coordinate,
e.g. X25, we require periodicity such that points on the real axis are identified
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according to

X25 � X25 C 2�RL; L 2 Z: (10.1)

X25 parametrizes a one-dimensional circle S1 of radius R. Here S1 is the quotient
of the real line by the integers times 2�R, i.e.

S1 D R=.2�RZ/ (10.2)

which also defines the equivalence relation Eq. (10.1). The coordinate X25.�; �/,
0 � � � 2� , maps the closed string onto the spatial circle 0 � X25 � 2�R. The
identification (10.1) requires to modify the periodicity condition of a closed string
to

X25.� C 2�; �/ D X25.�; �/C 2�RL: (10.3)

The second term gives rise to strings which are closed on the circle S1 but not on its
covering space R. After quantization this leads to new states, called winding states;
they are characterized by the winding number L that counts how many times the
string wraps around the circle. This phenomenon has no counterpart in the theory of
point particles on a circle. The winding states are topologically stable solitons; the
winding number cannot be changed without breaking the string; it is a conserved
charge. Such solitons always exist if the internal manifold contains non-contractible
loops. States with non-trivial winding constitute the so-called twisted sector: twisted
sector states are closed on the quotient manifold but not on the original manifold.
As we will see in detail below, the partition function is only modular invariant, if we
include the twisted sector states.

The following mode expansion for X25.�; �/ respects Eq. (10.3)

X25.�; �/ D x25 C ˛0p25� C LR�

C i
r

˛0
2

X

n¤0

1

n

�

˛25n e
�in.���/ C ˛25n e�in.�C�/

�

: (10.4)

x25 and p25 obey the usual commutation relation

Œx25; p25� D i: (10.5)

p25 generates translations of x25. Single-valuedness of the wave function
exp.ip25x25/ restricts the allowed internal momenta to discrete values:

p25 D M

R
; M 2 Z: (10.6)

The quantized momentum states are called Kaluza-Klein modes. We split X25.�; �/

into left and right-movers
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D x25L C ˛0p25L .� C �/ C oscillators: (10.7)

In the quantized theory x25;M and c; L are operators whose eigenvalues we denote
by the same letters. The mass operator receives contributions from the winding
states:

˛0m2
L �

˛0

2

�

M

R
C LR

˛0

�2

C 2.NL � 1/ D 2. NL0 � 1/;

˛0m2
R �

˛0

2

�

M

R
� LR
˛0

�2

C 2.NR � 1/ D 2.L0 � 1/;

˛0m2 D ˛0.m2
L Cm2

R/ D ˛0
M2

R2
C 1

˛0
L2R2 C 2.NL CNR � 2/; (10.8)

wherem2 D �P24
�D0 p�p�. Moreover, M

2

R2
is the contribution to the mass from the

momentum in the compact dimension and the term 1
˛02 L

2R2 is the energy required
to wrap the string around the circle L times. Physical states have to satisfy the
reparametrization constraint Eq. (3.22)

m2
L D m2

R $ NR �NL DML: (10.9)

Let us examine the spectrum of this theory which is effectively 25-dimensional.
First consider states with zero winding and zero internal momentum.

1. The lowest energy state is again the scalar tachyon with ˛0m2 D �4 (we suppress
the space-time momentum)

jtachyoni D j0i: (10.10)

2. At the massless level with NL D NR D 1 there are now the 25-dimensional
graviton, antisymmetric tensor and dilaton1

jG��i D ˛��1˛��1j0i �; � D 0; : : : 24 (10.11)

with the oscillators in the 25 uncompactified space-time directions.

1Previously we had considered the spectrum in light-cone gauge. Here we give the Lorentz-
covariant form of the states. The unphysical degrees of freedom decouple in the critical dimension
as a result of the physical state conditions Ln D NLn D 0 for n > 0.
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3. In addition to these states, which were already present in the uncompactified
theory, there are also new states which arise from the compactification. We can
replace one space-time oscillator by an internal oscillator to get two vector states:

jV �
1 i D ˛��1˛25�1j0i;
jV �
2 i D ˛25�1˛��1j0i: (10.12)

These massless vectors originate from the Kaluza-Klein compactification of the
bosonic string on the circle—they are the .�; 25/ components of the graviton
(G�;25) and antisymmetric tensor field .B�;25/. They give rise to a U.1/L�U.1/R
gauge symmetry. Since these gauge bosons arise by dimensional reduction of the
higher dimensional graviton and antisymmetric tensor field, they already appear
in any field theoretical compactification. The identification of massless vector
states in the excitation spectrum of the string with gauge bosons will be explained
in Chap. 16 when we discuss the low-energy effective field theory.

4. Finally, acting with two internal oscillators on the vacuum we obtain a massless
scalar field which is an internal degree of freedom of the 26-dimensional metric;
its vacuum expectation value corresponds to the radius R of the circle:

j�i D ˛25�1˛25�1j0i: (10.13)

More interesting are the states with non-trivial internal momentum and winding
number, obtained by acting with the oscillators on the soliton vacua jM;Li. We will
concentrate on the first winding sector, M D ˙L D ˙1. Choosing M D L D ˙1
we derive from Eq. (10.8) that

˛0m2
L D

˛0

2R2
C R2

2˛0
C 2NL � 1;

˛0m2
R D

˛0

2R2
C R2

2˛0
C 2NR � 3;

˛0m2 D ˛0

R2
C R2

˛0
C 2.NLCNR � 2/: (10.14)

The level matching constraint Eq. (10.9) is satisfied ifNLD 0,NRD 1. We therefore
find two vector states of the form

jV �
a i D ˛��1j ˙ 1;˙1i; a D 1; 2; � D 0; : : : ; 24 (10.15)

and two scalars

j�ai D ˛25�1j ˙ 1;˙1i; a D 1; 2; (10.16)

whose mass depends on the radius of the circle
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˛0m2.R/ D ˛0

R2
C R2

˛0
� 2: (10.17)

Analogously we can set M D �L D ˙1. Then Eq. (10.9) is satisfied if NL D 1,
NR D 0 and we obtain again two vectors and two scalars

jV 0�a i D ˛��1j ˙ 1;�1i; a D 1; 2; � D 0; : : : ; 24; (10.18)

j�0ai D ˛25�1j ˙ 1;�1i; (10.19)

whose mass is also given by Eq. (10.17). It is easy to see that m2.R/ � 0

with equality for R D p˛0. This means that for this particular radius, which is
determined by the string tension, we get extra massless states, of which the massless
vectors are of particular interest. This phenomenon is of utmost importance in
the theory of the compactified bosonic string. Together with the massless vectors
(10.12), these four additional massless vectors complete the adjoint representation
of SU.2/L � SU.2/R. The oscillator excitations (10.12) with zero winding number
and zero Kaluza-Klein momentum correspond to the U.1/L � U.1/R Cartan
subalgebra generators of SU.2/L � SU.2/R, the soliton states of Eqs. (10.15) and
(10.18) to the roots (this will be put on more rigorous grounds in the next chapter
where we also review some background on Lie algebras). .M CL;M �L/ are the
U.1/L�U.1/R quantum numbers. It is easy to convince oneself that these additional
massless vectors are the only ones possible for any choice of M , L and R. We also
have extra tachyons M D 0, L D ˙1 and M D ˙1, L D 0. It is important to
stress once more that while the gauge bosons corresponding to the U.1/L � U.1/R
Cartan subalgebra generators are Kaluza-Klein states familiar from field theoretical
compactifications on a circle, the non-Abelian gauge bosons are a characteristic
string effect and cannot appear in any point-particle compactification.

At the special radius R D p˛0, where the gauge symmetry is enhanced, there
are eight additional massless scalars

˛25�1j ˙ 1;˙1i; ˛25�1j ˙ 1;�1i; j ˙ 2; 0i; j0;˙2i (10.20)

which, together with ˛25�1˛
25�1j0; 0i (cf. Eq. (10.13)) form the .3; 3/ representation of

SU.2/L � SU.2/R. However, for arbitrary values of the radius, both the four non-
commuting gauge bosons of SU.2/L � SU.2/R and the four scalars with internal
oscillator excitations are massive—the gauge symmetry is broken to U.1/L�U.1/R.
Therefore this phenomenon can be interpreted as a stringy Higgs effect. For arbitrary
radii these four massive scalars are the longitudinal components of the four massive
vector particles. Two of the remaining scalars in Eq. (10.20) become massive and
the other two become tachyons.

The U.1/L � U.1/R gauge bosons on the other hand stay massless for all
values of R. This is also the case for the single scalar of Eq. (10.13). In a low
energy effective field theory this neutral scalar will have a completely flat potential
which corresponds to the freedom of choosing the radius of the circle as a free
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parameter. Said differently, the spectrum of the bosonic string compactified on S1

is characterized by a single parameter, also called a modulus, which is the radius of
the circle. In a low-energy effective field theory description (cf. Chap. 16) it is the
vacuum expectation value of a scalar field which is associated with the state (10.13).

One might be tempted to conclude that the space of physically inequivalent
S1-compactifications is parametrized by R=˛0 2 .0;1/. However, inspection
of the mass formula Eq. (10.8) shows that the spectrum is invariant under the
transformation R ! ˛0

R
. Simultaneous interchange of winding and momentum

numbers L $ M maps winding states to momentum states and vice versa. The
transformation, which is a symmetry of the S1 compactified bosonic string,

R! ˛0

R
; L$M (10.21)

is an example of a duality transformation, called T -duality. The radiusR D p˛0 is a
fixed point of this transformation. It means, at least as far as the excitation spectrum
is concerned, the compactified string theory looks the same regardless whether we
consider it at large or small radius of the internal circle. Therefore, the spectrum of
the compactified bosonic string is completely characterized by the valuesR � p˛0,
or, equivalently, 0 < R � p˛0. In other words, the moduli space of this theory is
not the whole positive real axis but only one of the above intervals.

If we consider not only the spectrum but also the mode expansion (10.7),
we realize that under T-duality, Eq. (10.21), the momentum modes transform as
.pL; pR/ ! .pL;�pR/. For T-duality to be a symmetry of the entire string theory
and not only its zero mode sector, we need to extend this action to the oscillator
modes such that

.XL;XR/! .XL;�XR/ (10.22)

or

X.�; �/ D XL.�C/CXR.��/! X 0.�; �/ D XL.�C/�XR.��/: (10.23)

This also requires c $ x. Therefore, T-duality acts as an asymmetric Z2 reflection
of the right moving world-sheet boson leaving its left-moving partner invariant. This
again reflects the fact that such a symmetry is of truly string origin. Since X andX 0
have the same energy-momentum tensor and the same operator product expansions,
the conformal field theories of X and X 0 are identical. This demonstrates that
T-duality is a symmetry of the bosonic string theory and not just its excitation
spectrum.

It is now also clear how this transformation generalizes to the superstring. Let us
introduce the notation L D  C and R D  �. Due to world-sheet supersymmetry
T-duality must also act on the world-sheet fermions as an asymmetric reflection

. L; R/! . L;� R/: (10.24)
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This simple transformation has an important consequence. Recall from Eq. (8.34)
that the action of the right-moving GSO projection on the Ramond sector ground
state can be expressed in light cone gauge as .�1/F D 16

Q9
iD2 bi0. The bi0 being

the zero-modes of  iR we conclude that T-duality along a single S1 changes the sign
of the right-moving GSO projection in the Ramond sector. Therefore it exchanges
the type IIB and the type IIA superstring. Summarizing, T-duality acts on the type
II superstrings as

type IIB on S1 with radiusR $ type IIA on S1 with radius .˛0=R/: (10.25)

For compactifications on higher dimensional tori, this generalizes straightforwardly.
For an odd number of T-dualities, i.e. asymmetric reflections, the type IIB and type
IIA superstring theories are exchanged, whereas for a even number they are mapped
to themselves.

An important consequence of the T-duality symmetry is that we cannot dis-
tinguish a string theory compactified on a large circle with radius R from one
compactified on a small circle with radius ˛0=R. To understand this one has to recall
that in ordinary quantum mechanics position eigenstates are defined as the Fourier
transformed momentum eigenstates. Quantization of momentum on the circle leads
to jx C 2�Ri D jxi. In string theory we could, however, have defined position
eigenstates as Fourier transformed of winding eigenstates which would lead to
j Qx C 2�˛0

R
i D j Qxi with radius ˛0=R. The first definition is useful for large R where

there are low mass momentum states but only high mass winding states. For small
R (or large ˛0=R) the situation is reversed. This leads to an effective minimum size
of R D p˛0, which is the fixed point of the duality symmetry.

We now want to generalize this discussion to the compactification of D bosonic
coordinatesonaD-dimensional torusTD .Theresulting theory iseffectively .26�D/-
dimensional. The torus is defined by identifying points in the D-dimensional
internal space as follows (compact dimensions are labeled with capital letters):

XI � XI C 2�
D
X

iD1
ni eIi D XI C 2�LI ; ni 2 Z (10.26)

with

LI D
D
X

iD1
ni eIi ; ni 2 Z: (10.27)

The ei D feIi g (i D 1; : : : ;D) are D linear independent vectors which generate a
D-dimensional lattice 	D . The L D fLI g are lattice vectors,2 i.e. L 2 	D . The
torus on which we compactify is obtained by dividing R

D by 2�	D :

T D D R
D=2�	D: (10.28)

2Some basis facts about lattices are collected at the beginning of Sect. 11.2.
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Center of mass position and momentum satisfy canonical commutation relations

ŒxI ; pJ � D iıIJ ; (10.29)

i.e. pI generates translations of xI and single-valuedness of eix
I pI requires that

LIpI 2 Z, i.e. the allowed momenta have to lie on the lattice which is dual to 	D ,
denoted by 	�D , with basis vectors e�i :

pI D mi e
�i
I ; mi 2 Z: (10.30)

The e�i D fe�iI g are dual to the ei , i.e.

ei 	 e�j D eIi e�jI D ıji : (10.31)

From this

eIi e
�i
J D ıIJ : (10.32)

follows. For later use we define the metric on 	D

gij D ei 	 ej D eIi eJj ıIJ (10.33)

and on 	�D:

g�ij � gij D e�i 	 e�j D e�iI e�jJ ıIJ D .g�1/ij : (10.34)

Note that e�i D gij ej . The volumes of the unit cells are vol.	D/ D
p

detg and
vol.	�D/ D

p

detg� D 1p
det g

.
The condition which a closed string in the compact directions has to satisfy is

XI .� C 2�; �/ D XI .�; �/C 2�LI : (10.35)

NontrivialLI means nontrivial winding. If we define dimensionless fields XL;R via

XI D
q

˛0

2
.XI

L CXI
R/, then their mode expansions are

XI
L D xIL C pIL.� C �/C i

X

n¤0

1

n
N̨ In e�in.�C�/;

XI
R D xIR C pIR.� � �/C i

X

n¤0

1

n
N̨ In e�in.���/; (10.36)
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where we have also defined dimensionless left and right momenta

pIL;R D
1p
2
.
p
˛0pI ˙ 1p

˛0
LI / (10.37)

and dimensionless left and right center-of-mass coordinates

xIL;R D
1p
2˛0

xI ˙
r

˛0
2
QI with QI D 1

˛0
cI : (10.38)

The mass formula is3 (m2 D �P25�D
�D0 p�p�)

˛0m2
L D

˛0

2

D
X

ID1

�

pI C 1

˛0
LI
�2

C 2.NL � 1/ D p2L C 2.NL � 1/ D 2. NL0 � 1/;

˛0m2
R D

˛0

2

D
X

ID1

�

pI � 1

˛0
LI
�2

C 2.NR � 1/ D p2R C 2.NR � 1/ D 2.L0 � 1/
(10.39)

so that

˛0m2 D ˛0.m2
L Cm2

R/

D 2.NR CNL � 2/C
D
X

ID1

�

˛0pIpJ C 1

˛0
LILJ

�

ıIJ

D 2.NLCNR � 2/C
D
X

i;jD1

�

˛0mig
ijmj C 1

˛0
nigij n

j
�

: (10.40)

The constraint Eq. (10.9) generalizes to

NR �NL D p 	L D
D
X

iD1
mi n

i : (10.41)

Using this information one shows that the 2D-dimensional vectors P D .pL;pR/

build an even self-dual lattice4 
D;D if we choose the signature of the metric of this
lattice to be ..C1/D; .�1/D/; i.e.P 	P 0 DPI .p

I
Lp
0J
L �pIRp0JR /ıIJ . Therefore
D;D

is called a Lorentzian lattice. With (10.27) and (10.30) the scalar product between

3These and other expressions given below are easily generalized to the compactified fermionic
string. NL;R then include the fermionic oscillators and the zero-mode part (�2) has to be modified
(0 in R and �1 in NS sectors).
4Our notation is such that we denote the left- and right-moving momentum lattices by 
L;R and
the winding vector lattice by 	.
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any two lattice vectors is

P 	P 0 D
D
X

iD1
.mi n

0i Cm0i ni / 2 Z (10.42)

and, clearly, P 	 P 2 2Z. A lattice with these properties is called even. Below we
will show that the lattice is self-dual. The momentum lattices which occur in torus
compactifications of the string are also called Narain lattices. Note however that,
given the vectors .pL;pR/ 2 
D;D , the set of vectors pL, pR do not, for a general
metric on the torus, form separate lattices 
L, 
R in spite of closing under addition.
For example, consider the two-dimensional even Lorentzian self-dual lattice 
1;1
consisting of points

 
r

˛0
2

M

R
C 1p

2˛0
LR;

r

˛0
2

M

R
� 1p

2˛0
LR

!

2 
1;1: (10.43)

The left (or right) components alone, even though they close under addition, do not
form a one-dimensional lattice. For general real values of R we cannot write all
possible pL as the integer multiple of one basis vector. A torus compactification
where the left and right momenta pL, pR build separately Euclidean lattices, 
L
and 
R, is called rational. The notation ‘rational’ is used since 
L, 
R can be
decomposed into a finite number of cosets (see Chap. 11). In this case the possible
ŒU.1/�DL � ŒU.1/�DR charges (see (10.44)) of the Kaluza-Klein and winding states
are rational numbers and the corresponding conformal field theory is rational. For
example, the lattice 
1;1 is only rational if R2=˛0 is a rational number.

As before, the sector without any winding and internal momentum contains
a .26 � D/-dimensional tachyon, a massless graviton, antisymmetric tensor and
dilaton. Furthermore there exist 2D massless vectors

jV �I
1 i D ˛��1˛I�1j0i;
jV �I
2 i D ˛��1˛I�1j0i (10.44)

which are the gauge bosons of ŒU.1/�DL � ŒU.1/�DR . Finally, there are D2 massless
scalars

j�IJ i D ˛I�1˛J�1j0i: (10.45)

These scalar fields are associated to the moduli of D-dimensional torus compact-
ifications of the bosonic string. Of the D2 scalars, 1

2
D.D C 1/ are the internal

graviton components; their vacuum expectation values give the constant background
parameters GIJ which specify the shape of the D-dimensional torus T D . The
remaining 1

2
D.D � 1/ scalars are the internal components of the antisymmetric

tensor field BIJ which may also acquire constant vacuum expectation values. This
kind of background fields will also influence the string spectrum and therefore enter
the mass formula Eq. (10.39).
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The anti-symmetric tensor background field B�� couples to the bosonic fields
X� via an additional term in the string action

S D � 1

4�˛0

Z

d2�
�

�˛ˇ G�� @˛X
�@ˇX

� C �˛ˇ B�� @˛X�@ˇX
�
�

: (10.46)

The B-field does not affect the energy-momentum tensor,5 and if B is constant it
does not contribute to the equations of motion forX� and neither does it change the
commutation relations of the oscillators. But the momentum canonically conjugate
to X� is modified (we use �01 D �1):

˘� D 1

2�˛0
.G�� PX� C B��X 0�/ (10.47)

which leads to the center of mass momentum

�� D
Z 2�

0

˘�d� D G��P � C 1

˛0
B��L

�: (10.48)

This shows that winding states (LI ¤ 0) are charged under B�I while KK
momentum states (P I ¤ 0) are charged under G�I .

In the following we take a constant antisymmetric tensor with non-vanishing
components only in the compactified directions and GIJ D ıIJ . The center of mass
momentum along the compact directions is �I DGIJ pJ C 1

˛0BIJL
J . It is �I which

generates translations and it must therefore lie on the lattice 	�D which is dual to
	D , i.e. �I D mie

�i
I . But it is pI which enters the mass formula. pL and pR can be

expressed in terms of �I instead of pI :

.pI /L;R D
r

˛0
2

�

�I ˙ 1

˛0
.GIJ � BIJ /LJ

�

D e�iI

 
r

˛0
2
mi ˙ 1p

2˛0
gij n

j � 1p
2˛0

bij n
j

!

; (10.49)

where bij D eIi BIJ eJj with inverseBIJ D e�iI bij e�jJ and, as before, gij D eIi GIJ eJj .
Employing an obvious matrix notation, the mass formula is m2 D m2

L Cm2
R with

˛0m2
L;R D p2L;R C 2.NL;R � 1/

D ˛0

2
mTg�1mC 1

2˛0
nT.g � bg�1b/nC nTb g�1m˙ nTmC 2.NL;R � 1/

(10.50)

and level matching .L0 � NL0/ D
R

d� ˘ 	X 0 D 0 is the same as (10.41).

5This can e.g. be seen by noting that the coupling to B can be written, prior to fixing conformal
gauge, in the form

R

B˛ˇd�
˛ ^ d�ˇ where B˛ˇ D @˛X

I @ˇX
JBIJ is the pull-back to the world-

sheet. This expression in independent of the world-sheet metric.
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It is again instructive to calculate the inner product of two vectorsP D .pL;pR/,
P 0 D .p0L;p0R/ 2 
D;D:

P 	P 0 D
D
X

iD1
.mi n

0i Cm0i ni /: (10.51)

It does not depend on the choice of theD2 background parameters gij and bij . Using
this background independence we can take, for example, eIi D

p
˛ıIi and bij D 0.

The lattice .pL;pR/ is then spanned by the vectors 1p
2
.mI CnI ;mI �nI / which is

clearly even Lorentzian self-dual.6 We conclude that 
D;D is self-dual for any value
of the background fields.

We have seen that the torus compactification of the bosonic string is described
by D2 real parameters. The D2 dimensional parameter space of the background
fields is the moduli space of the torus compactification. Different values of the D2

parameters correspond to different choices of the Lorentzian, self-dual lattice 
D;D .
This fact is very useful to obtain more information about the geometrical structure of
the moduli space. It is known that all possible Lorentzian self-dual lattices 
D;D can
be obtained by a O.D;D/ rotations of some reference lattice 
0, which can always
be chosen to correspond to bij D 0 and gij D ˛0ıij . However, not every Lorentz
rotation leads to a different string theory since the string spectrum is invariant under
separate rotationsO.D/L, O.D/R of the vectors pL and pR (see the mass formula
(10.39)). Therefore, distinct compactified string theories, i.e. different points in the
moduli space correspond to points in the coset manifold O.D;D/

O.D/�O.D/ which is of

dimension D2. We conclude that the geometrical structure of the moduli space
is given by this manifold. However the string spectrum is again invariant under
generalized, discrete duality transformations involving the background fields gij
and bij . The global structure of the moduli space is quite complicate as those points
in the above coset, which are connected by the duality transformations, have to be
identified.

It is not difficult to identify the transformations which generalize (10.21).
Inspection of (10.50) reveals that p2L;R are invariant under the map

m$ n and ˛0g�1 $ 1

˛0
.g � b g�1b/

b g�1 $ �g�1b; (10.52)

which is equivalent to

1

˛0
.gC b/ $ ˛0.gC b/�1: (10.53)

6 The lattice is of the form ˝
1;1 where the two basis vectors of each 
1;1 are 1
p

2
.1; 1/ and

1
p

2
.1;�1/. They also span 
 �

1;1.
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For b D 0 and a diagonal metric g, in which case T D D S1 � 	 	 	 � S1, this is
becomes (10.21) for each circle. But p2L;R are also invariant under

m! m � N n and b! bC ˛0 N; (10.54)

where N D .Nij / is an arbitrary antisymmetric matrix with integer elements.
One can show that the transformations (10.52) and (10.54) generate the group
O.D;DIZ/ and that the moduli space is O.D;D/

O.D/�O.D/
ı

O.D;DIZ/. The discrete

symmetries leave p2L;R invariant, but not pL;R . Their change has again to be
compensated by corresponding changes in XL;R to ensure that the symmetry is a
true symmetry of the theory, i.e. not only of the spectrum but also of the CFT.

A non-trivial instructive example is the 2-torus T 2 D R
2=	 which has one

Kähler modulus and one complex structure modulus.7 e1, e2 are the two generators
of 	 and the metric is gij D ei 	 ej . The Kähler modulus is the area

p

detg. In
the presence of an antisymmetric field bij D B�ij it is natural to introduce the
complexified Kähler modulus T via

T D 1

˛0
.B C ipdetg/ D T1 C i T2: (10.55)

The complex structure modulus, denoted U , is

U D je2jje1je
i'.e1;e2/ D g12 C i

p

detg

g11
D U1 C i U2: (10.56)

This is what we had called � when we discussed the world-sheet torus in Chap. 6.
Both U and T are defined to lie in the upper half-plane. One can express the metric
in terms of the moduli as

gij D ˛0 T2
U2

�

1 U1
U1 jU j2

�

: (10.57)

We compute p2L;R and find

2

˛0
p2L D

1

2T2U2

ˇ

ˇm2 � Um1 C T .n1 C Un2/
ˇ

ˇ

2
;

2

˛0
p2R D

1

2T2U2
jm2 � Um1 C T .n1 C Un2/j2 : (10.58)

There are various symmetries of the spectrum, i.e. symmetries which leave p2L;R
invariant. One easily checks that SL.2;Z/T ; T ! aTCb

cTCd , if we also transform the

7The notions of complex and Kähler manifolds will be discussed in Chap. 14.
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momentum and winding numbers appropriately, is such a symmetry. More interest-
ingly, there is also a Z2 symmetry, T $ U (accompanied by .m1;m2; n1; n2/ !
.�n1;m2;�m1; n2/), which is an exchange of the complex structure and the Kähler
modulus. This is a simple example of mirror symmetry (which we discuss further
in Chaps. 12 and 14). It also implies an SL.2IZ/U symmetry. There is a second Z2

symmetry, .T; U / ! .� NT ;� NU / and the moduli space of the T 2 compactification
is F�F

Z2�Z2 rather than the product of two copies of the upper half-plane as one would
naively expect. The discrete transformations which are responsible for this generate
the T-duality group of the T 2 compactifications. The presence of the two moduli also
means that compactification on T 2 will lead to two massless complex fields with
completely arbitrary vacuum expectation values (vevs). Their couplings to other
fields are, however restricted by invariance of the low-energy effective action under
SL.2;Z/U and SL.2;Z/T .

We now take a closer look at the soliton states. We start with bij D 0. By the same
arguments as before we might expect additional massless states for special lattices.
We are again particularly interested in massless vectors. Inspection of Eq. (10.39)
shows that we need either p2L D 2, NL D 0 with pR D 0, NR D 1 or L and R
interchanged. Together with Eq. (10.41) this means that the only possibilities to get
massless vectors are mi D ˙ni D ˙1, mj D nj D 0 for i ¤ j and gij D ˛0ıij ,
i.e. eIi D

p
˛0ıIi . The gauge group is ŒSU.2/�DL � ŒSU.2/�DR . In this case pL;R build

the weight lattice of ŒSU.2/�D . This is a trivial extension of the case considered
before in the sense that the bosonic string is compactified on D orthogonal circles
with radii R D p˛0. If we want to get more general and in particular larger gauge
groups GL;R , we need 
L;R to contain the root lattice of GL;R . For this we have to
consider non-trivial antisymmetric tensor field backgrounds bij .

As the simplest non-trivial example with non-vanishing bij consider the toroidal
compactification of two dimensions. Choose for the two-dimensional lattice 	2 the

root lattice of SU.3/ with basis vectors e1 D R.
p
2; 0/ and e2 D R.� 1p

2
;

q

3
2
/

(the two simple roots of SU.3/). This fixes two metric background fields, namely
the ratio of the two radii and the relative angle between e1 and e2. Only the overall
scale R is left as a free parameter. The most general antisymmetric tensor field
background is bij D B�ij which provides a second free parameter. For generic R

andB the gauge group is ŒU.1/�2L�ŒU.1/�2R. However at the critical pointR D
q

˛0

2
,

B D ˛0

2
the bosonic string has an enlarged gauge symmetry ŒSU.3/�L � ŒSU.3/�R.

In this case the lattice 
2;2 contains lattice vectors P D .pL; 0/ and P 0 D .0;pR/

with pL, pR being the six root vectors of SU.3/. These states correspond to the
non-Abelian gauge bosons of ŒSU.3/�L � ŒSU.3/�R. In fact, one can easily verify
that the lattice 
2;2 is the weight lattice of ŒSU.3/�L � ŒSU.3/�R specified by the
three allowed conjugacy classes .0; 0/, .1; 1/ and .2; 2/ where 0, 1 and 2 are the
three conjugacy classes of SU.3/ (see next chapter). We are therefore dealing with
a rational lattice for this choice of background fields.

Rather than discussing more examples with non-vanishing antisymmetric tensor
field background, we consider the problem from a different point of view, which
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also provides the key for the construction of the heterotic string. Consider again
the mode expansion Eq. (10.36). So far, only the oscillators ˛In , ˛In were treated
as independent variables, but the center of mass coordinate xI and the momenta
pI were not, as we wanted to maintain the interpretation that the XI .�; �/ are
coordinates in some D-dimensional manifold, e.g. Euclidean space. In this case
the left- and right-moving modes must have common center of mass and common
momentum. However, for general two-dimensional world-sheet bosons this is not
necessary; we are free to regardXI

L,XI
R as completely independent (dimensionless)

two-dimensional fields with mode expansions

XI
L.� C �/ D xIL C pIL.� C �/C i

1
X

n¤0

1

n
˛Ine
�in.�C�/;

XI
R.� � �/ D xIR C pIR.� � �/C i

1
X

n¤0

1

n
˛Ine
�in.���/: (10.59)

Since for closed strings the fields have to satisfy XI
L;R.� C 2�/ ' XI

L;R.�/ where
the identification is up to a vector of a lattice 	L;R , we find that treating XI

L and
XI
R as independent necessitates that they are compactified on a torus, however not

necessarily on the same torus; in other words, chiral bosons must be compactified
on a torus. Considering chiral bosons means that one gives up the naive (geometric)
picture of compactifying the string on an internal manifold in the sense that there is
no decompactification limit. The proper way of understanding this is to regard the
resulting theory as a string theory in .26 �D/ space-time dimensions; XI

L, XI
R are

(chiral and anti-chiral) scalar fields which are needed as internal degrees of freedom
to cancel the conformal anomaly. The periodicity requirement entails that pIL and
pIR have to be interpreted as winding vectors, i.e. pL;R 2 	L;R . But pIL;R also
generate translations of xIL;R . The commutation relations are

ŒxIL;R; p
J
L;R� D iıIJ ;

ŒxIL;R; p
J
R;L� D 0: (10.60)

The second commutator follows from our assumption that left- and right-movers
are independent. There is actually a subtlety. Equation (10.60) are not the canonical

commutation relations. For a scalar field X D
q

˛0

2
.XL C XR/ as in (10.59) with

action S D � 1
4�˛0

R

@˛X@˛X , the canonical momentum is ˘I D 1
2�˛0

@�X
I and

�I D 1p
2˛0
.pIL C pIR/. The center-of-mass position is qI D

q

˛0

2
.xIL C xIR/ and

the canonical commutator ŒpIL C pIR; x
J
L C xJR� D 2iıIJ . Under the assumption

that X is purely left-moving, we would simply set xL D pL D 0 and conclude
ŒxIL; p

J
L� D 2iıIJ . However, requiring the XI to be purely left-moving constitutes

a constraint: �IL � .@� � @�/XI D 0. From
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CI;J .�; � 0/ D f�IL.�; �/; �JL.� 0; �/gP:B: D �8�ıIJ @�ı.� � � 0/ (10.61)

(with inverse CIJ .�; � 0/ D � 1
8�
@�1� ı.� � � 0/ıIJ ), we find that it is second class.

As described in Chap. 7, we have to replace the Poisson bracket by a Dirac bracket.
The relevant Dirac bracket is

fXI .�; �/;˘J .�
0; �/gD:B: D 1

2
ıiJ ı.� � � 0/ (10.62)

which leads to Eq. (10.60).
An alternative way of arriving at the same result is to treat QI and LI

as conjugate variables, to promote them to operators and to impose canonical
commutation relations

ŒQI ; LJ � D iıIJ and ŒxI ; pJ � D iıIJ : (10.63)

Then (10.60) follows from the definitions of xIL;R and pIL;R , Eqs. (10.37) and
(10.38).

Single-valuedness of eip
I
L;Rx

I
L;R requires thatpL;R 2	�L;R; i.e. we find thatpL;R 2

	L;R \ 	�L;R WD 
L;R. The 2D-dimensional vectors p D .pL;pR/ again build a
Lorentzian lattice 
D;D D 
L˝
R, and modular invariance forces this lattice to be
even and self-dual. We will show this below.

Let us now discuss the spectrum of this theory. The mass formula and repara-
metrization constraint are

˛0m2
L;R D p2L;R C 2.NL;R � 1/;

NL �NR D 1

2
.p2R � p2L/: (10.64)

Clearly, we still have the U.1/ gauge bosons of Eq. (10.44). Additional massless
.26 � D/-dimensional vectors are obtained if there exist lattice vectors p D
.pL;pR/ 2 
D;D with the property p2L D 2, pR D 0 or p2R D 2, pL D 0.
The massless vector states are

jV �
L i D ˛��1jp2L D 2;pR D 0i;
jV �
R i D ˛��1jpL D 0;p2R D 2i: (10.65)

Therefore, if 
L;R contains lL;R vectors pL;R with p2L;R D 2, we find lL;R massless
vectors jV �

L;Ri. These vectors correspond to the non-commuting generators of a non-
Abelian Lie groupGL;R . The p2L;R D 2 vectors must therefore be roots ofGL;R and
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GL;R must be simply laced.8 This means that 
L;R must contain the root lattice of a
simply laced groupGL;R. Then the massless vectors of Eq. (10.65) are, together with
the states Eq. (10.44), the gauge bosons of the non-Abelian gauge group GL � GR
with dim.GL.R// D lL.R/ C D and rank.GL/ D rank.GR/ D D. The oscillator
excitations Eq. (10.44) correspond to the ŒU.1/�DL � ŒU.1/�DR Cartan subalgebra of
GL �GR. Note that GL and GR are in general different.

In conclusion, toroidal compactification of the bosonic string may be viewed in
two ways: as compactification of independent left- and right movers on different tori
or as compactification on the same torus in the presence of bij and gij background
fields.

An important aspect of compactification of the ten-dimensional superstring
theories is the supersymmetry which is preserved by the compact geometry. Since
for toroidal compactifications all the massless modes which were present in ten
dimensions descend to massless modes in the non-compact lower dimensional
theory, all components of the gravitino survive. Therefore, torus compactification
does not break space-time supersymmetry. The vanishing of the partition function is
one consequence of this which we will demonstrate below. If we want more realistic
lower dimensional theories, we have to break some supersymmetries. This requires
more general, in particular curved compact spaces. A first step in this direction
will be discussed in Sect. 10.5. A more general account has to wait until Chaps. 14
and 15.

10.3 Toroidal Partition Functions

The partition function of the bosonic string compactified on a torus T D is easy to
write down:

Z.�; �/ D 1

�
.24�D/=2
2

1

j�.�/j48
X

.pL;pR/2
D;D
q
1
2p

2
Lq

1
2p

2
R : (10.66)

j�.�/j�48 is the bosonic oscillator contribution and �.24�D/=22 the contribution from
the transverse non-compact momenta. Recall from Chap. 6 that the torus amplitude
is T D V26�D

`26�Ds

R

F
d2�

4�22
Z.�; �/. This is easy to generalize to the type II string

compactified on T D:

8A Lie group G is simply laced if all its roots ˛i have the same length which can be normalized
to ˛2i D 2, 8i D 1; : : : ; dimG � rank.G/. Dots in the Dynkin diagram (one for each simple
root) are then either disconnected or connected by a single line. This leaves only Dn � SO.2n/,
An � SU.nC 1/ and En, n D 6; 7; 8 (of rank n) or products thereof.
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Z.�; �/ D 1

�
.8�D/=2
2

1

j�.�/j24
1

4

ˇ

ˇ#43 .�/� #44 .�/ � #42 .�/
ˇ

ˇ

2

�
X

.pL;pR/2
D;D
q
1
2p

2
Lq

1
2p

2
R ; (10.67)

which vanishes by virtue of the Riemann identity (9.109a). With the help of the
Poisson resummation formula and the known transformation properties of # and
� one shows that (10.66) and (10.67) are modular invariant provided 
D;D is an
even, self-dual lattice. We will explicitly perform a similar computation in the next
section.

Let us now, for simplicity and for illustrative purposes consider a single free
boson compactified on a circle of radius R. Using the mass formulas (10.8), its
partition function can be straightforwardly computed

Zcirc.�; �/ D 1
ˇ

ˇ�.�/
ˇ

ˇ

2

X

M;L2Z
q
1
4

�p
˛0 M

R � RL
p

˛0

�2

q
1
4

�p
˛0 M

R C RL
p

˛0

�2

: (10.68)

Since we sum over all Kaluza-Klein and winding modes, this partition function is
invariant under the transformationR! ˛0=R.

We now return to the simple case of a free boson on a circle and exhibit several
interesting features of its one-loop partition function (10.68). We consider the
situation where the Narain lattice is rational. More specifically, we choseR D pk˛0
with k 2 ZC. We start with states with .h; h/ D .0; h/, i.e.

L0
ˇ

ˇM;L
˛ D h ˇˇM;L˛ D 1

4

�

Mp
k
C
p
k L

�2
ˇ

ˇM;L
˛ D 0: (10.69)

Such a chiral state jM;Li is thus specified by M D �k L and the remaining sum
over L in the partition function (10.68) becomes

X

n2Z
qkn

2 DW 0;k .�/ (10.70)

which one defines as a -function. Under a modular S -transformation the chiral
part 0;k.�/ of the partition function transforms into a finite sum of more general
m;k-functions defined as

m;k.�/ WD
X

n2ZC m
2k

qkn
2

; �k C 1 � m � k: (10.71)

This -function is related to the ones which we defined in the previous chapter via

m;k.�/ D #
h

m
2k
0

i

. �
2k
/. With the help of the Poisson resummation formula (9.115)
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one finds the following modular S -transformation of the chiral characters

m;k

�

�1
�

�

D p�i�
k
X

m0D�kC1
Sm;m0 m0;k.�/ (10.72)

with the modular S -matrix

Sm;m0 D 1p
2k

exp

�

��i mm
0

k

�

: (10.73)

The transformation

m;k.� C 1/ D e i�m
2

k m;k.�/ (10.74)

follows immediately from the definition (10.71).
The partition function (10.68) for one free boson on a circle of radiusR D pk ˛0

can be expressed in terms of the finite set of m;k-functions as

Zcirc.�; �/ D 1
ˇ

ˇ�.�/
ˇ

ˇ

2

k
X

mD�kC1

ˇ

ˇ

ˇm;k.q/
ˇ

ˇ

ˇ

2

; (10.75)

which can be checked to be modular invariant. The rational conformal field theories
which correspond to these partition functions are commonly denoted as Ou.1/k and
show up in many instances, as e.g. in the realization of N D 2 supersymmetric
conformal field theories, which will be discussed in Chap. 12.

It is instructive to rewrite the partition function (10.68) by performing a Poisson
resummation on M . This leads to the expression

Zcirc.�; �/ D 1p
�2

Rp
˛0

1

j�.�/j2
X

m;n

e
� �R2

�2˛
0
jmC� nj2

(10.76)

This is the form which one obtains if one computes the path integral directly. The
sum is over classical solutions which satisfy the periodicity conditions

X.�0; �1 C 2�/ D X.�0; �1/C 2�Rm;
X.�0 C 2��2; �1 C 2��1/ D X.�0; �1/C 2�Rn: (10.77)

The solutions are

X D X0 C R

�2
.n � �1m/�0 CRm�1 (10.78)
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with classical action

Scl D �R2

˛0�2
ˇ

ˇ.n � �1m/2 C �22m2
ˇ

ˇ ; (10.79)

where we have used that the area of the world-sheet torus is 4�2�2. Note that in the
form (10.77) T duality is not manifest.

We can also consider boundary states for the free boson on S1. There are two
possible boundary states, jD0i and jD1i. We start with the former. For a D0 brane
at position x0 it has to satisfy

X.0; �/jD0i D x0jD0i (10.80)

which is solved by

jD0i D 1

N
exp

�
1
X

nD1

1

n
˛�n˛�n

�

jx0i; (10.81)

where xjx0i D x0jx0i. jx0i can be expanded in momentum eigenstates and we find

jD0i D 1

N
exp

�
1
X

nD1

1

n
˛�n˛�n

�
1
X

MD�1
ei

M
R x0 jM;0i: (10.82)

To fix the normalization, we compute the annulus amplitude A D hD0jqH jD0i,
where (q D e�2�l )

H D L0 C L0 � 2

24

D
1
X

nD1
.˛�n˛n C ˛�n˛n/C

�

˛0M2

2R2
C L2R2

2˛0

�

� 1

12
: (10.83)

One easily finds

A D 1

N 2

1

�.2il/

X

M2Z
e
�2�l

�

˛0M2

2R2

�

D 1

N 2

1

�.i t/

�

2R2

˛0

�1=2
X

L2Z
e�2�tL2R2=˛0

; (10.84)

where in going from the first to the second line we have made a modular
transformation 2lD 1=t from the tree to the one-loop channel and performed a
Poisson resummation which trades the sum over quantized momenta for a sum
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over winding numbers. In the loop channel, A has the interpretation of a partition
function, i.e. as a sum over states with positive integer multiplicities. Furthermore,
there should be a unique ground states. This fixes the normalization to

N D
�

2R2

˛0

�1=4

: (10.85)

We could now construct the D1-brane state jD1i by solving

@�X.0; �/jD1i D 0: (10.86)

Alternatively we perform T -duality on jD0i. This acts as

R! ˛0=R; x0 $ c; .M;L/! .L;M/; ˛n ! �˛n; ˛n ! ˛n (10.87)

which leads to

jD1i D
�

R2

2˛0

�1=4

exp
�

�
1
X

nD1

1

n
˛�n˛�n

�
X

L2Z
ei

LR
˛0
cj0;Li: (10.88)

Note the change of sign in the exponent, which corresponds to the change from D to
N boundary conditions. One easily checks that each term in the sum satisfies (10.86)
and is thus an Ishibashi state. Only the whole sum is a Cardy state which, when we
compute the annulus amplitude and transform to the loop channel, gives the correct
spectrum. c has the interpretation as a constant background gauge field (continuous
Wilson line) on the D1-brane wrapped around the circle.

10.4 The E8 �E8 and SO.32/ Heterotic String Theories

After our discussion of toroidal compactifications, we are now prepared to introduce
the ten-dimensional heterotic string. The important observation is that, since we
have treated the left- and right-moving compactified coordinates as completely
independent, we can drop either one of them. This is the starting point of the
heterotic string construction.

The heterotic string is a hybrid construction of the left-moving sector of the
26-dimensional bosonic string combined with the right-moving sector of the 10-
dimensional superstring. By the arguments given before it is a string theory in
10-dimensions. We deal with the following two-dimensional fields: As left moving
coordinates we have 10 uncompactified bosonic fields X�

L.� C �/ (� D 0; : : : ; 9)
and 16 internal bosons XI

L.� C �/ (I D 1; : : : ; 16) which live on a 16-dimensional
torus. The right-moving degrees of freedom consist of 10 uncompactified bosons
X
�
R.� � �/ (� D 0; : : : ; 9), and their two-dimensional fermionic superpartners
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�
R.� � �/. Finally, we have left- and right-moving reparametrization ghosts b, c,
Nb and Nc and right-moving superconformal ghosts ˇ, � . X�

L.� C �/ and X�
R.� � �/

have common center of mass coordinates and common space-time momentum with
continuous spectra. On the other hand, the momenta of the additional chiral bosons
XI
L.� C �/ are discrete; they are vectors of a 16-dimensional lattice 
16:

pL 2 
16; pIL D pieIi ; I D 1; : : : ; 16; pi 2 Z: (10.89)

The eIi are the basis vectors of 
16, whose metric is

gij D
16
X

ID1
eIi e

I
j : (10.90)


16 cannot be a chosen arbitrarily, as modular invariance imposes severe restrictions.
We will only consider the one-loop vacuum amplitude, i.e. the one-loop partition
function. In the Hamiltonian formalism it is given by the by now well known
expression

Zhet.�; �/ D TrHhet

�

qHLqHR
�

; q D e2�i� ; (10.91)

whereHL andHR are the left- and right-moving Hamiltonians in light cone gauge:

HL D 1

2
p2� CNL C

1

2
p2L � 1

HR D 1

2
p2� CNR CHNS(R) � 1

3
: (10.92)

Note that here p� (� D 2 : : : 9) are the transverse components of the space-time
momentum and pL the 16 internal left-moving momentum; NL contains the 8
transverse space-time as well as the 16 internal left-moving bosonic oscillators,
while NR receives contribution only from the 8 right-moving space-time bosonic
oscillators. Finally,HNS, HR are the Neveu-Schwarz and Ramond Hamiltonians of
the fermionic string, as in (9.8). This leads to the following partition function:

Zhet.�; �/ D 1

.Im�/4

0

@

1

Œ�.�/�24

X

pL2
16
q
1
2p

2
L

1

A

�
�

1

Œ�.�/�12

�

#43 .�/� #44 .�/ � #42 .�/
�

�

: (10.93)

Here �.�/�24�.�/�8 is the bosonic oscillator contribution, the .Im�/�4 factor arises
from the zero modes of the uncompactified transverse coordinates and �.�/�4 �
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.#-functions/ comes from the world-sheet fermions (cf. Chaps. 6 and 9). The novel
and most interesting part of this partition function is the lattice (or soliton) sum9

P.�/ D
X

pL2
16
q
1
2p

2
L : (10.94)

The summation is over all lattice vectors of 
16. From the known modular
transformation properties of Im� and �.�/ under S and T we conclude that, in
order for Zhet.�; �/ to be modular invariant, P.�/ must be invariant under the T
transformation,

P.� C 1/ D P.�/ (10.95)

and must transform under S like

P

�

�1
�

�

D �8P.�/: (10.96)

We first check Eq. (10.95):

P.� C 1/ D
X

pL2
16
q
1
2p

2
L e�ip

2
L : (10.97)

Invariance under T clearly demands that p2L 2 2Z, 8pL 2 
16, which means that

16 must be an even lattice. Note that this already follows from Eq. (10.64) with
pR D 0. Since p2L D

P

I p
I
Lp

I
L D

P

ij p
igij p

j DPi .p
i /2gi i C 2Pi<j p

igij p
j

(pi ; pj 2 Z) we find that for an even lattice the diagonal elements of the metric gij
must be even integers: gii 2 2Z, 8i D 1; : : : ; 16.

The more subtle part is the transformation of P.�/ under S . To study it, we recall
the Poisson resummation formula (9.115)

X

p2	
e��˛.pCx/2C2�iy�.pCx/ D 1

vol.	/˛n=2
X

q2	�

e�2�iq�xe�
�
˛ .yCq/2 : (10.98)

This is the key formula to derive the implications of modular invariance for P.�/.
Applying it to P.�1=�/ we get

P

�

�1
�

�

D �8
p

detg

X

p2.
16/�
q
1
2p

2

: (10.99)

9For notational simplicity we consider the complex conjugate of the lattice sum in (10.93).



10.4 The E8 �E8 and SO.32/ Heterotic String Theories 287

Therefore, in order to satisfy Eq. (10.96), 
16 must be a self-dual lattice, i.e.


16 D .
16/�: (10.100)

Then detg D 1 and vol.
 / D vol.
 �/ D 1.
In summary, modular invariance of the one-loop partition function implies

that the internal 16-dimensional momentum lattice 
16 must be an even self-dual
Euclidean lattice. One can show that no further conditions arise from higher loops.
These lattices are very rare. We will study them move carefully in the next chapter.
The result is that in 16 dimensions there are only two even self-dual Euclidean
lattices, namely the direct product lattice 
E8 ˝ 
E8 , where 
E8 is the root lattice
of E8, and 
D16 which is the weight lattice of Spin.32/=Z2 which contains the root
lattice of SO.32/. The metric gij of 
E8 is the Cartan matrix of E8:

g
E8
ij D

0

B

B

B

B

B

B

B

B

B

B

B

@

2 �1
�1 2 �1
�1 2 �1
�1 2 �1
�1 2 �1 �1
�1 2 �1
�1 2

�1 2

1

C

C

C

C

C

C

C

C

C

C

C

A

: (10.101)

One may check that detgij D 1. The construction of the weight lattice of Spin.32/=Z2
will be discussed in the next chapter. Both, the root lattice ofE8�E8 and the weight
lattice of Spin.32/=Z2 contain 480 vectors of .length/2 D 2 which are the roots of
E8 �E8 and SO.32/, respectively. Therefore, according to our previous discussion
the dimension 496 gauge group of the heterotic string is either E8 �E8 or SO.32/.
This is required by modular invariance.

Let us investigate the on-shell spectrum of the heterotic string more carefully.
First consider left-moving excitations. As usual, there is the tachyonic vacuum of
the bosonic string. At the massless level we have oscillator excitations ˛��1j0i,
˛I�1j0i. The former transform like space-time vectors whereas the internal oscillator
excitations correspond to the left-moving part of the Abelian U.1/16 gauge boson.
They build the Cartan subalgebra of E8 � E8 or SO.32/. We also have the states
in the soliton sector with non-trivial internal momenta pL. The states jp2L D 2i,
NL D 0 are massless, pL is a .length/2 D 2 root vector of E8 � E8 or SO.32/ and
generate the non-Abelian gauge bosons of these groups.

The right-moving excitations are those of the 10-dimensional superstring—the
spectrum is space-time supersymmetric. The NS tachyon j0iNS is projected out by
the GSO projection which was enforced by modular invariance. Therefore the lowest
states are the vector b��1=2j0iNS and the spinor jS˛i (previously denoted by jai).



288 10 Toroidal Compactifications: 10-Dimensional Heterotic String

Finally we take the tensor product of the left- and right-moving sectors to obtain
the spectrum of the heterotic string. It is clear that there is no tachyon since the left-
moving tachyonic vacuum does not satisfy the left-right level matching constraint

NL C 1

2
p2L � 1 D

(

NR R sector

NR � 1
2

NS sector:
(10.102)

Due to the right-moving supersymmetry the spectrum is N D 1 supersymmetric in
10 dimensions. We have four kinds of massless states:

1. The states corresponding to the ten-dimensional graviton, antisymmetric tensor
and dilaton

˛
�
�1j0i ˝ b�� 12 j0iNS; (10.103)

2. And their supersymmetric partners, the gravitino and dilatino

˛
�
�1j0i ˝ jS˛iR: (10.104)

3. In addition we have the gauge bosons of E8 � E8 or SO.32/

˛I�1j0i ˝ b�� 12 j0iNS;

jp2L D 2i ˝ b�� 12 j0iNS; (10.105)

where in the first line we have the gauge bosons corresponding to the Cartan
subalgebra and in the second line the gauge bosons corresponding to the root
vectors.

4. Finally there are the 496 supersymmetric partners of the gauge bosons, the
gaugini

˛I�1j0i ˝ jS˛iR;
jp2L D 2i ˝ jS˛iR: (10.106)

It is straightforward to work out the massive spectrum, but we will not do it here.
However, it is useful to remember that the number of (massive) solitonic states is
encoded in the lattice partition function of the root and weight lattices of E8 � E8
and Spin.32/=Z2, respectively. To see this we calculate the partition functions

P D
X

�

ei���
2 D

X

�

q
1
2�

2

; (10.107)

where the sum extends over all vectors in the E8 and Spin.32/=Z2 weight lattices
respectively. We first compute P for E8. The 240 roots of E8 are the eight-



10.4 The E8 �E8 and SO.32/ Heterotic String Theories 289

component vectors10

˛ D
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ˆ

ˆ
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ˆ

ˆ

:

.˙1;˙1; 0; : : : ; 0/ C permutations

�

˙1
2
; : : : ;˙1

2

�

even number of “ – ” signs
(10.108)

and the weight vectors are of the form

� D
8

<

:

.n1; : : : ; n8/
�

n1 C 1

2
; : : : ; n8 C 1

2

�

;

8
X

iD1
ni D even integer: (10.109)

To implement the condition on the ni we insert a factor 1
2
.1C ei�

P

ni /. We then get

PE8 D
1

2

� 8
Y

iD1

X

ni2Z
ei�n

2
i � C

8
Y

iD1

X

ni2Z
ei�n

2
i � ei�ni

C
8
Y

iD1

X

ni2Z
ei�.niC

1
2 /
2� C

8
Y

iD1

X

ni2Z
ei�.niC

1
2 /
2� ei�.niC

1
2 /

	

D 1

2




#83 .�/C #84 .�/C #82 .�/
�

; (10.110)

where we have used the definitions of the #-functions given in Chap. 9. The
contribution of the last term is #81 .�/ D 0. Expanding PE8 in powers of q we find

PE8.�/ D 1C 240q C 2160q2 C 6720q3 C : : : : (10.111)

It shows that the E8 root lattice has 240 points of .length/2 D 2 corresponding to
the roots, 2160 points of .length/2 D 4, etc.

For the Spin.32/=Z2 case, using results from Chap. 11, one derives in a similar
way that

PSpin.32/=Z2 D
1

2




#163 .�/C #164 .�/C #162 .�/
�

: (10.112)

Here we used that the Spin.32/=Z2 weight lattice consists of vectors

� D
(

.n1; : : : ; n16/

.n1 C 1
2
; : : : ; n16 C 1

2
/

;

16
X

iD1
ni D even integer; (10.113)

10Properties of root and weight lattices will be discussed in the next chapter.
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as will be further explained in Chap. 11. With the help of the Riemann identity
(9.14a) #43 D #42 C #44 we show that

PSpin.32/=Z2 D ŒPE8 �2
D 1C 480q C 61920q2 C 1050240q3C : : : : (10.114)

It follows that the E8 � E8 and the SO.32/ heterotic string theories have the same
number of states at every mass level which are however differently organized under
the internal gauge symmetries. So, even though the partition functions are identical,
the theories are nevertheless different. The differences show up in correlation
functions.

Let us finally write down the bosonic part of the sigma-model action for the
heterotic string. In addition to the terms present in (10.46), there is the action for the
16 chiral bosons which are compactified on the maximal torus of the gauge group
and their coupling to a background gauge field. The new terms are

Sh D � 1

8�

Z

d2�
�

�˛ˇ@˛X
A@ˇX

A C 2�˛ˇAA�@˛X�@ˇX
A
�

; (10.115)

whereA;B D 1; : : : ; 16 and the (dimensionless) bosonsXA are restricted to satisfy
�A � @CXA D 0. For constant AI� the coupling to the gauge field is a total
derivative. This term could also be written with �˛ˇ instead of �˛ˇ . The difference
between these two terms vanishes for chiral bosons. The last term in (10.115) is a
j 	A type coupling whereA is the pullback of the gauge field to the world-sheet and
j is a current in the Cartan subalgebra. Note that we can only describe the coupling
to the gauge bosons in the Cartan subalgebra.

We will soon consider the heterotic string compactified on a torus T D in the
presence of constant background fields, in particular constant gauge fields with
components in the compact directions and vanishing field strength. The latter
implies that the gauge fields AI all commute, i.e. they lie in the Cartan subalgebra
(the maximal torus) of the gauge group, that is in U.1/16. There are therefore 16D
independent components. Even though the field strength vanishes, i.e. the gauge
field is locally pure gauge, this is not necessarily true globally, if the manifold is
not simply connected, which is the case considered here. For example, one can
show that a constant U.1/ gauge field on S1 cannot be gauged away, as this would
require a gauge transformation not respecting the periodicity of the circle. Gauge
field backgrounds give rise to Wilson lines

W.�/ DP exp

�

i

I

�

A

�

; (10.116)
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where � is a closed path in space-time and P is path ordering.11 For a constant
(non-zero) gauge field A D AIdx

I , W.�/ is clearly non-trivial (i.e. W.�/ ¤ 1) if
� is a non-contractible loop even. if FIJ D 0. In this case it only depends on the
homotopy class of the loop. In our context there areD independent non-contractible
loops on T D and we can have D independent Wilson lines with values in U.1/16.

In the presence of a background gauge field, charged fields, i.e. those fields which
couple to the background, will receive a background dependent mass. This is most
easily seen by considering the gauge covariant derivativeDI� D @I�C qAI�. If I
is a compact direction, there is a contribution to the mass from the KK momentum
and from the coupling to the gauge background.

While the preceding discussion was field theoretical, we will find the same
features for the compactified heterotic string in the presence of a gauge background,
namely contributions to the masses from the coupling to the gauge background.
Here the charges are the quantized winding and momentum numbers in the internal
directions.

We now consider the heterotic string compactified on a torus T D . We denote
the coordinates along the torus directions by XI and those along of the sixteen
dimensional self-dual lattice byXA. We choose a constant background fieldsGIJ D
ıIJ , BIJ and AAI . The canonical momenta derived from the action (10.115) are

˘I D 1

2�˛0
� PXI C BIJX 0J C ˛0

2
AAI X

0A
�

;

˘A D 1

2�

� PXA � AIAX 0I
�

: (10.117)

Because of the chirality constraint for XA, the canonical quantization procedure is
via Dirac brackets. They are straightforward to work out. We have normalized ˘A

such that fXA;˘BgD:B D 1 without the factor 1=2 on the r.h.s. of (10.62). One
also finds that XI and ˘J , which are unconstrained, are not canonically conjugate
variables; their Dirac brackets are not the canonical ones, in particular f˘I ;˘J gD:B:
does not vanish. This can be remedied by defining

Q̆
I D ˘i CAAI ˘A; (10.118)

while leaving ˘A unchanged. For the center of mass momenta pI and pA, which
appear in the expansion of the coordinates

XI D qI C ˛0pI � C LI� C osc.;

XA D qA C pA.� C �/ C osc.; (10.119)

11� ! W.�/ is a homomorphism of the fundamental group of the compact manifold into the
gauge group. Since �1.T D/ is Abelian, Wilson lines on the torus must commute, i.e. they are in
the maximal torus.
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we find

.pI /L;R D
r

˛0
2

� Q�I � 1

˛0
.BIJ �GIJ /LJ � �AAAI �

1

2
AAI A

A
JL

J
�

;

pA D �A C AIALI : (10.120)

As in (10.37), we have defined dimensionless left- and right-moving momenta. The
equations (10.120) and (10.123) below are the generalizations of (10.49) to the
heterotic string.

The canonical momenta and the windings are quantized. LI are vectors in the
torus lattice and Q�I and �A are vectors in the dual torus lattice and in the (self-dual)
weight lattice of E8 � E8 or Spin.32/=Z2, respectively. They are the components
w.r.t. to a Cartesian basis of RD and R

16, respectively. (For the weight lattices they
are vectors of the form (10.109) and (10.113).) We can expand them in a (dual)
lattice basis as follows

�A D la E�aA ; Q�I D mi e
�i
I ; LI D ni eIi ; la; mi ; n

i 2 Z: (10.121)

We also expand the background fields

ıIJ D e�iI e�jJ gij ; BIJ D e�iI e�jJ bij ; ıAB D E�aA E�bB Qgab; AIA D e�iI E�aA aia:
(10.122)

The lattice vectors eIi and their duals were defined previously. They generate T D .
TheE�aA are the dual basis of the root lattice ofE8�E8 or of the Spin.32/=Z2 weight
lattice and Qgab is the lattice metric. If we define pI D e�iI pi and pA D E�aA pa and
pL D .pLi ; pa/ and pR D .pRi / we obtain

pL D
r

˛0
2

�

mC 1

˛0
.g � b/n � a Qg�1lC 1

2
a Qg�1aTn;

r

2

˛0
.lC aTn/

�

;

pR D
r

˛0
2

�

m � 1

˛0
.gC b/n � a Qg�1lC 1

2
a Qg�1aTn

�

; (10.123)

where we have employed an obvious matrix notation. Defining the Lorentzian scalar
product with signature .D C 16;D/ as

p 	 p � p2L � p2R D pLi gij pLj C pLa Qgab pLb � pRi gij pRj ; (10.124)

we find

p 	 p0 D mTn0 C nTm0 C lT Qg�1l0: (10.125)
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Thus, we conclude that the momentum lattice is an even, self-dual Lorentzian lattice,

DC16;D , for all values of the background fields gij ; bij and aia. The momentum
lattice of toroidal compactifications of the heterotic string are also called Narain
lattices. While the momenta p and p0 depend on the background fields, their
Lorentzian scalar product doesn’t. Contrarily, the mass formula, which contains
p2LC p2R, does. The partition function of the heterotic string compactified on T D is

Z.�; �/ D 1

�
.8�D/=2
2

1

�.�/24�.�/12

�
X

.pL;pR/2
16CD;D

q
1
2p

2
Lq

1
2p

2
R
�

#43 .�/� #44 .�/ � #42 .�/
�

: (10.126)

The Narain lattice being even and self-dual guarantees that the partition function is
modular invariant. This follows as a straightforward generalization of our discussion
in Sect. 10.4 to lattices with Lorentzian signature.

Even Lorentzian lattices with signature .p; q/ only exist if p � q D 8n. If they
exists, they are unique, up to SO.p; q/ Lorentz transformations. As a reference
lattice one can choose n
E8 ˝ q 
1;1 where 
1;1 is the lattice from Footnote 6 on
page 275. Consider theE8�E8 heterotic string compactified on S1. The uniqueness
of the lattice then states that we can rotate 
E8 ˝ 
E8 ˝ 
1;1 to 
Spin.32/=Z2 ˝ 
1;1
via an SO.17; 1/ rotation.

One important consequence of this is that we can continuously interpolate
between the compactified E8 � E8 and Spin.32/=Z2 theories via a background
dependent Lorentz transformation. In other words, the compactified E8 � E8 and
SO.32/ theories are on the same moduli space and the two uncompactified theories
are two special points on this moduli space. Since the lattice contribution to the
mass2 of a state is proportional to p2L C p2R, which is only invariant under O.D C
16/�O.D/ 
 O.DC16;D/, the moduli space of heterotic Narain lattices is locally
O.DC16;D/

O.D/�O.DC16/ . It is parametrized by the components of the internal metric, gij , the
components of the internal anti-symmetric tensor bij and 16 Wilson lines aia along
the maximal torus of the gauge group. There are discrete identifications of points
in this space which relate physically indistinguishable toroidal compactifications.
These are the invariances of the reference lattice. They are the generalizations of
the T duality transformation of the compactification on S1 and of the discrete
symmetries of the torus compactifications which we discussed on page 275. Without
giving the details of the derivation, we simply state that the moduli space of
toroidally compactified heterotic strings can be shown to be

O.D;D C 16/
O.D/ �O.D C 16/

.

O.D;D C 16IZ/: (10.127)

Different points in the moduli space correspond to physically distinct compactifi-
cations, e.g. the gauge groups are different, although always of rank 16C 2D. At
generic points it is U.1/16C2D, but there are special subspaces of the moduli space
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where it is enhanced. The non-Abelian gauge bosons correspond to momentum
vectors with p2L D 2. The gauge group can be enhanced beyond the original
E8 � E8 or SO.32/. For instance, for particular background parameters one finds
an SO.32 C 2D/ gauge group. Also, the torus compactification does not break
supersymmetry. This is reflected in the spectra which always organize into complete
SUSY multiplets.

Consider the compactification of the heteroticE8�E8 theory on S1 of radiusR.
In the absence of a gauge background, it is invariant under T -duality: R ! ˛0=R
and exchange of momentum and winding quantum numbers. The same is true for
the heterotic SO.32/ theory. Even more interestingly, we can transform the two
heterotic theories on S1 into each other, if we choose in each theory an appropriate
gauge background breaking the gauge symmetry to SO.16/�SO.16/ and relate the
radii of the two circles as R1R2 D ˛0=2. One can show that the two theories have
identical spectra and symmetries. This is the T -duality between the two heterotic
theories compactified on S1. Details can be found in the references.

What we have used in this section is the bosonic formulation of the heterotic
string. We have represented the gauge sector in terms of chiral bosons which are
coordinates on the maximal torus of the gauge group. In Sect. 11.5 we will briefly
discuss the alternative fermionic description. It uses 32 left-moving world-sheet
fermions which transform as a vector of SO.32/ and of SO.16/ � SO.16/ 

E8 � E8, respectively.

10.5 Toroidal Orbifolds

So far we have discussed strings compactified on tori. These compactifications
correspond to simple conformal field theories and are under complete computational
control, but for the superstring they have the disadvantage that all 32 supercharges
of the fundamental ten-dimensional theory are preserved. With realistic particle
spectra in four space-time dimensions in mind, the existence of chirality in the
Standard Model of particle physics forces us to consider compactifications with at
most four supercharges, i.e. N D 1 supersymmetry in four dimensions. Therefore
it is necessary to understand strings moving on non-toroidal spaces.

Various techniques, both geometric and conformal field theoretic, have been
developed to describe such spaces at large radii and at string scale sizes, respectively.
Probably the simplest class of spaces which (partially) break supersymmetry are
descendants of the toroidal spaces and are called toroidal orbifolds. We start
with a simple one-dimensional prototype example which already shows several
of the relevant new features of compactification on orbifolds. We then generalize
this to compactifications on higher dimensional orbifolds. In Chap. 15 we discuss
supersymmetric compactifications on orbifolds and orientifolds which is a step
towards string model building.
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0 πR

Fig. 10.1 Illustration of the
Z2-orbifold of the circle.
Effectively, the circle
becomes a line with a fixed
point at each end

Consider once more the free bosonX.�1; �0/12 compactified on a circle of radius
R and realize that the theory has a certain discrete Z2 symmetry acting as

I1 W X.�1; �0/ 7! �X.�1; �0/: (10.128)

The idea now is similar to the orientifold construction of the type I string in Chap. 9.
Once we have identified a discrete symmetry we can gauge it and take the quotient
theory. As illustrated in Fig. 10.1, this amounts to identifying the fields X.z; z/ and
�X.z; z/which means that effectively the circle becomes a line segment with a fixed
point of the Z2 action at each end. This space is called the Z2-orbifold of the circle.
Taking the quotient means that the Hilbert space contains only states which are
invariant under the orbifold action. For the calculation of the partition function this
means that one projects onto states invariant under I1. Therefore, at this stage the
partition function of the orbifold theory is tentatively

Z.�; �/ D TrH

�

1C I1
2

qL0�
c
24 qL0�

c
24

�

D 1

2
Zcirc:.�; �/C 1

2
Tr H

�

I1 q
L0� c

24 qL0�
c
24

�

: (10.129)

The first term is the familiar partition function of the free boson on the circle. We
now compute the second term. The action of I1 on the oscillator modes ˛n is easily
found to be I1 ˛n I1�1 D �˛n and similarly for the left-movers. What remains is
to determine the action of I1 on the bosonic zero modes, i.e. on the momentum and
winding modes. For the states jM;Li we easily find from (10.7)

I1
ˇ

ˇM;L
˛ D ˇˇ�M;�L˛; (10.130)

i.e. under the reflection I1 momentum and winding quantum numbers change
sign. Therefore, in the calculation of the partition function only states with
jM D 0;LD 0i will contribute. We then obtain

1

2
TrH

�

I1 q
L0� c

24 qL0�
c
24

�

D 1

2
.qq/�

1
24

1
Y

nD1

1

.1C qn/
1

.1C qn/

D
ˇ

ˇ

ˇ

ˇ

�.�/

#2.�/

ˇ

ˇ

ˇ

ˇ

: (10.131)

12In this section we use .�1; �0/ rather than .�; �/ as world-sheet coordinates and reserve � for the
modular parameter of the torus.
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However this cannot be the full partition function because this term is not invariant
under modular transformations. In particular, it transforms under modular S and T
transformations as

T

ˇ

ˇ

ˇ

ˇ

�

#2

ˇ

ˇ

ˇ

ˇ

S !
ˇ

ˇ

ˇ

ˇ

�

#4

ˇ

ˇ

ˇ

ˇ

T !
ˇ

ˇ

ˇ

ˇ

�

#3

ˇ

ˇ

ˇ

ˇ

S (10.132)

so that modular invariance forces us to introduce a twisted sector

Ztw.�; �/ D
ˇ

ˇ

ˇ

ˇ

�.�/
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ˇ

ˇ
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: (10.133)

This terminology becomes apparent if we note the following explicit form of, for
instance, the right-moving character

p

�=#4

s

�.�/

#4.�/
D q 1

16� 1
24

1
Y

nD0

1
�

1 � qnC 1
2

� : (10.134)

We can interpret this expression as the chiral partition function in a sector with
ground state energy L0j0i D 1

16
j0i and half-integer modes ˛nC 1
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nC 1
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e�i.nC

1
2 /.�

0��1/; (10.135)

where only x0 D 0 and x0 D �R, i.e. the two fixed points, are compatible with the
Z2-symmetry. An analogous expansion holds for the left-moving sector. We observe
that this mode expansion respects the symmetry

X.�1 C 2�; �0/ D �X.�1; �0/ D I1 X.�1; �0/ I�11 (10.136)

so that in this sector a string is periodic only up to the action of the discrete symmetry
I1. Clearly, in the orbifold, where two points related by the action of I1 are identified,
such a string is closed. Such a sector is called an I1 twisted sector and the partition
function in this sector can be defined as

Ztw.�; �/ D TrHtw
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; (10.137)

which also makes the meaning of the second term in (10.133) evident. States in the
Hilbert space Htw are created from the vacuum with half-integer moded oscillators.
To summarize, the modular invariant partition function of a free boson on the Z2-
orbifold of the circle is

Zorb:.�; �/ D 1
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: (10.138)
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Note that the states in the twisted sector have an overall twofold degeneracy. This is
due to the fact that the twisted sector states are localized at the fixed points of the
orbifold action which give equal contributions to the partition function.

One important lesson is that modular invariance of the one-loop partition function
requires the inclusion of the twisted sectors. This can already be seen for the
compactification of the bosonic string on S1 where by the same logic the sum over
the windings is the sum over the twisted sectors. Without it, the partition function
would not be modular invariant.

The orbifold construction we have just explained for the Z2 quotient of the
circle compactification of the bosonic string can be generalized in many ways. We
start with some general definitions. An orbifold O is the quotient of a Riemannian
manifold .M ; g/ by the action of a discrete group G which preserves the metric g,
i.e. G is an isometry:

O DM =G: (10.139)

For g 2 G and x 2 M , the points x and gx are equivalent in the quotient, i.e.
points in O are orbits of G in M , hence the name orbifold. The action of G on M
is not required to be free. Fixed points, or more generally, fixed subspaces of M ,
are singular points (subspaces) on O .

The simplest orbifolds are those with M D R
D . Strings compactified on these

orbifolds lead to tractable conformal field theories; e.g. the excitation spectrum can
be determined and correlation functions of physical state vertex operators can be
computed.

The isometry group of R
D is the Euclidean group E.D/ which consists of

rotations and translations. For the heterotic string G also acts on the gauge degrees
of freedom. A general element g 2 G is

g D .�; vI �/; (10.140)

where � 2 O.D/ is a rotation, v a shift and � the action on the gauge degrees of
freedom. The space group S , whose elements are g D .�; v/, is a discrete subgroup
of E.D/ and the orbifold is

O D R
D=S: (10.141)

For the bosonic and the type II strings G D S . g 2 S acts on the space-time
coordinates as

x 7! g x D �x C v (10.142)

and the multiplication law for elements in S is

.�1; v1/.�2; v2/ D .�1�2; �1v2 C v1/ (10.143)
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and the inverse of .�; v/ is

.�; v/�1 D .��1;���1v/: (10.144)

The point group P is defined as the discrete subgroup of O.D/ consisting of
rotations � such that .�; v/ 2 S for some v. The lattice 	 is defined to be the
subgroup of S which consists of pure translations .1; v/ and we use it to define the
torus

T D D R
D=	: (10.145)

Tori are the simplest examples of orbifolds for which S D 	 and the point group
is trivial. There are no fixed points and in T D the points x and x C V , V 2 	 are
identified.

More generally, since .�; v/.�; u/�1 D .1; v�u/ 2 	, the point group has a well
defined action NP on T D , where NP D S=	 is a subgroup of the isometry group of
the torus. The orbifolds can then be equivalently defined as

O D T D= NP : (10.146)

In general P and NP are different as elements of NP might include translations
which are not in 	. In most explicitly worked out examples in the literature
NP D P . From .�; u/.1; v/.�; u/�1 D .1; �v/ one concludes that the point group acts

crystallographically on the torus lattice 	, i.e. it is a discrete lattice automorphism:
for any L 2 	 and g 2 P , g L 2 	.

Consider two points x and y which are distinct in R
D but such that y D �xC v.

Then x and y are identified on O and moreover the tangent vectors at x are identified
with the tangent vectors at y rotated by � . Parallel-transport some vector along a
path from x to y which is closed on the orbifold. The torus is flat and hence this
vector remains constant but since the tangent basis is rotated by � , the final vector
is rotated by � with respect to the initial vector. This means that the point group
P is the holonomy group of the orbifold. We will discuss holonomy groups further
in Chap. 14. For the holonomy group of O D R

D=S to be non-trivial, the action
of S has to have fixed points at which the orbifold fails to be a manifold: it has an
orbifold singularity.

A simple (non-compact) example is R2=Z2 where P D Z2 acts as a rotation by
� around the origin O which is a fixed point. This space is a cone with a deficit
angle � . A vector transported around the origin is rotated by � . This is illustrated in
Fig. 10.2.

Generically orbifolds are singular limits of smooth manifolds which, conversely,
are obtained from the orbifold by a process which is referred to as ‘blowing up’
the singularity. The smooth manifold is curved and its holonomy group H is
a continuous subgroup of O.D/ such that P 
 H . In the orbifold limit the
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Fig. 10.2 The R
2=Z2 orbifold with holonomy group Z2. The parallel transported vector v0 is

rotated by � w.r.t. to the image of v under the Z2 orbifold action

curvature gets squeezed into the fixed points. The requirement that the compactified
string theory has some unbroken space-time supersymmetry imposes restrictions
on the allowed holonomy groups and therefore the allowed space-groups. Further-
more, the blowing-up of the singularities must be such that the holonomy group of
the resulting smooth manifold satisfies the condition imposed by supersymmetry.
The conditions for space-time supersymmetry for compactifications on smooth
manifolds will be discussed in Chap. 14 and on orbifolds in Chap. 15.

So far we have discussed the orbifold geometry. If one discusses point particles
on orbifolds, the geometric singularities lead to singularities in the dynamics.
Strings on orbifolds are, however, completely well behaved. This is ultimately due
to the extended nature of strings.

We will not present an exhaustive discussion of strings on orbifolds. This would
require a detailed treatment of the conformal field theory of orbifolds. But we will
show how to compute the string partition function, which contains information about
the spectrum of the theory and we will discuss some of its properties.

When computing the partition function, two issues have to be taken into
consideration. First, since x and gx are the same point on O , we only consider
the subspace of the string Hilbert space which is invariant under G. We therefore
have to project onto invariant states. In other words, we are gauging G. As G is
discrete, there are no gauge fields. Here and elsewhere we use the same symbol g
for an element of the point group and the operator which acts on the string Hilbert
space.13 For instance, for strings on tori RD=	, for each translation L 2 	 there is

13We could consider the situation where the action of the orbifold group is different on the left-
movers than on the right-movers. This would lead to an asymmetric orbifold compactification. We
will only consider symmetric orbifolds where the (geometric) action of the orbifold group is the
same for left- and right-movers. For the heterotic string there is, of course, a difference but for
symmetric orbifolds this only affects the gauge sector.
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an operator eip�L. Projection on the invariant subspace restricts the eigenvalues of
p to lie in 	�. For groups of finite order jGj this is implemented by the insertion of
the projection operator

P D 1

jGj
X

g2G
g (10.147)

which satisfies gP D P . An example which will be studied in some detail below is
M D T D and G D ZN which is an Abelian group with a single generator � and N
is the smallest integer such that �N D �.

The second feature is the appearance of twisted sectors in which the coordinate
X closes up to a non-trivial transformation h 2 G, i.e. the string is closed on O but
not on M :

X.�0; �1 C 2�/ D hX.�0; �1/h�1: (10.148)

For instance, in the example T D , the twisted sectors have boundary conditions
(10.35), i.e. the twisted sectors are simply the winding sectors.

For an Abelian orbifold with point group G, for the torus amplitude this leads to
(d is the number of non-compact space-time dimensions)

T D Vd

`ds

Z

F

d2�

4�22
Z.�; �/ (10.149)

with partition function

Z.�; �/ D
X

g;h2G
�.h; g/ZŒh; g�.�; � /

D
X

h2G

2

4

1
ˇ

ˇG
ˇ

ˇ

X

g2G
�.h; g/Tr h

�

gPGSO q
L0.h/� c

24 qL0.h/�
c
24

�

3

5 : (10.150)

The coefficients �.h; g/ are phases which are fixed by requiring modular invariance.
They are called discrete torsion.14 The sum over h is the sum over twisted sectors
and the eigenvalues of L0 depend on h. The insertion of g in the trace implies that
we sum over states which satisfy the boundary conditions

X.�0 C 2��2; �1 C 2��1/ D gX.�0; �1/g�1: (10.151)

14They can be interpreted to arise from the contribution of the B field in the Polyakov action
R

˙ �
�B where � is the embedding of the world-sheet into space-time. If dB D 0 and the

embedding is topologically non-trivial, this introduces topological phases into the Polyakov path
integral.
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For non-Abelian G the sum in (10.150) is over h and g such that Œh; g� D 0 since
otherwise (10.148) and (10.151) are incompatible. For the bosonic string PGSO is,
of course, absent.

The inclusion of twisted sectors is enforced by the requirement of modular
invariance. Indeed, from Sect. 9.1 we know that under a modular transformation
� ! � 0 D a�Cb

c�Cd the boundary conditions change according to

.h; g/

�

a� C b
c� C d

�

D .h0; g0/.�/ D .hag�c ; h�bgd /.�/: (10.152)

In particular .h; g/.� C 1/ D .h; gh�1/.�/ and .h; g/.�1=�/ D .g; h�1/.�/. Note
that Œg; h� D 0 ! Œg0; h0� D 0. We can thus generate contributions to Z by
applying modular transformations to one of the ZŒh; g�. At one loop it can happen
that there are sectors which do not mix. This leaves some of the phases �.h; g/
arbitrary and different choices generically lead to different compatifications with
different spectra. (This is similar to the situation in Chap. 9 where not all spin
structures mixed under modular transformations, a fact that allowed for different
GSO projections.) For instance, for a ZN �ZM orbifold with generators � (�N D 1)
and ! (!M D 1) the sector .�; !/ never mixes with the untwisted sectors .1; �a!b/.
As in Chap. 9, higher loop (in fact two-loop is sufficient) modular invariance and
factorization imply restrictions on the phases. In general there can be several
solutions leading to different compactifications with different spectra, etc. For the
ZN orbifold all sectors mix under modular transformations and all phases can be
chosen �.h; g/ D 1.

In the following we restrict to even dimensional toroidal ZN orbifolds, i.e. O D
T D=ZN with D even. ZN has one single generator � with �N D �. � is a SO.D/
rotation with eigenvalues e˙2�ivj in the vector representation. �N D � requires
vj D kj =N for some integers ki ; i D 1; : : : ;D=2. It is diagonal in the complex
basis

Zj D 1p
2
.X2j�1 C i X2j /; Z?j D 1p

2
.X2j�1 � i X2j /; (10.153)

where it acts as

Zj ! e2�ivj Zj ; Z?j ! e�2�ivj Z?j ; j D 1; : : : ;D=2: (10.154)

Since P must act crystallographically on the torus lattice and since L D niei
with integer coefficients ni , in the lattice basis � must be a matrix of integers. Hence
the quantities

Tr� D
D=2
X

jD1
2 cos.2�vj /; (10.155a)
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Table 10.1 Irreducible
crystallographic actions

D D 2 D D 4 D D 6

.v1/ .v1; v2/ .v1; v2; v3/

1

3
.1/

1

5
.1; 2/

1

7
.1; 2; 3/

1

4
.1/

1

8
.1; 3/

1

9
.1; 2; 4/

1

6
.1/

1

10
.1; 3/

1

14
.1; 3; 5/

1

12
.1; 5/

1

18
.1; 5; 7/

All entries are up to a sign

�.�/ D det.1 � �/ D
D=2
Y

jD1
4 sin2.�vj / (10.155b)

must be integers. In fact, by the Lefschetz fixed point theorem, �.�/ is the number
of fixed points of � . If there are fixed tori, i.e. if vj D 0 mod 1 for some j , omitting
that factor in (10.155b) gives the number of fixed tori.

It turns out that the requirement of crystallographic action is very restrictive. For
instance, for D D 2 only N D 2; 3; 4; 6 are allowed. In Table 10.1 we collect the
irreducible possibilities for the vj when D D 2; 4; 6. By irreducible we mean that
the corresponding � cannot be written in a block form in the lattice basis. Notice
that the case D D 2; v1 D 1

2
is reducible since already in a one-dimensional lattice

a Z2 (and only a Z2) is allowed, as we saw in the S2=Z2 example.
We now turn to the evaluation of the partition function of the type II string

compactified on a symmetric ZN orbifold. For simplicity we assume that �` for
` ¤ 0 rotates all directions, i.e. there are no fixed tori, only isolated fixed points.
This is e.g. the case for D D 6 and N D 7 and for the Z3 orbifold which we will
discuss in Chap. 15.

We start with the bosonic contributions. The mode expansions are

Zj .�0; �1/ D zj0 C i
r

˛0
2

X ˛
j
s

s
e�is.�0��1/ C i

r

˛0
2

X

t

˛
j
t

t
e�i t .�0C�1/:

(10.156)

Imposing

Zj .�0; �1 C 2�/ D e2�ikvj Zj .�0; �1/; (10.157)

which is valid for a complex boson in the k-th twisted sector, fixes the frequencies
to s D n C kvj and t D n � kvj with n integer. Furthermore, zj0 must satisfy
.1 � e2�ikvj /zj0 D 0 mod 2�	, i.e. it must be a fixed point of the orbifold
action and, therefore, states in the twisted sectors are localized at the fixed points.
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For the complex conjugate Z?j there is an analogous expansion with coefficients
˛?

j

n�kvj D .˛
j

�nCkvj /
� for the right-movers, ˛?

j

nCkvj D .˛
j

�n�kvj /
� for the left-

movers and z?j0 D .zj0 /
� for the center-of-mass position. Canonical quantization

results in the following commutator relations for the oscillators:

Œ˛imCkvi ; ˛
?j

n�kvj � D .mC kvi /ıij ımCn;0;
Œ˛im�kvi ; ˛

?j

nCkvj � D .m � kvi /ıij ımCn;0: (10.158)

There are several Fock vacua jf; 0ik where f D 1; : : : ; �.�k/ is the fixed point
label and k labels the different twisted sectors. Each vacuum is annihilated by all
positive frequency modes and �`jf; 0i D jf 0; 0iwhere f 0 is also a fixed point of �k .
The creation operators are thus ˛j�nCkvj ; n > 0 and ˛?j�n�kvj ; n � 0 for the right-

movers and ˛j�n�kvj ; n � 0 and ˛?j�nCkvj ; n > 0 for the left movers. Here we
consider the case where 0 < kvj < 1. The occupation number operators are

NR D
C1
X

nD�1
W ˛jnCkvj ˛?

j

�n�kvj W;

NL D
C1
X

nD�1
W ˛?jnCkvj ˛

j

�n�kvj W; (10.159)

where normal ordering means that we move annihilation operators to the right. Note
that the eigenvalues of NL and NR in the twisted sectors are multiples of 1=N .

To compute the partition function we start with the untwisted sector (k D 0)
where L0.�/ D 1

2
p2R CNR and NL0.�/ D 1

2
p2L CNL. Then ZŒ�;�� is simply

ZŒ�;�� D 1

j�.�/j2D
X

p2	�

X

w2	�

q
1
2 .pC 1

2w/2 Nq 1
2 .p� 1

2w/2 : (10.160)

For ` ¤ 0, i.e. for bosons which satisfy the boundary conditions

Zj .�0 C 2��2; �1 C 2��1/ D e2�i`vj Zj .�0; �1/; (10.161)

we need to evaluate the trace with an �` insertion. Since we assume that �` leaves
no directions unrotated, neither quantized momenta nor windings survive the trace.
We only need to consider states obtained from the Fock vacuum by acting with
creation operators for which the complex coordinates are eigenvectors of �`. The
Fock vacuum is defined to be invariant under � . Then, for instance, for the right
movers in Zj we find the contribution

Tr.�`qL
j
0 .�/� 2

24 / D q�1=12.1C qe2�i`vj C qe�2�i`vj C : : : /; (10.162)
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where the first term is the contribution from the vacuum, the second and third from
states obtained by acting with ˛j�1 and ˛?j�1 on the vacuum, and so on. It is not hard
to see that the whole expansion can be cast into the form

Tr.�`qL
j
0 .�/� 2

24 / D q�1=12
1
Y

nD1
.1 � qne2�i`vj /�1.1 � qne�2�i`vj /�1

D �2 sin.`�vj /
�.�/

#
h 1

2

�`vj� 12

i

.�/
: (10.163)

Notice that for ` D 0 this becomes 1=�.�/2, as it should. Taking into account left-
and right-movers for all (compact) coordinates we obtain

ZŒ�; �`� D �.�`/
ˇ

ˇ

ˇ

ˇ

ˇ

D=2
Y

jD1

�

#
h 1

2

�`vj� 12

i

ˇ

ˇ

ˇ

ˇ

ˇ

2

; (10.164)

where �.�`/ D QD=2
jD1 4 sin2.�`vj / is the number of fixed points of �`. As is clear

from (10.163), the coefficient of the first term in the expansion of (10.164) is one.
This means that in the full untwisted sector, i.e. fixing k D 0 and summing over `,
the untwisted vacuum appears with the correct multiplicity one.

To obtain the other pieces ZŒ�k; �`� we use modular transformations.15 For
example,ZŒ�`;�� follows by applying � ! �1=� to (10.164) (cf. (10.152)). Using
the modular properties of the theta functions gives

ZŒ�k;�� D �.�k/

ˇ

ˇ

ˇ

ˇ

ˇ

D=2
Y

jD1

�

#

�

1
2C kvj

1
2

	

ˇ

ˇ

ˇ

ˇ

ˇ

2

D �.�k/.q Nq/� D
24CEk

ˇ

ˇ

ˇ

ˇ

ˇ

D=2
Y

jD1

1
Y

nD1
.1 � qn�1Cfkvj g/�1.1 � qn�fkvj g/�1

ˇ

ˇ

ˇ

ˇ

ˇ

2

;

(10.165)

where

Ek D
D=2
X

jD1

1

2
fkvj g.1 � fkvj g/ (10.166)

15It is not difficult to compute the traces in any Œ�k; �`� sector directly, as we did for fermions in
the Appendix to Chap. 9. The only subtlety is the degeneracy factor in the twisted sectors.



10.5 Toroidal Orbifolds 305

is the vacuum expectation value of L0 in the twisted Fock vacuum which is
annihilated by all positive oscillator modes. We defined 0 � fxg < 1 as the
fractional value of x: fxg D x � bxc. Ek can also be obtained independently
from the vacuum expectation value of the energy-momentum tensor on the plane,
T D � 2

˛0

P

i W@Zi@Z?iW :

� 2
˛0

D=2
X

iD1
h0j@Zi.w/@Z?i .z/j0i w!z� D=2

.w � z/2
C Ek

z2
C O

�

.w � z/
�

: (10.167)

Yet another way to derive .Ek � D
24
/ is from the oscillator expression for L0 using

�-function regularization. In any case, the Hamiltonian for one twisted boson is

H D N C Ek � c

24
D L0 � c

24
; (10.168)

whereN is the oscillator contribution and c D 24. Here we have neglected possible
center-of-mass momentum contributions. The Hamiltonian for a twisted fermion
was already given in (9.123).

The lowest order term in the expansion (10.165) has coefficient �.�k/, in
agreement with the fact that in the �k twisted sector the center of mass coordinate
can be any fixed point. From the higher order terms in the q-expansion we read off
the eigenvalues of L0.�k/ and therefore the contribution of the twisted oscillators to
the masses. In the sectors in which quantized momenta and windings are allowed,
we must include in the partition function sums over the allowed momenta and
windings. They will contribute to the eigenvalues of L0.�k/ and for particular shape
and size of the torus their contribution might lead to extra massless states that signal
enhanced symmetries as in the example of the circle compactification at the self-
dual radius.

We can continue generating pieces of the partition function by employing
modular transformations. The general result can be written as

ZŒ�k; �`� D �.�k; � l /
ˇ

ˇ

ˇ

ˇ

ˇ

D=2
Y

jD1

�

#
h 1
2Ckvj
1
2�`vj

i

ˇ

ˇ

ˇ

ˇ

ˇ

2

; (10.169)

where �.�k; �`/ is the number of simultaneous fixed points of �k and �`. This
formula is valid when �k leaves no fixed directions, otherwise a sum over momenta
and windings could appear. This is important when determining the ZN -invariant
states. The correct result can be found by carefully determining the untwisted sector
pieces and then performing modular transformations. In addition, �.�k; �`/ should
be replaced by Q�.�k; �`/, the number of fixed points in the sub-lattice effectively
rotated by �k . � and Q� differ because when kvj D integer, the expansion of
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#

 1
2Ckvj
1
2�`vj

�

=� has a prefactor .2 sin�`vj /, as follows from the product representation

of the #-function, just as in (10.163). Thus the actual coefficient in the expansion of
(10.169) is Q�.�k; �`/ D �.�k; �`/=Qj;kvj2Z 4 sin2 �`vj .

To summarize, the bosonic piece of the partition function of the type II string
compactified on a symmetric ZN orbifold is

ZB.�
k; �`/ D

�

1p
�2� N�

�8�D
�.�k; � l /

ˇ

ˇ

ˇ

ˇ

ˇ

D=2
Y

jD1

�

#
h 1
2Ckvj
1
2�`vj

i

ˇ

ˇ

ˇ

ˇ

ˇ

2

; (10.170)

where the first term is the contribution of the non-compact coordinates. Possible
contributions from quantized momenta and windings are omitted.

We now add (complex) world-sheet fermions. In light-cone gauge there are four
complex internal fermions with boundary conditions

 j .�0; �1 C 2�/ D �e2�i˛e2�ikvj  j .�0; �1/;
 j .�0 C 2��2; �1 C 2��1/ D �e2�iˇe2�i`vj  j .�0; �1/; (10.171)

where ˛; ˇ 2 f0; 1
2
g are the spin structures. The action on the light-cone gauge

Ramond ground states jsi, which were constructed in Chap. 8 is then defined as

� W js1; s2; s3; s4i ! e2�i s�v js1; s2; s3; s4i: (10.172)

The degenerate Ramond ground states transform as a spinor of SO.8/, generated
from j0i by the action of the b�i with i D 1; : : : ; 4. More generally,

� D exp
�

2�i

4
X

iD1
vi J2i�1;2i

�

; (10.173)

where J2i�1;2i are the generators of the Cartan subalgebra of SO.8/. On a state
which is characterized by the SO.8/ weight16 � it has eigenvalue e2�i��vvv . Requiring
�N D � on spinors leads to the condition

N
X

vi D 0 mod 2: (10.174)

The full partition function still has the form (10.150). Each contribution is explicitly
evaluated as

16This will be explained in detail in Chap. 11.
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ZŒ�k; �`� D Tr.NS˚R/˝.NS˚R/

�

PGSO �
` qL0.�

k/� D
16 Nq NL0.�k/� D

16

�

: (10.175)

The trace is over the left and right NS and R sectors for the fermions. This is
equivalent to summing over ˛ D 0 2 f0; 1

2
g. Similarly, the GSO projection amounts

to summing over ˇ 2 f0; 1
2
g.

The fermionic partition function for general twisted boundary conditions was
computed in the appendix of Chap. 9. This yields

ZF Œ�
k; �`� D 1

4

ˇ

ˇ

ˇ

ˇ

ˇ

X

˛;ˇ

s˛ˇ.k; `/

4
Y

jD1

#
h

˛Ckvj
�ˇ�`vj

i

�

ˇ

ˇ

ˇ

ˇ

ˇ

2

: (10.176)

The complete partition function is the product of the bosonic and the fermionic piece

Zorb D 1

N

N�1
X

k;lD0
ZBŒ�

k; � l � ZF Œ�
k; � l �: (10.177)

Modular invariance imposes relations among the spin structure coefficients
s˛ˇ.k; `/. One checks that

s00.k; `/ D �s 1
2 0
.k; `/ D 1; s0 12

.k; `/ D �ei�k
P

vj D �s 1
2
1
2
.k; `/ (10.178)

leads to a modular invariant partition function.
Note that k D N should give the same solution as k D 0. This gives, once more,

condition (10.174). Note further that the sign of s 1
2
1
2
.k; `/ is not fixed by modular

invariance. Choosing opposite (equal) signs in the left and right sectors corresponds
to orbifold compactifications of type IIA(B) strings (as one can see by looking at
the k D ` D 0 sector).

Using the representation (9.100) for the theta-functions one finds that states in the
NS sector (˛ D 0) are labelled by four integers jn1; n2; n3; n4i such

P

ni D odd
and states in the R sector by four half-integers jr1; r2; r3; r4i such that

P

ri D even
or odd, depending on the sign choice in (10.178). States which do not satisfy these
conditions are projected out. These are, of course, the two possible GSO projections.
We will see in the next chapter that this corresponds to states in the vector and either
one of the two spinor conjugacy classes of SO.8/.

Two comments are in order. First, there are other choices for the spin structure
coefficients, e.g. those which correspond to compactifications of the type 0 string
on orbifolds. Second, with the help of the generalized Riemann identity (9.110) one
can show that ZF Œ�k; � l � D 0 if the twist vector satisfies

˙v1 ˙ v2 ˙ v3 ˙ v4 D 0 mod 2 (10.179)
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for some choice of signs.17 This signals a space-time supersymmetric spectrum.
Indeed, in Chap. 15 we will rederive this condition as the condition for space-
time supersymmetry of the type II and heterotic theories compactified on a ZN

orbifold. We postpone further discussion of space-time supersymmetry in orbifold
compactifications until then.

ZN orbifolds are the simplest examples of toroidal orbifolds. Generalizations
involve ZM � ZN orbifolds, where a new, discrete degree of freedom, discrete
torsion, can be switched on. Moreover, one can consider non-Abelian orbifolds
with non-Abelian point-group and asymmetric orbifolds, for which the discrete
symmetries act differently on the left- and right-moving sectors.

As already pointed out, the attraction of orbifold compactifications of string
theory stems from the fact that they have a description in terms of solvable con-
formal field theories, i.e. they are under complete calculational control. However,
orbifold compactifications of the type II string do not lead to phenomenologically
interesting string vacua. To find those without leaving the class of tractable CFT’s
we either have to consider orientifolds of the above or orbifold compactifications of
the heterotic string. Both will be discussed in Chap. 15

10.6 D-branes on Toroidal Compactifications

We have seen that an open string can have either Neumann or Dirichlet boundary
conditions at its end. In this section we will point out that in the case that space is
compactified more possibilities exist.

To begin with, let us consider an open string with NN boundary conditions
moving on a circle of radius R, i.e. we identify X ' X C 2�R. Using that the
center of mass momentum is quantized in units p D M=R, the mode expansion
reads

X.�; �/ D x0 C 2˛0M
R
� C ip2˛0

X

n¤0

1

n
˛n e

�in� cosn�: (10.180)

What happens to this expansion under T-duality? For the closed string we found that
it acts as an asymmetric Z2 reflection T W X D .XL;XR/ ! X 0 D .XL;�XR/.
Applying this transformation to (10.180) leads to

X 0.�; �/ D c0 C 2˛0M
R
� Cp2˛0

X

n¤0

1

n
˛n e

�in� sin n�: (10.181)

17This is true if one of the vi D 0, in which case the ˛ D ˇ D 1
2

term in (10.176) vanishes. This
is always the case if we compactify to four dimensions. If we compactify to two dimensions, ZF
vanishes only if the sign of the ˛ D ˇ D 1

2
term is .�1/m where m is the number of minus signs

in (10.179).
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But this is the mode expansion for an open string with Dirichlet boundary conditions
in the X direction. It starts at position c0 and winds M times around the dual
circle with T -dual radius R0 D ˛0=R. Thus, T-duality acts on an open string by
exchanging N with D boundary conditions with quantized momentum becoming
integer winding around the dual circle. The exchange of the boundary conditions
can also be seen directly:

@�X D @CXL � @�XR ! @CXL C @�XR D @�X 0: (10.182)

The exchange of boundary conditions means that T-duality transforms a Dp-brane
into a D(p�1)-brane, depending on whether it acts along a direction on the brane
(�) or transverse to the brane (C). (The more complicated situation where T-duality
acts along a direction at an angle with the brane will be discussed below.)18

In the T-dual picture (10.181), both end points of the open string end on a single
brane located at c0. We can consider the more general situation where there are two
branes, located at c0 and c1 and the open string stretches between them. In this case
(10.181) will be modified to

X 0.�; �/ D c0 C 1

�
.c1 � c0/� C 2MR0� C

p
2˛0

X

n¤0

1

n
˛n e

�in� sinn�:

(10.183)

Since the ci are positions on a circle, it is clear that they are only defined mod
2�R0. Let us therefore parametrize the position as �i D ci=.2�R0/ with �i 2 Œ0; 1�.
We now apply T-duality to (10.183), i.e. to the open string stretched between two
D-branes along a DD direction:

X.�; �/ D x0 C 2˛0 �1 � �0
R

� C 2˛0M
R
� C ip2˛0

X

n¤0

1

n
˛n e

�in� cosn�:

(10.184)

It appears that the distance between the two D-branes T-dualizes to a finite shift of
the center of mass momentum of the open NN string.

We want to understand the origin of this new term from first principles, i.e.
from canonically quantizing an open string with NN boundary conditions. For this
purpose we recall the discussion of Sect. 10.2 where we coupled the closed string to
a constant background field, the antisymmetric tensor BIJ , which led to a modifi-
cation of the center of mass momentum. For the open string there is another option,
namely to couple it to a background gauge field on the D-branes on which it ends.

18T-duality acts on the world-sheet fermions of the superstring as . N ; / ! . N ;� /. As is
clear from our discussion in Chap. 7, this also corresponds to the exchange of D and N boundary
conditions.
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For the present discussion, which concerns the center of mass momentum, only the
zero-mode sector, in which the string reduces to a point particle, is relevant and we
will restrict to it. A more complete discussion will follow later in this section.

The action, including the coupling to a constant background gauge field is

S D � 1

4˛0

Z

d�
�

x02 � Px2� �
Z

d� .A1 � A0/ Px; (10.185)

where A0;1 are the components of the U.1/ � U.1/ 
 U.2/ gauge fields on the two
D-branes along the compact dimension. The relative minus sign between A0 andA1
reflects the fact that the string is oriented and that the two ends carry opposite charge.
The canonical center-of-mass momentum of the string, which must be quantized in
units fM=R, fM 2 Z on the circle with radius R is

� D 1

2˛0
Px � .A1 � A0/ D �1 � �0

R
C M

R
� .A1 �A0/ D

fM

R
: (10.186)

From this we conclude Ai D �i=R mod Z=R, which allows us to identify the �i
with non-trivial Wilson lines exp.i�i /, with

�i D 1

2�

I

S1
Ai ; i D 1; 2: (10.187)

To summarize, the T-dual description of the positions of the D-branes is in terms of
Wilson lines in the Cartan subalgebra of the gauge-group on the world-volume of
the branes along the compact direction.

This simple analysis, whose main message is that T-duality along a compact
circle exchanges Neumann and Dirichlet boundary conditions, straightforwardly
extends to the complete supersymmetric Dp-branes in type II string theory. Since
T-duality along a circle S1 therefore exchanges p D odd branes with p D even
branes, it must better exchange the type IIB and the type IIA string. This is what we
already found for the closed string sector in (10.25). There we have also discussed
the action of T-duality on the world-sheet fermions. Recalling our discussion of
boundary conditions for fermions in Chap. 7, we find that it is consistent with T-
duality exchanging N$D.

Let us now generalize the above discussion and compactify two directionsX and
Y on a two-dimensional torus T 2 and let us consider D-branes which wrap a 1-cycle
on this T 2. Such a brane is specified by Neumann boundary conditions along one
direction and Dirichlet boundary conditions along the orthogonal direction. For two
such D-branes we encounter the possibility that the branes intersect at an angle�˚ .
Let us first discuss the case of two intersecting D-branes on non-compact C, which
is shown in Fig. 10.3. Later we will extend this result to the case of branes wrapping
1-cycles of a compact T 2.
Denote by X and Y the two real coordinates of R2. Placing for convenience one D-
brane along the X -axis, an open string stretched between two intersecting D-branes
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X

Δ Φ

YFig. 10.3 Intersecting
D-branes

satisfies the following boundary conditions

� D 0 W @�X D @�Y D 0;
� D � W cos.�˚/ @�X C sin.�˚/ @�Y D 0;
� sin.�˚/ @�X C cos.�˚/ @�Y D 0: (10.188)

In order to implement these boundary conditions for the mode expansions ofX.�; �/
and Y.�; �/ it is convenient to introduce complex target space coordinates Z D
1p
2
.X C iY / and its complex conjugate Z?. Now the boundary conditions at the

two ends of the open string read

� D 0 W @�.Z CZ?/ D @� .Z �Z?/ D 0;
� D � W@�Z C e2i �˚ @�Z? D 0;

@� Z � e2i �˚ @� Z? D 0: (10.189)

Implementing these boundary conditions in the mode expansion of the fields Z and
Z?, one first realizes that the center of mass position is fixed at the intersection
point, which is the origin in the C-plane. Concerning the oscillator modes, we make
the usual ansatz

Z.�; �/ D i
r

˛0
2

X

s

1

s
˛s e
�is.���/ C i

r

˛0
2

X

�

1

s
N̨s e�is.�C�/;

Z?.�; �/ D i
r

˛0
2

X

s

1

s
˛?s e

�is.���/ C i
r

˛0
2

X

s

1

s
N̨?s e�is.�C�/; (10.190)

where we defined the modes as ˛s D 1p
2
.˛Xs C i˛Ys /, ˛?s D 1p

2
.˛Xs � i˛Ys / and

similarly for N̨s and N̨?s . Implementing the boundary conditions at � D 0 leads to the
relations ˛?s D N̨s and N̨?n D ˛n. The boundary conditions at � D � can be solved
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Fig. 10.4 Intersecting D-branes on T 2

for modes N̨n�� and ˛nC� with � D �˚=� and n 2 Z. Therefore, the solution to the
boundary conditions for two D-branes at angle�˚ reads

Z.�; �/ D i

r

˛0
2

X

n2Z

�

1

.nC �/ ˛nC� e
�i.nC�/.���/

C 1

.n � �/ N̨n�� e
�i.n��/.�C�/



(10.191)

and similarly for Z?.�; �/. Imposing Z? D Z� requires .˛nC�/� D N̨�n�� and
canonical quantization gives Œ˛nC�; N̨m��� D .n C �/ınCm. Analogously, for the
complexified world-sheet fermions the modes are  rC� and  r�� with r 2 Z

in the R sector and r 2 Z C 1
2

in the NS sector. Canonical quantization gives
f rC�;  s��g D ırCs .

The shift of the modes by � is very reminiscent of what we found for the mode
expansion of a closed string with twisted boundary conditions, e.g. in a twisted
sector of an orbifold. For this reason, an open string between two intersecting D-
branes can be considered as a twisted open string.

Consider now two intersecting D-branes on a compact T 2. This is shown in
Fig. 10.4. The complex structure of this target space torus is defined as U D
U1 C iU2 D uC i R2

R1
. Each brane is specified by two wrapping numbers .na;ma/,

a D 1; 2 of the brane around the two basic 1-cycles. Using the holonomy basis
introduced in Chap. 6 the brane wraps the cycle na a Cma b. The angle at which it
intersects the x-axis is fixed by the wrapping numbers and the complex structure of
the torus

cot.˚a/ D na CmaU1

maU2
(10.192)

and the relative angle between the two branes is �˚ab D ˚b � ˚a. Quantizing
an open string stretched between two such branes, one finds the same fractional
oscillator modes as in (10.191). In addition, the center of mass position is still fixed
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at an intersection point of the two branes. The only difference to the non-compact
case is that on a compact space the two branes can intersect more than once. In fact,
in the present case the intersection number between the two branes is (cf. (6.44) on
page 139)

Iab D na mb �ma nb: (10.193)

Thus, we have established that D-branes intersecting at angles contain new open
string states, which are localized at their, in general multiple, intersections points.

We now generalize the above discussion by considering the type IIA string
compactified on a six-dimensional torus which is the direct product of three two-
tori, i.e.

T 6 D T 2 � T 2 � T 2: (10.194)

This corresponds to a partial fixing of the complex structure19 of T 6. Consider D6-
branes whose world-volume completely fills the remaining four uncompactified
dimensions and which wrap a 1-cycle on each of the three T 2-factors. Clearly,
each such brane is specified by three pairs of wrapping numbers .nIa;m

I
a/ with

I D 1; 2; 3. The total intersection number of two D6-branes is

Iab D
3
Y

ID1

�

nIa m
I
b �mI

a n
I
b

�

: (10.195)

If the two branes intersect on the I -th torus at an angle ˚I
a , then the complex fields

ZI .�; �/ carry modes ˛I
nC�I and N̨ I

n��I with �I D �˚I=� . Due to the similarity to
twisted closed strings, it is now straightforward to compute the annulus diagram for
an open string stretched between two intersecting D6-branes

AD6a;D6b D
Z 1

0

dt

t
Iab

V4

.8�2˛0 t/2

X

˛;ˇ

.�1/2.˛Cˇ/ #
h

˛

ˇ

i
Y

I

#
h

�IC˛
ˇ

i

2 �3
Y

I

#
h

�IC1=2
1=2

i

(10.196)

with argument q D e�2�t . As usual, ˛; ˇ 2 f0; 1
2
g is the sum over the four

spin-structures. From this partition function we conclude two important aspects
of intersecting branes. First, due to the generalized Riemann identity (9.110), the
sum over the spin-structures vanishes for

P

I �˚
I D 0 mod � . However, this is

merely a necessary condition for supersymmetry. In Sect. 13.3, a thorough analysis

19We will discuss the notion of complex structures of higher dimensional manifolds in Chap. 14.
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Table 10.2 It is shown which 4D supersymmetry is preserved by intersecting D6-branes

Condition d D 4 susy Supermultiplet

˚1 D ˚2 D ˚3 D 0 N D 4 Vector

˚I C˚J D 0; ˚K D 0 I ¤ J ¤ K ¤ I N D 2 Hyper

˚1 ¤ ˚2 ¤ ˚3 ¤ ˚1
P

I ˚
I D 0 N D 1 Chiral

P

I ˚
I ¤ 0 Non-susy Weyl fermion

of supersymmetry for intersecting D-branes will be carried out. The result is that
supersymmetry is preserved under the stronger condition

X

I

�˚I D 0 mod 2�: (10.197)

Second, for any choice of angles one gets at least one fermionic zero mode
from the Ramond sector (in the uncompactified part of space-time, reflected by
the factor #Œ ˛

ˇ
� in (10.196)). Taking the two orientations of the open string into

account this gives rise to one chiral Weyl-fermion in four dimensions. In case of
supersymmetry this is accompanied by additional zero modes from the Neveu-
Schwarz sector and, depending on the amount of supersymmetry, by additional zero
modes from the Ramond sector. The various possibilities are collected in Table 10.2.
Supermultiplets in d D 4 will be summarized in Chap. 15. Therefore, with at
most N D 1 supersymmetry, intersecting D-branes support chiral fermions on
each intersection point on T 6. If one now places stacks of D6-branes at angles
supporting a U.Na/ � U.Nb/ gauge group on their world-volume, it is clear that
the Iab chiral fermions transform in the bi-fundamental representation .N a;Nb/.
This fact can be used to engineer intersecting D-brane configurations with standard
model like world-volume actions, both on simple toroidal compactifications and
more complicated backgrounds such as toroidal orbifolds. This is described in more
detail in Chaps. 15 and 17.

Returning to the general discussion of D-branes on toroidal spaces, one might
wonder how intersecting branes on a T 2 behave under T-duality, say in the X -
direction. Since T-duality exchanges Neumann and Dirichlet boundary conditions,
the boundary conditions for two intersecting D-branes (10.188) become

� D 0 W @�X D @�Y D 0;
� D � W cot.�˚/ @�X C @�Y D 0;

@�X � cot.�˚/ @�Y D 0: (10.198)
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Therefore at � D 0 we now have Dirichlet boundary conditions describing a D-
brane localized in the .X; Y / plane. However, at � D � we have obtained a
new boundary condition which is a mixture of Neumann and Dirichlet boundary
conditions. In order for this T-duality induced result to make sense, this mixed ND
boundary condition has to arise from a boundary term in the variation of the string
world-sheet action.

We already know that background gauge fields on D-branes modify the quan-
tization of the open string. Let us therefore extend the non-linear world-sheet
sigma-model action (10.46) to include the gauge fields on the D-branes at the end
of the open string world-sheet

S D � 1

4�˛0

Z

˙

d2�
�

�˛ˇ GIJ.X/ @˛X
I@ˇX

J C �˛ˇ BIJ .X/ @˛XI@ˇX
J
�

�
Z

@˙

d� AI .X/ @�X
I : (10.199)

Here we have introduced a coupling of the boundary @˙ of the open string to the
gauge field on the D-brane. The boundary is at fixed � D 0; � . The action has the
Abelian gauge invariance of the vector potential at the boundary ıAI D @I � and
the combined two-form gauge invariance of the antisymmetric tensor BIJ , which
also involves a boundary term,

ıBIJ D @I �J � @J �I ; ıAI D � 1

2�˛0
�I : (10.200)

For constant metricGIJ , antisymmetric tensorBIJ and gauge field strength FIJ the
action (10.199) simplifies. First we notice that, using

Z

˙

d2� �˛ˇ BIJ @˛X
I@ˇX

J D
Z

@˙

d� BIJ X
I@�X

J ; (10.201)

the term involvingBIJ can be written as a boundary term. For constantFIJ one can
also write

Z

@˙

d� AI @�X
I D 1

2

Z

@˙

d� FIJ X
I @�X

J (10.202)

so that the total world-sheet action becomes

S D � 1

4�˛0

Z

˙

d2� �˛ˇ GIJ @˛X
I@ˇX

J

� 1

4�˛0

Z

@˙

d�
�

BIJ C .2�˛0/ FIJ
�

XI@�X
J : (10.203)
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Therefore, the end points of the open string couple to the gauge invariant field
strength

2�˛0FIJ D BIJ C 2�˛0FIJ : (10.204)

The boundary conditions that follow from the variation of the world-sheet action are

GIJ @�X
J C .2�˛0FIJ / @�X

J D 0: (10.205)

For the target space T 2 with flat metric GIJ D ıIJ and the constant field strength
F D FYX , we obtain the boundary conditions

@�Y C .2�˛0F / @�X D 0;
@�X � .2�˛0F / @�Y D 0: (10.206)

This looks precisely like the mixed boundary conditions (10.198) we derived via T-
duality from the intersecting D-brane configuration. The intersection angle is related
to the gauge invariant field strength via

cot�˚ D 2�˛0F : (10.207)

Indeed, applying T-duality R1 ! ˛0=R1 to relation (10.192), we obtain

cot�˚ ! u˛0

R1 R2
C n˛0

mR1R2
D 2�˛0F D B C 2�˛0F: (10.208)

Defining B D 2�˛0 QB , this relation very much suggests to identify

F D n

2�mR1 R2
; QB D u

2�R1 R2
: (10.209)

This means that the closed string background B-field is related to the tilt of the T-
dual torus and the gauge field F on the brane is related to the wrapping numbers
of the T-dual brane. This makes sense: first, for m D 1 the first Chern class of this
gauge field is20

c1.F / D 1

2�

Z

T 2
F D n (10.210)

which shows that, as expected, the gauge field is quantized and the wrapping number
n is related to the first Chern class of the gauge field. Second, the tilt of the torus is

20We will introduce Chern-classes in Chap. 14.
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Table 10.3 Supersymmetric orientifolds of type II strings on T 6 with local tadpole cancellation

Superstring Orientifold O-planes CP-gauge group

Type IIB ˝ O9 SO.32/

˝I2.�1/FL O7 SO.8/4

˝I4 O5 SO.2/16

Type IIA ˝ I1 O8 SO.16/2

˝I3.�1/FL O6 SO.4/8

The reflection of n coordinates is denoted as In

not constrained further, which is also expected for the B-field. It can be shown that
form > 1 the T-dual description is given by a certain class of U.m/ bundles on T 2.
Thus, we have seen that the T-dual picture of a D-brane at angle is a T 2-wrapping
D-brane supporting non-trivial gauge flux on its world-volume. Such D-branes are
also called magnetized D-branes.

The final topic of this section concerns the fate of the world-sheet parity
transformation ˝ W .�; �/ ! .` � �; �/ under T-duality. As we emphasized in
Chap. 9, ˝ is a symmetry of the ten-dimensional type IIB superstring but not
of the type IIA superstring. Since T-duality acts as an asymmetric reflection T W
.XL;XR/! .XL;�XR/, world-sheet parity reversal transforms as

T ˝ T �1 D ˝ I1; with I1 W X ! �X: (10.211)

For this to be consistent with (10.25), the combined Z2 transformation˝ I1 must be
a symmetry of the type IIA string compactified on a circle. This is indeed the case.
Analogous to the type I string, one can now take the quotient of the type IIA string
by ˝ I1 and compute the Klein-bottle amplitude. Instead of one O9-plane we now
have two O8 planes, one at each fixed point of the reflection I1. Again there will
be divergences from graviton/dilaton exchange and RR 9-form exchange. The first
is associated to an NS-NS tadpole and the second to an R-R tadpole. These can be
canceled by introducing 32 D8-branes. Local tadpole cancellation is guaranteed, if
we place 16 D8-branes on each O8-plane. This will result in a Chan-Paton gauge
group SO.16/ � SO.16/. This defines the so-called type I0 superstring theory.

By successively applying T-duality one can generate more types of orientifolds.
The models on T 6, for which local cancellation of tadpoles is possible, are listed in
Table 10.3.21

FL is the left-moving space-time fermion number, i.e. .�1/FL D �1 on states in
the left-moving R-sector and .�1/FL D C1 on states in the left-moving NS-sector.

21As we discuss below, further T-dualities will result in more O-planes than D-branes in which
case local tadpole cancellation, i.e. local charge neutrality, in not possible.
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The appearance of this factor can be understood as follows, e.g. in the second line of
the table. I2, the reflection of two directions, is a rotation by � in the plane spanned
by these two directions. On a spinor, I 22 should act as �1 while it acts as C1 on
a vector. This follows indeed from (10.172): I2js1; s2; s3; s4i ! ei�s4 js1; s2; s3; s4i.
This can be summarized as I 22 D .�1/FLCFR . From this, together with ˝2 D 1

on all physical states, it follows that .˝I2/2 D .�1/FLCFR . This means that ˝I2
cannot have eigenvalue C1 on space-time fermions, i.e. the orientifold IIB=˝I2
is not space-time supersymmetric. On the other hand, .˝I2.�1/FL/2 D 1 (use
˝.�1/FL D .�1/FR˝) which allows for eigenvalues C1, i.e. invariant spinors.
In fact, half of the eigenvalues are C1 and half are �1. In Sect. 15.3 we discuss
the action of T-duality on spin fields. We can use the results obtained there to show
that on all states the various orientifold actions in Table 10.3 are indeed related
by T-duality; e.g. T89˝T �189 D ˝I89.�1/FL where T89 and I89 are T-duality and
reflection of the (89)-directions, respectively. All theories obtained in this fashion
have the same number of space-time supercharges (16) as the type I= type IIB=˝
theory.

The models in Table 10.3 are only special solutions to the tadpole cancellation
conditions, which are global constraints. Therefore, one does not need to place the
D-branes on top of the O-planes. A simple example of global rather than local
tadpole cancellation is if the 32 D8 branes of the˝I1 type IIA orientifold theory are
distributed differently. In the generic case the gauge group is broken to U.1/16. One
might at first have thought that the gauge group is U.1/32, but this is not correct.
The number of branes plus their images under the I1 action is 32, but the number of
independent and freely adjustable brane positions is 16 or, in other words, the U.1/
gauge bosons which one would naively associate with each of the 32 branes, are
pairwise identified by the action of I1.

We will discuss four-dimensional orientifolds of type T 6=˝I3.�1/FL with
intersecting D6-brane configurations in Chap. 17 which, as explained, are T-dual
to models with magnetized D9-branes.

We now compute the tension and charge of Op-planes. In the previous chapter
we have computed the tension and charge of type I branes and of the O9 plane; cf.
Eq. (9.83). As we have just argued, by applying T-dualities to the type I theory one
obtains Op-planes and Dp-branes for any p. The ratios between the O-plane and
D-brane tensions can be easily determined. O-planes are located at the fixed-points
of the Z2 action. In type I theory this is simply the world-sheet parity ˝ but after
T-duality in .9 � p/ directions, it also contains a geometric piece, namely refection
along p direction. To do T -duality we first have to compactify on a torus. On the
torus the reflection has 2p fixed points which are the locations of the Op-planes.
The number of Dp-branes, on the other hand, does not change under T-duality. This
leads to

�Op D � 2p�4�Dp; TOp D � 2p�4TDp: (10.212)

Note that the counting is such that we count a brane and its image under Z2

separately. This is also referred to as counting in the ‘upstairs geometry’, i.e. on



10.6 D-branes on Toroidal Compactifications 319

T p rather than on T p=Ip where we would count only half as many branes, each
carrying twice the charge.

Finally we note that the orientifold planes discussed so far have negative
tension and charge. For a space-time filling plane this is denoted as O9.�;�/.
However, by considering the dressed type IIB orientifold projection ˝.�1/F one
gets an O9.�;C/-plane with negative tension and positive charge. Here .�1/F is the
space-time fermion number F . The flip of charge can be seen as follows. In the
Klein-bottle amplitude the insertion of ˝.�1/F has no effect relative to just ˝ , as
only NS-NS and R-R states contribute. However, in the Möbius amplitude the R-
sector receives an extra overall minus sign. After transformation to tree-channel this
leads to an extra minus sign for the R-sector part in the total crosscap state (9.84).
Therefore, the R-R-charge is flipped.

On the level of the crosscap states, it is clear that we can also flip the overall
sign in front of its NS-NS-part leading to O9.C;C/ and O9.C;�/-planes. The type
IIB orientifold with an O9.C;C/-plane instead of the O9.�;�/-plane is called the
Sugimoto model. R-R tadpole cancellation can be achieved by the introduction of
32 anti D9-branes. However, these also have positive tension so that one is left
with an uncancelled NS-NS tadpole. The positive vacuum energy also signals that
supersymmetry is (explicitly) broken by the introduction of the anti D9-branes. In
contrast to the R-R tadpole, an uncancelled NS-NS tadpole is not yet a disaster for
the theory, but just an indication that the configuration does not solve the string
equation of motion for the NS-NS fields, which however can in principle adjust
themselves. This goes under the name Fischler-Susskind mechanism.
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Chapter 11
Conformal Field Theory II: Lattices
and Kač-Moody Algebras

Abstract In the previous chapter we have learned that in toroidal compactifications
of the bosonic string there are, in addition to the Kaluza-Klein gauge bosons familiar
from field theory, further massless vectors of purely stringy origin. However, we did
not show that these massless vectors are gauge bosons of a non-Abelian gauge group
G, transforming in the adjoint representation. The necessary mathematical tool to
do this is the theory of infinite dimensional (current) algebras, the so-called affine
Kač-Moody algebras. They are the subject of this chapter for which we assume
some familiarity with the structure of finite dimensional Lie algebras.

11.1 Kač-Moody Algebras

A Kač-Moody algebra is the infinitesimal version of a certain infinite dimensional
Lie group G , namely the group of mappings from the circle S1 into a finite
dimensional Lie group G. We will only consider compact connected G. G is the
so-called loop group of G.

We represent S1 as the unit circle in the complex plane

S1 D fz 2 C W jzj D 1g (11.1)

and denote a map from S1 into G by z 7! �.z/ 2 G. The group operation on G is
defined by point-wise multiplication; i.e. given two maps �1; �2 2 G , the product of
�1 and �2 is �1 � �2 2 G , where

�1 � �2.z/ D �1.z/ �2.z/: (11.2)

R. Blumenhagen et al., Basic Concepts of String Theory, Theoretical and Mathematical
Physics, DOI 10.1007/978-3-642-29497-6
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The infinite dimensional algebra Og0 of G can be obtained from the finite dimensional
Lie algebra g of G,1

ŒT a; T b� D if abcT c; (11.3)

where f abc are the structure constants of g, by writing

�.z/ D exp

"

�i
dim g
X

aD1
T a �a.z/

#

: (11.4)

�a.z/ are dimg functions defined on the unit circle. Expanding these functions into
modes

�a.z/ D
1
X

nD�1
��na zn; (11.5)

we can introduce generators T an

T an D T a zn (11.6)

such that

�.z/ D exp

"

�i
X

n;a

T a�n �n
a

#

: (11.7)

We see that the �n
a ’s are an infinite set of parameters for G and the T an an infinite

set of generators of G satisfying the following algebra

ŒT am; T
b
n � D if abcT cmCn (11.8)

which follows from Eqs. (11.3) and (11.6). This is the (untwisted) affine Kač-Moody
algebra Og0, also called loop algebra. (We will not consider twisted Kač-Moody
algebras.) Note that the T a0 generate a subalgebra isomorphic to g. It corresponds to
�a.z/ D const.

If the T a are Hermitian generators of g with

T a� D T a; (11.9)

then the Kač-Moody generators satisfy .z� D z�1 for jzj D 1/

T a �n D T a�n: (11.10)

A representation of Og0 satisfying this Hermiticity condition is called unitary.

1Since we consider only compactG’s, we can take the Cartan-Killing metric to be ıab in which case
f abc D f ab

c is antisymmetric in all indices. The generators T a are Hermitian and the structure
constants are real.
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In Chap. 2 we have seen that for the closed bosonic string the (say) right movers
are functions of .� � �/ only and periodicity allows an expansion in Fourier modes
ein.���/. This means that the fields are defined on S1. The Virasoro algebra O�0
generates reparametrizations of S1. The generators can be represented as

Ln D �znC1 @z; (11.11)

where z D ei.���/ 2 S1. With the Og0 being the algebra of the group of maps S1!G

and O�0 the algebra of Diff.S1/, it is clear that they are not unrelated and, as we will
show below, to every Kač-Moody algebra there is an associated Virasoro algebra.
Using the explicit form for the generators Eqs. (11.6) and (11.11), we easily find

ŒLm; T
a
n � D �nT anCm; (11.12)

i.e. A0 is the semi-direct sum A0 D O�0 � Og0.
So far we have constructed the Kač-Moody algebra from the classical Lie algebra

Eq. (11.3). When going to the quantum theory, we have to be careful. We saw in
Chap. 3 that the Virasoro algebra receives a central extension parametrized by the
central charge c. This possibility also arises for Kač-Moody algebras.2 Allowing a
general central extension, it has the form

ŒT am; T
a
n � D if abcT cmCn C dabmnj kj ;

�

T am; k
j
� D Œki ; kj � D 0; (11.13)

where ki , .i D 1; : : : ;M / are central elements. For G compact and simple one can
show that up to redefinitions of the generators by terms linear in the ki the only
possible choice for dabmnik

i consistent with the Jacobi identities is kmıabımCn and
the central extension is one-dimensional. We can then define the untwisted affine
Kač-Moody algebra Og by the following commutation relations:

ŒT am; T
b
n � D if abcT cmCn C km ıabımCn: (11.14)

By Schur’s lemma, the central element k is a constant in every irreducible
representation. One calls

x D 2k

 2
(11.15)

the level of the Kač-Moody algebra. Here  2 is the length of the highest root of
g (cf. below). The level is independent of any normalizations (e.g. of the structure
constants). When considering irreducible unitary representations of the Kač-Moody
algebra, the allowed values of x are not arbitrary but constrained to x � 0I for G ¤
U.1/; x 2 ZC. This will be shown in Sect. 11.5. From Eq. (11.14) we see that the

2Semi-simple finite dimensional Lie algebras do not possess non-trivial central extensions.
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finite dimensional Lie algebra g does not allow a non-trivial central extension. If G
is compact but not simple we get a different k for each simple factor. The level of
any U.1/ factor can always be set to one by suitable redefinition of the generators.

The Kač-Moody algebra Eq. (11.14) is closely related to a two-dimensional
current algebra. Consider the conserved chiral currents J a.z/which carry the adjoint
representation index of some Lie group. Since @zJ

a.z/ D 0 we have, as in the case
of the Virasoro algebra, an infinite number of conserved charges

J an D
I

d z

2	i
zn J a.z/ (11.16)

which satisfy the same algebra as the corresponding generators, namely an affine
Kač-Moody algebra:

ŒJ am; J
b
n � D if abcJ cmCn Cmk ıabımCn (11.17)

and also
ŒLm; J

a
n � D �nJ amCn ; (11.18)

reflecting the semi-direct sum structure A D O� � Og. Inverting Eq. (11.16) we get

J a.z/ D
X

n

z�n�1J an : (11.19)

Using the techniques of Chap. 4, we easily find that Eq. (11.17) is equivalent to the
following current operator algebra:

J a.z/ J b.w/ D kıab

.z � w/2
C if abc J

c.w/

.z � w/
C : : : : (11.20)

In this equation, the central charge appears as a so-called Schwinger term which
is proportional to „, which we set to one. In conformal field theory language
Eq. (11.18) means that the currents J a.z/ are primary fields of weight h D 1 of
the Virasoro algebra (cf. Eq. (4.58b) on page 75). Indeed, Eq. (11.18) is equivalent
to the operator product

T .z/ J a.w/ D J a.w/

.z� w/2
C @wJ

a.w/

z � w
C : : : : (11.21)

We can now define primary fields of A by

T .z/ 
i .w/ D h
i.w/

.z � w/2
C @
i .w/

z � w
C : : : ;

J a.z/ 
i .w/ D .T a/i
j 
j .w/

z � w
C : : : ; (11.22)
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where .T a/i j are representation matrices of g. Comparison with Eq. (11.20) gives
that J a.z/ is not primary with respect to the combined chiral algebra A . Indeed, in
the notation of Chap. 4 we have J a.z/ D OJ a�1I.z/.

Following Chap. 4, we define primary or highest weight states of A by

j
ii D 
i .0/j0i; (11.23)

where i is a representation index ofG and 
i .z/ is primary according to Eq. (11.22).
The vacuum is SL.2;C/ and G invariant. The highest weight states satisfy

Lnj
ii D 0; n > 0;

J an j
i i D 0; n > 0;

L0j
i i D hi j
ii;
J a0 j
i i D .T a/i j j
j i: (11.24)

To each primary field there exists an infinite number of descendant fields of the form

L�k1 : : : L�km J
a1�l1 : : : J

an�ln j
i i; ki ; li > 0: (11.25)

The conformal dimensions of the descendant states are hiCPm
iD1 kiC

Pn
iD1 li . We

denote the totality of fields in a given highest weight representation by Œ
i �A . The
Œ
i �A are also called current algebra families.

There is an explicit construction of the Virasoro algebra in terms of the Kač-
Moody generators. This is the Sugawara construction. For simplicity we will only
consider the case when g is simple. Define the energy momentum tensor as

T .z/ D 1

2k C C2
X

a

WJ a.z/J a.z/ W (11.26a)

or

Ln D 1

2k C C2
X

a

X

m

WJ amJ an�m W : (11.26b)

Up to the normalization this is the only candidate with the correct conformal weight.
C2 is the quadratic Casimir of the adjoint representation defined by

f acdf bcd D C2ıab: (11.27)

It clearly depends on the normalization of the structure constants. A normalization
independent quantity is the dual Coxeter number

Cg D C2

 2
(11.28)

which can be shown to be an integer.
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In Eq. (11.26a) normal ordering is defined as

W J a.z/J b.z/ WD lim
w!z

�

J a.w/J b.z/ � kıab

.w� z/2
� i f

abcJ c.z/

.w � z/

�

: (11.29)

For the modes this implies (see also (4.111))

W J an J bm WD
(

J an J
b
m n � 1

J bmJ
a
n n � 0 (11.30)

which can be written in the form

J an J
b
m DW J an J bm W CŒJ an ; J bm� �.n/; where �.n/ D

(

1 n � 0
0 n < 0:

(11.31)

It can then be shown that T .z/ satisfies (11.22) and the Virasoro algebra with central
charge

c D 2k dimG

2k C C2 D
x dimG

x C Cg : (11.32)

For these the prefactor in (11.26a) is crucial. Note that the classical value C2 is
modified to C2 C 2k by quantum effects. We will give details of the computation in
the appendix of this chapter.

The conformal dimension of the primary field defined in Eq. (11.24) is

h D CR
2

2k C C2 ; (11.33)

where CR
2 is the quadratic Casimir of the representation R under which j
i

transforms:
.T a/i

j .T a/j
k D CR

2 ı
k
i : (11.34)

If we recall that the generators in the adjoint representation are .T a/bc D if abc , we
see that (11.27) is a special case of (11.34). The explicit expression for CR

2 is

CR
2 D

dimR

dimG

P

�2

rankG
; (11.35)

where the sum is over all weights in the representationR. Equation (11.33) is easily
derived using the explicit expression for L0 given in Eq. (11.26b).

We now specialize to simply laced groups G of rank n, cf. Footnote 8 on page
280. We normalize the roots to have (length)2 D 2. In particular 2 D 2 and x D k.
This corresponds to a particular normalization of the structure constants (e.g. for
SU.2/, f abc D p2�abc). Then Cg is given by the formula
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Cg D
�

dimG

n
� 1

�

: (11.36)

It implies that for level one Kač-Moody algebras, i.e. k D 1, the central charge
of the corresponding Virasoro algebra is an integer, namely the rank n of G. This
suggests that the level one Kač-Moody currents of the simply laced groupG can be
constructed from n free bosonic fields. This construction, known as the Frenkel-
Kač-Segal construction, uses n bosonic fields “compactified” on the root lattice
of the finite dimensional Lie algebra g and establishes the appearance of non-
Abelian gauge symmetries in the heterotic string theory introduced in Chap. 10.
The final step in the identification will be made in Chap. 16, when we compare
string scattering amplitudes with field theory amplitudes.

First, let us recall some basic facts about lattices and Lie algebras. Some of these
have already been introduced and used in Chap. 10.

11.2 Lattices and Lie Algebras

A lattice  is defined as a set of points in an n-dimensional real vector space V :

 D
(

n
X

iD1
ni ei jni 2 Z

)

: (11.37)

The ei .i D 1 : : : n/ are n basis vectors of V . We will only be interested in the cases
where V is Rn with Euclidean inner product or Rp;q .p C q D n/ with Lorentzian
inner product; i.e. for v;w being two lattice vectors we have v �w DPn

ID1 vIwI for
the Euclidean case and v �w DPp

ID1 vIwI �Pn
IDpC1 vIwI for the Lorentzian case.

An element of the lattice  has an expansion V I D nieIi . The matrix gij D ei � ej
is the metric on ; it contains all information about the angles between the basis
vectors and about their lengths. The volume of the unit cell, which contains exactly
one lattice point, vol.), is also determined by gij :

vol./ D
p

j detgj: (11.38)

The dual lattice � is defined as

� D fw 2 V;w � v 2 Z;8 v 2 g: (11.39)

The basis vectors e�i of � satisfy

e�i � ej D ıij (11.40)
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and the metric on� is g�ij D e�i � e�j which is the inverse of gij . The volume of the
unit cell of � is then

vol.�/ D .vol.//�1 : (11.41)

A lattice is called unimodular if it has one point per unit volume, i.e. if vol./D 1;
then also vol.�/ D 1. It is integral if v � w 2 Z, 8 v;w 2 . Clearly  is
integral if and only if  � �. Furthermore an integral lattice is called even if
all lattice vectors have even .length/2; it is called odd otherwise. Finally,  is self-
dual if D�. A necessary and sufficient condition for  being self-dual is to be
unimodular and integral.

If s is a sublattice of equal dimension as , we can decompose  into cosets
with respect to s . To do so, choose a set of vectorsmi .i D 2; : : : ; Ns/, such that

mi 2 ; mi … s;

mi �mj … s if i ¤ j: (11.42)

Then the lattice  can be written as sum over cosets

 D s ˚ .m2 Cs/˚ : : :˚ .mNs Cs/: (11.43)

This notation means that every vector in  can be written as mi C vs , vs 2 s ,
i D 1; : : : ; Ns , if we definem1 D 0, the zero vector. The vectorsmi are called coset
representatives. The volume of  can be expressed as

vol./ D 1

Ns
vol.s/: (11.44)

The lattices we are most interested in are the so-called Lie algebra lattices. To
discuss them we need some basic facts about Lie algebras, which we will now
review. We will especially concentrate on the properties of their root and weight
lattices. This is most conveniently done in the so-called Cartan-Weyl basis. Choose
a maximal set of Hermitian and commuting generatorsHI .I D 1; : : : ; n/

ŒHI ;HJ � D 0; (11.45)

where the dimension n of this subalgebra is called the rank of G. The HI generate
the Cartan subalgebra. Given a choice of a Cartan subalgebra we can diagonalize the
remaining generators in the sense that they have definite eigenvalues with respect to
the HI :

ŒHI ;E˛� D ˛I E˛: (11.46)

The real non-zero n-dimensional vector ˛ is called a root and E˛ a step operator
corresponding to ˛. Note that from Eq. (11.46) it follows that theE˛ are necessarily
non-Hermitian. Indeed, we find that

E�˛ D .E˛/� ; (11.47)



11.2 Lattices and Lie Algebras 329

i.e. if ˛ is a root then so is �˛. A root is called positive if its first non-zero
component is positive. The E˛ with ˛ positive are called raising operators and
lowering operators otherwise. If all roots have the same length, the group is called
simply laced. We can then normalize the roots to ˛2 D ˛I ˛I D 2. In the following
we will only consider simply laced groups. Some of the expressions given below
will have to be modified for the general case.

To complete the Lie algebra we need to determine the commutation relation
between the step operatorsE˛; Eˇ. The commutators are constrained by the Jacobi
identities and the result can be summarized as follows:

ŒE˛; Eˇ� D

8

ˆ

ˆ

<

ˆ

ˆ

:

�.˛;ˇ/ E˛Cˇ if ˛C ˇ is a root

˛ �H if ˛ D �ˇ
0 otherwise.

(11.48)

The constants �.˛;ˇ/, antisymmetric in ˛ and ˇ, can be arranged to be ˙1. With
each root we can associate an su.2/ subalgebra generated by E˛, E�˛ and ˛ � H .
If we identify them with JC, J� and 2J3, we recognize the angular momentum
algebra. It is well known that for unitary representations the eigenvalues of 2J3 or
˛ �H have to be integer.

Taking arbitrary integer linear combinations of root vectors one generates an
n-dimensional Euclidean lattice, called root lattice R. Since the number of root
pairs˙˛ in general exceeds the rank n of G, it is convenient to select a set of roots
˛i .i D 1; : : : ; n/ which serve as a basis for R. These are the so-called simple
roots. They are those positive roots which cannot be written as a sum of two positive
roots. The Cartan matrix, defined by3

gij D ˛i � ˛j (11.49)

is an integer n � n matrix; its diagonal elements are 2 and its off diagonal elements
are �1 or 0; i.e. the root lattice of any simply laced Lie algebra is an integral, even
lattice. Therefore it is contained in its dual lattice�R. gij is the metric onR. From
a given Cartan matrix one can construct a basis of simple roots and from that all
roots.

Let us look at the classification of simply laced Lie algebras. The first class is
theDn .n � 1/ series4 corresponding to the orthogonal groups SO.2n/ with rank n
and dimension n.2n � 1/. The n-component root vectors are

.: : : ;˙1; : : : ;˙1; : : : / all other entries zero: (11.50)

3The Cartan matrix is often denoted Aij D 2˛i � ˛j =˛2j . For simply laced Lie algebras it reduces
to our gij .
4We also include the case n D 1 withD1 � SO.2/ � U.1/.
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Counting all combinations of distributing two “˙1” entries, one easily verifies that
there are 2.n2 � n/ root vectors. The E˛i , together with the n Cartan subalgebra
generators HI , are the 2n2 � n generators of Dn in the Cartan-Weyl basis. The n
simple roots of Dn are

.1;�1; 0n�2/; .0; 1;�1; 0n�3/; : : : ; .0n�2; 1;�1/; .0n�2; 1; 1/; (11.51)

where 0i denotes the i -dimensional null vector.
The next class of simply laced Lie algebras is the An series .n � 1/ correspond-

ing to SU.n C 1/ with rank n and dimension n2 C 2n. Let us take as an example
A2. The six roots of SU.3/ are

˛1 D
�
q

1
2
;
q

3
2

�

; ˛2 D
�
q

1
2
;�
q

3
2

�

; ˛3 D
�p

2; 0
	

;

˛4 D �
�
q

1
2
;

q

3
2

�

; ˛5 D �
�
q

1
2
;�
q

3
2

�

; ˛6 D �
�p

2; 0
	

: (11.52)

The two simple roots are ˛1 and ˛2.
Besides theDn and An series there are the exceptional simply laced Lie algebras

E6, E7 and E8 of dimensions 78, 133 and 248 and rank 6, 7 and 8, respectively.
The 72 roots of E6 (in a suitably chosen basis) are


˙1;˙1; 03I 0�C 36 permutations
 

˙1
2
;˙1
2
;˙1
2
;˙1
2
;˙1
2
I
p
3

2

!

even number of “�” signs ;

 

˙1
2
;˙1
2
;˙1
2
;˙1
2
;˙1
2
I �
p
3

2

!

odd number of “�” signs ; (11.53)

and the root vectors of E7 are


˙1;˙1; 04I 0�C 56 permutations
�

06I˙p2
	

 

˙1
2
;˙1
2
;˙1
2
;˙1
2
;˙1
2
;˙1
2
I˙
p
2

2

!

even number of “�” signs

in first six components:
(11.54)

The roots of E8 have a particularly simple form; they are given by the 112 root
vectors of D8 (see Eq. (11.50)) and in addition to these the following 128 eight-
dimensional vectors:

�

˙1
2
;˙1
2
; : : : ;˙1

2

�

even number of “�” signs : (11.55)
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So far we have only considered root lattices R. They are constructed from the
adjoint representation of G whose non-zero weights are the roots. However, any
Lie groupG has infinitely many irreducible representations which are characterized
by their weight vectors. Consider a finite dimensional irreducible representation
ofG. The states which transform in a specific representation are denoted by jml ; Di
whereD is the dimension of the representation and k runs from 1 toD. These states
are eigenstates of the Cartan subalgebra generators:

HI jml ; Di D mI
l jml ; Di: (11.56)

The n-dimensional vectorml is called weight vector of jml ; Di. The weight vectors
characterize the representation. We can reach all states in a given representation by
acting with lowering operators on the highest weight state.5 Thus the weights in a
given representation differ by vectors in the root lattice. For simply laced groups
˛i �m 2 Z for all roots and weights. Also, if ˇ �m 2 Z, 8m, then ˇ 2 R.

Irreducible representations fall into different conjugacy classes. Two different
representations are said to be in the same conjugacy class if the difference between
their weight vectors is a vector of the root lattice. Of course, all weights of a given
representation belong to the same conjugacy class. Therefore, a particular conjugacy
class k is specified by choosing a representative weight vector mk , e.g. the highest
weight of the lowest dimensional representation contained in this conjugacy class.
Then all vectors within the same conjugacy class are constructed by adding the
whole root lattice to this representative. Since the root lattice is an integral lattice
and also the scalar product between the roots and mk are integer, it follows that
the mutual inner product modulo integers of any two vectors of two conjugacy
classes depends only on the scalar product of their representative vectors, i.e. on
the conjugacy classes.

All weights of all conjugacy classes including the .0/ conjugacy class (the root
lattice itself) form the weight lattice w. Our results above clearly imply

R � w; R D �w ; (11.57)

which entails that

vol.R/ D .vol.w//
�1: (11.58)

The decomposition of the weight lattice into conjugacy classes is then simply a coset
decomposition of w with respect to R and we can write

w D R ˚ .R Cm2/˚ : : :˚ .R CmNc /; (11.59)

5A highest weight state jm0;Di satisfies E˛jm0;Di D 0 8 positive ˛. It means that ˛Cm0 is
not a weight vector for any positive root ˛. The other states in the same representation are obtained
by acting with lowering operators on the highest weight state. Any irreducible representation of g
has a unique highest weight state—the other weights m have the property that m0 � m is a sum
of positive roots. The highest weight of the adjoint representation is called highest root  with
 2 D 2.
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where the mk .k D 2; : : : ; Nc/ are the representative vectors of each non-trivial
conjugacy class and Nc is the number of conjugacy classes which is finite for finite
dimensional Lie algebras. The cosets form an Abelian discrete group under addition,
isomorphic to the center of G. The direct sum decomposition Eq. (11.59) attributes
to each root Nc weights (including the root itself); it follows that (cf. Eq. (11.44))

vol.w/ D 1

Nc
vol.R/ (11.60)

and with Eq. (11.58)

vol.w/ D 1p
Nc
;

vol.R/ D
p

Nc: (11.61)

One can also consider so-called Lie algebra lattices, which are the direct sum of
only a subset of all possible conjugacy classes. The choice of possible conjugacy
classes is restricted; it must be closed under addition of all lattice vectors which
in particular means that the root lattice is always present. The possible subsets of
conjugacy classes are in one-to-one correspondence with the subgroups of the center
of G.

Since the volume of the unit cell of R is
p
Nc , the Lie algebra lattice is

unimodular if it contains
p
Nc conjugacy classes (cf. Eq. (11.44) with s D R).

This means that Nc must be the square of an integer. Furthermore, the Lie algebra
lattice will be self-dual if all mutual scalar products between the different conjugacy
classes are integer.

Let us illustrate this by considering specific simply laced Lie algebras. The Dn

algebras have four inequivalent conjugacy classes. The .0/ conjugacy class, which
we have already discussed, i.e. the root lattice, contains vectors of the form

.k1 : : : kn/; ki 2 Z;

n
X

iD1
ki D 0 mod 2: (11.62)

Next, the vector conjugacy class, denoted by (V), contains as smallest representation
the vector representation of dimension 2n. Its weight vectors are

m D .˙1; 0; : : : ; 0/C all permutations: (11.63)

A representative vector of the (V) conjugacy class can be chosen to be .1; 0n�1/
which implies that all vectors of the (V) conjugacy class have the form

.k1 : : : kn/; ki 2 Z;

n
X

iD1
ki D 1 mod 2: (11.64)

It also follows that the .length/2 of any vector in the (V) conjugacy class is
1mod 2. The spinor conjugacy class, denoted by (S), has as smallest representation
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Table 11.1 Addition rules for Dn conjugacy classes

n even

(0) (V) (S) (C)

(0) (0) (V) (S) (C)
(V) (V) (0) (C) (S)
(S) (S) (C) (0) (V)
(C) (C) (S) (V) (0)

n odd

(0) (V) (S) (C)

(0) (0) (V) (S) (C)
(V) (V) (0) (C) (S)
(S) (S) (C) (V) (0)
(C) (C) (S) (0) (V)

Table 11.2 Multiplication rules .mod1/ for Dn conjugacy classes

(0) (V) (S) (C)

(0) 0 0 0 0

(V) 0 0 1
2

1
2

(S) 0 1
2

n=4 .n� 2/=4
(C) 0 1

2
.n� 2/=4 n=4

the (Weyl) spinor representation of dimension 2n�1. The corresponding weight
vectors are

m D
�

˙1
2
;˙1
2
; : : : ;˙1

2

�

; even number of “–” signs: (11.65)

Thus, a representative vector of the (S) conjugacy class can be chosen to be .. 1
2
/n/.

Finally, the (C) conjugacy class possesses as lowest dimensional representation the
conjugate-spinor representation with weights

m D
�

˙1
2
;˙1
2
; : : : ;˙1

2

�

; odd number of “–” signs: (11.66)

Its representative vector is .� 1
2
; . 1
2
/n�1/. General weight vectors of the two spinor

conjugacy classes are

�

k1 C 1

2
; : : : ; kn C 1

2

�

with

8

<

:

Pn
iD1 ki D 0 mod 2 .S/

Pn
iD1 ki D 1 mod 2 .C/:

(11.67)

The .length/2 of all vectors in the (S) and (C) conjugacy classes is n
4

mod 2.
The center ofDn is Z4 for n odd and Z2 �Z2 for n even. It has the same number

of elements as there are conjugacy classes, namely four. The addition rules of the
conjugacy classes (which correspond to the tensor products of the representations)
are determined by the addition rules of the different representative vectors and are
summarized in Table 11.1. The mutual scalar products (defined modulo 1) between
the four conjugacy classes are shown in Table 11.2.
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From the above discussion it is clear that the Dn Lie algebra lattices are
unimodular, if they contain in addition to the root lattice one further conjugacy class.
Inspection of Tables 11.1 and 11.2 shows that the (0) and (V) conjugacy classes of
Dn together form an odd self-dual lattice for any value of n. This lattice is identical
to the n-dimensional cubic lattice Zn. For even n, the lattice with (0) and either (S) or
(C) conjugacy class is also a unimodular Lie algebra lattice. It is the weight lattice of
Spin.2n/=Z2.6 For n D 8 this is also the root lattice of E8. Furthermore, we obtain
an odd self-dual lattice of this type for n D 4 mod 8 and an even self-dual lattice
if n D 0 mod 8.

The An weight lattice consists of n C 1 conjugacy classes denoted by .p/

.p D 0; : : : ; n/ where the .0/ conjugacy class corresponds again to the root lattice.
The center of An is ZnC1. The smallest representations in each conjugacy class are
the symmetric rank p tensors. The addition rules of the conjugacy classes are very
simple:

.p/C .q/ D .p C q/ ; (11.68)

where .p C q/ is defined modulo nC 1. The mutual scalar products are

.p/ � .q/ D p.nC 1 � q/
nC 1 mod 1; p � q: (11.69)

Using this one can verify that the Lie algebra lattices Ak2�1 with conjugacy classes
.0/; .k/; .2k/; : : : ; ..k � 1/k/ are odd self-dual for k even and even self-dual for k
odd.

The E6 weight lattice contains three conjugacy classes .0/, .1/ and .1/ corre-
sponding to the singlet, the 27 and the 27 representations of E6. The addition rules
of these conjugacy classes are the same as forA2, the .length/2 of the weights of the
27, 27 is 4=3 and the mutual scalar product between .1/ and .1/ is 2=3 mod 1.
E7 has two conjugacy classes, .0/ and .1/ where the minimal representation of

the .1/ is the 56 with weights of .length/2 D 3
2
.

Finally E8 has only one, namely the .0/ conjugacy class. Therefore, the weight
lattice of E8 is identical to its root lattice which implies that it is even self-dual.
Recall that the root vectors of E8 are of the form

˛ D

8

ˆ

<

ˆ

:


˙1;˙1; 06� C permutations
�

˙1
2
;˙1
2
; : : : ;˙1

2

�

even number of “–” signs.
(11.70)

We recognize that the E8 root lattice is identical to the D8 lattice with .0/ and .S/
conjugacy classes and one can also show that (up to a rotation) it is the A8 Lie

6Spin.2n/, n even, is simply connected and has center Z2 � Z2. If we divide by the diagonal Z2
we get SO.2n/ with only (0) and (V) conjugacy classes. If we divide by one of the Z2 we are left
with the (0) and one of the spinor conjugacy classes.
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algebra lattice with .0/, .3/ and .6/ conjugacy classes. On the other hand, if a Lie
algebra lattice contains besides the roots additional weight vectors of .length/2 D 2,
then these lattice vectors are roots of a larger Lie algebra with fewer conjugacy
classes. E.g. the adjoint of E8 decomposes into SO.16/ as

248 D 120C 128; (11.71)

where the 128 is the spinor representation and the 120 the adjoint representation of
SO.16/.

Now consider direct products of Lie algebra lattices like Dn ˝ Dm, An ˝ Am,
Dn ˝ Am etc. These contain of course the root system of the corresponding semi-
simple Lie algebras. Furthermore, the Lie algebra lattice is specified by the so-called
glue vectors which generate upon addition all other conjugacy classes. Take e.g.
D2 ˝ D3 with glue vector (V,S). Then we obtain, according to Table 11.1, a Lie
algebra lattice with the following conjugacy classes: (0,0), (V,S), (0,V), (V,C). Since
D2 ˝ D3 contains 16 conjugacy classes, the above specified Lie algebra lattice is
unimodular. It is however not self-dual. A different example is E6 ˝ A2 with glue
vector .1; 1/. The conjugacy classes are now .0; 0/, .1; 1/ and .1; 2/. We now get
additional .length/2 D 2 vectors, and in fact this lattice is again the even self-dual
E8 root lattice which can also be seen by decomposition of E8 to E6 � SU.3/:

248 D .78; 1/C .1; 8/C .27; 3/C .27; 3/: (11.72)

We now state (without proof) the classification of Euclidean even self-dual
lattices. They only exist in dimensions which are a multiple of 8. In eight dimensions
the only Euclidean even self-dual lattice is the root lattice of E8. In 16 dimensions
there are two even self-dual lattices, namely the root lattice of E8 ˝ E8 and the Lie
algebra lattice ofD16 with (0) and (S) conjugacy classes, called Spin.32/=Z2. These
two lattices arise in the construction of the 10-dimensional heterotic string theory.
They are the only ones satisfying the constraint of one-loop modular invariance, as
discussed in Chap. 10.

For the covariant lattice construction of heterotic theories in Sect. 13.5 we will
need self-dual lattices in 24 dimensions. There are 24, called Niemeier lattices.
Twenty-three of them are Lie algebra lattices of semi-simple Lie groups. Table 11.3
summarizes them together with the relevant glue vectors. The 24th even self-dual
lattice is the so-called Leech lattice. It contains no vectors of .length/2 D 2. Its
shortest vectors have .length/2 D 4. Above 24 dimensions the number of even self-
dual lattices increases rapidly and most of them are not known explicitly.

So far we have considered only Euclidean Lie algebra lattices. However there
exist two types of Lorentzian “Lie algebra” lattices.7 First consider �n;m D
�nL ˝ �mR in R

nL;mR where �nL and �mR are semi-simple Lie algebra lattices

7We already encountered Lorentzian lattices when we discussed the torus compactification of the
bosonic and the heterotic strings.
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Table 11.3 The 23 Euclidean self-dual semi-simple Lie algebra lattices in
24 dimensions (conjugacy classes in square brackets should be cyclically
permuted)

Lie algebra Glue vector

D24 (S)
D16E8 (S,0)
E3
8 (0,0,0)

A24 (5)
D2
12 (S,V), (V,S)

A17E7 .3; 1/

D10E
2
7 (S,1,0), (C,0,1)

A15D9 .2; S/

D3
8 (S,V,V), (V,S,V), (V,V,S)

A212 .1; 5/

A11D7E6 (1,S,1)
E4
6 .1; 0; 1; 1/, .1; 1; 0; 1/, .1; 1; 1; 0/

A29D6 .2; 4; 0/, (5,0,S), (0,5,C)
D4
6 Even permutations of (0,S,V,C)

A38 .1; 1; 4/, .4; 1; 1/, .1; 4; 1/
A27D

2
5 (1,1,S,V), (1,7,V,S)

A46 .1; 2; 1; 6/, .1; 6; 2; 1/, .1; 1; 6; 2/
A45D4 .2; Œ0; 2; 4�; 0/, (3,3,0,0,S), (3,0,3,0,V), (3,0,0,3,C)
D6
4 (S,S,S,S,S,S), (0,[0,V,C,C,V])

A64 .1; Œ0; 1; 4; 4; 1�/

A83 .2; Œ2; 0; 0; 1; 0; 1; 1�/

A122 .2; Œ1; 1; 2; 1; 1; 1; 2; 2; 2; 1; 2�/

A241 .1; Œ0; 0; 0; 0; 0; 1; 0; 1; 0; 0; 1; 1; 0; 0; 1; 1; 0; 1; 0; 1; 1; 1; 1�/

of dimensions nL and mR respectively. Again �n;m is completely specified by the
knowledge of the relevant glue vectors. The second type of Lorentzian Lie algebra
lattice is obtained, if the sign of the signature of the metric changes within a given
Lie algebra lattice. Dn;m with (0) and (S) conjugacy classes is a suitable example.
Actually, Lorentzian lattices of the second type are always also of the first type. For
example, Dn;m with (0) and (S) conjugacy classes is identical to DnL ˝DmR with
(0,0), (V,V), (S,S) and (C,C) conjugacy classes.

Lorentzian even self-dual lattices �n;m exist for n � m D 0 mod 8. They
are unique up to Lorentz transformations. For n D m C 8p they are Lorentz
transformations of .E8/p˝Dm;m whereDm;m is defined by the (0) and (S) conjugacy
classes. Alternatively, we can choose as reference lattice .E8/p ˝ .D1;1/

m where
D1;1 is the D1 ˝ D1 lattice with conjugacy classes (0,0)C(V,V)C(S,S)C(C,C). It
is not hard to find the explicit Lorentz transformation which transforms this D1;1

lattice to �1;1 of Footnote 6 on page 275.
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11.3 Frenkel-Kač-Segal Construction

Let us now return to our original problem namely to provide an operator construc-
tion of the level one Kač-Moody algebra from free chiral boson fields moving on an
n-dimensional torus. This construction is due to Frenkel and Kač and to Segal.

The level k Kač-Moody algebra in the Cartan-Weyl basis for a simply laced
groupG reads:

ŒHI
m;H

J
n � D mıIJ ımCn;

ŒHI
m;E

˛
n � D ˛I E˛mCn;

ŒE˛m;E
ˇ
n � D

8

ˆ

ˆ

<

ˆ

ˆ

:

�.˛;ˇ/ E
˛Cˇ
mCn if ˛ � ˇ D �1

˛ �H mCn C km ımCn if ˛ � ˇ D �2
0 if ˛ � ˇ � 0

(11.73)

with Hermiticity properties

HI �
n D HI�n; E˛ �n D E�˛�n ; k� D k: (11.74)

Note that ˛ �ˇ D �1 implies that ˛Cˇ is a root and ˛ �ˇ D �2 that ˛Cˇ D 0. Let
us now try to construct conformal fields HI.z/ and E˛.z/ from free chiral bosons
XI .z/, .I D 1; : : : ; rankG/ with mode expansion8

XI .z/ D qI � i pI ln zC i
X

n¤0

1

n
˛In z�n ; (11.75)

two-point function

hXI .z/XJ .w/i D �ıIJ ln.z� w/ (11.76)

and energy momentum tensor

T .z/ D �1
2

X

i

W@XI .z/ @XI .z/ W (11.77)

(cf. Chap. 4). The moments ofHI.z/ andE˛.z/ are the Kač-Moody generatorsHI
m,

E˛m (cf. Eq. (11.16)):

E˛m D
I

C0

d z

2	i
zm E˛.z/;

HI
m D

I

C0

d z

2	i
zm HI .z/: (11.78)

8This is the dimensionless chiral field XR , introduced in (10.59), mapped to the complex z-plane.
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Consider the conformal field

QE˛.z/ DW ei˛�X .z/ W; (11.79)

where ˛ is a root vector of G with .length/2 D 2. This implies that QE˛.z/ has
conformal dimension h D 1. We will now show that QE˛.z/ is almost the desired
field E˛.z/. The operator product expansion of QE˛.z/ and QE˛.w/ has the form (see
Eq. (4.120a)):

QE˛.z/ QEˇ.w/ D .z � w/˛�ˇ QE˛Cˇ.w/C
C.z � w/˛�ˇC1 ˛ � i@X.w/ QE˛Cˇ.w/C : : : : (11.80)

Since ˛ � ˇ is an integer one derives that

QE˛.z/ QEˇ.w/ D .�1/˛�ˇ QEˇ.w/ QE˛.z/: (11.81)

This implies that with the contour integration trick of Chap. 4 we can only calculate

QE˛m QEˇn � .�1/˛�ˇ QEˇn QE˛m

D
�I

C0

d z

2	i

I

C0

dw

2	i
�
I

C0

d z

2	i

I

C0

dw

2	i

�

zm QE˛.z/wn QEˇ.w/
jzj > jwj jwj > jzj

D
I

C0

dw

2	i

I

Cw

d z

2	i
.z � w/˛�ˇ zm wn QE˛Cˇ.w/

� Œ1C i.z� w/˛ � @X .w/C : : :�

D

8

ˆ

ˆ

ˆ

<

ˆ

ˆ

ˆ

:

QE˛CˇmCn ˛ � ˇ D �1
mımCn C i˛ �

I

C0

dw

2	i
wmCn@X.w/ ˛ � ˇ D �2

0 otherwise:

(11.82)

Comparing this with Eq. (11.73) we recognize that, the unwanted factor .�1/˛�ˇ and
the structure constants �.˛;ˇ/ aside, we have reached our goal, if we identifyHI.z/
with the derivative of the free bosonsXI .z/:

HI .z/ D i @XI .z/: (11.83)

This is in fact the correct identification; i@XI .z/ are conformal fields of dimension
one and are the ŒU.1/�n Cartan-subalgebra currents. They satisfy the operator
algebra
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HI .z/HJ .w/ D ıIJ

.z � w/2
C finite (11.84)

which immediately leads to the correct commutator Eq. (11.73) between HI
m and

HJ
n . We can also check that, using

HI .z/ QE˛.w/ D ˛I

.z � w/
QE˛.w/C : : : ; (11.85)

the correct algebra between the HI
m and QE˛n is obtained. Finally, we have to

compensate the factor .�1/˛�ˇ in Eq. (11.3) and to produce the structure constants
�.˛;ˇ/. This is done by introducing so-called cocycle factors (also called Klein
factors) c˛. We define E˛.z/ as:

E˛.z/ D QE˛.z/ c˛: (11.86)

There are various explicit constructions of c˛. One is in terms of the zero modes
pI D .2	i/�1 H i@XI .z/ in which case the c˛.p/ have to satisfy9

c˛.p C ˇ/ cˇ.p/ D .�1/˛�ˇcˇ.p C ˛/ c˛.p/
c˛.p C ˇ/ cˇ.p/ D �.˛;ˇ/ c˛Cˇ: (11.87)

We will not present this or any other construction.
In conclusion the level one Kač-Moody algebra of a simply laced group G with

rank n possesses an explicit operator construction with n free bosonic fields XI .z/:

HI
m D

I

C0

d z

2	i
zmHI .z/; HI .z/ D i @XI .z/;

E˛m D
I

C0

d z

2	i
zm E˛; E˛.z/ DWei˛�X .z/ W c˛: (11.88)

HI
0 , E˛0 obviously generate a finite dimensional subalgebra isomorphic to the Lie

algebra g of Eq. (11.48). In this case the Cartan sub-algebra generators HI
0 are

simply given by the momentum operators pI in Eq. (11.75). The non-commuting
E˛0 ’s are characterized by the momentum eigenvalues which are the roots ˛ of
the Lie algebra. It means that the allowed momentum eigenvalues of the bosons
XI .z/ are quantized, or, equivalently, the bosons XI .z/ live on an n-dimensional
torus. This is also required for the field (11.75) to be well defined (because of the
logarithm).

We can now explicitly construct the vertex operators of the gauge boson states
which results from the compactification of the bosonic coordinates. The vertex

9Use the relation eiq�ˇf .p/e�iq�ˇ D f .p � ˇ/ for any function f .p/.



340 11 Conformal Field Theory II: Lattices and Kač-Moody Algebras

operators of the Cartan subalgebra ŒU.1/�n gauge bosons are the currents i@XI .z/.
The asymptotic states are

jI i D
I

C0

d z

2	i

i

z
@XI .z/j0i D ˛I�1j0i (11.89)

which is nothing but an internal oscillator excitation in agreement with our
considerations in Chap. 10.

The vertex operators of the non-Abelian gauge bosons are again given by the
currents E˛ DW ei˛�X .z/ W c˛ . Since ˛2 D 2, this vertex operator has conformal
dimension h D ˛2

2
D 1 as required for a physical state. The gauge boson state

corresponding to the soliton vacuum has the form

j˛i D
I

C0

d z

2	i

1

z
Wei˛�X .z/ W c˛j0i: (11.90)

This state carries quantized internal momentum corresponding to the roots ofG. It is
a winding state on the maximal torus ofG defined by R=R. The allowed quantized
momenta of the XI .z/ are however not restricted to lie in the root lattice of G but
can a priori be any weight vector. So we consider vertex operators

V�.z/ DWei�� X .z/ W c�; (11.91)

where the �’s are weight vectors of some (irreducible) representation R of G
and c� is again a cocycle factor. From now on we will not write the cocycle
factors explicitly. The operators (11.91) create states which transform under the
representationR. The operator product algebra is

V�.z/ V�0.w/ D .z � w/���0

V�C�0.w/C : : : : (11.92)

The operator algebra is completely determined by the addition rules of the different
conjugacy classes. The requirement for a closed operator algebra implies that
the quantized momenta � are vectors of a Lie algebra lattice of G. Additional
requirements from string theory, like locality and modular invariance, imply that
the lattice is integral and self-dual.

11.4 Fermionic Construction of the Current Algebra:
Bosonization

In the previous section we presented the bosonic construction of the level one Kač-
Moody algebra of a simply laced group G of rank n. It was motivated by the fact
that the CFT of n free bosons and of the level one Kač-Moody algebra, via the



11.4 Fermionic Construction of the Current Algebra: Bosonization 341

Sugawara construction, have central charge c D n. On the other hand, the CFT of
a “real” chiral (Majorana-Weyl) fermion has c D 1

2
. We thus expect that one can

realize the level one Kač-Moody algebra with 2n fermions. Furthermore, we want
to establish that the conformal field theory of 2n fermions with specific boundary
conditions is equivalent to a conformal field theory of n bosons compactified on a
torus.

Consider a system of 2n two-dimensional real fermions  i .z/ .i D 1; : : : ; 2n/,
all either in the R or the NS sector, transforming as a vector of SO.2n/. They have
the mode expansions

 i .z/ D
X

bir z�r�
1
2 ; (11.93)

where r is integer (R) or half-integer (NS).10 Their operator products are

 i .z/ j .w/ D ıij

z � w
C : : : : (11.94)

We build the fermion bilinears

J a.z/ D 1

2
W  i.z/ T aij  j .z/ W a D 1; : : : ; 2n2 � n; (11.95)

where the antisymmetric 2n � 2n matrices T aij are the generators of SO.2n/ in
the vector representation. An explicit representation of the SO.2n/ generators in
the vector representation is .T kl /ij D i .ıki ı

l
j � ıkj ıli / and the currents become

J kl .z/D i W k l .z/W. Using Eq. (11.94), it is not difficult to show that the fermionic
currents J a.z/ in Eq. (11.95) obey the level one Kač-Moody algebra of Dn �
SO.2n/ as given in Eq. (11.20).

This suggests that the bilinears of 2n free fermions are identical to the currents
Eq. (11.88) constructed from n free bosons with momentum vectors being root
vectors of Dn. This is basically the statement of bosonization. It means that the
conformal field theories of n free bosons and 2n free fermions are equivalent in the
sense that the conformal properties of their operators and all correlation functions
are identical. However, this is only true if the bosons are compactified on a special
torus. For instance a single boson is only equivalent to two free fermions if the radius
of the circle the boson is compactified on takes special values.

Let us work out the bosonization prescription in more detail. For this purpose it
is useful to convert the real basis for the fermions  i to a complex basis. Define

�˙i D 1p
2
. 2i�1 ˙ i 2i /; i D 1; : : : ; n: (11.96)

10The chiral world-sheet fermions mapped to the complex plane are of this kind. We will discuss
the conformal field theory of fermions in detail in Chap. 12.
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The Cartan subalgebra currents of Dn are then

JCi;�i .z/ DW�Ci .z/��i .z/ W (11.97)

and the non-commutingDn currents are

J˙i;˙j .z/ DW�˙i .z/�˙j .z/ W .i < j /: (11.98)

Bosonization then consists of identifying J i;�i .z/ with the derivative of the bosons
Xi.z/

W �Cj .z/��j .z/ WD lim
w!z

�

e i X
j .w/e�i Xj .z/ � 1

w � z



D i@Xj .z/ (11.99)

and the non-commuting currents with the operatorsE˛.z/

W�˙i .z/�˙j .z/ WDWei.˙Xi˙Xj .z// W c˙i;˙j .i < j /: (11.100)

We recognize that the corresponding root vector ofDn is ˛ D ˙ei ˙ ej (ei are the
Euclidean unit vectors, ei � ej D ıij ).

One can also give a bosonic representation of the fermions �i.z/ themselves.
Since they transform as a vector ofDn they are bosonized according to

�˙j .z/ DWe˙i Xj .z/ W c˙j ; (11.101)

where the quantized bosonic momentum is now a vector weight of Dn: � D ˙e i .
This gives the correct conformal dimension h D �2

2
D 1

2
for the fermions �˙i .z/.

The cocycle factors c˙i are necessary to implement that also fermions with i ¤ j

anti-commute.
As already discussed in Chap. 8, the Hilbert space of the fermionic theory splits

into two sectors, namely the NS and R sector. In the NS sector, the fermions
have anti-periodic boundary conditions on the cylinder which means that they are
periodic on the complex plane. For R states the situation is reversed. This change of
boundary conditions is due to the Jacobian factor in Eq. (4.10) for h D 1

2
.

All states in the NS sector are (even or odd rank) tensors of SO.2n/. Therefore,
in bosonic language, their vertex operators are

V�.z/ DWei ��X.z/ W c�; (11.102)

where � is either in the (0) or (V) conjugacy class ofDn. The currents Eq. (11.100)
or the fermions Eq. (11.101) are of this type. Since the mutual scalar products
between the (0) and (V) conjugacy classes are integer (see Table 11.2), the operator
algebra Eq. (11.92) in the NS sector is local, i.e. contains no branch cuts.
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On the other hand, states in the R sector are built on the vacua jS˛i (jS P̨ i)
which transform as spinors (conjugate-spinors) of Dn. Thus the vertex operators
in the R sector are of the form Eq. (11.102) but now with � a weight either in
the (S) or (C) conjugacy class of Dn. We can also give an explicit construction
for the spinorial vacuum jS˛i (jS P̨ i). It is created from the SL.2;Z/ invariant
vacuum by an operator Eq. (11.102) with �˛ (� P̨ ) a (conjugate) spinor weight of
Dn as displayed in Eqs. (11.65), (11.66). This operator has conformal dimension
h D �2

2
D n

8
.

Inspection of Table 11.2 shows that the operator algebra Eq. (11.92) in the R
sector is non-local. Furthermore, states in the NS sector corresponding to the (V)
conjugacy class of Dn are non-local with respect to the R sector. Their operator
algebra contains branch cuts.

In conclusion, it is evident that using the techniques of bosonization the vertex
operators of the CFT of free fermions become extremely simple. This leads to
many simplifications, as we will discuss in more detail later. The draw-back is that
covariance is not manifest in the bosonic formulation.

11.5 Unitary Representations and Characters of Kač-Moody
Algebras

We now return to the discussion at the beginning of this chapter about the
representations of the chiral algebra A D O� � Og and determine the restrictions
on the level k imposed by unitarity. As before, we restrict to simply laced g and
normalize the roots to have (length)2 D 2. Consider the SU.2/ subalgebra of Og
generated by E�˛1 , E˛�1 and .k � ˛ �H 0/ where ˛ is any root. Again, if we identify
these generators with JC, J� and 2J3 we have the angular momentum algebra and
know that unitarity requires that the eigenvalues of .k � ˛ �H 0/ have to be integer.
Acting on a primary state jmi with weight m we find k � ˛ � m 2 Z or, since
˛ �m 2 Z

k 2 Z: (11.103)

Since jmi is primary,E�˛C1 jmi D 0 and

jjE˛�1jmijj2 D hmjE�˛1 E˛�1jmi D .k � ˛ �m/jj jmijj2: (11.104)

Positivity of the Hilbert space then gives k � ˛ � m. The right hand side of this
inequality is maximized if we chose ˛ to be the highest root  and m to be the
highest weightm0 of the given representation. We then have

k �  �m0: (11.105)
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Clearly, for a given k only a finite number of highest weights satisfies this crite-
rion.11 For k D 1 they are those belonging to the lowest dimensional representation
in each conjugacy class. So, in spite of the fact that we are considering conformal
field theories with c larger than one, the combined Kač-Moody and Virasoro algebra
has only a finite number of primary fields or current algebra families. Therefore,
we call them also rational conformal field theories. Of course, the irreducible
representations of the combined algebra are highly reducible under the Virasoro
algebra. A current algebra family contains an infinite number of conformal fields
which all transform under some representation of G. On the other hand, any current
algebra family is generated from a specific lowest dimensional representation; states
in all other representations are obtained by acting with the E˛�n.

As usual, the operator product algebra between the primary fields is determined
by the conformal dimensions and the fusion rules among the fields (cf. (4.71) on
page 78)

Œ
i � � Œ
j � D
X

l

Nij
l Œ
l �: (11.106)

For arbitrary level k the fusion coefficients Nij l are quite difficult to determine.
Of course, the fusion rules obey the decomposition rules of the tensor products
between two irreducible representations. Therefore, the Nij l are necessarily zero if
the corresponding Clebsch-Gordon coefficients vanish. However, the converse is not
true which makes a systematic discussion highly non-trivial.

For this reason we will concentrate on the simplest case k D 1. We have already
seen that one can explicitly construct the level one currents and also the states
which transform under a specific representation by n free bosons compactified on
the weight lattice of G. Equation (11.105), which determines the number of current
algebra families, is satisfied only for the lowest dimensional representation in each
conjugacy class of G. Therefore, the number of primary fields is identical to the
number of conjugacy classes. The highest weight state has the form:

j
i i D
I

C0

d z

2	i

1

z
Wei�i �X.z/ W j0i: (11.107)

�i is the highest weight vector of the lowest representation in the i -th conjugacy
class. The fusion rules Eq. (11.106) are simply determined by the addition rules
for the different conjugacy classes resp. highest weight vectors. All non-vanishing
coefficientsNij l are one.

Let us finally discuss the generalized characters of A . The characters are
defined as

�i .�/ D Tr 
i q
L0�c=24; (11.108)

where the trace is over all states of the current algebra family Œ
i �. This definition
holds for all k. Again, for k D 1 these characters have a rather simple form.

11The corresponding highest weight representations are also called integrable representations.
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Since the L0 eigenvalue of the field 
.z/ DW ei��X .z/ W is h D �2

2
, the level one

characters are

�i .�/ D 1

Œ�.�/�n

X

�2.i/
ei	��

2 D 1

Œ�.�/�n
Pi .�/: (11.109)

The sum Pi.�/ is over all lattice vectors within the conjugacy class .i/. The factor
Œ�.�/��n, where n is the rank of G, takes into account the contribution of the L�k’s
and q�c=24 (c D n).

For the Dn algebras at level one we can give a closed expression for the lattice
sums. From the explicit expressions for the simple roots and the representative
weights, one can construct all weights in each of the four conjugacy classes. One
then finds that the lattice sums corresponding to the (0), (V), (S), (C) conjugacy
classes of Dn are

P0.�/ D 1

2
fŒ#3.�/�n C Œ#4.�/�ng ;

PV.�/ D 1

2
fŒ#3.�/�n � Œ#4.�/�ng ;

PS.�/ D 1

2
fŒ#2.�/�n C in Œ#1.�/�ng ;

PC.�/ D 1

2
fŒ#2.�/�n � in Œ#1.�/�ng : (11.110)

The #-functions were defined in Chap. 9. It is illustrative to compare these expres-
sions with the partition functions of the fermionic string theory (cf. Chap. 9). Again,
the equivalence between n bosons compactified on a Dn lattice and 2n periodic
resp. anti-periodic fermions becomes manifest. Explicitly we obtain the following
identities between the bosonic and fermionic partition functions12

�PP .�/ D .i/n.�S.�/ � �C.�//;

�PA.�/ D �S.�/C �C.�/;

�AA.�/ D �0.�/C �V.�/;

�AP .�/ D �0.�/ � �V.�/: (11.111)

With the help of Eq. (11.110) the partition function for the SO.32/ heterotic string,
given in Chap. 10, follows immediately.

12These identities remain also true for higher genus partition functions.
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We now consider the contribution of the world-sheet fermions to the partition
function of the superstring in the light of bosonization. In the two sectors we found
(r2 DP r2a )

NS sector

1

2

�

#43
�4
� #

4
4

�4

�

D 1

�4

X

ra2Z
q
1
2 r
2 1

2




1 � ei	.r1Cr2Cr3Cr4/� ; (11.112)

R sector

1

2

�

#42
�4
	 #41
�4

�

D 1

�4

X

ra2ZC 1
2

q
1
2 r
2 1

2




1	 ei	.r1Cr2Cr3Cr4/� : (11.113)

We see that the fermionic degrees of freedom of a given NS sector state depend
on a vector r with four integer entries. This is an SO.8/ weight in the (0) and (V)
conjugacy class, i.e. space-time bosons. But only the (V) conjugacy class (

P

ra
odd) contributes. This is, of course, the GSO projection. Similarly, a given R sector
state depends on a vector with half-integer entries, i.e. to an SO.8/ spinor weight.
Depending on the relative sign only states with

P

ra odd or even appear, which
corresponds to the (C) and (S) conjugacy class, respectively. This is once more the
GSO projection. The ��4 factors are now interpreted as the oscillator contributions
of the four bosons which arise in the bosonization of the eight fermions in the light-
cone directions. The sums are the zero mode contributions of the chiral bosons, i.e.
over momenta and windings.

Similarly, one can also express the level one characters of E6, E7 and E8 by
theta functions; this requires again the explicit forms of the simple roots and the
representative weights. For E8 they have been given before. For E6 and E7 we
simply state the results for the lattice sums. One finds

P cD6
.E6/0
D 1

2




#3.3�/#
5
3 .�/C #4.3�/#54 .�/C #2.3�/#52 .�/

�

;

P cD6
.E6/1
D 1

2

0

B

@#

2

4

1

6
0

3

5.3�/#52 .�/C#
2

4

2

3
0

3

5.3�/#53 .�/C e�2	i=3#

2

6

4

2

3
1

2

3

7

5.3�/#
5
4 .�/

1

C

A ;

P cD6
.E6/1
D 1

2

0

B

@#

2

4

5

6
0

3

5.3�/#52 .�/C #
2

4

1

3
0

3

5.3�/#53 .�/ � e�i	=3#

2

6

4

1

3
1

2

3

7

5.3�/#
5
4 .�/

1

C

A ;

P cD7
.E7/0
D 1

2




#2.2�/#
6
2 .�/C #3.2�/




#63 .�/C #64 .�/
��

;
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P cD7
.E7/1
D 1

2




#3.2�/#
6
2 .�/C #2.2�/




#63 .�/ � #64 .�/
��

;

P cD8
.E8/0
D 1

2




#82 .�/C #83 .�/C #84 .�/
�

: (11.114)

We conclude this section with the discussion of modular properties of the level one
Kač-Moody characters. This is important because they appear in string theory as
one-loop partition functions of n bosonic coordinates compactified on a specific
Lie algebra lattice. The Hilbert space then contains, in general, several current
algebra families (or conjugacy classes) including the identity family which of course
corresponds to the (0) conjugacy class.

The characters of the Kač-Moody algebra Og at level one form a finite dimensional
representation of the modular group, i.e. the characters transform under the genera-
tors of the modular group T W (� ! �C1) and S W (� ! � 1

�
) like (i D 1; : : : ; NC D

number of conjugacy classes):

�i .� C 1/ D Tij �j .�/ ; �i .�1=�/ D Sij �j .�/ : (11.115)

The matrix T is easy to determine. From Eq. (11.108) we immediately derive

Tij D e�	i. c12��2i / ıij ; (11.116)

where �i is some vector in the conjugacy class .i/. The S transformation, on the
other hand, is more involved. We obtain for the level one characters the following
result:

S W �i

�

�1
�

�

D 1p
NC

NC
X

jD1
e2	i �i ��j �j .�/: (11.117)

This is actually not difficult to derive. The weights in the i -th conjugacy class can
be written as

f�.i/g D �.i/ CR; (11.118)

where �
.i/

is some representative weight and R the root lattice. We then write

�i

�

�1
�

�

D 1

�n.�1=�/
X

�2R
e�

i	
� .�

.i /C�/2

D 1

�n.�/

1p
NC

X

�2w

e2	i ���
.i /

ei	��
2

; (11.119)

where we have used Eq. (9.115) and the fact that w D .R/
�. With �.j / � �.i/ D

�.j / � �.i/ mod 1 we get Eq. (11.117). It shows that the S transformation acts as a
Fourier transformation on the characters �i .�/: For theDn algebra we obtain, using
Table 11.2, the following matrix:
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Sij D 1

2

0

B

B

@

1 1 1 1

1 1 �1 �1
1 �1 ei	n=2 �ei	n=2
1 �1 �ei	n=2 ei	n=2

1

C

C

A

(11.120)

(i D 1 corresponds to .0/, i D 2 to (V), i D 3 to (S) and i D 4 to (C)). One can
verify that S2 D 1 for n even. For n odd, acting with S2 interchanges the S and
C conjugacy classes. Recall from Chap. 4 that this is a general feature: if complex
representations are present, S2 D C with C2 D 1 and C is called the charge
conjugation matrix. The difference between n even and odd is that for n even, the
vertex operator ei��X and its conjugate e�i��X belong to the same conjugacy class
while for n odd, � 2 .S/$ �� 2 .C/.

For the An series Skl is (k; l D 1; : : : ; nC 1)

Skl D 1p
nC 1e

� 2	i
nC1 .k�1/.l�1/: (11.121)

Finally the E6 characters transform like A2 (E6 and A2 have the same fusion rules),
the E7 characters like the A1 characters and for E8, S and T are the identity. The
E8 character is a modular invariant in agreement with our result of Chap. 10 that the
partition function of an even self-dual lattice is modular invariant.

The agreement between the partition function for chiral bosons on a lattice and
of free fermions, which we pointed out below Eq. (11.110), hints at an alternative
formulation of the heterotic string. In fact, one can ‘fermionize’ the 16 chiral bosons
which leads to the fermionic description of the heterotic strings in terms of 32 left-
moving Weyl fermions. The world-sheet action for the 32 fermions is

S D 1

4	

Z

d2z �
A
@�

A
: (11.122)

For the SO.32/ heterotic string A is an SO.32/ vector index, for the E8 � E8
string we replace A ! .A;A0/ where A;A0 D 1; : : : ; 16 are vector indices of the
SO.16/ � SO.16/ � E8 � E8 subgroup. The full E8 � E8 symmetry cannot be
made manifest. The partition functions of these free fermions, summed over all four
spin structures, are the same as those of 16 chiral bosons on the Spin.32/=Z2 and
E8 � E8 lattices.

It is now straightforward to couple the chiral fermions to a background gauge
field: one simply covariantizes @ ! @ C A�@X

� leading to Aa�@X
�j a with

j a D �
A
.T a/AB�

B
. For the E8 � E8 string we can only couple to the gauge fields

of the SO.16/ � SO.16/ subgroup. If we restrict to gauge bosons in the Cartan
subalgebra this becomes, via the bosonization formula (11.99), @XI@X�AI�. This
is the coupling of the heterotic string in the bosonic formulation to a gauge field
background, cf. (10.115).
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11.6 Highest Weight Representations of csu.2/k

For later use (see last part of Sect. 12.2) we discuss as an example of a higher level
Kač-Moody algebra and its highest weight representations the case bsu.2/k. Recall
the algebra

�

j am; j
b
n

� D i p2
X

c

�abc j cmCn C k m ımCn;0 ıab (11.123)

with structure constants f abc D p2�abc and C2 D 4, i.e. the two roots ˛ D ˙p2
with ˛2 D 2. The central charge is according to (11.32)

c D 3k

k C 2: (11.124)

Define the raising and lowering operators

O|3m D
1p
2
j 3m ; O|ṁ D

1p
2




j 1m ˙ i j 2m
�

: (11.125)

The commutation relations (11.123) become

� O|3m; O|3n
� D mk

2
ımCn;0 ;

� O|3m; O|ṅ
� D ˙ O|ṁCn ;

� O|Cm ; O|�n
� D k m ımCn;0 C 2 O|3mCn : (11.126)

A highest weight state jh; qi is defined via the requirements

O|3n
ˇ

ˇh; q
˛ D O|ṅ

ˇ

ˇh; q
˛ D 0 for n > 0 ;

O|30
ˇ

ˇh; q
˛ D q

2

ˇ

ˇh; q
˛

;

O|C0
ˇ

ˇh; q
˛ D 0 : (11.127)

This definition also implies that it is a highest weight state w.r.t. the zero mode
algebra which is the angular momentum algebra su.2/. From the su.2/ represen-
tation theory we know that the unitary highest weight representations have spin l

2
,

l D 0; 1; 2; : : : and dimension l C 1. The states jh; qi in the spin- l
2

representation
are jh; l � 2mi D . O|�0 /mjh; li, m D 0; : : : ; l with q D l � 2m. Note that since
ŒL0; j

a
0 � D 0 all states jh; l � 2mi have the same L0 eigenvalue. From Eq. (11.33)

we know that

L0jh; l � 2mi D l.l C 2/
4.k C 2/ jh; l � 2mi: (11.128)
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To obtain this, we used that in the normalization of (11.123), which defines k, the
weights of the spin- l

2
representation are 1p

2
.l � 2m/ with m D 0 being the highest

weight. We then know from (11.105) that unitary representations of bsu.2/k only
exist for k 2 Z

C and 0 � l � k. Here this follows directly from requiring that the
norm of O|C�1jh; li

˝

h; l
ˇ

ˇ O|�1 O|C�1
ˇ

ˇ h; l
˛ D k � l (11.129)

is non-negative.
In order to construct the characters of the bsu.2/k unitary highest weight

representations, we first define

�
.k/

l .�; z/ D tr e2	i�L0�
c
24 e�2	iz O|3 ; (11.130)

where z is a ‘chemical potential’ for the U.1/-charge. These can be computed with
the help of the Weyl-Kač character formula. The result, which we state without
proof, is:

�
.k/

l .�; z/ D
�lC1;kC2.�; z/���l�1;kC2.�; z/

�1;2.�; z/���1;2.�; z/ (11.131)

with 0 � l � k and the generalized SU.2/ �-functions defined as (q D e2	i� )

�l;k.�; z/ D
X

n2ZC l
2k

qk n
2

e�2	inkz : (11.132)

They are generalizations of the �-functions (10.71) which appeared in the discus-
sion of the bu.1/k rational CFT’s. At z D 0 the ratio of �-functions in (11.131)
is indeterminate but the limit �.k/l .�/ D limz!0 �.k/l .�; z/ has a well-defined q-
expansion.

One can expand the bsu.2/k characters in terms of the �-functions in the
following way

�
.k/

l .�/ D
k
X

mD�kC1
lCmD0mod 2

C
.k/

l;m.�/ �m;k.�/ : (11.133)

This expansion, which is the character decomposition of bsu.2/k representations in
terms on bu.1/k characters, provides an implicit definition of the so-called string-
functions C .k/

l;m.�/.
With the help of (10.73) we determine the modular S -matrix for the characters

�
.k/

l .�/ as

S
.k/

l l 0 D
r

2

k C 2 sin

�

	

k C 2



l C 1�
l 0 C 1�
�

with l; l 0 D 0; : : : ; k :
(11.134)
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Table 11.4 All bsu.2/k modular invariant partition functions

Level Partition function Name

k D n Z D
n
X

lD0

ˇ

ˇ�l
ˇ

ˇ

2
AnC1 ; n � 1

k D 4n Z D
n�1
X

lD0

ˇ

ˇ�2l C �k�2l

ˇ

ˇ

2 C 2 ˇˇ� k
2

ˇ

ˇ

2
D2nC2 ; n � 1

k D 4n� 2 Z D
k
2
X

lD0

ˇ

ˇ�2l
ˇ

ˇ

2 C
2n�2
X

lD0

�2lC1 �k�2l�1 D2nC1 ; n � 2

k D 10 Z D ˇ

ˇ�0 C �6
ˇ

ˇ

2 C ˇˇ�3 C �7
ˇ

ˇ

2 C ˇˇ�4 C �10
ˇ

ˇ

2
E6

k D 16 Z D ˇ

ˇ�0 C �16
ˇ

ˇ

2 C ˇˇ�4 C �12
ˇ

ˇ

2 C ˇˇ�6 C �10
ˇ

ˇ

2
E7

C
�2 C �14��8 C �8



�2 C �14
�C ˇˇ�8

ˇ

ˇ

2

k D 28 Z D ˇ

ˇ�0 C �10 C �18 C �28
ˇ

ˇ

2
E8

Cˇˇ�6 C �12 C �16 C �22
ˇ

ˇ

2

For ease of notation, the .k/-labels on the characters and partition functions have been omitted

Plugging this into the Verlinde formula, one obtains for the fusion rules

Nl1 l2
l3 D

8

ˆ

<

ˆ

:

1 if jl1 � l2j � l3 � min



l1 C l2 ; 2k � l1 � l2
�

and l1 C l2 C l3 D 0 mod 2 ;

0 otherwise :

(11.135)

For the case of bsu.2/k a complete classification of modular invariant partition
functions satisfying Eq. (6.99) has been achieved. The corresponding partition
functions are listed in Table 11.4 which is known as the A-D-E classification.

The subscripts of the characters label again the highest weight representation.
Furthermore, the name of each class corresponds to a Lie group to which the
partition function can be associated, and the dual Coxeter number of each algebra is
k C 2.

Appendix

In this appendix we give some details of the Sugawara construction. We start with
determining the normalization of the energy momentum tensor by requiring (11.18).
We compute the commutator (summation over repeated group indices is implied)
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h
X

p

WJ bp J bn�p W; J am
i

D
X

p

ŒJ bp J
b
n�p; J am� D

X

p

n

ŒJ bp ; J
a
m�J

b
n�p C J bp ŒJ bn�p; J am�

o

D
X

p

n

if bacJ bp J
c
mCn�p C if bacJ cpCmJ bn�p

Ck.n � p/J ap ınCm�p C kpJ an�pıpCm
o

: (11.136)

In the first line normal ordering is irrelevant as it produces a c-number which
commutes with J am. The last line gives �2kmJ amCn. In the second line one might
be tempted to shift the summation variable in one of the two terms and to use the
antisymmetry of the structure constants to obtain zero. But one has to be careful.
This is analogous to the situation one meets in the evaluation of anomalies in
QFT where one encounters linearly divergent integrals. Schematically, �.a/ D
R1
�1 dxŒf .xC a/� f .x/� is naively zero. However, expanding f .xC a/ around x

one obtains �.a/ D aŒf .1/ � f .�1/�C a2

2
Œf 0.1/ � f 0.�1/�C : : : which is

not necessarily zero. To avoid such pitfalls we use (11.31) to express all bilinears in
the currents in terms of well-defined normal ordered products for which the shift in
the summation variable is allowed. This gives for the second line

�if abc
X

p

n

ŒJ bp ; J
c
nCm�p��.p/C ŒJ cpCm; J bn�p��.p Cm/

o

D C2J anCm
X

p

Œ�.p/ � �.p Cm/� D �mC2J anCm (11.137)

which reproduces (11.18), if we fix the normalization as in (11.26).
Next we compute (� D .C2 C 2k/�1)

ŒLn; Lm� D �
X

p

ŒLn; WJ ap J am�p W� D �
X

p

ŒLn; J
a
p J

a
m�p�

D �
X

p

n

� pJ anCpJ am�p � .m � p/J ap J anCm�p
o

D �
X

p

n

� p WJ anCpJ am�p W �.m � p/ WJ ap J anCm�p W

�pŒJ anCp; J am�p��.nC p/� .m � p/ŒJ ap ; J anCm�p��.p/
o

: (11.138)

In the first line, once again the normal ordering symbol is irrelevant. In the third line
we are allowed to shift the summation variable and obtain .n � m/LnCm. The last
line gives
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�
X

p

n

� pıaak.nC p/ınCm�.nC p/� .m � p/ıaakpınCm�.p/

D � k dim.G/ ınCm
X

p

p.nC p/Œ�.p/� �.nC p/�

D 1

6
� k dim.G/ n.n2 � 1/ ınCm; (11.139)

where we used (3.102). This verifies (11.32).
An alternative way to determine the correct normalization of the current bilinear

and to compute the central charge of the Virasoro algebra would be to compute
operator products where the basic product is (11.20). However, because J a.z/ are
not free fields, the use of Wick’s theorem is not straightforward.
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Chapter 12
Conformal Field Theory III: Superconformal
Field Theory

Abstract In Chap. 4 we have demonstrated the usefulness of conformal field theory
as a tool for the bosonic string. In the same way as conformal symmetry was
a remnant of the reparametrization invariance of the bosonic string in conformal
gauge, superconformal invariance is a remnant of local supersymmetry of the
fermionic string in super-conformal gauge. This leads us to consider superconformal
field theory. In many aspects our discussion of superconformal field theory parallels
that of conformal field theory, and we will treat those rather briefly. Of special
interest are N D 2 superconformal field theories, as they are related to space-time
supersymmetry. These theories show some new features which we will present in
more detail.

12.1 N D 1 Superconformal Symmetry

In Chaps. 7 and 8 we have met the superconformal algebra when we studied
the fermionic string in superconformal gauge. As in the bosonic string, this is
a particular realization of a much more general structure, that of superconformal
field theories (SCFT). Recall that the generators of superconformal transformations
are the conserved energy-momentum tensor T .z/ and the conserved world-sheet
supercurrent TF .z/.1 The basic objects of superconformal field theory are chiral
conformal (or primary) superfields. Their transformation properties under super-
conformal transformations are most convincingly motivated in superspace.2 The

1As in Chap. 4 we will mainly only consider the holomorphic part of the theory. Note that whereas
both sectors of the theory are conformally invariant, it is possible that only one of them, say the
holomorphic one, exhibits superconformal invariance. This is for instance the case in the heterotic
string theory. We should also mention that superconformal invariance can also appear in the internal
sector of the bosonic string.
2We are considering N D 1 superspace. If one introduces several Grassmann odd coordinates
�i ; N�i one arrives at extended superspaces.

R. Blumenhagen et al., Basic Concepts of String Theory, Theoretical and Mathematical
Physics, DOI 10.1007/978-3-642-29497-6
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coordinates of superspace are zzz D .z; �/ and Nzzz D .Nz; N�/. The Grassmann parity
of z; Nz is even and that of � and N� is odd and �2 D N�2 D 0. Due to this property any
superfield, i.e. function on superspace, has a finite Taylor expansion in � and N� :

˚.zzz; Nzzz/ D �0.z; Nz/C ��1.z; Nz/C N� N�1.z; Nz/C � N��2.z; Nz/ ; (12.1)

where the Grassmann parity of �0 and �2 is opposite to that of �1 and N�1. The Grass-
mann parity of a superfield˚ is that of its lowest component �0. The (holomorphic)
super-interval between two points zzz1 and zzz2 in superspace is defined as

zzz12 D z1 � z2 � �1 �2 (12.2)

and similarly for the anti-holomorphic super interval. It is invariant under transla-
tions in superspace whose generators are the super derivatives

D D @� C �@z ; ND D @ N� C N�@Nz : (12.3)

These indeed satisfy .D1 CD2/ zzz12 D . ND1 C ND2/ Nzzz12 D 0 and have the additional
properties

D2 D @z; ND2 D @Nz; fD; NDg D 0 : (12.4)

Thus, D can be considered as the square-root of @ D @z. There exists one more
translationally invariant combination

�12 D �1 � �2 : (12.5)

A chiral superfield is defined by the property ND˚ D 0, which imposes restrictions
on its components (12.1):

˚.zzz/ D �0.z/C ��1.z/ ; (12.6)

i.e. a chiral superfield has only two instead of four independent component fields.
Recall that we could define conformal transformations by the relations z! z0.z/

with N@z0D 0. In this case, the derivative transforms as @D @z0

@z @
0. Analogously,

superconformal transformations are holomorphic transformations on superspace
such that the super-derivative transforms accordingly:

zzz D .z; �/! zzz0 D .z0.z; �/; � 0.z; �//; with D D .D� 0/D0 : (12.7)

The second relation is now non-trivial, as generally the super-derivative transforms
asDD .D� 0/D0C.Dz0�� 0D� 0/.D0/2. This leads to the conditionDz0�� 0D� 0D 0
whose solution can be written as
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z0 D f .z/C 1

2
�g.z/�.z/ ;

� 0 D 1

2
�.z/C �g.z/ ; g2 D @f C 1

4
�@� ; (12.8)

where f; g are Grassmann even and � is Grassmann odd. For infinitesimal transfor-
mations f .z/ D zC � with � and � small, (12.8) becomes

ız D � C 1

2
��; ı� D 1

2
� C 1

2
�@� : (12.9)

The definition of superconformal primary fields is the straightforward gener-
alization of (4.6). A holomorphic superconformal primary field transforms under
superconformal transformations as

˚.zzz/ D .D� 0/2h ˚ 0.zzz0/ : (12.10)

The generalization to the non-holomorphic case is obvious. Under infinitesimal
conformal transformations with parameter �.z/ the component fields transform as

ı� �0.z/ D � Œh@� C �@� �0.z/ ;

ı� �1.z/ D �
��

hC 1

2

�

@� C �@
�

�1.z/ ; (12.11)

i.e. the fields �0 and �1 have conformal weights h and .h C 1
2
/, respectively.

Under two-dimensional supersymmetry transformations with parameter �.z/ the
two components of the superfield transform into each other. For infinitesimal
transformations,

ı� �0.z/ D �1
2
�.z/ �1.z/ ;

ı� �1.z/ D �1
2
�.z/ @�0.z/ � h @�.z/ �0.z/ : (12.12)

Similarly to the conformal transformations (4.17) and (4.20), one can introduce an
infinite set of generators TF� for these infinitesimal superconformal transformations
ı� �.z/ D �ŒTF� ; �.z/�, where

TF� D
I

d z

2�i
�.z/ TF .z/ (12.13)

with TF denoting the anticommuting generator of the superconformal algebra. Note
that the supersymmetry transformation Eq. (12.12) is the “square root” of conformal
transformations Eq. (12.11) in the sense that
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Œı�1 ; ı�2 � �0.z/ D Œh @� C � @� �0.z/ ;

Œı�1 ; ı�2 � �1.z/ D
��

hC 1

2

�

@� C � @
�

�1.z/ ; (12.14)

where � D 1
2
�1 �2. We can again translate the transformation rules for conformal

superfields to operator product expansions. Using the techniques of Chap. 4 we
easily find

T .z/ �0.w/ D h�0.w/

.z � w/2
C @�0.w/

z � w
C : : : ;

T .z/ �1.w/ D
.hC 1

2
/ �1.w/

.z � w/2
C @�1.w/

z � w
C : : : ;

TF .z/ �0.w/ D
1
2
�1.w/

z� w
C : : : ;

TF .z/ �1.w/ D h�0.w/

.z � w/2
C

1
2
@�0.w/

z� w
C : : : : (12.15)

The superconformal algebra (SCA) is specified by the operator products of the
generators of superconformal transformations:

T .z/ T .w/ D
3
4
Oc

.z� w/4
C 2 T .w/

.z� w/2
C @T .w/

z � w
C : : : ; (12.16a)

T .z/ TF .w/ D
3
2
TF .w/

.z� w/2
C @TF .w/

z � w
C : : : ; (12.16b)

TF .z/ TF .w/ D
Oc
4

.z� w/3
C

1
2
T .w/

.z� w/
C : : : : (12.16c)

This is theN D 1 superconformal or super-Virasoro algebra. It isN D 1 because we
have only one supercurrent. We will encounter extended superconformal algebras in
the next section.

The operator products can be verified by commuting various combinations of
conformal and superconformal transformations. Equation (12.16b) simply states
that TF is a primary field of the Virasoro algebra of weight h D 3=2. Equation
(12.16c) reflects Eq. (12.14). Note that the central charges in (12.16a) and (12.16c)
are related. The reason for this will be given below. A central extension in (12.16b)
is forbidden by scale invariance and the Grassmann properties of T (even) and TF
(odd). We have normalized the central charge such that a free superfield X .z; �/ D
X.z/ C � .z/, where X.z/ and  .z/ are free world-sheet bosons and fermions
respectively, has Oc D 1. (The central charge c in Eq. (4.29) and Oc are related by
c D 3

2
Oc.) We will explicitly verify the algebra for this case below.
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Comparing Eqs. (12.15) and (12.16) we find that, apart from the central charge
terms, TF and T are the two components of an h D 3=2 Grassmann odd superfield

T .zzz/ D TF .z/C �T .z/ : (12.17)

Using this superfield the OPEs (12.16) can be compactly written in the form of a
super operator product expansion

T .zzz1/T .zzz2/ D
1
4
Oc

zzz312
C

3
2
�12 T .zzz2/

zzz212
C

1
2
DT .zzz2/

zzz12
C�12 D

2T .zzz2/

zzz12
C: : : ; (12.18)

where we used the super-intervals defined in (12.2) and (12.5). Using also the
definition of a chiral superfield (12.6), the OPEs (12.15) for the definition of a
superconformal primary field can be written as

T .zzz1/ ˚.zzz2/ D h �12 ˚.zzz2/

zzz212
C

1
2
D˚.zzz2/

zzz12
C �12 D

2˚.zzz2/

zzz12
C : : : : (12.19)

As in the bosonic case, we now expand T and TF in modes and derive their
algebra from the operator products. This will of course give the super-Virasoro
algebra. The modes of T .z/ are defined as in Chap. 4. We expand TF as

TF .z/ D 1

2

X

r2ZCa
z� 32�r Gr (12.20)

or

Gr D 2
I

d z

2�i
TF .z/ zrC

1
2 : (12.21)

We have introduced the parameter a to distinguish NS and R sectors. Integer
modings .a D 0/ correspond to the R sector and half-integer modings .a D 1

2
/

to the NS sector.3 From the reality of TF we get the Hermiticity condition

G�
r D G�r : (12.22)

Notice that TF .z/ is single-valued on the complex plane in the NS sector and
double-valued in the R sector. In general, the fermionic (anti-commuting) com-
ponents of NS superfields are single-valued on the plane whereas the fermionic
components of R superfields are double-valued. That is �NS

f .e
2�i z/ D C�NS

f and

3In later chapters we will repeatedly encounter the situation where TF is the sum of several terms,
for instance a space-time part and an internal part. In all cases all parts of TF must satisfy the same
boundary conditions. This is because it is the total TF which couples to the world-sheet gravitino.
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�R
f .e

2�i z/ D ��R
f . This is the reversed situation we had on the cylinder. The reason

is that, when we map a field of dimension h from the cylinder to the complex
plane, we have the Jacobian factor .1=z/h which changes the analyticity properties
of world-sheet fields with non-integer conformal weight. This discussion especially
applies to the world-sheet fermions  .z/.

Using the contour deformation trick of Chap. 4, we easily show that the operator
algebra Eq. (12.16) is equivalent to (cf. (8.10) on page 197)

ŒLm;Ln� D .m � n/LmCn C Oc
8
.m3 �m/ımCn ;

ŒLm;Gr � D
�

1

2
m � r

�

GmCr ;

fGr;Gsg D 2LrCs C Oc
2

�

r2 � 1
4

�

ırCs : (12.23)

Note that, since TF is an anti-commuting field, the operator product TF .z/ TF .w/
leads to an anti-commutator of the modes. Only for aD 1

2
(i.e. in the NS sector)

exists a finite dimensional subalgebra, generated by L0;L˙1 and G˙ 1
2
. This is

the super-algebra osp.1j2/. As in the N D 0 case discussed in Chap. 4 it leads
to global Ward identities.4 The Jacobi identity ŒfGr;Gsg; Ln� C fŒLn;Gr �; Gsg �
fŒGs; Ln�; Gr gD 0 implies that the central charge parameters Oc in Eqs. (12.16a)
and (12.16c) have to be the same.

We can now also work out the commutation relations of the Ln and Gr with the
modes of the primary fields. Define

�0.z/ D
X

z�n�h �0;n ;

�1.z/ D
X

z�n�h� 12 �1;n : (12.24)

Fields with integer conformal weight always have integer mode numbers while
fields with half-integer weights have integer mode numbers, if they are in the

4The classical orthosymplectic super-Lie-algebras osp.mjn/ with nD 2p are matrix algebras

defined by MG C GMst D 0 where GD
�

�m 0

0 Jn

�

with JnD
�

0 �

�� 0

�

is the invariant metric.

A general element X has the form M D
�

A B

C D

�

of which the m � m matrix A and the n � n
matrix D are associated with the bosonic generators while B and C are associated with the

fermionic generators. The supertranspose of X is defined as Xst D
�

AT CT

�BT DT

�

. The maximal

bosonic subalgebra is o.m/� sp.n/. osp.mjn/ has 1
2
Œ.mC n/2C n�m� generators of which mn

are fermionic. An explicit matrix representation of osp.1j2/ isL0D 1
2

�

0 0 0

0 �1 0

0 0 1

�

; G�1=2 D
�

0 1 0

0 0 0

1 0 0

�

,

GC1=2DGst
�1=2; L˙1D .G˙1=2/

2.
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R sector, and half-integer mode numbers, if they are in the NS sector. We find
from (12.16)

ŒLm; �0;n� D .m .h� 1/� n/ �0;mCn ;

ŒLm; �1;n� D
�

m

�

h� 1
2

�

� n
�

�1;mCn ;

Œ�Gr ; �0;n� D � �1;rCn ;
Œ�Gr ; �1;n� D � ..2h� 1/ r � n/ �0;rCn ; (12.25)

where we have introduced a constant anti-commuting parameter � to make �Gr a
commuting quantity. If a superfield satisfies these relations only for the generators
of the osp.1j2/ subalgebra, it is called a superconformal quasi-primary field.
Analogous to the bosonic CFT case, for such fields one can derive the general form
of the holomorphic two- and three-point functions. For the two-point function, in
addition to invariance under global conformal transformations, to be also super-
translational invariant, it has to be of the form

h˚i.zzz1/ ˚j .zzz2/i D
dijC

zzz2hi12

ıhi ;hj ; (12.26)

where dijC is defined as in (4.85). For three points in superspace, one finds that the
combination

�123 D �1 zzz23 C �2 zzz31 C �3 zzz12 C �1 �2 �3 (12.27)

is super-translational invariant, i.e. it satisfies .D1 C D2 C D3/�123 D 0. For the
three-point function one has to distinguish the two cases

h˚i.zzz1/ ˚j .zzz2/ ˚k.zzz3/i D

8

ˆ

ˆ

<

ˆ

ˆ

:

Cijk

zzz
hiChj �hk
12 zzz

hiChk�hj
13 zzz

hj Chk�hi
23

P

i hi 2 Z

Cijk �123

zzz
hiChj �hkC

1
2

12 zzz
hiChk�hj C

1
2

13 zzz
hj Chk�hiC

1
2

23

P

i hi 2 ZC 1
2
:

(12.28)
The superspace formalism is a powerful tool to keep track of the relations among
the component fields imposed by supersymmetry.

We now turn to the Hilbert space of the superconformal field theory. From the
commutation relations

ŒL0; Lm� D �mLm;
ŒL0;Gr � D �rGr ; (12.29)

we conclude that Lm;Gm; m > 0 are lowering operators. Ground states are the
highest weight states jhi of the superconformal algebra; they are annihilated by all
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the lowering operators and have conformal weight h:

L0jhi D h jhi ;
Lmjhi D 0 for m > 0;

Gr jhi D 0 for r > 0: (12.30)

We will treat the action of G0 in the R sector below.
We have already seen in Chap. 4 that unitarity requires Oc � 0 and h � 0. This

can be refined for the superconformal case by considering .r > 0/

hhjGr G�r jhi D hhjfGr;G�rgjhi

D 2 hhjL0jhi C Oc
2

�

r2 � 1
4

�

hhjhi

D
�

2hC Oc
2

�

r2 � 1
4

�

�

hhjhi � 0; (12.31)

from which we find

h � 0 .NS/ ; (12.32a)

h � Oc
16

.R/ : (12.32b)

The result for the R sector follows from G2
0 D L0 C Oc4 .r2 � 1

4
/. For Oc � 1 these are

indeed the only restrictions imposed by unitarity (cf. c � 1 in the conformal case).
For Oc < 1 there is again a discrete set of allowed Oc and h values, namely

Oc D 1 � 8

m.mC 2/ ;

hp;q D Œ.mC 2/ p �mq�2 � 4
8m.mC 2/ C 1

32
.1 � .�1/p�q/

m D 3; 4; : : : ; 1 � p < m; 1 � q < mC 2; (12.33)

where p � q 2 2Z in the NS sector and p � q 2 2ZC 1 in the R sector.
We will now look at the two sectors separately starting with the NS sector.

In analogy with the conformal case, we define the OSp.1j2/ invariant in- and out-
vacua j0i and h0j to be the states annihilated by the generators ofOSp.1j2/. Clearly
this vacuum is in the NS sector as it satisfies L0j0i D 0. Regularity of T and TF at
the origin and infinity requires
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Lnj0i D 0 n � �1; h0jLn D 0 n � 1;

Gr j0i D 0 r � �1
2
; h0jGr D 0 r � 1

2
: (12.34)

The correspondence between highest weight states and conformal superfields
˚.z; �/ of conformal weight h is made as follows:

�0.0/j0i D jhi ;
�1.0/j0i D

� OG� 12 �0
	

.0/jhi D G� 12 jhi; (12.35)

where the second equation follows from Œ�G� 1
2
; �0.z/� D ��1.z/ and we have

defined (cf. Chap. 4)

OGr �0.z/ D 2
I

dw

2�i
TF .w/ �0.z/ .w � z/rC

1
2 : (12.36)

It is straightforward to show that jhi satisfies the highest weight conditions (12.30)
and for �1.0/j0i we find

L0

�

G� 12 jhi
�

D
�

hC 1

2

�

�

G� 1
2
jhi
�

; Lm

�

G� 12 jhi
�

D 0 m > 0 ;

G1
2

�

G� 12 jhi
�

D 2hjhi ; Gm

�

G� 1
2
jhi
�

D 0 m >
1

2
:

(12.37)

Note that the relation

G2

� 12 D L�1 (12.38)

is the global supersymmetry algebra on the complex plane. It is the global algebra
since G� 12 D 2

H

d z
2�i

TF .z/ and L�1 D
H

d z
2�i

T .z/ and it is the supersymmetry
algebra since L�1 is the translation operator on the plane (cf. Chap. 4). Since the NS
vacuum satisfies G� 12 j0i D 0, NS supersymmetry is unbroken.

In the R sector we can define a global supersymmetry charge on the cylinder;
it is simply G0 as can be most easily seen by referring to Eq. (7.66). The global
supersymmetry algebra on the cylinder is

G2
0 D L0 �

Oc
16
: (12.39)

Recall the transformation law of the energy-momentum tensor from the cylinder to
the plane (cf. Eq. (4.47))
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.L0/cyl: D .L0/plane � Oc
16
; (12.40)

where .L0/cyl: is the translation operator on the cylinder. Note that this shift in L0
in the R sector is the one described in Chap. 8, which was necessary to bring the
NS and R super-Virasoro algebras into identical form. This is automatic here as the
operator products in Eq. (12.16) are the same for the two sectors.

Clearly, supersymmetry in the R-sector can only be unbroken if there exists
a ground state which satisfies G0jhiD 0, implying L0jhiD Oc

16
jhi.5 This is in

agreement with Eq. (12.32b). Since ŒG0; L0�D 0, highest weight states come in pairs

jhCi and jh�i � G0jhCi : (12.41)

It is easy to see that if jhCi is a highest weight state then so is jh�i. If jhCi is the
R ground state with h D Oc

16
, then jh�i is a null state: hh�jh�i D hhCjG2

0 jhCi D 0.
It decouples as it is perpendicular to all descendants of jhCi. So we can formally set
jh�i D 0 in the case of unbroken supersymmetry.

Since the Virasoro algebra is a subalgebra of the R-algebra, the above highest
weight states must be created from the vacuum by ordinary conformal fields, the
so-called spin fields S˙.z/; i.e.

jhCi D SC.0/j0i and jh�i D S�.0/j0i : (12.42)

This, together with Eq. (12.41) implies that OG0SC.z/DS�.z/ from which we derive

TF .w/ S
C.z/ D

1

2
S�.z/

.w � z/
3
2

C less singular : (12.43)

Likewise OG0S�.z/ D .h � Oc
16
/SC.z/ leads to

TF .w/ S
�.z/ D 1

2

�

h � Oc
16

�

1

.w � z/
3
2

SC.z/ C less singular : (12.44)

We see that the spin fields introduce branch cuts into the operator algebra.
In addition, since they transform the NS ground state into the R ground state, they
interpolate between the two sectors. This means that if we take a NS fermion and
carry it around the spin field it feels the branch cut and changes sign; i.e.

�NS
f .e

2�i z/ S˙.0/ D ��NS
f .z/ S

˙.0/ (12.45)

5Note that in the N D 1 discrete series R supersymmetry is unbroken for even m only.
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which means that �NS
f .z/ S

˙.0/ has an expansion in half-integer powers of z so that

z
1
2 �NS

f .z/ S
˙.0/ is single valued on the plane. Now we define the operators �R

f;n via

�R
f;n S

˙.z/ D
I

dw

2�i
�NS
f .w/ .w � z/nCh�1 S˙.z/ ; nC h 2 ZC 1

2
; (12.46)

where h is the conformal weight of �NS
f . The �R

f;n are the modes of the fermionic

component of an R superfield �R
f .w/. Thus one should not think of the NS and R

superfields as two separate sets of superfields, but rather as one superfield whose
fermionic component gets modified in the presence of a spin field. The superfields
themselves act diagonally on states in the two sectors of the Hilbert space, i.e.

�jNSi0
jRi0

�

D
�

� 0

0 �

��jNSi
jRi

�

; (12.47)

whereas spin fields act off-diagonally

�jNSi0
jRi0

�

D
�

0 S

S 0

��jNSi
jRi

�

: (12.48)

In both sectors the descendants of a given ground state are obtained by acting
with the lowering operators of the superconformal algebra. The n-th level of
the superconformal Verma module is spanned by the following vectors with L0
eigenvalue hC n

G�r1 G�r2 : : : L�m1 L�m2 : : : jhi ; (12.49)

where

0 < r1 < r2 : : : and 0 < m1 � m2 : : : ;

n D
X

ri C
X

mi; ri 2 ZC 1

2
.NS/ ; ri 2 Z .R/ :

The condition on the fermionic oscillators takes into account that G2
m D L2m.

Let us now return to string theory. The world-sheet bosons and fermions form
two-dimensional superfields of the type (12.1). Explicitly

X 	.zzz; Nzzz/ D X	 C i� 	 C i N� N 	 C � N�F 	 (12.50)

with action6

6This is the action of Chap. 7, after going to superconformal gauge and performing a Wick rotation
to an Euclidean world-sheet, i.e. replacing 
 ! �i
 and mapping from the Euclidean cylinder
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S D 1

4�

Z

d2zd2� NDX 	 DX	

D 1

4�

Z

d2z
�

@X	 @X	 C  	 @ 	 C  	
@ 	 C F	F	

�

: (12.51)

The equation of motion for the auxiliary scalar is F	 D 0 and we will set it to zero.
The mode expansion of  	.z/ follows from the expansion on the (Euclidean)

cylinder given in Chap. 7. The Jacobian from the map to the complex plane
contributes a factor z�1=2 and one obtains

 	.z/ D
X

r2ZC�
b	r z�r� 1

2 � D
(

0 (R)
1
2

(NS)
(12.52)

with .b	r /� D b	�r .
In the NS sector the modes of  are half-integer and  	.e2�i z/ D  	.z/. The

basic operator product is

 	.z/  �.w/ D �	�

z � w
C regular (12.53)

which is equivalent to

fb	r ; b�s g D ırCs �	� : (12.54)

We can also calculate the propagator. Using b	r j0i D 0 for r � 1=2, we get

h 	.z/  �.w/iNS D
X

m;nZ

z�n w�mh0jb	
n� 12

b�
m� 12 j0i

D
X

n�0

1

z

�

w

z

�n

�	�

D �	�

z � w
for jzj > jwj : (12.55)

The propagator can also be derived from the free field action Eq. (12.51) using
standard field theory arguments. We should note that this is the propagator on

to the plane. For the fermions we replace 0 ! �i0 and N ! i T 0. In contrast to previous
chapters we use dimensionless scalar fields X	. This amounts to setting ˛0 D 2. To restore ˛0 one

replaces X	 !
q

2
˛0
X	 and k	 !

q

˛0

2
k	. The integration over the Grassmann coordinates is

R

d2� N�� D 1.
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the Riemann sphere. On higher genus Riemann surfaces the propagator is more
complicated due to the global structure of the surfaces. The short distance limit will
however be the same as in Eq. (12.55). Using the relation (cf. (4.99) on page 85)

1

2�
@z

�

1

z� w

�

D ı2.z � w/ ; (12.56)

we find that the propagator satisfies

@z h 	.z/  �.w/iNS D 2� ı2.z � w/ �	� : (12.57)

In the R sector the fields  	.z/ have integer modings (cf. also Eq. (12.46))
and  	.e2�i z/D � 	.z/. One readily shows that they also satisfy the anti-
commutation relations Eq. (12.54). This already follows from the fact that the short
distance expansion for NS and R fermions should be the same, as the branch cut in
the R case cannot be felt locally. Of particular interest is the relation

fb	0 ; b�0 g D �	� ; (12.58)

which is just the Dirac algebra and allows us to identify the  	 zero modes with
Dirac matrices. Since ŒL0; b

	
0 � D 0, the b	0 act on the R ground state which is

therefore degenerate. The spin fields S˛.z/ that create them are spinors of SO.9; 1/
with conformal weight h D Oc

16
D 5

8
( Oc D d D 10, see below). The fact that spinors

of SO.9; 1/ have conformal weight 5
8

can be seen by going to the Wick-rotated
Lorentz group SO.10/ and bosonize them (cf. Chap. 11, Eq. (11.102) on page 342
and the discussion following it). The R ground states are then labeled by a spinor
index of SO.9; 1/:

j˛i D S˛.0/j0i (12.59)

and the b	0 act as

b
	
0 j˛i D

1p
2
.� 	/˛

ˇjˇi ; (12.60)

where � 	 are the SO.9; 1/ Dirac matrices which satisfy f� 	; � �g D 2�	� .
We can now also calculate the propagator of 	 in the R sector. Using b	n j˛i D 0

for n > 0 and Eq. (12.58), we find

h 	.z/  �.w/iR D
X

m;n2Z
z�n� 1

2 w�m� 1
2 hb	n b�miR

D 1p
zw

(

X

n>0

z�n wnhb	n b��niR C hb	0 b�0 iR
)
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D 1p
zw

( 1
X

nD1

�

w

z

�n

C 1

2

)

�	�

D 1

2

1

z� w

�r

z

w
C
r

w

z

�

�	�; jzj > jwj : (12.61)

Note that this is just the four-point function h0jS˛.1/  	.z/  �.w/ S˛.0/j0i
(no sum over ˛). The propagators in the NS and the R sectors have the same
short distance behavior, as they should.

We still have to discuss the question of locality. As we have seen, the spin fields
introduce branch cuts into the theory. A suitable string theory however has to have
local correlation functions to give well defined S -matrix elements. To arrive at a
local string theory one performs a generalized GSO projection. This is a consistent
truncation of the spectrum such that the resulting superconformal field theory is
local. In fact, not only is the truncation consistent but also required by modular
invariance.

The energy-momentum tensor and supercurrent for the fermionic string are

T .z/ D �1
2
@X	 @X	.z/� 1

2
 	 @ 	.z/ ;

TF .z/ D i

2
 	 @X	.z/ : (12.62)

They are the Noether currents associated with the transformations Eq. (12.11)
and (12.12), i.e.

ı�S D 1

2�

Z

d2z T N@� ;

ı�S D 1

2�

Z

d2z TF N@� : (12.63)

X and are free fields and we can use Wick’s theorem to evaluate operator products
of composite operators such as T and TF . For notational convenience, we still
use dimensionless fields X	, or, equivalently, we set ˛0D 2 and we have dropped
normal ordering symbols. One straightforwardly verifies the algebra Eq. (12.16)
with OcD 2

3
cDd , where d is the range of the index	. Moreover, one can confirm the

transformation rules forX	 and 	 under holomorphic transformations, i.e. (12.15)
with h D 0.

The ghost system of the fermionic string is another example of an N D 1
superconformal field theory. It consists of the (anti-commuting) conformal ghosts
b and c and the (commuting) superconformal ghosts ˇ and � . Together they form
two conformal superfields B D ˇ C �b and C D c C �� with conformal weights
h D 3=2 and h D �1 respectively. The action is (cf. Chaps. 3 and 8)
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S D 1

2�

Z

d2zd2� BDC D 1

2�

Z

d2z .b@c C ˇ@�/ : (12.64)

We can generalize the ghost system by considering superfields B and C with
conformal weights �� 1

2
and .1��/ .� 2 Z/ respectively. The action is still given by

Eq. (12.64) and the superconformal transformations of the components fields follow
from (12.11) and (12.12). (We will consider these generalized b, c systems in more
detail in Chap. 13.) The energy momentum tensor and supercurrent are calculated
as in (12.63); one finds

T � D ��b@c C .1 � �/.@b/c �
�

� � 1
2

�

ˇ@� C
�

3

2
� �

�

.@̌ /� ;

T �F D
1

2
b� C .1 � �/.@̌ /c �

�

� � 1
2

�

ˇ@c ; (12.65)

which can be written as a superfield

T � D T �F C �T � D �
�

� � 1
2

�

B@zC C .1� �/ .@zB/C C 1

2
.DB/.DC/ :

(12.66)

Using the operator products

c.z/ b.w/ D �.z/ ˇ.w/ D 1

z � w
; (12.67)

it is straightforward to show that the above system generates the N D 1 supercon-
formal algebra (12.16) with central charge cD �c� C c��1=2. Here c�D 12�2 �
12�C 2. The first contribution, �c�, is that of the anti-commuting b, c system and
the second, c��1=2, that of the commuting ˇ, � system. For the fermionic string
(� D 2) we find the ghost contribution to the anomaly cghost D �26C 11 D �15.
The matter fields come in chiral multiplets of theN D 1 superconformal symmetry.
Each of them contributes cD 3=2 to the conformal anomaly. This means that we
need ten of them for anomaly cancellation. Hence d D 10 as the critical dimension
of the fermionic string. It is however by no means necessary to represent the
Oc D 10 algebra in terms of free superfields (12.50). For a d -dimensional space-
time interpretation it suffices to represent d of them as free superfields and have a
Oc D 10� d internal N D 1 superconformal theory (cf. Chap. 15).

One may wonder whether extended superconformal algebras play a role in
string theory. Let us begin with the case N D 2. The N D 2 gravity multiplet is
.h˛ˇ; �˛; A˛/ where besides the graviton we have a gravitino which is, in contrast to
theN D 1 case, a complex Dirac fermion, and a U.1/ gauge current. Since we have
now gauge fields of spin 2,3=2 and 1, Faddeev-Popov quantization will give b; c
systems with � D 2 and � D 1 and two ˇ; � systems with � D 3=2. We get two of
the latter since a Dirac spinor is equivalent to two Majorana spinors. Their combined
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contribution to the conformal anomaly is cghost D �26C 2� 11� 2 D �6. This has
to be canceled by the matter fields. The N D 2 matter multiplets are .X; / where
X is a complex scalar and  a spin 1=2 Dirac-Weyl fermion, which is equivalent
to two real scalars and two Majorana-Weyl fermions, thus contributing c D 3 to
the conformal anomaly. We then conclude that the critical (real) dimension of the
theory with local N D 2 superconformal invariance is d D 4. Since we have two
complex bosons the signature is either Euclidean or .CC ��/. String theory with
localN D 2 supersymmetry has been studied in detail. It has only a finite number of
excitations and all (perturbative) scattering amplitudes beyond three point functions
vanish. It describes self-dual gravity and is not rich enough to be of interest as a
model for particle physics and quantum gravity.

The situation becomes even worse when we consider theN D 4 case. TheN D 4
gravity multiplet is .h˛ˇ; �i˛; A

i
j̨ / where i is an SU.2/ index. The four gravitini

form a complex doublet of SU.2/ and the SU.2/ currents transform in the adjoint.
The ghost contribution to the anomaly is therefore cghost D �26 C 4 � 11 � 3 �
2 D 12. N D 4 matter multiplets .4X; / contain four real scalars and a complex
doublet of spinors which gives c D 6 contribution to the conformal anomaly. This
leads to a (real) critical dimension d D �8. This is clearly unacceptable for our
purposes.

Nevertheless, extended superconformal algebras do play an important role in
string theory, however only as global symmetries, i.e. not as residual symmetries
of world-sheet theories with extended local supersymmetry (supergravity). In
particular there are no ghost systems which result from gauge fixing these extended
local symmetries which would affect the value of the critical dimension. The
maximal gauged supersymmetry is N D 1. There exists a deep connection between
space-time symmetries and world-sheet symmetries. In particular, as will be shown
in Chap. 15, N D 1 space-time supersymmetry in four dimensions requires
(global)N D 2 superconformal invariance on the world-sheet.7

12.2 N D 2 Superconformal Symmetry

As just mentioned, among the extended superconformal algebras, N D 2 plays an
important role in string theory due to its relation to minimal space-time super-
symmetry in the compactified theory. As we are going to discuss in this section,
this is intimately related to the existence of the so-called spectral flow for N D 2
superconformal field theories. Further extensions exist, e.g. the N D 4 algebra is
relevant for extended space-time supersymmetry of the heterotic string. There are, in
fact, several versions of theN D 4 algebra, so-called long and short versions, but we
will not discuss them. We concentrate on the most relevant case, N D 2. As we will

7More accurately, for the heterotic string one needs N D .0; 2/ two-dimensional world-sheet
supersymmetry. Similarly, for orientifolds of type II superstring theory, one needs N D .2; 2/
supersymmetry on the world-sheet.
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see in detail, the N D 2 algebra has two bosonic and two fermionic generators: on
the bosonic side, besides the energy-momentum tensor there is a dimension 1 U.1/
current. The symmetry generated by it is called R-symmetry. On the fermionic side
there are two dimension 3/2 supercurrents with charges˙1 under the R-symmetry.

Similar to the N D 1 case, there exists a superfield formulation. We present
it only for one sector, say the holomorphic one. There are now two Grassmann
variables, i.e. the coordinates of a point in (holomorphic) superspace are the triple
Z D .z; �; N�/. On this space, one defines the two super derivatives

D D @� C 1

2
N�@z; ND D @ N� C

1

2
�@z (12.68)

which are nilpotent and satisfy fD; NDgD @z. One finds the super-translationally
invariant interval

Z12 D z1 � z2 � 1
2
.�1 N�2 C N�1�2/ (12.69)

of two points in superspace, i.e. .D1 CD2/Z12 D . ND1 C ND2/Z12 D 0. Two other
translationally invariant intervals can be defined:

�12 D �1 � �2 and N�12 D N�1 � N�2 : (12.70)

N D 2 superconformal transformations can be defined as generalizations of the
N D 1 case:

Z ! Z0.Z/ with D D .D� 0/D0 and D D .D� 0/D0 : (12.71)

The most general solution of these conditions is

z0 D f C 1

2
��g C 1

2
��g C 1

4
��@.��/;

� 0 D � C �gC 1

2
��@�; @f � gg C 1

2
.�@� C �@�/ D 0;

�
0 D � C �g � 1

2
��@�: (12.72)

Here f; g are Grassmann even and �; N� are Grassmann odd functions of z.
For infinitesimal transformations f D z C �; gD 1 C 1

2
@� � ˛; gD 1 C 1

2
@� C ˛

with �; ˛; �; N� small, (12.72) becomes

z0 D zC � C 1

2
�� C 1

2
�� ;

� 0 D � C � C 1

2
�@� � �˛ C 1

2
��@� ;
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�
0 D � C � C 1

2
�@� C �˛ � 1

2
��@� : (12.73)

One of the bosonic functions, �.z/, parametrizes infinitesimal conformal trans-
formations which are generated by the energy-momentum tensor T .z/, while
the second, ˛.z/, parametrizes infinitesimal U.1/ transformations under which �
and � carry charge C1 and �1. Its generator J.z/ has conformal weight hD 1.
The two Grassmann odd functions �.z/ and N�.z/ with U.1/ charges C1 and
�1 parametrize two supersymmetry transformations whose generators T �F .z/ and
TCF .z/ have conformal dimension hD 3=2 and U.1/ charges �1 and C1 such that
the combinations

H

�T �F and
H

�TCF are neutral.
A holomorphicN D 2 superfield can be expanded into four component fields

˚.Z/ D �0.z/C 1p
2
.� N�1.z/ � N� �1.z//C � N� �2.z/ : (12.74)

The normalizations of the terms linear in �; N� are chosen such that the opera-
tor product expansions of the superfields (cf. (12.79) and (12.81) below) have
the familiar form when expressed in component fields. A superconformal pri-
mary field of conformal weight h and U.1/ charge q is defined to transform as
(cf. (12.10))

˚.Z/ D �D� 0	h�
q
2
�

D�
0	hC q

2 ˚ 0.Z0/ (12.75)

under superconformal transformations. The weight and charge are those of its
lowest component. It is straightforward, though somewhat tedious, to work out
the infinitesimal transformation of its component fields. We will not present all the
details. Considerable simplification occurs if its conformal weight and U.1/ charge
are related as jqj D 2h. This leads to a shortening of the general supermultiplet to
chiral (q D 2h) and anti-chiral (q D �2h) superfields.

A chiral superfield is a function of yCD z C 1
2
�� and � (note that DyC D

D� D 0):

˚C.yC; �/ D �C0 .z/C � �C1 .z/C
1

2
��@�C0 .z/ : (12.76)

For an anti-chiral multiplet with y� D z � 1
2
�� ,

˚�.y�; �/ D ��0 .z/C � ��1 .z/ �
1

2
��@��0 .z/ : (12.77)

Chiral and anti-chiral primary superfields will play a prominent role in the discus-
sion below.
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A simplification also occurs for uncharged superfields. An example is the
superfield whose components are the generators of the conformal, superconformal
and U.1/ transformations:

T .Z/ D J.z/C 1p
2
.� T �F .z/ � � TCF .z//C �� T .z/ : (12.78)

Of course, this is not a primary field because of the superconformal anomaly. The
generalization of the superfield OPE (12.18) for the N D 1 superconformal algebra
to the N D 2 case is

T .Z1/T .Z2/ D c=3

Z2
12

C �12 N�12
Z2
12

T .Z2/C �12 D � N�12 ND
Z12

T .Z2/

C �12 N�12
Z12

fD; NDgT .Z2/C : : : : (12.79)

In terms of the superfield OPE, we can now reformulate the condition for a general
superfield ˚ of conformal dimension h and U.1/ charge q to be primary as

T .Z1/˚.Z2/ D h �12 N�12
Z2
12

˚.Z2/C �12 D � N�12 ND
Z12

˚.Z2/

C �12 N�12
Z12

fD; NDg˚.Z2/C q

Z12
˚.Z2/C : : : : (12.80)

Expanding (12.79) in components we find the following operator algebra

T .z/ T .w/ D
c
2

.z � w/4
C 2 T .w/

.z � w/2
C @T .w/

z� w
C : : : ;

T .z/ TḞ .w/ D
3
2
TḞ .w/

.z � w/2
C @TḞ .w/

z� w
C : : : ;

T .z/ J.w/ D J.w/

.z � w/2
C @J.w/

z � w
C : : : ;

J.z/ J.w/ D
c
3

.z � w/2
C : : : ;

J.z/ TḞ .w/ D ˙
TḞ .w/

.z � w/
C : : : ;

TCF .z/ T
�
F .w/ D

2c
3

.z � w/3
C 2 J.w/

.z � w/2
C 2 T .w/C @J.w/

z� w
C : : : ;

TḞ .z/ TḞ .w/ D finite : (12.81)
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It is easy to see that T and TF D 1

2
p
2
.TCF C T �F / form an N D 1 superconformal

sub-algebra.
The superconformal transformations of (anti)chiral primary fields can be

expressed as the following operator products with the generators:

T .z/�0̇ .w/ D
h�0̇ .w/

.z � w/2
C @�0̇ .w/

z � w
C : : : ;

T .z/�1̇ .w/ D
.hC 1

2
/�1̇ .w/

.z � w/2
C @�1̇ .w/

z � w
C : : : ;

J.z/�0̇ .w/ D ˙
2h�0̇ .w/

z � w
C : : : ;

J.z/�1̇ .w/ D ˙
.2h � 1/�1̇ .w/

z � w
C : : : ;

TḞ .z/�0̇ .w/ D 0C : : : ;

TḞ .z/�
�
0 .w/ D

��1 .w/
z � w

C : : : ;

TḞ .z/�1̇ .w/ D
2h�0̇ .w/

.z � w/2
C @�0̇ .w/

z � w
C : : : ;

TḞ .z/�
�
1 .w/ D 0C : : : : (12.82)

Chiral primary fields will be further discussed later in this section and in Sect. 12.3.
Further simplification occurs for hD 1

2
. The special role played by (anti)chiral

primary fields with hD 1
2

will be discussed in Chap. 15. By expanding (12.80) in
components one can also write the component OPEs for a primary superfield of
conformal dimension h and U.1/ charge q.

The operator algebra (12.81) can be converted to (anti)commutators of the modes
of the generators defined by

T .z/ D
X

n2Z
z�n�2 Ln; Ln D

I

d z

2�i
znC1 T .z/;

TḞ .z/ D
X

n2Z
z�n�

3
2�a Gṅ˙a;  ! Gṅ˙a D

I

d z

2�i
znC

1
2˙a TḞ .z/;

J.z/ D
X

n2Z
z�n�1 Jn; Jn D

I

d z

2�i
zn J.z/ (12.83)

with Hermiticity conditions
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L�n D L�n; .GCnCa/
� D G��n�a; J �n D J�n: (12.84)

The operator algebra is then equivalent to the N D 2 super-Virasoro algebra

ŒLm;Ln� D .m � n/LmCn C c

12
.m3 �m/ımCn;

ŒLm;Gṅ˙a� D
�1

2
m � n� a

�

GṁCn˙a;

ŒLm; Jn� D �nJmCn;
ŒJm; Jn� D c

3
m ımCn;

ŒJm;Gṅ˙a� D ˙GṁCn˙a;

fGCmCa; G�n�ag D 2LmCn C .m � nC 2a/ JmCn C
c

3

�

.mC a/2 � 1
4

�

ımCn;

fGCmCa; GCnCag D fG�m�a; G�n�ag D 0: (12.85)

The relation between the central charges in the T .z/ T .w/, TCF .z/ T �F .w/ and
J.z/ J.w/ operator products are again fixed by Jacobi identities.

We have introduced the real parameter a. From the mode expansion of TḞ
we find

TḞ .e
2�i z/ D �e�2�ia TḞ .z/; (12.86)

i.e. a labels the boundary conditions of the fermionic operatorsTḞ . For a2Z we are
in the R sector whereas a2ZC 1

2
corresponds to the NS sector. The algebras for a

and aC1 are clearly isomorphic and we can restrict a to a 2 Œ0; 1/. Notice that only
for aD 0 and aD 1

2
we can form a real TF D 1

2
p
2
.TCF CT �F / with definite boundary

conditions. In theN D 1 case we had only two sectors, as there the supercurrent was
real allowing only for periodic or anti-periodic boundary conditions. In the N D 2

case we can interpolate between the two sectors by varying a from 0 to 1
2
. For a D 1

2
,

i.e. in the NS sector, there exists again a finite dimensional subalgebra generated by
L0;˙1, G1̇=2,G�̇1=2 and J0. This is the algebra osp.2j2/. The maximally commuting
subalgebra is generated by L0 and J0 and each state j�i in the Hilbert space of an
N D 2 superconformal field theory carries two quantum numbers .h; q/: L0j�i D
hj�i and J0j�i D qj�i.

Let us present three simple realizations of the N D 2 algebra in terms of free
fields. The first one consists of two free realN D 1 superfields X 1;2.zzz/ D X1;2.z/C
i� 1;2.z/. Define the complex fields

X˙ D 1p
2

�

X1 ˙ iX2
	

and  ˙ D 1p
2

�

 1 ˙ i 2	 : (12.87)
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Energy momentum tensor and supercurrent are then

T .z/ D �@XC @X�.z/ � 1
2

�

 C @ �.z/C  � @ C.z/	 ;

TF .z/ D 1

2
p
2

�

TCF .z/C T �F .z/
	

; (12.88)

where

TCF D i
p
2 C @X� and T �F D i

p
2 � @XC : (12.89)

We also define a U.1/ current

J.z/ D  C �.z/ : (12.90)

It is straightforward to verify that T , TF and J generate a cD 3,N D 2 superconfor-
mal algebra (12.81). The partition function of this theory can be expressed in terms
of the characters (11.109) and (11.110) for bso.2/1 as

ZND2.
; 
/ D
�

ˇ

ˇ�
.0;0/

0

ˇ

ˇ

2 C ˇˇ�. 12 ;1/V

ˇ

ˇ

2 C ˇˇ�. 18 ;C 1
2 /

S

ˇ

ˇ

2 C ˇˇ�. 18 ;� 12 /C

ˇ

ˇ

2

�

; (12.91)

where the upper index is .h; q/, i.e. it shows the conformal dimension and U.1/
charge of the ground state in the respective character. With the modular S -matrix
in (11.120) it is straightforward to compute the fusion rules via the Verlinde
formula (6.100). The result is Table 11.1 on page 333 for nD 1. This example
is easily generalized to the case of 2k free superfields from which we can build
k complex ones. This leads to cD 3k, N D 2 algebra. In the string context this
example arises in 2k- dimensional torus compactifications.

The second example consists of only one real free boson:

T .z/ D �1
2
@� @�;

TḞ .z/ D
r

2

3
e˙i
p
3�.z/;

J.z/ D ip
3
@�.z/ (12.92)

which generate a c D 1, N D 2 superconformal algebra. Yet another realization
can be found in the superconformal ghost system if we define

TCF D
p
2 b� ; T �F D �2

p
2 .@̌ /c � 3p2ˇ @c ; J D �2bc � 3ˇ�: (12.93)

This shows that the (local)N D 1 superconformal ghost system possesses anN D 2
extended global supersymmetry.
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Let us now discuss highest weight representations of the N D 2 super Virasoro
algebra which show some new features compared to the N D 1 and N D 0 cases.
As usual, we define highest weight states by the conditions

Gṙ j�i D 0 r > 0 ;

Lnj�i D Jnj�i D 0 n > 0 ;

L0j�i D h j�i ; J0j�i D q j�i: (12.94)

Here q is the U.1/ charge of the state. Actually, the conditions for Ln and Jn follow
fromGṙ j�i D 0 and the use of the algebra. Requiring unitarity of the representation
of the algebra restricts the allowed values of .h; q/. For states in the NS sector we
have

0 � ˇˇG��1=2j�i
ˇ

ˇ

2 C ˇˇG1̇=2j�i
ˇ

ˇ

2 D h�jfG1̇=2 ; G��1=2gj�i

D 2 h�jL0 ˙ 1

2
J0j�i D 2

�

h˙ q

2

	h�j�i; (12.95)

i.e. h � 1
2
jqj in the NS sector. When the bound is satisfied, there are two states

which satisfy

G�̇1=2jh D ˙ q

2
i D 0: (12.96)

To each highest weight state there corresponds a primary field �.h;q/ of the N D 2

algebra. For the fields with h D 1
2
jqj, Eq. (12.96) is equivalent to

TḞ .z/ �
.˙ 1

2 q;q/.w/ � regular: (12.97)

These are the chiral (anti-chiral) primary fields which were introduce earlier in
this section. For a (anti-)chiral primary field the action of only one of the two
superchargesG�̇1=2 results in a new field, cf. Eq. (12.82).

We can simply characterize chiral primary fields by the requirement

GC�1=2j�i D G�C1=2j�i D 0 : (12.98)

Indeed, from h�jfG�1=2; GC�1=2gj�iD 0D 2h�j.h� 1
2
q/j�i, hD 1

2
q follows. To show

that such a state is primary, we observe that any operator which lowers the L0
eigenvalue but does not change the U.1/ charge of a state, must annihilate the state,
since otherwise the bound h � 1

2
jqj is violated. Since L0Jnj�i D .h � n/Jnj�i,

we find Jnj�iD 0 for n > 0. Finally, the anti-commutator fJn;Gṙ gD ˙ GṙCn
applied to the state j�i leads to the remaining relations in (12.94). Conversely, any
state which satisfies hD 1

2
q is chiral primary and satisfies h � c

6
. The latter property
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follows from 0 � ˇˇGC�3=2j�i
ˇ

ˇ

2
and the algebra. The notion of (anti) chiral fields and

states of the N D 2 superconformal field theory is more general and does not only
apply to primary fields and highest weight states. Any field whose operator product
with TCF (T �F ) is regular is called (anti)chiral. Equivalently, any NS state with is
annihilated by GC�1=2 (G��1=2) is called (anti)chiral.

Even though the representation spaces of the N D 2 super Virasoro algebra for
different values of a are different, the algebras are isomorphic for all values of a.
In fact, there is a one-parameter isomorphism U� of the N D 2 superconformal
algebra. To see this let us write the fGC; G�g anti-commutator in the following
form

fGCmCaC�; G�n�a��g D 2
h

LmCn C � JmCn C c

6
�2ımCn

i

C .m � nC 2a/
h

JmCn C c

3
�ımCn

i

C c

3

�

.mC a/2 � 1
4

�

ımCn : (12.99)

One now verifies that the generators (L�n D U�LnU�1� , etc.)

L�n D Ln C � Jn C
c

6
�2ın ;

G
�˙
n˙a D Gṅ˙.aC�/ ;

J �n D Jn C
c

3
�ın (12.100)

satisfy the N D 2 superconformal algebra. Therefore the algebras are equivalent
for all a. We will now investigate the behavior of the representations of the N D 2

superconformal algebra as we change �. Consider a state j�i with weight h and
U.1/ charge q. We are interested in the weight and charge of the transformed state
j��i D U�j�i with respect to the original theory, i.e. we are interested in h� and q�
defined by

L0
ˇ

ˇ��
˛ D h�

ˇ

ˇ��
˛

; J0
ˇ

ˇ��
˛ D q�

ˇ

ˇ��
˛

: (12.101)

Using

U�L0j�i D U�L0U�1� j��i D L�0j��i D hj��i (12.102)

and

U�J0j�i D U�J0U�1� j��i D J �0 j��i D qj��i (12.103)

together with (12.100), we can express the conformal weight and J0 charge of the
transformed state with respect to the original operators in the following way:
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h� D h� � q C �2

6
c ; q� D q � c

3
� : (12.104)

This change of the spectrum is called spectral flow. and U� the spectral flow
operator. It has conformal weight hD c

6
�2 and charge qD � c

3
�. This can be seen

by considering the weight and charge of U�j0iNS.
Let us now investigate the spectral flow for chiral primaries. In particular, using

equation (12.104) with � D 1
2

and employing h D q

2
for a chiral primary, we obtain

ˇ

ˇ

ˇ h0 D q0

2
; q0

E

NS

�D 1
2���!

ˇ

ˇ

ˇ h1
2
D c

24
; q 1

2
D q0 � c

6

E

R
: (12.105)

In particular, the NS vacuum j0iNS with .h; q/D .0; 0/ is mapped to a state
with .h; q/D . c

24
;� c

6
/. The conformal weight of the state in the Ramond sector

in (12.105), hD c
24

, is independent of its J0 charge q. Therefore, this state is
generally degenerate. We now show that the state in the Ramond sector is actually a
ground state. Indeed, in a unitary theory,

0 � ˇˇGC0 jh; qiR
ˇ

ˇ

2C jG�0 jh; qiRj2 D Rhh; qjfGC0 ; G�0 gjh; qiR
D 2

�

h � c

24

�

ˇ

ˇjh; qiR
ˇ

ˇ

2
; (12.106)

i.e. the lowest possible value of any R sector state is h D c
24

which is attained by the
states (12.105). There is thus a one-to-one correspondence between chiral primary
states and Ramond ground states and, by a similar argument, between anti-chiral
primaries and Ramond ground states.

A further transformation with � D 1
2

maps the Ramond sector back to the Neveu-
Schwarz sector. Employing Eq. (12.104) with � D 1, we find

ˇ

ˇ

ˇ h0 D q0

2
; q0

E

NS

�D1���!
ˇ

ˇ

ˇ h1 D �q1
2
; q1 D q0 � c

3

E

NS
; (12.107)

which is an anti-chiral primary state in the NS sector. Therefore, spectral flow with
� D 1 maps chiral states in the NS sector to anti-chiral states in the same sector.

Since the spectral flow connects the NS with the R sector, and states in these
sectors of the fermionic string are space-time bosons and fermions respectively, we
have here an indication of the connection between N D 2 world-sheet and space-
time supersymmetry. We will elaborate on this in more detail in Chap. 15.

Besides the spectral flow, there also exists an outer automorphism of the N D 2
super Virasoro algebra, which acts as

Ln ! Ln; Jn ! �Jn; GCr ! G�r ; G�r ! GCr : (12.108)

This allows us to impose in any .2; 2/ superconformal field theory two dis-
tinctive boundary conditions. Recall from Sect. 6.6 that a boundary state jBi is



380 12 Conformal Field Theory III: Superconformal Field Theory

specified by gluing conditions (6.138) for the left- and right-moving generators
of the chiral algebra A DA . We can therefore define gluing conditions for the
.Ln;G

C
r ; G

�
r ; Jn/ of the superconformal algebra, which read

.Ln � L�n/jBi D 0; .Jn C J�n/jBi D 0 ;

.GCr � i�GC�r /jBi D 0; .G�r � i�G��r /jBi D 0 (12.109)

with � D ˙1. These are called B-type boundary conditions. However, if there
exist an automorphism of the chiral algebra, one can define a second set of gluing
conditions (6.139). Thus, the automorphism (12.108) leads to

.Ln � L�n/jBi D 0; .Jn � J�n/jBi D 0 ;

.GCr � i�G��r /jBi D 0; .G�r � i�GC�r /jBi D 0 (12.110)

which are called A-type boundary conditions. In the geometric setting the boundary
states are interpreted as D-branes on CY manifolds which preserve N D 1 	
N D 2 space-time supersymmetry. They are called A-branes and B-branes, respec-
tively.

Let us finally comment on the representation theory of the N D 2 super Vira-
soro algebra. The fact that the Cartan subalgebra .L0; J0/ is two-dimensional is
responsible for significant differences compared to the N D 0 and N D 1 algebras.
In particular, while for these cases the unitarity constraints following from the
algebra are sufficient to guarantee that representations with c � 1 and c � 3

2
are

unitarity, this is no longer true for N D 2 and c � 3 which is the central charge for
a free N D 2 superfield. However, as in the N D 0; 1 cases there exists a discrete
series of rational unitary models in the regime 0 < c < 3 with

c D 3 k

k C 2 ; k 2 Z ; k � 1: (12.111)

For each value of k in the unitary series (12.111), there exists a finite number
(.k C 1/.k C 2/) of highest weight representations of the N D 2 algebra. They
are labeled by two integers. However one is often interested in the highest weight
representations of the bosonic subalgebra. These representations are generated from
a highest weight state by the action of an arbitrary number of bosonic generators
and an even number of fermionic generators. They are labeled by three integers
�lm;s � .l;m; s/, where 0 � l � k, m is defined modulo 2.k C 2/ and s is defined
modulo four. The labels have to satisfy l CmC s 2 2Z. Furthermore there is a Z2

identification

�lm;s � �k�lmCkC2;sC2: (12.112)

The conformal weights and U.1/ charges of these states are
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hlm;s D
l .l C 2/�m2

4 .k C 2/ C s2

8
C integer ;

Qm;s D � m

k C 2 C
s

2
C even integer: (12.113)

Representations with s 2 2Z are in the NS sector while those with s 2 2Z C 1
are in the R sector. The integers in (12.113) are zero if, with the help of the
identifications (12.112) the triplet of parameters .l;m; s/ can be brought to the range
0 � jm � sj � l and s 2 f�1; 0; 1; 2g. This is not always the case. In the NS sector
the only exceptions are representations with labels .l;�l; 2/. For l > 0 (12.113)
still apply with vanishing integers if we use s D �2 for these representations. The
highest weight state .0; 0; 2/ has, in fact, .h;Q/ D . 3

2
; 1/. It is obtained by acting

with GC�3=2 on the OSp.2j2/ invariant vacuum .0; 0; 0/. The chiral primaries of the
N D 2 minimal models are .l;�l; 0/, the anti-chiral primaries are .l; l; 0/. Here we
have identified a representation with the primary operator which creates the highest
weight state from the vacuum.

To compute characters and modular properties of these highest weight represen-
tations, one utilizes a realization of the unitary N D 2 models in terms of a certain
quotient of Kač-Moody algebras.8 This allows to determine the characters as

�lm;s.
/ D
kC2
X

jD1
C
.k/

l;m�4j�s.
/ ��2mC.4jCs/.kC2/ ; 2k.kC2/.
/ : (12.115)

The SU.2/ string-functions C .k/

l;m have been implicitly defined in (11.133) and the
�-functions in (11.132). The modular S -matrix is

SND2.lms/.l 0m0s0/ D
1

2k C 4 sin

�

�

k C 2
�

l C 1	�l 0 C 1	
�

e
��i

�

ss0

2 �mm0

kC2

�

(12.116)

which implies the fusion rules




�l1m1;s1

� � 
�l2m2;s2
� D

min.l1Cl2;2k�l1�l2/
X

l3Djl1�l2j




�
l3
m1Cm2;s1Cs2

�

; (12.117)

where we used the bsu.2/k fusion coefficients (11.135).

8Concretely, this realization is given by the coset

bsu.2/k �bu.1/2
bu.1/kC2

; (12.114)

wherebu.1/k is the CFT of a free boson compactified on a circle with radius
p
˛0k introduced in

Sect. 10.3.
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In our discussion on space-time supersymmetric compactifications of the
superstring in Chap. 15, two special operators of the N D 2 minimal models will
play a prominent role. The first is .0; 1; 1/ with (use (12.113)) .h;Q/ D . c

24
; c
6
/,

which apparently coincide with the values for the spectral flow operator U�1=2. This
identification is further supported by the fusion rules

Œ�01;1� � Œ�lm;s � D Œ�llC1;sC1� (12.118)

which shows that .0; 1; 1/ interpolates between NS and R sectors and that it is a
simple current. Likewise .0;�1;�1/ is identified with U1=2. The second special
operator is .0; 0; 2/ with .h;Q/ D . 3

2
; 1/. Its fusion rules are

Œ�00;2� � Œ�lm;s� D Œ�lm;sC2� (12.119)

which indicates that it is a simple current which acts diagonally on the NS and
R sectors. It increases the conformal weight of a NS state by a half-integer and
that of an R state by an integer. This is the supercurrent TCF �GC�3=2j0i. Note that

T �F � G��3=2G�C3=2GC�3=2j0i. From the fusion rules (12.117) it follows that all fields

�0m;s with mC s 2 2Z are simple currents.9

These results on N D 2 minimal models will be employed when we discuss
Gepner models in Chap. 15. These special superconformal field theories have
a correspondence to geometric compactifications on Calabi-Yau manifolds. An
important role for establishing this relationship is played by the chiral ring, which
we discuss next.

12.3 Chiral Ring and Topological Conformal Field Theory

Let us consider the OPE of two chiral primary fields �i.z/ and �j .w/. On general
grounds (cf. Chap. 4) it has the form

�i .z/ �j .w/ D
X

k

Cij
k .z� w/hk�hi�hj  k.w/ ; (12.120)

where  k are not necessarily (chiral) primaries. U.1/ charge conservation requires
qk D qi C qj . In addition, we need to satisfy hk � qk

2
with equality for chiral

primaries. This implies that

hi C hj � hk D qi

2
C qj

2
� hk � qk

2
� jqkj

2
� 0 : (12.121)

9The spectral flow operators U
˙

1
2

and the supercurrents T˙

F are simple currents of any N D 2

SCFT.
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Therefore, the OPE between two chiral primaries contains only regular terms. This
allows us to define a product between two such fields as

�

�i 
 �j
	

.w/ � lim
z!w

�i.z/ �j .w/ D
X

k

Cij
k �k.w/ ; (12.122)

where all fields on the right hand side are chiral primaries. In other words, chiral pri-
maries can be multiplied point-wise. They generate a ring, the so-called chiral ring.

In complete analogy there is a ring of anti-chiral primary fields. If the anti-
holomorphic sector of the theory also possesses N D 2 superconformal symmetry,
i.e. if we are dealing with a .2; 2/ superconformal theory, then there are four chiral
rings, denoted as .c; c/; .a; c/; .c; a/ and .a; a/. We have already hinted at the
relation between world-sheet and space-time supersymmetry. In Chap. 14 we will
discuss string compactification on Calabi-Yau manifolds which lead to a space-
time supersymmetric theory in the four uncompactified dimensions. The following
discussion is the CFT analogue of (geometric) space-time properties which we will
encounter when we study Calabi-Yau manifolds.

In a unitary theory, every state in the NS sector has a unique orthogonal
decomposition of the form

j�i D j�0i CGC�1=2j�1i CG�C1=2j�2i ; (12.123)

where j�0i is chiral primary. If j�i has conformal weight h and U.1/ charge q,10

j�1i and j�2i have .h � 1
2
; q � 1/ and .h C 1

2
; q C 1/, respectively. There is an

alternative decomposition of the same state as

j�i D j�00i CG��1=2j�01i CGCC1=2j�02i (12.124)

with j�00i anti-chiral primary. Assuming for the moment that the decomposi-
tion (12.123) exists, orthogonality is easy to demonstrate. Uniqueness is also
straightforward to prove: If there were two different decompositions, their difference
is of the form 0 D j�0i C GC�1=2j�1i C G�C1=2j�2i. Multiplying with h�2jGC�1=2 we

find jG�C1=2j�2ij2D 0 and likewise GC�1=2j�1i D 0 and hence also j�0i D 0. Thus
the decomposition is unique.

We now show the existence of the decomposition (12.123). The statement of
the decomposition, after its orthogonality and uniqueness have been established,
is that any state which is not chiral primary, i.e. for which h¤ q

2
, can be

decomposed as j�iDGC�1=2j�1iCG�C1=2j�2i. To show this, we observe that

on such a state fGC�1=2; G�C1=2gj�iD .2L0 � J0/j�iD .2h � q/j�i¤ 0. We can

10Since L0 and J0 commute, they can be simultaneously diagonalized and we can restrict the
discussion to eigenstates of L0 and J0.
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therefore write j�iDfGC�1=2; G�C1=2gj�iDGC�1=2.G�C1=2j�i/CG�C1=2.GC�1=2j�i/
with j�iD 1

2h�q j�i.
If j�i is chiral (i.e. GC�1=2j�i D 0) but not necessarily primary, j�2i D 0 in the

decomposition (12.123), i.e. for chiral fields we have

j�ichiral D j�0i CGC�1=2j�1i: (12.125)

The decomposition (12.123) is reminiscent of the Hodge decomposition of
differential forms on compact Riemannian manifolds. If we combine the chiral
and the anti-chiral sectors and consider .2; 2/ SCFTs, the analogy to complex
manifolds, their .p; q/ forms and Dolbeault cohomology becomes even more
striking (the relevant mathematical concepts and notation will be introduced in
Chap. 14). Here we have the correspondence of nilpotent operators

.GC�1=2; G
�C1=2/ , .@; @�/ ; fGC�1=2; G�1=2g D 2

�

L0 � 1
2
J0
	 , �@ ;

(12.126a)

. NGC�1=2; NG�C1=2/ , .N@; N@�/ ; fGC1=2; G��1=2g D 2
�

L0 C 1
2
J0
	 , �N@

(12.126b)

and

chiral fields ” closed forms ;

chiral primary fields ” harmonic forms : (12.127)

For the compactification to four dimensions, (2,2) SCFTs with .c; Nc/ D .9; 9/ are
of interest. Chiral primary fields then satisfy h � 3

2
and Nh � 3

2
and jqj D 2h

and j Nqj D 2 Nh. Fields with integer U.1/ charge form a subring of the chiral ring.
It contains only fields with q; Nq 2 Z; q; Nq 2 Œ�3;C3� where q; Nq � 0 for the
.c; c/ ring and �q; Nq � 0 for the .a; c/ ring. We thus find that the range of integer
charges in the .c; c/ ring is precisely the range .p; q/ in the Dolbeault cohomology
groups Hp;q.M/ of a complex manifold M of (complex) dimension three. The
dimensions of these cohomology groups are denoted as hp;q.M/. Furthermore,
since the field with qD 2hD c

3
D 3 is unique—it flows to the unique NS ground

state under spectral flow with �D 1—the correspondence is with manifoldsM with
h0;0.M/D 1 and h3;0.M/ D h0;3.M/ D h3;3.M/ D 1. These are Calabi-Yau
manifolds which we will discuss in some detail in Chap. 14.

If in the superconformal field theory we define hp;q as the number of chiral
primaries with .U.1/L; U.1/R/ charges .p; q/, we can construct the Poincaré
polynomial of the chiral ring as

P.c;c/ D Tr NSŒt
J0 Nt NJ0 �.c;c/ D

3
X

p;qD0
hp;q tp Ntq: (12.128)
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As we have seen, under the action of the spectral flow with parameters .�; N�/ D
.�1; 0/, elements in the .c; c/ ring flow to elements in the .a; c/ ring. The U.1/
charges change as .q; Nq/! .q�3; Nq/. The Poincaré polynomial of the .a; c/ ring is

P.a;c/ D Tr NSŒt
�J0 Nt NJ0 �.a;c/ D

3
X

p;qD0
h3�p;qtp Ntq: (12.129)

Two crucial observations follow:
(1) we can interpret the Poincaré polynomial P.c;c/ as that of a Calabi-Yau

manifoldM where hp;q are the Hodge numbers. The Polyakov action coupled to the
Calabi-Yau metric leads, in superconformal gauge, to a .2; 2/ SCFT with c D 9. (2)
the distinction between the .c; c/ and .a; c/ rings is merely conventional. Applying
the outer automorphism (12.108) to, say, only the left-moving sector, changes the
relative sign of the two U.1/ charges and therefore interchanges the two rings. This
leads to the far reaching conclusion that we should be able to associate the Poincaré
polynomialP.a;c/ of the .a; c/ ring also with a manifoldM �.M � is called the mirror
manifold of M , whose existence is suggested (predicted) by superconformal field
theory. Moreover, the relation between the Hodge numbers of M and M � must be

h3�p;q.M �/ D hp;q.M/: (12.130)

Once the relation between .2; 2/ superconformal symmetry and Calabi-Yau man-
ifolds, in particular between chiral primary fields and Dolbeault cohomology, has
been established, the existence of mirror pairs of Calabi-Yau manifolds, while
trivial from the CFT point of view, is a highly non-trivial fact from the point of
view of geometry. Moreover, the U.1/ flip interchanges the B-type (12.109) and
A-type (12.110) boundary conditions so that an A.B/-brane on the Calabi-Yau M
is mapped to a B.A/-brane on the mirror manifoldM �.

The subsector of chiral primary fields in an N D 2 superconformal field theory
gives a realization of so-called topological field theories (TFT) which are a wide
subject with ramifications in physics and mathematics. One of their defining prop-
erties is that they possess a nil-potent fermionic charge, called BRST-charge and that
the energy momentum tensor is BRST-exact. We will not enter a general discussion
of TFTs, but will limit ourselves to two-dimensional topological conformal field
theories (TCFT) which are obtained by twisting N D 2 SCFTs. They share many
properties with more general TFTs. (Topological) CFTs can be viewed as fixed
points of non-conformal theories where the coupling constants are tuned such that
all ˇ-functions vanish.

Consider theN D 2 algebra (12.81) and define the topological energy momentum
tensor

T top D T C 1

2
@J : (12.131)
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This new energy-momentum tensor is obtained from the old one by twisting with the
U.1/ current. Notice that this is not possible forN <2 but there are several possible
twistings for N D 4. Defining in addition

Q.z/ D 1p
2
TCF .z/ ; G.z/ D 1p

2
T �F .z/ ; (12.132)

one derives the following OPEs from (12.81)11

T top.z/ T top.w/ D 2 T top.w/

.z � w/2
C @T top.w/

z � w
C : : : ; (12.133a)

T top.z/Q.w/ D Q.w/

.z � w/2
C @Q.w/

z � w
C : : : ; (12.133b)

T top.z/G.w/ D 2G.w/

.z � w/2
C @G.w/

z � w
C : : : ; (12.133c)

T top.z/ J.w/ D � c
3

.z � w/3
C J.w/

.z � w/2
C @J.w/

z� w
C : : : ; (12.133d)

J.z/ J.w/ D
c
3

.z � w/2
C : : : ; (12.133e)

J.z/Q.w/ D C Q.w/

.z � w/
C : : : ; (12.133f)

J.z/G.w/ D � G.w/

.z � w/
C : : : ; (12.133g)

Q.z/G.w/ D
c
3

.z � w/3
C J.w/

.z � w/2
C T top.w/

z � w
C : : : ; (12.133h)

Q.z/Q.w/ D regular; G.z/G.w/ D regular : (12.133i)

The twisted algebra (12.133) is the algebraic structure of a TCFT. One important
consequence is that the conformal weight of any field is shifted by minus half
its U.1/ charge (Ltop

0 DL0� 1
2
J0). Equations (12.133b) and (12.133c) exemplify

this for the supercurrents, whose conformal weights w.r.t. T top are 1 (TCF ) and 2
(T �F ). We further learn from (12.133a) that T top satisfies a Virasoro algebra without
central charge, i.e. it is a primary field. However, J is no longer primary due to the
background charge � c

3
. This interpretation of (12.133d) will become clear in the

next chapter. In Table 12.1 we collect the properties of the generators of the twisted
algebra.

11It is straightforward to work out the algebra in terms of the modes. All mode numbers are integers
and there is a finite-dimensional subalgebra generated by L0;˙1 and G0;˙1.
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Table 12.1 Data of
topologically twisted N D 2

superconformal algebra

Current U.1/ charge hND2 htop Statistics

T .z/ 0 2 2 Bosonic
G.z/ �1 3

2
2 Fermionic

Q.z/ C1 3
2

1 Fermionic
J.z/ 0 1 1 Bosonic

There are two fermionic fields with integer conformal weights so that their
expansions are in terms of integer modes. In particular the modes of Q and G are
related to those of TḞ in the NS sector as Qn D 1p

2
GC
n� 12

and Gn D 1p
2
G�
nC 1

2

.

Now one can define a nilpotent charge

Q D
I

d z

2�i
Q.z/ D Q0 ; (12.134)

i.e. Q2 D 0, as a consequence of (12.133i). From (12.133h) we conclude

fQ;G.z/g D T top.z/ (12.135)

and from (12.133f) we derive

fQ;J.z/g D �Q.z/; (12.136)

i.e. T .z/ and Q.z/ are both Q-exact. This is the same algebraic structure which we
met in Chap. 5 and therefore we interpret Q as a BRST operator. Then Q.z/ is the
BRST current and J.z/ the ghost current so that the U.1/ charge is the ghost charge.
A nilpotent charge Q and a Q-exact energy-momentum tensor are hallmarks of
topological field theories.

Before we proceed let us give one specific example of a TCFT of the
type (12.133), which can be constructed from the familiar bosonic string by simple
modifications of the BRST current and the ghost current introduced in Chap. 5. The
BRST current is constrained by the requirements that it has ghost number one and
that it is Hermitian. There is one more term we can add to Eq. (5.32) leading to

Q.z/ D c
�

T .X/.z/C 1

2
T .b;c/.z/

�

C 3

2
@2c.z/C i�	@.c@X	/.z/ : (12.137)

The third term was added to make Q.z/ a primary field. Without the last term the
Q.z/Q.w/ operator product has third and second order poles. They are removed
by the addition of the last term provided �2 D 2. If we further modify the ghost
current (5.16) and define

J.z/ D �bc.z/ � i�	@X	.z/ (12.138)
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and

G.z/ D b.z/ ; (12.139)

we can verify that the four fields T top.z/ � T .X/.z/ C T .b;c/.z/; Q.z/ ; J.z/ and
G.z/ generate the algebra (12.133) with c D 9.

To continue our general discussion, we note that physical states are defined as
the cohomology classes of Q, i.e. they have to be Q-closed

Qj�i D 0; (12.140)

where states differing by a Q exact field are identified (cf. (12.125))

j�i � j�i CQj�i: (12.141)

The physical Hilbert space is then given by the Q-cohomologyHphys D kerQ=imQ.
We can select a unique representative in each equivalence class by requiring
G0j�i i D 0. Together with (12.140) these are the same conditions as (12.98), i.e.
there is a one-to-one correspondence between chiral primary states of the untwisted
theory and equivalence classes of physical states in the twisted theory and the chiral
primary operators are the BRST invariant observables in the topological version of
N D 2 theories. Notice that htop D 0 for chiral primaries.

Let us close this brief discussion of topological field theories by pointing out
important properties of correlation functions of physical operators. An obvious
requirement is that the correlation functions vanish unless they respect the back-
ground charge of the U.1/-current. Furthermore, recall that correlation functions of
the energy-momentum tensor are defined as

hT˛ˇO1 : : :Oni � ı

ıh˛ˇ
hO1 : : :Oni: (12.142)

This vanishes if T˛ˇ D fQ;G˛ˇg and ŒQ;Oi � D 0. In other words, correlation
functions of physical observables do not depend on the world-sheet metric. This
is why these theories are topological. In fact, the above property is generic for all
TFT, in particular topological CFTs which are required to have traceless energy-
momentum tensor.

Another distinctive property is that correlation functions of physical states are
constants on the world-sheet. To show this, we use

@z�.z/ D ŒL�1; �.z/� D ŒfQ;G�1g; �.z/� D ŒQ; ŒG�1; �.z/��; (12.143)

where we have used the Jacobi-identity and ŒQ; �.z/�D 0. Together with the fact
thatQ annihilates the vacuum this leads to the conclusion that correlation functions
of physical operators are independent of their insertion points. Note that the critical
bosonic string has a Q-exact energy-momentum tensor. And indeed, correlation
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functions of vertex operators of physical states are independent of the insertion
points. For instance on a world-sheet with the topology of the sphere: all but
three vertex operators are integrated and the positions of the remaining three are
arbitrary due to SL.2;C/ invariance. The dependence on their position is canceled
by the correlation function of the three c-ghost zero modes. Similar remarks hold
for the fermionic string whose BRST quantization will be discussed in the next
chapter.

Of course, application of the outer automorphism (12.108) leads to a second
topological twist, where one replaces J ! �J and interchangesG andQ. In .2; 2/
SCFTs there are thus two inequivalent twistings: we can perform the same twist or
opposite twists on both sides. These two possibilities are referred to as A and B
twists, respectively. Mirror symmetry interchanges them.

To summarize, we have demonstrated how one can construct from every N D 2
SCFT, via the twisting procedure, a TCFT. Its physical states are precisely the chiral
primary states of the original (i.e. untwisted) N D 2 SCFT.
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Chapter 13
Covariant Vertex Operators, BRST
and Covariant Lattices

Abstract We reexamine the 10-dimensional type II and heterotic superstring
theories using the bosonic language. The aim of this bosonic formulation is the
construction of the covariant fermion vertex operators, which involves a proper
treatment of the .ˇ; �/ ghost system, This will in turn lead to the introduction of
the so-called covariant lattices.

13.1 Bosonization and First Order Systems

Recall1 the action of the fermionic string in superconformal gauge:

S D 1

4�

Z

d2z
�

@X�@X� C  �@ � C  �
@ �

�

; (13.1)

where we have only written the matter (X�,  �) part. We will turn to the ghost
part below. These fields generate a superconformal field theory with Oc D 10 (c D
15) where from now on we discuss only the right-moving, holomorphic part of the
theory. The two-dimensional supercharge, also called supercurrent, is

TF .z/ D i

2
@X�.z/ 

�.z/: (13.2)

Applying the techniques of bosonization as introduced in Chap. 11, we replace the
ten real fermions  �.z/ (� D 1; : : : ; 10) by five chiral bosons �i .z/ (i D 1; : : : ; 5)
with momentum eigenvalues being lattice vectors of the D5 weight lattice. The
bosonization is performed by converting the ten real fermions �.z/ to the complex
Cartan-Weyl basis:

�˙ i .z/ D 1p
2
. 2i�1 ˙ i 2i /.z/ ; i D 1; : : : ; 5: (13.3)

1The first part of this section is a review of material from Sect. 11.4 with a slight change of notation:
Xi ! �i .

R. Blumenhagen et al., Basic Concepts of String Theory, Theoretical and Mathematical
Physics, DOI 10.1007/978-3-642-29497-6
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The action for the complex fermions is

S D 1

4�

Z

d2z .�C i @�� i C �� i @�C i /: (13.4)

The part of the generators of the Wick rotated Lorentz group SO.10/ which are
constructed from the world-sheet fermions are bosonized according to

JCi;�i .z/ D W�Ci �� i .z/ W D i@�i .z/
J˙i;˙j .z/ D W�˙ i �˙ j W D We˙i�i˙i�j .z/ W .i < j /; (13.5)

where the complex fermions themselves are expressed as

�˙i .z/ D We˙i�i .z/ W : (13.6)

Here and in the following we drop cocycle factors. They are necessary to get anti-
commuting fermions �˙i for i ¤ j and to produce manifestly covariant results, as
e.g. in Eq. (13.8) below.

The states of the spinning string theory are created from the SL.2;C/ invariant
vacuum state by vertex operators which contain the five bosons �i.z/. Let us con-
centrate on expressions which are exponentials of these bosons; possible derivative
terms @�i .z/ play only a trivial role in the following. We will not discuss the X�-
dependent part of the vertex operators either.

In the NS sector the states are space-time bosons. The ground state is the NS
vacuum j0i which is a tachyon as discussed in Chap. 8. The first excited state is the
massless ten-dimensional vector j �i D b

�

�1=2j0i with the corresponding vertex
operator  �.z/. Thus, the vector vertex operator in the bosonized version of the
theory is simply given by Eq. (13.6). In general, states in the NS sector are created
by vertex operators

V�.z/ DW ei���.z/ W; (13.7)

where � are D5 lattice vectors in the (0) or (V) conjugacy class. For instance, for
the tachyon � D 0 and for the SO.10/ vector � D .0; : : : ;˙1; : : : ; 0/.

On the other hand, states in the R sector of the theory have Fermi statistics.
They are created again by vertex operators of the form Eq. (13.7) but now with �
a lattice vector of the (S) or (C) conjugacy classes of D5. The ground states are
the two massless spinors of opposite chirality denoted by jS˛i and jS P̨ i with D5

weights � D .˙ 1
2
;˙ 1

2
;˙ 1

2
;˙ 1

2
;˙ 1

2
/ with an even and odd number of minus signs,

respectively.
The vertex operator of the massless vector has conformal dimension hD �2

2
D 1

2
.

Remember that vertex operators of physical massless states must have hD 1.
Similarly, the massless spinors belong to vertex operators with conformal dimension
h D 5

8
, also in contradiction to the physical state condition. (Note that for massless
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states eik�X has vanishing conformal weight.) This discrepancy clearly indicates that
the vertex operators of Eq. (13.7) with � 2 .0/, (V), (S), (C) of D5 are not the full
vertex operators of the fermionic string theory and have to be complemented by an
additional piece.

The mismatch of the conformal dimension is however not the only problem.
Consider the operator algebra between the vector  � and the spinor fields S˛, S P̨ in
a SO.10/ covariant chiral basis:

 �.z/ S˛.w/ D 1p
2

.� �/˛
P̌

.z� w/1=2
S P̌.w/C : : : ;

S˛.z/ Sˇ.w/ D 1p
2

.��/˛ˇ

.z� w/3=4
 �.w/C : : : ;

S˛.z/ S P̌.w/ D
C˛ P̌

.z � w/5=4
C 1

2

.���	/˛ P̌

.z� w/1=4
W � 	.w/ W C : : : : (13.8)

Here C˛ P̌ is the SO.10/ charge conjugation matrix and .��/˛
P̌ are Dirac matrices in

ten dimensions. Consult the appendix of Chap. 8 for details. There are several ways
to derive these operator products. One uses bosonization and an explicit form for
the cocycle factors. The normalization factors are easy to get this way. Another is to
use SO.10/ covariance.

These equations show that S˛.z/ (S P̨.z/) creates a branch cut which renders the
theory non-local. Locality of the operator product algebra is, however, necessary
e.g. to get well-defined scattering amplitudes, which require an integration over the
positions of the vertex operators. The appearance of branch cuts can be traced back
to theD5 inner-product rule .V/ � .S/ D 1

2
C n, n 2 Z (cf. Table 11.2 on page 333).

Furthermore, S˛ does not anticommute with itself, as .S/ � .S/ D 5=4Cn. Also note
the branch cut in the operator product between S˛ and S P̌ due to .S/ �.C/ D 3=4Cn.

In summary, without further modifications the fermionic string theory is non-
local and therefore ill-defined. This is simply a reflection of the properties of the
D5 weight lattice. Therefore one expects that the complete vertex operators of the
fermionic string require a modification of the D5 lattice. The missing piece will be
provided by the superconformal ghost system. Before demonstrating this, let us first
present a general discussion of first order systems such as the b, c and ˇ, � ghost
systems. Their bosonization will be of particular importance for the construction of
the vertex operators of the superstring.

We introduce a common notation and consider b and c as conjugate fields with
first order action

S D 1

2�

Z

d2z b @c: (13.9)

The field b has conformal weight � and c has weight 1 � � and the action is
conformally invariant. The statistics of b and c is parametrized by 
: 
 D 1 for
Fermi statistics and 
 D �1 for Bose statistics. For � D 2; 
 D 1, this is the
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conformal ghost system, discussed in detail in Chap. 5. For � D 3=2; 
 D �1 this
is the superconformal ghost system, called .ˇ; �/ in Chap. 8. The system of one
complex fermion is an example of a fermionic first order system with � D 1=2.
Here we identify b D �C and c D ��.

The equations of motion and their solutions are

@b D 0; i.e. b D b.z/;
@c D 0; i.e. c D c.z/: (13.10)

The propagator is

hc.z/ b.w/i D 1

z � w
(13.11)

and the basic operator products are

c.z/ b.w/ D 1

z� w
C regular ; b.z/ c.w/ D 


z � w
C regular: (13.12)

The b.z/ b.w/ and c.z/ c.w/ products are non-singular. We have the mode expan-
sions

b.z/ D
X

n2a��CZ

z�n��bn;

c.z/ D
X

n2aC�CZ

z�n�.1��/cn (13.13)

with the following Hermiticity conditions

b�n D 
b�n; c�n D c�n (13.14)

and (anti) commutator

Œcm; bn�
 D ımCn: (13.15)

For the case of half-integer �, there are two sectors, the R sector specified by a D 1
2

and the NS sector with a D 0.2 The action of the modes on the SL.2;C/ invariant
vacuum is

bnj0i D 0 for n � 1 � �;
cnj0i D 0 for n � �: (13.16)

2We can also have a D 1
2

for integer � corresponding to a twisted sector.
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The energy-momentum tensor can be derived either by first coupling the theory to
a world-sheet metric or as the Noether current for the conformal symmetry. Either
way we find

T D �� Wb@c W C.1 � �/ W.@b/c W

D 1

2
.W.@b/c W � Wb@c W/C 1

2

Q @.Wbc W/; (13.17)

where we have introduced

Q D 
.1 � 2�/: (13.18)

Normal ordering is defined in the usual way, cf. e.g. Eq. (5.10) on page 108. The
significance of Q as a background charge will become clear below. The Virasoro
generators are3

Ln D
X

m

�

m � .1 � �/ n� Wbn�m cm W : (13.19)

The central charge is found by computing the operator product between T .z/ and
T .w/:

c D �
.12�2 � 12�C 2/ D 
.1 � 3Q2/ (13.20)

and it is straightforward to verify that

T .z/ b.w/ D �b.w/

.z � w/2
C @b.w/

z � w
C regular (13.21)

and

T .z/ c.w/ D .1 � �/c.w/
.z � w/2

C @c.w/

z� w
C regular; (13.22)

as expected. In Table 13.1 we collect the values of the various parameters for the
conformal and super-conformal ghost systems and complex NSR fermions.

The action Eq. (13.9) is invariant under a chiral U.1/ acting as c! ei˛c,
b! e�i˛b with Noether current ıS D � i

2�

R

d2z j @˛:

j.z/ D � Wb.z/ c.z/ W D
X

n

z�n�1jn; (13.23)

3The generalization of (5.13) is L0 D
1
X

nD1

n.b�ncn C c�nbn/� 1
2
�.�� 1/.
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Table 13.1 Familiar first
order systems


 � Q c

b, c 1 2 �3 �26
ˇ, � �1 3

2
2 11

�˙i 1
1

2
0 1

where

jn D
X

m


 Wcn�mbm W : (13.24)

The operator products of b and c with j reflect the fact that they have U.1/ charges
�1 andC1 respectively:

j.z/ b.w/ D �1
z � w

b.w/C regular;

j.z/ c.w/ D 1

z � w
c.w/C regular: (13.25)

Furthermore one finds

j.z/j.w/ D 


.z � w/2
C regular (13.26)

or, equivalently,

Œjm; jn� D 
m ınCm: (13.27)

The operator product of the chiral current and the energy-momentum tensor is
anomalous:

T .z/j.w/ D Q

.z � w/3
C j.w/

.z � w/2
C @j.w/

z� w
C : : : (13.28)

and only forQ D 0, (� D 1
2
) is j a true primary field with h D 1. In fact, (13.28) is

equivalent to the following transformation of the ghost current under infinitesimal
conformal transformations:

ıj.z/ D �@.z/j.z/ � .z/ @j.z/ � Q
2
@2.z/; (13.29)

which can be integrated to (cf. (4.40) on page 72)

j 0.w/ D
�

@w

@z

��1 �
j.z/ � Q

2

@2w

@w

	

: (13.30)
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Equation (13.28) also implies that the ghost number current is not conserved

rzjz.z/ D 1

4
QR.h/: (13.31)

This can be seen as follows. From (13.28) we derive N@ NwhT .z/j.w/i D ��Q@2wı2.z�
w/. On the other hand, if we couple the theory to a metric of the form ds2 D
2d zd Nz C hNzNzd Nz2 we find hj.w/i D � 1

4�

R

d2zhzz.z/hj.w/T .z/i0 C O.h2/ where
the subscript 0 indicates that the correlation function is computed at hNzNz D 0 and we
have also used that hj.z/i0 D 0. From this we derive N@hj.w/i D Q

4
@2wh Nw Nw.w/ whose

covariant form is (13.31).
The anomaly in the U.1/ current is related to the existence of b; c zero modes.

Their number is determined by the Riemann-Roch theorem, cf. (6.32) on page 132,

Nc �Nb D 
Q.g � 1/ D .1 � 2�/.g � 1/; (13.32)

where g is the genus of the Riemann surface. The situation is very similar to the
U.1/ anomaly in gauge theory. There the anomalous divergence of the chiral U.1/
current is also a topological density whose integral measures the difference between
the number of massless left- and right-handed fermions, i.e. the zero modes of the
chiral Dirac operator. A heuristic way to fix the normalization of the r.h.s. of Eq.
(13.32) is to explicitly construct the normalizable c-zero modes on the sphere as we
did in Chap. 6. They are the monomials 1; z; : : : ; z2��2. There are none for b.4

The operator product Eq. (13.28) is equivalent to the anomalous commutators

ŒLn; j.z/� D 1

2
Qn.nC 1/zn�1 C .nC 1/zn j.z/C znC1 @j.z/ (13.33)

and

ŒLn; jm� D 1

2
Qn.nC 1/ ınCm �mjmCn: (13.34)

From Eq. (13.33) it is apparent that j.z/ transforms covariantly under translations
(L�1) and dilations (L0) but not under the transformations generated by LC1; i.e.
j.z/ is not quasi-primary. It is easy to show using the Hermiticity conditions Eq.
(13.14) that j �n D �j�n, 8n ¤ 0. The case n D 0 is delicate because of normal
ordering ambiguities. We can use Eq. (13.34) to find j �0 :

j
�
0 D �ŒL�1; j1�� D �ŒL1; j�1� D �j0 �Q: (13.35)

4Alternatively, we require that ı˛
R

DbDc bNb cNc e�SŒb;c� D 0 where the b and c insertions are
necessary to absorb the zero modes. This emphasizes the meaning of Q as a background charge,
cf. below.
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Then, if Op is an operator with U.1/ charge p, i.e. Œj0;Op� D pOp and jqi a
state with U.1/ charge q, we find phq0jOpjqi D hq0jŒj0;Op�jqi D �.q0 C q C
Q/hq0jOpjqi; i.e. we have to insert an operator withU.1/ chargep D �.qCq0CQ/
in order to get a non-vanishing result. We then normalize the states such that

h�q �Qjqi D 1 (13.36)

for the non-vanishing inner products. This makes the meaning ofQ as a background
charge manifest.5

We now bosonize the b, c system by a chiral scalar field

j.z/ D 
@�.z/ (13.37)

with

�.z/�.w/ � 
 ln.z � w/: (13.38)

In terms of � the action is

S D � 1

8�

Z

d2z
p
h
�


h˛ˇ@˛� @ˇ� CQR�
�

; (13.39)

from which the anomalous current conservation law Eq. (13.31) follows as the
equation of motion for �. The energy momentum tensor derived from above action
is (after going to conformal gauge)

T .j / D 

�

1

2
Wjj W �1

2
Q @j

�

: (13.40)

As a check we can reproduce Eq. (13.28).
Conformal (primary) fields V.z/ are exponentials of �.z/:

V.z/ DWeq�.z/ W; (13.41)

where q is (half-) integer for the NS (R) sector. This will become clear below.
(We again suppress possible derivative terms and will drop normal ordering symbols
from now on.) Therefore, the allowed bosonic momenta are points in a D1

5A completely equivalent way is to consider hHC d z
2�i
j.z/:::i where ::: stands for some operator

insertions on the sphere which the contour C encloses. In the absence of a background charge this
would be zero as we can contract the contour on the back of the sphere. This requires a change of
variables z D 1=u and the contour now encircles u D 0. However, due to the inhomogeneous term
in (13.30) we get a non-zero contribution. This means that only correlation functions of operators
with a total charge Q can be non-zero.
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lattice where integer lattice points belong to the (0) or (V) conjugacy classes and
half-integer elements to the (S) and (C) conjugacy classes of D1. The U.1/ charge
of eq�.z/ can be determined as

j.z/ eq�.w/ D q

z� w
eq�.w/ C : : : ; (13.42)

and its conformal dimension follows directly from

T .z/ eq�.w/ D

2

6

4

1

2

q.q CQ/
.z� w/2

C @w

z � w

3

7

5 e
q�.w/ C : : : : (13.43)

The contribution to the conformal weight linear in q has its origin in the ghost
number anomaly. The operator eq�.z/ shifts the ghost charge of the vacuum by q
units. It is the vertex operator for a state jqi:

jqi D
I

C0

d z

2�i

1

z
eq�.z/j0i D eq�.0/j0i; (13.44)

which satisfies j0jqi D qjqi. According to Eq. (13.36) one therefore obtains

h0je�Q�.z/j0i D 1: (13.45)

So far we have bosonized only the U.1/ current j.z/ which is a bilinear in the b, c
fields. In the case of Fermi statistics (
 D C1), the fields b, c themselves can be
bosonized in a straightforward way—they are given by the exponentials of �.z/
(compare also with Eq. (13.6)):

b.z/ D e��.z/; c.z/ D e�.z/

 D C1 W
�.z/ �.w/ � ln.z � w/: (13.46)

One readily verifies that for 
 D 1 Eq. (13.40) follows from Eq. (13.17).
On the other hand, in case of Bose statistics the “bosonization” of b.z/, c.z/ is

more complicated. In fact, the energy-momentum tensor T .j / is not complete for

 D �1. If we calculate the anomaly in the T .j /T .j / operator product we find

c.j / D .1 � 3
Q2/ D
(

c 
 D C1
c C 2 
 D �1; (13.47)

where c refers to the value of the anomaly given in Eq. (13.20). This means that in
the bosonic case the field � does not give a complete description of the system. This
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can already be deduced from the fact that the solitons e˙� are always fermions and
cannot accommodate Bose statistics. One requires extra fields for the “bosonization”
of b, c. What is needed is a fermionic system with c D �2. Let us therefore define
two conjugate free fermions �.z/, .z/ of conformal weight 1 and 0 respectively.
They constitute a first order system with 
 D 1, �� D 1, Q� D �1, c� D �2.
Their operator product is

�.z/.w/ � .z/�.w/ � 1

z� w
: (13.48)

Then the Bose fields b, c can be “bosonized” as

b.z/ D e��.z/@.z/; c.z/ D �.z/e�.z/;

 D �1 W
�.z/�.w/ � � ln.z � w/: (13.49)

The correct operator products Eq. (13.12) between b and c are easily verified
using Eq. (13.49).6 One may also show that the ‘bosonized’ version of the energy-
momentum tensor (13.17) is a sum of two terms of the form (13.40), one for a first
order system with � and 
 D �1 and one for a system with � D 1 and 
 D C1.

The �,  system contains its own chiral U.1/ current which provides a second
scalar field �.z/:

W.z/�.z/ WD @�.z/; �.z/�.w/ � ln.z � w/;

�.z/ D e��.z/; .z/ D e�.z/: (13.50)

Thus in terms of � and �, b and c for 
 D �1 are expressed as:

b.z/ D e��.z/e�.z/@�.z/; c.z/ D e��.z/e�.z/: (13.51)

It is important to note that the irreducible representations of the b, c algebra are built
only from �, � and @; the zero mode field 0 never appears in the b, c algebra. On
the sphere we haveN�N� D 1 implying that as long as we do not include 0 we do
not have to neutralize the background charge of the �,  system. One distinguishes
between the ‘small’ and the ‘large’ algebra, where the former only includes @ while
the latter also includes the  zero-mode. The .ˇ; �/ system belongs to the small

6We adopt the convention that different types of fermions anti-commute. This is implemented by
multiplying each bosonized fermion by a cocycle factor, which we do not write explicitly. For
instance, the order of the factors in (13.49) matters in order to reproduce (13.12).
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algebra and any operator which belongs to the small algebra can be constructed in
terms of .ˇ; �/.7

Let us now address the question of vacuum states. A hint that the SL.2;C/
invariant vacuum j0i might not be the only possible one came already from our
discussion of the conformal ghost system. We know that regularity requires that
cnj0i D 0 for n � �. From ŒL0; cn� D �ncn we find that L0cnj0i D �ncnj0i ¤ 0

for n < �. In particular, for 0 < n < �, cn lowers the energy of the vacuum j0i.
If cn is a bosonic operator, we can apply it to j0i an arbitrary number of times thus
lowering the vacuum energy by an arbitrary amount. We find that in the bosonic
case the spectrum is unbounded from below. It is clearly also unbounded from
above. Consequently, the question of the vacuum is ambiguous. In the Fermi case
we can also build states with negative energy, but not without lower bound. Here
the situation is familiar from Dirac theory; we can define different vacua depending
on to what level the states are filled, and these vacua are stable due to the exclusion
principle. In the Bose case the situation is unfamiliar and would be a disaster were
it not for the fact that we are dealing with a free, i.e. non-interacting theory, which
does not allow transitions from one vacuum to another.

We define an infinite number of vacua jqi which can be viewed as Bose/Fermi
seas, by requiring

bnjqi D 0; n > 
q � �;
cnjqi D 0; n � �
q C � (13.52)

where q 2 Z for the NS sector and q 2 ZC 1
2

for the R sector. Since in the Fermi
case the different vacua are distinguished by the occupation of a finite number of
states, we can go from one vacuum to another by application of a finite number
of creation or annihilation operators. This is not so in the Bose case. Here a finite
number of operators will never bring us from one vacuum to another. The q-vacua
are in fact identical to the states jqi D eq�.0/j0i we have encountered before. It is
straightforward to show that they satisfy Eq. (13.52). For instance, for Bose statistics
(
 D �1) we have bnjqi D

H

d z
2�i

znC��1e��.z/@.z/eq�.0/j0i D H

d z
2�i

znC�Cq�1 W
e��.z/@.z/eq�.0/ W j0i. Equation (13.52) then follows from regularity of the normal
ordered product at z D 0. We also see that when acting with an operator in the NS
sector (nC � D integer) on a state with half-integer q we get a branch cut. Hence
these states belong to the R sector. From the expressions of jn and Ln in terms of
modes of b and c it follows that

jnjqi D Lnjqi D 0; n > 0: (13.53)

7Using the integral representation of the ı-function and formal manipulations, one can show, by
verifying the OPEs, that e�.z/ D ı.ˇ.z//; e��.z/ D ı.�.z//; �.z/ D @�.z/ı.�.z// and @.z/ D
@H.ˇ.z// (H is the Heaviside step function). Another way to verify this is to show that the states
ı.ˇ.0//j0i and ı.�.0//j0i have the properties (13.52) for 
 D �1 and � D 3=2 of the j C 1i and
j � 1i vacua, respectively. Note that the zero-mode of  cannot be expressed in terms of ˇ; � .
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The propagator receives a finite correction from the vacuum charge:

h�q �Qjc.z/b.w/jqi � hc.z/b.w/iq
D

X

n�
q��
h�q �QjŒc�n; bn�
jqiz�n�.1��/w�n��

D
� z

w

�
q 1

z � w
: (13.54)

The conformal properties of the current j.z/ and the energy momentum tensor are
also modified. Using the above propagator we find

hj.z/j.w/iq D 


.z � w/2
;

hT .z/j.w/iq D Q

.z � w/3
C q

z.z � w/2
;

hT .z/T .w/iq D c

2.z� w/4
C 
q.QC q/

zw.z � w/2
; (13.55)

where c is the central charge (13.20) of the b c-system. Comparing this with Eq.
(13.28) and the T .z/ T .w/ operator product gives

hj.z/iq D q

z
D 1

z
hj0iq;

hT .z/iq D 1

2

q.q CQ/ 1

z2
D 1

z2
hL0iq; (13.56)

i.e.

j0jqi D qjqi;

L0jqi D 1

2

q.q CQ/jqi: (13.57)

Equation (13.57) also follows directly from Eqs. (13.43) and (13.44) or via the point-
splitting method

lim
w!z

�

h��b.w/ @c.z/C .1 � �/@b.w/ c.z/iq C 


.w � z/2

�

D hL0iq
z2

: (13.58)

We see that the L0 eigenvalue is bounded from below for fermions (
 D C1) and
unbounded for bosons (
 D �1), in agreement with our discussion above. The
SL.2;C/ invariant vacuum has h D 0. There are two states which satisfy this
condition, namely j0i and j � Qi. However it is easy to show that L�1jqi ¤ 0

for q ¤ 0; i.e. j0i is the unique SL.2;C/ invariant state.
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13.2 Covariant Vertex Operators, BRST and Picture
Changing

Let us now apply the bosonization of the super-conformal ghosts ˇ, � to the
construction of the vertex operators of the fermionic string theory. As already
mentioned, the conformal fields of the NSR ( �) part of the fermionic string have
to be completed by conformal fields of the ˇ, � system. This is in analogy to the
bosonic string where physical states contain also ghost excitations. The fundamental
reason for including the superconformal ghosts is again the requirement of BRST
invariance of the physical states. We will see this in the following.

The complete ghost sector of the fermionic string consists of two first order
systems: the conformal ghosts .b; c/ for a fermionic �D 2 system and the super-
conformal ghosts .ˇ; �/ form a bosonic � D 3

2
system, whose ‘bosonization’ we

have discussed above and which we repeat here for completeness:

b D e�� ; c D e� ; �.z/�.w/ � ln.z� w/ (13.59)

and

ˇ D e��@ D e��e�@� ; � D �e� D e��e�;

�.z/�.w/ � � ln.z � w/ ; �.z/�.w/ � ln.z� w/ ; .z/�.w/ � 1

z� w
;

(13.60)

Energy-momentum tensor and supercurrent of the ghost sector are

T gh D �2b@c � .@b/c � 3
2
ˇ@� � 1

2
.@̌ /�;

T
gh
F D �.@̌ /c � 3

2
ˇ@c C 1

2
b� ; (13.61)

and the total ghost number operator reads

Ng D �
I

d z

2�i
.bc C ˇ�/ D

I

d z

2�i
.cb C @�/: (13.62)

For the superconformal ghost system there exist a new quantum number, called the
(ghost) picture charge, which is defined as

Np D
I

d z

2�i
.� � @�/ D

I

d z

2�i
.@� � @�/ (13.63)

such that the original ˇ; � ghosts have picture number zero.
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Consider states of the form j�i ˝jqiˇ;� with corresponding vertex operators in
bosonized form:

V�;q.z/ D ei���.z/eq�.z/; (13.64)

where � is a weight vector of D5 and the picture number q is a D1 “lattice vector”.
The conformal dimension of (13.64) is (cf. Eq. (13.43) with 
 D �1 and Q D 2)

h D 1

2
�2 � 1

2
q2 � q CN (13.65)

(N counts possible oscillator excitations which we neglected in Eq. (13.64).). The
superghostsˇ, � satisfy the same periodicity conditions as the world-sheet gravitino
and therefore, due to the coupling of the gravitino to the supercurrent, the same
boundary conditions as the NSR fermions �. This implies that we must couple the
R (NS) sector of the  � system to the R (NS) sector of the superconformal ghost
system. This is to say that for � 2 .S/, (C) of D5, q must be half-integer, and for
� 2 .0/, (V) of D5, q is integer.

Let us first look at the NS sector of the theory. Here, massless vectors are
characterized by D5 lattice vectors � D .0; : : : ;˙1; : : : ; 0/ and the corresponding
vertex operators have conformal dimension 1

2
. Using formula Eq. (13.65) we see

that the full vertex operator Eq. (13.64) describes a massless vector with h D 1 if

q D �1: (13.66)

We will call this the canonical choice for the picture number and NS vertex operators
with q D �1 are said to be in the canonical ghost picture. Thus, a general NS state
in the canonical ghost picture is created by a vertex operator

V�;�1.z/ eik�X.z/ ; � 2 .0/; .V/ of D5 (13.67)

and has (right-moving) mass

˛0

2
m2
R D

1

2
�2 � 1

2
q2 � q � 1 D 1

2
�2 � 1

2
: (13.68)

Here we have again neglected oscillator contributions. The �1 contribution to the
zero point energy is due to the requirement that physical vertex operators have
conformal dimension h D C1 or, from the point of view of Chap. 5, due to the
reparametrization ghosts. Together with the 1

2
mass unit from the superconformal

ghosts ˇ, � one obtains the correct normal ordering constant, the tachyon mass in
the NS sector. The ground state in the NS sector is thus e��c.0/j0i.

Let us now consider the R sector, where massless spinors correspond to the
weight vectors� D .˙ 1

2
;˙ 1

2
;˙ 1

2
;˙ 1

2
;˙ 1

2
/with an even and odd number of minus
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signs for S˛ and S P̨ respectively. We now find that

q D �1
2

(13.69)

for the vertex operator Eq. (13.64) of the massless spinors to have conformal
dimension h D 1. Again, we call this the canonical ghost picture in the R sector. All
vertex operators in this ghost picture are of the form

V�;� 1
2
.z/ eik�X.z/ ; � 2 S;C of D5 (13.70)

with mass

˛0

2
m2
R D

1

2
�2 � 1

2
q2 � q � 1 D 1

2
�2 � 5

8
: (13.71)

Now consider operator products between two different vertex operators as given
in Eq. (13.64):

V�;q.z/V�0;q0.w/ D .z� w/���0�qq0

V�C�0;qCq0.w/C : : : : (13.72)

Since the ghost charges add, it is apparent that vertex operators in non-canonical
ghost pictures appear in the operator product expansion. What is their meaning?
Recall that in the bosonic string we found two vertex operators for each physical
state, the integrated

R

V and the unintegrated, cV which satisfy ŒQ; V � D @.cV /.
One can use either one in correlation functions as long as the ghost zero modes are
saturated. A similar redundancy is found for the fermionic string. However, since
the superconformal ghosts are Grassmann even, we find an infinite degeneracy on
top of the twofold degeneracy due to the conformal ghost system. For each physical
state we have an infinite number of integrated and unintegrated vertex operators
with different picture numbers. They are related by the so-called picture changing
operation.

For better understanding of the meaning of states with arbitrary, non-canonical
ghost charge q, which are required for closure of the operator algebra Eq. (13.72),
we need to use the BRST formalism. For this we need to construct the BRST charge
Q of the fermionic string theory. It receives contributions from the fields X , b, c
as well as from their superpartners  , ˇ, � . One can straightforwardly generalize
the discussion of Chap. 5 to graded symmetry algebras, such as the super-Virasoro
algebra (12.23) and construct a nilpotent BRST charge. One finds

Q D
I

d z

2�i

�

c
�

T X; C 1

2
T b;c;ˇ;�

� � � �T X; F C 1

2
T
b;c;ˇ;�
F

�

	

D Q0 CQ1 CQ2; (13.73)



406 13 Covariant Vertex Operators, BRST and Covariant Lattices

where

Q0 D
I

d z

2�i

�

c T X; ;ˇ;� C c.@c/b�;

Q1 D �
I

d z

2�i
� T

X; 
F D � i

2

r

2

˛0

I

d z

2�i
e��e�  � @X�;

Q2 D �
I

d z

2�i

1

4
b�2 D C

I

d z

2�i

1

4
b e2�e�2�: (13.74)

The subscript on Q denotes the superconformal ghost charge. Q0 is the BRST
operator of the bosonic theory, if we treat ˇ, � as extra matter fields. Q1

generates world-sheet supersymmetry transformations with parameter given by the
supersymmetry ghost � . Finally, Q2 is needed for the closure of the BRST algebra.
Note that Q has picture number zero. For the BRST transformations of the various
fields we find

ŒQ;X�.z/� D c@X�.z/C i

2

r

˛0
2
� �.z/;

fQ; �.z/g D
�

1

2
@c �.z/C c@ �.z/

�

� i
2

r

2

˛0
�@X�.z/;

fQ; c.z/g D c@c.z/ � 1
4
�2.z/;

ŒQ; �.z/� D � 1
2
@c�.z/C c@�.z/;

fQ; b.z/g D T tot.z/;

ŒQ; ˇ.z/� D � T tot
F .z/;

ŒQ; T tot.z/� D 1

8
.d � 10/@3c.z/;

fQ;T tot
F .z/g D � 1

8
.d � 10/@2�: (13.75)

Here T tot and T tot
F are the energy-momentum tensor and the supercurrent for all

the fields involved (matter and ghosts). On the matter fields Q acts as a combined
conformal transformation with parameter �c and a superconformal transformation
with parameter � . One can verify that Q2 D 0 for d D 10 and that the action is
BRST invariant.

Consider the holomorphic part of the vertex operator for a massless spinor in the

canonical q D �1
2

ghost picture:

V� 12 .z/ D u˛S˛.z/e
� 12 �.z/eik�X.z/: (13.76)
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u˛ is the spinor wave function. Let us first show that it is BRST invariant
i.e. ŒQ; V� 12 � vanishes up to a total derivative which is irrelevant upon integration
over z. First we have (cf. Eq. (5.44) on page 115)

ŒQ0; V� 12 � D @.cV� 1
2
/: (13.77)

Then, using Eqs. (13.8) and (13.49), we obtain

e���TF .z/ V� 1
2
.w/ � 1

2
p
2

r

˛0
2
.z� w/�1.=ku/ P̨ e

1
2 � e�� S P̨ .w/ eik�X.w/: (13.78)

Thus ŒQ1; V� 12 � D 0 if we demand that u˛ satisfies the on-shell condition =ku D 0.
This is the massless Dirac equation in momentum space for the polarization spinor
u˛.k/. Finally

e2�e�2�b.z/ V� 12 .w/ � .z� w/ e
3
2 � e�2� b u˛S˛e

ik�X.w/ (13.79)

shows that ŒQ2; V� 12 � D 0. Therefore V� 1
2

is a BRST invariant vertex operator. In
general, BRST invariance of physical state vertex operators requires that they satisfy
on-shell conditions.

However we can create a second version of the fermion vertex operator with
different ghost number which is also BRST invariant. This operator is defined as

VC 1
2
D 2ŒQ; V� 12 �: (13.80)

The subscript 1
2

denotes that this vertex operator now has picture number q D C 1
2
.

VC 1
2

is obviously BRST closed. One might think that it is also BRST exact, in which
case it would decouple in correlation functions of BRST invariant operators. This is
however not the case since the ˇ, � algebra and consequently also Q only contain
@, but not the zero mode of .8 We can then compute9

8The BRST cohomology in the large algebra is trivial because Q is invertible there. Indeed,
fQ; c@e�2�g D constant.
9In the derivation of Eq. (13.82) we need the subleading term of the first of the operator products
in Eq. (13.8). One can show that in d dimensions

k�u˛ �.z/S˛.w/ � 1p
2
.z� w/1=2

1
d
2
� 1u˛k� 

� 	.�	/˛
P̌

S P̌ (13.81)

for on-shell u˛ .
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VC 1
2
D ŒQ0 CQ1 CQ2; 2V� 12 �

D �2@.cV� 1
2
/C 1p

˛0
u˛
˚

e
1
2 �.i@X� C ˛0

8
.k �  / �/.��/˛ P̌S P̌




eik�X

C1
2
b�e

3
2 �u˛S˛e

ik�X: (13.82)

The derivative term is the contribution fromQ0 and the term with ghost charge 3
2

is
generated by Q2. Both of these terms will never contribute to correlation functions
(at least at tree level); the former vanishes upon integration over z and the latter
contains one b field which will not be absorbed by a c field. Also note that the zero
mode of  does not contribute to VC 1

2
, so its ghost part is also in the ˇ, � algebra.

The physical fermion vertex operator in the C 1
2

ghost picture which is relevant for
tree-level computations is therefore

VC 1
2
D ŒQ1; 2V� 12 �

D �2
I

dw

2�i
e��.w/e� TF .w/ e�.z/ V� 12 .z/

D C2 lim
w!z

e�.w/TF .w/V� 1
2
.z/

D C 1p
˛0

u˛
n

e
1
2 �
�

i@X� C ˛0

8
.k �  / �

�

.��/˛
P̌
S P̌
o

eik�X; (13.83)

where we have restored factors of ˛0.
This discussion generalizes in the following way. As we already mentioned, we

have both integrated and unintegrated vertex operators. The above was an example
of an integrated vertex operator, i.e.

R

V�1=2 had to be BRST invariant and V�1=2
had to have conformal weight one.10 There are also unintegrated vertex operators
V 0 which are BRST invariant, i.e. they satisfy ŒQ; V 0� D 0 and are related to
the integrated ones as ŒQ; V � D @V 0. Using that ŒQ;L�1� D 0 together with the
requirement that the BRST cohomology be non-trivial shows that Q-closure of V 0
is a consequence of ŒQ; V � D @V 0.

In the fermionic string, V and V 0 come in infinitely many version of different
picture number, which are related as follows. Since Q has zero picture number q,
at fixed picture number we still have the above relations between Vq and V 0q . One
defines the picture changing operator via

V 0qC1 D PC1V 0q D ŒQ; 2V 0q �: (13.84)

From ŒQ; V 0q � D 0 it follows that

PC1V 0q .z/ � lim
w!z

Z.w/V 0q .z/ (13.85)

10In Chap. 5 we wrote � for integrated and  D c� for unintegrated vertex operators.
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with

Z D 2fQ; g D 2c@ C 2T .X; /F e� C 1

2
e2�b@�C 1

2
@.e2�b�/

D 2T tot
F e

� � 1
2
.@b/�e2�

D 2T .X; /F e� C : : : (13.86)

is the picture raising operator. It carries one unit of picture charge. In the last line we
have explicitly written only the part of Z which are relevant for all vertex operators
which we will encounter in this and, in particular, in Chap. 16. We will often simply
call this the picture changing operator. For integrated vertex operators one defines

VqC1 D ŒQ; 2Vq�C @.2V 0q / D PC1Vq C 2@ V 0q : (13.87)

We have seen in the example above that ŒQ0; 2Vq� is a total derivative. It has to
be subtracted since we want VqC1 to be in the small algebra. The subtraction of
the zero-mode part of  is such that it does not affect BRST invariance. Indeed,
fQ;VqC1g D @ŒQ; 2V 0q � D @V 0qC1, which vanishes upon integration.

We have seen in the example above that the relevant part of the picture raising
operator acts like a world-sheet supersymmetry transformation. In fact, apart from
the ghost contribution, it essentially acts like OG� 1

2
(cf. (12.35) on 363). This also

explains the factor of two in the definition of the picture raising operation, which is
the same as the one in the defining relation between Gr and TF .

The inverse of picture raising is picture lowering. The picture lowering operator
P�1 is the inverse of PC1. Defining a field Y.w/ by P�1V 0q D limw!z Y.w/V 0q .z/ D
V 0q�1.z/ one gets limz!wZ.z/Y.w/D 1. One verifies that Y D 2c@e�2� . We will
not go into any further details. In summary, the picture changing operations provide
infinitely many BRST invariant vertex operators for every physical state with
arbitrary picture number q where q 2 Z .ZC 1

2
/ for space-time bosons (fermions).

As a second example, picture changing of the vertex operator of the massless
vector in the �1 picture,

V�1 D e�� 
� � eik�X (13.88)

leads to its copy in the 0 picture:

V0 D
r

2

˛0

�

�

i@X� C ˛0

2
.k �  / �

�

eik�X: (13.89)

There is no contribution fromQ2. For the tachyon we derive

V0 D
r

˛0
2
k �  eik�X: (13.90)



410 13 Covariant Vertex Operators, BRST and Covariant Lattices

We will discuss other vertex operators and also their normalization in Chap. 16 when
we use them to compute scattering amplitudes.

One can immediately check that the mass formula Eq. (13.65) gives the same
answer in any ghost picture. Z, which has conformal weight 0, always acts in a
way that the effect of changing the ghost charge q is compensated e.g. by oscillators
@X� or extra  � factors. Thus the mass spectrum of the fermionic string is in fact
bounded from below unlike the spectrum of the ˇ, � theory. The reason is that only
BRST invariant combinations are accepted as physical states. Also, the physical
vertex operators, no matter in what ghost picture, never contain the zero mode of ;
i.e. they are always in the ˇ, � algebra.

Note that it follows from Eq. (12.15) that a NS sector vertex operator in the zero
ghost picture, which depends only on the fields from the matter sector, is BRST
invariant if it is the upper component of a h D 1

2
superfield. The lower component is

provided by the vertex operator in the canonical ghost picture (apart from the factor
e��).

The picture changing operation is important for the evaluation of correlation
functions. We have seen that correlation functions in the SL.2;C/ invariant vacuum
vanish if we do not insert an operator with ghost charge q D �Q D �2. This
means that to get non-vanishing scattering amplitudes we have to choose the ghost
pictures for the vertex operators such that the total superconformal ghost charge adds
up to �2. This is analogous to the situation we encountered when discussing the
conformal ghosts in Chap. 6. There the vacuum carried three units of ghost charge
and they had to be absorbed by ghost zero mode insertions. If we denote by � the
boson that arises from bosonizing the conformal ghosts b, c and by � the boson
from the ˇ, � system, we have11

h�Qb;c �Qˇ;� j0i D h0je3�.0/�2�.0/j0i D 1: (13.91)

BRST invariance of the states j0i and e3�.0/�2�.0/j0i is easy to verify. For
instance, since in the critical dimension Q commutes with the Ln’s (cf. Eq.
(13.75)), we find that L0;˙1Qj0iD0. Since the SL.2;C/ invariant vacuum state is
unique, we concludeQj0iD0. Invariance of e3�.0/�2�.0/j0i is shown by computing
ŒQ; e3�.0/�2�.0/�. Hence the vacuum expectation values of BRST invariant operators
will be BRST invariant.

It is now important that correlation functions of physical vertex operators
are independent of how we distribute the ghost charges among them as long
as
P

i qi D �2, at tree level, say. The reason is the following. Since none of
the vertex operators depends on the zero mode 0, we can insert it in the
functional integral and integrate over it; i.e. we insert 1D R

d00. Since 0 is
a Grassmann variable, we can replace it by .z/ for arbitrary z. (This follows
from

R

D 0d00F. 0/D
R

D 0d0.z/F. 0/ where  0 denotes the non-zero mode

11If we include the zero mode of the �,  system, we also have to neutralize its background charge
and get h0je3��2�C�j0i D 1. e3��2�C�j0i is however not BRST invariant.
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part of .) So we can attach .z/ to any of the vertex operators in the correlation
function, say to Vq1.z1/. Now rewrite any of the other vertex operators, say
Vq2.z2/, as Vq2.z2/ D 2

H

dw
2�i
.w/jBRST.w/Vq2�1.z2/. We deform the integration

contour by pulling it off the back of the sphere. Due to BRST invariance it passes
through all vertex operators except for .z1/Vq1 .z1/ which becomes Vq1C1.z1/. Then
R

d0.w/ D 1. In summary, we have traded one unit of picture charge between two
vertex operators within a BRST invariant correlation function without changing its
value.

Most of our discussion in this section included only one chiral sector of the
fermionic string. For the type II theories we have to combine the two chiral sectors,
in particular when constructing vertex operators, which are now doubly infinitely
degenerate. For the heterotic string we have to combine the chiral vertex operators
of the fermionic string with anti-chiral vertex operators of the bosonic string. As we
will discuss in more detail in Chap. 15, one can construct covariant vertex operators
also for states of compactified string theories. This does not affect the ghost sector
but only the structure of the c D 15 (c D 26) conformal field theory.

For open strings, i.e. for world-sheets with boundary, there are some changes,
e.g. for the BRST transformation we employ the doubling trick, etc. Rather than
presenting a general discussion, we will point out those aspects which will be
important for the computation of open string tree level amplitudes in Chap. 16. On
the disk, the superconformal ghost charges of the vertex operators have to add up
to �2. However, due to the presence of the boundary, the holomorphic and anti-
holomorphic parts are no longer independent, i.e. there is no independent left-
and right-moving background charge. In this respect, the situation is completely
analogous to that of the b; c ghosts. In the presence of D-branes of various
dimensions, the c D 15 (c D 26) conformal field theory changes, while the ghost
sector is the one discussed here.

As we have discussed in Chap. 6, one-point functions of the disk do not
necessarily vanish. An example are one-point functions (tadpoles) of RR fields
which will play an important role later on. Even though we will not need to compute
one-point functions explicitly, it is worth pointing out it would require the RR vertex
operator in an asymmetric ghost picture, e.g. .� 1

2
;� 3

2
/. The construction of the

appropriate vertex operator is rather complicated and will not be pursued here. We
will discuss other open string vertex operators in Chap. 16.

13.3 D-branes and Space-Time Supersymmetry

The vertex operator (13.76) is the holomorphic part of the gravitino vertex operator
of the type II and heterotic strings (cf. Chap. 16 for the complete vertex operator).
The right-moving space-time supercharge is the integral of this vertex operator at
zero momentum

QR˛ �
I

d z

2�i
S˛ e

��=2.z/: (13.92)
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QR˛ is a Majorana spinor. In this section the spin fields S˛ , ˛ D 1; : : : ; 32 are
Majorana, not Majorana-Weyl. The latter will be denoted as S˙ D 1

2
.1˙ � /S �

�˙S , rather than S˛ and S P̨ with ˛; P̨ D 1; : : : ; 16, as we did previously. Here
� � �11 D � 0 : : : � 9.

A sensible algebra for the charges results only, if the operator products have
no branch cuts. This is implemented by the GSO projection which only allows,
say, Q.C/

R . Using the operator product of two spin fields one verifies the chiral
supersymmetry algebra

fQ.C/
R˛ ;Q

.C/
Rˇ g �

�

�C��C�1
�

˛ˇ
p
�

.�1/: (13.93)

Here

p
�

.�1/ �
I

d z

2�i
 � e��.z/ (13.94)

is the zero-momentum part of the holomorphic piece of the graviton vertex operator
in the canonical ghost picture. (In this discussion we drop factors of ˛0 and
numerical factors.) It is related to the space-time momentum

p� �
I

d z

2�i
i@X�.z/ (13.95)

via picture changing. The supercharges (13.92) are in the canonical ghost picture. It
is not difficult to work out their version in the .C1=2/ picture:

QR˛ �
I

d z

2�i
i@X�.��/˛

ˇ Sˇ e
�=2.z/: (13.96)

The supercharge transforms a space-time fermion into a space-time boson and vice
versa:

fQ.C/
R˛ ; u˛S.C/˛ e��=2eik�Xg � ��C��

�

˛ˇ
uˇ  � e��eik�X (13.97)

and

ŒQ
.C/
R˛ ; 
� 

� e�� eik�X� � k�
	��C��	
�

˛
ˇ S

.�/
ˇ e��=2 eik�X: (13.98)

For type II strings a second gravitino comes from the left-movers:Q.C/
L for type IIB

andQ.�/
L for type IIA.

How is this modified in type I theory or, more generally, in the presence of
Dp-branes? To analyze this, we need to understand spin fields in the presence of
a boundary. Recall the discussion of boundary conditions of world-sheet fermions
in Sect. 7.3. If we map them to the upper half plane and take into account that the
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fermions are half-differentials which leads to a non-trivial contribution from the
Jacobian, we find

 �.z/ D �D�
	  

	
.z/
ˇ

ˇ

ˇ

Im zD0 ; � D
(

C 1 .NS/ ;

sign.Re z/ .R/:
(13.99)

The matrix D�
	 was defined previously: it has eigenvalues C1 along .p C 1/ NN

and �1 along .9� p/ DD directions, i.e. these are the boundary conditions relevant
in the presence of a Dp-brane. For the spin fields we make the ansatz

S˛.z/ D P˛ˇ Sˇ.z/
ˇ

ˇ

ˇ

Im zD0: (13.100)

Our task is to determine P . This can be done by requiring the consistency of the
OPE

 �.z/ S˛.w/ � 1p
2.z � w/

.� �/˛
ˇ Sˇ.w/ (13.101)

and its analogue for the left-movers with the boundary conditions (13.100). This
leads to the condition

P.D�
	 �

	/ D � �P (13.102)

which is solved by

P D
Y

i

.�i � /: (13.103)

The product is over all D-directions. The sign in (13.103) is arbitrary but otherwise
the phase of P is fixed by the requirement that it transforms Majorana spinors
to Majorana spinors.12 One can check that (13.103) is also consistent with the
S˛.z/Sˇ.w/ OPE.

One important observation is that P reverses the chirality, if the number of
Dirichlet directions is odd. Recall from Chap. 4 the discussion of conserved charges
in the presence of a boundary. It follows from this discussion that QL and PQR

must have the same chirality and that the conserved supercharges are

Q˛ D QL˛ C .PQR/˛ ; (13.104)

12We use C D CC in which case Majorana spinors and the Dirac matrices are real in the Majorana
representation.
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where QL and QR are represented by integrals over semi-circles, as in (4.147).13

This reproduces the familiar result that the spectrum of SUSY preserving Dp-branes
is p even for IIA and p odd for IIB. For the type I theory we need symmetry under
S $ S . With (13.100) this requires P2 D 1 which leaves only p D 1; 5; 9, another
familiar result.

We can parametrize SUSY transformations by two Majorana fermions 
L;R and
define the supercharges


LQL C 
RQR: (13.105)

For type IIB 
L;R have the same chirality and for type IIA they have opposite
chiralities. In either case there are 16+16 independent real components and hence
as many independent supercharges. In the presence of D-branes 
L;R are not
independent. They have to satisfy


L D ˙P 
R (13.106)

and solutions to this equation parametrize unbroken supercharges. The two signs
distinguish branes from anti-branes.

Since 
L;R are chiral spinors, the condition for the preserved supercharge of a
Dp-brane along the directions (x0; x1; : : : ; xp) can be conveniently written in the
form


L D ˙� 0� 1 � � �� p 
R: (13.107)

If there are several branes, either of different dimensions or spanning different
directions in space, one obtains several conditions on 
L;R. These might or might
not have non-trivial solutions. The number of parameters in the solution counts the
number of supercharges left unbroken by the brane configuration.

Consider two Dp-branes, rotated against each other. If R is the SO.9/ matrix
which rotates the world-volume of one into the other—the time-direction is common
to both—the supersymmetries preserved by the two branes are


L D � 0 � � �� p 
R and 
L D R�1� 0 � � �� pR 
R: (13.108)

While generically they have no non-trivial common solution,14 there are special
cases for which they do. To see this, we consider the case of two D6-branes
which intersect along four-dimensional Minkowski space-time, already studied in
Sect. 10.6. Here R 2 SO.6/ and the relations to analyze are (�11
R D 
R)

13Using the boundary condition (13.100) on the real axis, we can analytically continue the spin field
to the lower half plane and use the doubling trick to represent the supercharge by a closed-contour
integral. The superconformal ghost is continuous across the real axis.
14The condition is det.� 0 � � �� p �R�1� 0 � � �� pR/ D 0.
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L D � 7� 8� 9 
R and 
L D R�1� 7� 8� 9R 
R: (13.109)

Furthermore is suffices to consider the case where 
L;R are chiral and anti-chiral
spinors of SO.6/, respectively.15 The two conditions (13.109) have a non-trivial
solution, if R 2 SU.3/ � SO.6/. To see this, recall our discussion in Appendix 8.5
and choose for 
R the highest weight state j˝iwhich is annihilated by bk D 1

2
.� kC

i� kC3/, k D 4; 5; 6. Since this state is a singlet of SU.3/, it is invariant under
R 2 SU.3/. � 7� 8� 9 transforms j˝i into j˝i, the lowest weight state which is
annihilated by bk D 1

2
.� k � i� kC3/. This state is also a singlet and is therefore

also invariant under SU.3/. In other words, the two conditions in (13.109) become
identical and are simultaneously solved by 
R � j˝i and 
L � j˝i. We conclude
that for R 2 SU.3/ the two branes preserve one quarter of the supersymmetries
which are preserved by either one of them, i.e. four supercharges. This corresponds
to N D 1 space-time supersymmetry in the four dimensions which are common to
both branes. The same is true, if we add additional D6 branes as long as they are all
related by SU.3/ rotations.

To make contact with our discussion in Chap. 10, we note that a general SO.6/
rotation matrix can be diagonalized to

diag.eCi�1 ; eCi�2 ; eCi�3 ; e�i�1 ; e�i�2 ; e�i�3/: (13.110)

For �1 C �2 C �3D 0 mod 2� this is an element of SU.3/ in the 3 C 3, which is
the decomposition of the 6 of SO.6/ under SU.3/ � SO.6/. This is the condition
(10.197). Replacing in the above discussion SU.3/ by SU.2/, we find that two D7-
branes intersect along R

1;5 and that they preserve eight supercharges. The results
obtained can also be generalized to intersecting Dp-branes at angles for other
values of p: one finds that as long as they are related by SU.n/ rotations, some
supersymmetry is preserved.

The discussion of unbroken supercharges in the presence of branes given
here relies on CFT arguments. We will reproduce these results using space-time
arguments in Sect. 18.5.

13.4 The Covariant Lattice

Let us now return to the operator product expansion Eq. (13.72). It strongly suggests
to combine the D5 weight vectors � with the D1 weights q to a six-dimensional
vector w D .�; q/. Doing this we can write the operator algebra as

Vw1 .z/Vw2 .w/ D .z� w/w1�w2 Vw1Cw2 .w/C : : : : (13.111)

15To see this, refer to the decomposition (14.40).
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Table 13.2 Decomposition
of D5;1 conjugacy classes

D5;1 D5 ˝ D1

(0) (V,V) ˚ (0,0)
(V) (V,0) ˚ (0,V)
(S) (S,S) ˚ (C,C)
(C) (C,S) ˚ (S,C)

Closure of the algebra implies that w1, w2 are vectors of a six-dimensional
Lorentzian lattice D5;1 with metric signature .C C C C C;�/. The minus sign is
due to the ghost sector. This enlarged Lorentzian lattice is usually called covariant
lattice, as it describes the covariant vertex operators of the fermionic string. Since
the only allowed vectors of D5;1 decompose under D5 ˝D1 as w D .�I q/, where
� and q belong both to either the NS sector or both to the R sector, the lattice D5;1

contains four conjugacy classes: (0), (V), (S) and (C). Now consider the weights of
D5;1 which correspond to the states of lowest mass in the canonical ghost picture:

wtachyon D .0; 0; 0; 0; 0I �1/ 2 .V / of D5;1

wvector D .0; : : : ;˙1; 0; : : : ; 0I �1/ 2 .0/ of D5;1

wspinor D
�˙ 1

2
;˙1
2
;˙1
2
;˙1
2
;˙1
2
I �1
2

� 2 .C / of D5;1

odd number of

minus signs

wantispinor D
�˙ 1

2
;˙1
2
;˙1
2
;˙1
2
;˙1
2
I �1
2

� 2 .S/ of D5;1

even number of

minus signs
:

We recognize that for states in the canonical ghost picture, all vectors in the (V)
[(S)] conjugacy class ofD5 belong to the (0) [(C)] conjugacy class ofD5;1 and vice
versa. The decomposition of the conjugacy classes ofD5;1 into those ofD5˝D1 is
given in Table 13.2. The mass of a state jwi can be written in terms of lattice vectors
of D5;1 as (remember the negative metric of this lattice)

˛0

2
m2
R D

1

2
w2 C w � e6 � 1; (13.112)

where e6 is the basis vector .0; 0; 0; 0; 0I 1/. From the discussion above we
understand the meaning of lattice vectors with different ghost charge q. They all
correspond to copies of the same physical state but in different ghost pictures.
However there is no one-to-one relation between D5;1 lattice vectors and physical
states. Only states in the canonical ghost picture are directly related to lattice vectors
of D5;1. In other ghost pictures there is no clear relation between lattice vectors
and physical vertex operators. These are in general given by linear combinations
of vertex operators of the form Eq. (13.64). For instance, the relevant D5;1 lattice
vectors for the massless vector in the 0 picture are the null vector and the vectors
.˛I 0/ where ˛ is a root of D5. The picture changing operation does not change the
D5;1 conjugacy class of a state. This is so because the picture raising operator PC1
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Table 13.3 Mutual scalar
products of D5;1 conjugacy
classes

(0) (V) (S) (C)

(0) Z Z Z Z

(V) Z ZC 1

2
ZC 1

2

(S) Z ZC 1

2
(C) Z

corresponds to the D5;1 lattice vector16

wPC D .0; : : : ;˙1; : : : ; 0IC1/; (13.113)

which is a root of D5;1. Picture changing acts on the lattice D5;1 by simply adding
wPC.

Let us return to the question of locality, i.e. absence of branch cuts in the operator
product algebra of the fermionic string. The exponents of .z�w/ are determined by
the inner product rules of conjugacy classes of the Lorentzian lattice D5;1 which
are summarized in Table 13.3. We realize that we have almost reached our aim to
obtain a local theory by extendingD5 to D5;1. The massless spinor (2 .C/ of D5;1)
is now local with respect to the massless vector (2 .0/ of D5;1). The branch cut in
the operator product  �.z/S˛.w/ is canceled by the branch cut in e��.z/e� 1

2 �.w/.
However there are still some sources of non-locality. The tachyon (2 .V/ ofD5;1) is
non-local with respect to the spinor (and also to the antispinor) and also the spinor
is non-local with respect to the antispinor (2 S ofD5;1). Thus a projection is needed
which eliminates half of the conjugacy classes of D5;1 and makes the theory local.
We see that the NS sector with (0) and (V) of D5;1 leads to a local, closed operator
algebra as well as the projection onto the (0) and (C) (or equivalently (S)) conjugacy
classes of D5;1. The latter projection is identical to the GSO projection introduced
within the fermionic formulation of the spinning string. It leads to a space-time
supersymmetric spectrum; the (0) and (C) conjugacy classes contain each others
supersymmetric partners.

We now show that this projection on the lattice D5;1 with (0) and (C) (or (S))
conjugacy classes is enforced by modular invariance of the one loop partition
function of the fermionic string. This is in complete analogy to the fact that in
the fermionic language the GSO projection was necessary when summing over a
modular invariant combination of different spin structures. The holomorphic part of
the one loop partition function of the fermionic string in Hamiltonian description
has the form

�.�/ � Tr e2�i�.L0�1/.�1/FR : (13.114)

16This is for the relevant part of PC1. The other pieces also correspond to vectors in the (0)
conjugacy class of D5;1.
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FR is the right-moving space-time fermion number and the phase factor .�1/FR
takes into account the correct space-time statistics, i.e. .�1/FR is 1 for space-time
bosons and�1 for space-time fermions. Let us first discuss the non-trivial part of Eq.
(13.114), namely the contribution of the zero modes of the bosons �i (i D 1; : : : ; 5)
and �. They just give the sum over the lattice vectors of the Lorentzian lattice D5;1

(recall Eq. (13.65)):

Q�.�/ D
X

wD.�;q/2D5;1
e2�i�.

1
2�

2� 12 q2�q/e�2�iq: (13.115)

The factor e�2�iq ensures the correct space-time statistics using the fact that q is
(half) integer for space-time bosons (fermions).

However this expression for Q�.�/ cannot represent the physical partition func-
tion, as the sum extends over arbitrarily high ghost numbers q. In other words, Eq.
(13.115) sums over all possible equivalent ghost pictures. In addition we know also
that the physical (light-cone) partition function should only count the transverse
degrees of freedom. In the covariant lattices language these physical light-cone
states in the canonical ghost picture can be characterized by decomposing D5;1 to
a part which describes the transverse Lorentz group SO.8/ and a two-dimensional
part which describes the longitudinal, time-like and ghost degrees of freedom of any
state:

D5;1 D D4 ˝D1;1; w D .u;x/;
w 2 D5;1; u 2 D4; x 2 D1;1: (13.116)

Then the physical state condition is to consider lattice vectors w D .u;x/ with fixed
vector x0 in the following way:

x0 D .0;�1/ NS sector;

x0 D
�1

2
;�1
2

�

R sector: (13.117)

The trace in the partition function should then run only over those states satisfying
Eq. (13.117). To realize this constraint let us write a general vector w 2 D5;1 in a
convenient form

w D .u;x0/C� D w0 C�; (13.118)

where� is the sum of two light-like (picture changing) vectors:

� D m�1 C n�2; n;m 2 Z ;

�1 D .0; 0; 0; 0; 1; 1/;
�2 D .0; 0; 0; 1; 0; 1/: (13.119)



13.4 The Covariant Lattice 419

Substituting Eq. (13.118) into Eq. (13.115) we are left with the following
expression:

Q�.�/ D
X

w0

e2�i�.
1
2w20Cw0�e6/e2�iw0�e6

X

�

e�i��
2

(13.120)

where we have shifted � without affecting the infinite sum. The first part is
simply the trace over all physical states. Therefore, to obtain the physical light-cone
partition function, one has to divide Q�.�/ by

�1;1.�/ D
X

�

e�i��
2

: (13.121)

�1;1 is the partition function of the two-dimensional Lorentzian even self-dual
lattice D1;1 which is, up to a SO.1; 1/ Lorentz transformation the same as �1;1 in
Footnote 6 on page 275. Although the two functions�1;1.�/ and Q�.�/ are separately
ill defined because of the Lorentzian metric, their ratio is nevertheless well defined
and describes the physical partition function. Finally we also have to take into
account the contribution of the bosonic X and � oscillators. Then the complete
(purely holomorphic) result is:

�.�/ � 1

�.�/12�1;1.�/

X

w2D5;1
e2�i�

1
2 .wCe6/2e2�i w�e6 : (13.122)

Let us now check the modular invariance of �.�/. First consider the transfor-
mation � ! � C 1. Since �.�/12 changes sign under this transformation while
�1;1.�/ remains invariant, we require that the lattice sum also changes sign. This
requires

1

2
w2 � q 2 Z ; (13.123)

which is satisfied, if states with (half) integer q corresponding to (R) NS states are
associated with (odd) even points on the lattice. This is also what the spin statistics
theorem demands. The operator product between vertex operators in the NS (R)
sector (˚ D .�I �i�/) is

eiw�˚.z/e�iw�˚.w/ � .z � w/�w2 C : : : : (13.124)

NS (R) states have to be (anti) commuting, i.e. w2 D 2n (w2 D 2nC 1), n 2 Z. It is
easily checked that all vectors in the (S), (C) and (V) conjugacy classes ofD5;1 have
odd .length/2 whereas the vectors of the .0/ conjugacy class have even .length/2.
Thus, requiring invariance under � ! � C 1 discards the .V / conjugacy class.
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For the second transformation, � ! � 1
�

we use that

��1.�/ D .�i�/1=2��1
�

�1
�

�

;

��11;1 .�/ D �i���11;1
�

�1
�

�

: (13.125)

The second relation follows since�1;1 is the lattice sum of the even self-dual lattice
D1;1. Using now the Poisson resummation formula (9.115) we find

�.�/ D �4

vol.D5;1/

1

�12
�

�1
�

�

�1;1

�

�1
�

�

X

w2D�

5;1

e�
2�i
�

1
2 .wCe6/2e�2�iw�e6 :

(13.126)

Thus, apart from a factor e4�iq , which is irrelevant for integer or half-integer q, �.�/
is invariant under � ! � 1

�
, if the covariant lattice D5;1 is self-dual. (The factor �4

will be compensated by the transformation of .Im�/�4.
In summary, modular invariance implies that D5;1 must be an odd self-dual

Lorentzian lattice which contains only the .0/ and (S) (or .0/ and (C)) conjugacy
classes. Then the spinning string is automatically local as discussed above. These
two conjugacy classes contain as lowest states a massless vector and massless spinor.
They are the on-shell degrees of freedom of a ten-dimensional supermultiplet and
one can show that also the massive states can be arranged into supermultiplets. Thus
the requirement of self-duality of the covariant lattice D5;1 is equivalent to the GSO
projection.

The covariant lattice description also allows for a straightforward derivation of
the light-cone partition function of the fermionic string in terms of Jacobi theta
functions. Since the latticeD5;1 contains the (0) and (S) conjugacy classes, the light-
cone partition function is given by the difference between the lattice sums of the
(V) and (C) conjugacy classes of the D4 weight lattice. The .V/ 2 D4 conjugacy
class is obtained from the .0/ 2 D5;1 by truncation to light-cone states according
to the physical state selection rule Eq. (13.117). Likewise this gives .C/ 2 D4 from
.S/ 2 D5;1. The relative minus sign takes into account spin-statistics. Thus, using
the expressions Eq. (11.110) on page 345 for the sums over the lattice vectors of
theDn-weight lattice, the contribution of the world-sheet fermions to the light-cone
partition function becomes:

�.�/ � 1

2

1

�.�/4
Œ#43 .0j�/� #44 .0j�/� #42 .0j�/�: (13.127)

This expression is identical to the one obtained from the sum over all spin structures
of the world-sheet fermions in the fermionic description (see Chap. 9) and vanishes
due to the triality relation (9.14a) among the (V), (C) and (S) conjugacy classes
of D4. This reflects the underlying space-time supersymmetry: the contributions of
space-time bosons and space-time fermions cancel.
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The covariant Lorentzian lattice D5;1 with (0) and (S) conjugacy classes is very
similar to the root lattice ofE8 which can also be thought of being the weight lattice
of D8, again with (0) and (S) conjugacy classes. In both cases the restriction to
these two conjugacy classes implies self-duality. Therefore, due to this analogy, we
may call the self-dual lattice D5;1 also E5;1. Both, E8 and E5;1, contain spinorial
generators which, for E8, correspond to length2 D 2 vectors and commute; for E5;1
however they correspond to length2 D 1 vectors and therefore anticommute. They
generate the space-time supersymmetry algebra (cf. the discussion in Chap. 15). In
fact, it turns out to be useful to consider instead of the Lorentzian lattice E5;1 the
Euclidean covariant lattice E8. This is equivalent to replacing the superconformal
ghost lattice D1 by a D3 lattice while simultaneously changing the signature of the
metric of the lattice.17 In other words, we replace the Lorentzian covariant lattice
D5;1 by the Euclidean covariant lattice D8. The requirement of modular invariance
implies in both cases that only the (0) and (S) conjugacy classes must be present
such that we are dealing with the lattices E5;1 resp. E8. To describe the states in the
canonical ghost picture we are forced to decompose E8 (D8) to DLorentz

5 ˝ Dghost
3

and consider only vectors of Dghost
3 with fixed entries. Conventionally we choose

them as

w D .u; v/ 2 D8; u 2 DLorentz
5 ; v 2 Dghost

3 ;

v0 D
�

1

2
;
1

2
;�1
2

�

; R sector;

v0 D .0; 0;�1/; NS sector: (13.128)

Note that 1
2
v20 is exactly the superconformal ghost contribution to the conformal

weight in the canonical ghost picture. Furthermore, if we are only interested in the
physical light-cone states we have to decomposeD8 toD4˝D4 and consider states
which have fixed entries in secondD4:

x0 D
�

1

2
;
1

2
;
1

2
;�1
2

�

R sector;

x0 D .0; 0; 0;�1/ NS sector: (13.129)

This means that we have replaced the Lorentzian lattice D1;1, which describes
the longitudinal, time-like and superconformal ghost degrees of freedom, by the
Euclidean lattice D4. The physical light-cone partition function can now be written
as a lattice sum over the D8 (E8) lattice counting only those vectors which satisfy
Eq. (13.129) and taking into account the correct spin statistics assignment. Since
under D8 ! D4 the conjugacy classes are interchanged according to .V/ $ .0/

and .S/$ .C/, the truncation to physical light cone states acts on the theta functions

17These lattice maps will be discussed in more detail below.
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as #83 ! #43 , #84 ! �#44 and #82 ! �#42 . Given the known expression for
the E8 (chiral) partition function, �E8.�/ � 1

2
1

�.�/8
Œ#82 .0j�/ C #83 .0j�/ C #84 .0j�/�

one immediately derives Eq. (13.127) as the physical light-cone partition function.
(Note that one also has to drop the contribution of four oscillators.) At this point
it is important to realize that the replacement of the Lorentzian lattice D5;1 by
the Euclidean lattice D8 does not mean that the non-unitary ghost Hilbert space
is contained in the positive definite Hilbert space of theD8 Kač-Moody algebra. So
far this procedure is just a convenient technical trick since the Euclidean lattices are
much nicer to handle. Both descriptions lead, with the conditions Eq. (13.117) and
Eq. (13.129) respectively, to the correct light-cone degrees of freedom.

13.5 Heterotic Strings in Covariant Lattice Description

In this section we also formulate the ten-dimensional heterotic strings in the
covariant lattice description. In Chap. 9 we have discussed the original version of the
heterotic string which has a space-time supersymmetric spectrum and gauge groups
E8�E8 or SO.32/. Subsequently, additional (non-supersymmetric) heterotic string
theories in ten-dimensions were discovered. They can also be formulated in the
covariant lattice approach.

The holomorphic (right-moving) fermionic string in its bosonized version is char-
acterized by the lattice .D5;1/R corresponding to the world-sheet fermions  �.z/
and superconformal ghosts ˇ, � . The lattice vectors wR D .�R; q/ 2 D5;1 describe
the Lorentz transformation properties and superconformal ghost charge of the right-
moving part of any string state. To obtain the heterotic string theory we have to
combine the right-moving fermionic string with the left-moving bosonic string. As
discussed in Chap. 9, it consists of ten bosonic space-time coordinates X�.z/ and
of 16 ‘compactified’ bosonic variables XA.z/ (A D 1; : : : ; 16). The corresponding
quantized momenta build a 16-dimensional Euclidean lattice .�16/L whose lattice
vectors we denote by wL. Thus the (soliton) vertex operators of the heterotic string
theory have the general form (neglecting contributions from bosonic oscillators):

VwLI�R;q.z; z/ D eiwL�X .z/ ei�R ��.z/ eq�.z/: (13.130)

Here we have once more dropped normal ordering symbols and cocycle factors.
The operator product expansion of two such vertex operators

VwL1 I�R1 ;q1 .z; z/ VwL2 I�R2 ;q2 .w;w/

D .z� w/wL1 �wL2 .z� w/�R1 ��R2�q1q2 VwL1CwL2 I�R1C�R2 ;q1Cq2.w;w/C : : :
(13.131)

shows that the condition for locality, i.e. the absence of branch cuts, reads

�wL1 � wL2 C �R1 � �R2 � q1q2 2 Z: (13.132)
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This suggests to combine the 16-dimensional left-moving lattice �16 and the
six-dimensional right-moving lattice D5;1 into a Lorentzian lattice

�16I5;1 D .�16/L ˝ .D5;1/R (13.133)

(the semicolon separates left- from right-movers) with lattice vectors wD .wLI
�R; q/, where the inner product w1 � w2 is defined with the metric diag Œ.�1/16;
.C1/5; .�1/�. Locality demands that this lattice be integral with respect to this
Lorentzian metric.

Combining the left- and right-moving sectors, the partition function of ten-
dimensional heterotic string theories is essentially given by the sum over all lattice
vectors of �16I5;1:

�.�; �/ D Tr e2�i�.L0�1/e�2�i�.L0�1/.�1/FR

D .Im�/�4

�24.�/�12.�/�1;1.�/

X

w2�16I5;1
e�2�i�

1
2w2L e2�i�.

1
2�

2
R� 12 q2�q� 1

2 / e�2�iq:

(13.134)

Again, as in the fermionic string theory, modular invariance forces �16I5;1 to be an
odd self-dual Lorentzian lattice. This can be proven by Poisson resummation.

The requirement of self-duality can be trivially satisfied if both .�16/L and
.D5;1/R are self-dual separately, i.e. �16I5;1 is a direct product of two self-dual
lattices of which .D5;1/R must be odd. Then .�16/ must be either the root lattice
ofE8�E8 or the weight lattice of Spin.32/=Z2 implyingE8�E8 or SO.32/ as the
two possible gauge groups. On the other hand, self-duality of .D5;1/R implies that
the spectrum is space-time supersymmetric in ten dimensions.

However this is by far not the most general case—it is possible to obtain
a self-dual lattice �16I5;1 without self-dual sublattices .�16/L and .D5;1/R. Then
Eq. (13.133) does not represent a direct product decomposition. Instead, �16I5;1
is specified by non-trivial correlations between the various conjugacy classes of
.�16/L and .D5;1/R given by the glue vectors as explained in Chap. 10. Thus, in this
case there is a non-trivial interplay between the left- and right-moving degrees of
freedom. This implies that in the fermionic description of the right-moving string
the GSO projections have to be modified. This destroys space-time supersymmetry.
Analogously, the left-moving gauge group will be different fromE8�E8 or SO.32/.

Let us classify all possible odd self-dual lattices �16I5;1 which lead to a sensible
heterotic string theory in ten dimensions. In general, the classification of Lorentzian
self-dual lattices �p;q of a given dimension and metric diag Œ.C1/p; .�1/q� is
meaningless, as they are unique up to Lorentz rotations in R

p;q . However, if we
add the requirement of having a sensible space-time interpretation, a classification
becomes possible. Because of Lorentz invariance all states are classified (off-shell)
according to SO.10/ representations, and we have to demand that .D5;1/R builds the
right-moving part of �16I5;1. The non-trivial question is now how the four conjugacy
classes (0), (V), (S) and .C/ 2 .D5;1/R are coupled to the conjugacy classes of �16.
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We analyze this problem by converting the Lorentzian lattices into Euclidean
ones. Any even self-dual lattice consisting of one or several Dn factors can be
replaced by another even self-dual lattice by changing the dimension of any Dn

factor by multiples of eight and keeping all conjugacy classes the same, i.e. Dn !
DnC8p (p 2 Z). Such a transformation changes the .length/2 of all vectors only
modulo 2 and all mutual scalar products modulo 1, so that it does not affect self-
duality. For example, the self-dual lattice D8 with (0) and (S) conjugacy classes
(i.e. the E8 root lattice) can be mapped to the D16 weight lattice with the same
conjugacy classes. As we know from Chap. 10, this is the self-dual weight lattice
of Spin.32/=Z2. On the other hand, changing the dimension by multiples of four,
maps an even self-dual lattice to an odd self-dual lattice and vice versa. Finally,
one may even subtract multiples of eight or four to make the dimension of a Dn

factor negative. This can be interpreted as a change of signature, i.e. as a map of an
Euclidean self-dual lattice to a Lorentzian self-dual lattice or vice versa. This is what
happened when we replaced D5;1 (E5;1) by D8 (E8)—we changed the dimension
by minus four units, thus converting an odd self-dual Lorentzian lattice to an even
self-dual Euclidean lattice. The reason for doing so is the possibility of classifying
Euclidean lattices as discussed in Chap. 10.

We are now ready to apply these techniques to the lattice �16I5;1 which describes
the heterotic string theories in ten dimensions. First we map .D5;1/R to .D8/R
obtaining the Lorentzian even self-dual lattice �16I8 D .�16/L˝ .D8/R. This lattice
can in turn be mapped to those 24-dimensional Euclidean even self-dual lattices �24
which can be decomposed as

�24 D �16 ˝D8 : (13.135)

Thus, our aim is to find all even self-dual Euclidean 24-dimensional lattices which
allow for this decomposition. Each solution will be completely specified by the Lie
algebra lattice �16 together with the glue vectors to D8.

In Table 11.3 we have listed all possible even self-dual lattices of dimension 24,
the so-called Niemeier lattices. Seven of them containD8 as regular subalgebra and
therefore lead to a heterotic string theory in ten dimensions. These are displayed in
the first column of Table 13.4. They lead to eight different heterotic string theories,
as D8 can be embedded in two different ways in E8 ˝ D16. In all the other cases
there is only one possible regular embedding of D8. The algebras which commute
maximally with D8 build the left lattice �16 and are displayed in the third column
of the table. The appearing conjugacy classes of �16 as well as their coupling to the
D8 conjugacy classes are shown in the last four columns.

The root vectors of �16 give rise to massless gauge bosons of the heterotic string
theory and the corresponding gauge group. They are of course always of rank 16
and can be read off from the third column of the table. We recognize that the first
two models are the two original supersymmetric heterotic string theories. Here �16
is self-dual and so is D8 which is thus the root lattice of E8. All other theories are
not supersymmetric. Only one other model, the last one in the table, is tachyon free
and has gauge group SO.16/�SO.16/. In all models, the tachyon, if present, comes
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Table 13.4 Ten dimensional heterotic strings; k D 1; 2 and 1E7 is the E7 conjugacy class with
the 56

Niemeier lattice Heterotic string

Roots Weights Algebra D8-sector
(0) (V) (S) (C)

E3
8 (0,0,0) E8 �E8 (0+S,0+S) – .0C S; 0C S/ –

E8 �D16 (0,S) D16 (0+S) – (0+S) –
E8 �D16 (0,S) E8 �D8 (0+S,0) (0+S,V) (0+S,S) (0+S,C)
D24 (S) D16 (0) (V) (S) (C)
D2
12 [V,S] D4 �D12 (0,0) (V,0) (S,V) (S,C)

(C,C) (V,S) (0,S) (C,C) (C,V)
D10 �E2

7 (S,1,0) D2 � E2
7 (0,0,0) (V,0,0) (S,1,0) (C,1,0)

(C,0,1) (V,1,1) (0,1,1) (C,0,1) (S,0,1)
(V,1,1)

D9 � A15 .0; 8k/ D1 � A15 .0; 8k/ .V; 8k/ .0; 8k C 2/ .C; 8k C 2/
.S; 8k C 2/ .V; 8k C 4/ .0; 8k C 4/ .C; 8k C 6/ .S; 8k C 2)
.V; 8kC 4/
.C; 8k C 6/

D3
8 [S,V,V] D8 �D8 (0,0) (S,V) (V,V) (C,0)

[C,0,C] (C,C) (V,S) (S,S) (0,C)
(S,S,S)

from the (V) conjugacy class of .D8/R. For the SO.16/� SO.16/model, however,
the (V) conjugacy class is coupled to the (V,S) and (S,V) conjugacy classes of .D8˝
D8/L. The lowest states within these two conjugacy classes have ˛0

2
m2
L D 1

2
such

that the right-moving tachyonic state with ˛0

2
m2
R D � 12 does not satisfy the left-right

level matching constraint. In the five remaining non-supersymmetric models it does.
In summary, via bosonization one obtains eight different modular invariant

heterotic string theories in ten dimensions. There exists one additional tachyonic
model with rank eight gauge group E8 which cannot be described within the
covariant lattice formalism. The reason is that this model involves real fermions
with different spin structures which however cannot be bosonized with the methods
described in Chap. 10 and therefore do not lead to a covariant lattice. For lattice
models, the Kač-Moody algebra corresponding to the gauge group is always at level
one. The theory with gauge groupE8 has a E8 Kač-Moody algebra at level two and
can thus not be represented by free bosons in the way described in Chap. 10.
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(1989)



Chapter 14
String Compactifications

Abstract An alternative to describing compactifications via a solvable conformal
field theory is the perturbative approach around a geometric supergravity back-
ground at large radius. For this purpose one analyzes the string equations of
motion at leading order in a typical length scale L=

p
˛0. We describe this approach

in detail for a class of backgrounds which preserve some amount of space-time
supersymmetry in four-dimensions: compactification on Calabi-Yau manifolds. But
we start with a brief discussion of the string equations of motion as the requirement
of vanishing beta-functions of the non-linear sigma model for a string moving in a
curved background. We then derive a generalization of T-duality to manifolds with
isometries. This leads to the so-called Buscher rules. We then introduce some of
the mathematical tools which are required for an adequate treatment of Calabi-Yau
compactifications. With them at hand we consider compactifications of the type II
and heterotic superstring on Calabi-Yau manifolds and discuss the structure of their
moduli spaces. In an appendix we fix our notation and review some concepts of
Riemannian geometry. The derivations of some results which are used in the main
text are also relegated to the appendix.

14.1 Conformal Invariance and Space-Time Geometry

In the first part of this book we have constructed string theories in Minkowski space-
time. Quantum consistency required the number of space-time dimensions to be 10
for the fermionic and 26 for the bosonic string. Both are higher than the four large
dimensions which we observe around us.

The main consistency condition, the absence of a conformal anomaly of the
combined matter and ghost system, has other solutions besides the one which leads
to Minkowski space in the critical dimension. Other solutions are more complicated
CFTs with or without a geometric interpretation as a compactification from dcrit to
four dimensions. We have already discussed simple examples in Chap. 10: tori and
toroidal orbifolds. In the present chapter we study more general compactifications

R. Blumenhagen et al., Basic Concepts of String Theory, Theoretical and Mathematical
Physics, DOI 10.1007/978-3-642-29497-6
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and some of their properties, using geometrical tools. In the next chapter we will
discuss compactifications using CFT methods.

We start with a discussion of the implications which follow from the requirement
of conformal invariance of the world sheet theory. This can be illustrated by
considering the bosonic string propagating through a space-time M with metric
G��.X/, rather than ��� . In this case the world-sheet action is

SP D � 1

4�˛0

Z

˙

d2�
p
�h h˛ˇ G��.X/ @˛X�@ˇX

�: (14.1)

The �-model metric is also called the string frame metric. In conformal gauge (14.1)
no longer reduces to a free scalar field theory. One has to deal with an interacting
theory, a non-linear sigma model with target space metric G��.X/:

SP D � 1

4�˛0

Z

˙

d2� �˛ˇ G��.X/ @˛X
�@ˇX

�: (14.2)

Note that if we expand the background metric around Minkowski space as
G��.X/D ��� C i���.k/eik�X , we are led to interpret the non-trivial background as
arising from a coherent insertion of graviton vertex operators.

The classical action is invariant under Weyl rescaling of the world-sheet metric
but this classical symmetry is anomalous in the quantum theory. The absence of
a Weyl anomaly, which is necessary for the decoupling of the degrees of freedom
of the world-sheet metric, lead, for G�� D ��� , to the condition d D dcrit. For
a general background metric, requiring Weyl invariance imposes constraints on
G��.X/, which can be expressed as the requirement that the ˇ-function for the
coupling function G��.X/ vanishes.

In two dimensions scalar fields are dimensionless and the non-linear sigma model
is renormalizable. Here the dimensionless scalar fields are the rescaled fields 1

L
X ,

where L is a typical length scale of the background geometry, e.g. its size or
the radius of curvature. The metric G�� is a function of the rescaled fields. The
dimensionless ratio .ls=L/2, which multiplies the action, plays the role of a loop
counting parameter of the two-dimensional field theory.1

For dimensional reasons, all counter-terms must be of second order in world-
sheet derivatives. The fact that an n-loop counter-term contains a factor .ls=L/2n

means that it must be a symmetric second rank tensor composed of the curvature
tensor of G�� with altogether 2n (space-time) derivatives.

The coefficients of the allowed counter-terms are computed in perturbation
theory and from them the ˇ-function, which has a covariant expansion in orders of
derivatives of the background metric. In this way one finds, at one-loop order, that
the background metric must be Ricci-flat, i.e. it must be a solution of the vacuum

1There are also contributions from string loops and, of course, from both world-sheet and space-
time non-perturbative effects.
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Einstein equations. There are, however, higher order (in .ls=L/2) corrections to this
condition. The order of the first correction and the precise coefficients depend on the
kind of string theory in question. For instance, for the heterotic string there are two-
loop, i.e. .curvature/2 corrections while for the type II strings the first corrections
appear at four-loop in the �-model perturbation theory, i.e. .curvature/4.

We will not present the calculations which lead to these results. They involve loop
calculations in two-dimensional non-linear sigma models. Instead we will add a few
more comments. In addition to the metric, there are other background fields to which
one can couple the string. We limit ourselves to fields corresponding to massless
bosonic string excitations.2 Within the RNS formulation for the superstring, which
is the one we have discussed, there is a problem with fields from the R-R sector of
the closed string. Their vertex operators contain spin fields which introduce branch
cuts on the world-sheet which leads to a violation of locality.3 Backgrounds for
the massless NS-NS fields can, however, be straightforwardly incorporated in the
world-sheet action. For the closed string the bosonic part of the most general action
with at most two world-sheet derivatives is4

SP D � 1

4�˛0

Z

˙

d2�
p
�h
�

h˛ˇ@˛X
�@ˇX

�G��.X/

C �˛ˇ@˛X�@ˇX
�B��.X/C ˛0˚R.h/

�

: (14.3)

Our conventions here are such that "˛ˇ D ˙1=p�h. The coupling of the dilaton
needs explanation. It breaks classical Weyl invariance. For dimensional reasons it
must be proportional to ˛0 and should be considered together with the one-loop
corrections to the other coupling functions. Its classical Weyl non-invariance is
cancelled by one-loop Weyl anomalies from the other terms.

For such a general background, the trace of the world-sheet energy momentum
tensor no longer vanishes and the Weyl anomaly can be parametrized as

2˛0T ˛˛ D ˛0ˇ˚R.h/C ˇG��h˛ˇ@˛X�@ˇX
� C ˇB���˛ˇ@˛X�@ˇX

�: (14.4)

This expression is valid for the bosonic string and for the fermionic string, if we
set the world-sheet fermions to zero. Consistency of the quantization demands that

2Massive ones contain more than two world-sheet derivatives and therefore lead to irrelevant
operators in the two-dimensional CFT.
3In the pure spinor formulation of the superstring one uses, in addition to X�, fermionic world-
sheet scalars which transform as spinors under the space-time Lorentz group. In this formulation
there is no problem to couple the R-R fields of the RNS formulation directly to the world sheet.
4We will not write down the � -models for the superstring and the heterotic string. This is most
succinctly done in .1; 1/ and .0; 1/ superspace, respectively. In the heterotic � -model a background
gauge field appears. For the bosonic string one should include the tachyon which couples without
world-sheet derivatives.
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this vanishes on a flat world-sheet, i.e. we have to require ˇG D ˇB D 0.5 One can
show (to all orders in ˛0) that on solutions of ˇG;B D 0 the dilaton ˇ˚ is constant
and T ˛˛ D � c

12
R.h/, i.e. the anomaly reduces to the Weyl anomaly of a CFT coupled

to a curved world-sheet metric and it is characterized by the central charge of the
Virasoro algebra.

Without giving any details of the derivation, we quote the lowest order results of
the ˇ-functions of the type II superstring theories

ˇG�� D ˛0
�

R�� � 1
4
H�

��H��� C 2r�r�˚
�

C O.˛02/;

ˇB�� D ˛0
�

� 1
2
r	H	

�� CH	
��r	˚

�

C O.˛02/;

ˇ˚ D 1

4
.d � dcrit/C ˛0

�

.r˚/2 � 1
2
r2˚ � 1

24
H2
�

C O.˛02/: (14.5)

HereR�� is the Ricci tensor of the space-time metric,r� its covariant derivative and
H D dB the field strength of the anti-symmetric tensorB . The term in ˇ˚ with dcrit

is the contribution from the superconformal ghost system. For the heterotic string
(in the fermionic formulation) there is a coupling of the gauge field to the world-
sheet Aa� N@X�j a with j a D 	iT

ij
a 	

j a Kač-Moody current and correspondingly a
ˇ-function

ˇA� D ˛0
�1

2
D�F�� C 1

4
H�

	�F	� C F�	@	˚
�

C O.˛02/: (14.6)

NowD� denotes a gauge and diffeomorphism covariant derivative and there is also a
corresponding term in (14.4), ˇA�a N@X�j a. Note that no one-loop correction to (14.5)
from the gauge field arises, i.e. to the order displayed they are unchanged.

For the open string a background gauge field couples to the boundary of the
world-sheet and, at O.˛0/, the dilaton couples to the extrinsic curvature of the
boundary. This leads to the boundary terms which should be added to (14.3)

SP D �
I

@˙

ds

�

A�.X/@sX
� C 1

2�
k.s/˚.X/

�

: (14.7)

Here k is the trace of the extrinsic curvature of the boundary: k D t˛tˇr˛nˇ , where
t˛ and n˛ are unit tangent and normal vectors to the boundary, respectively.

The first term in (14.7) is simply
H

A. In the path integral it appears as an Abelian
Wilson loop of a background gauge field. This is nothing else than the exponentia-
tion of the photon vertex operator. For non-Abelian gauge fields we have to incorpo-
rate Chan-Paton factors. This is done by inserting a non-Abelian Wilson loop in the

5The Weyl anomaly functions ˇ are not quite the renormalization group ˇ-functions. Their relation
is explained in the references at the end of this chapter.
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path integral. For constant dilaton the curvature terms in (14.3) and (14.7) combine
to compute the Euler number of an (Euclidean) world-sheet; cf. (6.3) on page 125.

We want to close this qualitative discussion with a few remarks:

1. An important observation is that the conditions ˇG;B;˚ D 0 allow for non-trivial
solutions. These conditions are also called the string equations of motion. In fact
these conditions on the background fields can be derived from an effective action
of the massless string excitations. One easily verifies that, to the order displayed
in (14.5), the effective action is, up to an overall normalization,

Seff D
Z

ddx
p�G e�2˚

�
�

� .d � dcrit/

˛0
CR � 1

12
H���H

��� C 4r�˚r�˚
�

: (14.8)

This is the effective action in string frame. An alternative way to arrive at the
effective action, which allows to incorporate RR background fields also in the
RNS formulation of the superstring, is to compute scattering amplitudes of on-
shell string excitations and to find a space-time action which reproduces them.
This approach will be pursued in Chap. 16.

2. The perturbative computation of the ˇ-functions is an expansion in derivatives of
the background fields. It is valid when the curvatures are small. The requirement
ˇ˚ D 0 allows, besides the critical string solution d D dcrit, also so-called non-
critical strings with d ¤ dcrit. For these solutions the curvature of space-time
must be of the order of the string scale and the expansion on which the above
computations rely breaks down. The often repeated statement that string theory
requires 10 or 26 space-time dimensions is only correct if one requires that the
corresponding conformal field theory has a geometric interpretation with a large
volume limit, i.e. that it possesses an exactly marginal deformation which can be
interpreted as a change of volume. A simple example is the compactification on a
circle, where the vertex operator of the internal component of the graviton is such
a deformation. However, string theory neither requires this nor is it necessary
in order to eventually find four macroscopically large space-time dimensions.
There are CFTs leading to non-critical strings which have no higher dimensional
interpretation and others with no interpretation in terms of space-time dimensions
at all. These CFTs are usually not weakly coupled and are thus harder to study.
In fact, the right question to ask seems to be why there are four large dimensions
rather than none.

We should keep in mind that, when we discuss a particular compactification,
this is merely a specific ansatz for the background configurations motivated
by the properties of the resulting lower dimensional theory, which we want to
examine in a string theory context. There is as yet no dynamical principle known
which would favor a particular background configuration.

3. Different background configurations do not correspond to different string the-
ories. They correspond to different string vacua. By this one means string
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backgrounds which are compatible with Weyl invariance of the world-sheet
theory. In the ˛0 expansion this condition is known explicitly only to the first
few orders. Nevertheless some non-trivial string backgrounds are known to be
exact. Examples are Calabi-Yau manifolds, to be discussed later in this chapter,
or the Gepner models from Chap. 15. Another class of models are strings on
group manifolds, whose CFT is given by WZW models with fixed level k. They
do not have a large volume limit. All these examples have only non-trivial NS-
NS background fields. A more general compactification is given by AdS5 � S5,
which contains in addition to a metric a self-dual five-form R-R-flux. This is a
notable example of an exact perturbative type IIB superstring background with
RR-fields and provides the basis of the AdS/CFT correspondence to be discussed
in Chap. 18.

One might wonder about the analogous computation in the open string sector. Here
the vanishing of ˇA� leads to an equation of motion for the gauge field on the world-
volume of the D-branes on which the boundary of the open string world-sheet ends.
This is the DBI action which will be discussed in Chap. 16.

14.2 T-Duality and Buscher Rules

Recall that when we discussed string compactification on a circle in Chap. 10,
we observed a striking discrete symmetry, T-duality. Given the coupling of the
world-sheet degrees of freedom to the background fields, we can now give a more
systematic discussion of T-duality, which is valid whenever the background has
isometries. In general the isometry group of the background can be non-Abelian,
but we will only discuss the case with a single Killing vector k�.

We start with the closed string and will later generalize to the open string. For
simplicity we choose a flat metric on the world-sheet. For this choice we loose
control over the dilaton whose transformation under T-duality will be discussed
later.

Assume that the action (14.3) is invariant under a diffeomorphism X�!
X�C k�. This is a condition on the background fields which have to satisfy

LkG D Lk˚ D 0 and LkH D 0; i.e. LkB D d!; (14.9)

where Lk is the Lie derivative in the direction k. We choose coordinates, called
adapted coordinates, X� D .
;Xi/ such that k� D .1; 0/ and Lk D @
 , i.e. the
isometry acts as a shift in the 
-direction.6 Using the gauge invariance of the action
under B ! B C d!, we can choose all background fields to be independent of the

6Note that 
 is not necessarily meant to denote an angle-variable. Our units are such that the metric
is dimensionless.
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coordinate 
 . In these coordinates the action becomes

S D � 1

4�˛0

Z

˙

d2�
h

�

G

 @˛
@ˇ
 C 2G
i @˛
@ˇXi CGij @˛Xi@ˇX
j
�

�˛ˇ

C �2B
i @˛
@ˇXi C Bij @˛Xi@ˇX
j
�

�˛ˇ
i

: (14.10)

We now rewrite this action in first order form7

S 0 D � 1

4�˛0

Z

˙

d2�
h

�

G

V˛Vˇ C 2G
iV˛@ˇXi CGij @˛Xi@ˇX
j
�

�˛ˇ

C �2B
iV˛@ˇXi C Bij @˛Xi@ˇX
j /�˛ˇ C 2 Q
�˛ˇ@˛Vˇ

i

; (14.11)

where in the functional integral we now integrate overXi ; 
 and Q
 . Integrating over
the Lagrange multiplier field Q
 enforces dV D 0 with solution V˛ D @˛
 . Inserting
this into the action leads back to (14.10). Here we ignore global issues which arise
if the world-sheet has non-contractible cycles.

Alternatively we can integrate out V˛, i.e. eliminate it via its equation of motion.
Indeed, if we define

L˛ D 1

G



�

G
i@ˇX
i�˛ˇ C .B
i@ˇXi C @ˇ Q
/�˛ˇ

�

; (14.12)

we can rewrite (14.11) in the form

S 0 D � 1

4�˛0

Z

˙

d2�
h

�

G

 QV˛ QVˇ �G

L˛Lˇ CGij @˛Xi@ˇX
j
�

�˛ˇ

C Bij @˛Xi@ˇX
j �˛ˇ

i

;

(14.13)

where QV˛ D V˛CL˛ and QV˛ D 0 is the equation of motion for V˛ . Making a change
of variables and integrating over QV one obtains the dual action

QS D � 1

4�˛0

Z

˙

d2�
h

� QG

@˛ Q
@ˇ Q
 C 2 QG
i@˛ Q
@ˇXi C QGij @˛Xi@ˇX
j
�

�˛ˇ

C �2 QB
i@˛ Q
@ˇXi C QBij @˛Xi@ˇX
j
�

�˛ˇ
i

(14.14)

7We can also view this action as a gauged version of (14.10) where the isometry has been gauged,
i.e. we have replaced @˛
 ! D˛
 D @˛
 C V˛ where V ! V � d� under 
 ! 
 C �. The
Lagrange multiplier Q
 enforces that the gauge field V˛ has vanishing field strength. We obtain
(14.11) after fixing the gauge 
 D 0. The dual theory is obtained by integrating over the gauge
field and fixing 
 D 0.
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with

QG

 D 1

G


QG
i D 1

G


B
i ; QB
i D 1

G


G
i

QGij D Gij � 1

G



�

G
iG
j � B
iB
j
� QBij D Bij � 1

G



�

G
iB
j � B
iG
j
�

:

(14.15)

These are the so-called Buscher rules for the string frame metric and anti-symmetric
tensor field. The Jacobian of the change of variables in the Polyakov path integral,
which is necessary in the dualization procedure, is non-trivial and, after appropriate
regularization, can be shown to lead to a shift of the dilaton:

Q̊ D ˚ � 1
2

log jG

 j D ˚ � 1
4

log

ˇ

ˇ

ˇ

ˇ

G


QG



ˇ

ˇ

ˇ

ˇ

: (14.16)

Combining this with

det QG D 1

G2




det G; (14.17)

one finds the T -duality invariant combination

e�2 Q̊
p

det QG D e�2˚pdet G: (14.18)

Equation (14.16) implies that the string coupling transforms as

gs ! Qgs D gs=
p

jG

 j: (14.19)

For instance, compactifying on a product of n circles with radii Ri (14.18) becomes

e�2 Q̊ D e�2˚
n
Y

iD1

�

R2i
˛0

�

; Qgs D gs
n
Y

iD1

�
p
˛0
Ri

�

: (14.20)

The dilaton shift can be understood as follows: in Chap. 16 we will find that
Newton’s constant depends as 1=g2s on the string coupling. Then, Eq. (14.18) means
that Newton’s constant of the compactified theory is invariant under T-duality. This
could be imposed as a physical requirement to ‘derive’ (14.16).

Another way to confirm (14.16) is to check consistency with the D-brane tension.
Consider a Dp-brane wrapped on a circle with radius R. For the observer in the
uncompactified space-time this appears as a D(p –1)-brane with tension 1

gs
Tp2�R.

In the T-dual situation we have an unwrapped D(p –1)-brane with tension

1

Qgs Tp.2�
QR/ D 1

gs
Tp.2�

p
˛0/ D 1

gs
Tp�1; (14.21)
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which is the expected result Tp�1=Tp D `s .
An alternative derivation of the Buscher rules is based on the requirement that

starting from a background which leads to vanishing beta functions, the T-dual
background should have the same property. The explicit calculation is rather
cumbersome. We will instead demonstrate that the effective action (14.8), after
reduction along the dualized direction, is T-duality invariant. This gives us also
the opportunity to introduce a few basic ideas of dimensional reduction of higher-
dimensional theories.

The Kaluza-Klein ansatz for the d -dimensional metric is

G�� D
�

k2 k2Aj
k2Ai gij C k2AiAj

�

; (14.22)

where Ai is the Kaluza-Klein gauge boson and k a KK scalar. We use k2 D G

 to
simplify expressions. All fields are independent of the coordinate 
 . The inverse of
(14.22) is

G�� D
�

AkAk C k�2 �Aj
�Ai gij

�

; (14.23)

where gij gjk D ıik and Ai D gijAj . The metric (14.22) satisfies det.G/ D
k2 det.g/ and under diffeomorphism in the 
-direction, i.e. under 
 ! 
 C �


with @
�
 D 0, Ai transforms as a gauge field Ai ! Ai � @i �
 while k and
gij are invariant. Under the diffeomorphisms generated by �i all fields transform
according to their tensor structure. Furthermore, a straightforward but somewhat
tedious calculation gives

R.G/ D R.g/� 1
4
k2F.A/ij F.A/ij � 2

k
r iri k: (14.24)

A convenient ansatz for the B-field is

Bi
 D Bi Bij D bij � 1
2
.AiBj �AjBi /: (14.25)

The vector field Bi transforms like a gauge field under B ! B C d! with
gauge parameter ! D !
d
 . The transformation of bij under the two gauge
transformations generated by !
 and �
 is ıbij D 1

2

�

Bi@j �

 CAi@j !
 � .i $ j /

�

.
With the help of the Buscher rules (14.15) one shows that T-duality leaves gij

and bij invariant, exchanges Ai and Bi and inverts k. If we define the T-duality and
gauge invariant field strength

Hijk D 2
�

@Œi bjk� � 1
2
.AŒiF .B/jk� C BŒiF.A/jk�/

�

; (14.26)

where e.g. F.A/ij D @iAj � @jAi , we can write the effective action
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S D L
Z

dd�1xp�ge�2'
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4
F.A/ij F.A/ij � 1

4k2
F.B/ij F.B/ij

�

; (14.27)

where L is the size of the dualized dimension and

' D ˚ � 1
2

ln k (14.28)

is invariant under (14.16). In fact the complete dimensionally reduced action is
manifestly invariant under T-duality.

We now turn to the open string whose T-duality we have already discussed in
Chap. 10. There we found that dualization transforms the gauge field background
on the world-volume of a Dp-brane to the position of the D(p-1)-brane along the
dualized coordinate. Here we will derive the same result from the �-model, which
now consists of the two terms (14.3) and (14.7). For simplicity we only consider a
U.1/ gauge field and, to avoid global issues, choose the world-sheet to be a disc (or
the upper half plane) with a flat metric. In addition to (14.9) we require

LkF D 0; i.e. LkA D da: (14.29)

In adapted coordinates we can use U.1/ gauge invariance to set @
A� D 0. This
leaves the residual gauge invariance A� ! A� C @�˛ with ˛ D Q̨ .Xi /C c
 .

The dualization now proceeds as in the closed string case except that the field QV˛
no longer decouples. There is a boundary term

R

@˙

�

Ai@˛X
iC.A
C 1

2�˛0

Q
/V˛
�

d�˛ .
Integrating over the boundary values of QV leads to the constraint

2�˛0A
 C Q
 D 0 on @˙ (14.30)

and the dual action has the form of the original action, but with the dual backgrounds
. QG��; QB��; Q̊ / as in (14.15) and (14.16) and, in addition,

QA� D . QA
 ; QAi/ D .0; Ai /: (14.31)

If we started from a .pC 1/-dimensional gauge background, the dual gauge field is
in p dimensions. The component along the dualized direction becomes the position
of the boundary of the world-sheet along the dual direction, (14.30). The residual
gauge invariance is mapped to translational invariance of the position of the D-brane
in the dual theory, Q
 ! Q
 C c. In other words, T-duality along (transverse to) the
world-volume of a Dp-brane results in a D(p-1) (D(p+1)) brane.

We now examine how the effective world-volume action for a D-brane, the Dirac-
Born-Infeld action, transforms under T-duality. The DBI action for a space-time
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filling brane with tension T is (cf. (16.160) on page 630)

S D T
Z

ddXe�˚
q

det.G C B C 2�˛0F /��: (14.32)

Using the formula

det

�

A B

C D

�

D detA det.D � CA�1B/; (14.33)

one finds

detŒ.G C B C 2�˛0F /��� D G

 detŒ. OG C OB C 2�˛0 OF /ij �; (14.34)

where

OGij D @i QX�@j QX� QG�� (14.35)

and likewise for the other fields. In particular, OFij D Fij are the fields induced on
the world-volume of the brane and QX� D . Q
;Xi / are the embedding functions of
the .d � 1/-dimensional world-volume of the brane into d dimensional space-time.
The T-dual world-volume action is thus

QS D LT
Z

dd�1X e� Q̊
q

det. OG C OB C 2�˛0 OF /ij ; (14.36)

where L is the size of the dualized direction.
We close this section with a few comments:

1. In our discussion of the dualization of the �-model action we have neglected
global issues which arise on world-sheets ˙ with non-trivial topology, e.g. the
torus. In this case, the solution to dV D 0 allows other than pure gauge solutions,
namely non-trivial gauge holonomies

H

V ¤ 0 around the non-contractible loops
of ˙ . In other words, V D d
 holds only locally, i.e. 
 is not globally defined.
If the isometry is a compact U.1/, i.e. 
 parametrizes a circle of radius R, the
holonomies 1

2�R

H

V D 1
2�R

H

d
 must be integers. One can then show that the

functional integral is independent of the holonomies, if 1

2� QR
H

d Q
 2 Z where
QR D ˛0=R, i.e. the dual theory is compactified on the dual circle.

2. We have only considered T-duality along a single isometry direction. Gener-
alization to several directions, in particular to a higher-dimensional torus, is
straightforward. The duality group is again a discrete symmetry which relates
physically indistinguishable string backgrounds. In Chap. 9 we have mentioned
that the coset manifold O.D;D/

O.D/�O.D/ is the moduli space of compactifications of the
bosonic string on a D-dimensional torus, which is parametrized by the D � D
components of the constant background metric and B-field. This manifold has to
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be further divided by the T-duality group in order to arrive at the parameter-space
of physically distinct torus compactifications.

3. In general, T-duality is a symmetry which relates geometrically and sometimes
even topologically distinct backgrounds. Nevertheless, string theory does not
distinguish between them. A simple but non-trivial example is the background
(R2 �R

1;d�3 in polar coordinates)

ds2 D dr2 C r2d'2 C dyyy2; ˚ D 0: (14.37)

Dualizing along the isometry direction @' we arrive at the dual background

d Qs2 D dr2 C ˛02

r2
d Q'2 C dyyy2; ˚ D � ln.r=

p
˛0/ (14.38)

with curvature scalar R D �4=r2 which is singular at the origin. One checks
that the equations of motion derived from the action (14.8) are indeed satisfied.

4. Our derivation of the Buscher rules a priori applies to any sigma model with a
target space with an Abelian isometry. However, in general the two dual models
are not equivalent as quantum field theories. For conformal field theories it has
been shown that the two dual descriptions are equivalent functional integral
representations of the same CFT. If one starts with a �-model where the target
space metric is the solution of the lowest order (in ˛0) equations of motion but
the ˛0-corrected ˇ-function does not vanish, the metric and Buscher rules will
receive ˛0-corrections.

5. In superstring theories R-R fields and space-time spinors (R-NS and NS-R) fields
also transform under T-duality. In the RNS formulation, they cannot be directly
coupled to the world-sheet, and their transformation rules cannot be obtained
along the lines we have presented here. One can use space-time arguments and
the fact that T -duality is a map between type IIA and type IIB theories to find the
generalization of the Buscher rules to R-R fields and the T-duality transformation
of space-time spinors; for details we refer to the literature. The relevant features
can, however, be inferred from the following simple argument: we know that T-
duality along a world-volume direction of a Dp brane transforms it into a D(p-1)
brane and if the T-duality acts in a direction orthogonal to the world-volume it
becomes a D(p+1) brane. Since D-branes couple to R-R fields this means that
T-duality transforms a p-form into a combination of p ˙ 1-forms. This follows
also from the form of the R-R vertex operators and the action of T-duality on spin
fields. We will comment on this in Chap. 15.

For the generalization of the Buscher rules to heterotic string backgrounds we
also refer to the literature.

6. T-duality of type II backgrounds relates solutions of the supergravity equations
of motion to solutions of the same equations and is thus a solution generating
technique. However, while the original solution might correspond to a weakly
coupled string theory in a large background geometry for which supergravity is
a good effective low-energy description, the dual background, which still solves
the equations of motion, might correspond to a strongly coupled string and/or
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a small background geometry where the SUGRA approximation is no longer
valid. Similarly, if the dual background has strong curvature, the ˛0 expansion
breaks down. The simple example in (14.37) and (14.38) demonstrates both of
these points.

7. Non-Abelian T-duality (in the presence of non-Abelian isometries of the
background) has also been studied in detail but this and many other interesting
aspects will not be covered here.

14.3 Compactification

We now come to the main theme of this chapter and discuss strings in a non-trivial
metric background. All other possible background fields are, for time being, turned
off. We will see later that this is inconsistent for the heterotic string, for which
we will need a non-trivial gauge bundle. We work in the critical dimension of
the superstring. The notion of dimension makes sense, as these compactifications
possess a large volume, i.e. a decompactification limit.

We will use the following notation: dc is the dimension of space-time prior
to compactification. For string theory it is the critical dimension dcD 10. We
compactifiy on a D-dimensional manifold which leaves a d D dc �D dimensional
non-compact space-time. For the real world this is d D 4.

As we have just seen, the requirement of conformal invariance of the world-sheet
theory imposes restrictions on the allowed background metrics. These conditions
can be further tightened by imposing physically motivated conditions on the
resulting string vacuum. For instance, one requires that the vacuum leads to realistic
low-energy physics, i.e. to a realistic effective field theory of the light string
excitations. We should stress that at the present stage these conditions have to be
imposed by hand, possibly with reference to some kind of anthropic reasoning or
with the expectation that some day we will find a dynamical principle leading to
these specific choices.

One obvious requirement is to resolve the discrepancy between the critical
dimension dc D 10 and the number of observed dimensions d D 4. The second
requirement is that the four-dimensional theory has minimal supersymmetry. This
is based on the well-motivated believe that the standard model of particle physics is
incomplete. This is obvious because it does not contain the gravitational interaction.
But even without gravity a manifestation of its incompleteness is the instability of
the weak scale against quantum corrections. Supersymmetry, even if softly broken,
can avoid this so-called gauge hierarchy problem through the absence of quadratic
divergences in loop corrections to the Higgs mass.

We will now discuss the consequences of these two requirements where we are
implicitly assuming that a large volume limit exists where methods of classical
geometry are applicable. Whether this is justified for geometries of the size of
the string scale is certainly questionable. In fact, various string dualities, such as
T-duality, suggest a notion of ‘string geometry’ which is very different from the
geometry probed by point particles. To deal with string size ‘geometries’ one has to
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treat the internal degrees of freedom with the methods of conformal field theory, e.g.
in the form of Gepner models. The geometric (space-time) picture is, nevertheless,
very useful. Geometric notions are rather intuitive and powerful mathematical tools
are available, though one has to keep in mind that there are perturbative and non-
perturbative corrections, both �-model (i.e. ˛0) and string loop (i.e. gs) unless the
classical results are protected by some symmetry.

The first requirement naturally leads to the idea of compactification. Since the
space-time geometry Mdc is dynamical, there can exist solutions, consistent with
the requirements imposed by local scale invariance on the world-sheet, which
make the world appear four-dimensional. The simplest possibility is to have only
a background metric and to require that the manifold has the product form Mdc D
Md � KD where e.g. Md is Minkowski space and KD is a compact space which
admits a Ricci-flat metric and d C D D dc Moreover, to escape detection, the
size of KD must be smaller than the length scales already probed by particle
accelerators. The physics observed in Md will depend on properties of the compact
space KD. Of course, we are mostly interested in dc D 10 and d D 4. If the string
equations of motion have such a solution we say that the system admits spontaneous
compactification. The background metric GMN then satisfies

NGMN .x; y/ D
� Ng��.x/ 0

0 Ngmn.y/
�

; (14.39)

where XM D .x�; ym/ with x� and ym denoting the coordinates of Md and
KD, respectively. The bars indicate background values of the metric. Note that
with this ansatz there are no non-zero components of the Christoffel symbols
and the Riemann tensor which carry both Latin and Greek indices. An interesting
generalization of (14.39) is to keep the product form but with the metric components
on Md replaced by e2A.y/ Ng��.x/, whereA.y/ is a so-called ‘warp factor’. This does
not affect the d -dimensional space-time isometries, e.g. NG��.x; y/ D e2A.y/��� is
compatible with d -dimensional Poincaré symmetry. Such warped metrics appear,
if additional objects like D-branes or fluxes are present in the background. Such
solutions will be discussed in Chaps. 17 and 18 .

Consider the low-energy effective field theories for the massless string modes.
These are dc-dimensional supergravity theories and we will search for compact-
ifications that preserve some degree of supersymmetry. As long as there is only
a background metric, we must assume that the manifolds are spin manifolds, so
that spinor fields can be defined (otherwise SpinC might be an option). Instead
of analyzing whether the equations of motion, which are highly nonlinear, admit
solutions of the form (14.39), it is more convenient to demand (14.39) and
require unbroken supersymmetries in Md . A posteriori it can be checked that
the background or vacuum expectation values (vevs) obtained for all fields are
compatible with the equations of motion and Bianchi identities.

One way to obtain four-dimensional supersymmetric theories is to start in
dcD 11 or dc D 10 and compactify on a D-dimensional torus, keeping only the
constant modes on the torus, i.e. those which do not depend on the torus coordinates
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ym. This is referred to as dimensional reduction. The reason why we consider also
dc D 11 is the existence of a unique supergravity theory in this dimension. Its role
in string theory will be discussed in Chap. 18. A Majorana spinor  in dc D 11

decomposes under SO.1; 3/ � SO.7/ as 32 = (4, 8), where 4 and 8 are Majorana
spinors of SO.1; 3/ and SO.7/, respectively. Hence,  gives rise to eight Majorana
spinors in d D 4. This means that starting with dc D 11, N D 1, in which
the space-time supercharge Q is Majorana, gives a d D 4, N D 8 theory upon
dimensional reduction. Here and below we suppress spinor indices. As another
interesting example, consider dc D 10, N D 1 in which Q is a Majorana-Weyl
spinor. The Weyl representation of SO.1; 9/ decomposes underSO.1; 3/�SO.6/ as

16 D .2L; N4/C .2R; 4/ ; (14.40)

where 4, N4 are Weyl spinors of SO.6/ and 2L;R are Weyl spinors of SO.1; 3/. If we
further impose the Majorana condition in dc D 10, then dimensional reduction of
Q gives rise to four Majorana spinors in d D 4. Thus, N D 1; 2 supersymmetric
theories in dc D 10 yield N D 4; 8 supersymmetric theories in d D 4 upon
dimensional reduction.

The large amount of supersymmetry renders toroidal compactifications of super-
strings unrealistic because they are non-chiral, i.e. they cannot have the chiral matter
content and gauge interactions observed in nature. Supersymmetric extensions of
the Standard Model require d D 4, N D 1. To obtain such theories we must
go beyond toroidal compactification. As a guiding principle, we demand that some
supersymmetry is preserved. To this end we must understand the relation between
the properties ofKD and d -dimensional space-time supersymmetry. As we will see,
this leads to a more precise characterization of the internal manifold.

Unbroken supersymmetry requires that the vacuum satisfies N�Qj0i D 0 where
�.xM / parametrizes the supersymmetry transformation which is generated by Q,
both Q and � being spinors of SO.1; dc � 1/. This, together with ı�˚ D ŒN�Q;˚�,
means that hı�˚i � h0jŒN�Q;˚�j0i D 0 for every field generically denoted by ˚ . If
we want Md to be Minkowski space, we can allow a vev for the metric Ng�� D ���
and a d -form NF�1:::�D / ��1:::�D . A non-zero background value of any field which
is not a SO.1; d � 1/ scalar would reduce the symmetries of Minkowski space.
In particular, since fermionic fields are spinors that transform non-trivially under
SO.1; d � 1/, h˚Fermii D 0. Hence, hı�˚Bosei � h˚Fermii D 0 and we only need to
worry about hı�˚Fermii. Now, among the ˚Fermi in supergravity there is always the
gravitino M (or N gravitini if there are N supersymmetries in higher dimensions)
that transforms as

ı� M D rM � C � � � ; (14.41)

where rM is the covariant derivative on spinors defined in the appendix of this
chapter. The : : : stand for terms which contain other bosonic fields (dilaton, BMN
and p-form fields) whose vevs are taken to be zero. Then, hı� M i D 0 gives

hrM�i � NrM� D 0 ) Nrm� D 0 and Nr�� D 0: (14.42)
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Notice that in NrM there appears the vev of the spin connection N!. Spinor fields �,
which satisfy (14.42) are covariantly constant (in the background metric). They are
also called Killing spinors or parallel spinors. The existence of Killing spinors is
thus a necessary requirement for supersymmetric compactifications.

So far we have studied the supersymmetry transformation of the gravitini. In type
II supergravities there are also two dilatini. Their supersymmetry transformations
vanish in the case that there are no other non-trivial background fields besides the
metric. The full supersymmetry variations are given in Eq. (17.64). In heterotic and
type I SUGRA there are also gaugini. Their transformation is also zero, if we choose
a trivial background configuration for the gauge field. This is, however, inconsistent
with the Bianchi identities. We will come back to this issue later. The transformation
of the dilatino is not affected and still vanishes.

The existence of covariantly constant spinors restricts the class of manifolds on
which we may compactify. To see this explicitly, we iterate (14.42) to obtain the
integrability condition (since the following manipulations are completely general,
we drop the bar)

ŒrM ;rN �� D 1

4
RMN

ABAB� D 1

4
RMNPQ

PQ� D 0 ; (14.43)

where AB D 1
2
ŒA; B� and RMNPQ is the Riemann tensor in the d -dimensional

background.
Next we multiply by  N and use the property

 N PQ D  NPQ CGNP Q �GNQ P ; (14.44)

where  NPQ D 1
3Š
. N P Q ˙ � � � /. The Bianchi identity

RMNPQ CRMQNP CRMPQN D 0 (14.45)

implies that  NPQRMNPQ D 0. In this way, we arrive at the necessary (but not suffi-
cient) requirement for the existence of covariantly constant spinorsRMQ Q � D 0,
or for a metric of the form (14.39)

R��
�� D 0; Rmn

n � D 0: (14.46)

If we require that the non-compact space-time is a maximally symmetric space-time,
i.e. thatR���� D k.g��g�� �g��g��/, then the first of the above conditions requires
k D 0 and g�� D ��� . Taking the Hermitian conjugate of the second condition,
multiplying by  p� from the right and using (14.46) one obtains ��� Rmp D 0,
from where we conclude that a necessary condition for the existence of a covariantly
constant spinor on a Riemannian manifold is the vanishing of its Ricci tensor8:

8Another way to see this is to consider  � an
n. Then det. 2/ D gmnanam which, on a

Riemannian manifold with Euclidean signature, vanishes iff an D 0; 8n. Therefore, an n� D
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Rmn D 0: (14.47)

Thus, the internalKD has to be a compact Ricci-flat manifold.
Recall that the condition of Ricci flatness also follows from the requirement of

Weyl invariance of the world-sheet theory and it is also the equation of motion
derived from the supergravity action, if all fields except the metric are set to zero.9

One allowed solution isKD D TD , i.e. aD-dimensional torus which is compact and
flat. Because in this case Nrm � D @m� D 0, i.e. � is constant, it gives the maximum
number of supersymmetries in the lower dimensions.

We will now analyze sufficient conditions for the existence of covariantly
constant spinors. There are two aspects of this issue. The first obvious condition to
have such a spinor is that there exists a globally defined nowhere vanishing spinor
field �. This imposes topological restrictions on the manifold. For the case D D 6,
which we will be mostly interested in, this condition is that the manifold has SU.3/
structure. More aspects of G-structures are shown in Sect. 17.4. On a manifold
with SU.3/ structure the bundle of orthonormal frames can be patched together
by elements of SU.3/ � SO.6/. The decomposition of the spinor representation
4 of SO.6/ ' SU.4/ contains an SU.3/ singlet which implies the existence of a
globally defined nowhere vanishing spinor. Requiring the existence of a covariantly
constant spinor is a condition on the connection or, more precisely, on the holonomy
group of the manifold, i.e. it is a differential condition.10

Upon parallel transport along a closed curve on an m-dimensional manifold, a
vector vvv is rotated into Uvvv. The set of matrices U obtained in this way forms
the holonomy group H . The U ’s are necessarily matrices in O.m/ which is the
structure group of a generic Riemannian manifold Km. Hence H � O.m/. For
manifolds with an orientation the stronger condition H � SO.m/ holds. Now,
from (14.99) it follows that for a simply-connected manifold to have non-trivial
holonomy it has to have curvature. Indeed, the Riemann tensor (and its covariant
derivatives), when viewed as a Lie-algebra valued two-form, generate H . If the
manifold is not simply connected, the Riemann tensor and its covariant derivatives
only generate the identity component of the holonomy group, called the restricted
holonomy group H0 for which H0 � SO.m/. H0 is trivial if and only if the
Riemann tensor vanishes. Non-simply connected manifolds can have non-trivial H
without curvature (gravitational Wilson lines).

Under parallel transport along a loop in K6, spinors are also rotated by elements
of H . But a covariantly constant spinor such as � remains unchanged. This means

0 requires, for non-zero �, that an D 0; 8n. On Lorentzian manifolds Ricci-flatness is not a
necessary condition for the existence of covariantly constant spinors.
9These conditions and also (14.41) receive ˛0 corrections. We will comment on them later.
10The discussion of the condition of having Killing spinors is much richer than the corresponding
question for Killing vectors. In the latter case it is known that Ricci-flat compact manifolds do not
admit Killing vectors other than those associated with tori. Equivalently, the first Betti number b1
receives contributions only from non-trivial cycles associated to torus factors in KD .
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that � is a singlet under H . But � is an SO.6/ spinor and hence it has right- and left-
chirality pieces that transform respectively as 4 and N4 of SO.6/ ' SU.4/. How can
� be an H -singlet? Suppose that H D SU.3/. Under SU.3/ the 4 decomposes
into a triplet and a singlet: 4SU.4/ D .3 C 1/SU.3/. Thus, if H D SU.3/ there
is one covariantly constant spinor of positive and one of negative chirality, which
we denote �˙. If H were SU.2/, there would exist two right-handed and two
left-handed covariantly constant spinors, as under SU.2/ the 4 decomposes into
a doublet and two singlets. There could be as many as four covariantly constant
spinors of each chirality, as occurs when K6 D T6 and H0 is trivial.

If the manifold K6 has SU.3/ holonomy, the resulting theory in d D 4 has
precisely N D 1 supersymmetry, if it had N D 1 in dc D 10. Indeed, taking into
account the decomposition (14.40) and the discussion of the previous paragraph, we
see that the allowed supersymmetry parameter takes the form

� D �R ˝ �C C �L ˝ ��: (14.48)

Since � is also Majorana, �R D ��L and �C D .��/� and hence .�R; �L/ form a
single SO.1; 3/ Majorana spinor, associated to a single supersymmetry generator.
Similarly, if K6 has SU.2/ holonomy, the resulting d D 4 theory will have N D 2
supersymmetry. Obviously, the number of supersymmetries in d D 4 is doubled in
case we start with N D 2 in dc D 10. The supersymmetry parameter � is an anti-
commuting object. In the decomposition (14.48) this is achieved by treating �R;L as
anti-commuting and �˙ as commuting spinors.

We define Calabi-Yau manifolds CYn as 2n-dimensional compact Riemannian
manifolds with SU.n/ � SO.2n/ holonomy. We will give a slightly refined
definition later. We have seen that Calabi-Yau manifolds admit covariantly constant
spinors and that they are Ricci-flat. For n D 1 there is only one11 CY1, namely
the torus T2. The only CY2 is the K3 manifold. For n 	 3 there is a large
number of topologically distinct CY3’s. We will give simple examples of CY3 in
Sect. 14.5. We want to remark that except for the trivial case n D 1 no metric with
SU.n/ holonomy on any compact CYn is known explicitly. But their existence and
uniqueness have been proved.

Calabi-Yau manifolds are a class of manifolds with special holonomy. Generi-
cally on an oriented manifold H ' SO.m/. This raises the following question:
which subgroups G � SO.m/ do occur as holonomy groups of Riemannian
manifolds? For the case of simply connected manifolds which are neither symmetric
nor locally a product of lower dimensional manifolds, there exists a complete
classification (known as Berger’s list).

Returning to the important case, N D 1, dc D 10, d D 4, and the requirement
of unbroken supersymmetry we find the following possibilities. The internal K6

can be a torus T6 with trivial holonomy and hence � leads to D D 4, N D 4

11More precisely, there is only one family which is parametrized by a moduli space. For CY1 this
was discussed in Chap. 6 and will be further discussed later in this section and for CY3 in Sect. 14.5.
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supersymmetry. K6 can be a product K3 � T2 with SU.2/ holonomy and � leads
to N D 2 in d D 4. Finally, K6 can be CY3 with SU.3/ holonomy so that �
gives d D 4, N D 1 supersymmetry. These are the results for heterotic and type
I superstrings. For type II superstrings the number of supersymmetries in d D 4 is
doubled, as we start from N D 2 in dc D 10.12 In the case of the heterotic string,
the supersymmetry conditions and the Bianchi identity for the (NS,NS) two-form
also requires a non-trivial background for the gauge field. We will discuss this in
Sect. 14.7. Type II compactifications with N D 1 space-time supersymmetry also
require additional background fields which break N D 2!N D 1. They will be
discussed in Chap. 17 and in Sect. 18.8 in the context of F-theory.

For completeness, and because it is of interest for the discussion of string
dualities, let us also consider compactifications from N D 1, dc D 10 to d D 6.
In this case unbroken supersymmetry requires K4 to be the flat torus T4 or the
K3 surface with SU.2/ holonomy. Toroidal compactification does not reduce the
number of real supercharges (16 in N D 1, dc D 10) and for T4 the theory in
d D 6 has N D 2, or rather (1,1) supersymmetry. Here the notation indicates
that one supercharge is a left-handed and the other a right-handed Weyl spinor.
The SO.1; 5/ Weyl spinors are complex, as a Majorana-Weyl condition cannot be
imposed in d D 6. Compactification on K3 gives d D 6, N D 1, or rather (1,0),
supersymmetry. This can be understood from the decomposition of the 16 Weyl
representation of SO.1; 9/ under SO.1; 5/ � SO.4/,

16 D .4L; 2/C .4R; 20/ ; (14.49)

where 4L;R and 2, 20 are Weyl spinors of SO.1; 5/ and SO.4/. In both groups each
Weyl representation is its own conjugate. Since the supersymmetry parameter � in
dc D 10 is Majorana-Weyl, its .4L; 2/ piece has only eight real components which
form one complex 4L and likewise for .4R; 20/. Then, if the holonomy is trivial, �
gives one 4L plus one 4R supersymmetry in d D 6. Instead, if the holonomy is
SU.2/ � SO.4/ ' SU.2/ � SU.2/, only one SO.4/ spinor, say 2, is covariantly
constant and then � gives only one 4L supersymmetry. Starting from N D 2 in
dc D 10 there are the following possibilities. Compactification on T4 gives (2,2)
supersymmetry for both the non-chiral IIA and the chiral IIB superstrings. However,
compactification on K3 gives (1,1) supersymmetry for IIA but (2,0) supersymmetry
for IIB.

Let us finally mention that compactification of 11-dimensional supergravity on a
manifold withG2 holonomy leads to N D 1 supersymmetry in d D 4. This follows
from the decompositions 32SO.1;10/ D .4; 8/SO.1;3/�SO.7/ and 8SO.7/ D .7 C 1/G2 .
All spinors involved are Majorana spinors.

When we compactify a higher-dimensional theory, we would like to know to
what extent the choice ofKD determines the d D dc�D dimensional world and we
would like to find the resulting theory in d dimensions. As a simple example, which

12We have �1;2 D �
1;2
R ˝ �CC �1;2L ˝ �� for type IIB. For type IIA we interchange �2R$ �2L.
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exhibits most relevant features, consider a free massless scalar in five dimensions
with action

S D �1
2

Z

M5

d 5x �MN@M�@
N�: (14.50)

The flat metric is consistent with the five dimensional space being the product
M5 D M4 � S1 of four-dimensional Minkowski space and a circle of radius R,
xM D .x�; y/ with y 2 Œ0; 2�R�. The equation of motion for � is

�� D 0 ) @�@
�� C @2y� D 0: (14.51)

Since �.x; y/ D �.x; y C 2�R/ we can Fourier expand

�.x; y/ D 1p
2�R

1
X

nD�1
�n.x/ e

iny=R: (14.52)

Note that Yn.y/ � 1p
2�R

einy=R are orthonormalized eigenfunctions of @2y on S1.
Substituting (14.52) into (14.51) gives

@�@
��n � n2

R2
�n D 0; (14.53)

and we find that �n.x/ are four-dimensional scalar fields with masses n=R. This
can also be seen at the level of the action. Substituting (14.52) into (14.50) and
integrating over y (using orthonormality of the Yn) gives

S D �
1
X

nD�1

1

2

Z

M4

d4x
h

@��n @
���n C

n2

R2
��n �n

i

: (14.54)

This again shows that in four dimensions there is one massless scalar �0 plus an
infinite tower or massive scalars �n with masses n=R. We are usually interested in
the limit R ! 0 in which only �0 remains light while the �n; n ¤ 0 become very
heavy and can be discarded. We refer to this limit, in which only the zero mode �0 is
kept, as dimensional reduction. This is for the reason that we could obtain the same
result by demanding that �.xM / is independent of y. More generally, dimensional
reduction in this restricted sense means a compactification on a torus T D , discarding
all massive modes, i.e. all states which carry momentum along the directions of the
torus.

The important concept of zero modes generalizes to the case of curved internal
compact spaces. However, it is only in the case of the torus compactification that
all zero modes are independent of the internal coordinates. This guarantees the
consistency of the procedure of discarding the heavy modes in the sense that a
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solution of the lower-dimensional equations of motion is also a solution of the full
higher-dimensional ones.

We now consider Kaluza-Klein reduction when compactifying on a curved
internal space with the aim of determining the theory in d dimensions. To this end,
we expand all dc-dimensional tensor fields, generically denoted˚mn���

����� .x; y/, around
their vacuum expectation values

˚mn���
����� .x; y/ D h˚mn���

����� .x; y/i C 'mn�������� .x; y/: (14.55)

Next we substitute this into the dc-dimensional equations of motion and use the
splitting (14.39) of the metric. Keeping only linear terms, and possibly fixing gauge,
gives generic equations

Od '
mn���
����� C Oint'

mn���
����� D 0 ; (14.56)

where Od , Oint are differential operators of order p (p D 2 for bosons and p D 1

for fermions) that depend on the specific field.
We next expand 'mn�������� in terms of eigenfunctions Y mn���a .y/ of Oint inKD. That is

'mn�������� .x; y/ D
X

a

'a�����.x/ Y mn���a .y/: (14.57)

Since OintY
mn���
a .y/ D 	a Y

mn���
a .y/, from (14.56) we see that the eigenvalues 	a

determine the masses of the d -dimensional fields 'a�����.x/. With R being a typical
length scale of KD, 	a � 1=Rp. We again find that for finite R only the zero
modes of Oint correspond to massless fields '0�����.x/ and for small R the masses
of all other modes are large. When compactifying string theories, there appear two
hierarchies of masses, one set by the string scale and the other by the inverse size
of the compact manifold. If we start with the supergravity approximation we have
already discarded the massive string excitatons.

To obtain the effective d -dimensional action for the massless fields '0, in general
it is not consistent to simply set the massive fields, i.e. the coefficients of the higher
harmonics, to zero. The problem with such a truncation is that the heavy fields,
denoted 'h, might induce interactions of the '0 that are not suppressed by inverse
powers of the heavy mass. This occurs for instance when there are cubic couplings
'0 '0 'h. Setting 'h to zero would then not be a solution to the 'h equations of
motion. When the zero modes Y0.y/ are constant or covariantly constant a product
of them is also a zero mode and then by orthogonality of the Ya.y/ terms linear in 'h
cannot appear after integrating over the extra dimensions, but otherwise they might
be present and generate corrections to quartic and higher order couplings of the '0.
Even if the heavy fields cannot be discarded, it might be possible to consistently
determine the effective action for the massless fields.

We have already seen that for massless scalar fields in dc D 10, Oint is the
Laplacian �. On a compact manifold � has only one scalar zero mode, namely
a constant and hence a scalar in dc dimensions produces just one massless scalar in
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d dimensions. An important and interesting case is that of massless Dirac fields �
in dc D 10 for which both Od and Oint are Dirac operators. Let us be more specific
and consider the case dc D 10 and d D 4. The Dirac operator is D= D  MDM

where the covariant derivative depends on the background metric and possibly on
background gauge fields, etc. Using the representation of the Dirac matrices given
in the appendix and expanding� in terms of eigenfunctions �a.y/ ofD=int D �mDm

with eigenvalues 	a (we suppress spinor indices)

�.x; y/ D
X

a

 a.x/˝ �a.y/; (14.58)

one finds

 MDM� D
X

a

�

��D� a.x/˝ �a.y/C �5	a a.x/˝ �a.y/
� D 0: (14.59)

Zero modes �0 of D=int lead to massless spinors in d D 4.
The number of zero modes of D= int depends only on topological properties of

the internal manifold KD and can be determined using index theorems. When the
internal manifold is Calabi-Yau we can also exploit the existence of covariantly
constant spinors. For instance, from the formula r= 2 D rmrm, which is valid on a
Ricci-flat manifold, it follows that when K6 is a CY3, the Dirac operator has only
two zero modes, namely the covariantly constant �C and ��.

Among the massless higher dimensional fields there are usually p-form gauge
fields A.p/ with field strength F .pC1/ D dA.p/ and action

Sp D � 1

2.p C 1/Š
Z

Md

F .pC1/ ^ 
F .pC1/: (14.60)

After fixing the gauge freedom A.p/ ! A.p/ C d�.p�1/ by imposing d�A.p/ D 0,
the equations of motion are

�dA
.p/ D 0; �d D dd� C d�d: (14.61)

If the metric splits into a d -dimensional and a D-dimensional part, as in (14.39),
the Laplacian�dc also splits �dc D �d C�D . Then, Oint is the Laplacian�D . The
number of massless d -dimensional fields is thus given by the number of zero modes
of the internal Laplacian. This is a cohomology problem, as we will see in detail in
Sect. 14.4. In particular, the numbers of zero modes are the Betti numbers br . For
example, there is a 2-form which decomposes BMN ! B�� ˚ B�m ˚ Bmn. Each
term is an n-form with respect to the internal manifold, where n is easily read from
the decomposition. Thus, from B�� we obtain only one zero mode since b0 D 1,
from B�m we obtain b1 modes that are vectors in d dimensions and from Bmn we
obtain b2 modes that are scalars in d dimensions. In general, from a p-form in d
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dimensions we obtain bn massless fields, n D 0; � � � ; p, that correspond to .p � n/-
forms in d dimensions.

Let us now consider zero modes of the metric which decomposes as gMN !
g�� ˚ g�m ˚ gmn. From g�� there is only one zero mode, namely the lower
dimensional graviton. Massless modes coming from g�m, that would behave as
gauge bosons in d dimensions, can appear only when b1 6D 0. Massless modes
arising from gmn correspond to scalars in D dimensions. To analyze these modes
we write gmn D NgmnChmn. We know that a necessary condition for the fluctuations
hmn not to break supersymmetry is Rmn. NgC h/ D 0 just as Rmn. Ng/ D 0. Thus, the
hmn are degeneracies of the vacuum, they preserve the Ricci-flatness.

The hmn are called (metric) moduli. They are free parameters in the compact-
ification which change the size and shape of the manifold but not its topology.
For instance, a circle S1 has one modulus, namely its radius R. The fact that any
value of R is allowed manifests itself in the space-time theory as a massless scalar
field with vanishing potential. Another instructive example is the the 2-torus T 2

which has one Kähler modulus and one complex structure modulus. This is explicit
in Eq. (10.57). The split into complex structure and Kähler moduli generalizes to
compactifications on more complicated manifolds, such as Calabi-Yau manifolds.
This will be explained in Sect. 14.5.

Up to now our discussion of compactification has been almost entirely in terms of
field theory, rather than string theory which has an infinite tower of massive modes
in dc D 10. Of course, what we have learned about compactification is also relevant
for string theory, since at low energies, where the excitation of massive string modes
can be ignored, the dynamics of the massless modes is described by a supergravity
theory in ten dimensions (for type II superstrings) coupled to supersymmetric Yang-
Mills theory (for type I and heterotic superstrings).

But there are striking differences between compactifications of field theories
and string theories. When dealing with strings, it is not the classical geometry (or
even topology) of the space-time manifold M which is relevant. One-dimensional
objects, such as strings, probe M differently than point particles. Much of the
attraction of string theory relies on the hope that the modification of the concept
of classical geometry to ‘string geometry’ at distances smaller than the string scalep
˛0 (which in most scenarios is of the order of the Planck length, i.e. �10�33 cm)

will lead to interesting effects and eventually to an understanding of physics in this
distance range. At distances large compared to `s a description in terms of point
particles should be valid and one should recover classical geometry.

One particular property of string compactification as compared to point particles
is that there might be more than one manifoldK which lead to identical theories. No
experiment can be performed to distinguish between the manifolds. T-duality of the
torus compactification is one simple example. A particularly interesting example
which arose from the study of Calabi-Yau compactifications and which involves
topologically different manifolds, is mirror symmetry. It states that for any Calabi-
Yau manifoldX there exists a mirror manifold OX such that IIA.X/ D IIB. OX/. Here
the notation IIA.X/ means the full type IIA string theory, including all perturbative
and non-perturbative effects, compactified onX . For the heterotic string with the so-
called standard embedding of the spin connection in the gauge connection mirror
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symmetry means het.X/ D het. OX/. The manifolds comprising a mirror pair are
very different, e.g. their Euler numbers satisfy �.X/D ��. OX/. In particular, the
mirror map X$ OX exchanges complex structure and Kähler moduli between X
and OX . We have encountered a simple example of mirror symmetry when we
discussed the discrete symmetries of the compactification on T 2 in Chap. 10: it was
the Z2 symmetry which exchanged the two moduli T $ U . But it mapped a torus
to a torus, which is therefore its own mirror manifold.

We will come back to mirror symmetry, which is a perturbative duality, i.e. it
holds order by order in the gs expansion, later in this chapter. Non-perturbative so
called S-dualities will be discussed in Chap. 18.

The notion of geometric dualities also exists for (classical) point particle theories
through the existence of isospectral manifolds. Paraphrasing Mark Kac who asked
‘Can you hear the shape of a drum?’ we can say that string theory does not even
hear the topology of a manifold. This is due to the fact that extended objects probe
a space quite differently than point particles.

14.4 Mathematical Preliminaries

The discussion of manifolds of SU.n/ holonomy requires mathematical prerequi-
sites which we discuss in this section. In the appendix we summarize our notion and
summarize some results of differential geometry on real manifolds.

Complex Manifolds

Manifolds with SU.n/ holonomy have very special properties. In particular they
are complex manifolds. We have discussed two-dimensional complex manifolds,
Riemann surfaces, in Chap. 6. For Riemann surfaces the conformal structures
and complex structures are one and the same. This is no longer true in higher
dimensions. Neither it is true that higher dimensional manifolds always admit a
complex structure.

A real manifold looks locally like R
n and transition functions between overlap-

ping cooordinate patches are smooth functions. A complex manifold looks locally
like Cn. Transition functions from one coordinate patch to another are holomorphic
functions. More precisely, a complex manifoldM is a differentiable manifold which
admits an open cover fUaga2A and coordinate maps za W Ua ! C

n such that za ı z�1b
is holomorphic on zb.Ua \ Ub/ � C

n for all a; b. za D .z1a; : : : ; z
n
a/ are local

holomorphic coordinates and on overlaps Ua \ Ub , zia D f i
ab.zb/ are holomorphic

(complex analytic) functions, i.e. they do not depend on Nzib . (When considering local
coordinates we will usually drop the subscript which refers to a particular patch.)
Anatlas fUa; zaga2A with the above properties defines acomplex structure on M .
If the union of two such atlases has again the same properties, they are said to
define the same complex structure; cf. differential structure in the real case, which
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is defined by equivalence classes of C1 atlases. n is called the complex dimension
ofM : n D dimC.M/. Clearly, a complex manifold can be viewed as a real manifold
with even (real) dimension m D dimR.M/ D 2n. We write Mn or Mn to indicate
the complex dimension of the manifoldM .

Two manifolds might be the same as real manifolds but not as complex
manifolds. For instance, all two-dimensional manifolds (dimR.M/D 2/ have a
unique differentiable structure, but we know already from Chap. 6 that T 2 allows
for different complex structures which are in 1 � 1 correspondence with points in
the fundamental region. S2 ' R

2 [ f1g is the only compact Riemann surface with
a unique complex structure.

As already said, all complex manifolds are locally like Cn, which is the simplest
complex manifold of dimension n. It requires only one single coordinate patch.
We can consider C

n as a real manifold if we identify it with R
2n in the usual

way by decomposing the complex coordinates into their real and imaginary parts
(i Dp�1):

zj D x2j�1 C i x2j ; Nzj D x2j�1 � i x2j ; j D 1 : : : ; n: (14.62)

For later use we give the decomposition of the partial derivatives

@j � @

@zj
D 1

2

�

@

@x2j�1
� i @

@x2j

�

;

N@j � @

@Nzj D
1

2

�

@

@x2j�1
C i @

@x2j

�

(14.63)

and the differentials

d zj D dx2j�1 C i dx2j ; d Nzj D dx2j�1 � i dx2j : (14.64)

Locally, on any complex manifold, we can always choose real coordinates as the
real and imaginary parts of the holomorphic coordinates. A complex manifold is

thus also a real manifold. Moreover, since det @.x
1
a;:::;x

2n
a /

@.x1b;:::;x
2n
b /
D
ˇ

ˇ

ˇdet @.zia;:::;z
n
a/

@.z1b ;:::;@znb /

ˇ

ˇ

ˇ

2

> 0 on

Ua \ Ub , any complex manifold is orientable.
A very important example is the n-dimensional complex projective space CP

n,
or simply P

n. Pn is defined as the set of (complex) lines through the origin of CnC1.
A line through the origin can be specified by a single point and two points z and w
define the same line, iff there exists 	2C��C�f0g such that z D .z0; z1 : : : ; zn/ D
.	w0; 	w1; : : : ; 	wn/ � 	 � w. We thus have

P
n D C

nC1 � f0g
C�

: (14.65)

The coordinates z0; : : : ; zn are called homogeneous coordinates on P
n. One writes

Œz� D Œz0 W z1 W � � � W zn�. Pn can be covered by nC 1 coordinate patches Ui D fŒz� W
zi ¤ 0g, i.e. Ui consists of those lines through the origin which do not lie in the
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hyperplane zi D 0.13 In Ui we can choose local coordinates as �k.i/ D zk

zi
. They are

well defined on Ui and satisfy

�k.i/ D
zk

zi
D zk

zj

. zi

zj
D �k.j /

�i.j /
; (14.66)

which is holomorphic on Ui \ Uj , where �i.j / ¤ 0. Pn is thus a complex mani-

fold. The coordinates �.i/D .�1.i/; : : : ; �n.i// are called inhomogeneous coordinates.

Alternatively to (14.65) we can also define P
n as P

n D S2nC1=U.1/, where U.1/
acts as z ! ei�z. This shows that Pn is compact. One shows that P1 ' S2 by
examining transition functions between the two coordinate patches that one obtains
after stereographically projecting the sphere onto C [ f1g.

A complex submanifold X of a complex manifold Mn is a set X � Mn which
is given locally as the zeroes of a collection f1; : : : ; fk of holomorphic functions

such that rank.J / � rank
�

@.f1;:::;fk/

@.z1;:::;zn/

�

D k. X is a complex manifold of dimension

n�k, or, equivalently,X has co-dimension k inMn. Submanifolds of co-dimension
one are called hypersurfaces. The easiest way to show that X is indeed a complex
manifold is to choose local coordinates on M such that X is given by z1 D z2 D
� � � D zk D 0. It is then clear that, if M is a complex manifold, so is X . A point
p 2 X is a smooth point, if rank.J.p// D k. Otherwise p is called a singular
point. For instance, for k D 1, at a smooth point there is no simultaneous solution
of f D 0 and df D 0. Submanifolds which satisfy this condition everywhere are
called transverse.

The importance of projective space, besides being a concrete example of a
compact complex manifold, lies in the fact that the best studied constructions of
Calabi-Yau manifolds are submanifolds of projective space and generalizations
thereof. We will come back to this later when we discuss specific examples.14

We have seen that any complex manifold M can be viewed as a real manifold.
The tangent space at a point p is denoted by Tp.M/ and the tangent bundle by
T .M/. The complexified tangent bundle TC.M/ D T .M/ ˝ C consists of all
tangent vectors ofM with complex coefficients, i.e. v DP2n

�D1 v� @
@x�

with v� 2 C.
With the help of (14.63) we can write this as

v D
2n
X

�D1
v�

@

@x�
D

n
X

jD1
.v2j�1 C i v2j / @j C

n
X

jD1
.v2j�1 � i v2j / N@j

� v1;0 C v0;1: (14.67)

13n�1-dimensional submanifolds of Pn or, more generally, co-dimension-one submanifolds of Pn

are called hyperplanes.
14In this context the following result is of interest: there are no compact complex submanifolds
of Cn. This is an immediate consequence of the fact that any global holomorphic function on a
compact complex manifold is constant, applied to the coordinate functions.
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We have thus the decomposition

TC.M/ D T 1;0.M/˚ T 0;1.M/ (14.68)

into vectors of type .1; 0/ and of type .0; 1/: T 1;0.M/ is spanned by f@i g and

T 0;1.M/ by fN@i g. Note that T 0;1p .M/ D T 1;0p .M/ and that the splitting into the
two subspaces is preserved under holomorphic coordinate changes. The transition
functions of T 1;0.M/ are holomorphic, and we therefore call it the holomorphic
tangent bundle. A holomorphic section of T 1;0.M/ is called a holomorphic vector
field; its component functions are holomorphic.

T 1;0.M/ is a particular example of a holomorphic vector bundle E
��!M .

Holomorphic vector bundles of rank k are characterized by their holomorphic
transition functions which are elements of Gl.k;C/ (rather than Gl.n;R/ as in the
real case) with holomorphic matrix elements.

In the same way as in (14.68) we decompose the dual space, the space of one-
forms:

T �
C
.M/ D T �1;0.M/˚ T �0;1.M/: (14.69)

T �1;0.M/ and T �0;1.M/ are spanned by fd zi g and fd Nzig, respectively. The analogue
of (14.67) is

! D
2n
X

�D1
!�dx

� D
n
X

jD1

1

2
.!2j � i !2j�1/d zj C

n
X

jD1

1

2
.!2j C i!2j�1/d Nzj

� !.1;0/ C !.0;1/: (14.70)

By taking tensor products, we define differential forms of type .p; q/ as sections
of ^pT �1;0.M/ ^q qT �0;1.M/. The space of .p; q/-forms will be denoted by Ap;q .
Clearly Ap;q D Aq;p . If we denote the space of sections of ^rT �

C
.M/ by Ar , we

have the decomposition

Ar D
M

pCqDr
˘p;qAr D

M

pCqDr
Ap;q; (14.71)

where ˘p;q W Ar ! Ap;q is a projection operator. This decomposition is
independent of the choice of local coordinate system.

Using the underlying real structure, we can define the exterior derivative d . If
! 2 Ap;q , i.e.

! D 1

pŠqŠ
!i1:::ip ; N|1::: N|q d zi1 ^ � � � ^ d zip ^ d Nzj1 ^ � � � ^ d Nzjq ; (14.72)
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then
d! 2 ApC1;q ˚Ap;qC1: (14.73)

We write d! D @!C N@! with @! 2 ApC1;q and N@! 2 Ap;qC1. This defines the two
operators

@ W Ap;q ! ApC1;q ; N@ W Ap;q ! Ap;qC1 (14.74)

and
d D @C N@: (14.75)

The explicit expressions for the action of @ and N@ on a .p; q/-form ! are

@! D 1

pŠqŠ
@i!i1���ip N|1 ��� N|q d zi ^ d zi1 ^ � � � ^ d Nzjq ;

N@! D 1

pŠqŠ
N@j!i1:::ip N|1 ��� N|q d Nzj ^ d zi1 ^ � � � ^ d Nzjq

D .�1/p
pŠqŠ

N@j!i1:::ip N|1::: N|q ^ d zi1 � � � ^ d zip ^ d Nzj ^ d Nzj1 ^ � � � ^ d Nzjq : (14.76)

The following results are easy to verify:

d2 D .@C N@/2 � 0 ) @2 D 0; N@2 D 0; @N@C N@@ D 0: (14.77)

Here we used that @2 W Ap;q ! ApC2;q ; N@2 W Ap;q ! Ap;qC2; .@N@C N@@/ W Ap;q !
ApC1;qC1, i.e. that the three operators map to three different spaces. They must thus
vanish separately.
! is called a holomorphic p-form, if it is of type .p; 0/ and N@! D 0, i.e. if it has

holomorphic coefficient functions. Likewise, N! of type .0; q/ with @ N! D 0 is called
anti-holomorphic.˝p.M/ denotes the vector-space of holomorphic p-forms.

Alternative to the way we have defined complex structures, we could have started
with an almost complex structure, which is define as a globally defined differentiable
endomorphism (i.e. a linear map),

J W T .M/! T .M/; v� 7! J�� v� with J 2 D �� (14.78)

such that the splitting (14.68) of T .M/ is into eigenspaces of J with eigenvaluesCi
and �i , respectively. In local holomorphic coordinates, J ji D i; J

N|
N{ D �i; J N|i D

J
j

N{ D 0, i.e.

J D diag.i; : : : ; i;�i; : : : ;�i/; (14.79)

while in real coordinates
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J D

0

B

B

B

B

B

@

0 1

�1 0
: : :

0 1

�1 0

1

C

C

C

C

C

A

: (14.80)

The projection operators

P�
� D

1

2
.ı�� � iJ ��/; Q�

� D
1

2
.ı�� C iJ ��/;

P 2 D P; Q2 D Q; PQ D 0; P CQ D 1 (14.81)

project on the eigenspaces of J with eigenvalues˙i .
One defines the Nijenhuis tensor, also called the torsion of J ,

N.J / W T .M/� T .M/! T .M/;

N.v;w/ D Œv;w�C J ŒJ v;w�C J Œv; Jw� � ŒJ v; Jw�; (14.82)

whose component expression is

N�
�� D J �� @�J �� � J �� @�J �� � .�$ �/: (14.83)

The almost complex structure J is called integrable if N.J / D 0. From

ŒP v; Pw� D 1

4
N.v;w/ � i

2
P.ŒJ v;w�C Œv; Jw�/ (14.84)

and likewise for ŒQv;Qw� we conclude that if N.J / D 0 the Lie-bracket of two
vector fields of, say, type .1; 0/ is again of type .1; 0/.

Equation (14.75) is not always true on an almost complex manifold. Given
! 2T �.M/, we define15 !

.1;0/
� DP�

�!� 2T �1;0 and !.0;1/� DQ�
�!� 2T �0;1. It is

straightforward to show that the .0; 2/ part of d!.1;0/ (with components Q�
�Q

�
�

.d!.1;0//�� ) vanishes provided N�
��!

.1;0/
� D 0. Likewise, the vanishing of the .2; 0/

part of d!.0;1/Dd.Q!/ requires N�
��!

.0;1/
� D 0. More generally, on an almost

complex manifold, for ! 2Ap;q , d! 2ApC2;q�1˚ApC1;q ˚ Ap;qC1 ˚ Ap�1;qC2,
but N.J /D 0 implies (14.73) and (14.75). One checks that P�

� Q
�
�N

�
��D 0, i.e. the

.1; 1/ part of N , when viewed as a two-form with values in the tangent bundle,
vanishes. Therefore in two dimensions any almost integrable structure is integrable.

15P D ˘1;0; Q D ˘0;1 in terms of our previous definition.



456 14 String Compactifications

A theorem of Newlander and Nierenberg states that integrable almost complex
structures and complex structures are essentially identical. That is, if M is endowed
with an integrable almost complex structure J , we can construct on M an atlas of
holomorphic charts and M is a complex manifold in the sense of the definition that
we have given above with J the canonical almost integrable structure (14.79). If the
almost complex structure is real-analytic, the proof is elementary. But, if it is C1
or satisfies even weaker smoothness conditions, the proof is quite difficult.

Not all real manifolds of even dimension can be endowed with an (almost)
complex structure. For instance, among the even-dimensional spheres S2n, only
S2 and S6 admit an almost complex structure. While S2 has a unique complex
structure, it is not known whether S6 is a complex manifold. However, direct
products of odd-dimensional spheres always admit a complex structure.

Kähler Manifolds

The next step is to introduce additional structures on a complex manifold: a
Hermitian metric and a Hermitian connection.

A Hermitian metric is a covariant tensor field of the form ds2D 2Pn
i;jD1

gi N|d zi ˝ d Nzj , where gi N| Dgi N| .z/ (here the notation is not to indicate that the
components are holomorphic functions; they are not!) such that gj N{.z/ D gi N| .z/
and gi N| .z/ is a positive definite matrix, that is, for any fvig 2 C

n; vi gi N| Nv N| 	 0 with
equality only if all vi D 0.16

To any Hermitian metric we associate a .1; 1/-form

! D i
n
X

i;jD1
gi N| d zi ^ d Nzj : (14.85)

! is called the fundamental form associated with the Hermitian metric g. ! is a real
.1; 1/-form, i.e. ! D N!. From

!n

nŠ
D .i/ng.z/ d z1 ^ d Nz1 ^ � � � ^ d zn ^ d Nzn D 2ng.z/ dx1 ^ � � � ^ dx2n; (14.86)

where !n D
n factors

‚ …„ ƒ

! ^ � � � ^ !, g.z/ D det.gi N| / > 0 and 2n det.gi N| / D
p

det.g��/. It
follows that !n is a good volume form onM , just reflecting that complex manifolds
always possess an orientation.

An alternative way of defining the Hermitian metric, which does not use
local holomorphic coordinates, is via the requirement g.u;w/Dg.J u; J v/ for
any two vector fields; in components g�� D J ��J �� g�� . Likewise, ! is defined

16Given a Riemannian metric g�� , its components in local complex coordinates are gij ; gN{ N| D
.gij /

�; gi N| ; gN{j D .gi N| /
�. It is Hermitian if gij D 0.
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via !.v;w/D g.J v;w/ or, in components, !�� DJ ��g�� D �!��. Given any Rie-
mannian metric g on a complex manifold, Qg.v;w/D 1

2
.g.v;w/C g.J u; J v// is a

Hermitian metric which therefore always exists. An (almost) complex manifold with
a Hermitian metric is called an (almost) Hermitian manifold.

The inverse of the Hermitian metric is gi N| which satisfies gj N{gj Nk D ıN{Nk and

gi N|gk N| D ıki (summation convention used). We use the metric to raise and lower
indices, whereby they change their type. As for any other tensor field, under
holomorphic coordinate changes, the index structure of the metric is preserved.

A Hermitian metric g whose associated fundamental form ! is closed, i.e.
d!D 0, is called a Kähler metric. The set of all closed, real, positive definite .1; 1/
forms on M is the set of all Kähler forms on M . It is straightforward to show
that d!D 0 is equivalent to rJ D 0, where r is the covariant derivative with the
Riemannian connection.

A complex manifold endowed with a Kähler metric is called a Kähler manifold,
where! is called the Kähler form. An immediate consequence of d! D 0) @! D
N@! D 0 is

@igj Nk D @j gi Nk; N@igj Nk D N@kgj N{ : (14.87)

From this one finds that the only non-zero components of the Riemannian connec-
tion are

 k
ij D gk Nl @i gj Nl ; 

NkN{ N| D gl Nk N@N{gl N| : (14.88)

A Hermitian connection is a connection which is compatible with the Hermitian
metric, i.e. ri gj Nk D 0. Among the Hermitian connections there is precisely one
with the property that its mixed components vanish. This connection is called Chern
connection. The requirement that the mixed components vanish immediately gives
(14.88). If g is a Kähler metric the Chern connection is symmetric and coincides
with the Riemannian (Levi-Civita) connection.

The vanishing of the connection coefficients with mixed indices is a necessary
and sufficient condition that under parallel transport the holomorphic and the anti-
holomorphic tangent spaces do not mix (see below).

While all complex manifolds admit a Hermitian metric, this is not true for Kähler
metrics. Counter-examples are quaternionic manifolds which appear as moduli
spaces of type II compactifications on Calabi-Yau manifolds, or S2pC1 ˝ S2qC1
with q > 1. A complex submanifold of a Kähler manifold M is again a Kähler
manifold, with the induced Kähler metric. This follows easily if one goes to local
coordinates on M where X is given by z1 D � � � D zk D 0.

From (14.87) we also infer the local existence of a real Kähler potential K in
terms of which the Kähler metric can be written as

gi N| D @i N@jK (14.89)

or, equivalently, ! D i@N@K . The Kähler potential is not uniquely defined: K.z; Nz/
andK.z; Nz/Cf .z/C Nf .Nz/ lead to the same metric, where f and Nf are holomorphic
and anti-holomorphic functions (on the patch on which K is defined), respectively.
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From now on, unless stated otherwise, we will restrict ourselves to Kähler
manifolds; some of the results are, however, true for arbitrary complex manifolds.
Also, if in doubt, assume that the manifold is compact.

The components of the Riemann tensor of a Kähler manifold are easily computed
from (14.251) and (14.88). One finds that the only non-vanishing components are
those with index structure Ri N|k Nl and those related by symmetries. In particular the
components of the type Rij�� are zero. Explicitly

Ri N|k Nl D @i N@ N| gk Nl � gm Nn.@igk Nn/.N@ N| gmNl /: (14.90)

For the Ricci tensor one obtains

Ri N| D �@i N@ N| .log detg/: (14.91)

Note that Ri N| D Ri� N| � D Ri Nk N|
Nk D �Ri N| Nk Nk D �Ri N|kk . One also defines the

Ricci-form (of type .1; 1/) as

R D i Rj Nk d zj ^ d Nzk D �i@N@ log.det g/; (14.92)

which satisfies dR D 0. Note that log.det g/ is not a globally defined function, as
detg transforms as a density under change of coordinates. R, however, is globally
defined.

We learn from (14.92) that the Ricci form depends only on the volume form of
the Kähler metric and on the complex structure (through @ and N@). Under a change
of metric, g ! g0, the Ricci form changes as

R.g0/ D R.g/� i@N@ log

 

det.g0
k Nl /

det.gk Nl /

!

; (14.93)

where the ratio of the two determinants is a globally defined non-vanishing function
on M .

An explicit example of a Kähler manifold is the complex projective space. To
demonstrate this we give an explicit metric, called Fubini-Study metric. Recall that
P
n D fŒz0 W � � � W zn�I 0 ¤ .z0 W � � � W zn/ 2 C

nC1g and U0 D fŒ1; z1 W � � � W zn�g ' C
n

is an open subset of Pn. Set

gi N| D @i@ N| log.1C jz1j2 C � � � C jznj2/ � @i@ N| ln.1C jzj2/

D 1

.1C jzj2/2
�

.1C jzj2/ ıij � Nzi zj
�

(14.94)

or, equivalently,

! D i@N@ log.1C jzj2/ D i
�

d zi ^ d Nzi
1C jzj2 �

Nzi d zi ^ zj d Nzj
.1C jzj2/2

�

: (14.95)
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With the help of the Schwarz inequality one shows that the metric (14.94) is positive
definite, i.e. for any non-zero vector u, gi N| ui Nu N| > 0. Closure of ! is obvious if one
uses (14.77). From (14.94) we also immediately read off the Kähler potential of the
Fubini-Study metric (cf. (14.89)) on U0. Clearly this is only defined locally.

On the other hand, ! is globally defined on P
n. To see this, consider the open

set U1 D f.w0; 1;w2; : : : ;wn/g � P
n and check what happens to ! on the overlap

U0 \ U1 D fŒ1 W z1 W � � � W zn� D Œw0 W 1 W w2 W � � � W wn�g, where zi D wi

w0
, for all

i ¤ 1 and z1 D 1
w0

:

! D i@N@ log.1C jz1j2 C � � � C jznj2/ D i@N@ log

 

1C 1

jw0j2 C
n
X

iD2

jwi j2
jw0j2

!

D i
�

@N@ log.1C jwj2/� @N@ log.jw0j2/
�

D i@N@ log.1C jwj2/; (14.96)

as w0 is holomorphic on U0 \U1. Thus, ! and the corresponding Kähler metric are
globally defined. The complex projective space is therefore a Kähler manifold and
so is every complex submanifold. With

det.gi N| / D 1

.1C jzj2/nC1 (14.97)

one finds

Ri N| D �@i N@ N| log

�

1

.1C jzj2/nC1
�

D .nC 1/gi N| ; (14.98)

which shows that the Fubini-Study metric is a Kähler-Einstein metric and P
n a

Kähler-Einstein manifold.
Complex submanifolds of P

n are called algebraic manifolds. Algebraic mani-
folds are Kähler.

Holonomy Group of Kähler Manifolds

Consider a connected Riemannian manifold M of real dimension m endowed with
the Levi-Civita connection. A vector V is said to be parallel transported along a
curve x�.t/, if the directional derivative vanishes: ��r�V � D 0 where �� D Px� is
the tangent to the curve. Under infinitesimal parallel transportV changes by�V � D
� �

��V
�dx�. When V is transported around an infinitesimal contractible loop in the

.�; �/-plane with area a�� D �a�� D H x�dx� it changes by the amount

�V � D 1

2
a��R��

�
�V

� : (14.99)
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Under parallel transport the length jV j remains constant since jV j2 D V �V �g��
and r�g�� D 0. The generalization to the parallel transport of tensors and spinors
is obvious.

Fix a point p in M and parallel transport a vector V 2 Tp.M/ along all closed
paths starting and ending at p. This induces a map Tp.M/ ! Tp.M/. The set
of these transformations forms a group H .p/, called the holonomy group at p.
Since parallel transport with the Levi-Civita connection does not change the length
of the vector, the holonomy group is a subgroup of O.m/. For manifolds with an
orientation it is a subgroup of SO.m/. The holonomy group at two different points
p and p0 are related by conjugation by the map Tp.M/ ! Tp0.M/ induced by the
parallel transport from p to p0. Hp and Hp0 are thus isomorphic and we simply
speak of the holonomy group H of the manifolds M . The restricted holonomy
group H0 is generated by transport around contractible paths.

For Kähler manifolds it follows immediately from the index structure of the
connection coefficients that under parallel transport elements of T 1;0.M/ and
T 0;1.M/ do not mix. The holonomy group of a Kähler manifold is therefore a
subgroup of U.n/ � SO.2n/.17 In particular, elements of T 1;0.M/ transform as
n and elements of T 0;1.M/ as n of U.n/. More specifically,

�V i D ak NlRk Nl i j V j (14.100)

which is (14.99) expressed in a complex basis. From what we said above it follows
that on a Kähler manifold the matrix ak NlRk Nl i j must be an element of the Lie
algebra u.n/. The trace of this matrix, which is proportional to the Ricci tensor,
generates the u.1/ part in the decomposition u.n/ ' su.n/˚ u.1/. The holonomy
group of a Ricci-flat Kähler manifold is therefore a subgroup of SU.n/. Conversely,
one can show that any 2n-dimensional manifold with U.n/ holonomy admits a
Kähler metric and that, if it has SU.n/ holonomy, it admits a Ricci-flat Kähler
metric. This uses the fact that holomorphic and anti-holomorphic indices do not
mix, which implies that all connection coefficients with mixed indices must vanish.
One then proceeds with the explicitly construction of an almost complex structure
with vanishing Nijenhuis tensor.

The arguments which rely on (14.99) are a priori only valid for the restricted
holonomy group H0. The holonomy around non-contractible loops can be non-
trivial even if the connection has vanishing curvature. Furthermore, only the
holonomy around infinitesimal loops is generated by the Riemann tensor. For finite
(but still contractible) loops, derivatives of the Riemann tensor of arbitrary order
will appear. But for Kähler manifolds we have the U.n/ invariant split of the indices
� D .i; N{/ and U.n/ is a maximal compact subgroup of SO.2n/. The restricted

17The unitary group U.n/ is the set of all complex n�nmatrices which leave invariant a Hermitian
metric gi N| D gjN{ , i.e. UgU � D g. For the choice gi N| D ıij one obtains the familiar condition
UU� D �.
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holonomy group is therefore not bigger than U.n/. For Ricci-flat Kähler manifolds
it follows from the Calabi-Yau theorem, which we will state below, that the full
holonomy group is contained in SU.n/ even if the manifold is multiply connected.

(Co)homology of Kähler Manifolds

Before treating the (co)homology of complex manifolds, we review the real case.
On a smooth, connected manifoldM one defines p-chains ap as formal sums ap D
P

i ciNi of p-dimensional oriented submanifoldsNi ofM . If the coefficients ci are
real (complex, integer), one speaks of real (complex, integral) chains. Define @ as
the operation of taking the boundary with the induced orientation. @ap �P

ci@Ni
is then a p � 1-chain. Let Zp D fapj@ap D ;g be the set of cycles, i.e. the set
of chains without boundary and let Bp D f@apC1g be the set of boundaries. Since
@@ap D ;, Bp � Zp . The p-th homology group of M is defined as

Hp D Zp=Bp: (14.101)

Depending on the coefficient group, one gets Hp.M;R/; Hp.M;C/; Hp.M;Z/.
Elements of Hp are equivalence classes of cycles zp ' zp C @apC1 and are called
homology classes denoted by Œzp�.

One version of Poincaré duality is the following isomorphism between homology
groups, valid on orientable connected smooth manifolds of real dimensionm:

Hp.M;R/ ' Hm�p.M;R/: (14.102)

One defines the p-th Betti number bp as

bp D dim.Hp.M;R//: (14.103)

They are topological invariants of M . As a consequence of Poincaré duality,

bp.M/ D bm�p.M/: (14.104)

We now turn to de Rham cohomology, which is defined with the exterior derivative
operator d W Ap ! ApC1. Let Zp be the set of closed p-forms, i.e. Zp D
f!pjd!p D 0g and let Bp be the set of exact p-forms Bp D fd!p�1g. The de
Rham cohomology groupsHp are defined as the quotients

H
p
D:R: D Zp=Bp: (14.105)

Elements of Hp are equivalence classes of closed forms !p ' !p C d˛p�1, called
cohomology classes and denoted by Œ!p�.
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The Hodge decomposition theorem states that on a compact orientable Rieman-
nian manifold any p-form !p has a unique decomposition

!p D hp C d˛p�1 C d�ˇpC1; (14.106)

where hp denotes a harmonic p-form. For closed forms d�ˇrC1 D 0. In particular,
each equivalence class possesses a unique harmonic representative, i.e. a zero mode
of the Laplacian � D dd� C d�d . The action of d� and � on p-forms is given
in Eqs. (14.287) and (14.289) in the appendix. Among the closed forms in a given
equivalence class Œ˛�, ˛ is harmonic if and only if it minimizes .˛; ˛/ (cf. (14.284)).
The number of (normalizable) harmonic p-forms on a compact manifold is finite.

The property of a form being closed does not depend on the definition of a metric.
The harmonic representative varies as we vary the metric. Given two metrics we
have two different harmonic representatives, h and h0. Their difference is always an
exact form. Even though it might seem that the de Rham cohomology groups depend
on the differentiable structure of the manifold, they don’t. They encode topological
information of the manifold.

Denote by H p.M/ the space of harmonic p-form on M . Then, by Hodge’s
theorem

Hp.M/ 'H p.M/: (14.107)

Given both the homology and the cohomology classes, we can define an inner
product

�.zp; !p/ D
Z

zp

!p; (14.108)

where �.zp; !p/ is called a period (of !p). We speak of an integral cohomology
class Œ!p� 2 HD:R:.M;Z/, if the period over any integral cycle is integer. With
the help of Stoke’s theorem one shows that the integral does not depend on which
representatives of the two classes are chosen.

A theorem of de Rham ensures that the above inner product between homology
and cohomology classes is bilinear and non-degenerate, thus establishing an isomor-
phism between homology and cohomology. The following facts are consequences
of de Rham’s theorem:

1. Given a homology basis fŒzi �g of Hp there exists a basis fŒ!i �g of Hp such that

Z

zi

!j D ıij : (14.109)

In other words, given fŒzi �g and bp real numbers �i , we can always find a closed
p-form ! such that �.zi ; !/ D �i . Indeed, ! DP �i!i .

2. If all periods of a p-form vanish, ! is exact.
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3. Given any p-cycle a, there exists a closed .m � p/-form ˛, called the Poincaré
dual of a, such that for any closed p-form !

Z

a

! D
Z

M

˛ ^ !: (14.110)

Since ! is closed, ˛ is only defined up to an exact form.

In terms of their Poincaré duals ˛ and ˇ we can define the intersection number a � b
between a p-cycle a and an .m � p/-cycle b as

a � b D
Z

M

˛ ^ ˇ: (14.111)

This notion is familiar from Riemann surfaces.
So much for the collection of some facts about homology and cohomology

on real manifolds. They are also valid on complex manifolds, when viewed as
real manifolds. However one can use the complex structure to define (among
several others) the so-called Dolbeault cohomology or N@-cohomology. As the name
indicates, it is defined with respect to the operator N@ W Ap;q.M/ ! Ap;qC1.M/. A
.p; q/-form ˛ is N@-closed, if N@˛ D 0. The space of N@-closed .p; q/-forms is denoted
by Zp;q

N@ . A .p; q/-form ˇ is N@-exact, if it is of the form ˇ D N@� for � 2 Ap;q�1.
Since N@2 D 0, N@.Ap;q.M// � Zp;qC1

N@ .M/. The Dolbeault cohomology groups are
then defined as

H
p;q

N@ .M/ D Z
p;q

N@ .M/

N@.Ap;q�1.M//
: (14.112)

On a compact Kähler manifold the decomposition (14.71) extends to the cohomol-
ogy, i.e.

Hk.M;C/ D
M

pCqDk
H
p;q

N@ .M/ (14.113)

and the decomposition is independent of the choice of Kähler metric. This is the
Hodge decomposition in cohomology.

There is a lemma (by Dolbeault) analogous to the Poincaré-lemma, which
ensures that the Dolbeault cohomology groups (for q 	 1) are locally18 trivial.
This is also referred to as the N@-Poincaré lemma.

The dimensions of the .p; q/ cohomology groups are called Hodge numbers

hp;q.M/ D dimC.H
p;q

N@ .M//: (14.114)

18 More precisely, on polydiscs Pr D fz 2 C
n W jzi j < r; for all i D 1; : : : ; ng.



464 14 String Compactifications

They are finite for compact, complex manifolds. The Hodge numbers of a complex
manifold are often arranged in the Hodge diamond

h0;0

h1;0 h0;1

h2;0 h1;1 h0;2

h3;0 h2;1 h1;2 h0;3

h3;1 h2;2 h1;3

h3;2 h2;3

h3;3

(14.115)

which we have displayed for dimC.M/ D 3. We will later show that for a Calabi-
Yau manifold of the same dimension the only independent Hodge numbers are h1;1

and h2;1.
We now introduce a scalar product between two forms, ' and  , of type .p; q/:

 D 1

pŠqŠ
 i1:::ip N|1::: N|q .z/ d zi1 ^ � � � ^ d zip ^ d Nzj1 ^ � � � ^ d Nzjq (14.116)

and likewise for '. Define

h'; i D 1

pŠqŠ
'i1:::ip N|1::: N|q .z/  

i1:::ip N|1::: N|q
.z/ D h ; 'i.z/; (14.117)

where

 
i1:::ip N|1::: N|q

.z/ D gi1 Nk1 � � �gip Nkpgl1 N|1 � � �glq N|q  k1:::kp Nl1:::Nlq .z/: (14.118)

We will also need the definition

 D 1

pŠqŠ
 i1:::ip N|1::: N|q d zi1 ^ � � � ^ d Nzjq D 1

pŠqŠ
 ji :::jq N{1:::N{p d zj1 ^ � � � ^ d Nzip ;

(14.119)
where

 i1:::ip N|1::: N|q D .�1/pq j1:::jq N{1:::N{p : (14.120)

The inner product . ; / W Ap;q � Ap;q ! C is then

.';  / D
Z

M

h'; i!
n

nŠ
: (14.121)

The following two properties are easy to verify:

. ; '/ D .';  / ; (14.122a)

.'; '/ 	 0 (14.122b)
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with equality only for ' D 0.
Define the Hodge-
 operator 
 W Ap;q ! An�q;n�p ,  7! 
 by requiring19

h'; i!
n

nŠ
D ' ^ 
 : (14.123)

The 
-operator is simply the C-linear extension of the Hodge-? on Riemannian
manifolds. It enjoys the following properties:


˘p;q D ˘n�q;n�p
; (14.124a)


 D .
 /; (14.124b)



 D .�1/pCq  ;  2 Ap;q (14.124c)

and20

 ^ 
' D ' ^ 
 : (14.125)

One can work out the explicit expression for 
 2 Ap;q :


 D .i/n.�1/n.n�1/=2Cnp
pŠqŠ.n � p/Š.n � q/Š g �

m1:::mp N|1::: N|n�p �
Nn1:::Nnq

i1:::in�q

�  m1:::mp Nn1:::Nnqd zi1 ^ � � � ^ d zin�q ^ d Nzj1 ^ � � � ^ d Nzjn�p : (14.126)

Here we defined �i1:::in D ˙1 and its indices are raised with the metric, as usual; i.e.
�N{1:::N{n D ˙1=g. For ! the fundamental form and ˛ an arbitrary real .1; 1/-form on
a three-dimensional Kähler manifold one finds


 ˛ D 1

2
h!; ˛i! ^ ! � ˛ ^ !

D 3

2

R

˛ ^ ! ^ !
R

! ^ ! ^ !! ^ ! � ˛ ^ !; if ˛ harmonic; (14.127a)


 ! D 1

2
! ^ !; (14.127b)

where the second relation is a special case of the first. Note that if ˛ is harmonic (to
be defined below), h!; ˛i is constant. Furthermore, on a three-dimensional complex
manifold for ˝ 2 A3;0 and ˛ 2 A2;1,

19There exist other definitions in the literature; e.g. Griffiths and Harris define an operator �GH W
Ap;q ! An�p;n�q. What they call �GH we have called � .
20Proof: ' ^ � D ' ^ � D h';  i!n

nŠ
D h ; 'i !n

nŠ
D  ^ �'.
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˝ D �i ˝; (14.128a)


 ˛ D i ˛ � i! ^ 
.! ^ ˛/: (14.128b)

On a complex n-dimensional Kähler manifold a k-form ˛ with k � n is called
primitive if !n�kC1 ^ ˛ D 0. An equivalent characterization is that its contraction
with the Kähler form vanishes, e.g. for ˛ a .2; 1/-form gj

Nk˛ij Nk D 0. For n D 3

a .3; 0/ form is thus imaginary anti-self-dual while a primitive .2; 1/ form is
imaginary self-dual. Conversely, an imaginary self-dual .2; 1/ form is primitive
and for a .1; 2/ form to be imaginary self-dual, it cannot not be primitive. Using
(14.124b) we find that the (0,3) and (1,2) forms have the opposite properties. From
(14.127) we also learn that 
˛ D �˛ ^ ! for ˛ a primitive .1; 1/-form.21

We collect a few facts which are true on compact Kähler manifolds: (1) There
are no primitive k-forms for k > n. (2) All .p; q/-forms with p D 0 or q D 0

are primitive. (3) Any k-form ˛ has the unique Lefschetz decomposition ˛ D
P

i�0 !i ^ ˛i where ˛i is a primitive .k � 2i/-form and !i D ! ^ � � � ^ !
with i factors. The Lefschetz decomposition is compactible with (14.71). There is
also a Lefschetz decomposition of the cohomology. The notion of primitivity and
the Lefschetz decomposition of forms also hold on (almost) Hermitian manifolds,
while the Lefschetz decomposition of cohomology requires d! D 0, i.e. the Kähler
condition.

Given the scalar product (14.121), we can define the adjoint of the N@ operator,
N@� W Ap;q.M/! Ap;q�1.M/ via

.N@'; / D .'; N@� /; ' 2 Ap;q�1;  2 Ap;q: (14.129)

On a compact manifold22

N@� D � 
 @
; (14.130)

which satisfies N@�2 D 0. The explicit expression on a .p; q/-form  is

.N@� /i1:::ip N|2::: N|q D .�1/pC1r N|1 i1:::ip N|1::: N|q : (14.131)

We now define the N@-Laplacian�N@ W Ap;q.M/! Ap;q.M/

�N@ D .N@C N@�/2 D N@N@� C N@� N@; (14.132)

and call  a ( N@�) harmonic form if it satisfies

�N@ D 0: (14.133)

21The generalizations of (14.127b) to n dimensions is �! D 1
.n�1/Š

!n�1; �˝ D .i/n.�1/ 12 n.nC1/

generalizes (14.128a) to .n; 0/ forms. Finally, for ˛ a primitive p C q D k-form, �˛ D
.�1/ 12 k.kC1/.i/p�q 1

.n�k/Š
!n�k ^ ˛.

22Proof: Since ' ^ � N 2 An;n�1, d.' ^ � N / D N@.' ^ � N /. Integrating this over M leads to
(14.130).
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The space of �N@ harmonic .p; q/-forms on M is denoted by H p;q.M/.23

On a compact manifold,  is harmonic iff N@ D N@� D 0, i.e. a harmonic form
has zero curl and zero divergence with respect to its anti-holomorphic indices.24

Furthermore, a harmonic form is orthogonal to every exact form and is therefore
never exact.

In analogy to de Rham cohomology, one has the (complex version of the) Hodge
Theorem: Ap;q has a unique orthogonal decomposition (Hodge decomposition on
forms)

Ap;q DH p;q ˚ N@Ap;q�1 ˚ N@�Ap;qC1: (14.134)

In other words, every ' 2 Ap;q has a unique decomposition

' D hC N@ C N@��; (14.135)

where h 2 H p;q;  2 Ap;q�1 and � 2 Ap;qC1. If N@' D 0, then N@�� D 0,25 i.e. we
have the unique decomposition of N@-closed forms

Z
p;q

N@ DH p;q ˚ N@Ap;q�1: (14.136)

With reference to (14.112) we thus have

H
p;q

N@ .M/ 'H p;q.M/ (14.137)

or, in words, every N@-cohomology class of .p; q/-forms has a unique harmonic
representative 2 H p;q . Conversely, every harmonic form defines a cohomology
class.

The Kähler class of a Kähler form ! is the set of Kähler forms belonging to the
cohomology class Œ!� of !. The Kähler form is its harmonic representative. That !
is harmonic follows from d! D 0 and d�! D 0, the latter e.g. being a consequence
of 
! / !n�1.26 Furthermore, for any harmonic form ˛, ! ^ ˛ is also harmonic.
Of course, it could be zero.

In addition to the N@-Laplacian �N@, one defines two further Laplacians on a
complex manifold: �@ D @@� C @�@ and the familiar �d D dd� C d�d . The
importance of the Kähler condition is manifest in the following result which is valid
on Kähler manifolds but not generally on complex manifolds:

�N@ D �@ D 1

2
�d ; (14.138)

23One can similarly define @� D � � N@� and �@. On a Hermitian manifold, d� D @� C N@�.
24Proof: . ;�N@ / D jjN@ jj2 C jjN@� jj2 which vanishes iff N@ D N@� D 0.
25From N@' D N@N@�� it follows that .N@'; �/D .N@N@��; �/D .N@��; N@��/.
26On a Kähler manifold the three conditions d! D 0; rJ D 0 and ! is harmonic, are equivalent.
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i.e. the N@-, @- and d -harmonic forms coincide. An elementary proof of (14.138)
proceeds by working out the three Laplacians in terms of covariant derivatives and
Riemann tensors on a Kähler manifold.

One immediate consequence of (14.138) is that �d does not change the index
type of a form. Another consequence is that on Kähler manifolds every holomorphic
p-form is harmonic and vice-versa, every harmonic .p; 0/ form is holomorphic.
Indeed, if ˛ 2 ˝p � Ap;0, N@˛ D 0 and N@�˛ D 0. The latter is true since N@� W
Ap;q ! Ap;q�1 and can also be seen directly from (14.131). Conversely, �˛ D 0

implies N@˛ D 0 which, for ˛ 2 H p;0, means ˛ 2 ˝p. The exact piece in the
decomposition (14.136) of holomorphic .p; 0/-forms therefore always vanishes and
we concludeHp;0

N@ .M/ ' ˝p.M/.27

It follows from (14.138) that on Kähler manifolds

X

pCqDr
hp;q D br ; (14.139a)

X

p;q

.�1/pCq hp;q D
X

r

.�1/r br D �.M/; (14.139b)

where �.M/ is the Euler number of M . The decomposition of the Betti numbers
into Hodge numbers corresponds to the U.n/ invariant decomposition � D .i; N{/.
Equation (14.139b) also holds in the non-Kähler case where (14.139a) is replaced
by an inequality (	); i.e. the decomposition of forms (14.71) does not carry over to
cohomology. Note that (14.139a) relates real and complex dimensions.

While Hodge numbers generally depend on the complex structure, on compact
manifolds which admit a Kähler metric they do not change under continuous
deformations of the complex structure. They also do not depend on the metric.
What does depend on the metric is the harmonic representative of each class, but
the difference between such harmonic representatives is always an exact form.

In Sect. 14.5 we will be led to consider the cohomology of forms with values
in the holomorphic tangent bundle T 1;0.M/. To keep the discussion more general,
and because it will be needed in Sect. 14.7, when we consider compactifications
of the heterotic string, we consider forms with values in a holomorphic rank r
vector bundle V . For V D T 1;0.M/ we will reproduce familiar results and the
generalization to general V is straightforward.

A holomorphic vector bundle V of rank r over a complex manifold M is
a complex vector bundle (i.e. the fibers are isomorphic to C

r ) with additional
structure: if we denote the fiber coordinates of V in the patch U by � D
.�1; : : : ; �r / 2 C

r , holomorphicity of V means that the transition or gluing functions

27One can proof that a non-zero .p; 0/ form, not necessarily holomorphic, can never be exact.
Indeed, considering ˛ D dˇ 2 Ap;0, it is straightforward to show that ˛ ^ N̨ ^ !n�p D f!n ,
where ! is the Kähler form and f a positive function. The r.h.s., when integrated over the manifold,
is non-zero, while the l.h.s. integrates to zero, because it can be written as d.ˇ^ N̨ ^!n�p/. It then
follows that any ˛ 2 ˝p satisfies d˛ D 0: clearly, d˛ D @˛ is an exact (holomorphic) .p C 1/
form which vanishes by the above argument.
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f .z/ on U \U 0 ¤ ;, �˛ D f ˛
ˇ �
0ˇ are r � r matrices of holomorphic functions. For

instance, for V D T 1;0, f i
j D @zi =@z0j . A holomorphic line bundle is a holomorphic

vector bundle of rank one.
Denote by Ap;q.V / the space of .p; q/-forms with values in V . An element ' 2

Ap;q.V / is represented by a vector

' D .'˛/ D .'1; : : : ; 'r / 2 Ap;q.V /; (14.140)

where each component is a .p; q/-form and where the transition between overlap-
ping patches is via .fba/˛ˇ. For ' 2 Ap;q�1.V / one defines N@' D .N@'˛/ 2 Ap;q.V /.
This allows us to define the bundle valued cohomology groups as

H
p;q

N@ .M; V / D Z
p;q

N@ .M; V /

N@.Ap;q�1.M; V // ;
(14.141)

where  2 Zp;q

N@ .M; V / satisfies N@ D 0.
A Hermitian metric on the fibers of V is a positive definite quadratic form h.z/

on U

h˛ Ň�
˛ N� Ň (14.142)

with

h˛ Ň.z/ D .f �1.z//�˛ .f �1.z//ıˇ h� Nı.z/ (14.143)

for z 2 U \U 0. This identifies h as a section of V �˝ NV � where V � is the dual vector
bundle with transition functions f �1. E.g. for V D T 1;0, V � D T �1;0, NV D T 0;1

and NV �DT �0;1. Alternatively we can view h˛ Ň as a linear isomorphism NV !V �,
N� Ň 7! h˛ Ň N� Ň and likewise V ! NV �, �˛ 7! h˛ Ň�˛; A Hermitian metric always exists
on V . For V D T 1;0.M/ it is hi N| D gi N| . V equipped with a Hermitian metric is
called a Hermitian vector bundle .V; h/.

Given h we define the inner product

.';  / D
Z

h˛ Ň '
˛ ^ 
 Ň for '; 2 Ap;q.V /; (14.144)

which satisfies the same properties as (14.122). Note that N 2 Aq;p.V �/. Using the
inner product one can define the adjoint of N@ via

.N@'; / D .'; N@� /; ' 2 Ap;q�1.V /;  2 Ap;q.V /; (14.145)

for which one finds

N@� ˛ D �h˛ N� 
 @.hˇ N� 
  ˇ/; (14.146)
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where h˛ Ň is the inverse metric. One also defines the Laplace operator (14.132) and
harmonic forms and one can show that the decompositions (14.134) and (14.136) as
well as (14.137) also hold for the V -valued forms and that dimHp;q

N@ .M; V / <1.
As for the holomorphic tangent bundle, on an arbitrary holomorphic vector bun-

dle a Hermitian connectionD is defined by the requirement that it is compatible with
the Hermitian metric, i.e. Dih˛ Ň D 0. Among the Hermitian connections there is a
unique connection, called the Chern connection, with the additional property that it
is compatible with the holomorphic structure,D D D1;0 CD0;1 D D1;0 C N@. If we

writeD D dCA its only non-vanishing components areA ˇ
i˛ (�A ˇ

i˛ for V � andA
Ň
N{ N̨

for NV ). This leads toD D d CA D d Ch�1@h. The Hermitian curvature two-form

F D dAC A ^A D h�1 N@@h � .h�1 N@h/ ^ .h�1@h/ D N@A (14.147)

is of type .1; 1/ (cf. (14.88) and (14.90)).28 With the Chern connection the Laplace
operator on .p; q/-forms with values in V , �N@ D N@N@� C N@� N@, is

�N@!
˛
i1:::ip N|1::: N|q D �gi N|Di

ND N| !˛i1:::ip N| ::: N|q C
q
X

sD1
F N| N|s ˛ˇ !

ˇ

i1:::ip N|1::: N| ::: N|q

C
q
X

sD1
R N| N|s!˛i1:::ip N|1::: N| ::: N|q �

p
X

rD1

q
X

sD1
Rir N|s i N| !˛i1:::i :::ip N|1::: N| ::: N|q ; (14.148)

where Di D ri C Ai and NDN{ D rN{ and ri is the Levi-Civita connection. The zero
modes of �N@ are the harmonic forms and each bundle valued cohomology group
H
p;q

N@ .M; V / has a unique harmonic representative.
A holomorphic vector bundle of rank r over a compact Kähler manifold is called

Hermitian-Yang-Mills, if there exists a Hermitian metric h for which the Hermitian
curvature F satisfies

Fij D FN{ N| D 0; gi N|Fi N|˛ˇ D �ıˇa ; (14.149)

where � is a constant. For the holomorphic tangent bundle the l.h.s. is the Ricci
curvature and (14.149) becomes the Kähler-Einstein condition. One can show that
a complex vector bundle admits a holomorphic structure, if there exists a U.r/
connection whose curvature is of type .1; 1/.

The Hodge numbers (14.114) of Kähler manifolds are not all independent. From
Ap;q D Aq;p we learn

hp;q D hq;p: (14.150)

28The Chern connection is obviously not the only connection with the property that the .0; 2/ and
.2; 0/ parts of its curvature vanish, since this is a gauge invariant statement: for A! UAU�1 C
U dU�1 the curvature transforms as F ! UF U�1.
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This symmetry ensures that all odd Betti numbers of Kähler manifolds are even
(possibly zero). Furthermore, since Œ�d ;
� D 0 and since 
 W Ap;q ! An�q;n�p we
conclude

hp;q D hn�q;n�p .14:150/D hn�p;n�q: (14.151)

The existence of a closed .1; 1/-form, the Kähler form! (which is in fact harmonic),
ensures that

hp;p > 0 for p D 0; : : : ; n: (14.152)

Indeed,!p is obviously closed. If it were exact for some p, then !n were also exact.
But this is impossible since !n is a volume form. Moreover one has h0;0 D 1, in case
the manifold is connected. The elements of H0;0

N@ .M;C/ are the complex constants.
One can show that on P

n the Kähler form generates the whole cohomology, i.e.
hp;p.Pn/ D 1 for p D 0; : : : n, with all other Hodge numbers vanishing.

On a connected complex three-dimensional Kähler manifold the symmetries
(14.150), (14.151) leave only five independent Hodge numbers, e.g. h1;0, h2;0, h1;1,
h2;1 and h3;0. For Ricci-flat Kähler manifolds, which we will consider in detail
below, we will establish three additional restrictions on its Hodge numbers.

We have already encountered one important cohomology class on Kähler
manifolds: from (14.92) we learn that R 2 H1;1

N@ .M;C/ and from (14.93) that under
a change of metric R varies within a given cohomology class. In fact, one can show
that, if properly normalized, the Ricci form defines an element onH1;1

N@ .M;Z/. This
leads us to a discussion of Chern classes.

Given a Kähler metric, we can define a matrix valued 2-form� of type .1; 1/ by

�
j
i D gj Np Ri Npk Nl d zk ^ d Nzl : (14.153)

One defines the Chern form or total Chern class

c.M/ D 1C
X

i

ci .M/ D det

�

�C i t

2�
�

�

ˇ

ˇ

tD1

D .1C t�1.g/C t2�2.g/C : : : /
ˇ

ˇ

tD1 (14.154)

which has the following properties:

• d�i .g/ D 0 and Œ�i � 2 Hi;i
N@ .M;C/ \H2i

DR.M;R/,
• Œ�i .g/� is independent of g,
• ci .M/ is represented by �i.g/.

ci .M/ is the i th Chern class of the manifold M . We will often also refer to one
of its representatives as the i th Chern-class.
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Below we will need c1.M/ which is expressed in terms of the Ricci form:

�1.g/ D i

2�
�i
i D

i

2�
Rk Nl d zk ^ d Nzl D 1

2�
R D � i

2�
@N@ log det.gk Nl /: (14.155)

For c1.M/ the first two properties have been proven in (14.92) and (14.93).
Moreover, if

dv D v d z1 ^ d Nz1 ^ � � � ^ d zn ^ d Nzn (14.156)

is any volume form onM , we can represent Œc1.M/� by

c1.M/ D �
�

i

2�
@N@ log.v/

	

: (14.157)

This is so, as v D f det.g/ for a non-vanishing positive function f on M . As an
example, consider M D P

n, endowed with the Fubini-Study metric. We then have
(cf. (14.98)) R D .nC 1/!, i.e. c1.Pn/ D 1

2�
.nC 1/Œ!�.

We say that c1.M/ > 0 .< 0/ if c1.M/ can be represented by a positive
(negative) form �1. In local coordinates this means

�1 D i�k Nl d zk ^ d Nzl ; (14.158)

where �k Nl is a positive (negative) definite matrix. We say that c1.M/ D 0, if the first
Chern class is cohomologous to zero. Clearly c1.Pn/ > 0. Note that, e.g. c1.M/ > 0

means that
R

C c1 > 0 for any curve C in M .
The definition for the Chern classes can be generalized to any complex vector

bundle V overM with fiber Cr and structure groupG � GL.r;C/. When we speak
of the Chern classes of a manifold, we mean the Chern classes of the holomorphic
tangent bundle TM with the Hermitian connection. (Here and below we often use the
notation TM � T 1;0.M/ for the holomorphic tangent bundle and T �M � T �1;0.M/

for its dual bundle, the holomorphic cotangent bundle.) But for any vector bundle
with a connectionA we can define the Lie-algebra valued curvature two-form F.A/

and simply replace � in (14.154) by F . One uses the notation ci .V /. For instance
we could take V D T �M with c1.T �M/ D �c1.TM /.29 For a holomorphic vector

bundle V , c1.V / D i
2�
h˛
Ň
Fi N|˛ Ňd zi ^ d Nzj .

The Chern classes do not depend on the choice of connection. They encode
topological information about the bundle and help to measure how non-trivial a
bundle is. For trivial bundles they are trivial. We always have c0.V / D 1 and
ci .V / D 0 for i > r D rank.V / and ci .V / D 0 for i > dimC.M/.

29This follows from Œri ;r N| �Vk D Ri N|k
lVl and Œri ;r N| �V

k D Ri N|
k
lV

l and Ri N|k
k D �Ri N|

k
k .
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One also defines the Chern characters of a holomorphic vector bundle V as

ch.V / D tr exp

�

i t

2�
F

�

ˇ

ˇ

tD1 D
 

X

i

t i chi .V /

!

ˇ

ˇ

tD1: (14.159)

One easily establishes the relation with the Chern classes,

ch0.V / D r;

ch1.V / D
h i

2�
trF

i

D c1.V /;

ch2.V / D
h

� 1

8�2
trF ^ F

i

D 1

2
.c21.V / � 2 c2.V //; etc. (14.160)

Chern classes have the property that their integrals over cycles are integers, i.e. they
are elements of H2i

DR.M;Z/ while Chern characters are in H2i
DR.M;Q/.

14.5 Calabi-Yau Manifolds

We have now collected all the prerequisites to define: a Calabi-Yau manifold is a
compact Kähler manifold with vanishing first Chern class.

While it is obvious that any Ricci-flat Kähler manifold has vanishing first
Chern class, the opposite is far from trivial. This problem was first considered by
Calabi in a more general context. He asked the question, whether any representative
of c1.M/ is the Ricci-form of some Kähler metric. One can show that any two
such representatives differ by a term of the form i@N@f where f 2C1.M;R/.
This is the content of the @N@-lemma which states that on a compact Kähler manifold
any d -closed .p; q/-form �, which is either d -, @- or N@-exact, is of the form � D @N@� .
If p D q and � is real, i� is also real. Calabi also showed that, if such a Kähler
metric exists, then it must be unique. Yau proved that such a metric always exists, if
M is compact.

The precise statement of Yau’s theorem is: let M be a compact Kähler manifold,
! its Kähler form, c1.M/ its first Chern class. Any closed real two-form of type
(1,1) belonging to 2�c1.M/ is the Ricci form of one and only one Kähler metric in
the class of !.

For vanishing first Chern class, which is the case we are interested in, this means
that given any Kähler metric g with associated Kähler form !, one can always find
a unique Ricci-flat Kähler metric g0 with Kähler form !0 such that Œ!� D Œ!0�, i.e. a
Kähler manifold with c1.M/ D 0 admits a unique Ricci-flat Kähler metric in each
Kähler class.

Since the first Chern class is represented by the Ricci form, and since the latter
changes under change of metric by an exact form, i.e. R.g0/ D R.g/ C d˛ (cf.
(14.93)), vanishing of the first Chern class is necessary for having a Ricci-flat metric.



474 14 String Compactifications

This is the easy part of the theorem. To prove that this is also sufficient is the hard
part. Yau’s proof is an existence proof. In fact no exact Calabi-Yau metric has ever
been constructed explicitly on a compact manifold.30 Let us mention that for non-
compact manifolds the situation is better.31

The compact Kähler manifolds with zero first Chern class are thus precisely
those which admit a Kähler metric with zero Ricci curvature, or equivalently, with
restricted holonomy group contained in SU.n/. Following common practice, we
will speak of Calabi-Yau manifolds, if the holonomy group is precisely SU.n/.
This excludes tori and direct product spaces. We want to mention in passing that
any compact Kähler manifold with c1.M/ D c2.M/ D 0 is flat, i.e. M D C

n= .
This shows that while Ricci-flatness is characterized by the first Chern class, flatness
is characterized by the second Chern class.

We should also mention that the analysis, which led to considering Ricci-flat
manifolds, was based on a perturbative string theory analysis which was further
restricted to lowest order in ˛0. If one includes ˛0-corrections, both the beta-function
equations and the supersymmetry transformations will be corrected and the Ricci-
flatness condition is modified. One finds the requirementRi N|C˛03.R4/i N|C� � � D 0,
where .R4/ is a certain tensor composed of four powers of the curvature. It has been
shown that the ˛0-corrections to the Ricci-flat metric, which are necessary to solve
the corrected equations, do not change the cohomology class. They are always of the
form @N@.: : :/ and are thus cohomologically trivial. The proof uses extended world-
sheet supersymmetry which is necessary for space-time supersymmetry.

One often defines Calabi-Yau manifolds as compact complex Kähler manifolds
with trivial canonical bundle. Let us explain this. An important class of vector
bundles over a complex manifold are those with fibers of (complex) dimension one,
i.e. line bundles with fiber C (complex vector bundles of rank one). Holomorphic
line bundles have holomorphic transition functions and a holomorphic section is
given in terms of local holomorphic functions. Each holomorphic section defines
a local holomorphic frame (which is one-dimensional for a line-bundle). One
important and canonically defined line bundle is the canonical line bundleK.M/ D
^nT �1;0.M/ whose sections are forms of type .n; 0/, where n D dimC.M/. It
is straightforward to verify that Œri ;r N| �!i1:::;in D Ri N|!i1:::in , which shows that
c1.M/ D �c1.K.M//, i.e. if c1.M/ D 0, the first Chern class of the canonical
line bundle also vanishes. For a line bundle this means that it is topologically trivial.
Consequently there must exist a globally defined nowhere vanishing section, i.e. a
globally defined nowhere vanishing n-form on M .

We will now show that on a manifold with H � SU.n/ the canonical bundle
has a unique nowhere vanishing holomorphic section, i.e. that there exists a nowhere

30There exists an algorithm, due to Donaldson, for an approximate construction which converges
to the exact CY metric.
31Examples of explicit non-compact Ricci-flat Kähler metrics are the Eguchi-Hanson metrics
and the metric on the deformed and the resolved conifold. They play a role in the resolution of
singularities (orbifold and conifold singularities, respectively) which can occur in compact CY
manifolds at special points in their moduli space.
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vanishing holomorphic n-form ˝ . This can be seen by explicit construction: pick
any point p onM and define˝p D d z1^� � �^d zn where fzi g are local coordinates.
Parallel transport ˝ to every other point on M . This is independent of the path,
since, when transported around a closed path (starting and ending at p) ˝ , being a
singlet of SU.n/, is unchanged. This defines ˝ everywhere on M and furthermore
shows that ˝ is covariantly constant. Since M is Ricci-flat and Kähler, it follows
from (14.289) that ˝ is harmonic. It is also clear that it vanishes nowhere on M . A
covariantly constant .n; 0/ form is called a complex volume form.

Being covariantly constant implies that ˝ is holomorphic because rN{˝i1:::in DN@N{˝i1:::in D 0. This means that locally we can write

˝i1:::in D f .z/ �i1:::in (14.161)

with f a non-vanishing holomorphic function in a given coordinate patch and
�i1:::in D ˙1. Another important property of ˝ is that it is essentially unique.
Assume that given ˝ there is a ˝ 0 with the same properties. As ˝ is a form of
the top degree, we must have ˝ 0 D f˝ where f is a non-singular function. Since
we require N@˝ 0 D 0, f must be holomorphic. On a compact manifold this implies
that f is constant.

To summarize, on a compact Ricci-flat Kähler manifold of dimension n the
following statements are equivalent:

• There exists a unique holomorphic .n; 0/ form˝;
• There exists a unique covariantly constant .n; 0/ form˝;
• KM is trivial, i.e. it has a holomorphic section ˝;
• H � SU.n/.

Conversely, the existence of ˝ implies c1 D 0. Indeed, with (14.161), we can
write the Ricci form as

R D �i@N@ log det.gk Nl / D i@N@ log
�

˝i1:::in˝ N|1::: N|ngi1 N|1 � � �gin N|n
�

: (14.162)

The argument of the logarithm is a globally defined function and the Ricci form is
thus trivial in cohomology, implying c1 D 0.

The same argument which showed the existence of ˝ can be used construct
other covariantly constant tensors: if ˛p is an H -invariant tensor of Tp.M/, it can
be extended to a covariantly constant tensor field. We apply this to the metric and
the Kähler form: If we normalize

!p D i

2

X

i

d zi ^ d zi D
X

i

dx2i�1 ^ dx2i ; gp D
X

i

jd zi j2 D
X

�

.dx�/2;

(14.163)
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then

!n D nŠ

2n
.i/n.�1/ 12 n.n�1/˝ ^˝ (14.164)

is a local statement which holds at point p and therefore everywhere on M .
In terms of

jj˝jj2 D 1

nŠ
˝i1:::in˝

ii :::in (14.165)

which is easily shown to be a constant,

Z

M

˝ ^˝ D .i/n.�1/ 12 n.n�1/jj˝jj2Vol.M/: (14.166)

We now complete the discussion of Hodge numbers of Calabi-Yau manifolds. We
have just established the existence of a unique harmonic .n; 0/-form,˝ , and thus

hn;0 D h0;n D 1: (14.167)

With the help of ˝ we can establish one further relation between the Hodge
numbers. Given a holomorphic and hence harmonic .p; 0/-form, we can, via
contraction with ˝ , construct a .0; n � p/-form, which can be shown to be again
harmonic. This works as follows. Given

˛ D ˛i1:::ip d zi1 ^ � � � ^ d zip ; N@˛ D 0; (14.168)

˛ being .�@/-harmonic means

@ ˛ D 0 , rŒji ˛j2:::jpC1� D 0; (14.169)

@�˛ D 0 , r i1˛i1:::ip D 0: (14.170)

We then define the .0; n� p/-form

ˇ N|pC1::: N|n D
1

pŠ
˝ N|1::: N|n˛ N|1::: N|p : (14.171)

With the help of

˝
j1:::jpipC1:::in

˝j1:::jp NjpC1:::jn
D pŠ jj˝jj2 ıipC1:::in

jpC1:::jn
(14.172)
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we can be invert (14.171):

˛ N|1::: N|p D 1

.n� p/Š
1

jj˝jj2˝
N|1::: N|p N|pC1::: N|nˇ N|pC1::: N|n : (14.173)

From this we derive

r N|pC1ˇ N|pC1::: N|n D
1

pŠ
˝ N|1::: N|nr N|pC1˛ N|1::: N|p D 0; (14.174)

where we used (14.169). Similarly

r N|1˛ N|1 ::: N|p D
1

.n � p/Š
1

jj˝jj2˝
N|1::: N|p N|pC1::: N|nr N|1ˇ N|pC1::: N|n D 0 (14.175)

by virtue of (14.170). It follows that ˇ is also harmonic.
We have thus shown the following relation between Hodge numbers

hp;0 D h0;p D h0;n�p D hn�p;0: (14.176)

Let us now look at hp;0. Elements of Hp;0

N@ .M/ are holomorphic p-forms.
On page 467 we have shown that they are harmonic. If the manifold is Ricci-
flat, they are covariantly constant. Indeed, from (14.289) we see that on a Ricci-flat
Kähler manifold, where Ri N| D Rij Nk Nl � 0, we find r�r�˛i1���ip D 0. On a compact
manifold this means that ˛ is parallel, r�˛i1���ip D 0, i.e. ˛ transforms as a singlet
under the holonomy group. We now assume that the holonomy group is exactly
SU.n/, i.e. not a proper subgroup of it.32 Since ˛i1���ip transforms in the ^pn of
SU.n/, the singlet only appears in the decomposition if p D 0 or p D n. We thus
learn that on Calabi-Yau manifolds with holonomy group SU.n/

hp;0 D 0 for 0 < p < n: (14.177)

The fact that h1;0.M/ D 0 implies that there are no continuous isometries on M .
Indeed, an isometry would mean that the Killing equation r��� C r��� D 0 has
a non-trivial solution. An immediate consequence is r�r��� C r�r��� D 0:

However, on a Ricci-flat manifold r�r��� D r�r��� D 0 where the second
equality follows from the trace of the Killing equation. With reference to (14.289)
we conclude that the existence of a Killing vector implies the existence of a
harmonic one-form.

We will be mainly interested in Calabi-Yau threefolds, i.e. n D 3, which we will
denote by X . In this case, the only independent Hodge numbers are h1;1 	 1 and
h2;1 	 0 so that the Hodge diamond for Calabi-Yau threefolds is

32Calabi-Yau orbifolds have discrete holonomy groups. There the condition is that it is not
contained in any continuous subgroup of SU.n/.
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h3;0D 1 h2;1 h1;2D h2;1 h0;3D 1
X

X

Hodge 

duality

h2;0 D 0 h1;1

h2;2 D h1;1

h0;2 D 0

h3;1 D 0 h1;3 D 0

h1;0 D 0 h0;1 D 0

h3;2 D 0 h2;3 D 0

h0;0 D 1

h3;3 D 1

X

OX
mirror

symmetry
X X

complex conjugation (14.178)

The Euler number of a Calaci-Yau threefoldX is (cf. (14.139b))

�.X/ D 2.h1;1.X/� h1;2.X//: (14.179)

The significance of the elements of H1;1 andH1;2 on Calabi-Yau threefolds will be
explained at the end of this section. The fact that h2;3 D 0means that all elements of
H 1;2 are primitive because given a harmonic .1; 2/-form ˛, !^˛ is also harmonic.
Furthermore, they are imaginary anti-self-dual.

The number of non-trivial Hodge numbers increases with dimension. For
instance in n D 4, we have h1;1; h2;1; h3;1 and h2;2, but they can be shown to satisfy
h2;2 D 2.22 C 2h1;1 C 2h3;1 � h2;1/ such that there are three independent Hodge
numbers.

In (14.5) we have indicated operations which relate Hodge numbers to each other.
In addition to complex conjugation (14.150) and the Hodge 
-operation (14.151),
which act on the Hodge numbers of a given CY manifold, we have also shown the
action of mirror symmetry: given a CY manifold X , there exists a mirror manifold
OX such that

hp;q.X/ D h3�p;q. OX/: (14.180)

This in particular means that the two non-trivial Hodge numbers h1;1 and h2;1 are
interchanged betweenX and OX so that �.X/ D ��. OX/. Within the class of Calabi-
Yau manifolds constructed as hypersurfaces in toric varieties (which we have not
yet discussed) they manifestly come in mirror pairs.

We close this section with a discussion of spinors on Calabi-Yau manifolds. This
will be important for the identification of the massless spectrum of the compactified
string theory.
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From the Dirac algebra f�i ; �j g D 2ıij ; f�i ; �j g D f�i ; �j g D 0 it follows that

we can view �i and � N{ D �j g
j N{ as fermionic annihilation and creation operators.

We can then define a vacuum state j˝i such that �i j˝i D 0; 8i . A general state
has the decomposition

�j˝i C �N{� N{j˝i C �N{ N| � N{ N| j˝i C �N{ N| Nk� N{ N| Nkj˝i; (14.181)

where the different parts transform as 1�3R C N3�1L C 31R C 1C3L of SU.3/ � U.1/ �
SO.6/; see the discussion in Sect. 8.5. The superscripts are theU.1/ charges and the
subscript indicates the chirality of the states. For manifolds with SU.3/ holonomy
the U.1/ charge decouples and we have thus found that spinors on Calabi-Yau
manifolds can be associated with .0; q/-forms, i.e. elements of A0;q.X/. The two
singlets correspond to the Killing spinors of opposite chirality, i.e. we identify
j˝i � �C and � N1N2N3j˝i � ��.

We can construct ˝ and ! in terms of the Killing spinors �˙ in the following
way:

!i N| D �i��˙�i N| �˙; ˝ijk D �i����ijk�C: (14.182)

If we normalize the Killing spinors such that ��˙�˙ D 1, they satisfy

! ^ ! ^ ! D 3i

4
˝ ^˝: (14.183)

It can be verified that these expressions have the required properties, e.g. d! D 0.
An easy way to check the normalization is to work at a point p where the metric is
as in (14.163).

Let us now look at the Dirac-operator on a Kähler manifold, ��D� D �iDi C
� N{DN{ where the covariant derivatives contain the Hermitian connection. Consider
the two operators �iDi and � N{DN{ separately. Both square to zero because the
.2; 0/ and .0; 2/ components of the curvature vanish on a Kähler manifold. Acting
with �iDi and � N{DN{ on the state (14.181), it is straightforward to show that these
operators act on the coefficients as

� N{DN{ � N@ �iDi � N@� ��D� � N@C N@�: (14.184)

Furthermore, zero modes of the Dirac operator are harmonic forms, they are
elements of H0;q

N@ .X/ and their number is h0;q .
Later we will be interested in spinors carrying additional indices, i.e. spinors with

values in a holomorphic vector bundle. If we construct the Dirac operator with the
Hermitian connection, then it is not difficult to show that it satisfies (14.184) where
N@� is as in (14.146). In this case the zero modes are the harmonic representatives of
H
p;q

N@ .X; V /.
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Constructions of Calabi-Yau Manifolds

The construction of explicit examples of Calabi-Yau manifolds touches upon many
contemporary developments in algebraic geometry. We will only scratch the surface
of this extensive subject with a few examples and comments.

We have already mentioned that compact complex manifolds cannot be written
as complex submanifolds of Cn. One therefore constructs compact CY manifolds as
submanifolds in projective space or generalizations thereof. The simplest examples
are hypersurfaces Xd of projective space. They are defined as the zero locus of a
homogeneous polynomial p.z/ of degree d : p.	 � z/ D 	dp.z/:

Xd D
n

Œz0 W � � � W zd � 2 P
n
ˇ

ˇ

ˇp.z/ D 0
o

: (14.185)

The polynomial must be chosen such that the hypersurface is non-singular. Its first
Chern class is

2�c1.Xd / D .nC 1 � d/Œ!�; (14.186)

which is positive, zero or negative according to d < nC1; d D nC1 and d > nC1,
respectively. For instance, for n D 2; d D 3 we obtain a torus, for n D 3; d D 4 a
K3 surface and for n D 4; d D 5 a CY threefold. The quintic in P

4, defined by

z51 C z52 C z53 C z54 C z55 D 0 (14.187)

is the simplest and most studied CY threefold.
There are various ways to prove (14.186). Besides an elementary proof which

uses (14.157), where the volume form is the pull-back of the .n � 1/-st power
of the Kähler form on P

n, there exist more elegant proofs which employ more
sophisticated methods of algebraic geometry. We will give an indirect argument,
valid for the case c1.X/ D 0, by explicitly constructing the holomorphic three-form
˝ . This argument also works for a more general class of CY constructions, namely
that of hypersurfaces in weighted projective spaces.

A weighted projective space is defined much in the same way as a projective
space, but with the generalized C

� action on the homogeneous coordinates

	 � z D 	 � .z0; : : : ; zn/ D .	w0z0; : : : ; 	wnzn/; (14.188)

where, as before, 	 2 C
� and the non-zero integer wi is called the weight of the

homogeneous coordinate zi . We will consider cases where all weights are positive.
When one is interested in non-compact spaces, one also allows some of the weights
to be negative. We write P

nŒw0; : : : ;wn� � P
nŒw�.

A hypersurface XdŒw� in weighted projective space is defined as the vanishing
locus of a quasi-homogeneous polynomial,p.	 �z/ D 	dp.z/, where d is the degree
of p.z/, i.e.
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XdŒw� D
˚

Œz0 W � � � W zn� 2 P
nŒw�

ˇ

ˇp.z/ D 0
: (14.189)

The generalization of (14.186) is that the first Chern class of XdŒw� vanishes if
d D Pn

iD1 wi . One can show that there are precisely 7,555 weighted projective
spaces P4Œw� which admit transverse CY-type hypersurfaces.

For hypersurfaces in weighted projective spaces one can explicitly construct ˝
by extending the construction of holomorphic differentials on a Riemann surface.
Once constructed, we know that ˝ is essentially unique (up to a multiplicative
constant on the hypersurface).

Consider first the torus defined as a hypersurface in P
2, specified by the vanishing

locus of a cubic polynomial, p.x; y; z/ D 0. This satisfies (14.186).33 The unique
(up to normalization) holomorphic differential (written in a patch with z D 1) is
! D �dy=.@p=@x/ D dx=.@p=@y/ D dx=.2y/. The first equality follows from
dp D 0 along the hypersurface and the second equality holds, if the hypersurface is
defined by an equation of the form p D y2 � f .x/ D 0, e.g. the Weierstrass and
Legendre normal forms. An interesting observation is that ! can be represented as
a residue: ! D 1

2�i

R

�
dx^dy
p.x;y/

. The integrand is a two-form in the embedding space
with a first order pole on the hypersurface p D 0 and the contour � surrounds the
hypersurface. Changing coordinates .x; y/ ! .x; p/ and using 1

2�i

R

�
dp

p
D 1 we

arrive at ! as given above.
The above construction of the holomorphic differential for a cubic hypersurface

in P
2 can be generalized to obtain the holomorphic three-form on a Calabi-Yau

manifold realized as a hypersurface p D 0 in weighted P
4Œw�. Concretely,

˝ D
Z

�

�

p
(14.190)

with

� D
4
X

iD0
.�1/i wi zi d z0 ^ � � � ^ cd zi ^ � � � ^ d z4; (14.191)

where the term under the b is omitted. The contour � now surrounds the hypersur-
face p D 0 inside the weighted projective space. Note that the numerator and the
denominator in �=p scale in the same way under (14.188). In the patch Ui where
zi D const, only one term in the sum survives. One can perform the integration by
replacing one of the coordinates, say zj , by p and using

R

�
dp

p
D 2�i . In this way

one finds an expression for ˝ directly on the embedded hypersurface. For instance
in the patch U0 one finds (no sum on .i; j; k/ implied)

˝ D w0 z0 d zi ^ d zj ^ d zk

�
ijk
0

; (14.192)

33Alternatively we could represent the torus as a homogeneous polynomial of degrees 4 and 6 in
P
2Œ1; 1; 2� and P

2Œ1; 2; 3�, respectively and the following discussion would also be valid.
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where �ijk
0 D @.zi ;zj ;zk;p/

@.z1;z2;z3;z4/
. From our derivation it is clear that this representation

of ˝ is independent of the choice of fi; j; kg � f1; 2; 3; 4g and of the choice of
coordinate patch. Furthermore, it is everywhere non-vanishing and well defined at
every non-singular point of the hypersurface.

Further generalizations are to hypersurfaces in products of weighted projective
spaces and to submanifolds of co-dimension higher than one which are specified by
the vanishing of more than one quasi-homogeneous polynomial.

The largest known class of CY constructions is as submanifolds in toric varieties.
They are generalizations of projective space. One way to define them is by
generalizing (14.65):

C
nCkC1 �P

.C�/k
; (14.193)

where the C
�’s act on the coordinates of CnCkC1 and P is called the excluded set.

Weighted projective spaces and more general toric varieties are generically
singular34 and, if the hypersurface intersects the singular locus, then it is also
singular. In many cases the singularities can be resolved leading to smooth Calabi-
Yau manifolds. We will not enter this very interesting but mostly mathematical
subject.

While compact CY manifolds can never be toric varieties themselves, this is not
the case in the non-compact case. An illustrative example is the so-called resolved
conifold

C
4 � fz1 D z2 D 0g

.z1; z2; z3; z4/ � .	z1; 	z2; 	�1z3; 	�1z4/
: (14.194)

We observe that the C
�-invariant coordinates x1 D z1z3; x2 D z1z4; x3 D z2z3 and

x4 D z2z4, satisfy

x1x4 � x2x3 D 0; (14.195)

which describes a hypersurface in C
4 and gives an isomorphic description of the

conifold.35

The conifold plays an important role in the local description of compact CY
manifolds at points in their moduli space where they develop singularities. Zooming
into the vicinity of the singularity leads to considering non-compact CY spaces and

34A simple example is P
2Œ1; 1; 2�, i.e. .z0; z1; z2/ and .	z0; 	z1; 	2z2/ denote the same point. For

	 D �1 the point Œ0 W 0 W z2� � Œ0 W 0 W 1� is fixed but 	 acts non-trivially on its neighbourhood.
There is a Z2 orbifold singularity at this point.
35The toric variety (14.194) can be considered as the O.�1/˚O.�1/ bundle over a P1 defined by
the two homogeneous coordinates z1 and z2. Here O.n/ denotes the holomorphic line bundle over
P
1 with first Chern number

R

P1
c1.O.n// D n. For the size of this P1 going to zero, one gets the

conifold singularity.
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to a decoupling of gravity. Much interesting physics resides at these points, e.g.
D-branes at singularities.

Other examples of non-compact CY manifolds are the cotangent bundle of
projective space or of spheres. For instance, the cotangent bundle of S3 is the
deformed conifold.

There exists a realization of toric varieties as vacuum manifolds of two-
dimensional supersymmetric linear �-models but their discussion is beyond the
scope of this book. The same applies to more sophisticated algebraic-geometric
tools which are used in the construction of CY manifolds and the study of their
properties.

Calabi-Yau Moduli Space

We specifically discuss three dimensional Calabi-Yau manifolds, but some results
of this section straightforwardly generalize to higher dimensions.

In view of Yau’s theorem, the parameter space of CY manifolds is that of
Ricci-flat Kähler metrics. We thus ask the following question: given a Ricci-
flat Riemannian metric g�� on a manifold M , what are the allowed infinitesimal
variations g�� C ıg�� such that

R��.g/ D 0 ) R��.g C ıg/ D 0 ‹ (14.196)

Clearly, if g is a Ricci-flat metric, then so is any metric which is related to g
by a diffeomorphism (coordinate transformation). We are not interested in those
ıg which are generated by a change of coordinates. To eliminate them we have
to fix the diffeomorphism invariance and impose a coordinate condition. This is
analogous to fixing a gauge in electromagnetism. An appropriate choice is to
demand that r�ıg�� D 0. Any ıg�� which satisfies this condition also satisfies
R

M d
dx
p
g ıg�� .r��� C r���/ D 0, and is thus orthogonal to any change of

the metric induced by a diffeomorphism generated by the vector field ��. We
now expand (14.196) to first order in ıg (cf. Eq. (18.250)) and use R��.g/ D 0

and the coordinate condition. Taking the trace of the resulting equation gives
r�r�.g��ıg��/ D 0. On a compact manifold this means g��ıg�� D const. We
then arrive at

�Lıg�� � r�r�ıg�� C 2R���� ıg�� D 0: (14.197)

�L is called the Lichnerowicz operator.
We now analyze (14.197) for the case that .M; g/ is a Kähler manifold. Given

the index structure of the metric and the Riemann tensor on Kähler manifolds, one
immediately finds that the conditions imposed on the components ıgi N| and ıgij
decouple and can thus be studied separately. This is what we now do in turn.
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1. ıgi N| W With the help of (14.289), it is easy to see that the condition (14.197),

which now reads r�r�ıgi N| C 2Ri
k N| Nl ıgk Nl D 0; �D .k; Nk/, is equivalent to

.�ıg/i N| D 0. Here we view ıgi N| as the components of a .1; 1/-form. We see that
harmonic .1; 1/-forms correspond to the metric variations of the form ıgi N| and to
cohomologically non-trivial changes of the Kähler form. Of course, we already
knew from Yau’s theorem that for any Œ!C ı!� there is again a Ricci-flat Kähler
metric. Expanding ıgi N| in a basis of real .1; 1/-forms, which we will denote by
b˛; ˛ D 1; : : : ; h1;1, we obtain the following general form of the deformations
of the Kähler structure of the Ricci flat metric:

ıgi N| D
h1;1
X

˛D1
Qt˛ b˛i N| ; Qt˛ 2 R: (14.198)

Using (14.131) one may check that these ıg satisfy the coordinate condition.
For gCıg to be a Kähler metric, the Kähler moduli Qt˛ have to be chosen such

that the deformed metric is still positive definite. Positive definiteness of a metric
g with associated Kähler form ! is equivalent to the conditions

Z

C

! > 0;

Z

S

!2 > 0;

Z

M

!3 > 0 (14.199)

for all curvesC and surfaces S on the Calabi-Yau threefoldX . The subset in R
h1;1

which is spanned by the parameters Qt˛ such that (14.199) is satisfied, is called
the Kähler cone. It is a cone because, if ! satisfies (14.199), then so does 	! for
	 2 RC.

2. ıgN{ N| W Now (14.197) reads r�r�ıgN{ N| C 2RN{ Nk N| Nl ıg Nk Nl D 0. With (14.148) this is
seen to be equivalent to

�N@ ıg
i D 0; (14.200)

where
ıgi D ıgiN| d Nz N| ; ıgiN| D gi Nk ıg Nk N| (14.201)

is a .0; 1/-form with values in T 1;0.M/, the holomorphic tangent bundle,
which we will simply denote as TM . The corresponding cohomology group
is H0;1

N@ .M; TM / ' H1.M; TM/.36 We conclude that (14.200) implies that

ıgi 2 H1.M; TM/. Again one may verify that these deformations of the metric
satisfy the coordinate condition.

36More generally, by a theorem of Dolbeault, Hq.M;^pT �

M ˝ V / ' H
p;q

N@
.M; V / where T �

M is
the holomorphic cotangent bundle and V any holomorphic vector bundle. In the case above, we
have p D 0, q D 1 and V D TM . Hq.M;^pT �

M ˝ V / is a sheaf cohomology group and V is,
more accurately, any sheaf of germs of a holomorphic vector bundle. For details we refer to the
cited mathematical literature.
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What is the significance of these metric deformations? For the new metric to
be again Kähler, there must be a coordinate system in which it has only mixed
components. Since holomorphic coordinate transformations do not change the
type of index, it is clear that ıgij can only be removed by a non-holomorphic
transformation. But this means that the new metric is Kähler with respect to a
different complex structure compared to the original metric. Therefore, the elements
of H1.M; TM/ correspond to deformations of the complex structure.37

With the help of the unique holomorphic .3; 0/ form, we can define an isomor-
phism betweenH1.X; TX/ andH2;1

N@ .X/ by defining the complex (2,1)-forms38

˝ijkıg
kNl d zi ^ d zj ^ d NzNl 2 H 3;0: (14.202)

Harmonicity follows from (14.200) and the properties of ˝ . These complex
structure deformations can be expanded in a basis ba

ij Nk; a D 1; : : : ; h2;1, of harmonic

.2; 1/-forms:

˝ijkıg
kNl D

h2;1
X

aD1
t˛ b˛

ij Nl ; (14.203)

where the complex parameters t˛ are called complex structure moduli.39

If we were geometers, we would only be interested in the deformations of
the metric and the number of real deformation parameters (moduli) would be
h1;1 C 2h1;2. However, in string theory we have additional massless scalar degrees
of freedom from the internal components of the antisymmetric tensor field in the
(NS,NS) sector of the type II string. Its equations of motion in the gauge d�B D 0
are�B D 0, i.e. excitations of the B-field, above the background where it vanishes,
are harmonic two-forms on the Calabi-Yau manifold. We can now combine these
with the Kähler deformations of the metric and form

.iıgi N| C ıBi N| / d zi ^ d Nz N| D
h1;1
X

˛D1
t˛ b˛; (14.204)

37Another way to reach at this conclusion is to deform the almost complex structure QJ D J C ıJ
and to require, to first order in ıJ , QJ 2 D �� and N. QJ / D 0 where N is the Nijenhuis tensor.
This leads to the conditions ıJ ji D 0 and @ŒN{ıJ

k
N| � D 0. However, deformations ıJ are trivial, if

they can be generated by a coordinate transformation. It is easy to check that under a coordinate
transformation the components J j

N{ change as ıJ j
N{ D �2i N@N{ �

j . This leaves the closed modulo the
exact forms, i.e. elements of the cohomology.
38More generally, there is an isomorphism Hq.X; TM ˝ V / ' Hq.M;^n�1T �

M ˝ V / '
H
n�1;q

N@
.M; V /.

39Our discussion of complex structure moduli is not complete. We have only considered the
linearized deformation equation. It still needs to be shown that they can be integrated to finite
deformations. It can be shown that this is indeed the case for Calabi-Yau manifolds. For a general
complex manifold the number of complex structure deformations is less than h2;1.
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where the parameters t˛ are now complex with their imaginary part still restricted
by the condition discussed before. This is referred to as the complexification of the
Kähler cone.

To summarize, there is a moduli space associated with the different Kähler
and complex structures, compatible with the Calabi-Yau condition. The former are
parametrized by H1;1

N@ .M/ and the latter by of H1.M; T / ' H2;1
N@ .M/. The moduli

space of Ricci-flat Kähler metrics is parametrized by the harmonic representatives
of these cohomology groups.40

Let us now exemplify this for the quintic in P
4. Here we have h1;1D 1: this is

the Kähler form induced from the ambient space P
4. (The metric induced from

the Fubini-study metric is, however, not the Ricci-flat one.) To determine h1;2

we consider the hypersurface constraint. Equation (14.187) is a special case of
the most general quintic polynomial p D P

aijklm zi zj zkzl zm which has 126
coefficients.41 But this parametrization is redundant: polynomials which are related
by a homogeneous change of coordinates of P4 should not be counted as different.
These are parametrized by dimC.GL.5;C// D 25 coefficients. We therefore
conclude that there are 101 independent monomial deformations of the quintic
hypersurface constraint. These are precisely the complex structure moduli of the
quintic hypersurface in P

4.42 One way to understand this is from the construction of
˝ in terms of the defining polynomialp and the fact that˝ depends on the complex
structure moduli. This latter aspect will be discussed in more detail in Sect. 14.6.

The situation for hypersurfaces in weighted projective spaces is more compli-
cated. If the hypersurface passes through the singular loci of the embedding space,
it is itself singular and the singularities have to be repaired in such a way that
the Calabi-Yau condition c1.M/ D 0 is maintained. This introduces additional
elements in the cohomology, so that in general h1;1 > 1. Furthermore, the simple
counting method of hypersurface deformations does not give the right number
of complex structure moduli. For instance, X8Œ2; 2; 2; 1; 1� has h1;1 D 2 and
h2;1 D 86 while the most general degree eight polynomial has 105 � 22 D 83

monomial deformations (22 is the number of parameters of the most general
homogeneous coordinate transformations). To arrive at the correct number requires
more sophisticated mathematical tools. They use exact sequences and are also valid

40For n-dimensional manifolds with vanishing first Chern class, the number of geometric moduli,
i.e. deformations of the Ricci-flat Kähler metric, is h1;1C2h1;n�1�2h2;0. The need to subtract 2h2;0

can be understood as follows: a harmonic .0; 2/ form b{| gives, as gi N| b
N| Nk , rise to an element of

H1.M; T /. It is instructive to verify the counting by comparing the number of metric components
of T 2n, n.2nC 1/, with h1;1 C h1;n�1 D n2 C 2n2 and 2h2;0 D n.n� 1/.
41For special values of these coefficients the hypersurface is singular, i.e. there are solutions of
p D dp D 0.
42This might be familiar from the torus which can be realized as a degree three hypersurface
in P

3. The most general hypersurface constraint can be brought to the form pD z31 C z32 C
z33 � 3az1z2z3D 0. The parameter a can be shown to be related to the modular parameter � via

j.�/D 216a3.8Ca3/3

.a3�1/3
.
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for more general holomorphic bundles V over the Calabi-Yau manifold, i.e. for
computingHq.M;^pT �˝V / ' Hp;q

N@ .M; V /. For hypersurfaces in toric varieties
the counting of both types of moduli can be reduced to simple combinatorics.

We will not address questions of global properties of the moduli space of
string compactifications on Calabi-Yau manifolds, except for mentioning a few
aspects. Mirror symmetry, which connects topologically distinct manifolds, is
certainly relevant. Another issue is that of transitions among topologically different
manifolds, the prime example being the conifold transition. While one encounters
singular geometries in the process, string theory is well behaved and the transition
is smooth. Indeed, it has been speculated that the moduli space of all Calabi-Yau
compactifications is smoothly connected.

Orbifolds can be viewed as singular limits of smooth Calabi-Yau manifolds
which are attained at special points in the moduli space. Some of the moduli, namely
those from the twisted sector, are related to smoothing the orbifold singularities. The
holonomy of Calabi-Yau orbifolds is a discrete subgroup of SU.3/ such that it is not
contained in any continuous subgroup of SU.3/, e.g. H D Z3 for the Z3-orbifold.
They are Ricci-flat and, furthermore, flat away from the fixed loci of the orbifold
group action.

14.6 Compactification of the Type II String
on CY Threefolds

Hodge numbers count harmonic forms. From Sect. 14.3 we know that harmonic
forms lead to massless fields in the compactified theory. We now consider compact-
ification of type II supergravity on Calabi-Yau manifolds. This discussion is also
relevant for string compactification, as long as the restriction to the massless string
modes is justified, i.e. for energiesE2˛0  1. Furthermore we take the large volume
limit, L2=˛0 � 1 where L is the length scale which characterizes the size of the
CY manifold. With this assumption, we can neglect string induced ˛0-corrections of
the low-energy effective supergravity action. While information, which is obtained
from the cohomology of the internal manifold, e.g. the spectrum of massless
particles, is unaffected by ˛-corrections, other details such as interactions are
modified. In the ˛0 ! 0 limit string effects which are absent in field theory
compactifications, such as topological non-trivial embeddings of the string world-
sheet into the CY manifold, are also suppressed. These world-sheet instantons are
stringy effects without analogy in theories based on point-like constituents. Their
classical world-sheet action scales as L2=˛0 and their contribution to scattering
amplitudes is suppressed as e�Sinst � e�L2=˛0

. They are non-perturbative in the �-
model coupling

p
˛0=L. World-sheet instanton contributions are small for a large

internal manifold, but they become relevant for L � p˛0. This is the string
regime, which cannot be fully treated with the methods of classical geometry, but
is captured for instance by exact conformal field theories like Gepner models. In
the supergravity approximation string compactification reduces to Kaluza-Klein
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compactification of supergravity with the restriction to the massless modes of the
wave-operator in the internal manifold. This was discussed in Sect. 14.3. However,
the size of the manifold must not be too big, as then the Kaluza-Klein excitation,
which are neglected, become light. Thus, the use of the supergravity approximation
always has to be justified.

The four dimensional observer can obtain information about the internal mani-
fold via the zero-mode spectrum of various operators and also via the dimensionally
reduced (Yukawa) couplings, whose texture and strength reveals details about the
compact space. More detailed information requires access to the massive Kaluza-
Klein excitations and stringy effects such as world-sheet instantons. We now discuss
compactification of type IIA and IIB supergravities.

Type IIA supergravity is a non-chiral N D 2 theory (i.e. 32 supercharges). The
only supersymmetry multiplet is the gravity multiplet with field content (M;N D
0; : : : ; 9, spinor indices suppressed)

GIIA.10/ D fGMN ; .C/M ;  
.�/
M ; 	.C/; 	.�/; BMN ; .C3/MNP ; .C1/M ;˚g: (14.205)

The superscripts on the fermions are their chiralities. These fields correspond to the
massless states of the type IIA string. The fermionic fields arise in the two Neveu-
Schwarz-Ramond sectors, i.e. (NS,R) and (R,NS), they are the two Majorana-Weyl
gravitini of opposite chirality  .˙/M , and the two Majorana-Weyl dilatini 	.˙/. The
metric GMN , the antisymmetric tensor BMN and the dilaton ˚ are in the (NS,NS)
sector. The remaining bosonic fields, the vector C1 and the 3-index antisymmetric
tensor C3, appear in the (R,R) sector.

Type IIB supergravity also has N D2 supersymmetry but it is chiral, i.e. the two
gravitini have the same chirality. The gravity multiplet consists of

GIIB.10/ D fGMN ; .�/M ; Q .�/M ; 	.C/; Q	.C/; BMN ; .C2/MN ; .CC4 /MNPQ; C0; ˚g:
(14.206)

The bosonic fields from the (R,R) sector are the axion C0, the two-form C2 and CC4
which is completely antisymmetric and has self-dual field strength (with respect to
the little group SO.8/, CC4 itself is self-dual, i.e. it carries 1

2
� 8�7�6�5
1�2�3�4 D 35 on-shell

physical degrees of freedom). The gravitini and dilatini have opposite chirality.
We know from Chap. 10 that type IIA and type IIB strings compactified on a

circle are related by T-duality. Therefore, whenever the internal manifold contains
a circle, type IIA and type IIB give T-dual theories, that clearly must have the
same supersymmetric structure. In particular, compactification on T4 gives maximal
(2,2) supersymmetry in D D 6, compactification on T6 gives maximal N D 8

supersymmetry in D D 4 and compactification on K3 � T2 gives D D 4,
N D 4 supersymmetry with 22 U.1/ vectormultiplets. We will not consider these
compactifications here in any detail, but rather turn to the CY case.

Compactification of the type IIA theory on CY3 leads to a theory in D D 4

with N D 2 supersymmetry (eight supercharges). We can determine the resulting
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massless fields by looking at the zero modes of the ten-dimensional multiplets
given above. The four-dimensional fields must organize into appropriate massless
N D 2 supersymmetry multiplets. For massless fields of spin less or equal to
two the relevant irreducible multiplets are the gravity multiplet, hypermultiplets and
vectormultiplets. Their propagating degrees of freedom are

�

2; 2 � 3
2
; 1
�

˙ gravity multiplet
�

1; 2 � 1
2
; 0
�

˙ vectormultiplet
�

1
2
; 2 � 0;� 1

2

�C h.c. hypermultiplet: (14.207)

We have listed the helicities; the subscript ˙ means that we have to add the states
with reversed helicity. All multiplets are CPT self-conjugate.

To show how the massless fields arise, we split the ten-dimensional indices in
a SU.3/ covariant way, M D .�; i; N{/43 and then use the known results for the
number of harmonic .p; q/ forms on the Calabi-Yau manifold. After gauge fixing
the massless fields are zero modes of the appropriate Laplace or Dirac operator, i.e.
elements of the appropriate cohomology group.

We discuss the type IIA superstring first. The zero modes of g�� ,  .C/� ,  .�/� and
the graviphoton .C1/� form the gravity multiplet. Here we denoted the fluctuations

of the metric around its background value by g�� . Both  .˙/� have an expansion of
the form (14.48) so that we obtain two Majorana gravitini in four dimensions. For
the remaining fields and components it is simpler to analyze the bosonic states and
to infer the fermions via N D2 supersymmetry and the known field content of the
various multiplets. Of course they can also be obtained by a zero mode analysis. We
will present this analysis below. Altogether one finds for the bosons, in addition to
those in the gravity multiplet,

(IIA) A˛�; t
a; Qt˛; C a; S; C ; (14.208)

where A˛� arises from .C3/�i N| . All other fields are complex scalars. The Qt˛
correspond to gi N| and Bi N| ; the ta to gij ; Ca to the .C3/ij Nk modes; S to ˚ and
B�� ; C to .C3/ijk . We now group these fields into (the bosonic components of)
supermultiplets: A˛� and Qt˛ combine to h1;1 vectormultiplets, whereas ta and Ca

to h2;1 hypermultiplets. The two complex scalars S and C form an additional
hypermultiplet, the compactification independent universal hypermultiplet. There
are .h2;1C 1/ hypermultiplets altogether. Note that supersymmetry requires that the
real scalars which arise from gi N| and bi N| combine into complex scalars and therefore
requires the complexification of the Kähler cone.

43From now on we use indices .i; j; : : : ; N{; N| ; : : : / for the internal space and � for the four
uncompactified space-time dimensions.
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A comment is in order. First, we have dualized the massless antisymmetric tensor
B�� to a real massless scalar � and defined the complex scalar S D � C ie˚ . B
and � carry one (real) propagating degree of freedom. The dualization is possible
in D D 4, if the B-field appears in the action only via its field strength H D dB .
In this case it has the gauge symmetry B ! B C d	, which reduces the number of
physical degrees of freedom to one. The dualization proceeds as in our discussion
of T-duality in Sect. 14.2. First, we write the action in first order form

S D
Z

�1
2
H ^ 
H C �dH; (14.209)

where � is a real pseudo-scalar (Lagrange multiplier) field. The equation of motion
for �, dH D 0 is solved by H D dB which, when inserted into the action, gives
the action for B: S D R � 1

2
H ^ ?H . The equation of motion for H is H D ?d�

which is invariant under�! �Cc where c is a real constant. Inserted into the action
gives the action for a real scalar field: S D R � 1

2
d� ^ ?d�.44 The physical degrees

of freedom of the universal hypermultiplet coincide with those of a tensor multiplet.
Moreover, the reverse dualization � ! B is not possible, if the field � appears in
the action without derivatives. This is the case if we include non-perturbative effects.
They break the perturbative (Peccei-Quinn) symmetry �! �C c to a discrete shift
symmetry.

In the type IIB compactification the gravity multiplet is formed by the zero modes
of g�� ,  

.C/
� , Q .C/� and .CC4 /�ijk . From the rest of the fields we obtain

(IIB) Aa�; t
a; Qt˛; C ˛; S; C: (14.210)

Here the fields Aa� arise from .CC4 /�ij Nk and ta from gij ; .Qt˛; C ˛/ from gi N| ; Bi N| ;
.C2/i N| and .CC4 /��i N| and .S; C / from ˚; a, B�� and .C2/�� . The fields which arise
from the four-form are real, due to the self-duality constraint of its field-strength.
These bosonic fields combine with their fermionic superpartners to .h1;1 C 1/

hypermultiplets and h2;1 vectormultiplets. The universal hypermultiplet (it contains
S and C ) is equivalent, via dualization, to a double tensor multiplet. However,
non-perturbative corrections will modify the action such that the continuous shift
symmetries in S and C are destroyed. In this case we have to use the formulation in
terms of the hypermultiplet.

We have collected the massless spectra of the compactified type II theories in
Table 14.1. The fields actually denote the fluctuations around the background which
is non-trivial only for the metric. To obtain the fermions, we use the following
decompositions of the right-handed dilatino and gravitino (cf. (14.181)); their left
handed counterparts are obtained by flipping the four-dimensional chiral spinor

44A massive B-field does not have this invariance and carries three on-shell degrees of freedom
(the antisymmetric second-rank tensor of its little group SO.3/). It can be dualized to a massive
vector with three degrees of freedom.
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Table 14.1 Massless spectrum of the type II theories on CY3

Multiplet Component fields Multiplicity

Type IIA

Gravity g��;  �˛�;
NQ � P̨�; N � P̨�N{ N| Nk; Q �˛�N{ N| Nk; .C1/� 1

Hyper 	˛�;
NQ	 P̨�; N	 P̨�N{ N| Nk;e	˛�N{ N| Nk; ˚; B��; .C3/ijk ; .C3/N{ N| Nk 1

Hyper  ˛�i; N| Nk;  P̨
�N{; N| ;
NQ P̨�i; N| Nk; Q ˛�N{; N| ; gij ; gN{ N| ; .C3/i N| Nk; .C3/N{jk h2;1

Vector .C3/�i N| ; N P̨�i; N| ;  ˛�N{; N| Nk; Q ˛�i; N| ; NQ P̨�N{; N| Nk; gi N| ; Bi N| h1;1

Type IIB

Gravity g��; N � P̨�;  �˛�N{ N| Nk;
NQ � P̨�; Q �˛�N{ N| Nk; .C

C

4 /�ijk 1

Hyper 	˛�; N	 P̨�N{ N| Nk;
Q	˛�; NQ	�N{ N| Nk; ˚; a; B��; .C2/�� 1

Hyper  ˛�i; N| ; N P̨�N{; N| Nk; Q ˛�i; N| ; NQ P̨�N{; N| Nk; gi N| ; Bi N| ; .C2/i N| ; .C
C

4 /��i N| h1;1

Vector .C
C

4 /�i N| Nk; N P̨�i; N| Nk;  ˛�N{; N| ;
NQ P̨�i; N| Nk; Q ˛�N{; N| ; gij ; gN{ N| h2;1

indices ˛ $ P̨ .

	.C/ � 	˛� ˚ N	 P̨�N{ ˚ 	˛�N{ N| ˚ N	 P̨�N{ N| Nk;
 
.C/
M �  �˛� ˚ N � P̨�N{ ˚  �˛�N{ N| ˚ N � P̨�N{ N| Nk

˚  ˛�m ˚ N P̨�m;N{ ˚  ˛�m;N{ N| ˚ N P̨�m;N{ N| Nk
˚  ˛� Nm ˚ N P̨� Nm;N{ ˚  ˛� Nm;N{ N| ˚ N P̨� Nm;N{ N| Nk: (14.211)

Notice that the massless spectra for type IIA and IIB are related via the exchange
h1;1 and h1;2. This observation, in fact, extends to the full compactified string theory:
compactification of type IIB strings on a CY threefold X gives the same four-
dimensional theory that appears upon compactification of type IIA strings on the
mirror OX whose Hodge numbers are flipped compared to those ofX , i.e. h1;1. OX/ D
h2;1.X/ and h2;1. OX/ D h1;1.X/. This is the statement of mirror symmetry, whose
proof is trivial from the point of view of conformal field theory, but its implications
are highly non-trivial, when expressed and analyzed in geometric terms. Of course
this simply says that classical geometry is a redundant language in the context of
string compactification. But the geometric language is well developed and useful.
On the other hand, the insight provided by string theory has led to surprising
developments in algebraic geometry. The stringy input is the relevance of world-
sheet instantons, i.e. topologically non-trivial embeddings of the world-sheet into
the Calabi-Yau manifold. The geometric version of mirror symmetry only works, if
they are taken into account, i.e. the two string compactifications are only identical, if
non-perturbative world-sheet effects are taken into account. In fact, one of the great
achievements of mirror symmetry is that one can use it to compute the effects of
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world-sheet instantons on various quantities which are relevant for the low-energy
effective action of the massless string excitations.

Mirror symmetry is a particular case of T-duality, where T-duality in the wider
sense used here is a duality which is perturbative in the string coupling constant gs
but not in the ˛0-expansion. In other words, it is a duality which holds at every order
in string perturbation theory, but not in �-model perturbation theory, where one has
to take into account the effect of world-sheet instantons. But there is a formulation of
mirror symmetry, the SYZ (Strominger-Yau-Zaslow) conjecture, where mirror sym-
metry is T-duality along a certain three-torus which is a homology cycle of CY man-
ifolds which can be constructed as hypersurfaces in toric varieties. Under T-duality
odd-dimensional branes are mapped to even-dimensional branes and vice versa.

One would like to know the low-energy effective action of string theory on
Calabi-Yau manifolds. The procedure which we will describe in Chap. 16 and which
is based on the calculation of string scattering amplitudes, is generally not available
here because the CFT is not a free theory and the vertex operators are not known. An
exception are toroidal orbifolds. But the structure of the low-energy effective action
of type II theories on Calabi-Yau manifolds can be worked out in the supergravity
limit by making a Kaluza-Klein ansatz for the fields in the ten-dimensional SUGRA
action, expanding the zero modes into a basis of the appropriate cohomology and
integrating over the Calabi-Yau manifold. We will not pursue this strategy here but
instead infer some generic features from space-time supersymmetry.

For instance, the moduli of the Calabi-Yau manifold give rise to neutral massless
fields in the low-energy effective action. N D 2 supersymmetry inD D 4 imposes
stringent restrictions on the action and consequently on the geometry of the moduli
space. In particular, the moduli fields have no potential and hence their vevs are
free parameters. Moreover, in the kinetic terms the scalars from vectormultiplets do
not mix with the scalars from hypermultiplets, and the scalar manifold is a direct
product of the form

MSK �Q: (14.212)

Here MSK is a (special) Kähler manifold (to be defined later) for the vectormulti-
plets and Q a quaternionic manifold for the hypermultiplets.45 While MSK contains
only moduli scalars, Q contains moduli scalars and non-moduli scalars which, in
string theory, come from the (R,R) sector of the left-right superconformal algebra.
For the type IIA and IIB theories we thus have

MA DMA
h1;1
�QA

h2;1C1;

MB DMB
h2;1
�QB

h1;1C1; (14.213)

where in both cases the first factor is a special Kähler manifold. The indices give the
complex and quaternionic dimensions, respectively.

45A quaternionic manifold is a complex manifold of real dimension 4m and holonomy group
Sp.2/� Sp.2m/.
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In string perturbation theory the gauge group is always a product of U.1/ factors
and there are no charged fields. Non-Abelian gauge symmetries and charged fields
appear, if we take non-perturbative effects into account, e.g. by wrapping branes
around appropriate cycles and/or switching on fluxes of variousp-form fields. In the
field theory this corresponds to gauging isometries of the metric on moduli space,
leading to gauged supergravities. In this case the low-energy effective field theory
has a potential for the scalars which leads to interactions between scalars from
the two types of multiplets but the kinetic terms still exhibit the product structure
(14.213). The potential also gives vevs to some of the scalars which are therefore no
longer moduli and leads to (partial) supersymmetry breaking.

The quaternionic dimension of the hypermultiplet moduli spaces is always 	 1,
as in both type II theories there is at least the universal hypermultiplet with scalars
(S;C ). Its component fields are not related to the cohomology of a Calabi-Yau
manifold. Most importantly, it contains the dilaton ˚ which organizes the string
perturbation theory via the relation gs D eh˚i. This means that the hypermultiplet
moduli space receives (perturbative and non-perturbative) stringy corrections in type
IIA and IIB. In contrast to this, the vectormultiplet moduli space is exact at string
tree level. In type IIB and IIA this concerns the complex structure moduli and
Kähler moduli, respectively. The metric of the Kähler moduli space of type IIA
receives a perturbative correction starting at order .˛0=L2/3 and non-perturbative
corrections, powers of e�L2=˛0

, from world-sheet instantons. In contrast, the metric
of the complex structure moduli space of type IIB is exact at both, string and
world-sheet �-model, tree level. It is thus determined by classical geometry. The
vectormultiplet moduli space of the type IIA theory, on the other hand, is not
determined by classical geometry, but rather by ‘string geometry’. The string effects
are suppressed at large distances, i.e. when the Calabi-Yau manifold, on which we
compactify, becomes large. At small distances, of the order of the string scale

p
˛0,

the intuition derived from classical geometry fails.
It thus looks hopeless to compute the vectormultiplet moduli space of the type

IIA theory. Here mirror symmetry comes to rescue. It relates, via the mirror map,
the vectormultiplet moduli space of the type IIA theory on X to the vector multiplet
moduli space of the type IIB theory on the mirror CY manifold OX . Roughly
speaking, mirror symmetry are the local isomorphisms

MX
compl:str: 'M OX

KRahler; MX
KRahler 'M OX

compl:str:: (14.214)

They are given by the mirror map, which map the complex structure moduli space
of X ( OX ) to the Kähler moduli space of OX (X ). Thus, with the help of mirror
symmetry the vectormultiplet moduli spaces of both type II theories on CY can be
constructed. We refer to the literature for a detailed discussion of mirror symmetry
and the explicit construction of the mirror map.

We will now briefly explain the notion of special Kähler geometry and special
Kähler manifolds which arises in the construction of N D 2 supersymmetric cou-
plings of vectormultiplets to supergravity. One can show that the entire Lagrangian
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can be locally (in field space) encoded in a holomorphic function F.t/, where ta

are (so-called special) coordinates on the space spanned by the scalar fields inside
the vectormultiplets. For instance, in type IIB compactification on a CY3, this is
the complex structure moduli space and a D 1; : : : ; h2;1. Supersymmetry requires
that this space is Kähler and furthermore, that its Kähler potential can be expressed
through F via

K D � lnY;

Y D 2.F � F /� .ta � Nta/.Fa C NFa/; (14.215)

where Fa D @aF . For this reason F is called the (holomorphic) prepotential. If
we introduce projective coordinates ZI D .Z0;Za/ via ta D Za=Z0 and define
F .Z/ D .Z0/2F.t/, we find that the Kähler potential (14.215) can be written, up
to a Kähler transformation, as

K D ln i
� NZIFI �ZI NFI

�

; (14.216)

where I D 0; : : : ; h2;1, and FI D @F
@ZI

. Supersymmetry requires furthermore that
F is a homogeneous functions of degree two.

The notion of special Kähler geometry is more general then discussed here
and a prepotential for the Kähler potential does not always exist. However, the
low-energy effective N D 2 supersymmetric field theories which arise in string
compactifications are always such that F exists.

We will now show how special geometry arises in CY compactifications of type
II superstrings. We begin by introducing a basis of H3.X;Z/ with generators ˛I
and ˇJ .I; J D 0; : : : ; h2;1.X// which are (Poincaré) dual to a canonical homology
basis .AI ; BI / ofH3.X;Z/ with intersection numbersAI �AJ D BI �BJ D 0; AI �
BJ D ıIJ . Then

Z

AJ
˛I D

Z

X

˛I ^ ˇJ D �
Z

BI

ˇJ D ıJI : (14.217)

All other pairings vanish. This basis is unique up to Sp.2h2;1C2;Z/ transformations
and is called a symplectic basis.

Mathematicians have shown that theA-periods of the holomorphic (3,0)-form˝ ,
i.e. ZI D R

AI
˝ are local projective coordinates on the complex structure moduli

space of Calabi-Yau threefolds. We then have for the B-periods FI D
R

BI
˝ D

FI .Z/ and

˝ D ZI˛I �FI ˇ
I : (14.218)

Furthermore, under an infinitesimal change of complex structure ˝ , which was
pure .3; 0/ to start with, becomes a mixture of .3; 0/ and .2; 1/ (because d z in the
old complex structure is a linear combination of d Qz and d NQz in the new complex
structure). An immediate consequence is

R

˝ ^ @I˝ D 0. Inserting (14.218) one
finds FI D 1

2
@I .Z

JFJ / or FI D @IF with F D 1
2
ZIFI ; F .	Z/ D 	2F .Z/.
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We thus identify ZI with the special coordinates of supergravity and F with the
prepotential and we can express the Kähler potential (14.216) in terms of ˝ as

K D � ln
�

i

Z

˝ ^˝
�

: (14.219)

We will show in the appendix that

@˝

@ta
D ka˝ C �a; (14.220)

where �a 2 H.2;1/

N@ .X/ and ka is a function of the moduli but independent of the
coordinates on X . Moreover

�aij Nk D �
1

2
˝ij
Nl @gNl Nk
@ta

” ıg Nk Nl D �
1

jj˝jj2˝
ij
Nk�aij Nl ıt

a; (14.221)

which, up to a constant factor, is the same as (14.203). It is an immediate conse-
quence of its definition that �a is a primitive .2; 1/-form, i.e. that gj Nk�aij Nk D 0.
One defines the covariant derivative

Da˝ �
�

@a C .@aK/
�

˝ D �a: (14.222)

It transforms homogeneously under holomorphic (in the moduli) rescalings ˝ !
ef ˝ under which the Kähler potential transforms asK ! K � f � Nf . The Kähler
metric is invariant.

With the help of the above results we find the following expression for the Kähler
metric on complex structure moduli space

Ga Nb D
@2

@ta@Ntb K D �
R

�a ^ N� Nb
R

˝ ^˝ ; (14.223)

which we can rewrite as

2Ga Nbıt
aı Ntb D 1

2V

Z

X

gi N|gk Nl ıgikıg N| Nl dV (14.224)

with V D 1
3Š

R

!3 . This should be compared to (6.11).
In complete analogy to (14.224) we define the metric on the space of Kähler

deformations of type IIA theory as
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2G˛ Ň D
1

2V

Z

X

gi N|gk Nl b˛
i Nl b

ˇ

k N| dV D
1

2V

Z

X

b˛ ^ 
bˇ; (14.225)

where b˛ are the basis of real .1; 1/ forms in (14.198). Using (14.127) and the
definition of the triple intersection numbers46

�.˛; ˇ; �/ D
Z

X

˛ ^ ˇ ^ � (14.226)

with 1
3Š
�.!; !; !/ D V , we find

G˛ Ň D �
3

2

�

�.b˛; bˇ; !/

�.!; !; !/
� 3
2

�.b˛; !; !/ �.bˇ; !; !/

�.!; !; !/2

�

D � @2

@t˛@Ntˇ ln �.!; !; !/; (14.227)

where t˛ are the complexified Kähler moduli and ! DP˛
Qt˛b˛ (recall Qt˛ D Im t˛).

This shows that G˛ Ň is a Kähler metric. If we define furthermore

f D 1

3Š
�˛ˇ� t

˛tˇt� .�˛ˇ� D �.b˛; bˇ; b� //; (14.228)

we can rewrite the Kähler potential in terms of a prepotential

�.!; !; !/ D �˛ˇ� Qt˛ Qtˇ Qt� D �3i
4

n

2.f � Nf / � .t˛ � Nt˛/.f˛ C Nf˛/
o

: (14.229)

The prepotential F for the complex structure moduli space of type IIB theory
can be explicitly computed in terms of the periods of the holomorphic three-form.
This is a calculation in classical geometry and it does not receive any corrections,
neither in the �-model expansion parameter nor in the string coupling constant.
The Kähler moduli space of type IIA theory is also characterized by a prepotential.
However, the classical piece (14.228), which is determined by the triple intersection
product in H4, receives corrections due to world-sheet instantons, i.e. due to world-
sheets which wrap two-cycles in the CY manifold. The direct calculation of these
corrections is difficult. Mirror symmetry relates F Kahler.X/ to the prepotential of
the complex structure moduli space on the mirror manifold F complex. OX/. The latter
can be computed classically and mapped, via the mirror map, to F Kahler.X/. In
other words, the metric on the Kähler part of the moduli space of type II Calabi-Yau

46Three four-cycles a; b; c 2 H4 in a six-dimensional manifold generically intersect in finitely
many points. If ˛; ˇ; � 2 H2 are their Poincaré dual two-forms, the triple intersection number is
�.˛; ˇ; �/.
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compactifications can be computed explicitly, in type IIB via classical geometry and
in type IIA via mirror symmetry.

While, as we have seen, a great deal is known about the (local) geometry of the
vectormultiplet moduli space, the question about the structure of the hypermultiplet
moduli space, which supersymmetry dictates to be a quaternionic manifold, is
still not well understood. The difficulty comes, of course, from the fact that it
receives perturbative and non-perturbative quantum corrections. They are due to
branes wrapping compact cycles inside the CY space. The wrapped cycles are not
arbitrary representatives of the appropriate homology groups. They must be so-
called supersymmetric cycles. In this case the wrapped brane do preserve some
supersymmetry. Even dimensional holomorphic cycles, i.e. cycles which are holo-
morphically embedded in the CY are supersymmetric. The only odd-dimensional
cycles are three-cycles (recall: b1 D b5 D 0). Supersymmetric three-cycles are
special Lagrange submanifolds. They satisfy that the restriction of the Kähler form
to these cycles vanishes and that Im.ei'˝/ restricts to zero as well. Here ' is an
arbitrary phase. In type IIA theory the possibilities are Euclidean NS and D2 brane
instantons. Their world-volumes are purely Euclidean and they wrap the whole CY
(NS5) or supersymmetric three-cycles. In type IIB they are Euclidean D(-1), D1,
D3, D5 or NS5 brane instantons wrapping the corresponding holomorphic cycles.
These two types of non-perturbative configurations are mapped to each other under
mirror symmetry.

14.7 Compactification of the Heterotic String
on CY Threefolds

So far we have considered compactification of type II superstring theories. This led
to N D 2 supersymmetry in D D 4 which is unacceptable for phenomenological
reasons. Breaking to N D 1 can be achieved by turning on additional background
fields besides the metric. This leads to flux-compactifications which we will discuss
in Chap. 17.

Another possibility is to start from a theory with N D 1 in d D 10 and to
compactify it on a Calabi-Yau manifold. This leads to N D 1 in D D 4, as the
theory in d D 10 has only one gravitino. This is the case of the heterotic string.
The massless fields in d D 10 consist of the N D 1 supergravity multiplet and the
vectormultiplet

G .10/C V .10/ D fGMN ;BMN ;˚; .�/M ; 	.C/g C fAM; �.�/g; (14.230)

where gauge fields AM and gaugini � transform in the adjoint representation of
eitherE8�E8 or SO.32/. The fermions are Majorana-Weyl spinors. The chiralities
of �M and � are those of the Ramond vacuum of the supersymmetric side of
the heterotic string and, as usual, the dilatino has the opposite chirality from the
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gravitino. Of course, we can choose the GSO projection such that all chiralities are
reversed.

Our discussion of supersymmetry preserving backgrounds for the type II string,
which led to Ricci-flat manifolds with Killing spinors, was based on the assumption
that the only field with a non-trivial vacuum configuration is the metric. In the case
of the heterotic string this condition is too strong due to the Bianchi identity for the
three-form field strength (cf. also the discussion in Sect. 16.4)

dH D ˛0

4

�

tr .R ^ R/� tr .F ^ F /�: (14.231)

Here

tr .F ^ F / D 1

30
Tr .F ^ F /; (14.232)

where Tr is the trace in the adjoint representation and, for gauge group SO.32/, tr
is the trace in the fundamental. For the E8 � E8 heterotic string (14.232) is simply
a definition of tr . The trace in tr .R ^ R/ is in the 6 of O.6/.

The Bianchi identity (14.231) implies that H ¤ dB but rather H D dB C
˛0

4
.˝L � ˝YM/ where ˝L and ˝YM are the Lorentz and Yang-Mills Chern-

Simons terms which, by definition, satisfy d˝L D tr .R ^ R/ and d˝YM D
tr .F ^ F /. Chern-Simons forms play a central role in the analysis of anomalies
(here gravitational and gauge anomalies) and (14.231) can be obtained from such
an analysis for the heterotic string or rather of ten-dimensional super-Yang-Mills
theory coupled to supergravity. In this field theory limit it turns out that the only
anomaly free gauge groups are SO.32/ and E8 � E8, just what we found from the
requirement of modular invariance of the heterotic string. It can be shown that
the above combination for H appears in the low-energy effective action. Clearly,
the term involving!L can only be seen, if one includes higher derivative corrections.

Since tr .R^R/ is non-trivial in cohomology—it is the second Chern character of
the tangent bundle of the compactification manifold—we must choose a nontrivial
background field strength F in order to satisfy tr .F ^F / D tr .R^R/. This renders
the supersymmetry transformations for the gaugini nontrivial:

ı�a D �1
4
F a
MN

MN�
SUSYD 0; (14.233)

where a is a gauge index and the last equality has to be satisfied if we want to
preserve supersymmetry in the four-dimensional space-time.

In the presence of an H -field, the supersymmetry transformation laws for the
gravitino and the dilatino are modified by H -dependent terms and have to be
reconsidered. We will discuss such flux compactifications in Chap. 17. The simplest
way to proceed is therefore to set H D 0. From R D d! C ! ^ ! and
F D dACA^A it follows immediately that A D ! is a solution which also solves
(14.149) with � D 0. This solution means that we identify the gauge connection
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A with the spin-connection ! which, for a CY manifold, is an element of the
su.3/ Lie-algebra which is clearly a sub-algebra of the gauge algebra of either
heterotic theory. There are several embeddings of SU.3/ in E8 � E8 or SO.32/,
but tr .F ^ F / D tr .R ^ R/ is only satisfied for the minimal embedding which
leads to the maximal subgroups SU.3/� E6 �E8 and SU.3/� SO.26/� U.1/.

We will check this for the E8 � E8 heterotic string. For this we need a little bit
of group theory. Under SU.3/ � O.6/ W 6 D 3C N3 and under SU.3/� E6 � E8 W

248 D .3; 27/C .N3; 27/C .1; 78/C .8; 1/: (14.234)

The index of the representationR is defined as tr R.T aT b/ D l.R/ıab and it satisfies
l.R1CR2/ D l.R1/Cl.R2/ and l.R1�R2/ D dim.R1/l.R2/Cdim.R2/l.R1/. The
index of the 1 is zero and l.n/ D l. Nn/. This suffices to show that l.27�3C27� N3C8/ D
30 l.3C N3/. Note that one of the E8 factors is left untouched.

The background gauge field breaks the gauge symmetry. The unbroken gauge
group is the commutant of SU.3/ in E8 � E8 or SO.32/ which is E8 � E6 and
SO.26/�U.1/, respectively. In the latter case theU.1/ gauge symmetry is generally
anomalous. As we will show Chap. 17 in a slightly different context, such Abelian
anomalies are cured in string theory by gauging axionic shift symmetries. In this
process the gauge boson becomes massive, where the longitudinal polarization
mode is provided by the axion: the gauge boson acquires a Stückelberg mass. In the
SO.32/ heterotic case, the axion in question is the Hodge dual of the anti-symmetric
D D 4 tensor B�� . This way of cancelling anomalies is called Green-Schwarz
mechanism. For the compactified heterotic string, the unbroken gauge groups in
D D 4 are thus E6 �E8 and SO.26/, respectively. The choice A D ! is referred to
as the standard embedding.

Before considering more general possibilities of satisfying (14.231), let us study
the standard embedding further. Since it is phenomenologically more interesting, we
will consider the massless spectrum of the E8 � E8 theory. Again, massless fields
correspond to harmonic forms on the internal manifold and their multiplicities are
the appropriate Hodge numbers.

The spectrum must arrange itself into massless supersymmetry multiplets. The
relevant ones are gravity, vector and chiral multiplets with physical field contents

�

2; 3
2

�

˙ gravity;
�

1; 1
2

�

˙ vector;
�

1
2
; 0
�C h.c. chiral: (14.235)

We start with the bosons. The gauge bosons are clear; they are simply the
space-time components A� of the ten-dimensional E6 � E8 gauge bosons. Their
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internal parts are constants. Scalars arise from the internal components of the

gauge fields, A.i;A/N| ; A
.N{;A/
N| (and their complex conjugates A.i;A/j ; A

.N{;A/
j ). Here i is

an index in the 3 of SU.3/ and A an index in the 27 of E6. The barred indices
belong to the complex conjugate representations. They are .0; 1/-forms with values
in the holomorphic tangent bundle TX and cotangent bundle T �X , respectively.47

Via dimensional reduction of the ten-dimensional SUGRA action on a Calabi-Yau
manifold X , one can show that massless scalar fields in the 27 and 27 of E6 are in
1-1 correspondence with the harmonic representatives of H1.X; TX/ ' H

2;1
N@ .X/

and H1.X; T �X / ' H
1;1
N@ .X/. We will not present this analysis here. A simpler way

to relate the number of massless fields to the dimensions of appropriate cohomology
groups, is to analyse the zero mode spectrum of the Dirac operator and then invoke
space-time supersymmetry. We will sketch this analysis when we discuss the non-
standard embedding later in this section.

We still need to discuss the components A.8;1/N{ C c.c. The 8 of SU.3/ are
traceless 3 � 3 matrices ui j . They act as traceless linear maps TX ! TX , i.e.
they are endomorphisms of the holomorphic tangent bundle. The bundle of traceless
endomorphisms of TX is denoted by End.TX/. End.TX/ is a holomorphic subbundle
of TX ˝ T �X . The generalization to End.V /, where V is any holomorphic vector
bundle, is immediate. We will now argue that the massless modes arsing from
A
.8;1/
N{ mathematically correspond to holomorphic deformation of the gauge bundle.

Since on a Calabi-Yau manifold the curvature satisfies RN{ N| D 0, for the standard
embedding A D !, the gauge connection A.0;1/ D A N|d z N| is holomorphic, i.e.
F.0;2/ D N@A.0;1/ C A.0;1/ ^ A.0;1/ D 0. In the heterotic string the gauge field A is a
priori an independent degree of freedom and one can try to deform away from this
special choice A D ! without spoiling the supersymmetry conditions. This means
in particular that the deformed bundle still has to be holomorphic so that at linear
order, under a deformationA.0:1/ ! A.0;1/ C ıA.0;1/

ıF.0;2/ D N@.ıA.0;1//C A.0;1/ ^ ıA.0;1/ C ıA.0;1/ ^ A.0;1/
D ND.ıA.0;1// D 0: (14.236)

We find that the allowed linear order deformations of the holomorphic vector
bundle away from TX are ND closed. One notices that . ND/2 D 0 and that a
gauge transformation can be written as ıA.0;1/ ! ıA.0;1/ C ND�.0;0/. We can
use the Chern-connection in which case ND D N@ and non-trivial solutions to
(14.236) are in one-to-one correspondence to elements in the cohomology group
H1.X;End.TX//. They are of the form ˛ D d NzN{˛N{ j kd zk@j with ˛N{ j j D 0 and
N@˛ D 0. Here we have used H1.X/ D 0 and the isomorphism (cf. Footnote 36
on page 484) H1.X;End.TX// ' H

1;1
N@ .X; TX/. The harmonic representatives of

47Here we use the isomorphisms between the anti-holomorphic tangent bundle and the holomor-
phic cotangent bundle, i.e. raising and lowering the index with the Hermitian metric.
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H1.X;End.TX// can be shown to be in 1-1 correspondence with massless scalar
fields in four dimensions. Giving them non-zero vevs breaks .2; 2/ world-sheet
supersymmetry to .0; 2/ but does not break space-time supersymmetry. We will
discuss the relation between space-time and world-sheet symmetries in Chap. 13.

For a given CY manifold X , dim.H1.X;End.TX// is generally difficult to
determine. For instance for the quintic in P

4 one finds h1.EndTX/ D 224. We
will not discuss the issue of computing h1.EndTX/. It requires more sophisticated
mathematical tools than the ones introduced here.

To summarize, the massless bosonic fields are

g��; A
E6�E8
� ; ta; Qt˛; �Aa ; � NA˛ ; S (14.237)

with .a D 1; : : : ; h2;1; ˛ D 1; : : : ; h1;1; A 2 27; NA 2 27/ and where ta correspond
to gi N| ; Bi N| ; Qt˛ to gij , S to ˚ and B�� . All scalars are complex. In addition there
are the bundle moduli which we will not discuss any further.

We now determine theE6 quantum numbers and chiralities of the fermions which
combine with the charged scalars into chiral multiplets. To obtain this information,
we need the zero modes of the Dirac operator in an external gauge background
which, for the standard embedding, is the SU.3/ spin connection. Consider the
decomposition of the gaugini �. It is similar to the decomposition of the dilatino
(14.211), except that it carries an SU.3/�E6 index according to the decomposition
of the 248 of E8. By our choice of gauge background the E6 index is a dummy
index. The zero modes of the Dirac operator again correspond to harmonic forms.
Let us consider the possibilities in turn. The results of this analysis are summarized
in Table 14.2.

Let us explain some of the entries. The modes N�.1;78/P̨ � and �.1;78/˛ �N{ N| Nk are the
positive and negative chirality gaugini of the E6 gauge factor. They correspond
to the harmonic representatives of H3;0

N@ and H0;3
N@ . Of course there are also the

gaugini of the unbroken E8 factor. Consider �.i;A/˛ �N{ where i; A enumerate the
.3; 27/ representation of SU.3/ � E6. As the standard embedding identifies i with
a holomorphic tangent space index, the zero modes are elements ofH1.X; TX/, the
number of which is already known to be equal to h2;1. We have thus found that there
are h2;1 massless right-handed fermions which transform in the 27 of E6. Likewise,

�
.N{; NA/
˛ � N| lead to h1;1 right-handed fermions in the 27 of E6. The fermions combine

with scalars into h2;1 chiral multiplets transforming in the 27 and into h1;1 chiral
multiplets in the 27 of E6.

For h2;1 ¤ h1;1, the matter spectrum is chiral and jh2;1 � h1;1j chiral multiplets
will be protected from becoming massive. There are thus Ngen D jN27 � N27j D
jh2;1�h1;1j D 1

2
�massless charged matter multiplets or, in other words, the number

of massless generations is half the Euler number of the Calabi-Yau manifold.
The fields .B;˚/ together with a Majorana fermion, are the components of a

linear multiplet which can be dualized to a chiral multiplet. The gauge symmetry
B ! B Cd	 translates to a shift symmetry of the complex scalar S D �C ie˚ !
S C c where � is the pseudo-scalar dual to B�� . The auxiliary field structure of
the linear and the chiral multiplets are different and at the level of the interacting
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Table 14.2 Massless spectrum of the E8 � E8 heterotic string on CY3 with standard embedding

Multiplets Component fields Multiplicity

Gravity g��; N � P̨�;  �˛�N{ N| Nk 1

Chiral ˚;B��; 	˛�; N	 P̨�N{ N| Nk 1

Chiral gij ; gN{ N| ;  ˛�N{; N| ; N P̨�i; N| Nk h2;1

Chiral gi N| ; Bi N| ;  ˛�i; N| ; N P̨�N{; N| Nk h1;1

Vector A
.248/
� ; N�.248/

P̨
�; �

.248/
˛ �

N{ N| Nk 1

Vector A
.1;78/
� ; N�.1;78/

P̨
�; �

.1;78/
˛ �

N{ N| Nk 1

Chiral .A
.8;1/
i ; �

.8;1/
˛ �N{ N| /C .A.8;1/N{ ; N�.8;1/

P̨
�N{ / h1.End T /

Chiral .A
.N3;27/

N{ ; �
.N3;27/
˛ �N{ /C .A.3;27/i ; N�.3;27/

P̨
�N{ N| / h1;1

Chiral .A
.3;27/

N{ ; �
.3;27/
˛ �N{ /C .A.N3;27/i ; N�.N3;27/

P̨
�N{ N| / h2;1

theory the two formulations are not equivalent. For instance, it is believed that non-
perturbative gs effects break the axionic shift symmetry and generate a potential
for the dilaton which, due to supersymmetry, must be derived from a holomorphic
(in S ) superpotential. In this case S cannot be dualized to a linear multiplet.

The structure of the moduli space of heterotic CY compactifications with
standard embedding can be obtained from the type II results. Notice that the Kähler
factors of the type II moduli spaces contain the same moduli fields which appear
in the heterotic string, whereas the quaternionic factors are obtained by gluing
together moduli scalars with non-moduli scalars which, in string theory, come from
the RR-sector of the left-right superconformal field theory. Therefore, one obtains
the heterotic moduli space by setting the (R,R) fields to zero. This gives

Mhet D SU.1; 1/

U.1/
�Mh1;1 �Mh2;1 ; (14.238)

where the second and third factors are special-Kähler manifolds and the first factor
is parametrized by the complex scalar S with positive imaginary part. Due to the
shift symmetry the Kähler potential must be of the form K.ImS/. But ImS is the
dilaton coupling whose power is fixed at tree level to give the kinetic term

1

.ImS/2
@�S @� NS (14.239)

which is a sigma model with target space SU.1; 1/=U.1/ ' HC. Note that the
structure (14.238) is valid at string tree level. Perturbative loop corrections destroy
the product structure.

Our discussion of the moduli space relied on space-time supersymmetry argu-
ments, but its product structure and the special geometry can also be derived from
superconformal Ward identities of the world-sheet theory with CY target space.
World-sheet aspects of supersymmetric compactifications are discussed in Chap. 15.
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So far we have ignored the SUSY condition (14.233). For our choice of gauge
field background this equation reads .� ij Fij C� N{ N|FN{ N| C2�i N|Fi N| /� D 0 where � is a
Killing spinor. From (14.181) and the comments given there, it follows that (14.233)
splits into the three conditions

Fij D FN{ N| D 0; gi N|Fi N| D 0 (14.240)

on the gauge bundle. This set of equations, which follow from requiring unbroken
space-time supersymmetry, are the Hermitian-Yang-Mills equations for the H �
E8 � E8 valued connection with � D 0, see Eq. (14.149). For the standard
embedding, Eq. (14.240) are clearly satisfied but for more general solutions of the
Bianchi identity they impose restrictions. By the Uhlenbeck-Yau theorem a stable
holomorphic vector bundle over compact Kähler manifolds M admits a unique
Hermitian connection which solves (14.240). Stability is a technical criterion which
is formulated in terms of the slope �.V /

�.V / D 1

volM

R

M c1.V / ^ 
!
rank.V /

; (14.241)

where ! is the Kähler form on M . It is not difficult to show that this is the same as
the constant on the r.h.s. of (14.149). A holomorphic vector bundle is called stable,
if �.V 0/ < �.V / for any subbundle (subsheaf) V 0 � V of lower rank. All solutions
of (14.240) are furnished by stable vector bundles or by direct sums of stable vector
bundles of equal slope. We are interested in stable bundles with �.V / D 0. While
it is easy to construct holomorphic vector bundles on M , stability is generally hard
to show. For the holomorphic tangent bundle, equation (14.240) is the condition
for Ricci flatness, for which Yau proved that there exists a unique solution. By
the Uhlenbeck-Yau theorem this guarantees that the holomorphic tangent bundle
is stable.

A gauge field background which solves (14.240) or, more generally, (14.149), is
also a solution to the Yang-Mills equations D�F�� D 0. For a Hermitian vector

bundle on a Kähler manifold they areDiFi N| D gi NkD NkFi N| D 0; D is the gauge and
and general coordinate covariant derivative. If we use the Bianchi identityD NkFi N| C
D N|F Nki CDiF N| Nk D 0 and (14.240) we see that the YM equations are satisfied.

It remains to look at the conditions imposed by (14.231).48 For V ¤ T , the
Bianchi identity (14.231) is no longer solved locally. However, since the left hand
side is exact, only those vector bundles are admissible which satisfy

�ch2.V / D c2.T /; (14.242)

48Note that the H field which solves (14.231) is O.˛0/ and therefore does not contribute to the
lowest order YM equations ˇA D 0 , cf. (14.6).
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where c1.T / D 0 has been used. This is the so-called tadpole cancellation condition
for the two-form B . For V a vector bundle with structure group SU.n/, c1.V / D 0
and (14.242) simplifies to c2.V / D c2.T /. Note that if h1;1.M/ > 1,�.V / D 0 does
not imply c1.V / D 0. Another condition on V comes from requiring the existence
of spinors. This can be shown to lead to c1.V / 2 H2.M; 2Z/.

As we have seen, the choice V D T leads to the gauge group E6 � E8 in four
dimensions. Phenomenologically, E6 might be an interesting GUT gauge group.
Within string theory we can envision a unification of all forces at the string scale
without any unification of just the Yang-Mills gauge couplings. But even if we
adhere to the GUT scenario, there are more compelling choices than E6, namely
SU.5/ and SO.10/, in which the Standard Model matter can be embedded without
any extra exotic matter particles. In order to get these gauge groups, one needs
vector bundles with structure groups SU.5/ and SU.4/, whose commutants in E8
are SU.5/ and SO.10/, respectively. Since on a CY one always has b1.X/ D 0,
one cannot get matter fields in the adjoint representation of the GUT group. Thus,
e.g. breaking an SU.5/ GUT group to the Standard Model with a Higgs field in
the adjoint representation of SU.5/ is not possible. However, the extra dimensions
allow for other ways of gauge symmetry breaking. One possibility is that the CY has
a discrete (torsion) piece in the fundamental group, e.g. �1.X/ D Zn, so that a non-
trivial U.1/ � SU.5/ valued discrete Wilson line W D exp.i

H

C
AY / around this

cycle C allows for the breaking of SU.5/! SU.3/�SU.2/�U.1/Y . A way to get
a Calabi-Yau manifold with non-trivial fundamental group is to take a quotient of a
smooth Calabi-Yau space Y with trivial �1.Y / by a freely acting discrete symmetry
groupG, i.e. X D Y=G. In this case �1.X/ D G.

The massless GUT spectrum is most easily determined by looking at the zero
modes of the Dirac operator and invoking space-time supersymmetry. For the
gravitino and dilatino, which do not carry gauge indices, the analysis is the same
as for the standard embedding. Differences occur for the gaugini. Denote by H
the structure group of the vector bundle and by G the commutant in E8. Here we
consider the case where the second E8 is unbroken. It is the gauge group of the
hidden sector which communicates with the visible sector with gauge groupG only
gravitationally. We then have the decomposition under E8 � H �G

248 D
X

i

.Ri .H/;Ri .G//: (14.243)

The gaugini are zero modes of the Dirac operator which contains the HermitianH -
connection and the coefficients in the decomposition (14.181) carry anH �G index
according to (14.243), where the G part just goes along for the ride. It follows that
massless fermions in four dimensions correspond to elements of Hq.X; VRi .H//˝
Ri.G/, q D 0; : : : ; 3. The notation VR.H/ indicates that the transition functions of
V are matrices in the representation R.H/ (with holomorphic matrix elements). In
order to find the number of generations and anti-generations we need to compute the
dimensions of these cohomology groups. There exits efficient methods for doing so
but we will not present them here. However, there are a few general results which we
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state without proof: (1) For stable vector bundles with � D 0, H0.X; VR/ D 0 for
any non-trivial representation and, of course, H1.X; V1/ D H2.X; V1/ D 0 for the
trivial representation; (2) hq.X; V / D h3�q.X; V �/ where V � is the dual bundle.

To be specific, considerH D SU.4/, G D SO.10/ and

248 D .15; 1/C .1; 45/C .6; 10/C .4; 16/C .4; 16/: (14.244)

In this case there is matter in the 10 and in the 16 of SO.10/; the net number of
generations is

N10 D h1.X; V6 /;

N16 D jh1.X; V / � h1.X; V �/j D jh1.X; V / � h2.X; V /j;
N1 D h1.X;EndV /; (14.245)

where we used V � V4 , V4 D V �; note also that V6 D ^2V andH1.X;EndV / '
H1.X; V � ˝ V /; EndV corresponds to the adjoint representation.49 An explicit
example of a stable SU.4/ bundle satisfying the tadpole condition can be con-
structed e.g. over the Calabi-Yau threefold X4;4Œ1; 1; 1; 1; 2; 2�, i.e. the complete
intersection of two quartics in P

5Œ1; 1; 1; 1; 2; 2�. The relevant Hodge numbers can
be computed: h2;1.X/ D 73; h1;1.X/ D 1; h1.X; V / D 80; h1.X;^2V / D 72,
h2.X; V / D 0 and h1.X;EndV / D 255.

Note that the Hermitian Yang-Mills equations are w.r.t. a fixed complex structure.
It might happen that for some changes of the complex structure the bundle
cannot adjust to satisfy the Hermitian Yang-Mills equations w.r.t. the new complex
structure. If this is the case, these deformations break space-time supersymmetry.
With the help of the projection operators introduced in (14.81) we can write the first
of the conditions in (14.240) as

Q�
�Q

�
�F�� D 0: (14.246)

Now vary the complex structure infinitesimally: J ! J C ıJ . We want to find the
condition for ıA such that (14.246) is also satisfied w.r.t. the new complex structure.
Recall Footnote 37 and expand iıJ jN{ D

P

a ıt
a.ba/

j

N{ where the ba are a basis of
H1.M; T / and ıta parametrize infinitesimal changes of the complex structure. If we
also use ıFN{ N| D DN{ ıA N| �D N| ıAN{ , we can write the .N{; N|/ component of the change
of (14.246) as

X

ıta.ba/kŒN{Fjkj N| � C 2DŒN{ ıA N|� D 0: (14.247)

The .i; N|/ component is identically satisfied. If for a given variation ıta Eq. (14.247)
has no solution ıA N| , then this variation will break supersymmetry. In the low energy

49More precisely, H1.X; V � ˝ V / ' H1.X;EndV/˚ H1.X/; but H1.X/ ' H
0;1
N@
.X/ is trivial

on a CY manifold.
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effective field theory the corresponding flat direction will be lifted. One can show
that if ıA exists, then the bundle is still stable and gi N| ıFi N| D 0 can also be satisfied.
For further details we refer to the literature, were one also finds a discussion from
an effective field theory point of view.

The lifting of flat directions which correspond to moduli of the Calabi-Yau
manifold also happens in type II compactifications if one switches on RR fluxes.
This will be discussed in Chap. 17.

We want to remark that for non-standard embedding there is no relation between
the number of matter fields and the number of moduli fields. This can also be
understood from the CFT description of these compactifications. While the standard
embedding corresponds to a symmetric internal .2; 2/ SCFT with . Nc; c/ D .9; 9/,
the more general solutions to the SUSY conditions are .0; 2/ SCFTs. The fermionic
sector of the heterotic string must be an N D 2 SCFT to have N D 1 space-
time supersymmetry,50 but the superconformal symmetry in the other sector is not
required and turns out to be a luxury which allows for many explicit constructions
and calculations. CY compactifications of the type II strings always have .2; 2/
SCFTs. Here the extended space-time SUSY leads to many restrictions on the
structure of the low-energy effective action, such as the appearance of special
geometry. As a consequence .2; 2/ heterotic compactifications inherit much of this
structure, such as special geometry of the moduli space, but there are perturbative
and non-perturbative quantum corrections.

We will see in Chap. 15 that a special class of such .2; 2/ SCFTs are given by
Gepner models. There the strong relationship between .2; 2/ type II and heterotic
SCFT is reflected by the application of the bosonic string map. For V ¤ T we get
genuine left-right asymmetric .0; 2/ superconformal field theories. The challenge
from the world-sheet perspective is to construct modular invariant partition func-
tions. Using the simple current construction it is however possible to generalize the
Gepner construction to also include .0; 2/ models with SO.10/ and SU.5/ gauge
groups. For instance, the geometric .X; V / compactification on the Calabi-Yau
threefold X4;4Œ1; 1; 1; 1; 2; 2� discussed above, can be realized by a .0; 2/ Gepner
like model based upon the .k D 3/5 tensor product of unitary N D 2 models.

For compactifications of the heterotic string on Calabi-Yau manifolds with
standard embedding, mirror symmetry is a very powerful tool for constructing
the low-energy effective action. The statement is that het.X/ D het. OX/ with
the role of 27s and 27s exchanged. In these N D 1 compactifications, the

cubic superpotentials and hence the (unnormalized) 273 and 27
3

Yukawa couplings
are determined by the prepotentials of the complex structure and Kähler moduli
spaces, respectively. One can show that neither type of Yukawa coupling receives
corrections from string and sigma-model loops. The 27 Yukawa couplings are,
furthermore, uncorrected by world-sheet instanton effects and can be computed
exactly in classical geometry. The precise form can be obtained by dimensional

50This will be shown in Chap. 15.
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reduction from the ten-dimensional action. The 27
3
.X/ couplings can also be

obtained by dimensional reduction, but there are corrections from world-sheet
instantons. These are difficult to compute directly, but they can be very efficiently
determined with the help of mirror symmetry via the mirror map from the classically
exact 273. OX/ couplings. In fact both couplings can be written as the third derivative
with respect to the moduli (with a suitable choice of coordinates) of the respective
prepotential. One of them is exactly computable via classical geometry, while the
other receives instanton corrections which can be obtained via the mirror map.
Furthermore, the prepotential also determines the kinetic energy of the moduli and
matter fields and one can therefore compute the normalized Yukawa couplings of
the generations and anti-generations. However, there are two other types of Yukawa
couplings, 13 and 1 � 27 � 27 of which much less is known.

The low-energy effective action of heterotic CY compactifications with non-
standard embeddings is much less constrained. The only known general constraints
are those which follow from N D 1 space-time supersymmetry. Special geometry
of the type which we have discussed, is not relevant and does not govern the
low-energy effective action. If there is any special geometry, it is less special. A
precise formulation of mirror symmetry, which is a powerful tool in the heterotic
compactifications with standard embedding, is not known. The same comments
apply for breaking the space-time supersymmetry in type II compactifications by
switching on NS-NS and R-R background fluxes. This is, of course, a consequence
of the reduced world-sheet and space-time supersymmetry.

One of the main lessons of this chapter is that supersymmetric compactifications
of type II and heterotic strings on Calabi-Yau manifolds have generally a large
number of moduli which make their appearance in the four-dimensional low-
energy world as neutral massless scalar fields without potential. For particle physics
phenomenology and also for cosmology this poses two serious problems. On the one
hand, massless fields mean long range forces which are not observed. On the other
hand, the vacuum expectation values of the moduli are arbitrary free parameters,
on which e.g. the Yukawa couplings depend. This means that at this level, even if
we forget for the moment the huge degeneracy imposed by the large number of CY
manifolds, no definite predictions can be derived from string theory. One has to find
vacua with few or even no moduli. Loosely speaking, starting from a background
with moduli, one has to find a way to generate a potential for the moduli which
fixes their vacuum expectation values. This can indeed be done, if one allows for
further background fields. We have seen that in heterotic compactifications non-
trivial gauge bundles can lift some of the flat directions associated with complex
structure moduli. But, of course, one then also to deal with the bundle moduli
which themselves give rise to new flat directions in the low-energy effective action.
In type II compactifications flat directions can be lifted by switching on R-R
background fields which also break the N D 2 supersymmetry to N D 1. But
these additional background fields modify the SUSY transformation rules of the
gravitino and generate an energy-momentum tensor which modifies the Einstein
equations away from RMN D 0, and they have a back-reaction on the geometry
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already at zeroth order in ˛0. We will discuss some aspects of these more general
flux compactifications in Chap. 17. In heterotic compactifications with non-standard
embedding the Bianchi identity (14.231) implies that the NS B-field must have
a non-trivial profile which also leads to a back-reaction on the geometry, but at
O.˛0/ and in such a way that the CY condition (c1 D 0) can be maintained. This is
generally not true for type IIB flux compactifications.

There are also world-sheet versions of the various restrictions on the background
fields. For instance, .0; 2/ global world-sheet supersymmetry of the non-linear
sigma model in a metric, antisymmetric tensor and gauge background, can be shown
to require the target space to be a complex manifold with a Hermitian metric and
the vector bundle to be holomorphic. The world-sheet version of (14.242) in the
fermionic formulation of the heterotic string, is the absence of an anomaly of the
total fermionic measure D N D	. In the bosonic formulation the anomaly of the 16
left-moving chiral bosons cancels that of the right-moving fermions. The condition
c1.V / 2 H2.M; 2Z/ follows from the requirement to have an anomaly free right-
movingZ2 symmetry which is needed for the GSO projection. Finally, the condition
that the R-symmetry of the .0; 2/ SCFT is anomaly free requires c1.M/ D 0.
Further conditions which follow from the existence of a space-time supersymmetry
generator will be derived in the Chap. 15.

14.8 Appendix: Some Riemannian Geometry,
Hodge Duals, etc.

In this appendix we collect some results on Riemannian geometry of real manifolds.
We also present details of the derivation of (14.220) and (14.221) and compute the
Hodge dual of the Poincaré dual of the symplectic homology basis in terms of the
prepotential. This will be useful in Chap. 17.

Riemannian Geometry

A d -dimensional Riemannian (pseudo-Riemannian or Lorentzian) manifold
.M; g/ is a manifold M endowed with a metric g�� with signature .C; : : : ;C/
(.�;C; : : : ;C/). Curved indices �; �; : : : are raised and lowered with g�� and g��
(g��g�� D ı�� ). Flat tangent space indices a; b; : : : are raised and lowered with ıab

and ıab (�ab and �ab in the Lorentzian case). The d -bein ea� and its inverse e�a are
used to convert curved to flat indices, e.g. V a D ea�V

� and V � D e
�
a V

a. They
satisfy g�� D ea�eb� ıab (or g�� D ea�eb��ab), ea�e�b D ıab ; ea�e�a D ı��; �ab�bc D ıac .
The metric is invariant under local SO.d/ (SO.1; d � 1/) transformations, under
which the viel-bein transforms as a vector.

A Riemannian connection  �
�� is defined by imposing

r�g�� � @�g�� �  �
��g�� �  �

��g�� D 0 .metricity/;
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 �
�� D  �

�� .no torsion/: (14.248)

One finds for the Christoffel symbols

 �
�� D

1

2
g��

�

@�g�� C @�g�� � @�g��
�

: (14.249)

The Riemann tensor is defined as

Œr�;r��V � D R���� V � ; (14.250)

which gives

R��
�
� D @� �

�� � @� �
�� C  �

�� 
�
�� �  �

�� 
�
�� : (14.251)

Defining the connection one-form  �
� D  �

�� dx
�, we can write this as

R�� D 1

2
R��

�
� dx

� ^ dx� D d �
� C  �

� ^  �
�: (14.252)

The Ricci tensor and the Ricci scalar are R�� D g��R���� and R D g��R�� . The
curvature tensors enjoy the symmetries

R���� D R���� D �R���� ; R�� D R��; R.���/� D 0; (14.253)

and they satisfy the identities

r.�R��/�� D 0 ) r�R���� D r�R�� � r�R��

) r�R�� D 1

2
r� R: (14.254)

Indices are symmetrized and anti-symmetrized with unit weight, e.g.

AŒ��� D 1

2
.A�� � A��/; B.���/ D 1

3Š
.B��� C 5 permutations/; (14.255)

i.e. we divide by the number of terms.
The Lie algebra (so.d/ or so.1; d � 1/) valued spin connection !� is defined via

the (no-torsion) condition

r�ea� D @�ea� �  �
��e

a
� C !a�beb� D 0 (14.256)

which leads to the following explicit expression for its components

!ab� D
1

2

�

˝��� �˝��� C˝���

�

e�ae�b; (14.257)
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where

˝��� D
�

@�e
a
� � @�ea�

�

ea�: (14.258)

In terms of !ab� , the components of the Lie-algebra valued curvature 2-form are

R��
ab D ea�eb�R���� D @�!ab� � @�!ab� C !ac� !�cb � !ac� !�cb ; (14.259)

or, more succinctly, in differential form notation (! D !�dx
�) and using a matrix

notation for the Lorentz indices

R D d! C ! ^ !: (14.260)

Here, the connection one-form is a solution of the no-torsion condition (ea D
ea�dx

�)

T a D dea C !ab eb D 0: (14.261)

Under local Lorentz-transformations, which act on the viel-bein as

ıea D �a
be
e; (14.262)

! transforms like a connection:

ı! D �d�C Œ�; !�: (14.263)

The covariant derivative, acting on an object with only tangent-space indices, is
generically

r� D @� C i

2
!ab� Tab; (14.264)

where Tab is a generator of the tangent space group SO.1;D�1/. They satisfy, e.g.
in the Lorentzian case,

ŒTab; Tcd � D i
�

�acTbd � �adTbc � �bcTad C �bdTac
�

: (14.265)

For example

.Tab/c
d D �i.�acıdb � �bcıda / (vector rep.);

Tab D � i
2
ab (spinor rep.): (14.266)
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Defining

Œr�;r�� D i

2
R��

ab Tab; (14.267)

one recovers (14.259).
The Dirac operator is

/r D  �r� D  �
�

@� C 1

4
!ab� ab

�

(14.268)

which squares to

/r2 D r�r� � 1
4
R: (14.269)

Dirac matrices with flat and curved indices are related via the d -bein, e.g.  � D
ea�

� and they satisfy the algebra f a;  bg D 2�ab and f �;  �g D 2g�� .
A particular representation of the Dirac-matrices in ten dimensions, which is
appropriate for the compactification to four dimensions, is  ˛ D �˛ ˝ �;  a D
�5 ˝ �a where the 4 � 4 matrices �˛ satisfy f�˛; �ˇg D 2�˛ˇ and the 8 � 8
matrices �a satisfy f�a; �bg D 2ıab where �5 D i�0�1�2�3 with f�5; �˛g D 0

and ˛ D 0; : : : ; 3 and a D 4; : : : 9. If the metric decomposes as in (14.39), with a
corresponding factorized form for the zehn-bein, one also has  � D �� � � and
 m D �5 ˝ �m.

Differential Forms, Hodge-Star, etc.

A p-form ˛ 2 Ap can be expanded in components as

˛ D 1

pŠ
˛�1:::�p dx

� ^ � � � ^ dx�p : (14.270)

Its exterior derivative is the .p C 1/-form d˛ with components

d˛ D 1

pŠ
@�1˛�2:::�pC1

dx�1 ^ � � � ^ dx�pC1 ; (14.271)

where d satisfies the Leibniz rule

d.˛ ^ ˇ/ D d˛ ^ ˇ C .�1/p˛ ^ dˇ (14.272)

for ˛ 2 Ap and ˇ 2 Aq and

d2 D 0: (14.273)
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We define the totally antisymmetric tangent space "-tensor as

"a1:::ad D ˙1; "12:::d D 1;
"a1:::ad D ˙1; "12:::d D �; (14.274)

where

� D
(

�1 .Minkowskian/

C1 .Euclidean/:
(14.275)

The curved space epsilon tensor is defined as

"�1:::�d D ea1�1 � � � ead�d "a1:::ad D ˙
p

jgj; �12:::d D
p

jgj;

"�1:::�d D g�1�1 � � �g�d �d "�1:::�d D ˙
1

pjgj ; "12:::d D �
pjgj : (14.276)

One also defines the �-symbol

��1:::�d D ˙1; �12:::d D C1;

��1:::�d D g�1�1 � � �g�d �d ��1:::�d D ˙
1

jgj ; �12:::d D �

jgj : (14.277)

The �-symbol satisfies

��1:::�p�pC1:::�d �
�1:::�p�pC1:::�d D �

jgj pŠ ı
�pC1:::�d
�pC1:::�d ; (14.278)

where ı
�1:::�p
�1:::�p D pŠ ıŒ�1�1 � � � ı�p��p D ˙1.

The Hodge-
 is a linear map Ap ! Ad�p with the defining property

˛ ^ ?ˇ D 1

pŠ
˛�1:::�pˇ

�1:::�p v � h˛; ˇi v; ˛; ˇ 2 Ap: (14.279)

v is the volume form

v D 1

nŠ

p

jgj ��1:::�d dx�1 ^ � � � ^ dx�d D
p

jgj dx1 ^ � � � ^ dxd : (14.280)

The explicit expression of ?˛ is
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 ˛ D
pjgj

pŠ.d � p/Š ˛�1:::�p �
�1:::�p

�pC1:::�d dx
�pC1 ^ � � � ^ dx�d

D 1

pŠ.d � p/Š ˛�1:::�p "
�1:::�p

�pC1:::�d dx
�pC1 ^ � � � ^ dx�d : (14.281)

In particular, one has


1 D v (14.282)

and on p-forms



 D �.�1/p.d�p/: (14.283)

The Hodge-
 satisfies ˛ ^ 
ˇ D ˇ ^ 
˛ and h˛; ˇi D �h?˛; ?ˇi.
Define the symmetric inner product of two p-forms

.˛; ˇ/ D .ˇ; ˛/ D
Z

M

˛ ^ 
ˇ D 1

pŠ

Z

M

˛�1:::�p ˇ
�1:::�p

p

jgj ddx: (14.284)

Denote by d� W Ap ! Ap�1 the adjoint of d , i.e.

.dˇ; ˛/ D .ˇ; d�˛/ (14.285)

for ˛ 2 Ap and ˇ 2 Ap�1. Then, one finds

d� D �.�1/d.pC1/C1 
 d 
 : (14.286)

It obviously satisfies .d�/2 D 0. Its action on a p-form is

d�˛ D � 1

.p � 1/Šr
�1˛�1�2:::�p dx

�2 ^ � � � ^ dx�p : (14.287)

The Laplace-Beltrami operator is defined as

� D d d� C d� d; (14.288)

which maps p-forms to p-forms and commutes with 
; d and d�. Its action on the
components of a p-form ˛ is

�˛�1:::�p D �r�r�˛�1:::�p C p R�Œ�1˛��2:::�p�

�1
2
p.p � 1/R��Œ�1�2˛���3:::�p�: (14.289)
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A simple way to derive this is to use .dˇ; d˛/C .d�ˇ; d�˛/ D .ˇ;�˛/.
When working with .p; q/ forms on Hermitian manifolds, the following relation

is useful:

"i1:::in N|i ::: N|n D g �i1:::in N|1::: N|n D .i/n.�1/
1
2 n.n�1/ g �i1:::in� N|1::: N|n

D .i/n.�1/ 12 n.n�1/�gi1 N|1 � � �gin N|n ˙ : : :
�

; (14.290)

where

"i1:::in N|i ::: N|n D
�@x�1

@zi1

�

� � �
�@x�2n

@Nz N|n
�

"�1:::�2n ;

�i1:::in D ˙1; g D det.gi N| /: (14.291)

Note that (14.290) depends on the choice of complex coordinates (14.62). We will
always use conventions such that (14.128) holds.

Often the Hodge-? of a p-form is defined via

.?˛/�1:::�d�p
D 1

pŠ
"�1:::�d�p

�1:::�p ˛�1:::�p ; (14.292)

which differs from (14.281) by a factor .�1/p.d�p/. This is the definition used in
much of the string literature. The important property (14.283) holds without change.

Variation of˝ Under Change of Complex Structure

We derive Eqs. (14.220) and (14.221). XJ is the Calabi-Yau threefold with complex
structure J and ˝ the unique holomorphic .3; 0/ three-form on XJ . The family
of complex manifolds is parametrized by the complex structure moduli ta. If zi �
zi .ta/ are the local holomorphic coordinates onXJ , the holomorphic coordinates on
XJCıJ are zi .ta C ıta/ � zi Cmi

aıt
a and therefore

@a.d zk/ D dmk
a D @lmk

a d zl C N@lmk
a d Nzl : (14.293)

This is true in the patch on which the local holomorphic coordinates zi are defined.
We have suppressed the label which distinguishes between different patches. In
particular the mk

a are not globally defined. If they were, we would be considering a
diffeomorphism.

From (14.293) it follows that the holomorphic three-from on XJ changes as

@a˝ D @

@ta

� 1

3Š
˝ijkd zi ^ d zj ^ d zk

�
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D 1

3Š
.@a˝ijk/ d zi ^ d zj ^ d zk C 1

2Š
˝ijk d zi ^ d zj ^ .@ad zk/

D
� 1

3Š
@a˝ijkC1

2
˝ijl@km

l
a

�

d zi ^ d zj ^ d zk C 1

2
˝ijl
N@ Nkml

ad zi ^ d zj ^ d Nzk:
(14.294)

We write this as

@a˝ D ˝ 0a C �a 2 H3;0.XJ /˚H2;1.XJ /: (14.295)

The fact that @a˝ is an element of the cohomology follows from Œ@a; d � D 0. We
will now determine˝a and �a.

On XJ the Kähler metric and ˝ have index structure gi N| and ˝ijk w.r.t. to the
coordinates zi .ta/ and onXJCıJ the same is true w.r.t. to the coordinates zi .taCıta/.
If we express this w.r.t. to zi .ta/, we find

ıgN{ N| C .gkN{@ N|mk
a C gk N| @N{mk

a/ıt
a D 0 (14.296)

and

ı˝ij Nk C˝ijl@ Nkm
l
aıt

a D 0: (14.297)

Consider the .0; 2/ form ˛ � gk N| N@N{mk
a d NzN{ ^ d Nz N| . Recalling (14.89), we find that

N@˛ D 0 and that ˛ D N@ˇ with ˇ D mk
agk N|d Nz N| . But this is only true locally because

mk
a are not globally defined. We conclude that ˛ 2 H2;0 and therefore it vanishes

on CY3 where h2;0 D 0. This allows us to rewrite (14.296) as

N@ N|mk
a D �

1

2
gkN{@agN{ N| : (14.298)

This determines �a.
From (14.202) we know that �a are harmonic forms. On a compact Kähler

manifold this means that @�a D N@�a D 0. It then follows from (14.295) that
@˝ 0a D 0, i.e. that ˝ 0a is a holomorphic .3; 0/ from, i.e. ˝ 0a D ka˝ where ka is
a constant on X .

The Hodge Dual of the Poincaré Dual of the Symplectic Homology Basis

In Chap. 17 we will consider RR-forms and their Hodge duals on the world-volume
of D-branes which are wrapped on homology cycles of Calabi-Yau manifolds. In
addition of providing the necessary results needed there, the following analysis also
reveals some of the structure which is implied by special geometry.

The symplectic homology basis on a CY threefold was introduced in (14.217):

Z

X

˛I ^ ˇJ D ıJI ;
Z

X

˛I ^ ˛J D 0 D
Z

X

ˇI ^ ˇJ ; (14.299)
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where I; J D 0; : : : ; h1;2.X/. ˛I and ˇI are real three-forms. We want to compute

˛I and 
ˇI . If ˛I and ˇI are harmonic representatives of H3, i.e. they satisfy
d˛I D d 
˛I D 0 and likewise for ˇI , then so are 
˛I and 
ˇI . They can therefore
be expanded


 ˛I D AI J ˛J C BIJ ˇJ ;

ˇI D CIJ ˛J CDI

J ˇ
J : (14.300)

Note that
Z

˛J ^ 
˛I D BIJ D BJI ;
Z

ˇJ ^ 
˛I D �AI J ;
Z

˛J ^ 
ˇI D DI
J D �AJ I ;

Z

ˇJ ^ 
ˇI D �CIJ D �CJI ; (14.301)

where we have used that
R

˛ ^ 
ˇ D R

ˇ ^ 
˛, which is valid for real 3-forms.
The condition 

 D �1, valid on three-forms, imposes additional conditions on

A;B;C;D which one can use to show that

�

A B

C D

�

2 Sp.2.h1;2 C 1//.
We want to determine A;B;C;D. Expand the holomorphic three-form˝ in the

symplectic basis

˝ D ZI˛I �FI ˇ
I ; ˝ D NZI˛I � NFI ˇ

I ; (14.302)

where ZI are homogeneous coordinates on the complex structure moduli space,
F .	z/ D 	2F .Z/ is the homogeneous prepotential and FI D @

@ZI
F , i.e.

@

@ZI
˝ D ˛I �FIJ ˇ

J : (14.303)

With (14.303) and (14.302) we find

Z

@I˝ ^˝ D 2 i Im.FIJ / NZJ : (14.304)
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On the other hand, we know that51

@I˝ D kI˝ C �I ; (14.305)

where kI is a function of ZI independent of the coordinates of X , and �I are
primitive .2; 1/-forms. Therefore (use zIFIJ D FJ )

Z

@I˝ ^˝ D kI
Z

˝ ^˝ D 2 i Im.FKL/ NZKZL kI ; (14.306)

and comparison with (14.304) gives

kI D Im.FIJ / NZJ

Im.FKL/ NZKZL
: (14.307)

From (14.128) we know that 
˝ D �i˝ and 
�I D i�I . Combining this with
(14.303) and (14.305) we find


 .@I˝/ D �ikI˝ C i�I D i@I˝ � 2ikI˝
D i.˛I �FIJ ˇ

J / � 2ikI .ZJ ˛J �FI ˇ
J /

D 
˛I �FIJ 
 ˇJ : (14.308)

Inserting the ansatz (14.300), this becomes

.AI
J �FIK C

KJ /˛J C .BIJ �FIK D
K
J /ˇ

J

D i.ıJI � 2kI ZJ /˛J C i.�FIJ C 2KI FJ /ˇ
J : (14.309)

Separating the real and imaginary parts of the coefficients of ˛I and ˇJ , we obtain
a system of four coupled equations for A;B;C;D

AI
J � Re.FIK/ C

KJ D 2Im.kIZJ /

�ImFIK C
KJ D ıJI � 2Re.kIZ

J /;

BIJ � Re.FIK/D
K
J D Im.FIJ /� 2Im.kIFJ /

�.ImFIK/D
K
J D �ReFIJ C 2Re.kIFJ /; (14.310)

whose solution reads

51Here we use homogeneous coordinates on moduli space, ZI D .Z0; Z0ta/. The rela-
tion between the quantities used in (14.305) and (14.220) is ˝jhere D Z0˝jthere, kI D
�

1
Z0
.1� t aka/; 1

Z0
ka
�

and �I D .�t a�a; �a/.



518 14 String Compactifications

AI
J D �.ReF /.ImF /�1

�

I
J C 1

hZj NZi .FI
NZJ C NFIZ

J /;

BIJ D


ReF .ImF /�1ReF C ImF
�

IJ
� 1

hZj NZi .FI
NFJ C NFIFJ /;

C IJ D �.ImF�1/IJ C 1

hZj NZi .Z
I NZJ C NZIZJ /;

D D �AT; (14.311)

where

hZj NZi D FIJ
NZIZJ : (14.312)

If we define

NIJ D NFIJ C 2i

hZj NZi .ImFIK/Z
k .ImFJL/Z

L; (14.313)

A;B;C;D can be rewritten as

A D ReN .ImN/�1;

B D �ImN � ReN .ImN/�1 ReN D BT;

C D .ImN/�1 D C T;

D D �AT: (14.314)
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T-duality of RR-fields are discussed in the book by Ortin. Further references are

• A. Giveon, M. Porrati, E. Rabinovici, Target space duality in string theory. Phys.
Rep. 244, 77 (1994) [arXiv:hep-th/9401139]

• H. Dorn, H.J. Otto, On T-duality for open strings in general abelian and
nonabelian gauge field backgrounds. Phys. Lett. B 381, 81 (1996) [arXiv:hep-
th/9603186]
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nisse der Mathematik und Ihrer Grenzgebiete, Vol. 10, Springer 1987, reprinted
as Classics in Mathematics, Springer 2005

• D. Huybrechts, Complex Geometry (Springer, Berlin, 2005)
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• A.L. Besse, Einstein Manifolds, Grundlehren der mathematischen Wis-

senschaften, Vol. 283, Springer 1986, reprinted as Classics in Mathematics,
Springer 2008

The first of these books, whose notation and conventions we mostly follow, is very
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• B. de Wit, P.G. Lauwers, A. Van Proeyen, Lagrangians of N=2 supergravity –
matter systems. Nucl. Phys. B255, 569–608 (1985)
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Our discussion of the moduli space of CY compactifications relies heavily on the
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Special geometry was derived from the structure of CFT correlation functions in
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heterotic Calabi-Yau vacua. JHEP 1102, 088 (2011) [arXiv:1010.0255 [hep-th]]



Chapter 15
CFTs for Type II and Heterotic String Vacua

Abstract In this chapter we present various conformal field theory constructions
which describe string theories in six and four space-time dimensions. We start
with some general comments about strings moving in compactified spaces and then
continue our investigation from Sect. 10.5 on strings in orbifold spaces. We then
generalize the construction of non-oriented string theories to compact dimensions
and discuss the prototype example of an orientifold on the compact space T 4=Z2.
In this model we introduce fractional D-branes to cancel the tadpoles. Next, on a
more abstract level, we outline the general structure a CFT must at least have in
order to lead to a space-time supersymmetric compactification. Finally, we provide
two concrete four dimensional realizations in terms of certain classes of N D 2

superconformal field theories. The first are the so-called Gepner models and the
second are heterotic generalizations of the covariant lattice approach from Chap. 13.

15.1 Motivation

In the previous chapter we discussed supersymmetric compactifications of type II
and heterotic strings. Our emphasis there was on target space, i.e. geometric, aspects
rather than on world-sheet, i.e. CFT, methods. In this chapter we will discuss
supersymmetric compactifications from the CFT point of view. While the geometric
approach allows the use of powerful mathematical tools to compute spectra of
massless particles and, to some extend, also couplings in the low-energy effective
action, it largely ignores typical stringy aspects, as it assumes that the internal
geometry is large compared to the string scale. This is justified as far as topological
properties of the manifold are concerned. For instance, the massless spectrum of
CY compactifications could be reliably computed but their interactions in the low-
energy effective action depends on the size of the manifold and typical string
effects are suppressed in the supergravity approximation. Furthermore, we already
know from the construction of the heterotic string that strings can be consistently
described in non-geometric backgrounds. This includes some of the covariant

R. Blumenhagen et al., Basic Concepts of String Theory, Theoretical and Mathematical
Physics, DOI 10.1007/978-3-642-29497-6

521
15, © Springer-Verlag Berlin Heidelberg 2013



522 15 CFTs for Type II and Heterotic String Vacua

lattices, asymmetric orbifolds and also spaces with more general background
fields. Such non-geometric compactifications are possible due to the decoupling
of left- and right-moving degrees of freedom which may therefore live on different
background spaces. The appropriate tool for studying these backgrounds is their
formulation as CFTs. CFT methods are also appropriate to probe string scale
geometries where geometric notions and intuition are likely to fail. The drawback of
the CFT description of string vacua is that one has a manageable description, e.g. in
terms of free fields or in terms of tensor products of minimal models, only at special
points in the moduli space. Orbifolds and Gepner models are examples. At these
points explicit calculations of correlation functions are possible.

Phenomenologically interesting compactifications are those with N D 1 space-
time supersymmetry in four dimensions. This can be achieved by considering
toroidal orbifolds of the heterotic string or, for type II strings, by performing in
addition an orientifold projection, under which only one linear combination of the
space-time supercharges, which arise from the left- and the right-moving sectors, is
invariant.

15.2 Supersymmetric Orbifold Compactifications

In this section we resume the discussion of orbifolds which we started in Chap. 10.
We will first determine the condition under which some space-time supercharges
survive the orbifold projection and then turn to heterotic orbifolds. Once again we
will mostly consider symmetric toroidal ZN orbifolds.

From our discussion of Calabi-Yau manifolds we know that supersymmetric
compactifications require restricted holonomy groups. For instance, compactifica-
tion on manifolds with D D 4 and D D 6 with minimal supersymmetry requires
the holonomy groups to be SU.2/ and SU.3/, respectively. For the six-dimensional
orbifold this means that the point group P must be a discrete subgroup of SU.3/
such that P 6� SU.2/.

We can show this explicitly as follows. We will specify to D D 6, the results
for D D 2; 4 then come as by-products. As in Chap. 10, Eq. (10.153), we introduce
complex coordinates. The action of ZN on the complex coordinates is specified by
the twist vector vvv. Supersymmetry demands the existence of a Killing spinor �. On
the orbifold, which is flat away from the fixed loci of G, the condition for � to be
a Killing spinor is �� D �. Here � is an SO.6/ rotation with eigenvalues e˙2�ivi
in the vector representation of SO.6/, whose six weights are .˙1; 0; 0/ where the
underlining means to include permutations. We can write � as (cf. 10.173)

� D exp.2�i.v1J12 C v2J34 C v3J56// ; (15.1)

where J2i�1;2i are the generators of the Cartan subalgebra. Since the spinor weights
of SO.6/ are .˙ 1

2
;˙ 1

2
;˙ 1

2
/, in the spinor representation the group action � has

eigenvalues exp.i�.˙v1 ˙ v2 ˙ v3//. Hence to have invariant spinors we need
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Table 15.1 Supersymmetric ZN actions in D D 6 with minimal super-
symmetry, represented by the shift vector vvv D .vi /

Z3
1
3
.1; 1;�2/ Z

0

6
1
6
.1;�3; 2/ Z

0

8
1
8
.1; 3;�2/

Z4
1
4
.1; 1;�2/ Z7

1
7
.1; 2;�3/ Z12

1
12
.1;�5; 4/

Z6
1
6
.1; 1;�2/ Z8

1
8
.1; 3;�4/ Z

0

12
1
12
.1; 5;�6/

˙v1 ˙ v2 ˙ v3 D 0 mod 2 (15.2)

for some choice of signs. This condition guarantees that the holonomy group is
contained in SU.3/. In Chap. 10 we showed that this condition also guarantees
that the one-loop partition function vanishes. In fact, orbifolds which admit Killing
spinors are singular limits of smooth Calabi-Yau manifolds. Conversely, one can
‘repair’ the orbifold singularities to produce smooth manifolds of SU.3/ holonomy.
To do this one excises the singular points or surfaces and replaces them by plugs that
patch the holes smoothly. This can be done in such a way that the result is a smooth
Calabi-Yau manifold, i.e. a smooth manifold with vanishing first Chern class. This
procedure is also called a resolution of the (orbifold) singularity.

Recall from Chap. 10 the condition (10.174) on the shift vector. Imposing all
the conditions on vvv (see also Table 10.1) one finds a small number of possible
supersymmetric ZN actions. If v3 D 0 the only solution is v1 D �v2 D 1=N ,
N D 2; 3; 4; 6. The associated four-dimensional orbifolds are singular limits of
the K3 surface. The inequivalent possibilities with all three vi ¤ 0, which lead to
minimal supersymmetry in d D 4, i.e. N D 2 for the type II and N D 1 for the
heterotic string, are summarized in Table 15.1.

Note that in all cases the holomorphic three form of the torus

˝ D d z1 ^ d z2 ^ d z3 (15.3)

is left invariant under zj ! e2�ivj zj . The holomorphic three-from of the torus
thus descends to the holomorphic three-form of the Calabi-Yau orbifold. In fact,
in all cases it is straightforward to work out which elements of the Dolbeault
cohomology of the torus survive the orbifold projection. This is referred to as
the untwisted cohomology of the orbifold. There will be additional contributions
from the twisted sectors which are related to moduli controlling the repair of
the orbifold singularities. They can be determined from a careful analysis of the
massless spectrum, which will be done in two examples below.

Once the allowed twist vectors have been found, one still needs to specify the
lattice and the ZN automorphism, i.e. one has to find lattices on which � can be
represented as an integer transformation which leaves the lattice metric invariant.
It turns out that the lattices � such that T 6 D R

6=�, can all be represented as
Lie algebra root lattices. A detailed analysis, which we will not present, shows that
there are 18 inequivalent possibilities. They are listed in Table 15.2. hp;q0 are the
contributions to the Hodge numbers from the untwisted sector. In the last column
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Table 15.2 The 18 supersymmetric, crystallographic ZN orbifolds of T 6

Lie algebra root Orbifold
Case v D .v1; v2; v3/ lattice h1;1 .h

1;1
0 / h1;2 .h

1;2
0 / action �

1 Z3

�

1
3
; 1
3
;� 2

3

�

A2 �A2 �A2 36 (9) 0 (0) !

2 Z4

�

1
4
; 1
4
;� 1

2

�

A1 �A1 � B2 � B2 31 (5) 7 (1) !

3 A1 �A3 � B2 27 (5) 3 (1) !

4 A3 �A3 25 (5) 1 (1) !

5 Z6

�

1
6
; 1
6
;� 1

3

�

A2 �G2 �G2 29 (5) 5 (0) !

6 G2 �A2 �A2 25 (5) 1 (0) �1�2�3�4P36P45
7 Z

0

6

�

1
6
; 1
3
;� 1

2

�

A1 �A1 �A2 �G2 35 (3) 11 (1) !

8 A2 �D4 29 (3) 5 (1) !

9 A1 �A1 �A2 �A2 31 (3) 7 (1) �1�2�3�4P36P45
10 A1 �A5 25 (3) 1 (1) !

11 Z7

�

1
7
; 2
7
;� 3

7

�

A6 24 (3) 0 (0) !

12 Z8

�

1
8
; 1
4
;� 3

8

�

B2 � B4 27 (3) 3 (0) !

13 A3 �A3 24 (3) 0 (0) �1�2�3P16P25P34
14 Z

0

8

�

1
8
; 3
8
;� 1

2

�

B4 �D2 31 (3) 7 (1) !

15 A1 �D5 27 (3) 3 (1) !

16 Z12

�

1
12
; 1
3
;� 5

12

�

A2 � F4 29 (3) 5 (0) !

17 E6 25 (3) 1 (0) !

18 Z
0

12

�

1
12
; 5
12
;� 1

2

�

D2 � F4 31 (3) 7 (1) !

we have specified the orbifold action. �i is a Weyl reflection on the simple root ˛̨̨ i
and Pij the exchange of the two simple roots ˛̨̨ i and ˛̨̨ j . For 15 cases the orbifold
action can be realized as the Coxeter element! D �1�2�3�4�5�6 acting on the root
lattice of an appropriate Lie algebra. For the remaining three, the orbifold action is
realized as a combination of Weyl reflections and outer automorphisms acting on
the Lie algebra root lattice.

The mass spectrum can be read off from the partition function whose computa-
tion was outlined in Chap. 10. In the general case the situation is complicated by the
presence of fixed tori in some twisted sectors, which leads to quantized momenta
and winding modes. If they are absent one finds that the masses of states in the k-th
twisted sector are of the general form

˛0

2
m2
R.�

k/ D hL0i � 1
2
D NR C 1

2
.rrr C kvvv/2 C Ek � 1

2
(15.4)

with a similar expression for the left-moving sector of the type II string. Here Ek
is as in (10.166) and rrr is an SO.8/ weight vector. This result has a very natural
interpretation in the light of the discussion in Chap. 13. If we extend the D4 weight
vector rrr to a D5;1 weight vector www D .rrr;xxxo/, the shift vector vvv to VVV D .vvv; 0; 0/ and
��� to ˚̊̊ D .���; �0;�i�/, this is simply the condition that the conformal weight, i.e.
L0 eigenvalue, of a vertex operator of the form

ei.wwwCkVVV /�̊˚̊.z/eik�X.z/	k (15.5)
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be one. Possible oscillator contributions are not shown and the space-time momen-
tum k
 along the uncompactified directions should not be confused with the label k
of the twisted sector. 	k is a twist field for the bosons which creates the twisted sector
vacuum j0ik D 	k.0/j0i out of the SL.2;C/ invariant vacuum j0i. Its conformal
dimension is Ek . Indeed, the computation of Ek as the vacuum expectation value
of L0 in the twisted vacuum can be interpreted as the computation of the three
point function h0j	�k .1/T .z/	k.0/j0i. The twist field for the RNS fermions is eikvvv����
which is also part of (15.5). The �-eigenvalue of the state created by the vertex
operator (15.5) is exp.2�i.rrr C kvvv/ � vvv/, again neglecting the contribution from
oscillators. The oscillators in the expansion of �i have integer frequencies. The
twisting is realized as a shift of the SO.8/ weight lattice; see also the discussion of
the heterotic string below. NR in (15.4) is the oscillator occupation number which
receives integer contributions from the fermionic degrees of freedom (i.e. the ���
oscillators) and fractional contributions (multiples of 1=N ) from the Z oscillators.

To find physical states we have to impose the level matching constraintm2
L D m2

R

and project onto invariant states. In type IIB theory the states which survive the
GSO projection satisfy

P

ra D odd for all states, while in type IIA they satisfy
P

ra D even for the state in the left-moving Ramond sector.
We now turn to the discussion of heterotic orbifolds. This requires that we

specify the action of the orbifold group on the gauge degrees of freedom. They
are represented as level one Kač-Moody algebras. Just as the space-group S with
elements .�; v/ was a symmetry of the geometric background, its realization �.�; v/
on the gauge part should be an automorphism of the corresponding Lie algebra. If
we discard the possibility of an outer automorphism which exchanges the two E8
factors, � must be an element of the heterotic gauge group,E8�E8 or Spin.32/=Z2
and the unbroken gauge group is the commutant of �.S/ in E8 � E8 or SO.32/.

Non-trivial realizations of the lattice� are Wilson lines on T D D R
D=�. Except

for a few comments later on, we will not discuss Wilson lines any further and
set them to zero. The realization of the rotations � can be diagonalized such that
�.�/ W J a 7! e2�iaJ a with Na 2 Z and a C b D c , if f abc ¤ 0. In the
untwisted sector only the invariant states survive the orbifold projection. This means
in the orbifold theory only the gauge bosons corresponding to the J a with a D 0

survive. They form a closed subalgebra which generates the gauge group of the
orbifold theory. In the �-twisted sector the boundary conditions of the left-moving
Kač-Moody currents are

J a.e�2�i Nz/ D e2�iaJ a.Nz/ (15.6)

which leads to mode expansions with mode numbers J amCa .
We have encountered two formulations of the heterotic string. In the bosonic

formulation the currents J a were presented in terms of 16 left-moving bosons XI

which span the E8 � E8 or Spin.32/=Z2 weight lattices while in the fermionic

formulation they were constructed with 32 left-moving fermions �
A

which trans-
form as vectors of SO.16/ � SO.16/ � E8 � E8 and SO.32/, respectively. In
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the fermionic formulation we can easily present �.�/ by embedding � 2 O.D/ in
SO.16/� SO.16/ or SO.32/. We will not discuss this construction any further but
concentrate on the bosonic construction.

For ZN orbifolds where the space-group is generated by a single element � with
�N D �, we can always choose �.�/ to lie in the maximal torus which is generated
by the Cartan subalgebra. This means that � commutes with the Cartan currents
i@XI and restricts the action of � to a constant shift of the chiral bosons XI , i.e.

XI 7! � XI D XI C V I : (15.7)

Therefore, in the sector twisted by �.�k/ the bosons satisfy

XI .	 C 2�/ D XI .	/C kV I mod � ; (15.8)

where �N D � requires that the shift vector V I satisfies

N V I 2 � : (15.9)

� is the weight lattice of E8 � E8 or Spin.32/=Z2. These weight lattices were
characterized in Chap. 10.

The condition (15.8) leads to integer moded oscillators, which implies that in
the partition function the internal oscillators contribute as before, whereas the
momentum lattice sum in the k-th twisted sector is over shifted vectors kV I .
Therefore, the partition function is as in the type II string except that the left-moving
part is replaced by

1

2
3

3
Y

iD1
#
�

1
2Ckvi
1
2C`vi

�

0

@

1

8

X

˛;ˇ

8
Y

ID1
#
�

˛CkV I

ˇC`V I

�

1

A

0

@

1

8

X

˛;ˇ

8
Y

ID1
#
�

˛CkV 0I

ˇC`V 0I

�

1

A ;
(15.10)

where we have specified to the E8 � E8 heterotic string where .V I ; V 0I / are the
shift vectors in the two E8 factors. The first factor is the contribution from the two
non-compact transverse space-time bosons, the second factor from the six internal
right-moving bosons and the last two factors from the sums of theE8 lattices shifted
by V I and V 0I , respectively.

The mass formula for the right-movers is (15.4), while for the left movers one
finds

˛0

2
m2
L.�

k/ D h NL0i � 1 D NL C 1

2
.PPP C kVVV /2 C Ek � 1 ; (15.11)
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where PPP is a lattice vector and Ek is as in (15.4). NL is the total oscillator number.
The contribution from the bosonsXI is integer while that of the twisted bosons Zi

is a multiple of 1=N . Note that Eq. (15.11) is correct in the absence of Wilson lines
and fixed tori. We again have to impose level matching m2

L D m2
R. This can be

written in the form

NR �NL � 1
2
PPP 2 C 1

2
rrr2 � kPPP �VVV C krrr � vvv C 1

2
D 1

2
k2.VVV 2 � vvv2/ : (15.12)

If one uses that the gauge lattice is even and self-dual, condition (10.174) and that
states which survive the GSO projection satisfy rrr2 D odd, one can show that the
l.h.s. of this equations is an integer mod 1=N . Then level matching can only be
achieved if, in addition to (10.174) and (15.9), the vi and V I satisfy the conditions

N
X

vi D N
X

V I D N
X

V 0I D 0 mod 2 (15.13)

and

N.vvv2 � VVV 2 � V 0V 0V 02/ D 0 mod 2 : (15.14)

(For the SO.32/ heterotic string V 0V 0V 0 D 0.) These conditions are also be obtained
from the requirement of modular invariance. For instance, the boundary conditions
.h; g/ D .�;�/ transform into themselves under � ! � C N . The partition
function in this sector, ZŒ�;�� D Tr .qL0.�/� c

24 Nq NL0.�/� Nc
24 /, is only invariant if

.hL0i � 1
2
/ � .h NL0i � 1/ D 0 mod 1=N , which is the condition we have just

analyzed. Note that VVV D 0 is not a solution (unless vvv D 0), i.e. the gauge
symmetry is necessarily broken. An easy way to satisfy (15.14) is to choose
VVV D .v1; v2; v3; 0; : : : ; 0/ and VVV 0 D 000. It is called the standard embedding of the
point group into the gauge lattice. This is orbifold version of the embedding of the
spin connection in the gauge connection which we discussed in Chap. 14. While for
smooth CY compactifications this leads to the gauge groupE6 �E8, in the orbifold
limit it is enhanced to at least E6 �G � E8 where G can be SU.3/; SU.2/� U.1/
or U.1/ � U.1/, depending on the shift vector. The blow-up modes, which are the
elements of the cohomology in the twisted sectors, are charged under G. In the
effective field theory description, the blowing up procedure means that these scalar
fields acquire a non-vanishing vev and G is broken.

So far we have neglected the possibility of non-trivial Wilson lines. They arise,
if we choose non-trivial embeddings of the space group into the gauge group and
not just of the point group. One distinguishes between Abelian and non-Abelian
embeddings. In the Abelian embedding g D .�; vi / 7! � D .V I ; aI / the full space-
group is realized as shifts of the gauge lattice, i.e. � XI D XICV ICaI . It preserves
the rank of the gauge group. The group law and modular invariance restricts the
allowed values of the Wilson lines. Consider for instance for the two-dimensional
Z3 orbifold O D R

2=S D T 2=Z3 where the space group is generated by the SU.3/
root lattice with generators .e1; e2/ and 2�=3 rotations � with �3 D � and �e1 D e2.
This requires that the two Wilson lines along the two cycles a1 and a2 of the torus,
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x1

y1 y2

x2
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4
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3 4

Fig. 15.1 Geometry of the torus T 4

R

ai
AI D 2�aIi are the same. Furthermore, any element of the space group satisfies

g3 D .�; ei /3 D .�3; .�2 C � C �/ei / D .�; 0/ which demands that 3aI is a vector
in the gauge lattice, i.e. the Wilson lines are quantized. The non-Abelian embedding
g D .�; vi / 7! � D .�; aI / generalizes (15.7) to � W XI ! .�X/I C aI . E.g.
for the Z3-orbifold, there is again only one independent Wilson line but because of
.�; aI /3 D .�3;�2aI C �aI C aI / D .�; 0/ for any aI it is not quantized. This
embedding allows for the reduction of the rank of the gauge group and orbifold
compactifications with the standard model gauge group have been constructed.

At the beginning of this section we have determined the condition for space-
time supersymmetry: the existence of invariant spinors which, e.g. for the heterotic
string, is the right-moving part of the gravitino vertex operator. One might wonder
whether additional gravitini can appear in twisted sectors, thus enhancing space-
time supersymmetry. That this is not possible can be seen by considering the left-
moving part of the gravitino vertex operator which carries the space-time vector
index, i.e. @X
 which already has conformal dimension one, without any room for a
contribution from the twist fields. The same argument forbids gauge bosons arising
from the twisted sectors.

We now turn to examples. We begin with the compactification of type II string
theory to six dimensions on T 4=Z2 and will then consider the type II and the
heterotic strings to four dimensions on T 6=Z3. No Wilson lines will be turned on.

The T 4=Z2 Orbifold

We consider the type IIB superstring compactified on a four-dimensional torus
which, for simplicity, we assume to be factorized, i.e. T 4 D T 2 � T 2. Furthermore,
we take each T 2 to be generated by a rectangular lattice. We introduce complex
coordinates z1 D x1 C iy1 and z2 D x2 C iy2 and define the orbifold action as

I4 W zi ! �zi ; for i D 1; 2 ; (15.15)

i.e. vvv D .C 1
2
;� 1

2
/. The geometry of this torus is shown in Fig. 15.1. As indicated

in the figure, there exist 16 fixed points of the Z2 action. To simplify notation, we
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Table 15.3 GSO projected
chiral closed string sector
(si D˙ 1

2
)

State SU.2/ � SU.2/ I4

Untwisted NS-sector

j˙1; 0I 0; 0i .2; 2/ C1
j0; 0I˙1; 0i 4� .1; 1/ �1

Untwisted R-sector

js1; s2I s3; s4i
s1 D Cs2I s3 D �s4 2� .2; 1/ �1
js1; s2I s3; s4i

s1 D �s2I s3 DCs4 2� .1; 2/ C1
Twisted NS-sector

j0; 0I s3; s4i
s3 D s4

2� .1; 1/ C1
Twisted R-sector

js1; s2I 0; 0i
s1 D s2

.2; 1/ C1

Table 15.4 D D 6 massless
multiplets with 16
supercharges

(2,0) SUSY
Gravity multiplet (3,3) + 4 (2,3) + 5 (1,3)
Tensormultiplet (3,1) + 4 (2,1) + 5 (1,1)

(1,1) SUSY
Gravity multiplet (3,3) + (3,1) + (1,3) + 4 (2,2) + (1,1)

+ 2 (3,2) + 2 (2,3) + 2 (2,1) + 2 (1,2)
Vectormultiplet (2,2) + 4 (1,1) + 2 (2,1) + 2 (1,2)

choose the two lattices to be equal, i.e. we take the two x (y)-cycles to have radiiRx
(Ry). We will also use dimensionless radii �x D Rx=

p
˛0 and �y D Ry=

p
˛0. The

Z2 quotient breaks the supersymmetry by half, i.e. 16 of the 32 supercharges of the
type II theory on T 4 are invariant under the orbifold projection. Using the methods
from Chap. 9 it is straightforward to compute the torus partition function

Z.�; �/ D
X

hD1;I4
Trh

�

1C I4
2

PGSO q
L0.h/� c

24 qL0.h/�
c
24

�

(15.16)

of this model from which we can extract information on the massless spectrum. Let
us construct the massless states explicitly. They are classified with respect to the
little group SO.4/ ' SU.2/ � SU.2/. The states with m2

R D 0 are summarized in
Table 15.3 where we also include their I4 charges.

Before we present the complete massless spectrum, we list in Table 15.4 the
possible massless multiplets inD D 6 with 16 supercharges. We have to distinguish
between chiral .2; 0/ and non-chiral .1; 1/ supersymmetry. Their physical degrees of
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freedom are given as SU.2/�SU.2/ representations .m; n/ withmCn even (odd)
for space-time bosons (fermions). We note that the tensor in the (2,0) tensormultiplet
is self-dual while the tensor in the (2,0) gravity multiplet is anti-self-dual.

The massless spectrum of the type IIB string compactified on the T 4=Z2 orbifold
is found by taking the I4 invariant states in the tensor product of the states in
Table 15.3. One finds

untwisted sector: gravityC 5 tensormultiplets

twisted sector: 16 tensormultiplets (15.17)

where the multiplicity in the twisted sector reflects the 16 fixed points.
For the type IIA string the GSO projection for the left movers is different.

In terms of the SU.2/ � SU.2/ representation content the only difference is the
exchange .m; n/! .n;m/. This leads to the following type IIA spectrum

untwisted sector: gravityC 4 vectormultiplets

twisted sector: 16 vectormultiplets : (15.18)

The T 4=Z2 orbifold, as well as all other four-dimensional toroidal orbifolds
which preserve half of the supercharges, is a singular limit of the (topologically)
unique two-dimensional Calabi-Yau manifold, the K3 surface. Its non-trivial Hodge
numbers are h0;0 D h2;0 D 1 and h1;1 D 20. The K3 surface thus has 22 two-cycles,
where in the T 4=Z2 orbifold limit six descent from the T 4 and the remaining 16
arise from the smoothing of the I4 fixed points. In other words, the T 4=Z2 orbifold
limit is reached from the smooth surface by shrinking 16 two-cycles to zero size. For
this orbifold h1;10 D 4 D h1;1.T 4/, i.e. all harmonic .1; 1/-form on T 4 are invariant
under T 4 and so are the unique .2; 0/ and .0; 2/ forms. For other orbifold limits of
K3, a different number of two-cycles appears in the untwisted sector. E.g. for the
T 4=Z3 orbifold with vvv D .C 1

3
;� 1

3
/, there are only four.

It is straightforward, at least for the bosonic part, to re-derive the massless
spectra (15.17) and (15.18) from dimensional reduction of the ten-dimensional
IIB/A supergravity multiplets on the K3 surface.

The T 6=Z3 Orbifold

We now consider a type II compactification to four dimensions. As torus lattice we
choose the direct product of three SU.3/ root lattices which has a Z3 automorphism
shown in Fig. 15.2. This corresponds to a partial fixing of the Kähler moduli and to
a complete fixing of the complex structure moduli of a generic six-torus which has
h1;1.T 6/ D 9; h2;1.T 6/ D 9; h1;0 D 3; h2;0 D 3 and h3;0 D 1. The Z3 action on the
complex coordinates is

� W zi ! e2�ivi zi ; for i D 1; 2; 3 (15.19)
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Fig. 15.2 The SU.3/
root-lattice. The dots indicate
the three fixed points of the
Z3 automorphism

Table 15.5 GSO projected
chiral closed string sector of
T 6=Z3 orbifold; ˛ D e2�i=3

State � State �

Untwisted NS Untwisted R
j ˙ 1I 0; 0; 0i 1

ˇ

ˇ˙ . 1
2
I� 1

2
;� 1

2
;� 1

2
/
˛

1

j0IC1; 0; 0i ˛
ˇ

ˇ
1
2
I 1
2
; 1
2
;� 1

2

˛

˛2

j0I�1; 0; 0i ˛2
ˇ

ˇ� 1
2
I 1
2
;� 1

2
;� 1

2

˛

˛

� -twisted NS � -twisted R
ˇ

ˇ0I 1
3
; 1
3
; 1
3

˛

1
ˇ

ˇ� . 1
2
I 1
6
; 1
6
; 1
6
/
˛

1

�2-twisted NS �2-twisted R
ˇ

ˇ0I�. 1
3
; 1
3
; 1
3
/
˛

1
ˇ

ˇ
1
2
I 1
6
; 1
6
; 1
6

˛

1

Table 15.6 D D 4 massless
multiplets with eight
supercharges

Gravity multiplet .˙2/C 2.˙ 3
2
/C .˙1/

Vectormultiplet .˙1/ C 2 .˙ 1
2
/C 2.0/

Hypermultiplet Œ.˙ 1
2
/ C 2.0/�C h.c.

with twist vector vvv D . 1
3
; 1
3
;� 2

3
/. This orbifold has 27 fixed points, which are all

equivalent, and the orbifold CFT has two isomorphic twisted sectors. There are
no fixed tori and therefore the evaluation of the partition function of this orbifold
compactification

Z.�; �/ D
X

hD1;�;�2
Trh

�

1

3
.1C� C�2/ PGSO q

L0.h/� c
24 qL0.h/�

c
24

�

(15.20)

proceeds along the lines outlined in Chap. 10.
It is again straightforward to determine the massless spectrum explicitly. In

Table 15.5 we list the GSO projected sector of one chirality. For the states in the
untwisted sector we list rrr and for the twisted sector states we give .rrrCkvvv/, where rrr
is an SO.8/weight vector with

P

ri D odd (this is the GSO projection) and vvv is the
twist vector. The underlining means to include all states obtained by permutation.
We also use E1 D E2 D 1

3
.

The massless spectrum is obtained from the tensor product of left- and right-
movers. They can be organized into massless N D 2 supermultiplets in D D 4. In
Table 15.6 we display their propagating helicity states.
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For the type IIB string, with the same GSO projections for left- and right-movers
and taking into account the fixed point multiplicity, we find the following invariant
spectrum

untwisted sector: gravityC 10 hypermultiplets

twisted sectors: 27 hypermultiplets : (15.21)

One of the hypermultiplets in the untwisted sectors contains as bosonic degrees of
freedom the (dualized) anti-symmetric tensor field and the dilaton from the (NS,NS)
sector and two real scalars from the (R,R) sector. This is the universal hypermultiplet
which is present in every supersymmetric type II Calabi-Yau compactification.

For type IIA we have to change the GSO projection for the left-moving Ramond
sector states to

P

ri D even. This merely reverses the first entry in the R-states in
Table 15.5. Combining left- with right-movers leads to the massless spectrum

untwisted sector: gravityC 1 hypermultipletC 9 vectormultiplets

twisted sectors: 27 vectormultiplets (15.22)

There is again a universal hypermultiplet in the untwisted sector.
Let us now comment on the massless spectra which we just found. From the

discussion of the previous chapter we know that they are those of the type II string
compactified on a CY threefold with Hodge numbers h1;1D 36 and h2;1D 0. Indeed,
of the 15 two-forms on the torus, nine are invariant under (15.19). These are the
elements of h1;10 . Likewise, two of the 20 three-forms are invariant. They are the
.3; 0/ and .0; 3/ forms. These forms descent to the orbifold where the .1; 1/ forms
makes their appearance in the massless spectrum as the (NS,NS) scalars of the
untwisted (non-universal) hypermultiplets (IIB) and vector-multiplets (IIA). The
(NS,NS) scalars of the 27 twisted sector multiplets are in one-to-one correspondence
with the Kähler moduli of a smooth Calabi-Yau manifold, which has the Z3 orbifold
as a particular singular submanifold of co-dimension 27 in its 36 dimensional Kähler
moduli space. This particular CY manifold has no complex structure moduli. Such
Calabi-Yau manifolds are called rigid.

All type II orbifold models preserve at least N D 2 supersymmetry in four-
dimensions. To obtain a chiral spectrum, as dictated by particle physics phe-
nomenology, we can at most allow N D 1 supersymmetry. This can be achieved
in two different ways: either consider orbifolds of the heterotic string or type II
orbifolds with an additional orientifold quotient which leaves invariant only one
combination of the left- and right-moving space-time supercharges. In either case,
the possible massless multiplets are shown in Table 15.7. Here we consider the
heterotic T 6=Z3 orbifold with standard embedding and postpone the discussion of
type II orientifolds to the next section.

The invariant spectrum of the heterotic Z3 orbifold with standard embedding is
also easy to construct explicitly. For the right-movers, the discussion is unchanged
as compared to the type II string. For the left-movers we have to look for solutions of
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Table 15.7 DD 4 massless
multiplets with four
supercharges

Gravity multiplet .˙2/C .˙ 3
2
/

Vector (gauge) multiplet .˙1/C .˙ 1
2
/

Chiral (matter) multiplet Œ. 1
2
/C .0/�C h.c.

Table 15.8 Untwisted states withm2
L of the heterotic T 6=Z3 orbifold; PPP are E8 weights

�
State NL

1 ˛ ˛2

Untwisted sector

Q̨

�1j0i ; 
 D 2; 3 1 2

Q̨ i
�1j0i ; i D 1; 2; 3 1 3

QN̨ i
�1j0i ; i D 1; 2; 3 1 3

ę

I ; I D 1; : : : ; 8 1 6+2

jPPP i ; PPP 2 D 2 0 72+6 3� 27 3� 27
� -twisted sector

QN̨ i
�

1
3

jPPP C VVV i ; .PPP C VVV /2 D 2
3

1
3

3� 3
jPPP C VVV i ; .PPP CVVV /2 D 4

3
0 27

�2-twisted sector

Q̨ i
�

1
3

jPPP C 2VVV i ; .PPP C VVV /2 D 2
3

1
3

3� 3
jPPP C VVV i ; .PPP C 2VVV /2 D 4

3
0 27

NL C 1

2
.PPP C kVVV /2 � 2

3
D 0 for k D 0; 1; 2 ; (15.23)

where PPP is an E8 weight vector. It is clear that the second E8 factor is unaffected
and simply leads to E8 vectormultiplets. In the following we consider only the first
E8 factor in which the shiftVVV acts. The states in the untwisted sector are collected in
Table 15.8 where the numbers denote the multiplicities. These states combine into
the following representations of E6 � SU.3/: .78; 1/C .27; 3/C .27; 3/.

To construct the massless states in the twisted sectors, note that .PPP C kVVV /2 � 2
3

for k D 1; 2. Furthermore, the non-zero eigenvalues of NL are 1
3
C n and 2

3
C m

where n;m are non-negative integers. This leaves the possibilities (i) NL D 1
3

and
.PPP C kVVV /2 D 2

3
and (ii) NL D 0 and .PPP C kVVV /2 D 4

3
. For (i) one finds the states

3 � Œ.1; 3/1 C .1; 3/2� where the multiplicity is due to the three possible oscillator
directions and for (ii) the states .27; 1/1C .27; 1/2. The subscripts indicate in which
twisted sector the states arise.
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We now combine right- and left-movers into invariant states and find the
following massless supermultiplets1:

untwisted sector: gravity

gauge multiplet of E6 � SU.3/� E8
chiral multiplets: 9 � .1; 1/C 3 � .27; 3/ of

twisted sectors: chiral multiplets: 27 � Œ3 � .1; 3/C .27; 1/� : (15.24)

For the matter multiplets we have given the E6 � SU.3/ representations. The
multiplicity in the twisted sector is the number of fixed points. The states in the
two twisted sectors are complex conjugates of each other and combine into chiral
multiplets. Note that the spectrum is chiral, which is a prerequisite for successful
model building.

Altogether there are 36 families, i.e. 27’s of E6, nine in the untwisted and
27 in the twisted sectors. Furthermore, the gauge singlet scalars in the untwisted
sector are the nine moduli of the torus which survive the orbifold projection. In the
twisted sector there are nine E6 singlets per fixed point. One of these nine scalars
corresponds to a Kähler modulus, whose vev is related to the blowing-up of the
orbifold singularity. Thus, among the twisted E6 singlets, 27 are Kähler moduli.
When we move away (in moduli space) from the orbifold point, the SU.3/ gauge
group gets completely broken and eight of the chiral multiplets combine with the
SU.3/ vector-multiplets into eight massive vector multiplets. This is a string theory
realization of the Higgs effect. The remaining 208 massless scalars can be shown
to correspond to bundle moduli, i.e. to elements of H1.EndTX/. Their fate is more
complicated. The number of bundle moduli is not constant across the moduli space
ofX . Some, but not all, can acquire masses due to world-sheet instanton effects. For
the Z3 orbifold it has been shown that, as we move away from the orbifold point,
108 of the bundle moduli become massive. The analysis of bundle moduli is rather
technical, even in the case of the standard embedding where the relevant bundle is a
deformation of the holomorphic tangent bundle.

15.3 Orientifold Compactifications

A way to reduce the amount of space-time supersymmetry in type II compactifica-
tions are orientifolds. Since all salient features can be demonstrated much clearer
in an example with six non-compact space-time dimensions, we will discuss an
orientifold of the T 4=Z2 orbifold of the previous section. We will then comment on
the generalization to four-dimensional models.

1The grouping of the states into multiplets of E6 � SU.3/ can be checked if one uses the explicit
expressions for the roots and weights as given e.g. in N. Bourbaki, Elements of Mathematics, Lie
Groups and Lie Algebras, Chaps. 4–6.
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Type IIB Orientifold of the T 4=Z2 Orbifold

Recall that the Z2 quotient breaks half of the supersymmetry, i.e. the orbifold
preserves 16 of the 32 supercharges. As the uncompactified theory, the type IIB
theory on the T 4=Z2 orbifold also possesses a non-geometricZ2 symmetry. Gauging
this symmetry amounts to performing an orientifold projection under which eight of
the 16 supercharges are invariant. We therefore arrive at a chiral N D .1; 0/ theory
in six dimensions

Define the orientifold action2 ˝R.�1/FL with

R W yi ! �yi for i D 1; 2 : (15.25)

Note that this is zi ! Nzi , i.e. it is different from the orbifold action (15.15).
We need the action of R on the fields X
,  
; 



and also on the spin

fields S˛ . The action on the states then follows if we have specified the action on
the vacuum. Define the reflection matrix R
� D .ı˛ˇ;�ıi j / where i; j are the
reflected directions whose number we keep unspecified for this discussion. Then
clearly X
 ! R
�X

� and  
 ! R
� 
� and likewise for  



. To find the

representation of R on the spin fields we proceed as in Sect. 13.3. We make the
ansatz R W S˛ ! P˛

ˇSˇ and require that, given the transformation of  , this is
consistent with (13.101). One then obtains P.R
�� �/ D � 
P with solution3

P D
Y

� i� ; (15.26)

where the product is over the reflected directions and � D � 0 � � �� 9 is the chirality
operator which commutes with all � 
. Up to a sign, the phase of P is fixed by the
requirement that it maps Majorana spinors to Majorana spinors. Of course, for the
right-moving spin fields S˛ we find the same result.

A few comments are in order:

• This is the same P that we found when we specified the boundary conditions of
a spin field in Sect. 13.3. There the product was over the Dirichlet directions.

• An odd (even) number of reflections reverses (preserves) the chirality of S .
• Reflection along two directions is a rotation by � in the plane spanned by these

directions. This operation squares to �1, as expected for spinors.
• In Euclidean signature the Dirac matrices in a Majorana representation are

imaginary. In even dimensions, the condition that P maps Majorana spinors to
Majorana spinors then leads to P D Q

.i� i� /. This is relevant if we work in
light cone gauge and if we reflect an odd number of directions. In light cone
gauge � D �2 : : : �9.

2This defines an orientifold which is related by T-duality to the Bianchi-Pradisi-Sagnotti model
(which is sometimes also called the Gimon-Polchinski model).
3The same condition can be found by requiring that condition (8.19) is invariant under pi !�pi
and j˛i D P˛

ˇjˇi.
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Before returning to the discussion of the orientifold we observe that the trans-
formation of spin fields under reflections immediately provides their transformation
rule under T -duality. Indeed, as we have repeatedly seen, T duality is a reflection of
the right-moving fields XR and  in the dualized directions while the left-moving
XL and  are invariant. This leads to

S˛.z/! P˛
ˇSˇ.z/ ; S˛.Nz/! S˛.Nz/ ; (15.27)

for T duality along the directions Xi with P as in (15.26). This has interesting
implications. For an odd number of dualized directions, it changes the chirality of
the right-moving Ramond ground state and therefore transforms the type IIA to the
type IIB string and vice versa. Furthermore, it also tells us that under T-duality in,
say one direction, a R-R p-form transforms into a linear combination of (p ˙ 1)-
forms. This follows if we apply (15.27) to the R-R vertex operators (16.21) and use
the identity

� 
1:::
p� 
q D � 
1:::
p
q C �� 
1:::
p�1g
p
q � � � � � : (15.28)

With the help of (15.27) one can also check that the orientifolds in Table 10.3
on page 317 are related by T -dualities. For instance, one verifies that T2˝T �12 D
˝I2.�1/FL , e.g. by considering its action on massless sates. Here I2 is the reflection
along two directions and T2 is T -duality along the same directions. For the type IIA
entries in this table we have written the action of T˝T �1 on light-cone states. For
instance, one verifies that with I1 D i� 9� on spinors, .˝I1/2 D 1 on all physical
states. In particular, there are invariant fermions, as required for the T -dual of the
type I theory.4 One can also directly determine the action T˝T �1 on states of the
type I theory and verify that the orientifold actions in Table 10.3 are related by T
duality.

We now return to the orientifold. With the explicit representation of the Dirac
matrices (8.51), it is straightforward to show that the action of R D .� � 7/ .� � 9/

on the Ramond ground states is

R W js1; s2; s3; s4i ! .�1/ 12Cs4 js1; s2;�s3;�s4i (15.29)

The eigenvalues of R on the Ramond ground states are˙i .
We still have to specify the action of ˝R.�1/FL on the twisted sectors. We

choose it such that there is an additional minus sign on states in the twisted
sector. This can be viewed as assigning the twist field 	.z; Nz/ in the bosonic sector
charge �1.

Table 15.3 gives the action of I4 on the (chiral) massless states. We now have
to combine the left- and right moving sectors and project onto I4 and ˝R.�1/FL

4In the covariant formulation we would use I1 D � 9� (with � D � 0 � � �� 9) on spin fields. In
this case, ˝I1.�1/FL squares to one.
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Table 15.9 D D 6 massless
multiplets with eight
supercharges

(1,0) SUSY

Gravity multiplet (3,3) + 2 (2,3) + (1,3)
Tensormultiplet (3,1) + 2 (2,1) + (1,1)
Vectormultiplet (2,2) + 2 (1,2)
Hypermultiplet [(2,1) + 2 (1,1)] + h.c.

even states. As for the type I superstring in Chap. 9, ˝ symmetrizes the NS-NS
sector and anti-symmetrizes the R-R sector. We find the following SU.2/ � SU.2/
representations for the massless closed string states:

Untwisted (NS,NS) .3; 3/C 11� .1; 1/
(R,R) .3; 1/C .1; 3/C 6� .1; 1/
(NS,R)+(R,NS) 2� .2; 3/C 10� .2; 1/

Twisted (NS,NS) 48� .1; 1/
(R,R) 16� .1; 1/
(NS,R)+(R,NS) 32� .2; 1/

These can be combined into the following supermultiplets:

untwisted sector : gravityC tensorC 4 hypermultiplets

twisted sector : 16 hypermultiplets : (15.30)

We have collected the multiplets of N D .1; 0/ supersymmetry in DD 6 in
Table 15.9.

As mentioned before, the T 4=Z2 orbifold is a singular K3-surface which inherits
all two-forms from the T 4, h1;10 D 4 and h2;00 D h0;20 D 1 and it has 16 harmonic
.1; 1/-forms in the twisted sector. Under ˝R.�1/FL only two of the six untwisted
two-forms or, equivalently, two-cycles, are invariant (dx1 ^ dx2 and dy1 ^ dy2).
Inspection of the spectrum leads to the conclusion that the invariant ones give rise to
one self-dual and one anti-self-dual tensor, where the tensor fields are given by the
dimensional reduction of the R-R four form on the invariant two-cycles. Contrarily,
the anti-invariant two-cycles lead to scalars in hypermultiplets residing in the four
(16) hypermultiplets in the untwisted (twisted) sector. If we had chosen˝R.�1/FL
to act with the opposite sign on the states in the twisted sectors, we had found
tensormultiplets instead. This particular sign will be important later, when we need
to determine how the orientifold projection acts on the D7-branes.

Just as the orbifold projection requires the inclusion of twisted sectors, the
orientifold projection requires the inclusion of D-branes to cancel Ramond-Ramond
tadpoles. In order to detect these tadpoles we carry out the same steps that we did in
Chap. 9 for the type I superstring. First, we compute the loop-channel Klein-bottle
amplitude
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K D
Z 1

0

dt

2t
tr

�

˝R.�1/FL
�

1C I4
2

�

PGSO e
�4�t.L0� c

24 /
�

: (15.31)

Only left-right symmetric states contribute to the Klein-bottle. As the reflections R
and I4 act trivially on the oscillator parts of such states, their contribution to K in
the untwisted sector is therefore identical to the one for the type I string. The only
difference lies in the zero mode contributions along the compact directions. On a
state with momentum m and winding n, orientation reversal ˝ and reflection I4
act as

˝jm; ni D jm;�ni ; I4jm; ni D j �m;�ni
) I4˝jm; ni D j �m; ni : (15.32)

Invariance under ˝ therefore requires zero winding and invariance under I˝
requires zero momentum. It is now straightforward to evaluate the zero mode
contribution to K . We find for the loop-channel Klein-bottle amplitude in the
untwisted sector

K D v6

Z 1

0

dt

t4
1

8
.1 � 1/

�

#44
12

�

.2it/

2

4

 

X

m2Z
e
��t

�

m
�x

	2
!2  

X

n2Z
e��t.�y n/

2

!2

C
 

X

m2Z
e
��t

�

m
�y

	2
!2  

X

n2Z
e��t.�x n/

2

!2
3

5 (15.33)

with v6 D V6=.4�2˛0/3 and the short-hand notation .1�1/ D .1NS�1R/ introduced
in Eq. (9.65). In the twisted sector there are no zero-modes and for the contribution
of the oscillators we find

Ktw � v6

Z 1

0

dt

t4
.1 � 1/

�

#24#
2
1

6#24

�

.2it/ : (15.34)

Since #1 D 0 this term clearly does not give rise to any tree-channel tadpoles.
Transforming (15.33) to the tree-channel via t D 1=.4l/ yields

fK D v6

Z 1

0

dl 8 .1 � 1/
�

#42
12

�

.2il/

�
2
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�
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n2Z
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2

!2  
X

m2Z
e
�4�l

�

m
�y

	2
!2

C .x $ y/

3

5 : (15.35)

Comparison with the computation of the type I string, we realize that the prefactor
v6.�x/2 in front of the massless tadpole indicates that it corresponds to an O7-plane



15.3 Orientifold Compactifications 539

which occupies the six non-compact dimensions and the two internal directions
along the two x-axes. Similarly, the term multiplied by v6.�y/2 signals the presence
of an O7-plane along the two y-axes.

These dangerous tadpoles need to be canceled by introducing appropriate
D7-branes. The simplest possibility is to place a number of D7-branes on top of
the two orientifold planes. We will discuss this possibility in more detail using
conformal field theory models. Let us mention that more general tadpole canceling
D-brane configurations are possible.

Fractional D7-Branes

First we need to discuss D7-branes on the T 4=Z2 background. We have seen in
Chap. 9 how to describe D-branes on flat backgrounds in terms of boundary states
and computed the loop-channel and tree-channel annulus amplitudes for open
strings with their two end points localized on parallel D-branes. In order to see
what happens under the action of I4, consider a D7-brane which is parallel to the
two x-axes. If the brane is placed at .y1; y2/, I4 maps it to a D7-brane localized
at .�y1;�y2/. Therefore for performing the I4 orbifold, a second brane needs to
be introduced at .�y1;�y2/, unless the brane is placed at one of the four fixed
positions .y1; y2/ 2 f.0; 0/; .�Ry; 0/; .0; �Ry/; .�Ry; �Ry/g. For the loop-channel
annulus diagram for an open string starting and ending on the same D7-brane,
which is defined as

A D
Z 1

0

dt

2t
tr.D7;D7/

��

1C I4
2

�

PGSO e
�2�t.L0� c

24 /
�

; (15.36)

this means that the part with the I4 insertion vanishes except for D7-branes invariant
under I4.

Consider now such an invariant D7-brane localized at, say, .y1; y2/ D .0; 0/.
Taking into account that along the x-directions the open strings have Kaluza-Klein
momentum and in the orthogonal y-directions winding modes, it is straightforward
to compute the annulus amplitude as

Axx D v6

Z 1

0

dt

t4
1
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5 : (15.37)

The last term in brackets is the contribution from the I4 insertion (the prefactor of
four in the second line cancels the same factor contained in #22 ). Since #4 and #3
differ by the sign for the first excited level, this term implies that in the massless
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sector only the excitations  
�1=2 in the six non-compact directions survive the I4
projection, whereas the excitations  i�1=2 in the internal directions i D 5; : : : ; 8 are
projected out. The D7-brane therefore supports a six-dimensional gauge field and
cannot be moved in the internal directions, i.e. it is frozen at .y1; y2/ D .0; 0/ and
has no continuous Wilson-line in the x-directions.

Transforming (15.37) to the tree-channel via t D 1=.2l/ gives
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5 : (15.38)

Let us interpret this result. The first term has a very similar form as the tree-
channel Klein-bottle amplitude and again results from exchange of I4-untwisted
states between the two D7-branes. Since it is multiplied by the same volume factor,
an appropriate number of such branes have a chance to cancel the v6.�x=�y/2

tadpole from the Klein-bottle. The second term in (15.38) is new. Inspection of
the #-functions reveals that it arises from the exchange of closed string modes from
the I4-twisted sector. In other words, this kind of D7-branes, without any transverse
moduli, do not only carry charge under the untwisted RR-forms C8 but also under
the twisted ones, which are given by the reduction of C8 along the collapsed S2 at
the fixed point,

R

S2
C8. This makes sense, as the D7-brane runs precisely through

the four fixed points on the x-axes. Geometrically this D7-brane not only wraps the
two-cycle spanned by .x1; x2/ but also the four two-spheres which have collapsed
to zero size at the orbifold point. Since these S2’s are localized at the fixed points,
the brane cannot move away. Such branes are also called fractional D-branes.

In the same way as one defines boundary states in the untwisted sector (9.35), one
can define them in the twisted sector. Noting that such states can carry positive and
negative twisted sector charge, the entire boundary state for a fractional D7-brane
can be schematically written as

jD7ẋ ifrac D 1

2ND7

 

�

�x

�y

�

jD7iut ˙ 2
4
X

iD1
jD7; iitw

!

; (15.39)

where the sum runs over the four fixed points through which the I4 invariant D7-
brane runs; in Chap. 9 we have fixed ND7 D 8 .4�2˛0/ 32 . Similarly, we can introduce
branes jD7ẏ ifrac wrapping the y-directions. The numerical prefactors in (15.39)
are a result of loop-channel–tree-channel equivalence, which means that in loop-
channel one has the correct interpretation as a trace with .1C I4/=2 insertion.

The twisted sector boundary states in for instance the NS sector are
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(15.40)

Here j ti i denote the closed string twisted sector ground states in the NS-NS sector,
which are localized at the 16 I4 fixed points.

One needs two fractional branes of opposite twisted sector charge ˙1 to make
one ordinary bulk D7-brane. Said differently, moving a bulk D7-brane in an I4
invariant position, it can split into two fractional D7-branes with opposite twisted
sector charge. Computing the overlap of two parallel fractional D7-branes with
opposite twisted sector charges and transforming the result to loop-channel, one
finds (15.37) with the sign in front of the last term reversed. Therefore, this
time the six-dimensional gauge field is projected out and what remains are eight
massless scalars making two hypermultiplets transforming in the bi-fundamental
.1;�1/ representation of the U.1/� U.1/ gauge symmetry on the pair of fractional
D7-branes.

Tadpole Cancellation

We would like to introduce fractional branes jD7ẋ ifrac and jD7ẏ ifrac to cancel
the Klein-bottle divergences. First we note that with our choice of the action of
˝R.�1/FL in the I4 twisted sectors, a fractional brane is mapped to another parallel
fractional brane with opposite twisted sector charges

˝R W jD7˙ifrac ! jD7�ifrac : (15.41)

Therefore, we have to introduce these branes in pairs, which automatically guar-
antees that the twisted sector tadpoles cancel. Let us mention that in the model
where one gets 16 tensormultiplets from the closed string twisted sector, i.e. if we
choose the opposite action of˝R.�1/FL in the twisted sectors, a fractional brane is
invariant under the orientifold projection.

We introduce two stacks of M pairs of fractional D7-branes jD7ẋ ifrac and N
pairs of fractional D7-branes jD7ẏ ifrac. Summing over all annulus diagrams

Atot D
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i;j2fC;�g
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AD7ix ;D7
j
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CAD7iy ;D7jy

	

(15.42)
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and transforming the amplitude to tree-channel yields
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Note that the structure of this expression is very similar to the tree-channel Klein-
bottle amplitude (15.35).

Since the orientifold projection exchanges two types of fractional branes, it is
clear that the Chan-Paton gauge group of this model is U.M/ � U.N/. Moreover,
the open string sectors which are invariant under the orientifold action are

jD7Cx ifrac  ! jD7�x ifrac jD7Cy ifrac  ! jD7�y ifrac : (15.44)

These states are either symmetrized or anti-symmetrized depending on the sign
in the Möbius strip amplitude, which we now compute. Let us consider the D7x
branes, for which the loop-channel Möbius strip amplitude is defined as
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where the trace is over all excitations of the open string stretched between the
brane D7Cx and D7�x . Since R reflects winding and momentum in the y-directions,
it is clear that under the ˝R.�1/FL all x-KK-momentum and y-winding modes
are invariant and contribute to the trace. Contrarily, for the ˝RI4.�1/FL insertion
all non-vanishing KK-momenta and windings are projected out. Moreover, in the
latter case, similar to the twisted sector contributions to the Klein-bottle tadpole, no
tree-channel tadpole appears, so that for D7x branes only the˝R.�1/FL contributes
to the tadpole and similarly for D7y branes only the ˝RI4.�1/FL gives a non-
vanishing tadpole. With the methods from Chap. 9 it is now straightforward to
evaluate the loop-channel Möbius strip amplitudes and transform them via t D
1=.8l/ into tree-channel. The final result is
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What we have neglected so far are the open strings between fractional D7x and
D7y branes. Using the boundary states (15.39) and taking into account that jD7ẋ ifrac

and jD7ẏ ifrac always share precisely one fixed point, one can straightforwardly
compute the overall loop-channel annulus amplitude
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where one factor of two is due to the two different orientations of the open
string, which are identified under the orientifold projection. First we note that
transformation to tree-channel reveals that this amplitude does not induce further
massless tadpoles. Up to numerical factors, this annulus amplitude looks precisely
like (the square root of) the closed string partition function in the Z2 twisted sector.
From Eq. (10.166) we know that in such a sector we have E1 D 1=2 so that only
the (degenerate) ground state contributes to the massless spectrum, i.e. without any
oscillator excitations. Clearly, these are scalars so that, taking also the numerical
factors into account, one finds one hypermultiplet in the bi-fundamental .N;M/

representation.
We are now ready to collect all pieces and extract the divergences from the tree-

channel Klein-bottle, annulus and Möbius strip amplitudes. These are
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which means that, for the choice of the minus sign in the Möbius strip amplitude,
we need M D N D 16 pairs of fractional D7-branes to cancel all tadpoles.
Therefore, the gauge group is U.16/ � U.16/ and the states in the D7C � D7�
sectors are anti-symmetrized. In Table 15.10 we list the massless open string matter
spectrum. Combining this with the massless spectrum from the closed string sector
and denoting the number of tensor, vector and hyper multiplets by nT ; nV and nH ,
we have

nT D 1; nV D 512; nH D 756 : (15.49)

The spectrum satisfies

nH � nV C 29 nT D 273 : (15.50)

This is a consistency condition which every six-dimensional string compactification
with N D .1; 0/ supersymmetry has to satisfy. It is the condition that the irreducible
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Table 15.10 Massless
hypermultiplets from open
string sectors

Sector Reps. of U.16/ � U.16/
D7C

x � D7�

x 2� .120; 1/
D7C

y � D7�

y 2� .1; 120/
D7ix �D7jy 1� .16; 16/

gravitational anomaly cancels. The remaining anomalies (gauge and mixed) then
cancel via the Green-Schwarz mechanism, which we discuss in more detail for the
four-dimensional case in Chap. 17.

Note that we have considered a very simple D7-brane configuration, namely a
number of fractional D7-branes placed right on top of the orientifold planes. We
can also move Na pairs of such branes away from the orientifold locus, so that they
become bulk branes. This corresponds to giving a vacuum expectation value to the
scalars in the .120; 1/ and .1; 120/ representations. The resulting bulk branes carry
Sp.2Na/ Chan-Paton factors with still one hypermultiplet in the antisymmetric
representation of dimension Na.2Na � 1/. However, one can also try to cancel the
tadpoles with D7-branes, which are not parallel to the orientifold planes, but instead
intersect them at non-trivial angles. This is indeed possible in a supersymmetric
fashion and gives rise to so-called intersecting D7-brane models.

All these constructions can be generalized in many ways. One can consider
more general orbifolds both in four and six dimensions, where each case needs a
separate treatment of the twisted sectors and fractional D-branes. Moreover, one
can also cancel the tadpoles by D7-branes which are not parallel to the O7-planes,
but intersect them. Constructions of this kind are called intersecting D-brane models
and will be discussed in more generality for intersecting D6-branes in type IIA in
Sect. 17.2.

15.4 World-Sheet Aspects of Supersymmetric
Compactifications

In the previous two sections we have presented relatively simple examples of
CFTs which describe strings on four-dimensional and six-dimensional compact
spaces with various amounts of space-time supersymmetry. As already repeatedly
emphasised, four-dimensional theories with N > 1 supersymmetry cannot have
a chiral spectrum, i.e their low-energy limits cannot be good descriptions of the
standard model. With possible phenomenological applications in mind, we are
therefore interested in N D 1 space-time supersymmetric compactifications to
four dimensions, i.e. compactifications with four unbroken supercharges.5 We have
encountered two ways to achieve this in perturbative string theory.

5Of course, for phenomenological reasons they also have to be broken, but we assume here that
this is achieved at a different level, e.g. by fluxes or non-perturbative effects (see Chap. 17).
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• One starts with the type II superstring compactified to four-dimensions such
that it preserves N D 2 supersymmetry and performs an orientifold quotient.
This breaks half of the eight supercharges. D-branes are necessary for tadpole
cancellation and gauge degrees of freedom and chiral matter arise from open
strings connecting them.

• One considers the ten-dimensional heterotic string theories and compactifies
them on the same geometric backgrounds, consistently including the E8 �E8 or
SO.32/ gauge sector. Since the heterotic theories start with half the supersym-
metry in ten-dimensions, one directly gets N D 1 space-time supersymmetry.

Both classes of models (prior to the orientifold quotient) have to satisfy a number
of general conditions, which we want to elaborate on in this section. Some of the
relevant discussion is restricted to one chiral sector and applies to the heterotic and
the type II string. When combining left- and right-movers we have to treat them
separately.

For a specific CFT to qualify as a perturbative string vacuum, it has to pass certain
consistency requirements such as the correct value of the central charge, modular
invariance, etc. One may then impose additional four-dimensional requirements,
like space-time supersymmetry or a chiral fermionic spectrum, which constrain
the internal CFT further. We will, in particular, clarify the intricate relation
between space-time supersymmetry and the required structure of the world-sheet
superconformal field theory.

Any four-dimensional heterotic string theory possesses four space-time string
coordinates X
.z; z/. In addition there are right-moving world-sheet fermions
 
.z/. Finally, there are the conformal ghosts b.z/; c.z/ and b.z/; c.z/ and the
superconformal ghosts ˇ.z/ and �.z/. These fields constitute the external CFT. The
left-moving part is a CFT with central charge cext D �22 and the right-moving
part an N D 1 SCFT with cext D �9. The requirements ctot D ctot D 0 mean
that we have a left-moving internal CFT with cint D 22 and a right-moving N D 1
SCFT with cint D 9. For type II theories the two sectors have the structure of the
holomorphic sector of the heterotic string.

It is crucial to realize that the left-moving and right-moving internal CFTs can
be chosen largely independently of each other; only locality and modular invariance
link them in a definite way. Moreover, it is not required that the internal CFT admits
an interpretation as a compactification on some manifold.

It is once again convenient to replace the four external world-sheet fermions
 
.z/ by bosonic fields �i .z/ (i D 1; 2) and the superconformal ghosts by a scalar
�.z/. Then all states are characterized by vectors .���R; q/ of the covariant lattice
.D2;1/R and heterotic vertex operators are sums of terms of the form

V.z; z/ D .@nLX
.z//mL .@n1RX�.z//m1R .@n2R�i .z//m2R

�ei���R ����.z/ eq�.z/Vint.z; z/ e
ik�X.z;z/: (15.51)

Vint.z; z/ are conformal fields of the internal CFT with weight .hint; hint/. V creates
a state with mass
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L Cm2

R: (15.52)

The NL:R are oscillator excitation numbers. We require that the internal CFT is
unitary which implies hint; hint � 0 with equality only for the vacuum state j0i.
Furthermore, we have to insist that the theory is local. This requirement provides a
link between the external and the internal parts of the theory. Consider the operator
product

V1.z; z/ V2.w;w/ � .z � w/�h
1
int�h2intCh3int .z� w/�h1int�h2intCh3intC���1R ����2R�q1q2

�ei.���1RC���2R/����.w/ e.q1Cq2/�.w/ V 3
int.w;w/C : : : (15.53)

where we have neglected the bosonic oscillators which always give rise to integer
powers of .z�w/. Also, the eik�X factors give jz�wjk1 �k2 which does not have branch
cuts. Locality demands that

h
1

int C h
2

int � h
3

int � h1int � h2int C h3int C���1R ����2R � q1q2 2 Z : (15.54)

The complete Hilbert space, containing the left-moving, right-moving, the internal
and external states, must obey the above condition. Modular invariance of the one-
loop partition function constrains the possible combinations of internal and external
highest weight states further. But to analyze the constraints of modular invariance
for a general model is not an easy task. The generalization of (15.54) to the type II
string is

h
1

int C h
2

int � h
3

int � h1int � h2int C h3int C���1R ����2R � ���1L ����2L � q1q2 C q1q2 2 Z :

(15.55)

Space-Time Versus World-Sheet Supersymmetry

The requirement of space-time supersymmetry has interesting implications for the
two-dimensional world-sheet theory. Space-time supercharges arise in the heterotic
string only from the right moving sector, whereas for type II theories from both
sectors.

The relevant sector for the discussion of space-time supersymmetries is the right-
moving one. We start the discussion with general N , but will soon specify to
N D 1. The relevant D2;1 conjugacy classes are the two spinor classes, but, as we
will see momentarily, more input is needed. We denote the supercharges by QA

˛
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(A D 1; : : : ;N ). They are the contour integrals of the holomorphic part of the
gravitino vertex operators at zero space-time momentum, i.e. the zero-mode of the
space-time supersymmetry currents:

QA
˛.q/ D

I

d z

2�i
V A
˛.q/.z/; Q P̨A.q/ D

I

d z

2�i
V P̨A.q/.z/ ; (15.56)

where q is the ghost picture charge. In the canonical ghost picture they are

V A

˛.� 12 /.z/ D 2.˛
0/�1=4 S˛ e��=2 ˙A.z/

V P̨A.� 12 /.z/ D 2.˛
0/�1=4 S P̨ e��=2 ˙A.z/: (15.57)

S˛.z/ and S P̨ .z/ are spin fields of the Lorentz group SO.1; 3/ characterized by the
spinor weights of D2:

S˛.z/ D ei���˛ ����.z/; ���˛ D ˙
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: (15.58)

The fields ˙A.z/ and ˙A D .˙A/� are the (degenerate) Ramond ground states of
dimension hint D 3

8
of the internal SCFT with c D 9. They are the Killing spinors

in CFT language.
The normalization of the supercharges are chosen for later convenience and to

make it independent of the number of non-compact space-time dimensions. In four
dimensions they satisfy the space-time supersymmetry algebra6
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where ZAB D �ZBA are central charges and we have used that the momentum

operator in the canonical ghost picture is
q

2
˛0

H

e�� 
. Alternatively we could

6We use the two-component notation for spinors and Dirac matrices in four dimensions. The Dirac
matrices are 	
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. These are the Wess-Bagger conventions.
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have built one of the supercharges from the gravitino vertex in the q D C 1
2

picture
at zero momentum. We would then find p
 D 2

˛0

H

i@X
.z/ on the r.h.s. of (15.59).
Using the expression for the supercharges, this translates to the following

operator product expansions:

˙A.z/˙B.w/ � .z � w/�
3
4 ıAB C .z � w/

1
4 J AB .w/C : : :

˙A.z/˙B.w/ � .z � w/� 1
4  AB C O

�

.z � w/
3
4

	

: (15.60)

The dimension one fields JAB can be shown to be currents of internal level one Kač-
Moody algebras Og of rank k (k D 1; 2; 3 for N D 1; 2; 4). The dimension 1=2
fields  AB D � BA are related to the central charges in the q D �1 picture by
ZAB�1 D

H

d z
2�i
e�� AB.z/. Using the Frenkel-Kač construction, the currents JAB can

be expressed by k free internal bosons H int
i .z/ (i D 1; : : : ; k). The internal vertex

operators Vint.z/ can then always be written as (neglecting derivatives of H int
i ):

Vint.z/ D eiwwwint�HHH int.z/ QVint.z/ : (15.61)

The vectors wwwint are the weights of the internal algebra g spanning the weight lattice
of g. The QVint.z/ belong to a CFT with Qc D 9 � k and commute with H int

i .
Let us fill in some of the details for the (phenomenologically) most interesting

case N D 1. Equation (15.60) simplifies to

˙.z/˙�.w/ � .z� w/�3=4 C 1

2
.z� w/1=4 J.w/C : : : ;
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: (15.62)

Consider the four point correlation function

f .z1; : : : ; z4/ D
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˙.z1/˙�.z2/˙.z3/˙�.z4/
˛

D
�

z13z24
z12z34z14z23

	3=4 Qf .x/ ; (15.63)

where x D z12z34
z13z24

(cf. Eq. (4.91) on page 82). The leading orders of the operator
product expansions Eq. (15.62) determine the behavior of f .z1; : : : ; z4/ as zij !
0 for any pair i , j . One finds that Qf .x/ is an analytic function, bounded at
x D 0; 1;1. It is thus a constant. If we normalize h111i D 1 we find Qf .x/ D 1.
In the limit z1 ! z2, Eq. (15.63) becomes
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4
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1=4.z23z24/
�1 C : : : ; (15.64)
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where the second line is the expansion of (15.63). If we now take the limits z3 ! z4,
z2 ! z3 and z2 ! z4 we find

J.z/ J.w/ � 3

.z � w/2
C finite;

J.z/˙.w/ �
3

2
˙.w/

z � w
C finite;

J.z/˙�.w/ � �
3

2
˙�.w/

z � w
C finite: (15.65)

Therefore, J.z/ is a U.1/ Kač-Moody current which can be written in terms of a
free boson as

J.z/ D ip3@H.z/ : (15.66)

The operators˙ and˙� can be expressed as exponentials of H :

˙.z/ D ei
p

3
2 H.z/; ˙�.z/ D e�i

p

3
2 H.z/ : (15.67)

For supersymmetric orbifold compactifications one can express H.z/ explicitly
through the bosonized internal world-sheet fermions as

p
3H D P

vi �i . ˙.z/
corresponds to the Killing spinor.

Any operator with definite U.1/ chargeQ, i.e.

J.z/ VQ.w;w/ D QVQ.w;w/

z � w
C : : : (15.68)

can be written as

VQ.z; z/ D ei
Q

p

3
H.z/

P.J.z// QV .z; z/ ; (15.69)

where P.J / is a polynomial in J and its derivatives and QV is independent of the
bosonH . In particular, physical states are characterized by vertex operators

V.z; z/ D ei���R ����.z/eq�.z/ ei
Q

p

3
H.z/ QVint.z; z/ ; (15.70)

where we suppress possible oscillator contributions. QVint belongs to the remaining
CFT with Qc D 8 and c D 22 (heterotic) or c D 9 (type II). (The bosonH contributes
one unit to the central charge.) The numbers Qp

3
form the internal weight lattice �1

of the U.1/ Kač-Moody algebra. BRST invariance of the gravitino vertex operator
demands that the operator product between T int

F .z/ and ˙.w/, ˙�.w/ contains a
branch cut of order 1

2
:
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T int
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.z� w/
1
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C : : : ; (15.71)

where Ȯ .w/, Ȯ �.w/ are operators of dimension 11=8. These equations, together
with Eq. (15.67), imply that the internal supercurrent does not have a definite U.1/
charge but splits into two parts with U.1/ chargesQ D ˙1 respectively:

T int
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3
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(15.72)

with

J.z/ TḞ .w/ � ˙
TḞ .w/

z � w
: (15.73)

QTḞ are fields of conformal dimension 4=3 of an internal CFT with Qc D 8. We also
define

T 0F int D 1

2
p
2
.TCF � T �F / (15.74)

and immediately show
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T 0F int.w/C : : : (15.75a)

J.z/ T 0F int.w/ D 1

.z� w/
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F .w/C : : : (15.75b)

With reference to Eq. (12.15), from (15.75a) we conclude that J and �2T 0int
F are the

lower and upper components of an N D 1 superfield with h D 1. This also fixes

T int
F .z/ T

0int
F .w/ D �
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2
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.z � w/2
�
1

4
@J.w/

4.z� w/
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(15.76)

Furthermore,

T int
F .z/ T

int
F .w/ � �T 0F int.z/T 0F int.w/C O.1/ (15.77)

which is equivalent to the following relation for the modes of T int
F and T 0int

F , which
are defined in the usual way:
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fG0int
r ; G

0int
s g D fŒJ0; Gint

r �; G
0int
s g D �ŒfGint

r ; G
0int
s g; J0�C fŒG0int

s ; J0�; G
int
r g

D �fG int
s ; G

int
r g : (15.78)

We have used (15.75a) and the (graded) Jacobi-Identity and (15.76), which trans-
lates to fG int

r ; G
0
s

intg D �.r � s/JrCs . From (15.77) and (15.76) it follows that the
TCF T

C
F and T �F T �F operator products are regular. Using these results and the fact

that T int; T int
F satisfy an N D 1 SCA with cD 9, one shows that T int; TḞ ; J satisfy

the N D 2 SCA (12.81) with c D 9. Note that

T int.z/ D �1
2
.@H.z//2 C QT int.z/ ; (15.79)

where QTint satisfies a Virasoro algebra with Qc D 8. We have thus shown that N D 1
space-time supersymmetry requires an N D 2 extended superconformal algebra in
the supersymmetric sector of the world-sheet theory.

The fact that the U.1/ current J does not commute with the N D 1 supercharge
TF means that it is not the upper component of anN D 1 superfield (in fact, it is the
lower component of a superfield) and does not commute with QBRST. It therefore
does not correspond to a physical state.

This is a consequence of the fact that the U.1/ symmetry generated by J

is a global symmetry on the world-sheet which does not descend from a local
symmetry. (Local symmetries would give rise to additional ghosts which lower
the critical dimension. This was discussed in Chap. 12.). Furthermore, while TF �
TCF C T �F is a remnant of a local gauge symmetry on the world-sheet—localN D 1
supersymmetry—the enhancement to a global N D 2 symmetry is a property of a
particular class of string vacua.

In addition to having extended N D 2 superconformal symmetry, space-time
supersymmetry demands that all states have quantized (integer or half-integer)U.1/
charge Q. This can be derived from the requirement that the operator product
expansion of an arbitrary state Eq. (15.70) with the gravitino vertex be local:

�

1

2
;
1

2

�

����R C q

2
C Q

2
2 Z: (15.80)

The following combinations of D2;1 conjugacy classes and U.1/ charges are then
allowed:

.0; 2Z/; .V; 2ZC 1/;
�

S; 2ZC 1

2

�

;

�

C; 2Z � 1
2

�

: (15.81)

This selection rule, which is a consequence of locality, is nothing but the GSO
projection. If we had started with supercharges (15.57) with S˛ and S P̨ interchanged,
the quantization condition would be (15.81) with the two spinor conjugacy classes
interchanged. For type IIB we take the same condition for both sectors and different
ones for type IIA. Note that locality forbids to keep both types of supercharges in
one sector.



552 15 CFTs for Type II and Heterotic String Vacua

The internal part ˙.z/ of the space-time supercharge Q˛ is the spectral flow
operator of theN D 2 superconformal algebra with D � 1

2
. In general the spectral

flow operator has conformal weight hD c
24

and U.1/ charge QD c
6
, which indeed

agrees with the conformal dimension hD 3
8

and QD 3
2

of ˙ . Also, one easily

verifies (12.104) on a general operator of the form exp.i Qp
3
/O . Hence, space-

time supersymmetry transformations are nothing else than applying the spectral
flow operator in the SCFT. For general parameter , the spectral flow operator is
U D exp.�ip3H/. For  D �1 this is essentially the square of˙ . Geometrically
speaking, U�1 can be associated with the holomorphic three form ˝3 of a Calabi-
Yau manifold, which we know can be written as the square of the Killing spinor.

Our analysis so far mainly dealt with supercharges emanating from the right-
moving sector. In type II theories also the left-moving sector can provide super-
charges. It also possesses localN D 1 world sheet supersymmetry and for left-right
symmetric models one gets at least N D 2 space-time supersymmetry, which arises
from a CFT with globalN D .2; 2/ supersymmetry with quantized U.1/L �U.1/R
charges. Here we assume that there is no open string sector as e.g. in orientifold
compactifications which we have discussed in the previous section. Using the same
left-right symmetric N D .2; 2/ SCFT for the .cint; cint/ D .9; 9/ internal part of
a heterotic string, the enhanced left-moving superconformal symmetry leads to the
heterotic gauge group E6. The connection between exceptional groups and space-
time supersymmetry will be discussed later in this section.

We now discuss the possible massless spectra of four-dimensional string theories
with minimal supersymmetry; N D 1 for the heterotic string and N D 2 for the
type II string. For the latter case we discuss symmetric .2; 2/ CFTs. The similarity
to the geometric discussion in Chap. 14 will be apparent. In fact, the discussion here
is the simply the translation into the CFT language.

Universal Sector

This sector is present in any four-dimensional string theory. Therefore, it gives
a general prediction for the physics consequences of any string theory in four
dimensions.

Any unitary internal CFT contains the identity operator with hint D hint D 0.
Also, the 0 conjugacy class of .D2;1/R must always be present and it leads in
the NS sector with canonical ghost charge q D �1 to a space-time vector with
��� D .˙1; 0/; .0;˙1/. Furthermore, @X
.z/ is always possible. This combination
of conformal fields yields the graviton G
� , the anti-symmetric tensor B
� and
the dilaton D. In addition there is the space-time supercharge which is the zero-
momentum part of one chiral half of the gravitino vertex operator. It leads in the
canonical ghost picture to a space-time spinor with ��� D ˙. 1

2
; 1
2
/;˙. 1

2
;� 1

2
/. We
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then get the following states in the canonical ghost picture for the heterotic and the
type II superstring theories.7

Heterotic

In the heterotic string we obtain

V G;B;D D �
� N@X
  � e�� eik�X

V  ;� D N@X

h

u˛
S˛˙ C u
 P̨S P̨˙�
i

e�
1
2 �eik�X ; (15.82)

where �
� is the polarization tensor. It is symmetric and traceless for the graviton
G
� , antisymmetric for B
� (which is a pseudo-scalar � in four dimensions after a
Hodge-duality transformation �
��	@�B�	 D @
�) and the trace part for the dilaton
D. u˛
; u P̨
 are right- and left-handed polarization vector-spinors. They are not
irreducible representations of the Lorentz groups. The two irreducible components
correspond to the gravitino  with u
˛ such that 	
 P̨˛u
˛ D 0 and the dilatino
� with u P̨
 D 	 P̨˛
 u˛. BRST invariance imposes the on-shell conditions k2 D
0; k
�
� D k��
� D 0, k
u
˛ D 0 and 6 ku
 D 0.

These states are the on-shell components of the N D 1 supergravity multiplet
.G;�/ and of a linear multiplet .B;D; �/ which can be dualized to a chiral multiplet
.�;D; �/. One can also explicitly construct the vertex operators for the auxiliary
fields in the various multiplets. They do not correspond to physical states and are
not BRST invariant.

Type II

In type II theories the universal sector is richer, due to the extended supersymmetry
whose supermultiplets contain more states. One has to combine the conjugacy
classes of .D2;1/L�.D2;1/R. Various combinations lead to states in different sectors.
Analogous to (15.82) there are

V G;B;D D �
� 

e��  �e�� eik�X ;

V  1;�1 D  

h

u˛1
S˛˙ C u P̨1
S P̨˙�
i

e�
1
2 .�C�/eik�X ;

V  2;�2 D
h

u˛2
S˛˙ C u P̨2
S P̨˙
�
i

 
e�
1
2 .�C�/eik�X : (15.83)

There are two gravitini and two dilatini. We have given their vertex operators for the

type IIB theory. For type IIA,˙ and˙
�

are exchanged. In addition there is a vector
field, the graviphotonA, and a complex scalar field C;C with vertex operators

7In this section we use unnormalized vertex operators. We will discuss their normalization in
Chap. 16.
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V A D �
k�
h NS˛ ˙ 	
�˛

ˇ Sˇ ˙ C NS P̨ ˙�
	
� P̨ P̌ S

P̌
˙�
i

e�
1
2 .�C N�/eik�X ;

V C D k
 S P̨ ˙�
	
 P̨ˇ Sˇ ˙ e�

1
2 .�C�/ eik�X ;

V C D k
 S˛ ˙ 	



˛ P̌ S
P̌
˙� e�

1
2 .�C�/ eik�X : (15.84)

Again, these expressions are valid for the type IIB theory, the ones for type IIA

being obtained by the interchange˙ $ ˙
�
.

A naive guess for the vertex operator, say for the scalar C , would contain S
˛
S˛

without any explicit dependence on the space-time momentum. This is, however, not
BRST invariant. The explicit k-dependence of the (R,R) vertex operators indicates
that the corresponding massless fields have only derivative couplings in the low-
energy effective action. In other words they only appear through their field strength
which implies that there are e.g. no fields charged with respect to the graviphoton.8

Also note that the two contributions in V A correspond to the self-dual and anti-
selfdual parts of the graviphoton’s field-strength.

The fields in the universal sector combine into the gravity multiplet
.G; 1;  2; A/ and, after dualizing the antisymmetric tensor, into the universal
hypermultiplet .D; �; C; NC ; �1; �2/.

Non-universal Sector

In addition, there are gauge fields, gaugini and matter fields (scalars and spin-1/2
fermions). We will discuss all of them in turn. There are again differences between
heterotic and type II theories.

Heterotic

Massless space-time scalars˚i.i D 1; : : : ; NS ) have���RD000 and qD �1. Therefore
their existence implies the presence of internal fields �i.z; z/ with conformal
dimension .h; h/ D .1; 1

2
/. Their vertex operators in the �1 ghost picture are

V ˚i D �i e�� eik�X: (15.85)

The fields �i transform under some representation of the left-moving gauge
symmetry of the heterotic string.

BRST invariance implies that operator products between T int
F .z/ and �i.w;w/

have the structure

8The same comment applies to the ten-dimensional effective action of the uncompactified theories.
The fields which correspond to vertex operators in the (R,R) sector appear only through their field
strengths.
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T int
F .z/�

i .w;w/ �
O�i.w;w/

z � w
C finite ; (15.86)

where O�i.w;w/ are internal conformal fields of dimension .h; h/int D .1; 1/. This
means that �i.z; z/ and O�i.z; z/ are the two components of a two-dimensional
superfields with respect to the right-moving N D 1 world-sheet supersymmetry.
Then the scalar vertex operator in the 0 ghost picture is

V ˚i D Œ�i k �  C 2 O�i� eik�X ; (15.87)

where the first term comes from picture changing with the space-time supercurrent
T s.t.
F D i

2
 
@X


.
We now show that �i are chiral or anti-chiral primaries of the right-moving

N D 2 algebra. To do this we use the fact that a primary field of theN D 1 � N D 2
algebra with h D 1

2
is automatically a primary field of theN D 2 algebra. This claim

can be proven as follows: ŒL0;Gṙ � D �rGṙ applied to a state j�i with Lnj�i D 0
for n > 0 and L0j�i D 1

2
j�i, gives L0.Gṙ j�i/ D . 1

2
� r/.Gṙ j�i/. For a unitary

CFT the spectrum of L0 is positive, hence Gṙ j�i D 0 for r > 1
2
. Furthermore,

L0G1̇=2j�i D 0. This either impliesG1̇=2j�i D 0 or that G1̇=2j�i is the state created

by the identity operator. The only candidate for j�i is then j�i D G��1=2j0i, but

this state can be shown (use the N D 2 algebra) to be annihilated by G1̇=2. Using
ŒL0; Jn� D �nJn and once again positivity of L0 allows us to show Jnj�i D 0

for n > 0. This concludes the proof of our claim. Combined with the integrality
of the U.1/ charge (15.81) this leads to jQj D 1, i.e. �i is chiral or anti-chiral
primary with respect to the right-moving N D 2 algebra. Below, when we discuss
special features of heterotic .2; 2/ compactifications, we will see how (anti-) chiral
primaries also appear on the left-moving side.

Massless space-time spin-1/2 fermions have to be spinors with ���RD .˙ 1
2
;˙ 1

2
/

and QD � 1
2
. Their internal conformal fields ˙i .z; z/ must be operators of

dimension .h; h/int D .1; 3
8
/. These fermions are obtained from the massless scalar

fields ˚i (i D 1; : : : ; NS , NS D NF ) by applying a space-time supersymmetry
transformation. In the language of N D 2 SCFT the ˙i .z; z/ are obtained from
the chiral primaries �i.z; z/ with .h;Q/ D . 1

2
;˙1/ by applying the holomorphic

spectral flow operator U˙1=2. This leads to operators ˙i with .h;Q/ D . 3
8
;� 1

2
/,

the Ramond ground states of the right-moving SCFT.
The complete fermion vertex operator in the canonical ghost picture is

V �i D ˙i S˛ e
� 12 � eik�X : (15.88)

BRST invariance requires

T int
F .z/˙

i .w;w/ �
Ȯ i .w;w/
.z � w/1=2

C finite ; (15.89)
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where Ȯ i are conformal fields of dimension .h; h/ D .1; 11
8
/. The presence of

the branch cut confirms that ˙i is in the Ramond sector of the internal SCFT.
For the fermions to be chiral the fields ˙i.z; z/ must transform under a complex
representation of the gauge group G, and it must be ensured that the spinors of
negative chirality are not coupled to the same fields ˙i.z; z/ as the spinors of
positive chirality.

Constraints from SCFT also exclude the presence of fermionic tachyons. The
contribution to the conformal dimension of an R state in the canonical ghost picture
is � 5

8
and the internal CFT contributes hint � cint

24
D 3

8
(cf. Eq. (12.32b) on page

362) so that h � 1. The contribution from eik�X must then be 1
2
k2 	 0. This

especially excludes the presence of tachyons in space-time supersymmetric theories.
We finally turn to vectors. Massless vectors are gauge fields and we assume that

the space-time gauge symmetry has its world-sheet origin in an internal Kač-Moody
algebra of level k. The affine Kač-Moody algebra Eq. (11.17) can be realized either
on the left-moving side by currents J

a
.z/ (a D 1; : : : ; dimG) or on the right-

moving side by currents J a.z/. Recall that the currents have conformal weight one.
In the former case the vertex operators of the gauge bosons are

V a D �
J a  
 e�� eik�X (15.90)

with k
�
 D 0. In the latter case, BRST invariance demands that J a.z/ is the
upper component of a two-dimensional superfield, i.e. it can be obtained via picture
changing from a dimension 1

2
(fermionic) field OJ a.z/. Then the right-moving

heterotic gauge boson vertex operator in the canonical ghost picture is

V a D �
@X
 OJ a e�� eik�X ; (15.91)

whereas in the 0-ghost picture we have

V a D �
@X
 J a eik�X : (15.92)

Vertex operators of the form Eq. (15.92) with J a.z/ not being the upper compo-
nent of a two-dimensional superfield are not BRST invariant. They are “auxiliary”
non-propagating fields which are needed for the (off-shell) description of space-time
superfields.

If J a is a Kač-Moody current and if OJ a and J a are the lower and upper
components of a fermionicN D 1 superfield, they can be shown to generate a super-
Kač-Moody algebra. Indeed, using (12.25) with h D 1=2 and .�0; �1/ ! . OJ a; J a/
and (11.17), one finds with the help of the graded Jacobi-identity that the modes of
OJ a and J a satisfy

ŒJ am; J
b
n � D if abcJ cmCn Cmk ıabımCn ;
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ŒJ am;
OJ br � D if abc OJ cmCr ; r 2

(

Z R

ZC 1
2

NS

f OJ ar ; OJ bs g D kıabırCs : (15.93)

In terms of the current superfield J a D OJ a C �J a, this is equivalent to the OPE

J a.zzz1/J
b.zzz2/ D kıab

zzz12
C i �12

zzz12
f abcJ c.zzz2/ : (15.94)

One feature worth pointing out is that the fermionic currents OJ a are free fermions.
Consider now the constraint (12.32b) for the internal SCFT with Oc D 6. As

massless space-time fermions have hint D 3
8
, the inequality must be saturated. If the

internal SCFT is a direct sum of several SCFTs, this equality must hold for each of
them separately, i.e.

hiint D
Ociint

16
: (15.95)

This, in particular, applies to the case that one of the internal SCFTs is a super-Kač-
Moody algebra. Using properties of super-Kač-Moody algebras, it is possible to
show that the equality is always violated for non-Abelian currents, i.e. there cannot
be massless fermions which are charged under non-Abelian gauge symmetries from
the right-moving sector. For Abelian currents the equality can be saturated, but only
for fermions which are neutral with respect to the corresponding charges. Finally,
gauge symmetries based on super-Kač-Moody currents exclude a chiral spectrum.
This is easy to prove: if there are n fermionic U.1/ currents OJ i , they combine with
the free space-time fermions  
 into an SO.1; 3C n/ vector. The Ramond ground
state is therefore a spinor of SO.1; 3 C n/ whose decomposition with respect to
SO.1; 3/ includes space-time spinors of both chiralities.

Let us now return to the left gauge bosons, Eq. (15.90). The internal Kač-Moody
algebra Og contributes to the central charge of the internal CFT with (cf. (11.32) on
page 326)

c D k dimG

k C Cg : (15.96)

Clearly this value must not exceed the total internal central charge c D 22. This sets
a limit on the dimension of the gauge group, depending on the level k and the dual
Coxeter number Cg . If k is one, the rank of the gauge group must be less than or
equal to 22. For simply laced groups at level one the internal CFT can be realized
by free bosons or fermions. For these cases the internal CFT has a very simple
structure.
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Type II

For type II theories with N D .2; 2/ superconformal symmetry the massless
scalar fields �i.z; z/ have conformal dimensions h D h D 1

2
and U.1/ charges

Q D ˙Q D ˙1, i.e. they are elements of one of the four chiral rings which we
denoted in Chap. 12 by .c; c/, .a; a/, .a; c/ and .c; a/. The rings .c; c/ and .a; a/ as
well as .a; c/ and .c; a/ are complex conjugate and isomorphic pairs. As a result we
get two non-equivalent chiral rings, e.g. .c; c/ and .a; c/. We denote their elements
by�˛ and�a. We will comment on the ranges of the indices ˛ and a momentarily.
With respect to either N D 2 SCA, � is the lowest component of an (anti)chiral
superfield (cf. (12.76) on page 372), whose upper component (either ŒGC�1=2;�i � or

ŒG��1=2;�i �) has chargeQ D 0 and h D 1.
Denote by U N; the spectral flow with parameter  . N/ for the (anti)holomorphic

flow. For ; N 2 f0;˙ 1
2
g, � flows to fields in the (NS,R), (R,NS) and (R,R) sectors

of the internal CFT. The flow patterns and the weights of the resulting fields are as
follows:

These fields make up the internal part of the vertex operators of massless bosons
and fermions. For instance, in type IIA and IIB we have the (NS,NS) scalars9

V ta D .�a C�a
/ e�.�C�/ eik�X

V
Qt˛ D .�˛ C�˛

/ e�.�C�/ eik�X : (15.97)

Applying space-time supersymmetry transformations to these fields, we obtain
spin-1/2 fermions in the (R,NS) and (NS,R) sectors:

Type IIB

V  a D k
.Sˇ 	

ˇ P̌ u

P̌
�
a C S P̌ 	
 P̌ˇ uˇ�

a/ e�. 12 �C�/ eik�X ;

9In these and the following expressions ˛ is not a spinor index.
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V �a D k
.u P̌ 	
 P̌ˇ Sˇ ˘a C uˇ 	

ˇ P̌ S

P̌
˘a/ e�.�C

1
2 �/ eik�X ;

V  ˛ D k
.Sˇ 	

ˇ P̌ u

P̌
�˛ C S P̌ 	
 P̌ˇ uˇ �

˛
/ e�.

1
2 �C�/ eik�X ;

V �˛ D k
.uˇ 	

ˇ P̌ S

P̌
˘˛ C u P̌ 	


P̌ˇ Sˇ ˘
˛
/ e�.�C

1
2 �/ eik�X : (15.98)

Type IIA

V  a D k
.Sˇ 	

ˇ P̌ u

P̌
�
a C S P̌ 	
 P̌ˇ uˇ �

a/ e�.
1
2 �C�/ eik�X ;

V �a D k
.u P̌ 	
 P̌ˇ Sˇ ˘a C uˇ 	

ˇ P̌ S

P̌
˘a/ e�.�C

1
2 �/ eik�X ;

V  ˛ D k
.Sˇ 	

ˇ P̌ u

P̌
�˛ C S P̌ 	
 P̌ˇ uˇ �

˛
/ e�. 12 �C�/ eik�X ;

V �˛ D k
.uˇ 	

ˇ P̌ S

P̌
˘˛ C u P̌ 	


P̌ˇ Sˇ ˘
˛
/ e�.�C

1
2 �/ eik�X : (15.99)

Applying a second supersymmetry transformation yields vectors and scalars in the
(R,R) sectors (scalars and vectors):

Type IIB

V Aa D k
��.S P̌ 	
� P̌ P� S P� ˙a C Sˇ 	
�ˇ� S� ˙a
/ e�

1
2 .�C�/ eik�X ;

V C˛ D k
 .Sˇ 	

ˇ P̌ S

P̌
˙˛ C S P̌ 	
 P̌ˇ Sˇ ˙˛

/ e�
1
2 .�C�/ eik�X (15.100)

Type IIA

V A˛ D k
��.Sˇ 	
�ˇ� S� ˙˛ C S P̌ 	
� P̌ P� S P� ˙˛
/ e� 12 .�C�/ eik�X ;

V Ca D k
.S P̌ 	
 P̌ˇ Sˇ ˙a C Sˇ 	

ˇ P̌ S

P̌
˙
a
/ e� 12 .�C�/ eik�X : (15.101)

For the bosons we have used the same notation as we did in Sect. 14.6. (Do not
confuse the index on˙˛ with a spinor index.) The states organize into multiplets of
N D 2 space-time supersymmetry. We also indicate from which of the four rings
of chiral primaries they originate:

Type IIB hyper: .Qt˛; C ˛;  ˛; �˛/ .a; c/C .c; a/ (Kähler)

vector: .ta;  a; �a; Aa/ .c; c/C .a; a/ (complex structure)

Type IIA hyper: .ta; C a;  a; �a/ .c; c/C .a; a/ (complex structure)

vector: .Qt˛;  ˛; �˛; A˛/ .a; c/C .c; a/ (Kähler)
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Comparing this with Sect. 14.6 and asserting that the choice of internal CFT has
an alternative description in terms of a geometric compactification on a Calabi-Yau
manifoldX , we find that for type IIB the range of the indices is a D 1; : : : ; h2;1.X/
and ˛ D 1; : : : ; h1;1.X/, while it is reversed in type IIA. This also suggests (as
already alluded to in Chap. 14) the isomorphism between the various elements of
chiral rings and the cohomology of CY manifolds.

The scalars from the (NS,NS) sector are moduli of the low energy effective
field theory, i.e. they are massless and there is no potential which would fix their
vacuum expectation value. They parametrize flat directions. In CFT language this
means that there is a one-to-one correspondence with exactly marginal operators
of conformal dimension . Nh; h/ D .1; 1/ which can be added to the world-sheet
action without destroying conformal invariance. Indeed, the upper components of
the chiral superfields are exactly marginal. They are the vertex operators of the
massless scalars in the zero ghost picture at zero momentum. They are protected
from receiving an anomalous dimension because of the relation jQj D 2h; i.e. they
satisfy a so-called BPS property (see Chap. 18). Equivalently, they are in short
multiplets of the extended world-sheet superconformal algebra, while a generic
multiplet with h > 1

2
jQj contains (at least) twice as many component fields.

The CFT description of CY compactifications led to a very interesting proposal:
mirror symmetry. Going from type IIA compactifications to type IIB compactifi-
cations merely exchanges the roles of the two chiral rings. The difference between
type IIA versus type IIB in four dimensions is merely a change of the arbitrary
relative sign between the right- and left-moving U.1/ charges Q and Q. The
four-dimensional spectrum of massless scalar fields is the same in N D .2; 2/

type IIA/B string compactifications. Nevertheless, the two distinct chiral rings have
very different geometric interpretations when viewing the N D .2; 2/ SCFT with
c D Nc D 9 as a six-dimensional Calabi-Yau manifold. In this case, the .a; c/ chiral
primary fields correspond in type IIB to the Kähler deformations of the Calabi-Yau
manifold, and the .c; c/ chiral primary fields correspond to the complex structure
deformations. The associated four-dimensional massless scalar fields are the Kähler
and complex structure moduli fields. In type IIA compactifications their geometric
role is precisely reversed.

Switching from type IIB to type IIA and vice versa by reversing the sign of
one of the U.1/ charges now has a striking consequence: the replacement of one
particular Calabi-Yau space X by another one, denoted by OX , which exchanges
complex structure and Kähler deformations. This mirror transformation between X
and OX , which we already discussed in Chap. 14 in the geometric setting is, in terms
of the SCFT, a trivial relabeling of two-dimensional U.1/ charges. The existence of
mirror pairs of Calabi-Yau manifolds has meanwhile been proven mathematically,
at least for a large class of Calabi-Yau hypersurfaces in toric varieties.

The two different chiral rings have also an interpretation in topological CFT
(see Sect. 12.3). There they correspond to the finite number of BRST invariant
operators. The two topological sectors are also called the topological A and B model,
respectively, which correspond to the two possible independent topological twists of
T .z/ relative to T .z/.
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The vectors we have discussed so far are U.1/ gauge fields. In perturbative string
theory there are no states which are charged w.r.t. them. In particular, the gauge
group cannot be enhanced to a non-Abelian group. This is no longer the case if
we go beyond perturbation theory. There can be additional gauge bosons arising
from branes wrapping non-trivial cycles of the internal manifold. These generate
non-Abelian gauge groups where the U.1/ gauge fields in the (R,R) sector generate
the Cartan subalgebra. For the heterotic string additional non-perturbative gauge
symmetries arise, if instantons in the E8 � E8 and SO.32/ gauge group have
zero size. For these non-perturbative gauge fields and charged matter fields a CFT
description is not known.

Gauge fields of the type (15.91) can also exist for type II superstrings, both from
the left- and right-moving sectors, with c D Nc D 9. Their vertex operators are

V a D �
 
 OJ ae�.�C�/eik�X (15.102)

and a similar expression with left-and right-movers interchanged. As in the heterotic
case, cf. (15.91,15.92), the fermionic currents OJ a are the lower components of
h D 1

2
superfields, whose higher components are the bosonic Kač-Moody currents

J a. Together they generate a super-Kač-Moody algebra. The discussion of right-
moving gauge symmetries for the heterotic string can be applied to the type II
string and leads to the following conclusions. First, if there are any non-Abelian
gauge groups based on a super-Kač-Moody algebra, there cannot be any massless
R-R scalars. Second, there cannot be any charged massless fermions in left-right
symmetric compactifications with super-Kač-Moody algebras in the holomorphic
sector and in the anti-holomorphic sector. Even if one considers asymmetric
compactifications with a super-Kač-Moody symmetry in only one of the two sectors,
one can prove that it is impossible to obtain the standard model with gauge group
SU.3/� SU.2/� U.1/ and fermions in the required representations.

Note, however, that this no-go theorem is only valid in perturbative type II
theory. Beyond perturbation theory D-branes and orientifold planes provide a
different mechanism for generating gauge symmetries and one can indeed construct
compactifications with the standard-model gauge group and fermions in the correct
representations. The principles of these constructions will be outlined in later
chapters.

Space-Time Supersymmetry and Exceptional Groups

There exists an intriguing connection between superstrings with extended space-
time supersymmetry and bosonic strings with extended exceptional gauge sym-
metries. In fact one can map one to the other via the so-called bosonic string
map. We explain the basic group theoretical origin of this relation in the covariant
formulation. The light-cone gauge version of this map will be further explored in
the Gepner model construction in the next section.
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The key point is that the conjugacy classes Eq. (15.81) generate the Lorentzian
lattice E3;1. Recall from Chap. 13 that we can map the Lorentzian D2;1 � E3;1
lattice to the Euclidean D5 lattice. Recall further that D5 can be decomposed
to DLorentz

2 ˝ D
ghost
3 where states in the canonical ghost picture correspond to

fixed Dghost
3 lattice vectors as shown in Eq. (13.128). Thus, all states Eq. (15.70)

are characterized by vectors www in the D5 lattice. (In the canonical ghost picture
the space-time and superconformal ghost contribution to the conformal weight of
any state is 1

2
www2.) In this Euclidean version we are now dealing with a level one

SO.10/ Kač-Moody algebra. N D 1 space-time supersymmetry, i.e. the existence
of the free internal boson H.z/, further enlarges SO.10/ to a SO.10/ � U.1/ Kač-
Moody algebra with lattice vectors .www; Qp

3
/. The supercharges are represented by the

lattice vectors .˙. 1
2
; 1
2
/; 1
2
; 1
2
;� 1

2
;
p
3
2
/ and .˙. 1

2
;� 1

2
/; 1
2
; 1
2
;� 1

2
;�
p
3
2
/. However

these lattice vectors are among the “spinorial” roots of E6 (c.f. Eq. (11.53)). Their
existence enlarges the SO.10/�U.1/ Kač-Moody algebra to the level one E6 Kač-
Moody algebra. Locality of the operator algebra demands that all vectors .www; Qp

3
/

have integer scalar product with these roots, i.e. they span the weight lattice of E6.
E6 possesses three conjugacy classes, denoted by 0, 1 and 1, with lowest

representations 1, 27 and 27, respectively. Under D5 ˝ U.1/ the conjugacy classes
decompose as

0 D .0; 0/˚
�

V;
p
3
	

˚
 

S;�
p
3

2

!

˚
 

C;

p
3

2

!

;

1 D
�

0;
2

3

p
3

�

˚
 

V;�
p
3

3

!

˚
 

S;

p
3

6

!

˚
�

C;�5
6

p
3

�

;

1 D
�

0;�2
3

p
3

�

˚
 

V;

p
3

3

!

˚
 

C;�
p
3

6

!

˚
�

S;
5

6

p
3

�

: (15.103)

In this notation the 12 U.1/ conjugacy classes

q D �p3;�5
6

p
3; : : : ;

5

6

p
3 (15.104)

define the elements ˛q of the one-dimensionalU.1/ weight lattice by

˛q D q C 2
p
3k .k 2 Z/: (15.105)

The conjugacy classes in Eq. (15.103) are those allowed by locality (cf. Eq. (15.81)),
if we replaceD2;1 by D5 and rescale the U.1/ charge by

p
3.

Space-time supersymmetry transformations act on a particular state (vertex
operator) Vwww (www 2 E3;1 resp. E6) as
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V 0www0.w/ D
I

Cw

d z

2�i
Q˛.z/Vwww.w/ : (15.106)

Since the supercharge corresponds to spinorial root vectors ˛̨̨ of E6, V 0www0 is
characterized by theE6 vector wwwC ˛̨̨ . Thus the supersymmetric partners correspond
to vectors within the same E6 conjugacy class. It follows that the supermultiplet
structure is encoded in the representations of the exceptional groupE6.

Reversing arguments, it is due to the appearance of E6 that N D 1 space-time
supersymmetry implies the N D 2 superconformal algebra, together with the
U.1/ quantization condition which is dictated by locality with the gravitino vertex.
The quantization condition, the correlation between U.1/ charges and space-time
transformation properties, are contained in theE3;1 or, equivalently, in theE6 weight
lattice. The supercharge, being one of the roots, connects different states. It is also
the operator which generates the spectral flow between the NS and R sectors as
described in Chap. 12.

Let us exemplify the above by looking at the massless states of an arbitrary
N D 1 supersymmetric (heterotic) string theory. Here only the weights of the
fundamental and adjoint representations of E6 are relevant. We start with the latter.
It decomposes under SO.10/� U.1/ as

78 D .45; 0/C
 

16;�
p
3

2

!

C
 

16;

p
3

2

!

C .1; 0/ : (15.107)

The .16;
p
3
2
/, .16;�

p
3
2
/ representations correspond to a holomorphic spinor and

antispinor, respectively, the superchargesQ˛ ,Q P̨ . Group theoretically it is clear that
the roots which correspond to the supercharges interpolate between the different
SO.10/ � U.1/ conjugacy classes. But this can also be verified at the level of
vertex operators if we make the truncation D5 ! D2;1. Indeed, acting with the
supercharge on the holomorphic spinor we obtain the vector  
.z/e��.z/. This
state corresponds to the .45; 0/ representation of SO.10/ � U.1/. But note that
the spinor itself can be reached from a vertex operator � i

p
3@H.z/, i.e. from

the U.1/ current. This state is not BRST invariant; it does not have a copy in the
canonical ghost picture. It corresponds to an auxiliary field. The three states, the
vector, the spinor and the auxiliary scalar are the off-shell degrees of freedom of an
N D 1 vector supermultiplet. Multiplying these with a left-moving Kač-Moody
current j a.z/ leads to an N D 1 gauge vectormultiplet. Multiplying instead with
@X
.z/ gives the N D 1 supergravity multiplet whose auxiliary vector is again
@X
.z/ times the auxiliary U.1/ current.

The massless matter sector of the N D 1 supersymmetric heterotic string theory
is obtained from the 27 (27) representation ofE6. The weights of this representation
lead to conformal fields eiwww����.z/ (www 2 E3;1) of dimension 2

3
. (The weights in the 27

and 27 of E6 have .length/2 D 4
3
.) Therefore, to obtain massless fields one has to

multiply this operator by a conformal field QGi.z; z/ (i D 1; : : : ; N , N being the
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number of “families”) of conformal dimension h D 1, Qh D 1
3

of the internal CFT
with c D 22 and Qc D 8. The fundamental representation of E6 decomposes under
SO.10/� U.1/ as

27 D
 

16;

p
3

6

!

C
 

10;�
p
3

3

!

C
 

1;
2
p
3

3

!

: (15.108)

The first term corresponds to a space-time spinor. Acting with the supercharge on
this state gives the second term in Eq. (15.108) which corresponds to a physical
massless scalar in the�1 ghost picture. Let us stress again that when determining the
space-time properties of a state given by a particular SO.10/�U.1/ representation,
one always has to make the truncation D5 ! D2. The scalar vertex operators

Vi .z; z/ � e�i
p

3
3 Hint.z/ QGi.z; z/ of conformal dimension .h; h/ D . 1

2
; 1/ and U.1/

chargeQ D �1 are the chiral primary fields of the internal N D 2 superconformal
algebra. Finally, the last term in Eq. (15.108) corresponds to an unphysical, i.e.
not BRST invariant, scalar in the 0 ghost picture. Together, these three fields are
the off-shell degrees of freedom of an N D 1 chiral multiplet (if we add also the
CPT conjugate states in the 27 representation). The U.1/ charge is the R-charge of
supersymmetric field theory.

The appearance of the exceptional group E6 can also be used to show explicitly
that the one-loop partition function of any four-dimensional N D 1 supersymmetric
heterotic string theory vanishes. Since every state is characterized by an E6 weight
vector it is clear that the partition function contains the sum over the E6 weight
lattice, i.e. over the three level one characters of E6 which are in one-to-one
correspondence with the three different conjugacy classes (the level one Kač-Moody
characters were introduced in Chap. 11). The only subtlety which arises is the
fact that one must sum only over physical transverse states, namely those states
which have fixed D4 lattice vectors xxx0 (see Eq. (13.129)) when decomposing E6 to
D1 ˝D4 ˝U.1/. We will call these restricted E6 characters �i .�/ where i denotes
the three conjugacy classes 0, 1 and 1. Then the partition function has the following
general form:

Z.�; �/ � 1

Im�

1

j.�/j4
X

ij

aij �i .�/ �
QcD8;cD22
j .�; �/ (15.109)

(i D 0; 1; 1), where �QcD8;cD22j are the characters of the internal CFT without the free
boson H . The choice of the coefficients aij depends on the particular model and
has to satisfy the constraints of modular invariance and spin statistics. The “true”
(unrestricted) E6 characters were given in Eq. (11.114). From them it is easy to
derive the restricted, physical E6 characters, if we make the truncation as described
at the end of Sect. 13.4. We find



15.4 World-Sheet Aspects of Supersymmetric Compactifications 565

�0.�/ D 1
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: (15.110)

Because of space-time supersymmetry, these characters (not however the original
characters Eq. (11.114)) are supposed to vanish identically. This can indeed be
proven using the theory of modular forms.

The appearance of the exceptional group E6 in the holomorphic sector of four-
dimensional heterotic vacua was dictated by space-time supersymmetry. However,
there are no requirements on the left-moving, i.e. the bosonic sector, as far as global
symmetries on the world-sheet are concerned. Except for conformal invariance,
of course. But one can also impose conditions such as extended superconformal
symmetry in the internal left-moving sector. For instance, one may consider left-
right symmetric N D 1 supersymmetric ‘compactifications’ of the heterotic string
which have .2; 2/ world-sheet superconformal symmetry. The holomorphic sector
consists of a CFT with world-sheet fields .b; c; ˇ; �;X
;  
/ with c D �9 plus
an internal N D 2 SCFT with cint D 9. The anti-holomorphic sector consists of
a CFT with .b; c; X



/ of central charge c D �22 and the same internal SCFT

with cint D 9. In particular, it has the quantization condition (15.81) but with
D2;1 replaced by D5 (or D13) conjugacy classes. The simplest possibility is that
the remaining 13 units of the central charge to be provided by an E8 � SO.10/ or
an SO.26/ level one current algebra.

We first show that for the first case the U.1/ current in the N D 2 SCA extends
the SO.10/ to the E6 gauge group.10 This and the following discussion is very
close to the one given above for the holomorphic sector. The left-moving part of
the vertex operators for the missing E6 roots (cf. (15.107)) are exp.i���s � �/

�

UC 1
2
�
�

and exp.i���c � �/
�

U� 12�
�

. ���s;c are weight vectors in the 16 and 16 of SO.10/, U
the spectral operator and � the unit operator. The singlet in (15.107) is of course the
current i

p
3 @H .

10Similarly, SO.26/ is simply enhanced to SO.26/ � U.1/, where the U.1/ appears to be
anomalous and becomes massive via the Green-Schwarz mechanism (see Chap. 17).



566 15 CFTs for Type II and Heterotic String Vacua

So much for the gauge bosons. For type II compactifications we have clarified
the role of the elements of the .c; c/ and .a; c/ rings with conformal weights
.h; h/ D . 1

2
; 1
2
/. Each such (2,2) superfield consists of four component fields which

are essentially the vertex operators of the moduli fields in the canonical and the
zero ghost pictures. This interpretation still applies to the holomorphic sector of the
heterotic string, but what is the meaning of the two components with h D 1

2
and

h D 1 on the anti-holomorphic side? The latter is still the vertex operator of the
moduli fields. Consider the component with .h;Q/ D . 1

2
; 1/, �C0 (cf. Sect. 12.2; we

suppress the superscripts relating to the holomorphic sector and the index which
enumerates the different moduli fields). Then exp.i���v ��/�C0 is the holomorphic part
of the vertex operator for a scalar which transforms in 10 of SO.10/. We can also
construct the vertex operators exp.i���c � �/

�

UC 1
2
�C0
�

and
�

UC1�C0
�

. Together they

fill out the 27 of E6. We thus find that the elements of the .c; c/ ring are in one-to-
one correspondence with massless scalar fields in the 27 ofE6. Likewise one shows
that the elements of the .a; c/ ring are in one-to-one correspondence with scalar
fields in the 27 of E6. The fermionic partners of the scalar are obtained by applying
the right-moving space-time supersymmetry generator which, in the internal sector
is the holomorphic spectral flow operator. Together the physical states combine into
chiral multiplets. The .a; a/ and .c; a/ rings correspond to anti-chiral multiplets.
They contain the anti-particles. To summarize, symmetric .2; 2/ compactifications
of the E8 � E8 heterotic string lead to gauge group E6 � E8 with chiral multiplets
in the 27 and 27 of E6.

The one-to-one pairings .c; c/ $ 27 and .a; c/ $ 27 depends on the arbitrary
choice of the relative sign between the two U.1/ charges of the holomorphic and
anti-holomorphic SCA’s. In the geometric interpretation of these compactifications
this leads to the following statement of heterotic mirror symmetry: compactifi-
cations of the heterotic string on a Calabi-Yau manifold X with h1;1.X/ chiral
multiplets in the 27 ofE6 and h2;1.X/ chiral multiplets in the 27 is indistinguishable
from compactification on the mirror CY OX with h2;1. OX/ D h1;1.X/ chiral multiplets
in the 27 of E6 and h1;1. OX/ D h2;1.X/ in the 27 of E6.

There are other massless scalar fields (and their fermionic partners) in the
theory which are not related to elements of the chiral rings. They are world-
sheet superfields with conformal weights .h; h/ D .1; 1

2
/ and charge .Q;Q/ D

.0;˙1/. The left-moving charge follows from the conditions h >
jQj
2

and the
quantization condition (15.81). With respect to the holomorphic SCA they are
(anti)chiral primaries. With respect to the anti-holomophic SCA they are general
(long) superfields. In the geometric interpretation these scalar fields are the bundle
moduli. They are singlets under the E6 gauge group.

In the next section we will present an explicit construction of symmetric .2; 2/
heterotic ‘compactifications’. We should stress that they are very special classes
of space-time supersymmetric compactifications which, generically, only require
.2; 0/. Requiring .2; 2/ leads to significant simplifications, from the geometric and
the CFT points of view.



15.5 Gepner Models 567

By similar arguments as for the case of N D 1 supersymmetry one can show
that the presence of two right-moving holomorphic supercharges (N D 2 heterotic
space-time supersymmetry) in four dimensions implies the existence of an internal
right-moving SU.2/� U.1/ Kač-Moody algebra which extendsD2;1 to E4;1 or D5

to E7. The supersymmetry on the world-sheet is an N D 4, c D 6 superconformal
algebra plus a superconformal system with N D 2, c D 3. Finally N D 4

space-time supersymmetry implies an internal SO.6/ Kač-Moody algebra which
extends D2;1 to E5;1 respectively D5 to E8. For heterotic compactifications with
left-right symmetric extended superconformal invariance this implies the gauge
groups E7 �E8 and unbroken E8 � E8. The former are .4; 4/ compactifications
on the K3 surface with standard embedding of the spin connection into the gauge
connection. The latter are compactifications on T 6 which preserve all supercharges.
For the SO.32/ heterotic string the resulting gauge groups are SO.26/ � U.1/,
SO.28/ � U.1/ and SO.32/ for N D 1; 2; 4 supersymmetry. The U.1/ factors
become massive via the Green-Schwarz mechanism (cf. footnote 10).

15.5 Gepner Models

We now give a concrete realization of the connection between the N D 2 world-
sheet supersymmetry and N D 1 space-time supersymmetry. We will continue
to consider superstring compactifications from ten to four dimensions preserving
N D 2 supersymmetry for the type II superstring and N D 1 supersymmetry for
the heterotic superstring. The SCFTs we consider correspond to solutions of the
two-dimensional non-linear sigma model governing the motion of a string moving
on strongly curved Calabi-Yau manifolds (with curvature radius of the order of the
string scale

p
˛0). They were first constructed by Gepner.

The starting point of this construction is the bosonic string in light-cone gauge
with central charges .c; c/D .24; 24/ with a particular choice for the CFT. For
this CFT we use the simple current method developed in Sect. 6.3 to generate
modular invariant partition functions and, at the same time, to implement the
spectral flow between NS and R sectors. We then apply the light-cone gauge version
of the bosonic string map to generate space-time supersymmetric four-dimensional
string vacua. If we apply the map to both the right- and left-moving sectors we
get an N D 2 supersymmetric type II compactification. Applying it only to the
holomorphic sector leads to an N D 1 supersymmetric heterotic compactification
with a spectral flow enhancing the gauge group to E6.

Instead of taking 24 free bosons, which would be appropriate for the light-cone
bosonic string in 26-dimensional Minkowski space, we choose the .c; c/ D .24; 24/
CFT to consist of the following building blocks.

• Four-dimensional Minkowski space with coordinates X
 where 
 D 0; : : : ; 3.
Two of these, say X0 and X1, are arranged into light-cone coordinates X˙ D
1p
2
.X0˙X1/ which are gauged away. We are thus left with X2 andX3 to which



568 15 CFTs for Type II and Heterotic String Vacua

we associate two copies of the free boson CFT with total central charge .c; c/ D
.2; 2/.

• An N D .2; 2/ SCFT in the left- and right-moving sector with central charges
.c; c/ D .9; 9/.

• An .be8/1 � bso.10/1 Kač-Moody algebra with .c; c/ D .13; 13/. Via the Frenkel-
Kač construction this can be realized by 13 free bosons compactified on the
root-lattice of E8 � SO.10/. The SO.10/ current algebra can alternatively be
realized in terms of five complex free fermions. The bso.10/1 characters for the
four conjugacy classes were determined in Eqs. (11.109) and (11.110).

The idea is now to construct a modular invariant partition function for this
bosonic string and then map it, via the bosonic string map, to a superstring theory.
Let us explain this map for the current situation.

The modular S -matrix for bso.10/1, (11.120), is the same as for bso.2/1 and, as
a consequence of the Verlinde formula, so are the fusion rules, cf. Table 11.1 on
page 333. Furthermore, the difference between the central charges of .be8/1�bso.10/1
and bso.2/1 is

c
.be8/1�bso.10/1 � cbso.2/1 D 13� 1 D 12 : (15.111)

Therefore, one might hope that replacing .be8/1 � bso.10/1 by bso.2/1 maps the
partition function of the bosonic string with .c; c/ D .24; 24/ to a partition function
of theE8�E8 heterotic string with .c; c/ D .12; 24/ or to a partition function of the
superstring with .c; c/ D .12; 12/ Indeed, bso.2/1 is the Kač-Moody algebra formed
by two free fermions, which under such a map could become the superpartners of
the two free bosons X3 and X4 in four-dimensions. However, there is a problem
with this idea, related to the modular T -matrix. For representations in the spinor
conjugacy classes (S) and (C) the conformal weights in the .be8/1 � bso.10/1 theory
and in the bso.2/1 theory are not equal, for instance

h
�

Sbso.10/1
	

� h
�

Sbso.2/1
	

D 1

2
mod 1 : (15.112)

Therefore, in a modular invariant partition function Eq. (4.78), which for Mi N| ¤ 0
requires hi � hj � c�c

24
2 Z in order to be invariant under � ! � C 1, we

cannot simply replace the bso.10/1 characters (0,V,S,C)
bso.10/1

by (0,V,S,C)
bso.2/1

. For
instance, if a left moving 0 or V character is combined with a right moving S or
C character, or vice versa, invariance under T would be spoiled by the map. The
following observation saves the day. The modular S -matrix on the vector of bso.10/1
characters .0;V;S;C/T is identical to the one on the vectors of bso.2/1 characters
.V; 0;�C;�S/T and .V; 0;�S;�C/T where e.g.�C denotes��C . Noting that .be8/1
has only the singlet representation .1/ with conformal weight h D 0, which is
invariant under modular S -transformations, we can finally formulate two versions
of the bosonic string map:
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.1/
.be8/1
˝ .0;V;S;C/

bso.10/1
�!

8

<

:

.V; 0;�C;�S/
bso.2/1

.a/

.V; 0;�S;�C/
bso.2/1

.b/

(15.113)

It is now easy to check that the problem with the modular T -transformation has
been solved by switching the 0 and V conjugacy classes. The bosonic string map
maps a modular invariant partition function constructed from the characters of .be8/1
and bso.10/1 to a modular invariant partition function with the characters of bso.2/1.
This transforms a partition function of the bosonic string to a supersymmetric one
of either the heterotic string, when applying the mapping only to the right-moving
sector, or to the type II string when applying it both to the left- and right-moving
sector. If we use the same map on both sides we arrive at the type IIB theory, if
we use different ones at the type IIA theory. Note that the spinor conjugacy classes
come with the correct minus sign.

Let us now be more specific about the N D .2; 2/ SCFT with central charge
.c; c/ D 9. A possible, though surely not the most general, choice for this SCFT
is the tensor product of N D 2 minimal models with 0 < c < 3 (c.f. Eq. (12.111)
ff) in the following way

.N D 2/cD9 D
r
O

iD1
.N D 2/ci with

r
X

iD1
ci D

r
X

iD1

3ki

ki C 2 D 9 :
(15.114)

Because the ki are integers, it turns out that there are only 168 combinations which
have total central charge c D 9. For example, one can choose r D 5 factors with
ki D 3 giving ci D 9

5
and thus in total c D 9. An explicit classification shows that

most cases have r D 4 or r D 5 with a few exceptions with r D 6; 9.
Ignoring the two free bosons X2 and X3, the CFT in the holomorphic sector of

the bosonic string (before the bosonic string map) therefore has the following tensor
product structure

r
O

iD1
.N D 2/ci ˝ bso.10/1 ˝

�

be8
�

1
: (15.115)

The highest weight representations of this product CFT are again tensor products of
the individual HWRs which we will denote as

r
O

iD1
.li ; mi ; si /˝ .s0/˝ .1/ ; (15.116)

where the s0 label for the (0,V,C,S) characters of bso.10/1 is .0; 2; 1;�1/ mod 4.
The label (1) for the singlet representation of .be8/1 is often omitted. The energy
momentum tensor and U.1/ current of this CFT are
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T .z/ D
r
X

iD1
Ti .z/C T

bso.10/1˝.be8/1.z/ ;

j.z/ D
r
X

iD1
ji .z/C j

bso.10/1
.z/C j

.be8/1
.z/ ; (15.117)

where Ti and ji are the energy-momentum tensor and the U.1/ current for each
N D 2 tensor factor in (15.115). j

bso.10/1
.z/ is the diagonalU.1/ current in the Cartan

subalgebra of so.10/. In can be expressed either in terms of five real bosons or five
complex fermions (c.f. Eqs. (11.83) and (11.97))

j
bso.10/1

.z/ D
5
X

iD1
W�Ci ��i .z/ WD i

5
X

iD1
@�i .z/ : (15.118)

Likewise j
.be8/1

is the diagonal U.1/ current in the Cartan subalgebra of e8. For the
theory (15.115) one can construct the trivial diagonal modular invariant partition
function. However, after applying the bosonic string map (15.113) this partition
function will not correspond to a space-time supersymmetric string compactifica-
tion. In particular there is not the same number of states in the NS as in the R sector,
which leads to an unequal number of bosons and fermions in the four-dimensional
space-time. What is needed to ensure space-time supersymmetry is a GSO projec-
tion which can be implemented by using the spectral flow for theN D 2 SCFT. What
is specific about the Gepner construction is that this flow can be implemented by the
method of simple currents for rational CFTs introduced in Sect. 6.3. As we will see
below, the relevant simple currents are orbit simple currents, i.e. they have positive
integer conformal dimension before applying the bosonic string map. We can then
use the results of Sect. 6.3 to construct modular invariant partition functions. This is
the reason why we started with a bosonic string theory in the first place.

Prior to even implementing the flow between the NS and R sectors, we need to
implement the requirement that only R and only NS sectors are coupled between
the various factors in the tensor product theory (15.115). After all, the distinction
between the two sectors lies in the moding of the world-sheet supercurrents which
have to be either integer (R) or half-integer (NS) for the total supercurrents, which
are simply the sum of the supercurrents of the constituent theories. Therefore,
we need to perform a projection such that only NS-states of the minimal models
couple to the (0) and (V) conjugacy classes of SO.10/ and only R-states to the
two spinor classes. This projection can be achieved in the CFT via a simple current
construction. The set of simple currents to consider is

Ji D .0; 0; 0/˝ : : :˝.0; 0; 2/
„ ƒ‚ …

ith pos:

˝ : : :˝.0; 0; 0/˝.V/ ; i D 1; : : : ; r ; (15.119)

where the notation is as in (15.116). Their conformal weight and U.1/ charge is
.h;Q/ D .2; 2/ so that these are indeed orbit simple currents which we discussed
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in Sect. 6.3. Using the fusion rules (12.117) and Table 11.1, one finds the fusion of
the simple current Ji with an arbitrary state in the NS sector of the CFT:

ŒJi � �
h

.NS/mm ˝ .0;V/
bso.10/1

i

D
h

.NS0/mm ˝ .V; 0/
bso.10/1

i

; (15.120)

where .NS/mm denotes a state in the NS sector of the minimal model theory and
(0,V) stands for a state in either the 0 or the V conjugacy class of the bso.10/1 current
algebra. The monodromy charge of an NS-state w.r.t. Ji is then

Qi.NS/ D h.Ji /C h.NS/� h.Ji �NS/ mod 1

D 2C
 

hmm C
�

0;
1

2

�

bso.10/1

!

�
 

hmm C 1

2
C
�

1

2
; 0

�

bso.10/1

!

mod 1

D 0 : (15.121)

Since it is integer, these states will survive the simple current projection. For states
in the R sector

ŒJi � �
h

.R/mm ˝ .S;C/
bso.10/1

i

D
h

.R0/mm ˝ .C;S/
bso.10/1

i

(15.122)

we find likewise

Qi.R/ D 2C
 

hmm C 5

8

�

bso.10/1

!

�
 

hmm C
�

5

8

�

bso.10/1

!

mod 1 D 0;
(15.123)

i.e. these states also survive. On the other hand,

ŒJi � �
h

.R/mm ˝ .0;V/
bso.10/1

i

D
h

.R0/mm ˝ .V; 0/
bso.10/1

i

;

ŒJi � �
h

.NS/mm ˝ .S;C/
bso.10/1

i

D
h

.NS0/mm ˝ .C;S/
bso.10/1

i

; (15.124)

and it is straightforward to show that these states have half-integer monodromy
charge and are therefore projected out.

In order to guarantee degeneracy of space-time bosons and space-time fermions,
we have to project on orbits of the spectral flow. In the tensor product CFT the
spectral flow operator is also a simple current:

Jsf D .0; 1; 1/r ˝ .S/ (15.125)

with conformal dimension and U.1/ charge .h;Q/ D .1; 2/. Its fusion with a
general state in the CFT is

Œ.0; 1; 1/r ˝ .S/� �
"

O

i

.li ; mi ; si /˝ .s0/�
#

D
O

i

.li ; mi C 1; si C 1/˝ .s0 C 1/:
(15.126)
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With the help of (12.113) it is straightforward to compute the monodromy charge
Qsf and the U.1/ chargeQ of a state (15.116) with the result

Qsf D � Q
2

mod 1 : (15.127)

Therefore, the simple current Jsf projects onto states with chargeQ 2 2Z.
After having studied the simple currents and corresponding monodromy charges

of the states, we are ready to construct the modular invariant partition function of
the bosonic string. According to Sect. 6.3 it reads schematically

Zbos
.24;24/.�; �/ D

1

�
���T .�/ M

�

Jsf
�

r
Y

iD1
M
�

Ji
�

���.�/ ; (15.128)

where � is an overall normalization constant fixed by the requirement that the vac-
uum appears precisely once. The information about which holomorphic characters
couple to which antiholomorphic characters due to the extension by the simple
current J is encoded in the matrixM.J /. From this bosonic string partition function
we generate a supersymmetric partition function by applying the bosonic string map
(15.113). As a consequence, instead of dealing with an bso.10/1 � .be8/1 Kač-Moody
algebra, we work with the algebra bso.2/1 of the world-sheet fermions corresponding
to the uncompactified dimensions. Moreover, since the SO.2/ spinors (S,C) receive
a minus sign in (15.113), we are guaranteed that the space-time fermions contribute
with a negative sign to the supersymmetric partition function.

In order to give an explicit expression for the supersymmetric modular invariant
partition function, the following notation is useful. We define the characters and the
so-called charge vector ��� as

�lll���.�/ WD
r
Y

iD1
�limi ;si .�/ � �bso.10/1�.be8/1s0

.�/ with

(

���D �s0Im1; : : : ; mr I s1; : : : ; sr
�

;

lll D �l1; : : : ; lr
�

:

(15.129)
The scalar product between two charge vectors is defined as

��� � �0�0�0 D s0 s
0
0

4
C 1

2

r
X

iD1

�

� mi m
0
i

ki C 2 C
si s
0
i

2

�

: (15.130)

The charge vector for the simple currents Ji is

ˇ̌̌ i D
�

2I 0; : : : ; 0I 0; : : : ;2; : : : ; 0/ :
"

i th position
(15.131)

We have seen above that only states either purely in the NS or purely in the R sector
survive the simple current projection with respect to Ji . In terms of the charge vector
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this is expressed as
ˇ̌̌ i � ��� 2 Z : (15.132)

The charge vector for the spectral flow simple current Jsf is

ˇ̌̌ 0 D
�

1I 1; : : : ; 1I 1; : : : ; 1� ; (15.133)

and the conditionQ 2 2Z can be expressed as

2 ˇ̌̌0 ���� 2 2Z : (15.134)

This projection generalizes the GSO projection to the N D 2 SCFT context. We
can express the simple current extended, modular invariant partition function from
above more explicitly as

Zbos
.24;24/.�; �/ D

1

�

X

lll ;���

����̌ˇ̌i2Z
����̌ˇ̌02Z

X

�iD0;1

L�1
X

v0D0
�lll
���CPr

iD1 �i ˇ̌̌ iC�0 ˇ̌̌0 .�/ �
lll
���.�/ ; (15.135)

where L is the length of the simple current Jsf and � is again an overall normal-
ization constant. The supersymmetric type IIA/IIB and heterotic Gepner model
partition functionsZIIA=IIB

.12;12/ .�; �/ andZhet
.24;12/.�; �/ simply follow fromZbos

.24;24/.�; �/

by applying the bosonic string map (15.113) to both left- and right moving sectors
or only to the right moving sector, respectively. This introduces extra minus signs
for states in the R-sectors, i.e. for space-time fermions.

The charge quantization condition (15.127) changes under the bosonic string map
(15.113). For version (a) it is Q 2 2Z C 1 for all states while for version (b) it is
Q 2 2ZC 1 for states in the (0) and (V) conjugacy classes and Q 2 2Z for states
in the (S) and (C) classes. This agrees with Eq. (15.81) and the discussion following
it if we translate it to light-cone gauge and include in Q also the contribution from
the space-time SO.2/.

As a concrete example we now discuss the massless spectra for these two classes
of models with N D 2 and N D 1 space-time supersymmetry in more detail.

Type II Gepner Models

Returning to our general discussion from Sect. 15.4, one is interested in the massless
excitations of the string which correspond to states in the partition function with
conformal weight .h; h/ D . 1

2
; 1
2
/. Since the simple current construction has

arranged all states into orbits, we can distinguish for instance the massless vacuum
orbit in the partition function ZIIA=IIB

.12;12/ .�; �/ from other massless orbits via the U.1/
charge (mod 2). We start with type IIB, whose partition function is obtained from
(15.135) by applying the same bosonic string map, say (15.113a) on both sides.



574 15 CFTs for Type II and Heterotic String Vacua

Consider the vacuum orbit. The vacuum with .h;Q/ D .0; 0/ in the bosonic
theory is .0; 0; 0/r.0/˝ .0; 0; 0/r.0/. It is mapped to

.0; 0; 0/r.V/˝ .0; 0; 0/r.V/ (15.136)

under the bosonic string map. Taking into account that the ground state .V/ of bso.2/1
is two-dimensional, these are four states corresponding in four dimensions to the
graviton G
� , the anti-symmetric two-form B
� and the dilaton D. However, due
to the simple current construction, there are further states in that orbit. In particular,
we find four additional massless states in the (R,R) sector

.0;C1;C1/r.C/ ˝ .0;C1;C1/r.C/ ; .0;�1;�1/r.S/ ˝ .0;�1;�1/r.S/ ;

.0;C1;C1/r.C/ ˝ .0;�1;�1/r.S/ ; .0;C1;C1/r .C/ ˝ .0;�1;�1/r.S/ ;
(15.137)

which are space-time bosons. Since ŒC � � ŒC � D ŒS � � ŒS � D ŒV � and ŒS � �
ŒC � D ŒC � � ŒS � D Œ 0 �, these four-states are identified in four dimensions as one
massless vector and one massless complex scalar. The fermionic superpartners of
these bosonic fields arise in the (NS,R) and (R,NS) sector

.0; 0; 0/r.V/ ˝ .0;C1;C1/r.C/ ; .0;C1;C1/r .C/˝ .0; 0; 0/r.V/ ;

.0; 0; 0/r.V/ ˝ .0;�1;�1/r.S/ ; .0;�1;�1/r.S/˝ .0; 0; 0/r.V/ : (15.138)

These eight space-time bosons and eight space-time fermions constitute the contents
of the N D 2 gravity supermultiplet and of one N D 2 hypermultiplet. Note that
the gravity supermultiplet contains in addition to the spin-2 graviton one spin-1
vectorfield. The hypermultiplet contains the dilaton and for this reason it is called
the universal hypermultiplet.

The vacuum orbit is present in all Gepner models whereas the structure of the
massless charged orbits depends on the specific details of the c D 9 tensor product
theory. However, since massless states have h D h D 1=2 and due to the odd U.1/
charge, all these states must be (anti-)chiral primary states in the N D 2 SCFT.
Concretely, in the charged orbits we find massless states of the form

�

�

1
2
;�1� .0/C � 3

8
;C 1

2

�

.S/
	

˝
�

�

1
2
;�1� .0/C � 3

8
;C 1

2

�

.S/
	

;

�

�

1
2
;C1� .0/C � 3

8
;� 1

2

�

.C/
	

˝
�

�

1
2
;C1� .0/C � 3

8
;� 1

2

�

.C/
	

; (15.139)

where we used .h;Q/ to denote the conformal weight and charge of the corre-
sponding state. For each such orbit, including all combinations of NS and R sectors,
we obtain one vector, one complex boson and four fermionic states forming one
N D 2 vectormultiplet .�c; �˛; A
/. However, it can also happen that in an orbit
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of . 1
2
;�1/.0/, there appears a state with . 1

2
;C1/.0/ so that by including all NS and

R sectors one gets the additional massless states

�

�

1
2
;�1� .0/C � 3

8
;C 1

2

�

.S/
	

˝
�

�

1
2
; 1
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�

1
2
;C1� .0/C � 3

8
;� 1

2

�

.C/
	

˝
�

�

1
2
;�1� .0/C � 3

8
;C 1

2

�

.S/
	

: (15.140)

These four bosonic and four fermionic states fill out one N D 2 hypermultiplet.
Whether this happens or not, depends on the concrete model.

Let us finally discuss the massless spectrum for the .k D 3/5 Gepner model
in more detail. Each .k D 3/ tensor factor has chiral states .0; 0; 0/0, .1;�1; 0/ 1

5
,

.2;�2; 0/ 2
5

and .3;�3; 0/ 3
5
, where the subscript denotes the U.1/ charge. We can

now make a list of all the combinatorial possibilities to form chiral states with
.h;Q/ D . 1

2
; 1/ in the tensor product .k D 3/5 theory. This list reads

.3;�3; 0/ .2;�2; 0/ .0; 0; 0/3 20

.3;�3; 0/ .1;�1; 0/2.0; 0; 0/2 30

.2;�2; 0/2.1;�1; 0/ .0; 0; 0/2 30

.2;�2; 0/ .1;�1; 0/3.0; 0; 0/ 20

.1;�1; 0/5 1

101

(15.141)

and by counting states, we see that there are 101 vectormultiplets. A more detailed
investigation reveals that only the orbit of .1;�1; 0/5.0/ contains a state with
.h;Q/ D . 1

2
;�1/, namely .1; 1; 0/5.0/, giving one hypermultiplet. To summarize,

the massless spectrum of the type IIB superstring ‘compactified’ on the .k D 3/5

Gepner model consists of the gravity supermultiplet, the universal hypermultiplet,
101 vectormultiplets and more hypermultiplet.

For the type IIA superstring one has opposite GSO projections in the left- and
right-moving R-sectors, say (15.113a) for the right-movers and (15.113b) for the
left-movers. The massless spectrum for the gravity sector stays the same whereas in
the charged orbits the massless modes have the form
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�

.S/
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(15.142)

Therefore, compared to the type IIB case, hypermultiplets and vectormultiplets are
exchanged. The massless type IIA spectrum for the .k D 3/5 Gepner model consists
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of the gravity sector (supergravity C universal hypermultiplet), 1 vectormultiplet
and 101 hypermultiplets.

Geometrically type IIB (IIA) string theory compactified on a Calabi-Yau man-
ifold with Hodge numbers .h21; h11/ gives rise to h21.h11/ vectormultiplets and
h11.h21/ hypermultiplets. A Calabi-Yau manifold with Hodge numbers .h21; h11/ D
.101; 1/ is the quintic hypersurface in P

4. Apart from the counting of multiplets
illustrated above, more evidence has been collected that the Gepner model .k D 3/5
exactly solves the non-linear sigma model on the quintic (at a fixed value of
the moduli and in particular at a fixed string scale size). While the geometric
construction allows to explore the moduli space, its validity is limited to large
manifolds (compared to the string scale) where geometric notions are valid. The
CFT Gepner construction, on the other hand, is rigid but explores the truly stringy
regime.

Heterotic Gepner Models

Applying the bosonic string map (15.113a) only to the right-moving sector of
(15.135) one arrives at the partition function of the heterotic Gepner models. The
massless states are now given by states in this partition function with .h; h/ D . 1

2
; 1/.

The vacuum orbit contains again the universal massless graviton, two-form and
dilaton

.0; 0; 0/r.V/˝ .@X

/�1 : (15.143)

However, in addition it contains the massless states

.0; 0; 0/r.V/˝

8

ˆ

ˆ

<

ˆ

ˆ

:

.0; 0; 0/r.0/ Adj of E8 � SO.10/� U.1/r

.0; 1; 1/r.S/ 16

.0;�1;�1/r.C/ 16

(15.144)

which are vectors under the four-dimensional Lorentz group and, as expected
from the general analysis of Sect. 15.4, indeed extends the naive gauge symmetry
SO.10/�U.1/r toE6�U.1/r�1. Under the spectral flow in the right-moving sector,
these bosonic states are mapped to the massless fermionic states corresponding
to the gravitino, dilatino and gauginos. Together these massless states fill out one
N D 1 gravity multiplet and one chiral supermultiplet.

Similar to the type II string, the charged orbits also contain further massless states
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(15.145)
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which, together with their CPT conjugates, combine into chiral supermultiplets
transforming in the 27 representation of E6. Therefore, the .c; c/ chiral ring is
related to the number n27 of matter multiplets in 27 and similarly the .a; c/ chiral
ring to the number n27 of matter multiplets in 27 representation. The net number of
generations is n27 � n27. For the example of the .3/5 Gepner model we therefore
obtain n27 D 101 and n27 D 1 and the gauge group E8 � E6 � U.1/4. The Yukawa

couplings 273 and 27
3

are governed by the structure of the .a; c/ and .c; c/ chiral
ring. The second bosonic string map (15.113b) simply exchanges 27 and 27.

In the left-moving sector, unitarity implies that there can be contributions from
states with .h; q/ D .1; q/ with jqj 	 2. Thus, in addition to the states mentioned
so far, there arise additional massless states of the type

� �

1
2
; 1
	

.0/C
�

3
8
;� 1

2

	

.C/
	

˝ .1; 0/.0/ 1 of SO.10/ (15.146)

which, together with their CPT conjugate states, form chiral supermultiplets in the
singlet representation ofE8�E6. These correspond to the moduli of the background.
Let us compute their number for the .3/5 Gepner model. In the following table we
list all the left-moving .h; q/ D .1; 0/ states coupling to the corresponding right-
moving .h; q/ D .1=2; 1/ states.

.3;�3; 2/.2;�2; 0/.0; 0; 0/3 2 � 20

.3;�3; 2/.1;�1; 0/2.0; 0; 0/2 3 � 30

.2;�2; 2/2.1;�1; 0/.0; 0; 0/2 3 � 30

.2;�2; 2/.1;�1; 0/3.0; 0; 0/ 4 � 20

.1;�1; 2/.1;�1; 0/4 3 � 5 � 1

.1; 1; 2/.1; 1; 0/4 3 � 5 � 1
330

(15.147)

The entry s D 2 is permuted among the underlined nontrivial triplets. This
accounts for the multiplicities 2; : : : ; 5. The extra multiplicity of 3 for the last two
contributions arises from the simple current orbits and cannot be seen easily. The
practical way of finding the spectrum is to use a computer. In total we get 330 gauge
singlets in the matter sector. From the Hodge numbers for the quintic we compute
h21.X/C h11.X/C h1.End.TX// D 101C 1C 224 D 326 moduli. This precisely
coincides with the Gepner model result, after Higgsing of the additional U.1/4

gauge symmetry. This is broken away from the Gepner point, which is a special
point in the complex structure, bundle and Kähler moduli space of the Calabi-Yau
manifold.

Finally, let us mention that the Gepner construction of modular invariant
partition functions for Calabi-Yau compactifications can be generalized to genuine
.0; 2/ models. The breaking of the left-right symmetric N D .2; 2/ world-sheet
supersymmetry can also be implemented by the simple current construction.
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15.6 Four-Dimensional Heterotic Strings via Covariant
Lattices

As a second concrete realization of the general structure discussed in Sect. 15.4, we
present the the basic steps in the generalization of the covariant lattice approach
of Chap. 13 to N D 1 heterotic superstring compactifications to four dimensions.
Like the Gepner models, these models are in general special points in families of
string vacua which are parametrized by a higher dimensional moduli space At these
special points we have an exact CFT description and can explore stringy effects.

Going from ten to d dimensions only d bosonic fields X
.z; z/ (
 D 1; : : : ; d )
play the role of space-time coordinates. The d -dimensional center-of-mass
momenta k
, which are canonically conjugate to the center-of-mass-positions, have
continuous eigenvalues. We are left with 26 � d left-moving bosonic fields XI .z/
(I D 1; : : : ; 26 � d ) and 10 � d right-moving fields XJ .z/ (J D 1; : : : ; 10 � d ).
For these variables we assume that the holomorphic and antiholomorphic fields
move independently on a .26 � d/-dimensional left and a .10 � d/-dimensional
right torus respectively. This implies that the corresponding momentum eigenvalues
wwwL, wwwR are quantized and generate a 26 � d dimensional lattice .�26�d /L and
a 10 � d dimensional lattice .�10�d /R. (For general background values the left-
and right-moving momenta do not always separately generate lattices. Only when
combined they form a Lorentzian lattice. We will, however, discard this possibility
for simplicity.)

Now we replace the ten right-moving world-sheet fermions I .z/ (I D 1; : : : ; 10)
by five free bosonic fields. However only d (d even) of the ten fermions are the two-
dimensional world-sheet superpartners of the bosonic coordinates X
.z/. These d
fermionic fields generate a level one SO.d/Kač-Moody algebra which corresponds
to the Wick rotated Lorentz group SO.d � 1; 1/. Via bosonization these d fermions
 
.z/ are replaced by d

2
bosons �i .z/ (i D 1; : : : ; d

2
). To obtain a sensible space-

time interpretation, we have to insist that their zero mode momentum vectors are
elements of the weight lattice of SO.d/: ���R 2 Dd

2
. Then, as in ten dimensions,

states in the R sector are characterized by ���R 2 S,C of Dd
2
. These states are d -

dimensional fermions. The NS sector with d -dimensional space-time bosons is
obtained from ���R 2 0,V of Dd

2
. As before, we also bosonize the superconformal

ghosts by introducing a free boson �.z/. The ghost charge is either half-integer or
integer. The canonical choice is q D � 1

2
for space-time fermions and q D �1 for

space-time bosons. As before, we combine the D1 ghost lattice with the SO.d/
weight latticeDd

2
to form the covariant lattice Dd

2 ;1
with lattice vectors .���R; q/ and

signature ..C1/ d2 ;�1/.
We are left with 10 � d additional, internal world-sheet fermions Q J .z/ (J D

1; : : : ; 10�d ) which we replace by 1
2
.10�d/ bosons Q�i .z/ (i D 1; : : : ; 1

2
.10�d/).

For these bosons it is not necessary that the momenta Q��� are vectors of a D5� d
2

lattice, as we have given up the notion of ten-dimensional space-time. We treat
these fields, as the bosons XJ .z/, as internal degrees of freedom which are needed
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to ensure conformal invariance, i.e. the vanishing of the central charge of the
Virasoro algebra. So let us denote the lattice with vectors Q��� by �5� d2 . In fact,

there is no reason to treat XJ .z/ and Q�i .z/ differently. From a CFT point of
view there is no difference between compactified bosons and bosonized internal
fermions. We therefore combine the internal right-moving bosonic degrees of
freedom to XXXR.z/ D .X1.z/; : : : ; X10�d .z/; Q�1.z/; : : : ; Q�5� d2 .z// with momentum
vectors wwwR D .w1R; : : : ;w

10�d
R ; Q�1; : : : ; Q�5� d

2 /; they build a .15 � 3
2
d/-dimensional

lattice .�15� 32 d /R D �10�d ˝ �5� d2 .
We would like to emphasize that the d -dimensional heterotic string constructed

in this way cannot, in general, be regarded as a geometric compactification of
the 10-dimensional heterotic string in the sense that the string is moving on a
.10 � d/-dimensional internal compact manifold, even when taking into account
possible background fields. This is due to the asymmetric treatment of the left- and
right-moving fields and also due to the fact that we treat the internal bosonized
world-sheet fermions and compactified bosons on equal footing. On the contrary,
these theories provide, in general, truly four-dimensional string vacua where only d
bosons and world-sheet fermions play the role of (flat) space-time coordinates and
their two-dimensional superpartners.

The covariant vertex operators of the d -dimensional string states can be written
as (neglecting bosonic oscillators and space-time momentum dependence):

VwwwLIwwwR;���R;q.z; z/ D eiwwwL �XXXL.z/ eiwwwR �XXXR.z/ ei���R ����.z/ eq�.z/ ;
wwwL 2 .�26�d /L; wwwR 2 .�15� 32 d /R; .���R; q/ 2 Dd

2 ;1
: (15.148)

The conformal dimension of this operator is

h D hL D 1

2
www2L;

h D hR D 1

2
www2R C

1

2
���2R �

1

2
q2 � q : (15.149)

It follows that the mass of a d -dimensional string state created by this vertex
operator is given by the following expressions, whereNL andNR count the number
of left- and right-moving space-time as well as internal oscillators:

˛0

2
m2
L D

1

2
www2L CNL � 1;

˛0

2
m2
R D

1

2
www2R C

1

2
���2R �

1

2
q2 � q CNR � 1;

m2 D m2
L Cm2

R : (15.150)

Physical states have to satisfy m2
L D m2

R. The operator product expansion between
two vertex operators Eq. (15.148) reads:
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VwwwL1 IwwwR1 ;���R1 ;q1 .z; z/ VwwwL2 IwwwR2 ;���R2 ;q2 .w;w/

D .z � w/wwwL1 �wwwL2 .z � w/wwwR1 �wwwR2C���R1 ����R2�q1q2

� VwwwL1CwwwL2 IwwwR1CwwwR2 ;���R1C���R2 ;q1Cq2.w;w/C : : : : (15.151)

In complete analogy with the heterotic string theories in ten dimensions, it is
convenient to combine .wwwLIwwwR;���R; q/ to form vectors of a .42� 2d/-dimensional
Lorentzian lattice �26�d I15�d;1 D .�26�d /L ˝ .�15� 32 d ˝Dd

2 ;1
/R. As in Sect. 13.5,

modular invariance of the partition function forces �26�d I15�d;1 to be an odd self-
dual Lorentzian lattice.

For an odd self-dual lattice �26�d I15�d;1 to represent a physically sensible
heterotic string theory additional constraints have to be imposed. One requirement,
namely that all states are classified according to representations of the Lorentz group
SO.d/, is already satisfied, if we demand that .Dd

2 ;1
/R is part of �26�d I15�d;1.

This requirement was essentially sufficient to classify all heterotic string theories
in ten dimensions; see Sect. 13.5. However in lower dimensions this is not the end
of the story. Remember that for decoupling of ghosts the right-moving fermionic
string must possess a two-dimensional (local) world-sheet supersymmetry. However
this is lost in lower dimensions when we treat the internal bosons and the internal
fermions on the same footing. In other words, having bosonized all right-moving
internal degrees of freedom, which leads to the lattice .�15� 32 d /R, we have to find
a way to realize the right-moving world-sheet supersymmetry entirely in terms of
15 � 3

2
d internal bosonic fields. In contrast to the ten-dimensional string theory,

the world-sheet supersymmetry will now be manifest only in a more complicated,
in general non-linearly realized way. Since the realization of the two-dimensional
supersymmetry is one of the key points in the construction of the lower dimensional
string theories, let us be more precise.

The supercurrent of the fermionic string theory has to satisfy the following
operator algebra:

T .z/TF .w/ D
3
2
TF .w/

.z � w/2
C @TF .w/

z � w
C : : : ;

TF .z/TF .w/ D
5
2

.z � w/3
C

1
2
T .w/

z � w
C : : : : (15.152)

This shows that TF .z/ belongs to a SCFT with central charge c D 15 which can
be realized in the simplest case by ten free bosons plus ten free fermions. This kind
of linear realization of world-sheet supersymmetry appears in the fermionic string
theory in 10 dimensions. However in lower dimensional theories there are only d
free bosons X
.z/ together with their superpartners  
.z/. These fields contribute
3
2
d units to the central charge of the superconformal algebra and the space-time part

of the supercurrent has its standard form:
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T
space-time
F .z/ D �1

2
 
.z/@X
.z/ : (15.153)

The missing 15 � 3
2
d units to the central charge are provided by the internal fields

XXXR.z/. The internal supercurrent T int
F .z/ must be built entirely from the bosons

XXXR.z/ and it must satisfy

T int
F .z/ T

int
F .w/ D

1
6
.15� 3

2
d/

.z� w/3
C

1
2
T int.w/

z � w
C : : : ; (15.154)

where T int.w/ is the internal energy momentum tensor. The most general ansatz for
T int
F , which is a conformal field of dimension 3=2 and built entirely from the 15� 3

2
d

free bosonsXXXR.z/, is

T int
F .z/ D

X

ttt

A.ttt/ eittt �XXXR.z/ C i
X

lll

BBB.lll/ � @XXXR.z/ e
illl �XXXR.z/ (15.155)

with
ttt2 D 3; lll2 D 1; BBB � lll D 0 :

The coefficients A and BBB have to be determined such that Eq. (15.154) is satisfied.
One can show that a necessary condition to arrive at theories with chiral fermions is
BBB D 0. Since these are the most interesting theories from a phenomenological point
of view, we will limit our discussion to this case.

The .length/2 D 3 vectors ttt play an important role in the construction of lower
dimensional heterotic string theories. This becomes clear, if we consider the picture
changing operator (13.85,13.86) which is itself a sum of a space-time and an internal
part:

Z D Zs.t. CZint D 2 �T s.t.
F C T int

F

�

e�: (15.156)

Because of BRST invariance, Zint.w/ must act properly on all states, i.e. it maps
a physical state to its picture changed image. Thus consider a state of the form
Eq. (15.148) characterized by a lattice vector .wwwLIwwwR;���R; q/ 2 .�26�d /L ˝
.�15� 32 d ˝Dd

2 ;1
/R. The operator product with Zint.w/ then reads:

Zint.w/ VwwwLIwwwR;���R;q.z; z/

D 2
X

ttt

A.ttt / .w� z/ttt �wwwR�q VwwwLIwwwRCttt ;���R;qC1.z; z/C : : : : (15.157)

We find that the picture changed state is characterized by lattice vectors .wwwLIwwwR C
ttt ;���R; qC1/ (if wwwR �ttt D �1 .� 12 / in the NS (R) sector for states in the canonical ghost
picture). Furthermore, locality demands that every lattice vector wwwR 2 .�15� 32 d /R
satisfies wwwR � ttt 2 Z (NS) and wwwR � ttt 2 Z C 1

2
(R). On the other hand we know
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that �26�d I15�d;1 is a self-dual lattice. It then follows immediately that .000I ttt ;000; 1/ 2
.�26�d /L ˝ .�15� 32 d /R ˝ .Dd

2 ;1
/R.

The upshot of this discussion is that the vectors ttt must themselves be lattice
vectors of the right-moving internal lattice .�15� 32 d /R. They always appear in

connection with the V conjugacy class of .Dd
2 ;1
/R, since Zint has superconformal

ghost charge 1. The vectors ttt are called constraint vectors. Any sensible heterotic
string theory, whose right-moving part possesses world-sheet supersymmetry,
requires the existence of these constraint vectors. In summary, the classification of
d -dimensional heterotic strings within the covariant lattice construction amounts to
determine all Lorentzian odd self-dual lattices �22�d I15�d;1 which contain .Dd

2 ;1
/R

and allow for a proper realization of the internal supercurrent. For theories with
chiral fermions the internal supercurrent must have the form of Eq. (15.155) with
constraint vectors ttt , ttt2 D 3. Only a finite but very large number of Lorentzian
lattices satisfies this constraint and these lattices can be shown to possess only a
finite number of conjugacy classes, i.e. they correspond to rational CFTs. One could
now proceed and discuss the massless spectrum of such construction but we do not
do it here.

Further Reading

In writing large parts of this chapter we have greatly profited from L. Dixon’s Trieste
lecture notes

• L.J. Dixon, Some World-Sheet Properties of Superstring Compactifications, on
Orbifolds and Otherwise. Lectures given at the 1987 ICTP Summer Workshop
in High Energy Physics and Cosmology, Trieste 1987. Published in Trieste HEP
Workshop, 1987, pp. 67–126

There one also finds the discussion of right-moving perturbative gauge symmetries
of four-dimensional heterotic strings and a proof of the no-go theorem of the
standard model for the perturbative type II string.

Orbifold models were introduced in

• L. Dixon, J. Harvey, C. Vafa, E. Witten, Strings on orbifolds. Nucl. Phys. B261,
651 (1985); Strings on orbifolds 2. Nucl. Phys. B274, 285 (1986)

A careful study of the spectrum of toroidal ZN -orbifolds was performed in

• J. Erler, A. Klemm, Comment on the generation number in orbifold compactifi-
cations. Comm. Math. Phys. 153, 579 (1993) [arXiv:hep-th/9207111]

The discussion of the massless E6 singlets of the Z3 orbifold is from

• P.S. Aspinwall, M.R. Plesser, Elusive worldsheet instantons in heterotic string
compactifications [arXiv:1106.2998 [hep-th]]

Some basic references on orientifold models are
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• C. Angelantonj, A. Sagnotti, Open strings. Phys. Rep. 371, 1–150 (2002)
[arXiv:hep-th/0204089]

• E.G. Gimon, J. Polchinski, Consistency conditions for orientifolds and d mani-
folds. Phys. Rev. D54, 1667–1676 (1996) [arXiv:hep-th/9601038]

The general structure of the SCFT of supersymmetric string models is explored in

• T. Banks, L. Dixon, D. Friedan, E. Martinec, Phenomenology and conformal field
theory or can string theory predict the weak mixing angle? Nucl. Phys. B299, 613
(1988)

• T. Banks, L.J. Dixon, Constraints on string vacua with space-time supersymme-
try. Nucl. Phys. B307, 93–108 (1988)

• J. Lauer, D. Lüst, S. Theisen, Supersymmetric string theories, superconformal
algebras and exceptional groups. Nucl. Phys. B309, 771 (1988)

• S. Cecotti, S. Ferrara, L. Girardello, Geometry of type II superstrings and the
moduli of superconformal field theories. Int. J. Mod. Phys. A4, 2475 (1989)

Their realizations as tensor products ofN D 2minimal models was developed in

• D. Gepner, Space-time supersymmetry in compactified string theory and super-
conformal models. Nucl. Phys. B296, 757 (1988); Exactly solvable string
compactifications on manifolds of SU(N) holonomy. Phys. Lett. B199, 380–388
(1987)

Generalization of the Gepner construction to .0; 2/ heterotic models were
presented in

• R. Blumenhagen, A. Wißkirchen, Exactly solvable (0,2) supersymmetric string
vacua with GUT gauge groups. Nucl. Phys. B454, 561–586 (1995) [arXiv:hep-
th/9506104]

The covariant lattice construction of four-dimensional heterotic strings was dis-
cussed in

• W. Lerche, D. Lüst, A.N. Schellekens, Chiral four-dimensional heterotic strings
from self-dual lattices. Nucl. Phys. B287, 477 (1987)

• W. Lerche, A.N. Schellekens, N. Warner, Lattices and strings. Phys. Rep. 177, 1
(1989)



Chapter 16
String Scattering Amplitudes and Low Energy
Effective Field Theory

Abstract To relate string theory to the usual description of particles and their
interactions in terms of quantum field theories, it is important to have tools at
hand to derive the effective point particle interactions for the massless excitation
modes of the string. Such effective actions can be deduced from on-shell string
scattering amplitudes which are computed as correlation functions of physical
state vertex operators. We construct the vertex operators and compute various
three-point functions which are needed to extract e.g. the interactions of graviton,
two-form, dilaton and of gauge fields at leading order. We also compute the four-
point functions of open and closed string tachyons and discuss some of their
properties. Often the leading order (in ˛0) effective actions are already uniquely
determined by symmetries, such as gauge symmetries or supersymmetry. We
present the bosonic sectors of the ten-dimensional supergravity theories which are
related to the ten-dimensional superstring theories. We also include a discussion of
eleven-dimensional supergravity. The Dirac-Born-Infeld action, which governs the
dynamics of the gauge field on a D-brane, will also be discussed.

16.1 Generalities

String theory is claimed to be a unifying framework for the description of all
particles and their interactions, including gravity. So far our exposition of the subject
has been rather formal, and it is not at all apparent why it might be relevant for
particle physics. The only hint we got so far was from looking at the spectrum. The
occurrence of a massless spin two symmetric tensor excitation indicated that gravity
might be contained in string theory. To confirm this at the level of interactions will
be one of the goals of this chapter.

The theoretical framework for particle physics at energies, which are accessible
in experiments, is quantum field theory. At these energies, gravity is many orders
of magnitude weaker than the other gauge interactions mediated by spin one gauge
bosons. The dimensionless gravitational coupling constant is G.4/

N E
2 � E2=M2

Pl

R. Blumenhagen et al., Basic Concepts of String Theory, Theoretical and Mathematical
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where G.4/
N is the four-dimensional Newton constant, MPl the Planck mass and E

the relevant energy. At high energy, gravity is thus expected to become stronger
and must be included in the theoretical description of particle physics. However, a
quantum field theory of gravity, which is constructed along the lines of quantum
field theories of Yang-Mills gauge interactions, is not renormalizable and does
not make sense at very high energies. (The same is true for higher dimensional
Yang-Mills theories where the gauge coupling has negative mass dimension.) New
concepts and ideas are required, and this is what string theory is believed to achieve.
At low energies, though, string theory should have a description in terms of an
effective field theory. For such a theory string theory also provides a natural cut-
off, the string scale, above which the field theory description is no longer adequate.
From the low energy point of view, the ultraviolet completion is provided by the full
string theory. Put differently, in string theory the effective field theory is an emergent
concept. To compute corrections to it, we have to resort to the microscopic theory,
i.e. to string theory.

Field theory imposes severe constraints e.g. on the interaction of massless
spin one, spin 3/2 or spin two fields. At lowest order in a derivative expansion,
their dynamics is that dictated by supersymmetric Yang-Mills theory coupled to
supergravity. Thus, to make the just described picture consistent, string theory must
precisely generate these actions. As long as we work in the critical dimension, these
considerations lead to essentially unique low-energy effective actions. However,
once we compactify and consider effectively four-dimensional theories, the unique-
ness is lost. Nevertheless, once a particular string vacuum has been chosen, the low
energy effective action can, at least in principle, be computed. For several classes
of vacua this has been done, e.g. for toroidal orbifolds and covariant lattices using
CFT methods and for CY compactifications using geometric methods.

Four-dimensional string vacua generically have massless vectors that transform
in the adjoint representation of a (simply-laced) gauge group and plenty of massless
scalars and fermions in non-trivial representations of the gauge group. Beyond
knowing the spectrum, we would also like to deduce the dynamics of these fields. In
this chapter we learn how to extract a low energy effective field theory directly
from string theory. This will be done by deriving a point particle field theory
Lagrangian which represents the low energy description of string theory in the
sense that it reproduces string scattering amplitudes. The latter will be computed
as correlation functions of vertex operators. Here low energy means energies far
below the string scale, in which case on-shell massive string excitations cannot be
produced in the collision of massless modes and their contribution from internal
lines in Feynman diagrams is suppressed by powers on ˛0k2 where k is a typical
momentum of the external (on-shell) states. In the limit ˛0 ! 0 the effect of
massive modes is eliminated completely and we obtain a description of the massless
modes only. This action can then be used as an effective low-energy description
of string compactifications to four space-time dimensions, e.g. heterotic string
compactifications on Calabi-Yau manifolds or type II intersecting D-brane models
and type II flux compactifications, which will be discussed in subsequent chapters.
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We can then relate various parameters in the effective action to the string scale
and the string coupling constant. For instance, in heterotic string compactifications,
the string scale will turn out to be of the order of the Planck scale, whereas in
D-brane models the string scale is essentially a free parameter, experimentally only
constrained to be higher than the known scale of the Standard Model, i.e. ' 1TeV.
Therefore in both schemes all known particles like quarks, leptons and all the know
gauge bosons have to be contained among the massless string states.

Of course we are still far away from extracting the Standard Model Lagrangian
with all its particular masses and coupling constants but at least we can see whether
we find something semi-realistic, i.e. a field theory with the correct generic features.

It is worth mentioning that there exist several ways to derive the low energy
effective action. They all rely of the validity of string perturbation theory or, better,
that there is a duality frame in which the theory is weakly coupled. We will discuss
(non-)perturbative dualities in Chap. 18. The most direct approach is the one just
sketched, namely to compute string theory scattering amplitudes of the massless
modes and to construct a field theory action which reproduces them in the limit
˛0 ! 0. Starting with an exact conformal field theory description, this procedure
is the most precise way to derive the effective action. However, taken by itself, this
method is of limited use, since in principle one has to compute an infinite number
of string scattering amplitudes if one wants to derive the full effective action, e.g.
if one wants to derive the non-linear effective action for the graviton, or the moduli
fields or the dilaton couplings to the fields of the Standard Model. One must also
keep in mind that the matching between string amplitudes and the field theory action
is not unique in the sense that one can perform field redefinitions which change the
form of the effective action but not the physics. Furthermore, the scattered string
excitations are represented by vertex operators. The condition of BRST invariance
requires the state created by a vertex operators to be on-shell. This means that we can
only compute on-shell scattering amplitudes, a fact which also leads to ambiguities
in the construction of the low energy effective action.

A second method is to exploit space-time symmetries such as general coordinate
invariance and supersymmetry. One can infer the space-time symmetries from
the structure of the world-sheet theory, e.g. via existence of conserved currents.
The space-time symmetries then restrict the action of the massless string modes.
Additional arguments like vanishing of anomalies also play an important role. In
this way the ten-dimensional effective supergravity theories of the various string
theories with maximal supersymmetry are completely fixed, at least up to higher
derivative corrections which are also constrained by supersymmetry.

It is interesting to note that many of the additional field theory conditions reflect
themselves in certain string theory consistency requirements. For instance, absence
of space-time anomalies in the context of the ten-dimensional supergravity action is
related to world-sheet modular invariance in string theory. The fact that both are one-
loop effects in the respective description is, of course, no accident. More generally,
any effective field theory derived from string theory is automatically consistent (e.g.
anomaly free) because its ultraviolet completion is a consistent string theory.
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Having found the effective supergravity action in ten dimensions, one can
often use dimensional reduction over a compact six-dimensional space, in order
to derive the effective action in four space-time dimensions. In case of unbroken
supersymmetry, the effective supergravity formalisms again acts as a very useful
guiding principle. However, with fewer symmetries there is more freedom in
building effective actions. Given a particular four-dimensional string vacuum, this
freedom can be fixed by comparison with string scattering amplitudes, provided we
have a CFT description. Large classes of vacua with rather generic features can be
treated in this way.

Another method of arriving at the low energy effective action is based on the
requirement of world-sheet conformal invariance, namely the condition that the
ˇ-functions of the two-dimensional string �-model coupled to target space back-
ground fields have to vanish. This was explained in Sect. 14.1.

The most common way at arriving at the effective action is a combination of the
first two methods: computing string scattering amplitudes and exploiting space-time
symmetries. This is the route we will take.

16.2 String Scattering Amplitudes

Our discussion of scattering amplitudes will be restricted to the string tree level.
Furthermore, we will scatter massless modes as they are the most interesting
ones from the point of view of the low-energy effective action. In the large extra
dimension scenario, where the string scale can be much lower than the Planck scale,
some of the lightest massive states might also be of interest, as they could be directly
detected in high energy experiments.

There are many amplitude calculations in the literature and the explicit compu-
tations are generally quite tedious. The CFT correlation functions can become quite
involved and for more than four external states the integration over the insertion
points of the vertex operators is a technical challenge. Fortunately, for the extraction
of the two-derivative low-energy effective action, four point amplitudes is all one
needs to compute. One particular subtlety is the correct normalization. It can either
be computed by a careful evaluation of the Polyakov path integral or inferred from
the requirement of unitarity. More concretely, a four-point tree amplitude has simple
poles which are due to the exchange of string modes. At these poles the amplitude
must factorize into a product of two three-point amplitudes. This fixes the normal-
ization of both the three-point and the four-point amplitudes. We will demonstrate
this in two simple examples. The precise normalizations are important e.g. for relat-
ing the string coupling constant and the string scale to the Yang-Mills and the grav-
itational coupling constant which appear in the low-energy effective field theory.

We now discuss closed and open string tree amplitudes in turn. Our treatment
will not be exhaustive but the few examples which we present illustrate essential
points and techniques.
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Closed String Tree Amplitudes

For closed oriented string tree amplitudes the only relevant world-sheet topology is
the sphere S2 with various vertex operator insertions representing external physical
on-shell states. We will make some remarks on amplitude calculations on the
projective plane, after we have discussed open string amplitudes.

In the language of conformal field theory, an N -particle amplitude is essentially
given by the correlation function

A � gN�2s

Z

d2z1 : : : d 2zN
VCKG

hV1 : : : VN iS2; (16.1)

where gs is the string coupling constant and VCKG is the volume of the conformal
Killing group, which is SL.2;C/ for the sphere. There is one power of the string
coupling constant for each splitting of one string into two or two strings merging
into one. The total power of gs is the Euler number of the N -punctured sphere.
Alternatively we can attach one power of gs to each closed string vertex operator
and an overall power of g�2s to the correlation function on the sphere.

We thus have to compute correlation functions of vertex operators on the sphere.
We will only consider string vacua where the vertex operators can be expressed in
terms of free fields. This is the case for strings in Minkowski space in the critical
dimension, where the fields are X�; � and the ghosts, but also e.g. for covariant
lattice constructions. In orbifold compactifications one has to introduce twist fields.
They can be handled but we will not discuss this. Correlation functions including
fields in the Ramond sector can be a challenge. In simple cases covariance and gen-
eral analytic properties are sufficient to determine them. Another way is to bosonize
world-sheet fermions and spin fields. Correlation functions are then easy to com-
pute, but to restore covariance, which is hidden in the cocycle factors, can be quite
cumbersome. The superconformal ghosts are discussed in their bosonized form.

For free fields it suffices to know the two-point functions. Higher correlation
functions follow via Wick’s theorem. The basic two-point functions on the sphere
were given before and are repeated here:

hX�.z/X�.w/i D �˛
0

2
��� ln.z� w/;

h �.z/  �.w/i D ���

.z � w/
;

h�i.z/; �j .w/i D �ıij ln.z � w/;

h�.z/ �.w/i D � ln.z � w/: (16.2)

� arises from the bosonization of the superconformal ghosts and �i from the
bosonization of the world sheet fermions  �. There is a similar set for the
right movers. Note that we have separated X into left and right-movers (cf.
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Chap. 2): X�.z; z/ D X�.z/CX�
.z/. In tree level amplitudes we can treat them

as independent and factorize correlation functions into a holomorphic and an anti-
holomorphic part. For more general internal CFTs, this is not always the case.

As in ordinary quantum field theory, where in the calculation of matrix elements
we have to integrate over the positions of the field operators, we have to integrate
over the insertion points of the vertex operators. The integrated vertex operators
are the momentum space representatives of vertex operators in position space. For
instance, a general vertex operator has the form

V.k/ D
Z

d2z V .z; z/ eik�X
�.z;z/; (16.3)

where V .z; z/ carries all the quantum numbers of the state, such as Lorentz indices
and charges with respect to internal symmetries (gauge symmetries) and k is its
space-time momentum. Fourier transforming it we obtain

V.x/ D
Z

ddk

Z

d2z V .z; z/ eik�X.z;z/eik�x D
Z

d2z V .z; z/ ı.d/.X.z; z/� x/:
(16.4)

In ordinary field theory translation invariance results in an infinite volume
factor. Here we have to deal with the invariance under SL.2;C/. We have learned
in Chap. 6 how to factor out the SL.2;C/ volume. That led to the following
prescription. We formally insert a factor

jhc.zi / c.zj / c.zk/ij2
R

d z2i d z2j d z2k
(16.5)

with

jhc.z1/ c.z2/ c.z3/ij2 D jz12 z23 z13j2; (16.6)

where we have defined zij D zi � zj . This means that we arbitrarily fix the positions
of three of the vertex operators, drop the corresponding integrations and insert a
reparametrization ghost at these positions. This takes care of the Jacobian of the
transformation from z1; z2; z3 to the three (complex) parameters of SL.2;C/. For
the remaining vertex operators one uses their integrated version. For three-point
functions no integral is left to do. One usually chooses for the fixed positions
z D 0; 1 and 1. For three-point amplitudes, one may keep them at arbitrary (but
fixed) values; the fact that the final amplitude has to be independent of them then
serves as a check. The ghost insertions do not change the conformal weights of the
vertex operators, as both d z and c.z/ have weight �1. Moreover, we have shown
in Chap. 5 that, if

R

d2zV.z; z/, for V independent of the b; c ghosts, is BRST
invariant, then so is c.z/c.z/V .z; z/.
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For fermionic strings we also have to deal with conformal Killing spinors.
As discussed in Chap. 13, they are dealt with by choosing the ghost pictures
for the vertex operators such that their superconformal ghost charges satisfy
P

i qi D �2. As explained there, the amplitudes are independent of the way how the
superconformal ghost charges are distributed among the various vertex operators.
The particular choice is a matter of convenience.

If we bosonize the world-sheet fermions, then all states are characterized by a
weight vector of SO.1; 9/. These weight vectors must add up to zero. The covariant
meaning of this is that the tensor product of the various SO.1; 9/ representations
must contain the trivial representation. Finally the space-time momenta ki must add
to zero.

The construction of vertex operators for string excitations uses the operator-state
correspondence. For instance, a tachyon of the bosonic string corresponds to the
state jki with k2 D 4=˛0. The vertex operator which creates this state from the
SL.2;Z/ invariant vacuum is1

V.k/ D eik�X.z;z/; k2 D �m2 D 4

˛0
; (16.7)

cf. Chap. 4. The graviton of the bosonic string is the state ���.k/˛
�
�1˛

��1jki with
associated vertex operator

V.k; �/ D � 2
˛0
���.k/ @X

�.z/ @X�.z/ eik�X.z;z/; (16.8)

where we used limz!0 i@X.z/jki D
q

˛0

2 ˛�1jki . Here, ��� denotes a polarization
tensor, on which BRST invariance imposes the on-shell conditions k���� D
���k

� D 0 and k2 D 0. The polarization tensor is the wave function of the
string excitation in momentum space. The above vertex operators represent either
a graviton (h��), an anti-symmetric tensor (B��) or a dilaton (D), depending
on whether the polarization tensor is symmetric and traceless, anti-symmetric or
transverse diagonal. We decompose a general transverse ��� accordingly and call

the three irreducible, pieces �.h/�� ; �
.B/
�� and �.D/�� :

graviton: �.h/�� D �.h/�� ; �.h/�� �
�� D k��.h/�� D 0;

antisym. tensor: �.B/�� D ��.B/�� ; k��.B/�� D 0;

Dilaton: �.D/�� D
1p
d � 2.��� � k�k� � k�k�/; k��.D/�� D 0:

(16.9)

1Here and below we often drop normal ordering symbols.
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k� is an auxiliary vector which satisfies k
2 D 0 and k � k D 1.2 Sometimes we

will refer to these polarizations collectively as �.G/�� . If we normalize the ver-
tex operators such that for each of the three irreducible components the state
j�; ki D limz;z!0 V .k; �; z; z/j0i D �.G/�� ˛

�
�1˛

��1jki is normalized, i.e. hk0; �jk; �i D
.2�/d ı.d/.kCk0/, we need to require �.G/�� �.G/�� D 1. The three polarization tensors
are mutually orthogonal, e.g. �.D/���.G/�� D 0.

Consider the holomorphic operator

V.k; �; z/ D
r

2

˛0
��.k/ i@X

�.z/ eik�X.z/; (16.10)

which is essentially the holomorphic part of (16.8). Under �� ! �� C 	k� it
changes as3

ıV .k; �; z/ D 	
r

2

˛0
ik�@X

�.z/eik�X.z/ D OL�1
 

	

r

2

˛0
eik�X.z/

!

; (16.11)

i.e. by a descendant field. In Chap. 4 we have shown that Virasoro descendants
decouple from string scattering amplitudes. In other words, correlation functions
containing vertex operators (16.8) should be invariant under ��� ! ���Ck�
� (with
k � 
 D 0 to preserve transversality). But these are just the changes of the graviton
under infinitesimal diffeomorphisms, ıh�� D @�
�C@�
� and of the antisymmetric
tensor under gauge transformations ıB D d
. This also shows the independence
of the amplitudes of the choice of the vector k. Changing it by k ! k C l , with
k � l D 0, leads to a change of the polarization tensors of the form just discussed.
Taking into account this gauge freedom, one verifies that the number of physical
degrees of freedom for the graviton, anti-symmetric tensor and dilaton is the same
as what we derived in Chap. 3 when we analyzed the massless spectrum of the closed
string in light-cone gauge.4

For the fermionic string and the holomorphic sector of the heterotic string the
construction of vertex operators is more involved. This is due to the appearance of
spin fields and the issue of ghost pictures. For instance, the superstring graviton
vertex operator in the canonical ghost picture is

2Given ��� the symmetric-traceless piece is 1
2
.��� C ���/� ���

d�2
.��� � k�k� � k�k�/.

3	 is a constant which makes 	k dimensionless.
4The anti-symmetric tensor is slightly tricky, so let us give some details. An unconstrained anti-
symmetric tensor ��� in d dimensions has 1

2
d.d � 1/ independent components. The transversality

condition k���� D 0 imposes .d � 1/ constraints (because of the identity k����k� � 0 not all
components of k���� are linearly independent). Furthermore there is the gauge freedom ��� !
��� C k��� � k��� where transversality imposes k � � D 0. However there is a ‘gauge invariance
for the gauge invariance’, i.e. the choice �� D ak� does not change ��� . Taking all of this into
account leaves 1

2
.d � 2/.d � 3/ components.
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V.�1;�1/.k; �/ D ���.k/ e��.z/  �
.z/ e��.z/  �.z/ eik�X.z;z/

� ���.k/ V �

.�1/.k; z/ V �
.�1/.k; z/ (16.12)

with

V
�

.�1/.k; z/ D e�� �.z/ eik�X.z/: (16.13)

Its space-time part creates the state ���.k/ b
�

�1=2 Nb��1=2jki. For this state to be

normalized to one, we again require �.G/�� �.G/�� D 1.
For non-vanishing correlation functions we also need the graviton vertex operator

in the zero ghost picture which is obtained via the picture changing operation from
the one in the canonical ghost picture. This was done in Chap. 13 with the result

V.0;0/.k; �/ D 2

˛0
���.k/

�

i@X� C ˛0

2
.k �  / ��.z/

�

i@X� C ˛0

2
.k �  / ��.z/ eik�X.z;z/

� ���.k/V �

.0/.k; z/ V
�
.0/.k; z/ (16.14)

with

V
�

.0/.k; z/ D
r

2

˛0

�

i@X� C ˛0

2
.k �  / �

�

eik�X.z/: (16.15)

For the heterotic string, the graviton vertex operators in the two ghost pictures are

V.�1/.k; �/ D
r

2

˛0
���.k/ i@X

�.z/ e�� �.z/ eik�X.z;z/;

V.0/.k; �/ D 2

˛0
���.k/ i@X

�.z/
�

i@X� C ˛0

2
.k �  / ��.z/ eik�X.z;z/; (16.16)

and the heterotic gauge bosons vertex operators are

V a
.�1/.k; �/ D ��.k/ J

a.z/ e�� �.z/ eik�X.z;z/;

V a
.0/.k; �/ D

r

2

˛0
��.k/ J

a.z/

�

i@X� C ˛0

2
.k �  / �

	

.z/ eik�X.z;z/; (16.17)

where �� is a polarization vector which satisfies the on-shell condition k��� D 0

and the normalization ���� D 1. Here, J a are Kač-Moody currents normalized as
hJ a.1/ J b.0/i D ıab (see Eqs. (11.17) and (11.20)). For differently normalized
currents J a we have to rescale the above vertex operators in order to be able
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to compare the string amplitude with field theory amplitudes with canonically
normalized gauge fields.

So far all vertex operators were in the NS sector. For the R sector we need
spin fields, where from Eq. (13.76) we already know the vertex operator of the
gravitino (at zero momentum). We therefore have the vertex operator for the
heterotic gravitino and dilatino in the canonical ghost picture

V.� 12 /.k; u/ D .˛
0/�

1
4 u˛�.k/ i@X

�.z/ e�
1
2 � S˛.z/ e

ik�X.z;z/ (16.18)

with k2 D 0; k�u�˛ D 0 and 6 ku� D 0 as required by BRST invariance. Here
S˛ is a chiral spinor, say of the (S) conjugacy class of SO.1; 9/. Spinors in the
(C) conjugacy class are S P̨ . u˛� is the spinor wave function in momentum space. It

splits into two irreducible pieces of opposite chiralities, u�˛ D
�

u�˛ � 1
10
.�/˛

P̌
. �

u/ P̌
� C 1

10
.�/˛

P̌
. � u/ P̌ � Qu�˛ C .�/˛

P̌u P̌ , the gravitino Qu�˛ with � Qu� D 0

and the dilatino u P̨ . The vertex operator (16.18) follows from the graviton vertex
operator by the action of the space-time supercharge. We have not fixed the absolute
normalization of the fermion vertex operators. This could be done by comparing
scattering amplitudes, e.g. the two gravitino-one graviton amplitude, with the field
theory amplitude, but we will not do this.

The gravitini and dilatini vertex operators for the type IIA/B superstrings easily

follow from this expression by the replacement i@X� !
q

˛0

2
e�� �

. This yields
the vertex operators V.�1;� 1

2 /
. In addition, there is a second gravitino and dilatino

with vertex operators

V.� 12 ;�1/.k; u/ D
8

<

:

.˛0/� 14 u˛�.k/ S
.�1=2/
˛ .z/  �.�1/.z/ eik�X.z;z/ (IIB)

.˛0/� 14 u P̨�.k/ S
.�1=2/
P̨ .z/  �.�1/.z/ eik�X.z;z/ (IIA):

(16.19)

For the gravitino in the C 1
2

picture we replace the holomorphic part according to
Eq. (13.83).

Often it is convenient to consider the spin fields and the  � together with the

superconformal ghost factor and to define e.g.  .�1/� D e�� � and S
.� 12 /
˛ D

e� 12 �S˛. As we have discussed in Chap. 15, these combinations are characterized
by weight vectors of D5;1, where states in the NS sector are in the (0) conjugacy
class while states in the R sector are either in the (S) or the (C) conjugacy class,
depending on the GSO projection. Vertex operators in the (0) conjugacy class are
space-time bosons and vertex operators in a spinor conjugacy class are space-time
fermions.

The vertex operators for heterotic gaugini are

V a

.� 12 /.k; u/ D
1p
2
.˛0/

1
4 u˛.k/ J

a
.z/ S

.� 12 /
˛ .z/ eik�X.z;z/: (16.20)
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Vertex operators for RR fields can also be constructed. For a p-form potential it is,
in the canonical ghost picture,

V.� 12 ;� 12 /.k; �/ D
p
2˛0

8
p

pŠ
F�1:::�pC1

S
.� 1

2 /
˛ .� �1:::�pC1 /˛ˇ S

.� 12 /
ˇ eik�X p even;

V.� 12 ;� 12 /.k; �/ D
p
2˛0

8
p

pŠ
F�1:::�pC1

S
.� 12 /
˛ .� �1:::�pC1/˛

P̌
S
.� 12 /
P̌ eik�X p odd;

(16.21)

where the p-even/odd forms are for the type IIB/IIA superstring. BRST invariance
requires

k�1F�1:::�pC1
D 0 and kŒ�1F�2:::�pC2� D 0: (16.22)

These physical state conditions imply that the vertex operator represents the field
strength of the p-form rather than the field itself; they are the field equation and the
Bianchi identity, respectively. They imply F�1:::�pC1

D .p C 1/kŒ�1��2:::mpC1� with
k2 D 0 and k�1��1:::�p D 0.5 The normalization of the vertex operators will be
checked when we compare to field theory in the next section.

The vertex operators we have constructed so far are for the string in its critical
dimension. For the graviton, anti-symmetric tensor and dilaton they are also valid for
the compactified theory, with the only change that the range of the space-time vector
index is restricted to be along the non-compact directions and the amplitudes which
contain only fields in the NS sectors are therefore also correct for the compactified
theory. Other vertex operators receive explicit dependence of the internal CFT. For
further details we refer to our discussion in Sect. 15.4.

GSO projection guarantees that correlation functions have no branch cuts, i.e. are
single valued. Three point functions are independent of the three arbitrarily chosen
positions of the vertex operators. Four-point functions, after the choice z1 D 0,
z2 D 1, z4 D 1 lead to an integral of the general form

5This is shown as follows: k� D .k0; kkk/, together with k
� D .�k0;kkk/ and .d � 2/ transverse

polarization vectors ei� allow us to decompose

F�1:::�pC1
D ai1:::ipC1

e
i1
Œ�1
� � � eipC1

�pC1�
C �bi1:::ip kŒ�1 C ci1:::ip kŒ�1

�

ei1�2 � � � eip�pC1�

C di1:::ip�1kŒ�1k�2e
i1
�3
� � � eip�1

�pC1�
:

If we impose (16.22) we find a D c D d D 0 and k2b D 0. This also shows that the number of

propagating degrees of freedom equals the number of components of bi1:::ip , i.e.



d�2
p

�

.
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Z

d2z jzj˛j1� zjˇzn.1 � z/m

D 2�.�1/mCn�
�

1CnC 1
2
˛
�

�
�

1CmC 1
2
ˇ
�

�
��1�n�m � 1

2
.˛Cˇ/�

�
�� 1

2
˛
�

�
�� 1

2
ˇ
�

�
�

2C 1
2
.˛ C ˇ/� :

(16.23)

The integral will be performed in the appendix. It is a meromorphic function of
the parameters m; n; ˛; ˇ, which in case of string amplitudes are functions of the
momenta. The integral is potentially divergent at z D 0; 1;1. It exists for a certain
region in complex momentum space and outside this region it is defined by analytic
continuation. This is a general feature of higher point string amplitudes, where it is
not a priori clear that there always exists a region in momentum space where the
integral converges.

We are now almost ready to compute a few scattering amplitudes. But we still
have to comment on the normalization of the vertex operators and the scattering
amplitudes. First, we multiply each closed string vertex operator by a constant
gc � gs . Normalization factors related to the positions of the vertex operators, (e.g.
d2z vs. 1

2�
d 2z) are absorbed in gc . Comparison of the string scattering amplitudes

with the amplitudes computed from the low-energy effective action will establish the
relation between gc and the gauge and gravitational coupling constants appearing
in the low-energy effective action. Note that all closed string vertex operators are
multiplied by the same gc , because they all correspond to excitations of the closed
string. Second, we know from the general discussion of Chap. 6 that all tree-level
amplitudes are multiplied by CS2 . Normalization constants from the measure on
the CKG are absorbed into CS2 as well as various other measure factors from
the functional integrals. CS2 , which should be proportional to g�2c � g�2s , will be
determined by requiring unitarity of the amplitudes. Finally, we assume space-
time momentum conservation in all correlation functions and drop the momentum
conserving delta-function which arises from the integration over the zero modes of
X� in the functional integral.

The simplest three-point amplitude is the three-tachyon amplitude of the bosonic
string

A D CS2g3c hccV.1/ ccV .2/ ccV .3/i D g3c CS2; (16.24)

where we used the vertex operators (16.7) and the on-shell constraint ˛
0

2
ki �kj D �2

for i ¤ j .
A less trivial example is the three gauge boson amplitude in the heterotic string

Aabchet .k1; �1I k2; �2I k3; �3/ D CS2g3c hccV a
.�1/.1/ ccV b

.�1/.2/ ccV c
.0/.3/i (16.25)

with the vertex operators (16.17). For gauge group SO.2n/ the level-one Kač-
Moody currents can be expressed in terms of free fermions (cf. Eq. (11.95) on
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page 341)

J a D 1

2
W i j W T aij ; (16.26)

where T aij are representations matrices in the vector representation normalized such

that tr .T aT b/ D 2ıab , i.e. hJ a.1/ J b.0/i D ıab . This corresponds to root vectors
with .length/2 D 2 which implies a normalization of the weight vectors in the
vector representation to .length/2 D 1.6

The evaluation of (16.25) is straightforward. It factors into several independent
pieces. They are easily computed using Wick’s theorem (some details are given in
the next example). The three point function of the level-one Kač-Moody currents is

hJ a.z1/ J b.z2/ J c.z3/i D 1

z12z13z23

1

2
tr v.ŒT

a; T b�T c/ D i f abc

z12z13z23
(16.27)

with zij D zi � zj . The final answer for this amplitude is7

Aabchet .k1; �1I k2; �2I k3; �3/ D �iCS2 g3c
r

˛0
2
f abc t�1�2�3 �.1/�1 �

.2/
�2
�.3/�3 ;

(16.28)

where we have abbreviated

t�1�2�3 D ��1�2 k�32 C ��2�3 k�13 C ��3�1 k�21 : (16.29)

In the derivation of this result we have used momentum conservation k1 C k2 C
k3D 0 from which, together with k2i D 0 for massless particles, it follows that ki �
kj D 0. We have also used the fact that the momentum vectors will be contracted
with transverse polarization vectors, i.e. we can replace e.g. k�21 ! �k�23 since

k
�2
2 ��2 D 0.8 One easily verifies that the amplitude is invariant under �.i/� ! �

.i/
� C

	k
.i/
� , which is nothing but gauge invariance.
The generalization to gauge groups G which arise from the left-moving sector

of the heterotic string with a level k Kač-Moody algebra is straightforward. The
currents J a.z/ satisfy

J a.z/ J b.w/ D kıab

.z � w/2
C if abcJ c.w/

.z � w/
C : : : (16.30)

6For a general compact simple Lie algebra we can choose Hermitian generators such that
tr R.T aT b/ D CRı

ab where CR D 1
rank.G/

P

.	; 	/ and the sum is over all weights of the

irreducible representation R. The structure constants are defined as ŒT a; T b� D if abcT c . They
depend on the normalization of the roots.
7We should caution the reader that we are not careful about overall phases of the amplitudes.
8Strictly speaking this amplitude vanishes, because for three massless particles the momenta must
be co-linear. This can be avoided by allowing complex momenta.



598 16 String Scattering Amplitudes and Low Energy Effective Field Theory

so that the normalization of the Kač-Moody currents is

hJ a.z/ J b.w/i D kıab

.z � w/2
: (16.31)

Therefore, to relate the three gauge boson amplitude for level k to the one computed
before, which was at level one, we need to define rescaled currents QJ a.z/ D
J a.z/=

p
k whose two point function is normalized to ıab and we have to replace

J a in the vertex operators by QJ a.
This leads to

h QJ a.z1/ QJ b.z2/ QJ c.z3/i D if abc=
p
k

z12 z13 z23
(16.32)

and the three gauge boson amplitude becomes

Aabchet .k1; �1I k2; �2I k3; �3// D �iCS2g3c
r

˛0
2

1p
k
f abc t�1�2�3 �.1/�1 �

.2/
�2
�.3/�3 :

(16.33)

Next, consider the scattering of two gaugini and one gauge boson of the heterotic
string

Aabchet .k1; u1I k2; u2I k3; �3/ D CS2g3c hccV a

.� 12 /.1/ ccV
b

.� 12 /.2/ ccV
c
.�1/.3/i: (16.34)

The gaugino vertex operators are those of (16.20). The only correlator which
deserves attention is

hS˛.z1/Sˇ.z2/ �.z3/i D 1p
2

�

˛ˇ

1

z3=412 z1=213 z1=223
: (16.35)

The zi dependence follows from (4.86) and the overall normalization from the
OPEs (13.8). The Lorentz structure of these relations is fixed by covariance and
the normalization e.g. by using the explicit bosonization formulas for S˛ and  �.
The amplitude (16.34) is then

Aabchet .k1; u1I k2; u2I k3; �3/ D ig3cCS2
r

˛0

8
��.k3/ u˛.k1/

�

˛ˇuˇ.k2/ f
abc : (16.36)

Our next example is the heterotic three graviton amplitude. We need to compute

Ahet.k1; �1I k2; �2I k3; �3/ D g3cCS2hccV.�1/.1/ ccV.�1/.2/ ccV.0/.3/i (16.37)

with the vertex operators of Eq. (16.16). This requires the evaluation of the
correlator hQ3

iD1 i@X�i .zi /eiki �X.zi /i. An efficient way to evaluate it and similar
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correlators is to use the representation

i�j � @Xeikj �X.zj / D exp



i
�

kj �X.zj /C �j � @X.zj /
�

�ˇ

ˇ

ˇ

linear in �j
(16.38)

and
D
Y

i

exp
�

i
�

ki�X
�.zi /C �i�@X�.zi /

��

E

D
Y

i<j

.zi � zj /
˛0

2 ki �kj exp

8

<

:

˛0

2

X

i<j

�i � �j
.zi � zj /2

C ˛0

2

X

i¤j

kj � �i
.zi � zj /

9

=

;

: (16.39)

Upon expanding, using momentum conservation and the fact that the indices will be
contracted with transverse polarization tensors, one finds

D
3
Y

iD1
i@X�i .zi /e

iki �X.zi /
E

D
�

˛0

2

�2 �

t�1�2�3 C ˛0

2
k�13 k

�2
1 k

�3
2

�

.z12z13z23/
�1:

(16.40)

The final expression for the amplitude is

Ahet.1I 2I 3/ D 1

2
˛0g3cCS2 t�1�2�3 t�1�2�3 �.1/�1�1.k1/ �

.2/
�2�2

.k2/ �
.3/
�3�3

.k3/C O.k4/

D 1

2
˛0g3cCS2

n

.�T
1 �2/.k2�3k2/C .k2�3�T

2 �1k3/C .k2�3�T
1 �2k1/

Ctwo permutations
o

C O.k4/; (16.41)

where the notation implies index contractions on neighboring objects inside each
bracket, e.g. .k2�3k2/ D k

�
2 �

.3/
�� k

�
2 and .�2�3/ D �.2/���

.3/��. This amplitude is
also correct for the compactified heterotic string. Dropping the O.k4/ terms, it is
also valid for type II strings. Since we only used transversality of the polarization
tensors, (16.41) is also valid for antisymmetric tensors and dilatons. This amplitude
is invariant under �.1/�� ! �

.1/
�� C k.1/� 
� (with k.1/ � 
 D 0), etc.

The last closed string three-point amplitude which we will compute is the
scattering of two RR p-form fields and one graviton in type IIB theory. The first
part of the computation is straightforward. It gives

A.k1; �
.1/I k2; �.2/I k3; �.G//

D g3c CS2
˛0

64pŠ
�.G/�� k1�1 �

.1/
�2:::�pC1

k2�1 �
.2/
�2:::�pC1

tr .� �� �1:::�pC1� �� �1:::�pC1/ ;

(16.42)
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where �.1/ and �.2/ are the polarization tensors of the two p-forms. What remains is
mainly Dirac algebra. In the case where G D h, we find

A D ˛0

2
g3c CS2 h��.k3/ F

.1/��2:::�pC1F .2/�
�2:::�pC1

(16.43)

with F�1:::�pC1
D k�1��2:::�pC1

Ck�2��3:::�pC1�1Ccycl:: For the dilaton, i.e.G D D,
(16.42) becomes

A D ˛0

4
p
2
g3c CS2

.p � 4/

.p C 1/ D F .1/
�1:::�pC1

F .2/�1:::�pC1 ; (16.44)

where the factorD is inserted to keep track of the dilaton polarization.
Four point amplitudes are cumbersome to compute, either because of the

presence of spin fields and/or the large number of contractions one has to perform
which lead to a rather complicated kinematic structure. The simplest four-point
amplitude is the four-tachyon amplitude of the closed bosonic string which is

A
.4/

bos.k1I k2I k3I k4/ D g4cCS2
Z

d2z3hccV.1/ ccV .2/V .3/ ccV .4/i (16.45)

with the tachyon vertex operator as in (16.7). The correlation function is easy to
compute and results in

jz12z14z24j2
Y

i<j

jzi � zj j˛0ki �kj : (16.46)

If we now fix the positions of the three unintegrated vertex operators to z1 D 0,
z2 D 1, z4 D 1 and use momentum conservation, i.e. k1 C k2 C k3 C k4 D 0, we
obtain, with the help of (16.23)

A4bos.k1I k2I k3I k4/ D g4cCS2
Z

d2z jzj˛0k1�k3 j1 � zj˛0k2�k3

D 2�g4cCS2
� .˛.s// � .˛.t// � .˛.u//

� .˛.t/C ˛.u// � .˛.s/C ˛.u// � .˛.s/C ˛.t// ;
(16.47)

where

˛.s/ D �1 � ˛
0

4
s (16.48)

and s; t; u are the Mandelstam variables, the three kinematic invariants of a four-
point scattering amplitude
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s D �.k1 C k2/2 D �2k1 � k2 Cm2
1 Cm2

2 D �2k3 � k4 Cm2
3 Cm2

4;

t D �.k1 C k3/2 D �2k1 � k3 Cm2
1 Cm4

3 D �2k2 � k4 Cm2
2 Cm2

4;

u D �.k1 C k4/2 D �2k1 � k4 Cm2
1 Cm2

4 D �2k2 � k3 Cm2
2 Cm2

3: (16.49)

They satisfy

s C t C u D m2
1 Cm2

2 Cm2
3 Cm2

4: (16.50)

For the closed bosonic string tachyonm2 D � 4
˛0 .

Recall the properties of the Gamma-function � .x/. It has no zeros but single
poles at x D �n D 0;�1;�2; : : : with residues .�1/n=nŠ. We thus see that in
each of the three channels the amplitude has an infinite number of simple poles
but there are no higher order poles. For instance, in the s-channel, the poles are at
s D � 4

˛0 ; 0;
4
˛0 ;

8
˛0 ; : : : . But these are precisely the masses of the excitations of the

closed bosonic string. Their vertex operators appear in the operator product of two
closed string tachyon operators. In other words, if we consider tachyons 1 and 2 as
incoming and choose their momenta such that .k1 C k2/2 is �m2 of a closed string
excitation, the amplitude has a pole. The same discussion applies to the other two
channels. The fact that the amplitude is completely symmetric in the three channels
and that it exhibits an infinite number of poles in each channel is called (channel)
duality and this is the origin for the name dual resonance models. String theory
started from amplitudes of this type which were postulated in order to reproduce
scattering results of hadronic resonances. Shortly afterward, it was realized that they
can be derived from a theory of relativistic strings. The amplitude (16.47) is called
Virasoro-Shapiro amplitude.

We can factorize the amplitude (16.47) on the tachyon pole in the s-channel

A.k1I k2I k3I k4/
s!� 4

˛0� g4cCS2
8�

˛0
1

.k1 C k2/2 � 4
˛0

ŠD A.k1; k2;�.k1 C k2// 1

.k1 C k2/2 � 4

˛0
A.k3; k4;�k3 � k4/

D g6c C
2
S2

.k1 C k2/2 � 4
˛0

: (16.51)

By unitarity we can conclude that

CS2 D
8�

˛0g2c
: (16.52)

The same result is obtained if we factorize a four-point amplitude of the heterotic or
the type II string, but the computations are more involved.
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Open String Scattering Amplitudes

So far we have considered scattering amplitudes of closed oriented strings. This is
all that is needed for the heterotic string. In theories with D-branes, however, there
are open strings and there are massless open string excitations. We therefore need
to compute string scattering amplitudes on world-sheets with boundaries. As for the
closed string, we compute tree amplitudes of massless excitations.

The oriented open string tree level world-sheet has one boundary. It may be
mapped to the disk D2 D fz2C W jzj � 1g or to the upper half plane HC D fz 2
C j Im.z/ > 0g. The map between them was given in (4.140). The disk and the
upper half plane are quotients of the sphere by Z2, where Z2 acts as z ! 1=z and
z ! z with fixed points jzj D 1 and z D z, respectively. These representations of
D2 and HC are useful to determine the propagators via the method of images. The
conformal Killing group is the subgroup of PSL.2;C/ which commutes with the
Z2 action. For D2 it is SU.1; 1/ (the matrices (4.39) with c D b; d D a) and for
HC it is PSL.2;R/ (the matrices (4.39) with a; b; c; d 2 R). Of course, these two
groups are isomorphic.PSL.2;R/ (SU.1; 1/) maps the upper half plane (D2) 1�1
to itself and the real axis (unit circle) to the real axis (unit circle). In the following
we work on the upper half plane, but we will often refer to it as the disk.

In theories with D-branes massless fields like gauge fields or matter fields are
open string excitations which are localized on the D-brane world-volume. Hence
the boundary of the disk diagram—the end-points of an open string—is attached to
the D-brane world-volume and open string vertex operators are inserted at boundary
points of the disk. On the other hand, graviton, dilaton and anti-symmetric tensor
fields, etc. are closed string excitations and are not confined to D-branes. They can
propagate through the entire space-time and their vertex-operators are inserted in
the interior of the disk. To summarize, vertex operators for open string states are
inserted at the boundary of the disk while the closed string vertex operators are
inserted in the interior of the disk. A general amplitude has Nc closed and No open
string insertions and has the general form

A � gNcC 1
2No�1

s

Z QNo
1 dxi

QNc
i d 2zi

VCKG
hV1.x1/ � � �VNo.xNo/V1.z1; z1/

� � �VNc .zNc ; zNc /iD2: (16.53)

The closed string vertex operators are integrated over the upper half plane whereas
the open string vertex operators are integrated over the real axis.

The three parameters of PSL.2;R/ can be used in various ways, e.g. to fix the
positions of three open string vertex operators, or the position of one closed string
and one open string vertex operator or to fix the position of one closed string vertex
operator and to restrict a second closed string vertex to the positive imaginary axis.
The Jacobian of the transformation from the fixed coordinates to the parameters of
PSL.2;R/ can be represented as the correlation function of three ghost insertions.
The fixed positions are, of course, not integrated over. Note that we have to make
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sure that the fixed positions can be obtained from generic positions by means of a
PSL.2;R/ transformation. For instance, PSL.2;R/ transformations preserve the
cyclic order of points on the compactified real axis.9 We therefore have to sum over
the different cyclic orders of the unintegrated vertex operators where the different
terms come with relative minus signs if the vertex operators are Grassmann odd
which is the case for states in the R sector.

Due to the presence of the boundary along the real axis, there are non-trivial two-
point functions between left- and right-moving fields; see the discussion in Chaps. 3
and 4. We can summarize the boundary conditions on the world-sheet fields along
the real axis in the presence of a Dp-brane as (X.z; z/ D X.z/CX.z/)

X�.z/ D D�
� X

�
.z/;  �.z/ D D�

�  
�
.z/ at z D Nz D x; (16.54)

where we have used the matrix defined in (4.169)

D�
� D .ı˛ˇ;�ıi j /;

˛; ˇ D 0; : : : ; p � 1 (NN directions)

i; j D p; : : : ; 9 (DD directions)
: (16.55)

One should not confuse the indices ˛; ˇ; : : : along the N directions with spinor
indices for which we also used small Greek letters. The two-point functions
are (16.2) and

hX�.z/ X
�
.w/i D �˛

0

2
D�� ln.z � w/;

h �.z/  �
.w/i D D��

.z � w/
;

h�i.z/ �j .w/i D �ıij ln.z� w/;

h�.z/ �.w/i D � ln.z � w/: (16.56)

A simple way to get these is to use the doubling trick. For instance, define  .w0/ D
 .w/, w0 2 H� and use (16.2).10 The additional sign in the fermionic two point
functions for Dirichlet conditions is due to the relative sign between left- and right-
movers in (7.70).

9On the disk the conformal Killing group preserves the cyclic order of points on the boundary of
the disk.
10If we work on D2 rather than HC, there is a nontrivial Jacobian, i.e.  .z/ D  .z0/




@z0

@z

�1=2

.

With z0 D 1=z one finds h .z/ .w/iD2 D i
1�zw . One verifies that this maps to the result on HC

under (4.140). An alternative way to get the disc propagator is to use the boundary state formalism
and to compute e.g. hDpj .z/ .w/j0i.
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We also need the correlation functions for the ghosts:

hc.z1/ c.z2/ c.z3/i D .z1 � z2/.z1 � z3/.z2 � z3/;

hc.z1/ c.z2/ c.z3/i D .z1 � z2/.z1 � z3/.z2 � z3/: (16.57)

For a ghost field inserted on the boundary c.x/ D c.x/
The correlation functions (16.56) are also valid, if we move insertion points to

the boundary. Specifically, we obtain

hX˛.x/Xˇ.x0/i D �2˛0�˛ˇ log jx � x0j .N/;

h@nXi .x/ @nX
j .x0/i D 2˛0 ıij

.x � x0/2 .D/;

h �.x/ �.x0/i D ���

x � x0 .N and D/; (16.58)

where x; x0 2 R. The factor four in the first two lines relative to the two-point
functions in (16.2) and (16.56) is due to X.x/ � X.z; z/jzDzDx.

With the help of Wick’s theorem one then obtains the following basic correlator

D
No
Y

iD1
eili �X.xi /

Nc
Y

jD1
eikj �X.zj ;zj /

E

D
Nc
Y

i<j

jzi�zj j˛0ki �kj jzi�zj j˛0ki �D�kj
Nc
Y

i

jzi�zi j ˛
0

2 ki �D�ki

�
No
Y

i<j

jxi�xj j2˛0li �lj
No
Y

iD1

Nc
Y

jD1
jxi�zj j˛0li �kj : (16.59)

Note the contributions from self-contractions between left- and right-moving parts
of closed string vertex operators.

Let us now discuss open string vertex operators. The simplest is the tachyon of
the bosonic string:

V.k; x/ D eik�X.x/; k2 D �m2 D 1

˛0
: (16.60)

More interesting are the massless excitations of D-branes. The bosonic fields
on a space-time filling D-brane, where the boundary conditions in all directions
are Neumann, are the gauge bosons. For a Dp-brane, which one obtains e.g. by
T -dualities along 9 � p directions, the directions perpendicular to the brane have
D-boundary conditions and the components of the vector fields in these directions
become scalar fields. They also transform in the adjoint representation of the gauge
group. In the canonical ghost picture we have the following vertex operators:
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V a
.�1/.k; �; x/ D 	a �˛.k/  

˛ e�� eik�X.x/ (gauge boson);

V i;a
.�1/.k; x/ D 	a  i e�� eik�X.x/ (transverse scalar); (16.61)

where 	a is a Chan-Paton factor. In contrast to closed string vertex operators, the
momentum k of open string operators has only components along the world-volume
of the D-brane, i.e. k �X D k˛X˛. (Recall that there is no center-of-mass momentum
in D-directions.) The Chan-Paton factors are normalized to tr .	a	b/ D ıab .

We also need the vertex operators in the zero-ghost picture. We use the doubling
trick to write the picture changing operator as a holomorphic operator in the complex
plane (rather than a holomorphic and an antiholomorphic operator in the upper half
plane) and define V.0/.x/ D limz!x Z.z/V.�1/.x/ where Z is the picture changing
operator. In this way we obtain

V a
.0/.k; �; x/ D

1p
2˛0

	a �˛.k/
�

i@tX
˛ C 2˛0.k �  / ˛� eik�X.x/;

V
i;a
.0/ .k; x/ D

1p
2˛0

	a
�

@nX
i C 2˛0.k �  / i � eik�X.x/: (16.62)

Here we have used that on the real axis, @X˛ D 1
2
@tX

˛ and @Xi D � i
2
@nX

i . If
we parametrize the complex plane as z D x C iy, then @t D @x and @n D @y .
Furthermore, k �  D k˛ ˛ .

The vertex operator for a gaugino in the canonical ghost picture is

V a

.� 12 /.k; u; x/ D ˛
01=4 	a u˛.k/ e� 12 � S˛ eik�X.x/: (16.63)

The normalization will be justified later. This is valid for gaugini on D9 branes. For
lower dimensional Dp-branes, e.g. for p D 3, one decomposes the SO.1; 9/ positive

chirality spin fields S˛ as .Sa˙I ; S Pa˙
I
/ where Sa and S Pa are positive and negative

chirality SO.1; 3/ spinors and˙I , I D 1; 2; 3; 4 are fields with conformal weight 3
8
.

Recalling the bosonized form of the spin fields, the ˙I can be represented in terms

of three free bosons, .˙I ;˙
I
/ D exp.i.˙�1 ˙ �2 ˙ �3/=2/ with an (even,odd)

number of minus signs (c.f. the discussion in Chap. 15).
Since D-branes are treated as infinitely heavy objects, they can absorb momen-

tum in the transverse directions. Consequently only momentum parallel to the
branes is conserved. If we define

k D 1

2
.1CD/k C 1

2
.1 �D/k D kk C k?; (16.64)

then

X

k
.i/

k D 0 (16.65)

for non-vanishing correlation functions. Of course, open string states have k? D 0.



606 16 String Scattering Amplitudes and Low Energy Effective Field Theory

We now turn to examples. In analogy to the closed string, we multiply each vertex
operator by go and each amplitude by CD2 . The coupling go will be determined by
comparison with the effective field theory and CD2 by unitarity.

The simplest example is once again the three tachyon amplitude of the open
bosonic string: via an PSL.2;R/ transformation, we can map the positions of the
three vertex operators to some fixed positions on the real axis as long as we do not
change their cyclic order. There are two different orders for three points and we
have to sum over them. The correlator of the three ghost insertions reproduces the
Jacobian jx12x13x23j of the change of variables from .x1; x2; x3/ to the parameters
of PSL.2;R/. The normalization which has to do with the change of variables is
absorbed into the factor CD2 . But we have to keep track of relative normalizations
which arise from different choices of fixing PSL.2;R/; cf. Footnote 11 on page
611. The normalization of the integration over the vertex operator positions is
absorbed in go. This leads to the expression

A .k1I k2I k3/
D g3oCD2 fhcV.k1; x1/ cV .k2; x2/ cV .k3; x3/i C .k1 $ k2/g : (16.66)

Using ki � kj D � 1
2˛0

for i ¤ j , which is implied by momentum conservation and
the on-shell conditions, one verifies that the amplitude is independent of the xi (as
it must) and one finds

A.k1; k2; k3/ D 2g3o CD2: (16.67)

Our next example is the three gluon amplitude in superstring theory:

Aabcopen.k1; �1I k2; �2I k3; �3/

D CD2 g
3
o tr

n

hcV a
.�1/.k1; �1; x1/ cV b

.�1/.k2; �2; x2/ cV c
.0/.k3; �3; x3/i

C .a; k1; �1/$ .b; k2; �2/
o

D p2˛0 g3o CD2 tr .Œ	a; 	b�	c/ �.1/�1 �
.2/
�2
�.3/�3 t

�1�2�3 (16.68)

with t�1�2�3 as in (16.29). Note that Eq. (16.68) holds for a D-brane of any
dimension as long as we restrict the polarization vectors and the momenta to be
parallel to the brane.

The amplitude for the scattering of two gaugini and one gauge boson is

Aabc.k1; u1I k2; u2I k3; e3/

D CD2g
3
o tr
n

hcV a

.� 12 /.k1; u1; x1/ cV
b

.� 12 /.k2; u2; x2/ cV
c
.�1/.k3; u3; x3/i

� .a; k1; u1/$ .b; k2; u2/
o

: (16.69)
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The origin of the relative sign is that when we go to the second cyclic ordering we
exchange the positions of the two gluini whose vertex operators are Grassmann odd.
The final result for this amplitude is

Aabc.k1; u1I k2; u2I k3; e3/ D
r

˛0
2
g30 CD2 ��.k3/ u˛.k1/ 

�

˛ˇ uˇ.k2/ tr .Œ	a; 	b�	c/:

(16.70)

As it stands, the result is valid for a D9 brane and all indices are SO.1; 9/ indices.
But it can be generalized to, say, a D3-brane by simply replacing the kinematic
factor by u˛.k1/

�

˛ P̌u
P̌
.k2/ where all indices are SO.1; 3/ indices.

Four and higher point amplitudes of open strings are more involved and in gen-
eral rather tedious to compute. The general form of open string 4-point amplitudes is

A.4/ D
X

�2S4=Z4
V �1CKG

Z

I�

4
Y

kD1
dxk hV˚1.x1/ V˚2.x2/ V˚3.x3/ V˚4.x4/i: (16.71)

One has to sum over all six in-equivalent cyclic orderings of the four vertex
operators along the boundary of the disk, or, equivalently, along the real axis which
is compactified by adding the point at infinity. Each permutation � gives rise to an
integration region I� D fx�.1/ < x�.2/ < x�.3/ < x�.4/g. The factor VCKG will
be canceled by fixing three vertex positions and introducing the respective c-ghost
correlator. Depending on the ordering of the vertex operator positions, we obtain
six partial amplitudes. The first set of three partial amplitudes may be obtained by
the choice

x1 D 0 ; x3 D 1 ; x4 D1; (16.72)

while for the second set we choose:

x1 D 1 ; x3 D 0 ; x4 D 1: (16.73)

The two choices imply the ghost factor jhc.0/c.1/c.x1/ij D x21. The remaining
vertex position x2 has to be integrated along the real axis. The resulting six
arrangement of four vertex operators are indicated in Fig. 16.1.

After computing the correlation function, the integral in Eq. (16.71) can be
reduced to the Euler Beta-function:

Z 1

0

dx x˛�1 .1 � x/ˇ�1 � B.˛; ˇ/ D � .˛/ � .ˇ/

� .˛ C ˇ/ : (16.74)

This integral is also computed in the appendix.
If the vertex operators carry Chan-Paton factors, the amplitude’s group theoreti-

cal factor is determined by the trace of the product of individual Chan-Paton factors,
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Fig. 16.1 The six orderings of four open string vertex operators on the real axis

ordered in the same way as the vertex positions. If the vertex operators are fermionic,
we have to take into account signs when changing their order.

The simplest four-point amplitude is the four-tachyon amplitude of the open
bosonic string

A.k1I k2I k3I k4/ D g40CD2
Z 1

�1
dx hcV.k1; 0/cV .k2; x/V .k3; 1/cV .k4;1/i

C.k3 $ k1/

D 2g4oCD2
Z 1

�1
dx jxj2˛0k1�k2 j1 � xj2˛0k2�k3 : (16.75)

We split the integral into three regions: �1 < x < 0; 0 < x < 1 and 1 < x <1.
The integral over the second interval can be done directly with (16.74). The integrals
over the other regions are done via change of variables: x D y�1

y
maps Œ�1; 0� to

Œ0; 1� and x D 1=y maps Œ1;1� to Œ0; 1�. Performing the integrals, we obtain for the
four-tachyon amplitude

A.k1I k2I k3I k4/ D 2g4o CD2
n

B.˛.s/; ˛.t// C B.˛.t/; ˛.u//

C B.˛.u/; ˛.s//
o

;

(16.76)

where ˛.s/ D �1�˛0s and sCtCu D � 4
˛0

and s; t; u were defined in (16.49). This
is the Veneziano amplitude. It has an infinite number of simple poles in each of the
three channels. In particular there is a tachyonic pole in the s-channel. Repeating
the same unitarity argument as for the closed string tachyon, we find

CD2 D
1

˛0g2o
: (16.77)

This is also the correct value for the type I string.
It is not difficult to check that the three-point amplitude of two open and one

closed string tachyon on the disk does not vanish. One might therefore wonder
why the Veneziano amplitude has no pole corresponding to the exchange of the
closed string tachyon. The answer is simple: the closed string tachyon exchange
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i

iFig. 16.2 Closed string
exchange

occurs in the cylinder or, equivalently, annulus diagram where two open string vertex
operators are inserted on each boundary. This is clear from Fig. 16.2

The Veneziano amplitude played a central role in the early period of string
theory. It actually predated string theory and was constructed in order to reproduce
properties of measured hadronic S-matrix elements. The crucial property of the
Euler Beta-function is that it is completely determined by its poles in either of its
variables. Generally, by the Mittag-Leffler theorem, a meromorphic function can be
represented as a sum of its poles plus an entire function. For instance, the Gamma
function has the representation

� .z/ D
Z 1

0

dt e�t t z�1 D
Z 1

0

dt e�t t z�1 C
Z 1

1

dt e�t t z�1

D
1
X

nD0

.�1/n
nŠ.zC n/ C � .z; 1/; (16.78)

where the incomplete Gamma-function� .z; 1/ is analytic on the complex plane. For
the Beta-function the entire function piece is zero and one finds, using the integral
representation of the Gamma function twice

B.˛; ˇ/ D 1

� .1 � ˇ/
Z 1

0

ds

Z 1

0

dx s�ˇ e�.1�x/s x˛�1

D 1

� .1 � ˇ/
Z 1

0

ds s�ˇ e�s
Z 1

0

dx

1
X

nD0

sn

nŠ
xnC˛�1

D 1

� .1 � ˇ/
1
X

nD0

1

nŠ

1

nC ˛
Z 1

0

ds sn�ˇ e�s

D
1
X

nD0

1

nŠ.nC ˛/
� .n � ˇ C 1/
� .1 � ˇ/ D

1
X

nD0

1

nŠ.nC ˇ/
� .n � ˛ C 1/
� .1 � ˛/ :

(16.79)

The residue at the pole at ˛ D �n is an n-th order polynomial in ˇ. This expansion
gives e.g. B.˛.s/; ˛.t// a very direct interpretation in terms of exchange processes
of an infinite number of massive string excitations. It can be decomposed either as
a sum over an infinite number of s-channel or t channel poles.

A less trivial four-point amplitude is the scattering of four gauge-bosons. It is
straightforward to compute, but the fact that two of the vertex operators must be in
the zero ghost picture leads to a large number of possible Wick contractions and
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therefore to a rather complicated kinematic expression:

A.k1; �1; 	
a1 I : : : I k4; �4; 	a4 /

D g4o CD2 T a1a2a3a4 ˛0
B.�˛0s;�˛0u/

t
K4.k1; �1I : : : I k4; �4/

C.1/$ .2/C .2/$ .3/; (16.80)

where

T abcd D tr .	a	b	c	d /C tr .	d	c	b	a/ (16.81)

is the color ordering factor and K4 is the kinematic factor

K4.k1; �1I : : : I k4; �4/ D �us.�1�3/.�2�4/C 2tŒ.�1�2/.�3k2/.�4k1/

C.�1�4/.�2k1/.�3k4/C .�2�3/.�1k2/.�4k3/C .�3�4/.�1k4/.�2k3/�

C.2$ 3/C .3$ 4/: (16.82)

One can show that the kinematic factor has complete symmetry in the four external
lines, even though, a priori, only cyclic symmetry was expected. One checks that
the amplitude satisfies the Ward identity, i.e. it vanishes, if any of the polarizations
is replaced by the respective momentum.

We now examine the pole structure a little closer. We expand (use sCuC t D 0)

1

t
B.�˛0s;�˛0u/ D �1

u
B.�˛0s; 1 � ˛0u/ D

1
X

nD0

.u; n/

s �M2
n

D �1
s
B.1 � ˛0s;�˛0u/ D

1
X

nD0

.s; n/

u �M2
n

; (16.83)

where the residues

.u; n/ D 1

nŠ

� .˛0uC n/
� .˛0uC 1/

u!1� .˛0u/n�1 (16.84)

are determined by the three-point couplings of two gluons to the intermediate states
(with spin j � n). We find that the partial amplitude with color structure T a1a2a3a4

has poles is the s and u-channels at masses

M2
n D M2

s n D
n

˛0
; n D 0; 1; : : : (16.85)

of the open string excitations. There are no tachyonic poles.
There are a few differences between open string and heterotic string gauge

boson amplitudes which we want to point out. Since the open string tree level
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world-sheet has only one boundary component, the amplitudes are always single
traces over the Chan-Paton factors. In order to get double traces, we need two
boundary components, i.e. a cylinder, but this is open string one loop. It is not
difficult to see that the heterotic tree-level four-gluon amplitude has double trace
terms. This difference in the structure of the amplitude will lead to differences in
the gauge sector of the low-energy effective actions at higher orders in ˛0.

The disk amplitudes considered so far only involve open string vertex operators
which are inserted on the boundary of the disk. But we can also insert closed string
vertex operators in the interior of the disc. If we insert one closed string vertex
operator, e.g. a graviton, this does not fix the SL.2;R/ symmetry completely. But
since the remaining symmetry is U.1/ with finite volume the amplitude does not
vanish and describes e.g. the gravitational coupling of a D-brane. Mixed open/closed
string amplitudes can be considered as excited D-branes emitting and absorbing
bulk closed string modes. Our only example of this type of amplitude will be the
scattering of two open strings with one massless closed string state. The open
string excitations can be either gauge bosons or scalars and the closed string state a
graviton, B�� or dilaton.

There are various ways to fix the PSL.2;R/ invariance. One convenient way is
to insert the closed string vertex at z D i and to constrain the positions of the two
open vertices to obey x2 D �x1 D v. This leads to a Jacobian 4.1 C v2/.11 The
three-point amplitude to compute is therefore

Aab.p1; 
1Ip2; 
2I k; �/

D 4gcg2o CD2
Z C1

�1
dv .1Cv2/hV a

.0/.p1; 
1;�v/V b
.0/.p2; 
2;Cv/V.�1;�1/.k; �; i/i;

(16.86)

where we have chosen the canonical ghost picture for the graviton with polarization
� and the zero ghost picture for the two open string bosons with polarizations 
.
For a gauge boson 
? D 0 while for a transverse scalar excitation 
jj D 0. The
momenta of the open string excitations have only components parallel to the brane
and momentum conservation is p1 C p2 C kjj D 0 with p21 D p22 D 0 and
k2jj C k2? D 0. There is only one kinematic invariant,

t D �2p1 � p2 D 2p1 � k D 2p2 � k D �k2jj D k2?: (16.87)

The computation of this type of correlation functions is simplified by the following
observations: (1) open string vertex operators with momentum k have the same
form as the holomorphic part of closed string vertex operators with momentum 2k.

11Define u D 1
2
.x1 C x2/ and v D 1

2
.x1 � x2/. With z D x C iy we have d2zdx1 dx2 D

4 dx dy du dv. An infinitesimal SL.2;R/ transformation acts as ız D ˛C ˇzC z2 with ˛; ˇ; 

real. Then
ˇ

ˇ

ˇ

@.x;y;u/
@.˛;ˇ;/

ˇ

ˇ

ˇ D .1C v2/ at x D 0; y D 1; u D 0. Note that if we fix the positions of three

open strings to x1; x2; x3, the Jacobian is jx12x13x23j.
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To see this, replace X.x/ ! 2X.z/jzDx, where X.z/ is a holomorphic field with
hX.z/X.w/i D �˛0

2
log.z � w/ and where on holomorphic fields one has @t D @,

@n D i@.
(2) Use the doubling trick to rewrite closed string vertex operators. Replace

X
�
.z/! D�

� X
�.z0/;  

�
.z/! D�

�  
�.z0/; �.z/! �.z0/ (16.88)

with z0 D z 2 H�.
All correlators are now as in (16.2). Closed string vertex operators then factorize

into two holomorphic vertex operators, e.g. for the graviton

V.�1;�1/.k; �; z; z/ D D�
� ��� V

�

.�1/.Dk; z
0/ V �

.�1/.k; z/; .z0 D z/ (16.89)

with V �
.�1/.k; z/ as in (16.13). Correlation functions on the upper half plane are

thus reduced to correlation functions of the holomorphic part of closed string vertex
operators on the plane.12

The explicit evaluation of the amplitude (16.86) is straightforward but tedious.
One finds13

Aab.p1; 
1Ip2; 
2I k; �/ D � g2o gc CD2 ˛02 t tr .	a	b/�

K.p1; 
1Ip2; 
2I k; �/ � .�˛0t/
�

�

1 � ˛
0t
2

�2
(16.90)

with the kinematic factor

K.p1; 
1Ip2; 
2I k; �/ D �
�

.
2k/.
1Dk/C .
1k/.
2Dk/ � t.
1
2/
�

tr .�D/

�4.
1
2/
�

.p1�Dp2/C .p2�Dp1/
�C 2t�.
1�D
2/C .
2�D
1/

�

�2.p1
2/.kD�D
1/�2.p1
2/.
1�Dk/C 4.k
2/.
1�Dp1/C4.
2Dk/.p1�k
1/

�2.p2
1/.kD�D
2/�2.p2
1/.
2�Dk/C4.k
1/.
2�Dp2/C4.
1Dk/.p2�k
2/:
(16.91)

If we specify to two gluons and one dilaton, this expression simplifies to

K.p1; 
1Ip2; 
2I k; �.D// D 2.d C 4 � 2p/p
d � 2

�

.p1
2/.p2
1/� .p1p2/.
1
2/
�

(16.92)

which is independent of Nk, as it should.

12This can be extended to spin fields but we will not do that.

13The representation B.˛; ˇ/ D
Z

1

�1

dx
.x2/˛�1=2

.1C x2/˛Cˇ
of the Beta function is useful.
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The amplitude (16.90) has poles at ˛0t D 0; 1; : : : . These values of t correspond
to massive open string states with

m2 D n

˛0
; n D 0; 1; 2; : : : : (16.93)

They appear in the operator product expansion of the two open string vertex
operators. But for even n the residues vanish and hence these states do not propagate
in internal lines.

So far we have considered only oriented strings. In the presence of orientifold
planes we also need to consider non-orientable world-sheets. At tree-level this is
only the real projective plane PR

2 D S2=Z2 where Z2 W z 7! �1=z (which acts
without fixed points, i.e. there is no boundary). The conformal Killing group of
PR

2 is SU.2/ with three real parameters. It is the subgroup of PSL.2;C/ which
commutes with the Z2 action. The volume of SU.2/ is finite in contrast to the
volumes of the CKG’s of the orientable tree-level world sheets.

There are various ways to obtain the propagators of RP2. One way is to use the
boundary state formalism and to compute e.g. hC j �.z/ �

.w/j0i. Another way is
to use the doubling trick and to define  .z/.d z/1=2 D  .z0/.d z0/1=2 where z0 D
�1=z. A third way is to use the method of images. Either way one finds (16.2)
and (16.56) is replaced by

hX�.z/ X
�
.w/i D �˛

0

2
D�� ln.1C zw/;

h �.z/  �
.w/i D D��

.1C z w/
;

h�i.z/ �j .w/i D �ıij ln.1C z w/;

h�.z/ �.w/i D � ln.1C z w/; (16.94)

which are valid for an Op-plane. They are very similar to the two-point functions on
D2 (as compared to HC).

The new ghost correlator is

hc.z1/ c.z2/ c.z3/i D .z1 � z2/.1C z1z3/.1C z2z3/: (16.95)

When considering scattering amplitudes in the presence of Op-planes, the vertex
operators have to be modified. Recall that Op-planes are the result of .9 � p/ T-
dualities of type I theory that itself contains only states which are invariant under
world-sheet parity ˝ . We have seen in Chap. 10 that in the NS-NS sector (where
.�1/FL D 1) T-duality transforms ˝ to ˝I . Here I denotes the reflection in
the directions perpendicular to the Op-plane. The orientifold projection consists of
gauging ˝I , i.e. the total wave-function of a state of the orientifold theory must
be invariant under ˝I . If the internal (oscillator) part is even (odd), the center of
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mass part must be even (odd) as well. For the graviton and antisymmetric tensors
this means

G��.x
˛;�xi / D CD�

�D�
� G�� .x

˛; xi /;

B��.x
˛;�xi / D �D�

�D�
� B�� .x

˛; xi /; (16.96)

and the invariant wave-functions in momentum space are

1

2

�

���e
ik�x C .D�TD/��e

ik�Dx� ; (16.97)

where the polarization tensor ��� is symmetric for the graviton and anti-symmetric
for the B-field. The vertex operators for these states are

V.q;q/.k; �; z; z/ D 1

2




���.k/V
�

.q/.k; z/V
�

.q/.k; z/

C .D�TD/��V
�

.q/.Dk; z/V
�

.q/.Dk; z/
�

(16.98)

with e.g. V �

.�1/.k; z/ and V �

.0/.k; z/ as in (16.13) and (16.15) and similarly for the
anti-holomorphic pieces. We will not present any amplitude computations on RP2

and close this section with a few general remarks.
While in field theory, for any given amplitude, a large number of diagrams has

to be computed, there is only one string diagram. By taking the field theory limit
of the string amplitude, one can circumvent the computation of Feynman diagrams.
Of course, not every quantum field theory is the low-energy limit of a string theory.
Nevertheless, the above observation led to the development of the so-called world-
line method for perturbative quantum field theory.

String amplitudes contain terms of higher order in momenta, accompanied by
higher powers of ˛0. In fact, amplitudes where the CKG does not suffice to fix
the positions of all vertex operators, i.e. where some integrations over the positions
remain, have an infinite power series expansion in ˛0, leading to an infinity of higher
derivative terms in the effective action. In this way, string induced corrections to the
Einstein-Hilbert and Yang-Mills actions have been computed. These calculations
are quite tedious, though.

The observation that closed string vertex operators can be split into a holomor-
phic and an anti-holomorphic piece, where each piece looks like an open string
vertex operator, suggests that closed string tree amplitudes can be factorized into
(sums of) open string tree amplitudes (with various cyclic orderings). This is
trivially the case for three point amplitudes and can be shown to hold for higher
point amplitudes. This requires a careful analysis of the integrations involved. The
relations between open and closed amplitudes are called KLT (Kawai-Lewellen-
Tye) relations. They survive the field theory limit as relations between graviton
and gauge boson amplitudes. They have been used, in combination which unitarity
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arguments which allow to cut loop diagrams into trees, to demonstrate finiteness of
N D 8 supergravity in four dimensions at the first few loop orders.

Higher loop amplitudes are much harder to evaluate. For the superstring, gauge
fixing introduces Grassmann odd super-moduli and this makes the construction
of the measure of the path integral, which must be independent of the gauge
slice, complicated beyond one loop. This seems to be merely a technical problem
which has been solved at two loops, higher loop orders require further work. The
computation of CFT correlation functions is also more difficult; e.g. at one loop
the propagators are elliptic functions. Furthermore, sums over spin structures have
to be performed and one has to integrate over the moduli of the world-sheet. The
alternative pure spinor formulation avoids some of these difficulties but there are
also open issues at higher loops. In any case, except for the vacuum amplitudes
computed in earlier chapters, we will not open this Pandora’s Box.

16.3 From Amplitudes to the Low Energy Effective
Field Theory

The general procedure to extract the low energy field theory from string theory is as
follows. First calculate various string scattering amplitudes of massless string states,
represented by their vertex operators. Then write down a field theory Lagrangian
which reproduces these amplitudes. This is done in a perturbative fashion. Start by
writing down the effective Lagrangian for the massless free particles, L2pt. Then
add L3pt to reproduce the three point string amplitudes. L3pt already allows to
relate various coupling constants of the effective action to the normalizations of the
vertex operators gc and go and the string tension ˛0. As ˛0 is the only dimensionful
constant, the expansion of the effective action in numbers of derivatives, or
equivalently, in powers of momenta, is an expansion in powers of

p
˛0. At the next

step consider the four-point amplitudes. Unitarity guarantees that the massless poles
will be those generated by the tree graphs of L3pt. This allows to check again the
relation between the coupling constants. The remainder is in general due to massive
particle exchanges and will be reproduced by L4pt. The contribution to the string
four point amplitudes which are due to massive particle exchange can be expanded
in powers of the external momenta. Each term in this expansion generates a local
four point vertex in L4pt. This procedure can now be carried on to arbitrary order.

In field theory, the presence of massless vectors and of a massless spin-two
particle imply gauge and general coordinate invariance; otherwise no consistent
theory is possible beyond the free theory. At each order one therefore writes L in
a gauge and diffeomorphism invariant way so that, for instance, the kinetic energy
term of any charged field, which is part of L2pt, already contains the three and four
point couplings to gauge fields (via gauge invariance) and couplings to arbitrary
order to gravitons (general coordinate invariance). Of course, these couplings must
be reproduced by the corresponding string amplitudes.
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Equipped with the amplitudes we have computed in the previous section, we will
now demonstrate, on a few simple examples, how this procedure works. We start
with the heterotic three gauge boson amplitude (16.28). As we just said, massless
vectors imply gauge invariance and we therefore expect the effective action of the
heterotic string to contain the pure gauge term (we will include coupling to the
metric and the dilaton later)

S D �1
4

Z

ddx F a
�� F

a��; (16.99)

where

F a
�� D @�Aa� � @�Aa� C gd f abc Ab� A

c
�; (16.100)

and gd is the Yang-Mills coupling constant in d -dimensions. From this one derives
the following cubic action

�1
4
F a
��F

a�� jA3 D �gd @�Aa� Ab� Ac� f abc : (16.101)

If we compute the tree level three gauge boson amplitude with this action, we
reproduce (16.28) provided we identify

gc D
p
2˛0
4�

gd (heterotic string): (16.102)

This is also valid for the E8 � E8 heterotic string. This can be seen by considering
the SO.16/� SO.16/ subgroup.

Let us now turn to the amplitude (16.41). Depending of the choice for the
polarization tensor � it describes the scattering of graviton, anti-symmetric tensor
B and dilaton D. Their action, up to second order in derivatives, is expected to be
of the form

S D
Z

ddx
p�g

�

1

2�2d
R � 1

6
e�2cDH���H

��� � 1
2
g��@�D @�D



; (16.103)

where, as in Chap. 6, �d denotes the physical gravitational coupling constant (see
Eq. (6.136)). R is the curvature scalar and H��� D @�B�� C @�B�� C @�B��,
the totally antisymmetric field strength of the anti-symmetric tensor. Invariance
of (16.41) under �.h/�� ! �

.h/
��Ck.�
�/ is built into (16.103) as diffeomorphism invari-

ance and invariance under �.B/�� ! �
.B/
�� CkŒ����, because B only appears through its

field strengthH D dB which is invariant under the Abelian symmetryB ! BCd�.
As we will see below, the coupling of the dilaton to the anti-symmetric tensor is
necessary. The form of the coupling will also be explained. Note that in (16.103)
we have not specified the dimension d of space-time. The amplitude (16.41) has
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the same form for any number of uncompactified space-time dimensions, the only
dimension dependence being the range of the space-time indices.

We have to check whether the action (16.103) reproduces the string theory
amplitudes. Only if it does, can we identify the massless spin two string mode
with the graviton and justify the claim that string theory automatically incorporates
gravity. For this purpose, we expand the metric around Minkowski space, g�� D
��� C 2�dh�� . h�� is the graviton field, whose quadratic action, after gauge
fixing, is (6.177). The normalization is such as to correspond to the normalization
������ D 1 of the polarization tensors which appear in the graviton vertex operator.

Expanding the Einstein-Hilbert action to third order in the graviton field, we find

1

2�2d

p�gRj3pt D ��d .h��h��@�@�h�� C 2@�h��@�h��h�� /: (16.104)

We have used the on-shell conditions for the gravitons, i.e. k�h�� D 0, h�� D 0. For

a graviton (�.h/�� � h��) the string amplitude (16.41) becomes

Ahhh D 4�gc ..k2h1k2/.h2h3/C 2.k2h1h2h3k1/C two cyclic perms./: (16.105)

The same amplitude follows from the Einstein-Hilbert action provided we identify

gc D �d

2�
(heterotic, type I/II); (16.106)

where one has to notice that the three-point interaction vertex gives rise to six terms
in the three-graviton scattering amplitude, which are pairwise equal. This expression
is valid for all string theories because the O.k2/ part of the three-graviton amplitude
from where it was derived is the same in all cases.

Comparison with (16.102) gives the relation between the gauge and the gravita-
tional coupling constant of the heterotic string14

gd D
r

2

˛0
�d (heterotic string): (16.107)

For the Kač-Moody algebra at level k the relations (16.102) and (16.107) are
replaced by

gc D
p
2˛0k
4�

gd ; gd D
r

2

˛0k
�d (heterotic at KM level k): (16.108)

14This uses the normalization tr .T aT b/ D 2ıab for the generators in the fundamental representa-
tion. If we use group generators normalized to tr .T aT b/ D ıab , we obtain gd D 2

p

˛0
�d .
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For the type I theory we will determine the relation between the gauge coupling and
the gravitational coupling in Sect. 16.5 and we list it here for completeness:

gI10 D
2p
˛0gs

�10 (type I): (16.109)

We now expand the H��� term in (16.103) to third order. The quadratic term, after
adding the gauge fixing term �.@�B�

�/
2, is L D 1

2
B���B�� . For the cubic term

one finds

�1
6

p�ge�2cDH���H
���j3pt

D cD �

@�B��@
�B�� C 2@�B��@�B��

�

C�dh��
�

@�B��@�B
�� C 4@�B��@�B�� C 2@�B��@�B�

� � 2@�B��@�B�
�

�

:

(16.110)

The first part reproduces (on-shell, �.B/�� D B��)

ABBD D � 16�p
d � 2gc.k2B1B2k1/D (16.111)

which follows from Eq. (16.41) with appropriate choice for the polarization tensors.
Comparison determines the constant c as

c D 2p
d � 2�d : (16.112)

The second part of Eq. (16.110) is to be compared with

AhBB D 4�gc
��.k3h1k3/.B3B2/ � 2.k2B3B2h1k3/

� 2.k3h1B3B2k1/C 2.k1B2h1B3k2/
�

: (16.113)

We again find the relation (16.106). Finally,

�1
2

p�g g�� @�D @�Dj3pt D �d h�� @�D @�D (16.114)

reproduces

AhDD D �4�gc .k3�1k2/ (16.115)

yielding (16.106) once more. For all other choices of the external fields the string
amplitude vanishes to O.k2/, and it is easy to see that (16.41) does not lead to any
other three-point on-shell amplitudes either.
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In order to reproduce the O.k4/ terms in the string amplitude (16.41), higher
derivative terms such as ˛0R����R���� must be included in the effective action.
They are absent in type II theories where the first higher derivative corrections
involving the curvature are of order O.˛03R4/, which contribute only to amplitudes
with at least four gravitons.

One of the noteworthy properties of the action (16.103) is the fact that at the
quadratic level the dilaton and the graviton decouple. This property is, of course,
not invariant under field redefinitions. The frame (in field space) in which it is true
is called Einstein frame. It has a purely gravitational part which is the Einstein-
Hilbert action. The fact that the string scattering amplitudes are reproduced by the
Einstein-frame action is a consequence of our choice of vertex operators. They are
such that the states generated by them are orthogonal to each other.

Performing a Weyl rescaling of the metric

g�� ! e
� 2�d

p

d�2
D
g�� (16.116)

accompanied by a rescaling of the anti-symmetric tensor and a redefinition of the
dilaton (cf. (6.171) on page 172)

B ! 1

2�d
B;

D D 2

�d
p
d � 2.˚ � ˚0/; (16.117)

the action transforms into

S D 1

2 Q�2d

Z

ddx
p�ge�2˚

�

R � 1

12
H���H

��� � Q�
2
d

2 Qg2d
F a
��F

a�� C 4@�˚@�˚
�

:

(16.118)

˚0 is an arbitrary additive constant part of ˚ and D the fluctuation around it. Q�d is
the gravitational coupling constant already introduced in in Chap. 6. Its relation to
the physical coupling constant �d is

�d D e˚0 Q�d � gs Q�d ; (16.119)

where gs is called the string coupling constant.
In (16.118) we have also included the gauge term for which we have rescaled the

gauge fields Aa ! Aa=gd and we have defined

gd D e˚0gd : (16.120)

The coupling of the gauge boson to the dilaton and the graviton, which is implied
by (16.118), can be verified by computing the two gauge boson—one graviton
amplitude, which is easily done. There is no gauge invariant coupling to B�� at
this order. If we drop the gauge term, (16.118) is also correct for the NS-NS sector
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of the type II theories. Of course, since the type II and heterotic dilatons are a priori
unrelated, so are coupling constants ghet

s and gII
s . The frame in which the NS-NS

part of the tree-level effective action has an overall factor of e�2˚ D e��.S2/˚ is
called string frame. The metric which appears in the Polyakov action (14.1) is the
string frame metric. In Chap. 18 we will say more about the issue of frames.

We now turn to the amplitudes (16.43) and (16.44). A good guess for the effective
action with coupling of gravity and dilatons to the RR-fields is (here we work in the
uncompactified theory in the critical dimension and F .pC1/ D dC .p/)

S D �
Z

d10x
p�g 1

2.pC 1/ e
Qc D F�1:::�pC1

F �1:::�pC1 : (16.121)

The normalization is such that after gauge fixing d � C D 0 the kinetic term for C
is
R

1
2
C�1:::�p�C�1:::�p . S is invariant under diffeomorphisms and under ıC .p/ D

d˛.p�1/. Expansion around flat space and vanishing vevs for the dilaton and the
RR-fields gives, up to third order in fluctuations around the background values

�10 h
��F��1:::�pF�

�1:::�p � Qc
2.p C 1/DF�1:::�pC1

F �1:::�pC1 : (16.122)

Comparing with (16.43) shows that the vertex operators (16.21) were correctly
normalized and comparison with (16.44) determines

Qc D � �10p
2
.p � 4/: (16.123)

If we now perform, in addition to (16.116) and (16.117) (with d D 10), the field
rescaling

C ! 1

Q�10
p

2pŠ
C; (16.124)

the action (16.121) becomes

S D � 1

2 Q�210

Z

d10
p�g 1

2.p C 1/Š F�1:::�pC1
F �1:::�pC1 : (16.125)

There is no exponential dilaton prefactor. The tree-level exponential factor e�2˚
arises after a further rescaling C .p/ ! e�˚C .p/ which leads to F .pC1/ ! F .pC1/�
d˚ ^ C .p/. Note that this redefinition of the potential changes the Bianchi identity
and the gauge symmetry of F .pC1/. Both now involve the gradient of the dilaton.15

15One can show that in the presence of a non-trivial dilaton background these do, in fact,
correspond to the physical state conditions of the vertex operator.
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Often the form of the action (16.125) without the exponential dilaton factor is
preferred because of the simpler equations of motion and Bianchi identities.

Let us now comment on the string coupling constant. In Chap. 9 we have defined
the type II coupling constant as the ratio of the tensions of the fundamental string
and the D-string, i.e.

gs D �F1

�D1
D 2
p
��10

.4�2˛0/2
.type II/: (16.126)

For the heterotic string we define it as

gs D 2�10

.2˛0/2
.heterotic/: (16.127)

Note that the arbitrariness of ˚0 or, equivalently, of gs , reflects the freedom to
simultaneously rescale the amplitudes and the vertex operators.

We now turn to the open string three-gluon amplitude. We expect the two-
derivative part of the effective field theory on the world-volume of a Dp-brane to
contain (16.99) with d D pC1. For the vertex operators to be correctly normalized
we choose tr .	a	b/ D ıab , which corresponds to Cfund: D 1. Comparison of the
string amplitude (16.68) with the field theory amplitude derived from (16.99) we
find the relation

go D
p
2˛0gYM; (16.128)

where gYM is the gauge coupling constant on the D-brane.
The two gauge boson-one dilaton disk amplitude (16.90) and (16.92) can be

used to fix the dilaton prefactor in front of the gauge kinetic term as e�˚ . For the
comparison one must rescale the dilaton according to (16.117). This is correct for
any p.

We now justify the normalization of the gaugino vertex operator (16.63). We
expect the world-volume theory on the Dp-brane to be supersymmetric. E.g. for
p D 9, i.e. for the type I string, this is the N D 1 supersymmetric Yang-Mills
theory in d D 10 with action

S D
Z

d10x

�

�1
4
F a
��F

a�� � 1
2
	
a
�D�	

a



; (16.129)

where 	a is the gaugino field (a Majorana fermion) and D�	
a D @�	aC

gYMf
abcAb�	

c is the gauge covariant derivative. From this we once again
obtain (16.128), thus showing that the gaugino vertex operator was properly
normalized.

The pieces in the effective action we have constructed so far, have been written
in a covariant form. Expanding the actions in the fluctuating fields, i.e. graviton,
gauge field etc., leads to higher than just cubic interactions. One can check that
they agree with the higher point string amplitudes. The comparison is, however, not
as direct as for the three-point couplings because e.g. the field theoretic four-point
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amplitudes consist of two parts: exchange diagrams and point-interactions which
appear in the Lagrangian. The sum of all contributions must be reproduced by the
string amplitude. Conversely, if we want to deduce new interaction terms in the
effective action from a string amplitude, we first have to subtract the field theoretic
part computed via exchange diagrams. What remains is a new interaction in the
effective action.

We now indicate on one example some of the features which we have just alluded
to. For this we return to the amplitude (16.80) and expand it in powers of ˛0:

˛0

t
B.�˛0s;�˛0u/ � 1

us
� �

2

6
.˛0/2 C : : : ; (16.130)

where the second term can be obtained by summing the contribution from all
massive states either in the s or the u channel. If we multiply (16.130) with the
kinematic factor (16.82) we see that in addition to massless poles there are new
contact interactions which arise from terms of the structureDnFm in the low energy
effective action which represent corrections to the YM action. The terms withm > 4

can, of course, not be seen in the four gluon amplitude.

16.4 Effective Supergravities in Ten and Eleven Dimensions

As we have seen in the previous sections, the dynamics of the massless modes
of string theory is governed by an effective field theory. After integrating out
the massive string modes, which assumes energies E 	Ms , the Lagrangian of
the effective field theory has infinitely many terms. The higher order operators
are suppressed by inverse powers of Ms D 1=

p
˛0; but the leading terms in the

˛0 expansion are expected to be familiar field theories. So far we have derived these
effective theories from tree level string scattering amplitudes. Higher loop contri-
butions are suppressed by additional powers of gs and can be neglected at weak
coupling gs 	 1. Additional structure such as gauge symmetry or supersymmetry
then allows one in some cases to fix the effective actions (up to the two-derivative
level) uniquely.

In this section we discuss the ten-dimensional effective supergravity actions of
the massless string modes. They had been constructed previously and it gives
further credence to string theory that it reproduces these actions at leading order
in ˛0. There are five different supersymmetric string theories in ten space-time
dimensions. Their low-energy effective supergravity theories in d D 10 are:

• Non-chiral type IIA supergravity theory with N D .1; 1/ space-time supersym-
metry (32 supercharges)

• Chiral type IIB supergravity theory with N D .2; 0/ space-time supersymmetry
(32 supercharges)

• Chiral type I supergravity theory with N D .1; 0/ space-time supersymmetry
coupled to G D SO.32/ super-Yang-Mills theory (16 supercharges)
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• Two chiral heterotic supergravity theories with N D .1; 0/ space-time super-
symmetry coupled to G D SO.32/ or G D E8 � E8 super-Yang-Mills theory
(16 supercharges).

The first two are low-energy limits of type IIA and IIB string theories, respec-
tively, while the latter are the limits of the type I and the heterotic theories.
Incidentally, the two gauge groups SO.32/ andE8�E8 are the only ones which are
anomaly free.16 In addition to these ten-dimensional theories there exists a unique
N D 1 (32 supercharges) supergravity theory in eleven dimensions; its dimensional
reduction to ten dimensions gives type IIA supergravity. This will be explained more
thoroughly in Chap. 18. Note that these theories do not exist as ten-dimensional
quantum-field theories. To get such a consistent quantum theory one must resort to
the full string theory as its ultraviolet completion.

In the next subsection we list the parts of the supergravity actions which contain
only bosonic fields. Some pieces were explicitly derived in the previous section
from tree level string scattering amplitudes. The remaining part, which contains
fermionic fields, is determined by supersymmetry. These effective supergravity
actions are the starting point for many studies of string theory in the so-called
supergravity limit. For instance, one has found solutions corresponding to p-brane
solitons, black-holes, black rings etc. These consideration also led to the formulation
of the AdS/CFT correspondence (see Chap. 18). Moreover, the only known way
so far to study the important issue of moduli stabilization is in the supergravity
approximation. Except in very special cases, all these solutions receive higher ˛0
corrections and they are only reliable if these can be ignored. For instance, as
these corrections are of the general form ˛0nRnC1, where R is the curvature, for
the moduli stabilization problem and for other aspects of string compactification,
this requires working in the large volume limit of the compactification manifold.
And, of course, it is assumed that the string is weakly coupled.

11-Dimensional Supergravity

Eleven-dimension supergravity contains two massless bosonic fields, the space-time
metric GMN and a three-form potential A3 with field strength F4 D dA3. The
bosonic part of the action is

S
.dD11/
eff D 1

2�211

�Z

d11x
p�G

�

R � 1

2 � 4ŠFM1:::M4F
M1:::M4

�

�1
6

Z

A3 ^ F4 ^ F4
	

: (16.131)

16The structure of anomalies is much richer in d D 10 than in d D 4, mainly because of possible
gravitational anomalies. We will not present a general discussion of anomalies in string theory, but
a few aspects will be mentioned as we go along.



624 16 String Scattering Amplitudes and Low Energy Effective Field Theory

Besides the kinetic terms for the metric and the three-form, there is a Chern-Simons
term for A3. �11 denotes the eleven-dimensional gravitational coupling. The only
fermionic field is the Majorana gravitino. Matching of the numbers of bosonic and
fermionic on-shell degrees of freedom is easily verified with the help of (7.5).

The classification of supermultiplets in various dimensions reveals that super-
gravities theories in more than 10 C 1 dimensions always contain fields fields of
spin> 2, i.e. symmetric tensors of rank higher than two. (For supersymmetric gauge
theories the limit is d D 9 C 1.) An easy way to understand this is to consider
the theory compactified on a torus to D D 4. Starting in d > 11 the number of
supersymmetry generators is larger than eight and, if we apply them successively to
a state with helicity s D C2, they will transform it to a state with helicity s < �2.

Perturbative superstring theory, as it has been developed in this book so far, does
exist in ten dimensions and so it seems that the unique maximal supergravity theory
in d D 11 does not play a role. That this is not so is one of the most remarkable
results of string theory. As we will discuss in more detail in Chap. 18, it arises when
studying the strong coupling limit gs !1 of type IIA superstring theory.

Type IIA/B Supergravities

In general, the spectrum of any closed string theory in ten dimensions is obtained
by tensoring the left- and right-moving massless states and applying the GSO
projection. In the NS-NS sector of type II theories this leads to the universal result

8V ˝ 8V �! fGMN ; BMN ; ˚g: (16.132)

The massless spectrum consists of the ten-dimensional metric GMN , the antisym-
metric NS-NS two-form BMN and the dilaton ˚ . The massless states in the R-R
sector are obtained by tensoring the two R ground states

8s ˝
(

8c IIA

8s IIB
�!

( f.C1/M ; .C3/MNRg IIA

fC0; .C2/MN ; .C4/MNRS g IIB
: (16.133)

These are the antisymmetric R-Rp-form potentials. The four-form of type IIB obeys
a self-duality constraint so that only half of the degrees of freedom survive. All
the fields in (16.132) and (16.133) are chosen to have engineering dimension zero.
The fermionic spectrum in the R-NS and NS-R sectors consists of the two gravitini
of the N D 2 supergravities, with equal (IIB) or opposite (IIA) chiralities and
two dilatini whose chiralities are opposite to that of the gravitini. All fermions are
Majorana-Weyl spinors.

The string-frame ten-dimensional actions for the bosonic fields of the type IIA
and IIB supergravity actions are
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SIIA D 1

2 Q�210

Z

d10x
p�G

�

e�2˚
�

RC 4.r˚/2 � 1
2
jH3j2

�

� 1
2
jF2j2 � 1

2
jF4j2

	

� 1

4 Q�210

Z

B2 ^ dC3 ^ dC3; (16.134a)

SIIB D 1

2 Q�210

Z

d10x
p�G

"

e�2˚
�

RC 4.r˚/2 � 1
2
jH3j2

�

� 1
2
jF1j2 � 1

2
jF3j2

� 1
4
jF5j2

#

� 1

4 Q�210

Z

C4 ^H3 ^ F3 (16.134b)

with gravitational coupling, cf. Eq. (9.57),

Q�210 D
1

4�
.4�2˛0/4: (16.135)

We use the notation

jFpj2 D 1

pŠ
FM1:::MpF

M1:::Mp : (16.136)

The last term in each of the two actions is a Chern-Simons terms.
The field strength of the NS-NS two-form is defined as17

H3 D dB2; HMNR D 3@ŒMBNR�: (16.137)

The field strengths Fp in the R-R sector also involve the R-R-potentials Cq of lower
degree and also the NS-NS two-form B2:

(IIA) F2 D dC1; F4 D dC3 � dB2 ^ C1;
(IIB) F1 D dC0; F3 D dC2 � C0 dB2;

F5 D dC4 � 1
2
C2 ^ dB2 C 1

2
B2 ^ dC2: (16.138)

This leads to correction terms for the usual Bianchi identities dFp D 0 with Fp D
dCp�1. For instance one gets dF3 D H3 ^ F1.

The field strengths are invariant under the gauge transformations ıB2 D d� and

(IIB) ıC0 D 0; ıC2 D d�1;

ıC4 D d�3 � 1
2

dB ^�1 C 1

2
dC2 ^ �;

17We define the anti-symmetrization symbol Œ: : : � with unit weight, e.g. @ŒMBNP � D
1
3Š
.@MBNP ˙ 5 permutations/.



626 16 String Scattering Amplitudes and Low Energy Effective Field Theory

(IIA) ıC1 D d�0; ıC3 D d�2 � dB�0; (16.139)

while the CS terms transform into total derivatives.
One important subtlety is the self-duality constraint of F5 in type IIB,

F5 D �F5: (16.140)

There is no way to write a covariant action which takes it into account. Since
R

F5^
�F5 D 0 one has to impose the self-duality constraint separately on top of the
equations of motion which follow from (16.134). The additional factor of 1

2
in front

of F 2
5 compensates for the fact that an unconstrained F5 has twice as many degrees

of freedom as a self-dual one.18

The type IIB action has a hidden SL.2;R/ invariance which becomes manifest
if we express it in Einstein frame. For this purpose we rescale the metric

GE
MN D e�˚=2GMN : (16.141)

We also define a complex scalar and three-form

� D C0 C ie�˚ ; G3 D F3 � ie�˚H3 D dC2 � �dB2: (16.142)

In terms of these fields the type IIB action is19

SIIB D 1

2 Q�210

Z

d10x
p�G

h

R � @M �@
M N�

2.Im �/2
� 1
2

jG3j2
Im �

� 1
4
jF5j2

i

C 1

8i Q�210

Z

1

Im �
C4 ^G3 ^ NG3; (16.143)

where we have dropped the superscript E . Which frame is being used is always
clear from the form of the Einstein-Hilbert term. Self-duality ofF5 again needs to be
imposed by hand. This form of the action is invariant under an SL.2;R/ symmetry
which leaves the metric and four-form invariant and acts on the remaining fields as

� ! a� C b
c� C d ;

�

C2
B2

�

!
�

a b

c d

��

C2
B2

�

; .ad � bc D 1/: (16.144)

Generically (for c ¤ 0) this inverts the string coupling constant gs D eh˚i, i.e. it
transforms a weakly coupled theory to a theory at strong coupling. Of course, this

18There exists a formulation which takes into account the self-duality at the level of the action, but
at the expense of manifest covariance or of introducing auxiliary degrees of freedom.
19For a complex p-form we define jFpj2 D 1

pŠ
FM1:::MpF

M1:::Mp .
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would take us out of the framework in which the effective action has been derived.
We will discuss such strong-weak coupling dualities further in Chap. 18.

There exist another, more symmetric formulation of the type II SUGRA actions,
called democratic or self-dual formulation. For each Cp it also includes a C8�p
and therefore for Fp a F10�p . To cut down the number of degrees of freedom
one imposes the constraints �F2p D .�1/pF10�2p and �F2pC1 D .�1/pF9�2p ,
consistent with �2 D C1 on forms of odd and �2 D �1 on forms of even degree.
The actions, which together with the constraints leads to the same equations
as (16.134), contains only kinetic terms jFpj2 (with an additional factor of 1/2) and
no CS terms. This formulation is useful for the discussion of flux compactifications
and of SUGRA brane solutions, because it treats electric and magnetic branes on
equal footing.

The Effective Type I Supergravity Action

We now turn to the ten-dimensional type I superstring, whose massless modes
include an SO.32/ gauge field and 32 space-time filling D9-branes. Recall that the
type I superstring is the Z2 orientifold of the type IIB superstring. The action for
the bulk fields is obtained by projecting out all degrees of freedom of the type IIB
theory that are odd under the world-sheet parity. The bosonic type I open plus closed
massless spectrum is thus

type I: fAaM g C fGMN ; ˚; .C2/MN g: (16.145)

The fermions are a single Majorana-Weyl gravitino and dilatino in the closed string
sector and Majorana-Weyl gaugini in the open sector.

The leading order action is identical to the relevant pieces of the type IIB theory
plus the super Yang-Mills action for the gauge fields, i.e. in string frame

SI D 1

2 Q�210

Z

d10x
p�G

�

e�2˚



RC 4.r˚/2
�

� 1
2
jF3j2



� 1

2 Qg210

Z

d10x
p�G e�˚ tr v .jFYMj2/: (16.146)

Here FYM D F a
YMT

a is the Yang-Mills field strength and the trace is over the vector
representation of SO.32/ with tr v.T

aT b/ D ıab . In our conventions AaM carries
engineering dimension one while all other bosonic fields are dimensionless. The
relation between the type I gravitational and gauge coupling will be determined in
Sect. 16.5 and reads

Q�210
Qg210
D ˛0

4
: (16.147)
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Let us emphasize that the dilaton dependence of the Einstein-Hilbert and the
Yang-Mills action are different. This is because the former arises from a closed
string sphere diagram and the latter from an open string disk diagram. Compared
to the type IIB theory, the type I R-R three-form field strength receives additional
contributions

F3 D dC2 � ˛
0

4
.˝YM �˝L/; (16.148)

where˝YM and˝L are the Yang-Mills and Lorentz the Chern-Simons three-forms

˝YM D tr

�

A ^ dA � 2i
3
A ^ A ^ A

�

;

˝L D tr

�

! ^ d! C 2

3
! ^ ! ^ !

�

; (16.149)

where! is the spin connection. The relative factors in the two CS terms are different
because the YM gauge fields are Hermitian while the spin connection is real and
anti-symmetric, i.e. anti-Hermitian.20

The Chern-Simons three-forms satisfy

d˝YM D tr.F ^ F / and d˝L D tr.R ^ R/; (16.150)

whereR denotes the Ricci two-form (14.260) and F D dA� i A2 is the Yang-Mills
field strength. Therefore

dF3 D ˛0

4
.tr R ^ R � tr F ^ F /: (16.151)

Since B2 is projected out, there is no bulk Chern-Simons term in type I.
The Chern-Simons forms are not invariant under gauge and Lorentz transforma-

tions, ıA D d�C i Œ�;A� and ı! D d�� Œ�; !�:

ı˝YM D d tr .�YMdA/ and ı˝L D d tr .�Ld!/: (16.152)

Therefore, the combination (16.148) is not invariant, unless C2 transforms as

C2 ! C2 C ˛0

4

�

tr.�YM dA/ � tr .�Ld!/
�

: (16.153)

20Note that ˝YM is first order in a derivative expansion, while ˝L is third order. For this reason,
the Lorentz term is sometimes considered subleading. However, both terms are equally important
for anomaly cancellation.
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Note that perturbatively the action for p-forms is invariant under constant shifts
Cp ! Cp C ap .21 We have just seen that in type I superstring theory, a gauge
transformation induces a coordinate dependent shift of C2. Thus, one also speaks
of a gauging of the axionic shift symmetry, which plays an important role for the
cancellation of the ten-dimensional anomalies for the type I and also the heterotic
string. This is the so-called Green-Schwarz mechanism. A four-dimensional version
will be discussed in Chap. 17.

One can also write the R-R part of the type I action in a democratic version which
has, in addition to C2 a six-formC6 with the constraint is dC2 D ��dC6. The two-
form and six-form couple to D-strings and D5-branes. Beyond that, there is also a
non-dynamical ten-form C10 to which D9-branes couple.

The Effective Heterotic Supergravity Action

The effective N D 1 supergravity actions of the two heterotic string theories with
gauge groups G D E8 � E8; SO.32/ are quite similar to type I. Since there are
only closed strings, the gauge kinetic term has the same dilaton dependence as the
gravitational part of the action:

SI D 1

2 Q�210

Z

d10x
p�G e�2˚

�

RC 4.r˚/2 � 1
2
jH3j2

�

(16.154)

� 1

2 Qg210

Z

d10x
p�G e�2˚ Tr .jFYMj2/; (16.155)

where for tr v.T
aT b/ D ıab one also has

Q�210
Qg210
D ˛0

4
: (16.156)

Similarly to the type I superstring one has

H3 D dB2 � ˛
0

4
.˝YM �˝L/ (16.157)

with the Chern-Simons three-forms and the gauge coupling defined as for the type I
supergravity theory. The Bianchi identity is

dH3 D ˛0

4
.tr R ^R � tr F ^ F / (16.158)

21C0 is also called an axion and the symmetry C0 ! C0 C const is called axionic shift symmetry
or Peccei-Quinn symmetry. We will use this terminology also for p > 0.
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which we have analyzed in some detail in Sect. 14.7. The discussion below (16.151)
also applies here, with the obvious replacement C2 ! B2.

The two d D 10 N D 1 SUGRA+SYM theories at first glance appear to be
different, e.g. the dilaton couplings are not the same. However, for any given gauge
group there actually exist a unique such theory in d D 10. In Chap. 18 we will see
how the type I and heterotic SO.32/ theories can be mapped to each other by a field
redefinition and what this implies for the relation between them.

16.5 Effective Action for D-branes

From our discussion of string scattering amplitudes it is apparent that both the
closed and the open string, i.e. the gravitational and the gauge parts of the effective
action receive corrections at higher orders in ˛0. While it is very tedious to compute
these corrections in the closed string sector, some exact results are known in the
open string sector.

The dynamics of the massless open string modes, the ten-dimensional gauge
field multiplet in the case of D9-branes or its lower-dimensional descendants
for Dp-branes with p < 9, is governed by the Dirac-Born-Infeld (DBI) plus the
Chern-Simons (CS) action. Together they constitute the relevant Lagrangian at
leading order in the string coupling (disk level). The two pieces, DBI and CS,
involve different closed string background fields to which the open string modes
couple,

Seff D SDBIŒG;˚;B�C SCSŒCp�: (16.159)

The DBI action contains the coupling of the open string degrees of freedom to the
bulk NS-NS fields, the dilaton, metric and two-form, while the Chern-Simons action
involves the R-R p-forms Cp. In particular, the DBI action is only well understood
for a single brane, i.e. for Abelian gauge symmetry. In this case it is a non-linear
generalization of Maxwell theory. Its bosonic part in string-frame is

SDBI D �Tp
Z

W
dpC1
 e�˚.X/

q

�det
�

g˛ˇ.X/C 2�˛0F˛ˇ.X/
�

; (16.160)

where 2�˛0F D B C 2�˛0F was defined in Eq. (10.204). We split the space-
time indices M;N; � � � 2 f0; : : : ; 9g into the brane world-volume directions
with ˛; ˇ; � � � 2 f0; : : : ; pg and the transverse space directions with i; j; � � � 2
fp C 1; : : : ; 9g. 
˛ are the intrinsic world-volume coordinates and the functions
XM.
/ describe the embedding of the world-volume W into space-timeM10. g˛ˇ is
the pull-back of the ten-dimensional metric GMN to the world-volume and likewise
for B˛ˇ :

g˛ˇ D @˛XM@ˇX
NGMN ; B˛ˇ D @˛XM@ˇX

NBMN : (16.161)
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The field strength F˛ˇ is restricted to W , it is not the pull-back of a bulk field. The
parameter Tp has been determined in Chap. 9, Eqs. (9.58) and (9.92):

Tp D 2�`�.pC1/s �

8

ˆ

<

ˆ

:

1 type II
1p
2

type I
: (16.162)

The massless bosonic degrees of freedom on the D-brane are the massless bosonic
open string modes: the .pC1/ components of the gauge field A˛.
/ and the .9�p/
fluctuations of the transverse coordinates Xi.
/. They describe the motion and
deformation of the brane insideM10. The dilaton prefactor identifies (16.160) as the
open string tree-level effective action, i.e. resulting from disk diagrams.

In static or coordinate gauge, p C 1 of the embedding functions are identified
with the intrinsic world-volume coordinates. The remaining coordinates are split
into a constant piece xi (the position of the brane) and a fluctuating piece:

X˛ D 
˛; Xi D xi C 2�˛0�i .
/C � � � : (16.163)

There is one scalar field �i for each transverse direction of the Dp-brane. The p�1
propagating degrees of freedom ofA˛ and the �i comprise the eight bosonic degrees
of freedom found in the open string spectrum.

To extract the leading, two-derivative order Lagrangian from (16.160) one
expands in powers of the field strength by use of

det.1CM/ D 1C tr .M/C 1

2
.trM/2 � 1

2
tr .M2/C � � � : (16.164)

For simplicity we set the scalars and the B-field to zero, keeping only the gauge
fields and the metric. The expansion of the DBI action leads to

SDBI D �Tp
Z

dpC1
p�g e�˚
�

1C 1

4
.2�˛0/2F˛ˇF ˛ˇ C : : :

	

: (16.165)

This is the sum of a vacuum energy and the kinetic term for the gauge fields. From
this expression we can read off the gauge coupling constant of the world-volume
theory

g2Dp D
gs

Tp
.2�˛0/�2 D gs .2�/p�2.˛0/

p�3
2 : (16.166)

Note that the DBI action contains terms at all orders in ˛0, but, in addition, there
will be higher derivative corrections if the field strength F˛ˇ and the space-time
metric are not constant. There are various ways to derive it as the effective action
on the world-volume of a Dp-brane: from scattering amplitudes, from the boundary
state formalism, from conformal invariance of the world-sheet theory.
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To determine the gauge coupling of the non-oriented type I superstring theory,
which we gave without derivation in (16.146), we could compute the relevant
scattering amplitudes in the orientifold theory. However, a shorter argument uses
that the type I theory is a Z2 quotient of the type IIB theory. From the point of
view of the latter, the type I U.N/ gauge group appears on a stack of N D9-branes,
which are mapped to N image D9 branes under the orientifold projection ˝ . As
discussed at the end of Sect. 10.6, U.N/ gauge groups arise by compactifying the
type I theory on a torus and by turning on appropriate Wilson lines along the non-
trivial one-cycles. The U.N/ gauge coupling was determined in Eq. (16.166). If we
now move the two stacks of D9 branes on top of each other, we get an SO.2N/
gauge group and the U.N/ generator T is embedded into SO.2N/ as22

QT D
�

T 0

0 �T T

�

: (16.167)

Therefore,

1

2g2SO.2N/
tr 2N . QT 2/ D 1

2g2SO.2N/
2 tr N .T

2/ D 1

2g2U.N/
tr N .T

2/ (16.168)

implies the relation g2SO.2N/ D 2 g2U.N/, which is independent of N . Thus, we get

.gI
10/

2 D gs .4�/ .4�2˛0/3 (16.169)

so that

Q�10
QgI10
D
p
˛0
2
; (16.170)

and Eq. (16.109) for the relation between the two physical couplings.
Formally, (16.160) is also the form of the (disk-level) action expected for the

non-Abelian case but it is not clear how to define the trace over gauge group indices
(Chan-Paton labels) in that case. Various approaches have been proposed but the
all-order answer is unknown. One of the difficulties lies in the fact that due to
the identity ŒD˛;Dˇ�Fı D �i ŒF˛ˇ; Fı� there is no clear distinction between
derivative and non-derivative terms. This can be eliminated by a symmetric trace

22The relation between the generators associated with the two stacks of branes, i.e. T vs. �T T, is
due to the fact that the gauge field is odd under ˝ and that ˝ reverses the orientation of the open
strings. (16.167) can be expressed in the more familiar basis where SO.2N / generators are real
anti-symmetric matrices. If we write iT D AC iB , A;B real and AT D �A and BT D B as a

consequence of T � D T , (16.167) corresponds to

�

A B

�B A

�

.
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prescription. Corrections to the DBI action from higher order string diagrams have
been determined from open string scattering amplitudes. They consist of even and
odd powers of the field strength and its derivative and rule out the symmetric trace
prescription already at O.˛03/. The presence of higher DnFm terms was already
inferred from the structure of the four open string disc amplitude on page 622.

The second piece of the open string effective action is the CS action on the
Dp-brane world-volume W , sometimes also called Wess-Zumino action. It is
essential for supersymmetry and for anomaly cancellation via the Green-Schwarz
mechanism. This CS action is

SCS D �p
Z

W
tr



e2�˛
0F
�

^
s

OA.4�2˛0RT /
OA.4�2˛0RN /

^
M

q

Cq

ˇ

ˇ

ˇ

pC1
(16.171)

with �p D ˙Tp for brane and anti-brane. Here we mean by Cq the pull-back of
the bulk potential to the world-volume. The subscripts T; N on R stand for the
curvature form of the tangent and normal bundle of W ,!M10, respectively.23 OA is
called the the A-roof genus. It can be expressed in terms of Pontryagin classes pn

OA.R/ D 1 � 1

24
p1 C 1

5670

�

7p21 � 4p2
�C � � � ; (16.172)

where

p0 D 1;

p1 D �1
2

1

.2�/2
trR2;

p2 D 1

8

1

.2�/4

�

.trR2/2 � 2 trR4
�

(16.173)

and we use the notationR2 D R ^R, etc. Finally, 2�˛0F D 2�˛0F CB�, where
� is the n � n unit matrix with n denoting the number of Dp-branes and F taking
values in the n-dimensional fundamental representation of U.n/.

The sum over the R-R q-forms is over all the potentials that appear in either type
IIA or IIB theory. The ten-form and eight-form of type IIB and the nine-form and
seven-form of type IIA are meant to be included. The integral over the world-volume
picks out the .pC1/-form of the formal sum. To write down the CS action does not
require a metric, only connections. But it is independent of the choice of connections
(given the gauge groups) and is thus of topological nature. The CS action measures

23The normal bundle on the submanifold W of a Riemannian manifold M consists of the pairs
.y; v/, where y ranges over the points of W and v is an element of the tangent space of Ty.M/

which is orthogonal, w.r.t. the Riemann metric on M , to the tangent space Ty.W /.
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D-brane charges. Note that in non-trivial backgrounds a Dp-brane also couples to
q-forms with q < p. This can already be seen by applying T-duality to a D-brane at
an angle (see Chap. 10) and can be made very explicit by expanding (16.171):

SCS D �p
Z

W

�

nCpC1 C 2�˛0Cp�1 ^ trF

C 1

2
.2�˛0/2Cp�3 ^

h

trF ^ F C n

48
.trRT ^RT � trRN ^ RN/

i

C : : :
�

;

(16.174)

where n is the number of Dp-branes. We have set B D 0 for simplicity. If, for
instance, in the compactified theory the world-volume of a D5 brane extends over
four-dimensional Minkowski space and wraps a two-sphere of the internal manifold
which carries a U.1/ bundle with first Chern class m, i.e. 1

2�

R

S2
F D m, this leads

to a term in the effective action in the four uncompactified dimensions of the form
4�2˛0m�5

R

C4.
As we have seen in Chap. 9, not only Dp-branes but also orientifold planes carry

charge and tension and thus couple to the bulk closed string fields, including the R-R
forms. The action which describes this coupling is similar to the DBI and CS actions
after setting world volume fields to zero. One can show that for an Op.�1;�2/-plane
with the four choices of signs �1; �2 2 f�1;C1g they are

S
Op.�1;�2/

DBI D ��1 2p�4 Tp
Z

W
dpC1
 e�˚

q

�det.g˛ˇ/;

S
Op.�1;�2/

CS D �2 2
p�4 �p

Z

W

s

L.�2˛0RT /
L.�2˛0RN /

^
M

q

Cq

ˇ

ˇ

ˇ

pC1; (16.175)

where the Hirzebruch L-polynomial is defined as

L.R/ D 1C 1

3
p1 C 1

45
.�p21 C 7p2/C � � � : (16.176)

In Eq. (16.175) the factor 2p�4 reflects the tension and charge of an Op-plane relative
to a Dp-brane. Note that (10.212) was derived in the ‘upstairs’ type II geometry.

The expansion of the Chern-Simons term for orientifold planes is

S
Op
CS D �2 2

p�4�p
Z

W

�

CpC1 � 1

192
.2�˛0/2

�Cp�3 ^ .trRT ^RT � trRN ^ RN/C : : :
�

: (16.177)
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The CS actions have also been obtained in a number of different ways, e.g.
abstracted from the appropriate disc amplitudes or using the boundary state
formalism.

The presence of SCS has an important consequence: it leads to the tadpole
cancellation condition. Consider the simplified situation with action

S D �1
2

Z

M

FpC2 ^ ?FPC2 C q
Z

W
CpC1

D �1
2

Z

M

FpC2 ^ ?FpC2 C q
Z

M

CpC1 ^ ıW (16.178)

with FpC2 D dCpC1. ıW is the Poincaré dual of W and is sometimes called the
brane current. It is a closed .9 � p/-form with support on W ,! M and integrates
to one over any normal fiber over W . For a brane in Minkowski space with world-
volume extended along (x0; : : : ; xp), ıW D ı.9�p/.yyy/dy1 ^ � � � ^ dy9�p where
(y1; : : : ; y9�p) span the space transverse to W . The equation of motion for CpC1
derived from (16.178) is

d ? FpC2 D .�1/pq ıW : (16.179)

If we integrate this over the transverse space we obtain a generalization of Gauss’
law, valid for extended charged objects. Let us now assume that the transverse space
is compact without boundary. Integrating over it leads to the tadpole condition
q D 0. This is a global constraint which does not have to be satisfied locally.
Intuitively this result is clear: on a compact space all field lines have to end on
another charged object.

In the context of brane physics the tadpole condition can be satisfied either
by having as many branes as anti-branes, but this would break supersymmetry
completely, or by having branes and orientifold planes as in the type I theory. But
more general situations are possible where also the bulk CS-term contributes to the
tadpole equation. Such a situation will be discussed in Sect. 17.3. In the presence
of non-trivial bundles there can also be induced brane charges, as in the example
discussed below Eq. (16.174). They generate tadpoles which, of course, also have
to be cancelled.

Note that the tadpoles we have discussed here arise from the equations of motion
of R-R fields. They are therefore called R-R tadpoles. Because R-R charges are
quantized, the tadpole conditions are ‘integer conditions’ and uncancelled R-R tad-
poles render the theory inconsistent. In Sect. 17.2 we will see in a particular example
that they lead to gauge anomalies in the low-energy effective field theory and it can
be shown that this is a general feature. This is sharp contrast to possible NS-NS
tadpoles. They signify that the equations of motion are not satisfied but this can be
remedied by shifting the NS-NS background. They are not related to anomalies.
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16.6 Appendix: Integrals in Veneziano and Virasoro-Shapiro
Amplitudes

We derive the integrals (16.74)

B.˛; ˇ/ D
Z 1

0

dx x˛�1 .1 � x/ˇ�1 (16.180)

and (16.23)

I.˛; ˇ; n;m/ D
Z

d2z jzj˛ j1� zjˇ zn .1 � z/m: (16.181)

Both integrals converge for certain ranges of the parameters, and they are defined
elsewhere by analytic continuation.

We start with the Euler Beta-function. Using the integral representation of the
� -function, we have

� .˛/ � .ˇ/ D
Z 1

0

ds e�ss˛�1
Z 1

0

dt e�t tˇ�1

D 4

Z 1

0

ds e�s2s2˛�1
Z 1

0

dt e�t 2 t 2ˇ�1

D 4

Z 1

0

dr e�r2 r2.˛Cˇ/�1
Z �=2

0

d' cos2˛�1 ' sin2ˇ�1 '

D � .˛ C ˇ/
Z 1

0

dx x˛�1 .1 � x/ˇ�1; (16.182)

where in going from the second to the third line we have changed variables .s; t/ D
.r cos'; r sin '/ and in the last line cos2 ' D x. This is, of course, the standard
textbook derivation. Alternative representations which one obtains by transforming
the range x 2 Œ0; 1� to x 2 Œ�1; 0� and x 2 Œ1;1� via the change of variables
x D 1 � 1=y and x D 1=y, are

B.˛; ˇ/ D
Z 1

1

dx x�˛�ˇ .x � 1/ˇ�1 D
Z 0

�1
dx .�x/˛�1 .1 � x/�˛�ˇ:

(16.183)

The second integral (16.181) is less standard. Using the integral representation
of the � -function, we can write

jzj˛ D 1

�
��˛

2

�

Z 1

0

ds s�
1
2 ˛�1 e�sjzj2 (16.184)
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and likewise for j1� zjˇ. Then (16.181) becomes

1

�
��˛
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�
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�ˇ
2
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dss�
1
2 ˛�1

Z 1

0
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1
2 ˇ�1

Z

d2z zn.1 � z/me�sjzj2�t j1�zj2 :

(16.185)

We do the integral over z first. In fact, we first evaluate

J.j1; j2/ D
Z

d2z e�sjzj2�t j1�zj2Cj1zCj2.1�z/ (16.186)

and then take n derivatives w.r.t. j1 and m derivatives w.r.t. j2 and set j1 D j2 D 0

at the end. J is a Gaussian integral and its evaluation is straightforward. We obtain
(use z D x C iy)

J.j1; j2/ D 2�

.s C t/ e
� st
sCt ej1

t
sCtCj2 s

sCt (16.187)

and finally arrive at
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(16.188)

We now make the following change of variables

s D u

x
; t D u

1 � x ; 0 � x � 1; 0 � u � 1; (16.189)

for which the integrals factorize and we find
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(16.190)

where in the last step we have assumed integermC n.
There is an alternative derivation of this integral which can be generalized to

higher point functions. It relates an integral over the complex plane to a pair of
integrals over the real axis and demonstrates an intriguing relation between closed
and open string scattering amplitudes, the KLT relations.
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• D. Lüst, S. Theisen, G. Zoupanos, Four-dimensional heterotic strings and
conformal field theory. Nucl. Phys. B 296, 800 (1988);
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Chapter 17
Compactifications of the Type II Superstring
with D-branes and Fluxes

Abstract Type II compactifications with D-branes and background fluxes are
viable candidates to relate string theory to the physics we observe in four dimen-
sions. For simple toroidal orbifold backgrounds the D-brane and orientifold sector
can be described by an exact CFT, but issues such as tadpole cancellation, the Green-
Schwarz mechanism, determining the massless spectrum etc. arise in a broader
context and can be discussed from the low-energy-effective action perspective.
String compactifications with non-vanishing NS-NS and R-R p-form field strengths
provide solutions to the moduli problem, as these background fluxes modify the
string equations of motion at leading order so that its solutions generically generate
a potential for the would-be moduli fields. Thus they receive a vacuum expectation
value and a mass. Basic knowledge of N D 1 supersymmetry in four dimensions
is assumed.

17.1 Brane Worlds and Fluxes

In Chap. 15 we have discussed orientifold compactification on toroidal orbifold
backgrounds. In order to cancel the tadpoles introduced by the orientifold planes,
one had to introduce D-branes, generically intersecting D-branes. The localization
of gauge fields on D-branes provides a concrete stringy realization of the so-called
brane world scenario, in which the Standard Model fields are confined on lower
dimensional branes whereas gravity propagates in all ten space-time directions (the
so-called bulk). It is an immediate consequence of the Dirac-Born-Infeld action that,
if the branes on which the gauge degrees of freedom propagate wrap compact cycles
of the internal manifold and if they also fill out the four non-compact space-time
directions, then the four-dimensional gauge couplings are determined by the volume
of the wrapped cycles. The gravitational coupling, on the other hand, depends on the
total volume of the six dimensional compact manifold. This allows for the possibil-
ity of having the string scale Ms parametrically smaller than the Planck scale MP.

R. Blumenhagen et al., Basic Concepts of String Theory, Theoretical and Mathematical
Physics, DOI 10.1007/978-3-642-29497-6
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To see this, we compactify the ten-dimensional type II superstring theory to four
dimensions on a compact six dimensional manifoldX with volume VX and consider
a Dp-brane filling the flat four-dimensional Minkowski space-time and wrapping a
.p � 3/-dimensional cycle C of X of volume VC . By dimensional reduction of the
Einstein-Hilbert and Dirac-Born-Infeld actions to four dimensions, one can compute
the effective four-dimensional Planck mass and gauge coupling

M2
P �

8�

�24
D 8�VX

�210
D 8M2

s vX

g2s
;

1

g2YM

� VC

g2Dp

D vC

2�gs
: (17.1)

vX D VX=`
6
s and vC D VC=`

p�3
s are the dimensionless volumes of X and of

the wrapped cycle C in string units (recall from (2.12), `s D 2�
p
˛0). Note that

the two couplings scale differently with the string coupling gs , but the following
combination is independent of gs :

MP g
2
YM D

p
32�2 Ms

p
vX

vC
: (17.2)

This is in contrast to the perturbative heterotic string where gravitational and
gauge degrees of freedom propagate in ten dimensions and where the gravitational
and gauge couplings scale in the same way with gs and with the volume vX . The
combination .Ms=MP/

2 � g2YM is therefore volume independent (cf. (16.107)). The
quantitiesMP and gYM are experimentally accessible coupling constants. The scale
of quantum gravity is MP � G

�1=2
N ' 1:2 � 1019 GeV and evolving gYM via the

renormalization group to large scales, assuming e.g. a supersymmetric completion
of the standard model, one findsMs=MP ' 10�2.

In view of this heterotic result, the volume dependence of the type II
relation (17.2) offers the interesting possibility of a large hierarchy between the
string and the Planck scales, Ms � MP, if

p
vX=vC � 1. It is easy to achieve

this: for instance in CY manifolds there are regions in (complex structure and
Kähler) moduli space where some cycles become small, e.g. in the vicinity of
orbifold points, of conifold points, etc. where some cycles shrink to zero size. If
we want gs and gYM in the perturbative regime at the string scale and no large
hierarchy between these two coupling constants, we find from the second relation
in (17.1) that we need vC � 1 and therefore vX � 1. This is why this kind of
brane world models is also called the large extra dimension scenario. In principle
one can decrease the string scale down to Ms D 1TeV, but one has to worry about
phenomenological implications such as light Kaluza-Klein states or deviations from
Newton’s law. Contrarily, Coulomb’s law is not affected, because the gauge fields
do not propagate along the large transverse dimensions.

To summarize, the brane-world idea can be realized with type II orientifolds
with D-branes. In particular the string scale is not tied to the Planck scale, where the
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possible hierarchy between these two scales is generated by the existence of a large
internal geometry.

The second aspect we will address in this chapter has to do with the scalar fields
(moduli) notoriously present in all the supersymmetric compactifications discussed
so far. Since the vevs of these fields determine the precise values of important quan-
tities (like gauge couplings, Yukawa couplings etc.) in the four-dimensional low
energy effective action, for a predictive framework it is mandatory to dynamically
freeze these moduli. This is problem is known as moduli stabilization.

One expects that in the process of breaking supersymmetry a scalar potential is
generated. Breaking supersymmetry explicitly at the string scale, e.g. by having
branes and anti-branes, is problematic. Due to the appearance of tachyons and
uncanceled NS-NS tadpoles, we loose technical control. To avoid these difficulties,
we start with a supersymmetric theory and look for ways to generate a scalar
potential which has vacua with spontaneously broken supersymmetry.1 For four-
dimensional N D 1 supergravity the scalar potential arises from a holomorphic
superpotential W , which is an F-term, and from D-terms. Concerning the super-
potential, in supersymmetric field theory there exist powerful non-renormalization
theorems: it can only be induced at tree level and non-perturbatively. There are no
higher loop corrections both in the string coupling gs and the sigma model couplingp
˛0=R.
Strictly speaking, moduli stabilization is a misnomer. What one is really looking

for are compactifications with metric and other background field configurations
which have no moduli. Often this is discussed as a two step process where one
first chooses a Calabi-Yau manifold and then adds further background fields such
as gauge bundles and a B-field (in heterotic conpactificatons) or NS-NS and R-R
fluxes (in type II) which generate potentials for the metric moduli of the manifold.
In doing this, one first ignores the back-reaction of the fluxes on the geometry,
i.e. one ignores the energy-momentum tensor of the non-metric fields. This can be
justified if they are suppressed by powers of ˛0, though this is often not the case
(see e.g. Eq. (17.4) below).

To see how a tree-level scalar potential might arise, recall that superstring
theory contains p-form gauge fields in its massless spectrum. In Chap. 14 we have
considered backgrounds with trivial p-form fields. We now consider solutions of
the ten-dimensional string (or rather supergravity) equations of motion with non-
trivial fluxes FpC1 ¤ 0. As we will see, switching on fluxes has the following
consequences:

• It can generate new tadpoles for some of the other p-form fields via Chern-
Simons terms in the 10D action.

• The kinetic term

Skin �
Z

M

F ^ ?F (17.3)

1These vacua can be meta-stable as long as they are long living.
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induces a scalar potential in the four dimensional effective action, which in
general depends on the moduli of the embedded cycle ˙pC1 7! M with
R

˙pC1
F ¤ 0. Moreover, this scalar potential can be derived from a tree-level

superpotentialWflux and can lead to moduli stabilization.
• FpC1 generates a source term in the Einstein equations

R�� � 1
2
g��R D 8�GT��.FpC1/ (17.4)

which implies that the metric is no longer Ricci-flat.

Hence flux compactifications are a possibility to stabilize moduli at tree level.
If some moduli are not stabilized at tree level, non-perturbative corrections,
which are generically present, become important. Computational control over these
corrections is therefore important but will not be covered in this book.2

17.2 Supersymmetry, Tadpoles and Massless Spectra

One can achieve N D 1 space-time supersymmetry in four-dimensions by perform-
ing an orientifold projection of a type II Calabi-Yau compactification. These can be
orientifolds of the type IIB superstring, which require the introduction of (D9,D5) or
(D7,D3) branes to cancel tadpoles. Type IIB orientifolds of toroidal orbifolds were
discussed in Chap. 15. The T-dual class of models are type IIA orientifolds with
O6-planes and tadpole canceling D6 branes.3 Both are space-time filling and also
wrap an internal three-cycle. In this section, we will generalize this construction to
orientifolds with intersecting D6-branes on smooth Calabi-Yau manifolds.

In Chap. 15, we derived the consistency conditions and the massless spectrum
for a type IIB orientifold on T 4=Z2 where the tadpoles were canceled by stacks
of intersecting fractional D7-branes. This model was analyzed via conformal field
theory methods. For smooth geometries a conformal field theory description is not
available. An alternative is to use effective field theory. We will see that it allows us
to derive many of the relevant features of these models.

We start with a brief general discussion of type II orientifolds. The main idea is
the same as for orbifolds. There one divides a string theory by a group G of target
space symmetries. For orientifolds one divides by

G [˝p S; (17.5)

2Since the r.h.s. of (17.4) is of the same order (in ˛0 and in gs) as the l.h.s, the flux is as much part
of the background as the metric is and it cannot be viewed as a correction controlled by a small
parameter.
3Additional magnetized D8-branes are only possible, if there exist non-trivial 5-cycles on the six-
dimensional manifold.
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where G is again a group of target space symmetries, ˝p the world-sheet parity
operator4 and S is such that˝p S is a symmetry of the string theory on M =G. If S
includes a target space symmetry � , the fixed-point sets of � are the orientifold
planes. The twisted sectors which have to be added include D-branes and open
strings. Simple examples withM10 D R

1;3�T 6 are those listed in Table 10.3 where
G is trivial and S can be read off from the second column.

Calabi-Yau orientifolds are obtained, if we choose type II theory on a CY
manifold X (which has no continuous isometries), i.e. M10 D R

1;3 � X . For
simplicity we choose G D � and � W M10 ! M10 to be an involution (�2 D 1)
which acts non-trivially on the CY manifold but trivially on R

1;3. This, of course,
restricts the allowed class of CY manifolds for this construction. To proceed, we
have to distinguish between type IIA and IIB orientifolds.

Type IIB Orientifolds

Choose � to be a discrete holomorphic isometry of X . It leaves the metric and the
complex structure ofM invariant and hence

��.!/ D !; ��.˝/ D ˙˝; (17.6)

where �� is the pullback of � and the action on ˝ is consistent with � being
holomorphic and involutive. In local coordinates, where ˝ D d z1 ^ d z2 ^ d z3

and ! D i
2

P3
iD1 d zi ^d zi , � acts by inverting an even .C/ and odd .�/ number of

the zi , respectively. It is now easy to determine the dimensionality of the fixed point
sets and we find the following cases (cf. Table 10.3)

O5=O9 W ��.˝/ D C˝; S D �;
O3=O7 W ��.˝/ D �˝; S D � .�1/FL: (17.7)

Since � acts trivially on R
1;3, the O-planes are space-time filling. FL, the left-

moving space-time fermion number, is included in order to guarantee that S˝p

acts as an involution on all states, i.e. that .S˝p/
2 D 1. This is necessary in order to

have invariant space-time fermions, in particular for one of the gravitini to survive
the projection.

We can now check explicitly that there is always one linear combination of the
two gravitini which is invariant under the action of the orientifold group. In light
cone gauge the most general linear combination is

ja; �i ˝  i� 1
2

j0i C ˛  i

� 12 j0i ˝ ja; �i; (17.8)

4In this chapter we use ˝p for the world-sheet parity in order to avoid confusion with the three-
form ˝.
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where a is an SO.2/ spinor index, � the Killing spinor (of definite chirality) and
i D 1; 2 enumerates the two transverse space-time directions. Recall that the
transformation zj ! �zj is a �-rotation in the zj plane, which acts as multiplication
by i on the spinors. It is then straightforward to show that in all cases considered
in (17.7) there is one choice for ˛ such that the linear combination (17.8) is invariant
under S . One also verifies that without the .�1/FL insertion there would not be an
invariant combination.

Type IIA Orientifolds

Consider now the compactification of type IIA superstring theory on R
1;3 �X . We

now choose � to be an isometric anti-holomorphic involution of the Calabi-Yau
manifold, i.e.

��.!/ D � !; ��.˝/ D e2i�O6 ˝: (17.9)

�O6 is a constant phase. The fixed point locus of this involution supports an
orientifold O6-plane. By redefining the phase of ˝ we can set �O6 D 0. In this
case the action of � in local coordinates is � W zi ! zi and we have

O6 W ��.˝/ D ˝; S D �.�1/FL : (17.10)

It is again straightforward to demonstrate that this preserves N D 1 supersymme-
try, i.e. that there is a linear combination

ja; �i ˝  i� 1
2

j0i C ˛  i

� 1
2
j0i ˝ ja; �i (17.11)

which is invariant under˝pS . The action of � on the Killing spinor is5 � j�i D j�i
and � j�i D �j�i.

On Calabi-Yau threefolds, (17.7) and (17.10) exhaust all possibilities: since there
are no homology one- and five-cycles, we cannot have space-time filling O4 or O8-
planes.

Type IIA CY Orientifolds

We now turn to a more detailed discussion of type IIA Calabi-Yau orientifolds of
the type just discussed. Unless stated otherwise, in this section O6-planes always
mean O6.�;�/-planes. They carry negative charge with respect to D6-branes and

5� is a reflection in the (5-7-9) directions and it acts on positive and negative chirality spinors as
˙i	5	7	9 . If we express the Dirac-matrices in terms of creating and annihilation operators and
use that j�i and j�i are highest and lowest weight states, respectively, the stated results follow.
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have negative tension. We will denote the homology class of the O6-plane by ˘O6

and its dual Poincaré dual 3-form by �O6.

Tadpole Cancellation

The orientifold plane induces a tadpole for the R-R 7-form potential C7 with four
legs on the flat uncompactified part R1;3. For the determination of this tadpole it
is not necessary to compute the whole Klein-bottle amplitude of this orientifold
projection. Since we are only interested in the couplings of massless states, the
tadpole can already be derived from the CS-terms (16.175) on the O6-plane

SO6
CS D �4�6

Z

M10

C7 ^ �O6: (17.12)

In order to cancel this tadpole one adds stacks of Na D6-branes wrapping three-
cycles ˘a in the internal manifold X and with flat gauge connections on their
world volume. For � to be a symmetry, one has to introduce “mirror branes” which
wrap the three-cycles ˘ 0a which are images under the action induced by � on the
homological classes. The CS action (16.171) on a stack of D6-branes simplifies to

S
D6a
CS D �6

Z

M10

C7 ^ �a (17.13)

with a similar contribution from the mirror cycles � 0a. Taking also the kinetic term
for C7 into account, the part of the ten-dimensional action which involves C7 is

S D � 1

4 Q�210

Z

M10

F8 ^ ?F8 C �6
Z

M10

C7 ^
�
X

a

Na.�a C � 0a/� 4�O6

�

: (17.14)

The equation of motion for C7 is

d ? F8 D �`s
�
X

a

Na .�a C � 0a/� 4�O6

�

: (17.15)

Since the left hand side in Eq. (17.15) is exact, the R-R tadpole cancellation
condition boils down to a condition on the cohomology classes. Written in terms
of the Poincaré dual homology three-cycles this constraint is

X

a

Na .˘a C˘ 0a/ � 4˘O6 D 0: (17.16)

It implies that the overall three-cycle which all the D6-branes and orientifold planes
wrap is trivial in homology. This is a moderate restriction which admits non-trivial
solutions with branes that are not simply placed on top of the orientifold plane.

We have seen in Chap. 9 that besides D-branes there also exist stable non-BPS
branes. They are not simply classified by cohomology classes but by torsion-like
K-theory classes. Thus the topological classification of D-branes via cohomology
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actually has to be refined by using K-theory instead. This means that besides the
usual R-R tadpole cancellation conditions (which are conditions on the homology of
the cycles wrapped by the branes) additional constraints arise due to torsion factors
in the K-groups of the Chan-Paton bundles of the D-branes. For a compact Calabi-
Yau it is in general quite difficult to explicitly compute the K-theory groups.

Supersymmetric Cycles

In Chap. 10 we have discussed the conditions under which D6-branes covering R
1;3

and intersecting on a torus T 6 preserve supersymmetry; see Table 10.2. We now
generalize this to intersecting D6-branes wrapping three-cycles of smooth Calabi-
Yau manifolds. As explained earlier, type IIA superstring theory compactified on
a Calabi-Yau threefold preserves N D 2 supersymmetry in four dimensions,
which is further broken by the orientifold projection to N D 1 supersymmetry.
The orientifold plane wrapping the fixed point loci ˙O6 of � generically breaks
supersymmetry completely, unless ˙O6 satisfies certain conditions, which we
now state without derivation. For this purpose we define: a three-dimensional
submanifold ˙ � M is called Lagrangian, if the restriction of the Kähler form
of X to ˙3 vanishes6

!j˙3 D 0: (17.17)

A special Lagrangian submanifold is defined to satisfy the additional condition

Im.e�i� ˝/j˙3 D 0; (17.18)

where � 2 R. Writing the second equation in (17.9) as ��.e�i�O6 ˝/ D .e�i�O6 ˝/

it is clear that ! and Im.e�i�O6 ˝/ restrict trivially to the O6-plane which therefore
wraps a special Lagrangian submanifold of the Calabi-Yau threefold X . The
parameter � , which parametrizes a U.1/, determines which N D 1 � N D 2

supersymmetry is preserved by the O6-plane. An alternative definition of a special
Lagrangian submanifold of a CY threefold is that it is calibrated w.r.t. Re.e�i�˝/.
This means for the induced volume form on ˙3,

volj˙3 D Re.e�i�˝/j˙3 (17.19)

and implies that ˙3 is volume minimizing in its homology class. These two
definitions are equivalent if ˝ is normalized such that ! ^ ! ^ ! D 3i

4
˝ ^˝.7

6This is a notion from symplectic geometry where ! is the symplectic form and X the phase
space, i.e. the cotangent bundle of the configuration space. The latter is a Lagrangian submanifold
(by Darboux’ theorem we can choose local coordinates such that ! DP

dpi ^ dqi ).
7The notion of calibrated submanifolds is more general, in particular it is defined for submanifolds
of arbitrary dimensions. The supersymmetry preserving cycles of type IIB orientifolds are even
cycles. They are calibrated w.r.t. 1

pŠ
!p , for p D 0; 1; 2; 3 for O3,O5,O7 and O9 planes,

respectively. This means e.g. that volj˙2 D !j˙2 . The calibrated cycles are precisely the
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Table 17.1 Spectrum of IIA
Calabi-Yau orientifolds Multiplicity Multiplet

1 Gravity multiplet
h
1;1
C

Vector multiplets
h1;1

�
C h2;1 C 1 Chiral multiplets

For the D6-branes to also preserve supersymmetry, they should as well wrap
internal special Lagrangian 3-cycles. Since 3-cycles with different values for �a
preserve different N D 1 supersymmetries, in order to preserve an overall N D 1
supersymmetry, all stacks of D6-branes have to wrap special Lagrangian three-
cycles with the angle defined by the orientifold plane, i.e. �a D �O6 D 0.8

Massless Spectrum

In the closed string sector we have the orientifold projected massless N D 2
supersymmetric type IIA spectrum. Recall that for type IIA the dimensional
reduction on a Calabi-Yau manifold leads to h1;1 vector multiplets, whose vectors
come from the reduced R-R three-formC3 and whose scalars come from the NS-NS
two-formB2 and the Kähler moduli. Furthermore, there are h2;1C1 hypermultiplets
which include the internal components of C3 and the complex structure moduli
(the one extra hypermultiplet is the universal one that includes the dilaton). The
operation � acts on the cohomology groups as

� W Hp;q ! Hq;p: (17.20)

This implies that .1; 1/-forms are mapped onto themselves, but .3; 0/- and .2; 1/-
forms are swapped with their complex conjugates. Thus, H1;1 can be split into
subspaces of eigenvalues˙1 with dimensions h1;1˙ . From the four bosonic on-shell
degrees of freedom of an N D 2 vectormultiplet, two survive the projection. For
H
1;1
C the vector survives whereas forH1;1� the complex scalar survives. One can form

linear combinations of the scalars in the hypermultiplets such that half of them are
even.9 All scalars are in N D 1 chiral multiplets while the vectors are in N D 1

vectormultiplets. The superfield content of the N D 1 supergravity theory of the
massless closed string modes of a type IIA Calabi-Yau orientifold with orientifold
group generated by ˝p�.�1/FL is summarized in Table 17.1.

complex submanifolds. In the presence of other background fields, e.g. a background B field,
the supersymmetry conditions are modified.
8On T 6, choosing ˝ D dz1 ^ dz2 ^ dz3 , one can easily show that the special Lagrangian
condition (17.18) reduces to the angle condition

P

I ˚
I D 0 mod 2� , which we have derived

via CFT in Chap. 10.
9Half of the scalars are from the R-R sector and the other half from the NS-NS sector. The invariant
combinations do not mix the two sectors.
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Table 17.2 Chiral spectrum
for intersecting D6-branes

Representation Multiplicity

a

1

2

�

˘ 0

a ı˘a C˘O6 ı˘a

�

a

1

2

�

˘ 0

a ı˘a �˘O6 ı˘a

�

. a; b/ ˘a ı˘b

. a; b/ ˘ 0

a ı˘b

We now turn to the open string spectrum where we will find various non-Abelian
gauge fields in addition to chiral charged matter. If a D6-brane wraps a submanifold
˙a 2 ˘a that is invariant under � , the gauge symmetry is SO.2Na/ or Sp.2Na/.10

In general, the cycles are mapped non-trivially,˙ 0a ¤ ˙a, and the gauge symmetry
is U.Na/. The chiral massless spectrum is given by the topological intersection
numbers. For a gauge groupG D Qa U.Na/, it is summarized in Table 17.2. Here, a
enumerates all pairs of cycles which are mapped to each other (in homology) by �
and Na is the number of branes wrapped around the a-th cycle.

The common situation is an open string connecting two branes which wrap two
cycles which are not images (in homology) under � . This open string is identified
under ˝p�.�1/FL with the open string between the two images branes. Thus the
ground state and all excitations of this open string transform in bi-fundamental
representations of the two factors in the gauge group corresponding to the wrapped
cycles. Only open strings stretched between a D-brane and its image under � are
invariant under the combined operation ˝�.�1/FL . Therefore, they transform in
the antisymmetric or symmetric representation of the gauge group. More concretely,
a CFT analysis of toroidal orientifolds shows that for O6.�;�/-planes (i.e. with
negative tension and R-R charge) the chiral (ground) states localized at intersection
points invariant under ˝�.�1/FL transform in the antisymmetric representation,
while those at intersections points which are anti-invariant give rise to chiral states
in the symmetric representation. This is the situation in Table 17.2.

Additional non-chiral matter transforming in the adjoint representation of U.Na/
arises from open strings stretched between branes in the same stack, i.e. branes
lying on top of each other. Geometrically, these correspond to deformations of the
three-cycle inside the Calabi-Yau or to continuous Wilson lines along non-trivial
one-cycles inside the three-cycles. They are counted by H0.˙;N˙/ and H1.˙/

respectively, where N˙ denotes the normal bundle of ˙ inside X . One can show

10Note that it is not sufficient that the cycle ˘a is mapped to itself in homology under the induced
action of � . The submanifold representative of the cycle has to be invariant. The gauge group can
be determined from the Möbius strip amplitude. For tori one finds that on the world-volume of
Dp-branes on top of an Op-plane, the gauge group is SO while for D(p�4) branes on an Op-plane
it is Sp.
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that for special Lagrangian cycles the number of these two kinds of moduli are
equal. They combine into complex scalars in the adjoint whose multiplicity is given
by the first Betti number b1.˘a/ of the three-cycle.

For the spectrum of charged matter fields in Table 17.2 the R-R tadpole cancel-
lation condition (17.16) guarantees the absence of non-Abelian gauge anomalies.
Indeed, for a factor SU.Na/ the SU.Na/3 triangle anomaly is proportional to11

X

b¤a
Nb

h

�˘a ı˘b C˘ 0a ı˘b

i

C .Na � 4/
2

h

˘ 0a ı˘a C˘O6 ı˘a

i

C .Na C 4/
2

h

˘ 0a ı˘a �˘O6 ı˘a

i

D �˘a ı
�
X

b

Nb

h

˘b C˘ 0b
i

� 4˘O6

�

D 0: (17.21)

Here we have used the tadpole condition (17.16). Note also the relations

˘aı˘a D 0; ˘ 0aı˘b D ˘ 0bı˘a D �˘aı˘ 0b; ˘aı˘b D �˘ 0aı˘ 0b: (17.22)

There can also be non-chiral massless matter fields whose spectrum cannot be
determined from topology. To find those one has to compute the number of points
in which two submanifolds intersect geometrically (not just the intersection number
in topology which counts intersections with orientation).

Green-Schwarz Mechanism

Given the chiral spectrum of Table 17.2, we have shown that the non-Abelian
gauge anomalies of all SU.Na/ factors in the gauge group cancel. However, as
we will show momentarily, the Abelian and the mixed anomalies with Abelian
and non-Abelian gauge fields and with Abelian gauge fields and gravitons do not
cancel among the charged fields of Table 17.2. This is a very generic situation in
string theory and is resolved by the so-called Green-Schwarz (GS) mechanism. This
mechanism is already effective in the uncompactified theory and is at the heart of
the proof of the anomaly freedom of the ten-dimensional string theories. In the ten-
dimensional theory the GS mechanism relies on the fact that the anti-symmetric
tensor field also transforms under gauge transformations of the gauge fields, as
discussed in Chap. 16.4. In the compactified four-dimensional string models it relies
on the generic appearance of axions, whose perturbative shift symmetry is gauged

11Here we use that the anomaly coefficients tr R.fT a; T bgT c/ D A.R/ tr .fT a; T bgT c/ for the
relevant SU.N / representations are A D .N � 4/A ; A D .nC 4/A ; A D �A .

This can be derived e.g. by looking at the decomposition w.r.t. SU.3/.
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Fig. 17.1 One-loop diagrams for U.1/a SU.Nb/2 or for gravitational anomalies. The external
lines on the left are photons; the lines on the right they are either two gluons or two gravitons

and leads to non-invariances of the action which cancel Abelian anomalies which
appear as non-invariances of the measure in the functional integral.

We will convey the idea for the class of intersecting D6-brane models. A more
thorough treatment would, among others, require an exposition of the formalism of
anomalies in quantum field and string theories, but this is one of the topics which
we have mentioned in the preface as one of the omissions.

The U.1/a SU.Nb/2 anomalies result from the second triangle diagram shown in
Fig. 17.1. The triangle anomaly for any two stacks a and b is proportional to12

Aabb D Na.�˘a C˘ 0a/ ı˘b: (17.23)

For a ¤ b this is immediate as the bi-fundamental fields are the only fields which
run in the loop. For a D b all states which couple to U.1/a can run in the loop and
we have to sum over them. This gives13

Aaaa D .Na � 2/ .˘ 0a ı˘a C˘O6 ı˘a/C .Na C 2/ .˘ 0a ı˘a �˘O6 ı˘a/

C
X

b¤a
Nb .�˘a ı˘b C˘ 0a ı˘b/

D Na˘ 0a ı˘a: (17.24)

Here we have normalized the U.1/ charge of the fundamental representation toC1.
The anti-fundamental then has charge �1 and the symmetric and anti-symmetric
representations have chargeC2.

Analogously, one can compute the U.1/a U.1/2b anomalies. One finds

Babb D

8

ˆ

<

ˆ

:

Na Nb .�˘a C˘ 0a/ ı˘b a ¤ b
1

3
	 3 N 2

a ˘
0
a ı˘a a D b:

(17.25)

12Here we define tr R.QaT bT b/ D Aabb tr .T bT b/; there is no sum over b. We also define

Babb D tr .QaQbQb/ and Aagg D tr .Qa/, where Qa is the U.1/a charge.
13If tr R.T aT b/ D c.R/ıab , c. / D .N C 2/c. /; c. / D .N � 2/c. /; c. / D c. /.
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For the mixed gauge-gravitational anomaly Aagg one obtains

Aagg D 1

2
Na.Na�1/.˘ 0a ı˘a C˘O6 ı˘a/C 1

2
Na.NaC1/.˘ 0a ı˘a�˘O6 ı˘a/

C
X

b¤a
NaNb.˘

0
a ı˘b �˘a ı˘b/

D 3 Na ˘O6 ı˘a: (17.26)

To summarize, we find that anomalies which involve only non-Abelian gauge
currents cancel as a consequence of the tadpole condition, but the triangle diagrams
which involve one or three U.1/ currents, are anomalous.14 In other words, the
massless spectrum of the theory is not anomaly free and would, by itself, lead to
a break-down of gauge invariance of the (one-loop) effective action. But there is
another source of gauge variation of the (tree-level) effective action: it is related to
the transformation of p-form fields (axions) under Abelian gauge transformations of
the gauge field. We have encountered such transformations for the two-form in type I
and heterotic theories (cf. (16.153)), as a consequence of the non-trivial Bianchi
identity for their three-form field-strength.

The essence of the Green-Schwarz mechanism is that there are terms in the tree-
level effective action, which involve the axions and which are not invariant under
gauge transformations such as to cancel the one-loop anomalies. In the case of
intersecting D6-branes, the axions are the dimensionally reduced C3 and C5-forms,
which are Hodge-duals of each other, i.e. dC5 D ?dC3.

The three-cycles˘a which the D6-branes wrap can be expanded in the symplec-
tic homology basis introduced in (14.217)15

˘a D mI
a AI C na;I BI (17.27)

with mI ; nI 2 Z. Since we are working in the so-called ‘upstairs geometry’, i.e.
prior to the orientifold quotient, we also have the orientifold mirror branes which
wrap the mirror cycles ˘ 0a D m0Ia AI C n0a;I BI .16 The topological intersection
number between two three-cycles˘a;˘b is

˘a ı˘b D mI
a nb;I � na;I mI

b : (17.28)

14We can regularize the triangle diagrams in such a way that A.1/abb and B.1/

abb are proportional to the
divergences of the U.1/a current while the other two currents in the respective triangle diagrams
are conserved. Bose symmetry in the three currents accounts for the factor 1

3
in B.1/

aaa (second line
in (17.25)).
15Compared to Chap. 14 we have slightly changed the notation from Aa; Ba to AI ; BI .
16The wrapping numbers m0

a; n
0

a of the mirror branes are, of course, not independent of those of
the branes. The precise relation depends on the action of � on the homology basis, but it will not
be needed.
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On shell, C3 and C5 are harmonic forms and we can expand them in the Poincaré
dual symplectic cohomology basis

C3 D `3s
�

C0;I ˛
I �DI

0 ˇI
�

; C5 D `5s
�

C2;I ˛
I �DI

2 ˇI
�

: (17.29)

The coefficients are axionic space-time fields. From dC5 D ?dC3 one derives

`2s .�dD2; dC2/ D .?dC0; ?dD0/M (17.30)

with

M D
�

B A

�D �C
�

; (17.31)

whereA;B;C;D are the matrices defined in (14.300): they appear when we expand
.?˛I ; ?ˇJ / in the basis .˛I ; ˇJ /. Notice that M 2 Sp�2.h2;1C 1/�. In (17.30), and
below, we have employed an obvious matrix notation.

It is now straightforward to reduce the low-energy effective action to four
dimensions. For simplicity we set the dilaton, the (R,R) 1-form and the (NS,NS)
2-form to zero. The ten-dimensional kinetic term for C3 becomes

Skin D � �
`2s

Z

R1;3

.dC0; dD0/M ^ ?
�

dC0

dD0

�

: (17.32)

We now expand the Chern-Simons action and integrate over the cycles wrapped
by the branes and the O6-plane. From the second term in (16.174) we obtain the
following mixing terms between the four-dimensional axions and the U.1/ gauge
fields f a D dAa

Smix D �

`2s

X

a

Na

Z

R1;3

1

�
Aa ^ ?.dC0; dD0/M

� �.na � n0a/
.ma �m0a/

�

; (17.33)

where we have integrated by parts and used (17.30). The fact that under world-sheet
parity˝p the U.1/a gauge field changes sign explains the relative sign between the
contributions from branes and image branes.

The second line in (16.174) reduces to

SD6
ax D

1

4�

X

a

Z

R1;3

.C0;D0/

�

ma Cm0a
na C n0a

�

�

Naf
a ^ f a

C tr NaF
a ^ F a C 1

48
NatrR ^ R

�

: (17.34)
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Fa denotes the SU.Na/ gauge field strength and fa again the field strength of the
diagonal U.1/a � U.Na/. Finally, the contribution from the orientifold plane is,
cf. (16.177),

SO6
ax D

1

48 	 2�
Z

R1;3

.C0;D0/

�

mO6

nO6

�

trR ^R: (17.35)

It will turn out to be convenient for the following discussion to define the k �
.h1;2 C 1/ matrices

Qa
I D �Na

�

na;I � n0a;I
�

; P a;I D Na
�

mI
a �m0Ia

�

; (17.36)

where k is the range of a, i.e. the number of wrapped branes or, equivalently, the
number of pairs of homology cycles .˘a;˘

0
a/. We furthermore define one-form

field strengths (here and below we will not display the index I )

G1 D dC0 �
X

a

Qa

2�
Aa; H1 D dD0 �

X

a

P a

2�
Aa: (17.37)

We observe that they obey the Bianchi-identities

dG1 D �
X

a

Qa

2�
f a and dH1 D �

X

a

P a

2�
f a: (17.38)

This is reminiscent of the definitions and the Bianchi-identities of H3 and F3 in
the ten-dimensional heterotic and type I superstring theory, respectively. There,
gauge invariance of H3 and F3 required that B2 and C2 transform under gauge
transformations. Likewise, gauge invariance of G1 and H1 can be achieved by
requiring that under Aa ! Aa C d
a, C0 andD0 transform as

C0 ! C0 C Qa

2�

a; D0 ! D0 C Pa

2�

a; (17.39)

i.e. the axionic shift symmetries are gauged. Note that each zero mode �IQa
I C

�IP
a;I D 0 gives rise to a gauge invariant axion �IC0;I C �IDI

0 .
In terms of the gauge invariant field strengths G1;H1 we can rewrite the sum

of (17.32) and (17.33) as

Skin C Smix D � �
`2s

Z

R1;3

.G1;H1/M ^ ?
�

G1
H1

�

: (17.40)

This action includes a mass-term for the U.1/ gauge bosons with mass-matrix
proportional to

Aa.Qa; P a/M

�

Qb

P b

�

^ ?Ab (17.41)
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Fig. 17.2 Tree-level
anomalous contribution of
RR axions (dashed line)

which was not present in the tree-level action which we started with. One can show
that the mass terms are generated at one-loop: they arise from annulus diagrams
with one gauge-boson vertex operator insertion at each boundary.

While the action is invariant (up to topological terms) under constant shifts of
the axionic fields, this is no longer the case after the gauging. The Chern-Simons
terms (17.34) and (17.35) lead to a tree-level non-invariance of the action which
precisely cancels the non-invariance of the effective action which is due to the
anomaly. This is the generalized Green-Schwarz mechanism. Indeed, we easily find

ı
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ˇ

ˇ

ˇ
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�

�
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�
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b ^ F b

CNbNa.˘a �˘ 0a/ ı˘b f
b ^ f b C 1

24
3Na˘a ı˘O6trR ^ R

	

: (17.42)

We see that this is just the right expression to cancel all one-loop anomalies which
are not already canceled as a consequence of the tadpole condition. Diagrammati-
cally we can express the GS anomaly cancellation through the tree-level diagrams
of Fig. 17.2.

In the process of canceling the anomalies, a U.1/a gauge transformation acts as
a shift on the axions. Thus, using the gauge symmetry one can, for instance, gauge
away one axion. Having done so, there is no gauge freedom left to gauge away one of
the three polarizations of theU.1/a gauge field. Therefore, the gauge field is massive
which is consistent with the generation of the mass term (17.41). Another way of
saying this is that the longitudinal polarization mode of the massive anomalous
Abelian gauge field is provided by the derivative of an axion. This mechanism of
giving mass to a U.1/ gauge boson is called Stückelberg mechanism. The U.1/
gauge potentials and axions which remain massless have to lie in the left and right
kernel, respectively, of the k � .2h2;1 C 2/ matrix .Q;P /. The U.1/ symmetries,
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which correspond to the massive gauge potentials, survive as perturbative global
symmetries in that all perturbatively computed correlation functions respect them.
In supersymmetry preserving configurations the massive photons and axions are, of
course, members of massive vector and chiral multiplets, respectively.

17.3 Flux Compactifications

In previous chapters we have discussed the consistency conditions on possible
string backgrounds with a non-constant internal metric field. The restrictions came
first from conformal invariance on the string world-sheet, and second from the
requirement of preserving space-time supersymmetry. The string compactifications
we obtained in this way generically have many massless scalars fields, whose vevs
are free parameters.

We will now generalize the compactifications in the sense that we will also allow
for non-vanishing background fluxes. Since non-trivial fluxes carry energy-density,
they are expected to have a back-reaction on the metric background such that the
compact space is no longer Ricci-flat, i.e. it is not a Calabi-Yau manifold.17 As we
will see, such background fluxes generically introduce a tree-level scalar potential
for the (used-to-be) moduli fields, thus allowing to dynamically freeze them. We
distinguish three kinds of background fluxes:

• Neveu-Schwarz background fluxes: These are non-trivial vacuum expectation
values of the NS-NS three-form field strength H . They can be included in
the world-sheet �-model action. In type II compactifications, H is the exterior
derivative of the antisymmetric tensor field B ,

H D dB (17.43)

and H is necessarily closed:

dH D 0: (17.44)

For heterotic string compactification, there is a non-trivial Bianchi identity
(cf. (16.158))

dH D ˛0

4
.trR ^R � trF ^ F /; (17.45)

which however induces a non-trivialH -flux at subleading order in ˛0.

17We know that higher order ˛0 corrections also destroy Ricci flatness but preserve the CY
condition c1.M/ D 0. The corrections to Rmn ¤ 0 generated by fluxes are not of this type.
The resulting manifolds might e.g. not even be Kähler.
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• Ramond background fluxes: In type II string compactifications, R-R field
strengths FpC1 can have non-vanishing expectation values. In the simplest case

FpC1 D dCp; dFpC1 D 0: (17.46)

Within the RNS formulation of the fermionic string there is no known way to
include them in the world-sheet action and one is therefore limited to the effective
supergravity approach to find restrictions on these backgrounds and to study their
effect. One must keep in mind that the results so obtained are only guaranteed to
be true in the supergravity limit.18

• Metric fluxes: They are T-dual, via the Buscher rules, to a non-trivial H -flux
background. We will not discuss this kind of non-trivial backgrounds.

For simplicity, but also motivated by observation, we only consider a background
ansatz where the four-dimensional space-time is maximally symmetric, i.e. either
Minkowski, de Sitter (dS) or anti-de Sitter (AdS). To preserve the symmetries of
these space-times, fluxes must either be supported only in the internal space or on
the complete four-dimensional space-time (for which the tensor field needs to be at
least a four-form).

For a p-form which satisfies (17.46), the flux through a .p C 1/-dimensional
manifold ˙pC1 without boundary is quantized. Indeed, in a completely analogous
way as one derives the (Dirac) quantization of magnetic flux in the presence of an
electric charge, one finds that the coupling �p�1

R

Cp leads to the condition that the
flux through˙pC1 satisfies �p�1

R

˙pC1
FpC1 2 2�Z. Using (9.58) we find

1

`
p
s

Z

˙pC1

FpC1 2 Z: (17.47)

Flux quantization and the resulting Dirac quantization condition for charges will be
derived in Sect. 18.3. On account of the Bianchi identity the integral only depends
on the homology class of ˙pC1 and, since ˙pC1 has no boundary, only on the
cohomology class of FpC1. Thus, one speaks of a .p C 1/-form flux through the
.p C 1/�cycle Œ˙pC1�.

We will now study the effects of a non-trivial flux on an example.

Three-Form Fluxes in Type IIB

Consider the type IIB superstring compactified to four-dimensions on a manifold
X with non-trivial NS-NS and R-R three-form fluxes H3 and F3 turned on along
internal directions. The type IIB supergravity action in the presence of ND3 D3-
branes was given in Chap. 16. In Einstein frame it is

18In the pure spinor approach it is possible to include anti-symmetric tensor backgrounds in the
world-sheet action, but it has not yet been developed sufficiently far to be easily applicable to the
situations we are interested in.
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Z

R1;3

C4 (17.48)

with the dilaton-axion field  D C0 C ie�˚ and the complex three-form flux
G3 D F3 � H3 (here F3 D dC2 and H3 D dB2). In the second line we have
only written the contributions of D3-branes and O3-planes which suffices for the
following discussion. The Chern-Simons term in the second line provides a source
term for the four-form C4.19 With G3 ^ G3 D 2i Im./ F3 ^ H3, the C4 tadpole
cancellation condition becomes

ND3 CNflux � 1
2
NO3 D 0 (17.49)

with

Nflux D 1

`4s

Z

X

F3 ^H3: (17.50)

Therefore, the G3-form flux gives an integer valued contribution to the C4 tadpole.

The Scalar Potential

The kinetic term forG3 in (17.48) gives rise to a second important effect. Integrating
it over the internal manifold X , it generates a positive semi-definite scalar potential
in the effective four-dimensional theory

Vflux D 1

4 Q�210

Z

X

G3 ^ ?6 G3

Im
: (17.51)

Here, ?6 is the Hodge-star on X . The total scalar potential is

Vtot D Vflux C �3
�

ND3 � 1
2
NO3

�

; (17.52)

where we have used T3 D �3. We now rewrite Vflux: in six dimensions with
Euclidean signature the Hodge star on a three-form satisfies ?26 D �1 (cf. (14.283)).

19The factor of 1=2 was introduced because F5 is self-dual, D3-branes carry both electric and
magnetic charges with respect to F5 and the action only contains the electric interaction term.
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Therefore, we can split G3 into an imaginary self-dual and an imaginary anti-self-
dual partG3 D GISD

3 CGIASD
3 with

GISD
3 D 1

2
.1 � i ?6/G3; ?6 G

ISD
3 D Ci GISD

3 ;

GIASD
3 D 1

2
.1C i ?6/G3; ?6 G

IASD
3 D �i GIASD

3 : (17.53)

Using these definitions we can rewrite the potential in two ways:

Vflux D 1

2 Q�210

Z

X

GIASD
3 ^ ?6 GIASD

3

Im
� i

4 Q�210

Z

X

G3 ^G3

Im
; (17.54a)

Vflux D 1

2 Q�210

Z

X

GISD
3 ^ ?6 GISD

3

Im
C i

4 Q�210

Z

X

G3 ^G3

Im
: (17.54b)

The first term in each expression is metric dependent and positive semi-definite and
vanishes for ISD and IASD G3, respectively. In these cases the second term, which
is topological and proportional to Nflux

Tflux D ˙ 1

2 Q�210

Z

X

F3 ^H3 D ˙�3 Nflux (17.55)

is also positive semi-definite (because Vflux is). It now follows from (17.49)
and (17.52) that for ISD three-form flux the potential vanishes while for IASD flux
it is positive.

In N D 1 supersymmetric theories in four dimensions the scalar potential can
be written as a sum of two terms, an F-term and a positive semi-definite D-term.
The former can be derived from a holomorphic superpotentialW and from the real
Kähler potentialK:

VF D e�24K.Gi N|DiW D N|W � 3�24 jW j2/; (17.56)

where

DiW D
�

@i C �24.@iK/
�

W (17.57)

is the Kähler covariant derivative of W , Gi N| D @i@ N|K the Kähler metric and i
enumerates all chiral superfields. A non-vanishingDiW for some i signals sponta-
neous supersymmetry breaking. Supersymmetric vacua therefore generically have
negative vacuum energy.

The Kähler potential also governs the kinetic terms of the chiral superfields. One
can show, but we won’t do it here, that the splitting of the potential as in (17.54a)
is the splitting into an F-term (non-topological part) and a D-term (toplogical part).
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Neglecting the back-reaction of the flux and the branes on the Calabi-Yau metric,20

one can also show that the superpotential which generates the F-term potential is

W D 1

Q�210

Z

X

˝ ^G3: (17.58)

The holomorphic three-form depends on the complex structure moduli, G3 on the
complex scalar  but W is independent of the Kähler moduli. The Kähler potential,
which is also needed to compute the scalar potential, depends on the complex-
structure moduli, on the Kähler-moduli and on  . The dependence on the Kähler
moduli features the so-called no-scale-structure, which means that supersymmetric
minima have vanishing vacuum energy.21

Due to the complex structure dependence of the superpotential (17.58), the
condition for a supersymmetric minimum GIASD

3 D 0 imposes constraints on the
complex structure moduli and the dilaton. Once the flux quanta are fixed, only for
certain values of these latter moduli does GIASD

3 vanish.
We close with a number of remarks, some of which will be elaborated further in

the next section:

• The minima of the positive semi-definite flux potential occur for imaginary
self-dual three-form flux G3. From Eq. (14.128) we know that G3 has the
decomposition G3 D G

.2;1/
3 C G.1;2/

3 C G.0;3/
3 in a complex structure for that ˝

is purely .3; 0/. In a supersymmetric minimum the Kähler covariant derivatives
w.r.t. all chiral superfields must vanish. While the Kähler potential depends on all
moduli and on  , the superpotentialW depends on the complex structure moduli
only through ˝ , on  through G3 and is independent of the Kähler moduli. The
vanishing of the covariant derivative of W w.r.t. the complex structure moduli,
together with (14.222) and (17.58), implies that G.1;2/

3 D 0. Independence of W

on the Kähler moduli requires W D 0 and therefore G.0;3/
3 D 0. In summary

a three-form flux which is a primitive .2; 1/ form breaks the bulk N D 2

supersymmetry to N D 1.
As a consequence of the no-scale structure, for the Kähler moduli T the

jDTW j2 contribution to the scalar potential cancels against the �3jW j2 term.
Therefore, not all minima with vanishing tree-level vacuum energy are super-
symmetric, i.e. necessarily satisfy DTW D 0. But this is not a solution to the
cosmological constant problem, as higher order corrections in gs and ˛0 break the

20Taking the back-reaction into account one gets a warped CY. This will be explained below.
21For instance, if we have only one Kähler modulus T and K D �3 ln.T C T / C QK.�A; �A/
and if furthermore the superpotential is independent of T , W D W.�A/, we obtain from (17.56)
VF D e�

2
4KGA NADAWD NAW . Supersymmetric minima now have vanishing potential energy. Also

note that the vev of T is not determined. This leads to a degenerate family of vacua and hence the
name no-scale models.
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no-scale structure. For general G3 fluxes, the scalar potential allows to dynami-
cally freeze all complex structure moduli and the complexified dilaton. However,
the Kähler moduli still remain as massless fields. Imposing supersymmetry yields
one more condition on the complex structure moduli and the dilaton.

• So far we have not analyzed the back-reaction of the flux on the geometry, i.e. the
source term in the Einstein equations (17.4). In particular, writing the superpoten-
tial (17.58), we were implicitly assuming that a holomorphic three-form˝ exists
and by talking about complex structure and Kähler moduli, we were assuming
that we are on a CY. One can show that in a model with only D3 branes and G3
fluxes the ten-dimensional geometry no longer has a direct product structure with
an internal CY manifold, but it is given by a warped product of the form

ds210 D e2A.y/g.x/�� dx� dx� C e�2A.y/ Og.y/mn dym dyn; (17.59)

where Ogmn is a CY metric and e2A.y/ is called warp factor. Furthermore,

F5 D .1C ?/ŒdA.y/ ^ Vol4�; ˚ D ˚0; (17.60)

where Vol4 D
p

g.x/dx1 ^ 	 	 	 ^ dx4. Note that the dilaton is constant. The
equations of motion require the relation between the five-form flux and A. This
will be established in the next section.

The effect of the warping is expected to be small in the so-called dilute flux
limit, i.e. when one takes the large volume limit for fixed quantized fluxes. In
this limit, the energy density of the flux becomes small and at leading order can
be neglected on the r.h.s. of the Einstein equation.

For models with D7 branes the geometry is no longer of this simple warped
form, but involves a strong back-reaction on the dilaton. This is best described
via F-theory (see Chap. 18).

• Due to the warp factor the fundamental form ! and the three-form ˝ are no
longer closed but satisfy

d! D �2.dA/ ^ !; d˝ D �3.dA/ ^˝: (17.61)

These follow from ! D ie�2A!CY and ˝ D e3A˝CY (to preserve (17.69)).
• Flux vacua constructions are an appropriate starting point for a discussion of

the string landscape. It was already noticed several years before flux vacua
were being considered that the number of four-dimensional CFT string vacua is
immensely large—e.g. the number of covariant lattices that lead to 4D heterotic
strings was estimated to be of O.101500/, but at the time it was not studied
whether they have marginal deformation which connect them. In flux vacua, in
particular if we include non-perturbative effects, some or even all moduli of the
underlying geometry are fixed. They can therefore provide a set of vacua which
can be regarded as discrete points or low dimensional valleys in a huge multi-
dimensional string landscape. In the supergravity approximation the flux vacua
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are local minima of an effective field theory scalar potential, which depends
on the moduli parameters of a certain background geometry. The number of
supersymmetric vacua, NSUSY, can in principle be computed for any given class
of flux compactification. For a typical Calabi-Yau compactification the number
of vacua with different 3-form fluxes through its 2.h2;1C1/ three-cycles is of the
order

NSUSY D O.10500/: (17.62)

One can argue that there is a good chance to find vacua (after uplift to positive
vacuum energy by non-perturbative effects) with a tiny positive cosmological
constant of order � ' 10�120M 4

P . In fact, the vast proliferation of string vacua
might suggest an explanation of the smallness of the cosmological constant via
the anthropic principle. Combining flux vacua statistics with the statistics of
intersecting D-brane models could also lead to an anthropic understanding of
the Standard Model and its parameters. Anthropic arguments, in particular in the
context of the string landscape and in combination with cosmological models
of eternal inflation, are highly attractive for some people, while for others they
signal the end of science. For this and other issues, an understanding of flux
vacua beyond the supergravity limit is needed.

17.4 Fluxes and SU(3) Structure Group

In Chap. 14 we have seen that in a purely metric background, the condition for
space-time supersymmetry is the existence of a covariantly constant spinor. We have
also seen that this implies that the internal space is Ricci flat, i.e. the supersymmetry
condition implies the equations of motion for the metric. In the heterotic case there
was an additional condition, the Bianchi identity for the field strength of the B-field,
which requires a nontrivial gauge bundle.

In the type II context, a purely metric background which does not break
supersymmetry completely leaves unbroken N D 2 space-time supersymmetry, i.e.
eight supercharges. However, heterotic string compactification on a CY manifold
leads to N D 1. In order to achieve N D 1 in type II compactifications, one
has to switch on additional background fields. In this section we mainly discuss
the question under which conditions the string tree-level equations of motion and
the Killing spinor equations, i.e. the supersymmetry conditions, have solutions with
non-trivial background fluxes. The most direct way to answer the first question is to
use the field equations of the 10-dimensional effective supergravity theory, which
were derived in Chap. 16. However, as we have already seen in the case of a purely
metric background, it is often not necessary to solve the full field equations, which
are second order differential equations. For supersymmetric backgrounds it suffices
to study the supersymmetry conditions, which are first order differential equations
and therefore simpler to analyze. One can show that under rather mild assumptions,
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namely imposing integrability conditions and Bianchi identities, solutions of the
supersymmetry conditions also solve the field equations.

In the following we present the first steps of a general discussion of the type II
supersymmetry conditions, i.e. the vanishing of the supersymmetry variations of
the gravitino and dilatino fields. These are local conditions in ten dimensions that
guarantee the existence of Killing spinors in the given background. Even though
they lead to a classification of supersymmetric geometries with fluxes, one should
keep in mind that compactness of the internal space generally imposes additional
global (Gauss-law) constraints. It is not known in all cases whether compact
solutions of the type described actually exist. Furthermore, one has to keep in mind
that it is not at all clear that the thus obtained solutions of the supergravity equations
of motion lift to solutions of the full string equations of motion.

For the ten-dimensional metric one uses a warped ansatz of the form

ds2 D e2A.y/g��.x/dx� dx� C gmn.y/ dym ˝ dyn: (17.63)

The four-dimensional metric g�� is either that of Minkowski, de Sitter (dS4), or
anti-de Sitter (AdS4) space, and Ogmn is the six-dimensional, internal metric. In
general other bosonic fields are also allowed to acquire non-trivial profiles (vacuum
expectation values) but all fermion fields vanish.

In ten space-time dimensions the type II supersymmetry variations for the two
gravitini  AM .A D 1; 2/ and the two dilatini in the democratic formulation for the
RR fields, after setting the fermions to zero, are (in string frame)22

ı� M D rM � C 1

4
=HMP� C 1

16
e˚
X

n

=Fn�MPn�;

ı�
 D =@˚ � C 1

2
=HP�C 1

8
e˚
X

n

.�1/n.5 � n/ =FnPn�: (17.64)

Setting the variations to zero are the Killing spinor equations in general bosonic
backgrounds. Given a background, their solutions determine the supercharges which
are unbroken in this background. In addition, the Bianchi identities on the fluxes
have to be satisfied. Of course, the existence of solutions presents non-trivial
constraints on the backgrounds. Generically all supercharges are broken. In (17.64)
the spinors  M , 
 and � are doublets of Majorana-Weyl spinors of equal (IIB) or
opposite (IIA) chiralities. The sums are over n 2 f0; : : : ; 10g with n even for IIA23

and n odd for IIB with the duality constraints Fn D .�1/Œ n2 � ? F10�n. One can use
the duality constraints to write (17.64) with the sums restricted to n 2 f0; : : : ; 5g.

22For ease of comparison with the relevant literature, in this section we are using the conven-
tion (14.292) for the Hodge-?. Otherwise we would either have to modify (17.64) or the duality
properties of the field strengths.
23F0 D m is the constant mass-parameter of Romans massive type IIA supergravity.
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This will become clear in the example discussed at the end of this section. P and
Pn are 2 � 2 matrices which act on the doublet label (which we have suppressed).
For type IIA P D �11 and Pn D .�11/

n=2�1; for type IIB, P D ��3, Pn D �1

for nC1
2

even and Pn D i�2 for nC1
2

odd. �i are Pauli matrices. Furthermore,
=Fn D 1

nŠ
� M1:::MnFM1:::MN and =HM D 1

2
� NPHMNP . Recall that the chiralities of

the dilatini is opposite to that of the gravitini and the supersymmetry parameters.
The vanishing of these variations is required for supersymmetry and the number of
solution � determines the number of supercharges that are preserved. It is evident
that without fluxes and with constant dilaton the solutions are covariantly constant
spinors and we are back to Calabi-Yau compactifications. Fluxes and a non-trivial
dilaton profile lead to considerably more complicated differential equations.

It is clear that for a supersymmetric compactification the internal manifold must
admit a globally defined nowhere vanishing spinor �. Recall that on a CY manifold
there exists a covariantly constant spinor and the existence of covariantly constant
spinors implies a reduced (also called special) holonomy group. Likewise, globally
defined spinors exist only on manifolds with reduced structure group. The structure
group G of a d -dimensional Riemannian manifold .M; g/ is the structure group of
its orthonormal frame bundle whose fiber is a basis of vectors (d -beins) ema such that
ema e

n
b gmn D ıab . For a generic orientable manifold G ' SO.d/, i.e. the orthonor-

mal frames on the overlap of two coordinate patches are related by a SO.d/ rotation.
A reduced structure group means G � SO.6/. While on a generic Riemannian
manifold all tensors transform in representations of SO.d/, on a manifold with
structure group G they transform in representations of G. Examples of manifolds
with reduced structure group are flat tori T d D R

d=� with trivial structure group
and, less trivial examples, Kähler manifolds or, more generally, almost Hermitian
manifolds, of complex dimension n, withG 
 U.n/. In the same way as not allG �
SO.d/ can occur as holonomy groups, not all subgroups can be structure groups.
They must be from the same list (Berger’s list) as the possible holonomy groups.

On CY threefolds, i.e. manifolds with SU.3/ holonomy, there is one covariantly
constant spinor, and two covariantly constant tensors, the Kähler form and the
holomorphic three-form (both of which can be constructed in terms of the spinor,
cf. (14.182)). They are singlets under SU.3/. Their existence can serve as an
alternative definition of Calabi-Yau manifolds. Likewise, manifolds with reduced
structure group G can be defined by the existence of globally defined nowhere
vanishing tensors or, in the case of spin-manifolds, spinors, i.e. tensors or spinors
which transform as singlets under G. For Kähler manifolds the Kähler form ! is an
U.n/ invariant tensor.

In general the G invariant spinor/tensors � are not covariantly constant with
respect to the Levi-Civita connection r, i.e. r� ¤ 0. It can be shown that on
manifolds with G-structure there exists a metric compatible connection r 0 (i.e.
r 0pgmn D 0) such that

r 0� D 0 (17.65)
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for all G invariant tensors/spinors. This connection differs from the Levi-Civita
connection by a torsion piece. This will be discussed below.

The case of interest for us are six-manifolds with SU.3/ structure. They can be
defined as almost complex six-manifolds with a globally defined nowhere vanishing
spinor �˙ (��C D ��). In general, the spinor representation is the 4 of the frame
rotation group SO.6/ ' SU.4/. However, if there exists a globally defined spinor
on the manifold, then there must be a singlet in the decomposition w.r.t. G. Indeed,
for G D SU.3/ we have the decomposition

4! 3C 1: (17.66)

We can decompose general tensors on the manifold with respect to SU.3/:

1 � form W 6! 3C N3;
2 � form W 15! 8C 3C N3C 1;

3 � form W 20! 6C N6C 3C N3C 1C 1: (17.67)

We see that there are also singlets in the decomposition of 2-forms and 3-forms.
This means that there is also a non-vanishing globally defined real 2-form !, and
a complex 3-form ˝ . Often the pair .!;˝/ is called the SU.3/ group structure of
the six-dimensional manifold. With respect to the almost complex structure, ˝ is
a .3; 0/-form and ! is a (real) .1; 1/-form. Since there are no invariant vectors (or
equivalently five-forms), it follows that

! ^˝ D 0: (17.68)

On the other hand, a six-form is a singlet, which implies that ! ^ ! ^ ! is
proportional to ˝ ^˝. So we are free to use the convention (cf. (14.183))

! ^ ! ^ ! D 3i

4
˝ ^ N̋ ¤ 0: (17.69)

In summary, the SU.3/ structure is determined equivalently by the SU.3/ invariant
spinor �, or by ! and ˝ . Moreover, ! and ˝ can be related to �˙ as in (14.182).24

While on manifolds with SU.3/ holonomy, i.e. on CY manifolds, �; ! and ˝ are
covariantly w.r.t the Levi-Civita connection r, this is generally not the case on
manifolds with SU.3/ structure. The non-vanishing of r� is measured by what
is called intrinsic torsion.

A connection with torsion has the form

r 0 D r � �; (17.70)

24The spinors �C (��) correspond to the internal spin fields ˙.z/ (˙�.z/) of Chap. 15, the U.1/
current J.z/ to the 2-form !, and the 3-form ˝ to the identity operator of the internal CFT.
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e.g.r 0mVn D @nVm�� 0pmnVp D @mVn�� p
mnVp��mnpVp where � is the Christoffel

symbol and � the contorsion tensor. Metric compatibility requires

�mnp D ��mpn; �mnp D �mnqgqp: (17.71)

The torsion tensor is defined via

Œr 0m;r 0n� Vq D R0mnpq Vq � 2Tmnp r 0p Vq; (17.72)

where R0mnpq is the curvature tensor constructed from � 0. From (17.72) we derive
the relation

Tmn
p D 1

2

�

�mn
p � �nmp

� , �mnp D Tmnp C Tpnm C Tpmn; (17.73)

and from (17.71) we learn that25 �nmp 2 �1 ˝�2 or, equivalently

�mn
p 2 �1 ˝ so.d/; (17.74)

where we use that the elements of so.d/ are antisymmetric d � d matrices. Denote
the Lie algebra of G by g. We split so.d/ D g ˚ so.d/=g D g ˚ g? and likewise

� D �0 C �g where �0 2 �1 ˝ g?; �g 2 �1 ˝ g: (17.75)

On invariant tensors �

0 D r 0� D .r � �0 � �g/� D .r � �0/�: (17.76)

where T 0mn
p D �0Œmn�

p is called the intrinsic torsion. It measures the failure of the
invariant tensors to be covariantly constant w.r.t. r and of the holonomy group to
reduce to G.

We now decompose the intrinsic torsion into irreducible G-representations.
Restricting to six-manifolds with G D SU.3/, we obtain with �1 � 3˚ N3; g � 8
and g? � 1˚ 3˚ N3,

T 0mn
p 2 �1 ˝ su.3/? D .3˚ N3/˝ .1˚ 3˚ N3/

D .1˚ 1/
„ ƒ‚ …

W1

˚ .8˚ 8/
„ ƒ‚ …

W2

˚ .6˚ N6/
„ ƒ‚ …

W3

˚ 2 .3˚ N3/
„ ƒ‚ …

W4;W5

: (17.77)

W1; : : : ;W5 are called the five torsion classes. They appear in the covariant
derivatives of �; ! and ˝ . From their SU.3/ representation content we can infer

25Elements of �p are p-form fields on M .
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their form type: W1 is a complex scalar, W2 a complex primitive .1; 1/ form.26 W3

is a real primitive .2; 1/ C .1; 2/ form, W4 is a real .1; 0/ C .0; 1/ form and W5 a
complex .1; 0/-form (which is equivalent to a real .1; 0/C .0; 1/ form).

Using the fact that r 0! D r 0˝ D 0 we can express d! and d˝ in terms
of the intrinsic torsion. Recall from Chap. 14 that on an almost complex manifold
d W Ap;q ! ApC2;q�1 ˚ ApC1;q ˚ Ap;qC1 ˚ Ap�1;qC2, where the first and the last
term are absent on complex manifolds. Using simple SU.3/ representation theory
we find

d! 2 A3;0 ˚ A0;3
„ ƒ‚ …

.1˚1/

˚A2;1 ˚A1;2
„ ƒ‚ …

.6˚N6/˚.N3˚3/

W1 ˚ W3 ˚W4 (17.78)

and

d˝ ˚ d˝ 2 A3;1 ˚ A1;3
„ ƒ‚ …

3˚N3
˚A2;2 ˚ A2;2
„ ƒ‚ …

.1˚1/˚.8˚8/

W5 ˚ W1 ˚W2: (17.79)

More explicitly, one decomposes d! and d˝ as

d! D 3

2
Im.W 1˝/CW4 ^ ! CW3;

d˝ D W1! ^ ! CW2 ^ ! CW 5 ^˝: (17.80)

These relations can be inverted and the Wi can be expressed though !;˝; d! and
d˝ . The fact that W1 appears in d! and in d˝ is due ! ^ d˝ D ˝ ^ d!, which
follows from (17.68).

From Eqs. (17.78) and (17.79) we immediately conclude that a manifold with
SU.3/ structure is complex if W1 D W2 D 0, i.e. d˝ is a (3,1)-form and d! has
no .3; 0/ and .0; 3/ components. It is symplectic27 if W1 D W3 D W4 D 0, i.e.
! is closed. A Kähler manifold is at the same time complex and symplectic, and
therefore the only non-zero torsion class can be W5. For Calabi-Yau manifold with
SU.3/ holonomy all five torsion classes are zero. Various hybrid cases are also of
interest and have been given separate names, but we will not discuss them, except
for the example below.

26Recall from Chap. 14 that primitivity means .W2/i N|!
i N| D 0. This corresponds to the decompo-

sition 3˝ 3 D 8C 1 into traceless and trace parts with W2 � 8 and W1 � 1.
27A manifold is symplectic if is has a globally defined closed non-degenerate two-form, the
symplectic structure. Non-degenerate means that the coefficient matrix of the two-form has an
inverse.
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We can now use the supersymmetry conditions to relate the fluxes to the
geometric torsion classes of the internal manifold. We will discuss this for the case
considered in the previous section, i.e. type IIB flux compactification with 3-form
flux G3 D F3 � H3. To be specific we will make the following ansatz

ds210 D e2A.y/���dx� dx� C e�2A.y/ Ogmndym dyn: (17.81)

We set the dilaton to a constant (for simplicity we set it to zero) and F1 D 0, i.e.
G3 D F3 � iH3. H3 and F3 have only components along the internal directions;
otherwise we could not have space-time Poincaré invariance, as our metric ansatz
requires. F7 is fixed by the duality constraint F7 D � ? F3. F5 is self-dual and is
fixed by its components which are purely internal.

The most general ansatz for the supersymmetry parameter which leads to vacua
with N D 1 supersymmetry in four dimensions, is (cf. (14.48))

(IIB) � D
�

�1

�2

�

with
�1 D �R ˝ .a�C/C �L ˝ . Na��/;
�2 D �R ˝ .b�C/C �L ˝ . Nb��/;

(17.82)

where �˙.y/ is the invariant spinor on the internal SU.3/-structure manifold and
�R;L.x/ are space-time spinors with �LD ��R. The chirality is indicated by the
subscript. The paring of chiralities is such that �11�1;2 D �1;2 which is appropriate
for type IIB. For type IIA the ansatz is similar, with �R $ �L in �2 such that
�11�2 D ��2. In the absence of fluxes we have eight unbroken supercharges
and two space-time spinors �1;2R;L. But since we are looking for vacua with four
unbroken supercharges they must be related. In a maximally symmetric space-
time this relation must be space-time independent, but it can depend on the
internal coordinates. This is taken into account by the complex functions a and
b. The requirement that the ansatz solves the Killing spinor equations relates them.
Different relations correspond to different choices for N D 1 � N D 2.

The analysis is somewhat involved. In the Appendix we present it for the choice
b D �ia. We show in some detail that in this case the Killing spinor equations have
non-trivial solutions if the background satisfies (here � D �C)

O?6F5 D 4e�4AdA;
G3 D F3 � iH3 O?G3 D iG3 G

.0;3/
3 D 0;

Or O� D 0 O� D e�A=2�: (17.83)

The hatted quantities are w.r.t. Ogmn which, as the last equation shows, must be
Calabi-Yau. Therefore, comparing with (17.61) and (17.80), this 3-form flux only
allows for non-vanishing torsion classes W4 and W5. Since the 6-dimensional space
is a warped Calabi-Yau manifold, it follows that 2W5 D 3W4 D �6dA. Finally, the
two non-vanishing torsion classes W4 and W5 have to be balanced by a non-trivial
5-form flux F5, as shown in Eq. (17.60).
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We want to stress that not all solutions (17.83) are solutions to the SUGRA
equations of motion. We still have to impose the Bianchi identity, dF5 D H3 ^
F3, i.e.

d O?6 d
�

e�4A
� D H3 ^ F3: (17.84)

A systematic analysis of the Killing spinor equations and the general relation
between fluxes and torsion classes can be found in the references at the end of this
chapter. One must keep in mind that most of the analysis along the lines indicated
here has been done in the supergravity approximation and it is not clear how or even
whether it can be lifted to the full string theory. Many of the techniques which were
powerful in CY compactifications are not available or have to be refined (e.g. mirror
symmetry). The structure of the moduli spaces of these more general compactifica-
tions is also largely unknown. The essential ingredient which is missing compared
to CY compactifications is the (2,2) extended world-sheet supersymmetry.

17.5 Appendix

In this appendix we give some details of the analysis of the Killing spinor equations
for the ansatz (17.81). We start with the variation of the gravitini. Using the duality
properties of the fluxes and the identity

�M1:::Mn D
.�1/ 12 n.n�1/
.10� n/Š �N1:::N10�n"

N1:::N10�n
M1:::Mn�11 (17.85)

which is valid in d D 10 with Lorentzian signature, we find for the � and m
components of the gravitino equation

r�� C 1

8
. =F3�

1 C =F5 i�
2/��� D 0;

�

rm � 1
4
=Hm�

3
�

� C 1

8

�

=F3�
1 C =F5 i�

2
�

�m� D 0; (17.86)

where F5 has only components along the internal directions and we have used
�11� D �. Given the ansatz for the metric one can work out the spin connection
and the covariant derivative rM D @M C 1

4
!ABM �AB :

r�� D
�

@� � 1
2
.� n@nA/��

�

�: (17.87)

Decompose the Dirac matrices as � M D .	�	m/ with

� � D 	� ˝ �; � m D 	.4/ ˝ 	m: (17.88)
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To avoid confusion, we have denoted the chirality matrix in four dimensions by 	.4/.
We work in Majorana basis where 	� are real and 	m imaginary.

We now insert the ansatz (17.82) with �R;L constant spinors (� � �C; N� � ��)

=@A.a�/ � 1
4
. =F3 C =F5/.b�/ D 0;

=@A.b�/C 1

4
. =F3 � =F5/.a�/ D 0;

�

rm � 1
4
=Hm

�

.a�/C 1

8
. =F3 C =F5/	m.b�/ D 0;

�

rm C 1

4
=Hm

�

.b�/C 1

8
. =F3 � =F5/	m.a�/ D 0: (17.89)

Here =@D 	m@m; F3 D 1
3Š
	mnpFmnp and likewise for F5.

There is the a second set of equations which follows from the above with the
replacements .�; a; b/! . N�; Na; Nb/.

We now link a and b by setting b D �ia. If we absorb a into �, we find the
equations

=@A�C i

4
. =F3 C =F5/� D 0;

=@A� � i
4
. =F3 � =F5/� D 0 (17.90)

and

�

rm � 1
4
=Hm

�

� � i
8
. =F3 C =F5/	m� D 0;

�

rm C 1

4
=Hm

�

�C i

8
. =F3 � =F5/	m� D 0: (17.91)

From (17.90) and its complex conjugates we find

=F3� D 0 and =F3 N� D 0 (17.92)

To extract the contents of these equations we use the fact that � is an SU.3/ singlet.
As in Chap. 14.5 we view it as a highest state which is annihilated by the 	i while
the lowest weight state N� is annihilated by 	 N{ . It is then easy to see that (17.92)
implies

F3 D F .2;1/ C F .1;2/ and primitive: (17.93)

Recall that primitivity means gi N|Fi N| Nk D 0. The second relation we can extract
from (17.90) is
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=@A�C i

4
=F5� D 0 and c.c. (17.94)

We now use the identity, valid in six dimensions with Euclidean signature,

	m1:::mn D �i
.�1/ 12 n.nC1/
.6 � n/Š 	n1:::n6�n"

n1:::n6�n
m1:::mn	.6/; (17.95)

where 	.6/ is the chirality operator in six dimensions. Using also 	.6/� D � we find
from (17.94)

4 dA D ?6F5: (17.96)

?6 is the Hodge star in the internal six-dimensional manifold. If we denote by O?6
the Hodge star w.r.t. metric Ogmn, this can be written as

O?6F5 D 4e�4AdA: (17.97)

We now analyze (17.91). The difference of these two equations is

=Hm�C i

2
=F3	m� D 0: (17.98)

Contracting with 	m and use of the identify

	m	Œn�	m D .�1/n.D � 2n/	Œn� (17.99)

gives =H� D 0 and, together with the complex conjugate equation,

H3 D H.2;1/ CH.1;2/ and primitive: (17.100)

With these results we can analyze (17.98) further. Using the highest weight property
of � it is straightforward to show that

H.1;2/ D �iF .1;2/: (17.101)

Define

G3 D F3 � iH3: (17.102)
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What we have just shown is that G3 is primitive, purely .2; 1/ and therefore
imaginary self-dual.

It remains to analyze the sum of the two equations in (17.91):

rm�C i

8
=F5	m� D 0: (17.103)

One first shows that

rm D @m C 1

4
!abm 	ab D Orm �

1

2
O	mn@nA; (17.104)

where Or is the covariant derivative for Og and O	m D 	a Oeam where Oeam Oebn�ab D Ogmn.
With the help of (17.95) we can rewrite

=F5 D i	n.?6F5/n	.6/ D 4i =@A	.6/; (17.105)

where we have used (17.97). Using these results we finally find from (17.103)

Orm O� D 0 with O� D e�A=2�: (17.106)

We still need to show that the dilatino variation also vanishes, but this follows
immediately with (17.93) and (17.100).
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nos, Non-Kahler string backgrounds and their five torsion classes. Nucl. Phys.
B652, 5 (2003) [arXiv:hep-th/0211118]



Chapter 18
String Dualities and M-Theory

Abstract The five superstring theories which we have encountered so far will be
argued to be different perturbative limits of one underlying theory, connected via a
web of perturbative and non-perturbative dualities. We will discuss the concept of
dualities and the role of BPS states in establishing non-perturbative dualities. We
construct brane solutions of supergravity, discuss their BPS properties and identify
those carrying R-R charge as D-branes. We discuss the place of eleven-dimensional
supergravity in this duality web and the self-consistent evidence for the existence of
a so far unknown eleven-dimensional quantum gravity theory, called M-theory. The
known facts include that its low-energy effective field theory is given by eleven-
dimensional supergravity and that it contains membranes and five-branes, which
upon compactification are related to the branes of string theory. Two examples
of the power of dualities will be discussed in the final two sections: F -theory, an
interesting class of non-perturbative compactifications of type IIB string theory and
the AdS-CFT correspondence. They derive their appeal and usefulness from the fact
that non-perturbative effects can be related to simple geometric structures.

18.1 General Remarks

A well known example of a duality is the particle-wave duality of quantum
mechanics: depending on the experiment, either the particle or the wave aspect of
light or matter gives the simpler description. In general, duality means an exact
quantum equivalence between two theories T and QT , which thus really represent
only one theory, albeit in different guises. To establish such a duality we must (1)
identify the pair of theories which are proposed to be dual to each other and (2)
find the duality map T $ QT . Dualities in quantum field field theory and string
theory are very intricate: T and QT generally have different microscopic degrees
of freedom and they have different actions. One of the attractive features of duality
symmetries in string and field theory is that what is an emergent phenomenon in T ,
might be fundamental in QT , and vice versa.

R. Blumenhagen et al., Basic Concepts of String Theory, Theoretical and Mathematical
Physics, DOI 10.1007/978-3-642-29497-6
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A field theoretical duality which we have already encountered is the duality
between a free complex world-sheet fermion � and a chiral boson �. The two-
dimensional world-sheet actions of these two theories indeed look very different.
The map between the elementary fields appearing in the two actions is via
bosonization: �.z/ DW ei�.z/ W and �.z/ D �i R z

dw W � �.w/ W . These two
relations demonstrate an important feature of a duality: the elementary fields of
one theory might be a coherent superposition of the fields of the other theory or the
relation might be a non-local one. All calculations of this c D 1 CFT can be done in
either representation. They are quantum equivalent and the duality map is explicitly
known. This example is simple in the sense that both theories are free theories.
A generalization to a duality between two interacting theories, where the quantum
equivalence is also established via bosonization, is between the two-dimensional
massive Thirring model and the two-dimensional sine-Gordon model.

The common technique to treat interacting field theories is perturbation theory,
which is also (so far) the well-established way to study string theory. This
assumes that the theory T has a parameter, most often a coupling constant g,
which is sufficiently small. One then computes correlation functions or S-matrix
elements order by order in g and hopes that this is an expansion of the ‘true’
quantity in powers of g and that the first few terms in the expansion lead to good
approximate results which are sufficient for comparison with existing experiments.
The perturbation series usually does not converge and is at best an asymptotic
expansion. Nevertheless, perturbation theory often works very well, for instance for
QED with the fine-structure constant ˛ ' 1

137
being the expansion parameter. As

discussed in Chap. 6, the situation in string theory is that we only know the Feynman
rules for computing on-shell string scattering amplitudes in a topological expansion.
The expansion parameter is the string coupling constant g D gs , and the expansion
is certainly not meaningful for g ' 1, which is the regime where all loop effects
(' gn) and non-perturbative effects (' exp.�1=gm/) are of comparable size.

A duality between two theories T and QT is most useful, if we can learn about the
non-perturbative behavior (strong coupling) of T from the computable perturbative
behavior (weak coupling) of QT . In other words, the idea behind a strong-weak
duality is that for g � 1 there exists another dual theory QT with a coupling
constant Qg so that the duality map works such that the strong coupling regime of
T is mapped to the perturbative regime Qg � 1 of QT , e.g. Qg D 1=g. Under the
duality map, the image of perturbative results of QT generally includes perturbative
and non-perturbative corrections of T . Such a strong-weak duality is schematically
shown in Fig. 18.1.

This is clearly an appealing idea, but obviously it is not easy to find the dual
theory QT . Since one cannot simply solve the original theory T for g � 1,
there seems to be nothing to compare to for testing the duality. As we will see
in Sect. 18.4, supersymmetric theories provide a number of quantities which are
protected against certain loop and/or non-perturbative corrections and can therefore
be extrapolated from weak to strong coupling. They are good candidates to provide
evidence for such dualities. Once one has a candidate for a dual pair .T ; QT /, which
satisfy non-trivial tests, one can move on and collect more evidence.
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perturbative region of ˜

“coupling constant
 space” of

“coupling constant spcae” of

perturbative region of duality map

˜

Fig. 18.1 Strong-weak duality between theories T and QT

Besides the strong-weak dualities, there also exist weak-weak dualities. Further-
more, it might be that T D QT and that one can map the weak coupling regime to
the strong coupling regime of the same theory. A field theory example of the latter is
the strong-weak self-duality of N D 4 super Yang-Mills theory in four dimensions,
which has the special feature of being conformal, i.e. the gauge coupling does not
run. By this duality, electrically charged particles get exchanged with magnetically
charged monopoles. We won’t discuss this field theoretic example in detail, but in
the course of this chapter we will present string theoretic analogues.

18.2 Simple Examples: Modular Invariance and T-Duality

To give an idea of how a strong-weak duality can work, let us discuss a very
simple example. In Chap. 6 we have discussed conformal field theory on a torus
with modular parameter � . We choose for convenience � D i=g with g 2 R

C and
consider only one chiral sector of the theory. Then the partition function of the CFT
has an expansion (in powers on q D exp.2�i�/)

Z.g/ '
1
X

nD0
an e

� 2�g n; (18.1)

where a0 can be considered a “tree-level” contribution and the exponentials for n �
1 can be interpreted as “non-perturbative” corrections in the “coupling constant” g.
In this case, there are no further “perturbative” corrections, which would contribute
like gn, n � 1. Now, for g � 1, depending on the growth of an, there is a chance
that the sum converges rapidly, whereas for g � 1 all contributions become of
the same order and it seems hopeless to make any sense of the expansion in this
“non-perturbative” regime. However, we know that such torus partition functions
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have the peculiar feature of modular invariance. Therefore, for g � 1 we simply
introduce Qg D 1=g and apply a modular S-transformation to the partition function
Z.g/ D QZ. Qg/ with

QZ. Qg/ '
1
X

nD0
Qan e�

2�
Qg
n D

1
X

nD0
Qane�2�gn; (18.2)

where in general Qan ¤ an. Therefore, the behavior of (18.1) for g � 1 is given
by the leading order (“tree-level”) term Qa0 in (18.2). This simple model illustrates
the idea of a strong-weak duality. In fact, we have often made use of this fact in
the course of this book, for instance for computing the tadpoles from open string
diagrams.

We are also already familiar with a target-space duality, where the relevant
parameter is the radius R of an S1, on which the string theory is compactified. We
found that there is no physical distinction between the bosonic string compactified
on a circle of radius R or on a circle of radius QR D ˛0=R. We have also established
the T-duality between the type II theories on a circle and also of the two heterotic
theories. Consider, for instance, (10.25). We can view it as a strong-weak duality
of the two-dimensional string sigma model with coupling constant g2D D

p
˛0=R.

Since it holds for any value of the string coupling constant gs D exp.h˚i/, it is
often called a perturbative (in gs) duality. In other words, from the point of view of
sigma-model perturbation theory it is a strong-weak duality, while it is weak-weak
duality from the point of view of string perturbation theory.

The compactified theory has two types of excitations whose masses depend on
the radius: the momentum or Kaluza-Klein modes, whose masses (in string units)
are integer multiples of g2D, and the solitonic1 winding modes, whose masses are
integer multiples of g�12D . For g2D � 1 the KK modes are light and the winding
modes are heavy while for g2D � 1 it is opposite: the solitonic winding states are
light while the KK modes are heavy. The duality states that the winding/KK modes
can be described as the KK/winding modes of a dual theory, which is the same
world-sheet sigma model but on a circle of radius QR D ˛0=R, i.e. Qg2D D 1=g2D.
A generalization of T-duality is mirror symmetry of Calabi-Yau compactifications,
which was mentioned in Chap. 14.

1In field theory, solitons are non-trivial stable source-free solutions of the classical field equations
with a finite action integral and non-zero topological charge. Examples are magnetic monopoles,
whose energy is localized in three-dimensional space and which behave very much like point
particles. In Yang-Mills theories one also has instantons, classical solutions of the equations
of motion in Euclidean signature. They are localized in space and time and their non-trivial
contributions to the YM path integral scale like exp .�Sinst/, where Sinst � 1=g2YM is the classical
action evaluated on the instanton solution. The string winding modes are solitonic in the sense
that they are topologically stable. The conserved topological charge is the winding number. World-
sheet instantons in string theory are topologically non-trivial embeddings of the euclideanized
world-sheet into the space-time manifold. We have met them in Chap. 14.



18.2 Simple Examples: Modular Invariance and T-Duality 679

Beyond winding modes and world-sheet instantons, there are other solitonic
objects in type II superstring theory, namely the Dp-branes which we have described
as boundary states of the type II theories but which we have also defined from an
open string world-sheet perspective. Computing annulus diagrams, we have shown
that they are dynamical p-dimensional objects with physical tension

�p D 1

gs
Tp D 1

gs

2�

l
pC1
s

� 1=gs (18.3)

and non-vanishing R-R .p C 1/-form charge �p D Tp . The Dp-brane tension is
non-perturbative in the string coupling constant gs and its mass (per unit world-
volume) is infinite in the free theory (gs D 0). We will show in Sect. 18.5 that such
objects can be found as classical solutions to the ten-dimensional type II effective
supergravity equations of motion. T-duality along a direction transverse to the Dp-
brane maps it to a D(p+1)-brane while T-duality along a world-volume direction
maps it to a D(p-1)-brane. Thus, non-perturbative objects with tension � 1=gs are
mapped to non-perturbative objects with tension � 1=gs. This again indicates that
T-duality does not mix different powers of the string coupling gs constant.

Contrary to the first impression, the T-duality between type IIA and type IIB is
a self-duality. Once the two theories are compactified on a circle, they are simply
different points in the moduli space of one theory, namely type II string theory on
S1 where the modulus is the radius of the circle. The spectra of the two compactified
theories are identical, if one theory is compactified on a circle of radius R and the
other on a circle of radius QR. This is easily seen for the massless modes (independent
of R). Note that in nine dimensions there is no chirality, which might distinguish
between IIA and IIB in the fermionic sector. The two boundary points of the moduli
space are special: here the two theories are different, one being chiral the other
being non-chiral. This is a consequence of an infinite number of particles becoming
massless. If we follow for instance the type IIA theory from R D 1 to R D 0

(which is the same as QR D 1), it emerges as type IIB. In the R ! 1 limit the
infinitely many light momentum modes are the signal of a new large dimension
while in the R! 0 limit the winding modes play this role.

Similarly, the two heterotic theories compactified on a torus share a common
moduli space which is parametrized by the background values of the metric, the
anti-symmetric tensor field and of the gauge field (Wilson lines).

As we will see below, in string theory we encounter a web of perturbative and
non-perturbative dualities, which involves all five perturbatively defined superstring
theories, type IIA/B, type I and the two heterotic theories, either in the critical
dimension or compactified on different manifolds. The dualities are of the kind

string theory T on M  ! string theory QT on QM: (18.4)

They are highly non-trivial and involve the non-perturbative solitonic objects in an
intricate manner. There is no proof of the non-perturbative dualities, but sufficiently
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robust arguments have been collected to be confident that they should be true. In
any case, they lead to a non-trivial web of string dualities which has passed many
consistency checks.

18.3 Extended Objects: Some Generalities

Before 1995 string theory was only defined and studied via its perturbative
expansion. As we discussed in detail in previous chapters, there exist five consistent
ten dimensional superstring theories, which are listed in Table 18.1, together with
some of their distinctive properties.

For each of the five string theories one can set up a perturbative expansion as a
sum over world-sheet topologies. The expansion (loop counting) parameter is gs D
exp.h˚i/ and a world-sheet ˙ contributes at order g��.˙/s . Of course, each of the
five theories has its own dilaton, and hence its own coupling constant, and they
are, a priori, unrelated. For gs & 1 all terms in the series are equally important
and the expansion in powers of gs is not meaningful. Furthermore, non-perturbative
effects in gs contribute to the scattering processes. They are loosely referred to as
space-time instantons, and are quite distinct from world-sheet instantons, which are
non-perturbative in the �-model coupling constant. By analogy to field theory, the
contributions of the space-time instantons are expected to be of the type

A � exp

�

�const:

gns

�

with n 2 ZC: (18.5)

In quantum field theory, we expand the path integral around field configurations
solving the classical equations of motion, e.g. instantons in Yang-Mills-theories.
In string theory we do not have a path integral formulation in terms of string fields
and neither do we know the classical equations of motion beyond the leading order
in gs and the first orders in ˛0. Recall that at tree-level in gs , the closed string
equations of motion were defined as the vanishing of the beta-functional (14.5) for
the non-linear sigma model. Therefore the question of classical (i.e. tree-level in gs)
solutions is mostly addressed within the framework of the low-energy effective
actions. Recall that the classical world-volume action (the DBI action) of D-branes
is proportional to g�1s , which reflects its origin from open string disk amplitudes.
Thus, they are promising candidates for non-perturbative effects contributing to
amplitudes as in (18.5) with n D 1. Experience from field theory, however, suggests
the existence of classical solutions whose actions scale like g�2s leading to the sup-
pression factor exp.�c=g2s /. In Yang-Mills-theory (with gs ! gYM) these contribu-
tions to amplitudes arise from magnetic monopoles and instanton configurations.

We will find that string theory also contains branes, which do not carry R-R
charge, but instead couple to the NS-NS two-form and its Hodge dual NS-NS six-
form. Recall that the Hodge duality is between the respective field strengths so that,



18.3 Extended Objects: Some Generalities 681

Table 18.1 The five consistent superstring theories in d D 10

Type Gauge group # of supercharges N

Heterotic E8 � E8 16 1

Heterotic0 SO.32/ 16 1

I (includes open strings) SO.32/ 16 1

IIA (non-chiral) U.1/ 16C 16 2

IIB (chiral) – 16C 16 2

in this sense, the ten-dimensional Hodge dual of a p-form potential is a .8�p/-form
potential, i.e. locally

dC8�p D ?dCp: (18.6)

The object which is charged under the NS-NS two-form B�	 is the fundamental
string itself. The solitonic object which is magnetically charged with respect to
B�	 is an NS five-brane. We will find that the tension of the NS five-brane scales
like g�2s .

Before we embark on the construction of explicit supergravity brane solutions
which, as expected, are charged under Abelian higher form gauge fields, we discuss
some of the features of these fields and their couplings. This is, to a large extent, a
straightforward generalization of the well known four-dimensional Maxwell theory.

An electric point charge, e.g. an electron, with a one-dimensional world-line
couples to a one-form, theU.1/ gauge potential. Likewise, a p-brane with a .pC1/-
dimensional world-volume couples ‘electrically’ to a .p C 1/-form gauge potential
ApC1 with field strength FpC2 D dApC1. The action for ApC1 is

SŒA
 D �1
2

Z

M

FpC2 ^ ?FpC2 C
Z

M

ApC1 ^ ?j epC1

D �
Z

M

ddx
p

jgj
�

1

2.pC2/ŠF�0:::�pC1
F �0:::�pC1 � 1

.pC1/ŠA�0:::�p j
�0:::�p
e

�

D �1
2

Z

M

FpC2 ^ ?FpC2 C qe
Z

˙pC1

ApC1; (18.7)

where the second term is the coupling to the brane. The part of the action which
governs the dynamics of the brane, the DBI action, is independent ofApC1 and is not
written in (18.7). The .pC1/-form ‘electric’ current density is the generalization of
the electric current density of a charged point particle. Its contravariant components
are2

2The ı-function satisfies
R

M d
dx ıd .x/ D R

M d
dx
pjgj 1

p

jgj
ıd .x/ D 1. If ˙p has no boundary,

?j epC1 is essentially its Poincaré dual.
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j
�0:::�p
e .x/ D qe

Z

˙pC1

dpC1�
ı.d/.x �X.�//
pjg.x/j

@.X�0; : : : ; X�p /

@.�0; : : : ; �p/

D qe
Z

˙pC1

ı.d/.x �X.�//
pjg.x/j dX�0 ^ � � � ^ dX�p : (18.8)

qe is the ‘electric’ charge of the brane, X�.�/ are the embedding functions of the
brane into space-time M and �˛ are local coordinates on ˙pC1. In the last term
of the second line of (18.7) and elsewhere the pull-back of ApC1 to the brane is
understood. The action is invariant underApC1 ! ApC1Cd�p provided the current
is conserved, i.e. d?j epC1 D 0. This is the case if the world-volume has no boundary.
Indeed,

r�0j �0:::�pe D qe
pjg.x/j

Z

˙pC1

d Œı.d/.x � X.�// ^ dX�1 ^ � � � ^ dX�p 
 (18.9)

with d D dX�@X� . The Bianchi identity, which holds by virtue of the definition the
field strength, and the field equations for ApC1 are

dFpC2 D 0 (18.10a)

d ? FpC2 D .�1/p ? j epC1 .r	F 	�0:::�p D j�0:::�pe /: (18.10b)

These are generalizations of the homogeneous and inhomogeneous Maxwell equa-
tions, respectively. Current conservation

d ? j epC1 D 0 .r	j e	�1:::�p D 0/ (18.11)

follows from (18.10b). Integrating (18.11) over a .d � p/-dimensional manifold
M with boundary @M one obtains

R

@M ?je D 0. Take @M to have topology of
a cylinder with base Bd�p�1 (and @Bd�p�1 D Sd�p�2) and time-like walls. For
currents which are localized in space such that the integral over the time-like walls
gives zero contribution, one finds that the electric charge

qe =
Bd−p−1

je
p+1 = (−1)p

S d−p−2

F
Dp-brane

Sd−p−2
Bd−p−1

(18.12)
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is independent of the choice of spatial slice through the cylinder and is therefore
conserved.

The solution to the equation of motion for FpC2 with the p-brane as the source
is generally singular at the location of the p-brane, analogous to the 1=r2 electric
field for a point charge in four dimensions. But the source-free coupled equations
of motion for the metric, the dilaton and the gauge potential also admit solitonic
solutions. They have the structure of a .d �p�4/-brane carrying magnetic charge3

qm D
Z

SpC2

FpC2: (18.13)

For the magnetic charge to be non-zero, the potential ApC1 cannot be globally
defined. The magnetic charge is a topological charge, i.e. it is conserved without the
use of the equations of motion. This follows from qm D

R

BpC3
dF and d2F � 0.

Consider the action (18.7) for a world-volume ˙ with the topology of SpC1.
We can write the interaction term as qe

R

HC F where HC is a hemisphere whose
boundary is ˙ . But we could just as well take H� such that the interaction term
becomes �qe

R

H� F (the minus sign is due to the relative orientations); i.e.

(18.14)

If S encloses a magnetic charge, there is an ambiguity exp.�iqe
R

SpC2 F / in
transition amplitudes. This ambiguity is invisible provided qe

R

S
F D 2�n, or

qe qm D 2�n with n 2 Z: (18.15)

This is the Dirac quantization condition.
Notice that the elementary object in this discussion is the electric p-brane. It

makes an appearance in the action (18.7) through the current je . The dual magnetic
.d � p � 4/-brane is a composite, solitonic, object and does not appear as a degree
of freedom in the action.

3The Dirac monopole satisfies r � B D qmı
3.x/ and it is not a soliton. Those can only occur in

non-linear systems. The solitonic brane solutions are more closely related to the ’t Hooft-Polyakov
monopole of the SO.3/ Yang-Mills-Higgs model where the non-linearity is due to the non-Abelian
gauge group and the Higgs sector.
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There exists a dual description of the system where the role of the elementary and
the composite objects are interchanged. It is � 1

2

R

F .D/ ^ ?F .D/ � R A.D/ ^ ?jm
where .jm/d�p�3 is a magnetic current which couples to the dual gauge field

A
.D/

d�p�3. For the magnetic brane solution, the relation between A and A.D/ is

dA
.D/

d�p�3 D ?dApC1. In this dual formulation qm D
R

?F .D/ and therefore the
.d �p�4/-brane is the ‘electrically’ charged object while the p-brane is a solitonic
solution of the source-free equations of motion for A.D/ with qe D

R

F .D/. There
is no local action which contains both the electric and the magnetic object and the
respective gauge fields to which they couple.

With reference to the figure in (18.12) it is clear that an open brane cannot carry
charge because if the brane ended in free space we could slide off and shrink the
Sd�p�2 to a point. Charged branes are therefore of infinite extend or wrap compact
cycles (submanifolds) of space-time, in which case they are topologically stable. If
they wrap submanifolds which can be contracted to a point the brane collapses under
its tension unless it is stabilized e.g. by rotation or by an external field to which it
couples. Another possibility is that a brane ends on another brane (e.g. string ends
on a D-brane).

In Sect. 18.5 we will describe electric and magnetic branes as classical solutions
of the low energy effective supergravity theories which are derived from the various
superstring theories. They provide insight into the nature of the non-perturbative
degrees of freedom in string theory which is a fundamental ingredient of the
conjectured non-perturbative duality symmetries. Like T-duality, these dualities are
supposed to establish the complete equivalence of two (seemingly different) string
theories, but now the duality transformation maps the weak coupling regionsgs � 1

of one theory to the strong coupling gs � 1 regions of the other, and vice versa. We
will see that they exchange elementary string excitations and the solitonic p-branes.
Several different kinds of such non-perturbative dualities have been proposed,
namely the so-called S- and U-dualities, string dualities between heterotic strings
and type I strings, string dualities between heterotic and type II superstrings and the
duality between the ten-dimensional type IIA superstring and a new theory in eleven
dimensions, called M-theory. This proposed theory, which is not a string theory, has
eleven-dimensional supergravity as its low energy effective field theory. We will
learn more about this still largely elusive theory later in this chapter.

18.4 Central Charges and BPS Bound

To prove a duality symmetry that relates the spectrum and scattering amplitudes of
a theory at weak coupling to those of a theory at strong coupling is very difficult.
Generically one expects that masses and amplitudes receive coupling constant
dependent corrections. The arguments in favor of a non-perturbative duality in
string theory are based on space-time supersymmetry. An important role is played
by the so-called BPS (Bogomol’nyi-Prasad-Sommerfield) states. They belong to
‘short’ representations of the supersymmetry algebra. This implies that there is
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a precise relationship, the BPS bound, between their masses and ‘charges’ which
is protected by supersymmetry from perturbative and non-perturbative corrections.
These corrections are not expected to generate additional degrees of freedom, which
would be needed to convert short into long multiplets, whose masses and charges do
not saturate the BPS bound. However, the BPS property does, in general, not imply
that masses and charges are not corrected. What is protected is their equality.

We first explain the idea for a simple example which is familiar from Chap. 12,
where we have discussed the representation theory of two-dimensional N D 2

superconformal field theories. Recall that the algebra of the globally defined
superconformal generators includes the anti-commutator

n

GĊ1=2; G��1=2
o

D 2L0 ˙ J0: (18.16)

In a unitary theory, for an NS sector state withL0jh; qiDh jh; qi, J0jh; qiD q jh; qi
and GĊ1=2jh; qi D 0, this implies the bound h � 1

2
jqj for the “mass” and charge

of any such state. When the bound is saturated, we found G�̇1=2jh D ˙ q

2
i D 0,

i.e. for each choice of sign one of the supercharges acts trivially on the state. As a
consequence, for such states the generic supermultiplet (i.e. N D 2 superprimary
field)

ˇ

ˇh; q
˛

GC� 12
ˇ

ˇh; q
˛

% &
& %G�� 12

ˇ

ˇh; q
˛

GC� 12
G�� 12

ˇ

ˇh; q
˛

(18.17)

was reduced from four to only two states, cf. Eqs. (12.76) and (12.77) on page 372.
What we just described is also a general feature of super-algebras with central

charges. First, they imply a bound for the mass of a particle and second, the states
saturating the bound (BPS states) come in short supermultiplets. Central charges of
a (super) Lie-algebra are generators which commute with all generators. By Schur’s
lemma, they are constant on any irreducible representation. The familiar example is
the central charge of the (super) Virasoro algebra.

Central charges appear in extended supersymmetry algebras. A simple way to
construct them, and this is one way how they appear in string theory, is by starting
with the supersymmetry algebra in higher dimensions and to reduce on a torus. For
concreteness, we consider the N D .0; 1/ supersymmetry of the heterotic string in
d D 10. The 16 supercharges Q˛ , which are the components of a Majorana-Weyl
spinor of SO.1; 9/, satisfy

fQ˛;Qˇg D �pM. MC�1/˛ˇ: (18.18)

We now work in a Majorana representation where C D  0 and Majorana spinors
are real. We now split the momentum into a D-dimensional space-time and a
10�D dimensional internal part, i.e. pM D .p�; pI /. We are interested in massive
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representations, where in the rest frame we simply have p� D .M; 0; : : : ; 0/. The
algebra (18.18) decomposes as4

fQ˛;Qˇg DMı˛ˇ C pI . I 0/˛ˇ: (18.19)

The matrix Z D  I 0pI satisfies Z2 D p2int and trZ D 0. This means that it has
eigenvalues˙jpintj, each eightfold degenerate. We diagonalize the r.h.s. of (18.19)
with a unitary (in fact, an orthogonal) matrix U . If we define QQ D UQ and jpintj D
zM , (18.19) becomes

f QQ˛; QQˇg DM
�

.1C z/� 0

0 .1 � z/�

�

; (18.20)

where � is the 8 	 8 unit matrix. Define .j D 1; : : : ; 8/

qj D
1p
2M

. QQ2j C i QQ2j�1/; q
�
j D

1p
2M

. QQ2j � i QQ2j�1/: (18.21)

They satisfy the algebra of eight independent fermionic oscillators

fqi ; q�j g D .1C z/ ıij ; i; j D 1; : : : 4;
fqi ; q�j g D .1 � z/ ıij ; i; j D 5; : : : 8: (18.22)

All other anti-commutators vanish. Positive semi-definiteness of qi q
�
i (no sum-

mation) leads to the BPS bound z 
 1 for the ratio of the mass to the internal
momentum.

The representation theory of the algebra (18.22) depends crucially on whether
the bound is saturated or not. The dimension of non-BPS representations, where the
bound is not satisfied, is 28 with 27 bosonic and 27 fermionic states (we assume
that the oscillator ground state is a singlet under Lorentz transformations). They are
called long multiplets. If the bound is saturated, half of the oscillators decouple
and can be represented by zero and one obtains short multiplets with 24 states.
States in short multiplets are called BPS states. They are invariant under half of
the supercharges.

So far the discussion is valid for compactified field theories. If we compactify
string theory, the supercharges, say of the heterotic string, are derived from the
holomorphic part of the gravitino vertex operator, cf. Sect. 15.4. Therefore, what
appears on the r.h.s. of the supersymmetry algebra, is the holomorphic momentum

4We could also decompose the supercharges into representations of SO.1;D� 1/�SO.10�D/.
For instance, if we compactify on T 6, we have the decomposition (14.40) and obtain the N D 4

SUSY algebra in D D 4.
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operator pMR D 2
˛0

H

i@XM with eigenvalues p� and pIR D pI � 1
˛0L

I , the right-
moving mass and momenta. With p2 D �m2 D �2m2

R the BPS condition is
2m2

R D .pIR/
2. In Chap. 10 we derived the mass formula (10.39) for a toroidal

compactification of the bosonic string. The generalization to the fermionic string is
straightforward and gives for the holomorphic part

˛0m2
R D

˛0

2

10�D
X

ID1

�

pI � 1

˛0
LI
�2

C 2NR �
(

1 NS

0 R
: (18.23)

NR D N˛
tr C Nb

tr counts the transverse oscillations of the fermionic string. We find
that BPS states of the toroidally compactified heterotic string are in the oscillator
ground state (R) or satisfy NR D 1

2
(NS). For the left-movers there is no restriction

other than level-matching. At the massless level this leaves the gauge bosons and
gaugini as BPS states.

We know from Chap. 10 that pIR depends on the quantized momentum and
winding numbers. This implies that the masses of BPS states are not quantum
corrected. We also know that the winding and momentum numbers are the charges
with respect to U.1/ Kaluza-Klein gauge fields. They are the G�I and B�I
components of the metric and anti-symmetric tensor, where the former couple to
momentum and the latter to winding. The winding number in the I -th direction is
LI D 1

2�

R

d� @�X
I D 1

2�

R

dXI . We can then write the SUSY algebra of the
compactified string as

fQ˛;Qˇg D pM. M 0/˛ˇ C . M 0/˛ˇZM (18.24)

with

ZM D � 1

2�˛0

Z

dXM ; (18.25)

where the integral is over the length of the string. We will discuss generalizations of
this extension of the algebra for branes in Sect. 18.7.

We should mention that the extended SUSY algebra, which we have discussed
here, is not the most general one. For instance, the N -extended algebra in D D 4

allows for N =2 and .N �1/=2 independent central charges zi for N even and odd,
respectively. The number of oscillators which decouple depends on how many of the
zi satisfy the bound M � jzi j. If n is the number of zi which saturate the bound,
the number of states in a representation is reduced to 22.N �n/. In the extremal case,
e.g. for N even, n D N =2, half of the supercharges are trivially represented, i.e.
they leave all states invariant. One speaks of 1=2-, 1=4-, etc. BPS states if 1=2, 1=4,
etc. of the supercharges act trivially. In the next section we discuss brane solutions
of supergravity. We will show explicitly that they are annihilated by half of the
supercharges, i.e. that they are 1=2-BPS configurations.
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BPS states are of great importance for establishing dualities, in particular if one
of the theories in a duality pair is strongly coupled. The reason is that most of the
(quantitative) knowledge we have about a quantum field or string theory is the result
of a weak coupling, i.e. perturbative analysis and an extrapolation to strong coupling
is usually not controllable. In particular, results derived from the classical action
can be completely spoiled by large quantum effects. But there are examples where
the extrapolation to strong coupling can be reliably performed: this involves BPS
states of supersymmetric theories. Their mass is determined by their charges and this
relation, being a result of the representation theory of the supersymmetry algebra,
must be true for all values of the coupling constant unless several short multiplets
combine into longer multiplets which can violate the BPS bound. If the charge is
quantized, the mass of BPS states cannot change continuously. In string theory such
quantized charges can be momenta and winding numbers in compact directions.
Therefore, once the BPS states are identified in the classical approximation of some
superstring theory, they should exist also in the non-perturbative regime.

Due to cancellations between bosons and fermions, supersymmetric field theories
often possess parameters which do not suffer from quantum corrections. These
protected parameters are moduli of the theory, exactly determined by their bare
values. In N D 4 super Yang-Mills theory, the gauge coupling constant gYM is
such a free parameter; it does not run. If we know the exact dependence, for instance
of the central charges, on these moduli at weak coupling, which we can in principle
compute, we can extrapolate them safely to strong coupling. Similarly, for string
theories with enough supersymmetry, the dilaton will be a modulus of the theory,
which implies that the string coupling gs is a free parameter. Thus, if we compute
the dependence of a central charge, and thus of the mass of a BPS state, on gs in the
perturbative regime, this will be the dependence for all values of gs .

After discussing BPS states in the supergravity limit of string theory in the
next section, we will describe several non-perturbative string dualities. Together
with T-duality and the duality to eleven-dimensional supergravity (M-theory), it
is possible to connect all ten-dimensional superstring theories through a web of
dualities. But they are also the seeds for more intricate duality relations between
compactified string theories in lower dimensions. One is led to the conclusion that
all seemingly different superstring theories are equivalent to each other and are
merely different perturbative vacua of one common theory, called M-theory.

To provide an overview of what is going to be discussed in the following sections,
Table 18.2 summarizes basic superstring dualities.

18.5 Brane Solutions in Supergravity

One strategy to find states of non-perturbative nature is to look for non-trivial
solutions of the classical equations of motion of the low energy approximation to
string theory, i.e. of the supergravity theories. These equations turn out to have brane
solutions. They are non-perturbative, i.e. their masses/tensions are proportional to
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Table 18.2 Basic superstring dualities

Acts between Acts on BPS states

Pert. T-duality: Self-duality of 9D heterotic string KK momentum$ winding
R$ 1=R 9D type IIA$ 9D type IIB string KK momentum$ winding
NP. S-duality: Self-duality of 4D heterotic string Wrapped F1$Wrapped NS5

gH;IIB $ 1=gH;IIB Self-duality of 10D type IIB string F1$ D1
NS5$ D5
D3$ D3

NP. het./type IIA duality: Het on T 4$ type IIA on K3 F1$Wrapped NS5
gH
6 $ 1=gIIA

6

NP. het./type I duality: 10D Het(SO.32/)$ 10D type I F1$ D1
gH $ 1=gI NS5$ D5
NP. type IIA/M duality: 10D type IIA$ 11D SUGRA on S1 F1$Wrapped M2

gIIA $ R
3=2
11 D2$M2

D4$Wrapped M5
NS5$M5
D6$ KK monopole

NP. Het/F-theory duality: Het. on T 2$ F-theory on K3 F1$ D1
gH $ Vol.CP1/

NP means non-perturbative and F1 the fundamental string

inverse powers of the string coupling � � 1=gns (when measured in the string frame),
while the states of the perturbative spectrum have masses independent of gs .

We have seen in the previous section that a p-brane couples electrically
to a .p C 1/-form and magnetically to the dual .d �p� 3/-form. Therefore, the
dimensionality of the extended charged objects which we expect in the various string
models can be determined by simply inspecting their bosonic field contents. The
universal NS-NS sector is common to both heterotic, the IIA and the IIB model.
Its 2-form potential B�	 couples to the respective fundamental string through the
familiar coupling in the world-sheet �-model. The solitonic object which couples
magnetically to the NS-NS 2-form is called NS5-brane. The solutions which
are charged under R-R sector fields are expected to be the D-branes which we
encountered by studying the open string with various boundary conditions. This
means that quantum fluctuations around these classical solutions are excitations of
open strings which end on the brane. Notice that in type IIB theory, where we have a
SL.2IZ/ doublet of two-forms, we can have .p; q/ strings which carry p (q) times
the NS-NS (R-R) charge of F1 (D1) and likewise .p; q/ five-branes. There are also
.p; q/ seven-branes on which .p; q/ strings can end. We will discuss them later in
this chapter. Also in type IIB, the D3-brane is self-dual because F5 is. For the type I
superstring only the Dp-branes with p D 1mod 4 survive the orientifold projection.
Since the NS-NS two-form is projected out, the theory does not contain BPS NS5-
branes and (oriented) fundamental string solutions.

What remains to be shown is that the effective ten- and eleven-dimensional super-
gravity theories indeed admit solitonic brane solutions. A p-brane solution of the
equations of motion should contain a non-trivial A.pC1/ background configuration
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whose energy-momentum tensor sources a non-trivial space-time metric. We will
see that for most solutions there is also a non-constant dilaton. From Chap. 16 we
know the low-energy effective action for these massless string excitations:

S D 1

2�2d

Z

ddx
p�g

�

R � 1
2
gMN@M�@N� � 1

2 .p C 2/Še
ap� QF 2

.pC2/
�

: (18.26)

This action is related to the ones in Chap. 16 by first splitting off the asymptotic
value ˚0 of the dilaton via ˚ D ˚0 C � with e˚0 � gs and then rescaling the
metric GMN via GMN D e

1
2 �gMN . We have also rescaled the gauge fields QFRR D

gsFRR and QFNSNS D FNSNS and QF 2
.pC2/ D QFM0:::MpC2

QFM0:::MpC2 . The parameter ap
controls the dilaton coupling. For the NS-NS 2-form it is a�1 D �1 while in the
R-R sector ap D .3� p/=2 with ap C ap0 D 0 for p C p0 D 6. In (18.26) we have
dropped the topological Chern-Simons term. For string theory d D 10, and 2�210 D
.2�/7˛04g2s D 1

2�
`8sg

2
s . If we drop the dilaton and set d D 11; p D 2; ap D 0 the

action is that of d D 11 supergravity, whose brane solutions will also be found in
this chapter. In d D 11 we also define the Planck length `11 via 2�211 D 1

2�
.2�`p/

9.
We will pause here to comment on various frames which are used in string

theory. A frame is defined by the metric. The string frame metric is the one which
appears in the Polyakov (sigma-model) action. Various other frames are obtained
from the Einstein frame by a dilaton dependent rescaling. The Einstein frame is
defined such that in the low-energy effective action the kinetic energy for dilaton
and metric is diagonal or, in other words, the Ricci scalar is not multiplied by a
dilaton dependent factor. The frame we have used in (18.26) is called modified
Einstein frame. It is related to the Einstein frame through a rescaling of the metric
by the constant (asymptotic) value of the dilaton. The solutions which we will find
below are such that the metric (in the modified Einstein frame) approaches the
Minkowski metric �MN asymptotically. Masses, tensions, etc., which are measured
by asymptotic observers, can therefore be directly compared with those measured
in Minkowski space; no rescaling is necessary. In the Einstein frame the asymptotic
metric of our solutions is �MN=

p
gs and the masses measured in different frames

are related viam2
S D m2

mE D m2
E=
p
gs . From here on, in this section, Einstein frame

always means modified Einstein frame.
If only one of the .pC1/-form fields is non-trivial, in which case FpC2 D dApC1,

the equations of motion derived from the action are

�� D ap

2 .p C 2/Še
ap� QF 2;

rM
�

eap� QFMM1:::MpC1
� D 0;

RMN D 1

2
@M�@N� C eap�

2 .p C 1/Š
�

QF 2
MN �

.p C 1/
.d � 2/.p C 2/gMN

QF 2

�

; (18.27)
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where QF 2
MN D QFMM1:::MpC1

QFNM1:::MpC1 . The equation of motion for the dilaton

implies that for non-vanishing QF 2 it cannot be constant unless ap D 0. This is the
case for the d D 11 SUGRA action and for d D 10, p D 3. However for p D 3

the action (18.26) is not valid since QF 2
.5/ D 0 for self-dual QF.5/. The equations of

motion are nevertheless the same as those derived from (18.26) if one multiplies
the QF 2

5 term by 1=2 and imposes the self-duality condition QF.5/ D ? QF.5/ separately.
This special case plays a role for the AdS/CFT correspondence which we discuss
in Sect. 18.9. There is also the open string contribution to the action which acts as a
source term for the electric brane solutions. More on this below.

Before we proceed to solve the equations of motion, let us comment on the
validity of the effective action (18.26). It assumes that the string is weakly coupled
so that only the spherical world-sheet topology contributes: otherwise the dilaton
dependence is more complicated. We have furthermore assumed that all energies
are small compared to the string scale: otherwise higher derivative corrections
have to be included, in particular higher powers of the space-time curvature. As
a consequence, the solutions which we find can only be trusted if the parameters are
chosen such that the curvatures are small compared to 1=˛0.

In the following n denotes the dimension of the world-volume, i.e. n D pC1 for
a p-brane. Given nwe denote by Qn D QpC1 D d �n�2 D d �p�3 the dimension
of the world-volume of the dual object. We look for solutions of (18.27) which are
Poincaré invariant in the n dimensions along the brane and isotropic in the .d � n/
dimensions transverse to the brane, i.e. for solutions with .Poincaré/n 	 SO.d � n/
symmetry. We split the space-time coordinates as xM D .x�; ym/; � D 0; : : : ; n �
1; m D 1; : : : ; d � n. The most general ansatz for the metric and dilaton of a brane
at y D 0 which respects these symmetries is

ds2 D e2A.r/��	dx�dx	 C e2B.r/ımndymdyn;
e� D e�.r/

(18.28)

with r2 D ymynımn the distance from the brane. As boundary condition we impose
that for r ! 1 the metric approaches d -dimensional Minkowski space-time and
� ! 0.

For the gauge potential, or rather its field strength, there are two possible ansätze
consistent with the symmetries, one for an electric p-brane and one for a magnetic
Qp D .d � p � 4/-brane:

QF el
.pC2/ D Pe ?

�

e�ap��Sd�p�2

�

; QF mag
.pC2/ D Pm �SpC2 ; (18.29)

where

�Sn D 1

nŠ

1

rnC1
�m0:::mn y

m0 dym1 ^ � � � ^ dymn (18.30)
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is the volume form on the unit n-sphere. It satisfies

d�Sn D ˝n ı
.nC1/.y/ dy0 ^ � � � ^ dyn (18.31)

with

˝n�1 D Vol.Sn�1/ D 2�n=2

 .n=2/
(18.32)

denoting the volume of the unit Sn�1. From (18.29), which is motivated by
our discussion of electric and magnetic charges, it is clear that Pe and Pm are
proportional to the electric and magnetic charge of the brane. We will establish the
precise relation below.

Inserting the ansatz into the equations of motion leads to a system of coupled
non-linear ordinary differential equations for A.r/; B.r/ and �.r/. Imposing the
condition

nAC QnB D const (18.33)

leads to considerable simplifications. If we require that the metric far from the brane
approaches �MN , the constant must be zero. Equation (18.33) can be derived from
the requirement that the solution preserves half of the supercharges, i.e. that the
brane is a 1/2 BPS state.

Without going into further details of the derivation, we simply state that the brane
solution can then be expressed in terms of a single harmonic functionH.r/:

ds2 D H� 4Qn
�.d�2/ ��	 dx

�dx	 CH 4n
�.d�2/

�

dr2 C r2d˝d�n�1
�

;

e� D H
2ap
�� ; with � D

(

C1 electric brane

�1 magnetic brane;

QF el
.nC1/ D .�1/pdC1

2Np
�
˛ Qn ?

�

e�ap��S QnC1

�

D 2p
�
dH�1 ^ �R1;n�1 ;

QF mag
.nC1/ D

2Np
�
˛ n �SnC1 ; N 2 Z (18.34)

with

� D a2p C
2n Qn
d � 2 (18.35)

and

H.r/ D 1C N˛

r Qn
. Qn > 0/: (18.36)
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H.r/ is the Green function of the transverse Laplace operator, i.e. it satisfies

�H.r/ D �N˛ Qn˝QnC1ı.QnC2/.y/: (18.37)

Two integration constants have been chosen such that gMN ! �MN and � ! 0 as
r ! 1. There remains the third integration constant ˛, which, as we show below,
is related to the tension of the brane via

˛ D 2�2d �n�1
Qn˝QnC1

�

4
: (18.38)

One can check that for all cases which occur in d D 10 and d D 11, � D 4. We
will use this value in the following and also assume Qn > 0.5 The meaning of the
integer N as the number of branes will become clear below. The sign of the field
strength in the solutions (18.34) is arbitrary and we have made an arbitrary choice.
It distinguishes branes from anti-branes which carry opposite charges.

Before we proceed, let us make a few comments on the solution (18.34). For
d D 11 the dilaton is, of course, absent. For d D 10; p D 3 self-duality has not
been imposed yet. The self-dual D3 brane solution will be given below. It plays an
important role in Sect. 18.9. The case d D 10, p D 7 needs special consideration
and will be discussed at the end of this section. Finally, the solution for F el (but
not for F mag) is of the form F D dA. We could have arrived at it with the ansatz
QAel
�0:::�p

D ���0:::�p .eC.r/ � 1/ to find eC D H�1.
Coming back, to establish (18.38) we start from the following definition of the

tension (mass per unit world-volume) of the brane solution.

N�n�1 D
Z

dd�ny �00 .N 2 Z/; (18.39)

where �n�1 is the tension of a single brane and N the number of coincident branes.
The integral is over the transverse space and, as we will see below, it depends only on
the asymptotic behavior of the metric far away from the brane.�MN is the energy-
momentum pseudo-tensor of the system. It is defined as follows: expand the metric
which we found above around flat space gMN D �MN C hMN and define RMN D
R
.1/
MN C O.h2/. Explicitly this is (cf. Eq. (18.250) on page 770)

R
.1/
MN D

1

2
.@P @Mh

P
N C @P @N hPM � @P @P hMN � @M@NhP P /;

R.1/ D @M@NhMN � @P @P hMM ; (18.40)

where indices are raised with �MN . Then �MN is defined as

5The solutions with Qn D 0 and Qn D �1 deserve special treatment. Here the Green functions are
�˛ ln r .Qn D 0/ and �˛jyj .Qn D �1/.
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R
.1/
MN �

1

2
�MNR

.1/ � �2d�MN : (18.41)

It satisfies @M�MN D 0. One can consider (18.41) as the wave equation of a
spin-two particle (the graviton) with source given by the energy-momentum of the
gravitational field and matter.6 For the metric (18.28) one finds

2�2d�00 D �.n � 1/�e2A.r/ � .d � n � 1/�e2B.r/; (18.42)

where � D 1

rd�n�1
@r .r

d�n�1@r / such that7

Z

dd�ny �00

D 1

2�2d
˝d�n�1 lim

r!1 r
d�n�1 ��.n � 1/@re2A.r/ � .d � n � 1/@re2B.r/

�

D 1

2�2d
˝QnC1N ˛ Qn

ŠD N�p; (18.43)

from where (18.38) follows. What we have computed here is the ADM (Arnowitt-
Deser-Misner) tension of the brane.

The conserved electric charge density of the electric p-brane is (cf. (18.12))

Nqe D .�1/pp
2�d

Z

S QnC1

eap� ? QF D p2�d �pN: (18.44)

The normalization is with respect to a canonically normalized p-form field. The
magnetic charge of the magnetic Qp D d � p � 4 brane is (cf. (18.13))

Nqm D 1p
2�d

Z

SnC1

QF mag D p2�dN� Qp (18.45)

and the Dirac quantization condition (18.15) becomes a relation for the tensions of
an electric brane and its magnetic dual,

�p� Qp D �n

�2d
; n 2 Z; (18.46)

where for the objects of minimal charge n D ˙1.

6This becomes apparent in harmonic gauge @MhMN � 1
2
@N h

M
M D 0.

7With the appropriate modification this is also valid to Qn D 0. For Qn D �1 the integral diverges.
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The electric charge can also be computed as the divergence of the gauge field.
From (18.34) we find

d
�

? eap� QF el
pC2

� D .�1/p 2�2d�p Nı.d�p�1/.y/ dy1 ^ � � � ^ dyd�p�1: (18.47)

This is the equation of motion for the gauge field derived from (18.26), if we add
the source term

Sbrane D �N�p
Z

˙pC1

dpC1� e�ap�=2
q

� det Og�	 CN�p
Z

˙pC1

QA.pC1/: (18.48)

Og�	 is the induced metric on the world-volume ˙pC1 of the electric brane and
QA.pC1/ the induced .p C 1/-form potential on ˙pC1. The first term, which does

not follow from (18.47) is, of course, the D-brane action. This is familiar from
Chap. 16, or the Nambu-Goto action for the fundamental string, both written in
modified Einstein frame. Both terms have the same constant prefactor, in agreement
with (18.44). A priori the brane action introduces source terms on the r.h.s of all
three equations in (18.27), but the explicit calculation shows that the coefficients in
front of these source terms vanish except for the equation for the gauge field. For
the magnetic brane the field strength has the same form as the dual field strength
of the electric brane. But this means that its dual satisfies the Bianchi identity and
that therefore the equations of motion for the magnetic solution are source free, as
expected for solitons.

We now discuss the evidence that the SUGRA brane solutions are related to the
D-branes of string theory. D-branes with tension (9.59) satisfy (18.46) for n D 1.
They also satisfy (18.44). Furthermore, the dimensions of the SUGRA branes
which couple to RR-potentials are the same as those of the D-branes of the two
type II string theories. We therefore draw the conclusion that D-branes and the R-R
charged SUGRA branes are the same objects in two different descriptions: D-branes
emerged from the world-sheet formulation of string theory while here we have found
them from the effective space-time description. While the former involves open
strings, the latter doesn’t. We will give further evidence of this identification below.

For the fundamental string and its dual object, the (magnetic) NS5-brane, we can
use (18.46) and the known F1 tension to determine the NS5 tension:

�NS5 D 1

.2�/5˛03g2s
D 2�

`6s g
2
s

: (18.49)

It behaves as 1=g2s , compared to 1=gs for D-branes.
Let us now discuss further properties of the brane solutions in d D 10,

postponing for the moment the discussion of d D 11 branes. The differentgs depen-
dence of the D-branes and the NS5-brane has significant consequences. N coinci-
dent branes gives rise to a gravitational potential V � GNN�p=r

d�p�3. In string
theory Newton’s constant behaves as GN � `8sg2s , i.e. the strength of the potential is
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gsN for Dp-branes andN for NS5-branes. This means that as long as gsN � 1 the
back-reaction of the D-branes on the space-time geometry in which they are embed-
ded can be neglected at distances bigger than the string scale. The D-brane picture of
a hypersurface in flat Minkowski-space on which open strings can end is therefore
meaningful. But if we pile up many branes such that Ngs � 1 we have to take into
account the curving of the space around them. For NS5-branes, on the other hand,
the back-reaction is always large and cannot be neglected even for a single brane.

The brane solutions just found are only valid at weak string coupling and for
slowly varying fields relative to the string scale. Since the characteristic scale L of
the p-brane solutions is set by ˛ � N�p�2d � Ld�p�3, this means thatN�p�2d must
be large in units of the string scale. In other words, the supergravity brane solutions
are valid for a large number of branes on top of each other and the metric is that of
the back-reacted geometry.

One important lesson to draw from Eqs. (18.44) and (18.45) is that the tension
of the branes is equal to the electric and magnetic charge. They are BPS branes. We
have seen in Chap. 9 that D-branes of type II theories have two properties indicative
of BPS objects: they satisfy the zero force condition and they preserve half of the
space-time supersymmetry. As expected, and shown below, both conditions are met
by the SUGRA brane solutions. These are so-called extremal p-brane solutions
which saturate (in appropriate units) the BPS bound mass D jchargej which leads
to the zero-force condition. Non-extremal solutions satisfy mass � jchargej. They
do not satisfy (18.33) and break all 32 supercharges. The non-extremal solutions
satisfy the source-free equations of motion. They have two horizons and for mass �
jchargej there are no naked singularities. (This is the same situations as for charged,
i.e. Reissner-Nordström black holes which are also characterized by two parameters,
their mass and charge.) The non-extremal solutions are also called black p-branes.
In addition, there are neutral solutions with trivial dilaton and gauge field. They are
the generalization of Schwarzschild black holes, i.e. Schwarzschild black branes.
There exist intersecting brane solutions preserving some supersymmetry, e.g. 1/4
BPS solutions, but we will not discuss them in the SUGRA context.

We first verify the zero force condition. One can generalize the brane solution
to a stack of parallel branes by the replacement H ! 1CPN

iD1 ˛

jy�y i jd�p�3 . The
positions y i of the branes are free parameters (moduli) of the solution; they can take
arbitrary values. That these are stable solutions can also be seen as follows. Place
a probe brane into the background of the SUGRA brane solution at the transverse
positions Y m.�/. In static gauge X�.�/ D �� Eq. (18.48) becomes

��p
Z

˙pC1

dpC1�
�

e�ap˚=2
q

� det.e2A��	 C e2B@�Y m@	Y nımn/ �H�1
�

;

(18.50)

from which we derive the potential

V D �p
�

e�ap˚=2C.pC1/A �H�1� (18.34)D 0: (18.51)
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If we place a probe anti-brane in the same external field, the second term in the
potential comes with the opposite sign: the probe anti-brane experiences a force in
the background field of the branes.8

The brane solutions which we have constructed are the solutions of the bosonic
sector of supergravity theories and one wonders whether they preserve some amount
supersymmetry, i.e. whether they are invariant under some of the 32 supercharges.
For this to be the case the brane background must admit Killing spinors, i.e.
spinors � which solve ı��M D 0 and ı�� D 0 in the brane background. We
have already remarked that (18.33) can be derived as a consequence of perserving
some supersymemtries. Therefore, we expect Killing spinors to exist.9 We will now
construct them explicitly. The supersymmetry variations of the gravitini and dilatini
were given in (17.64). For a Dp-brane the (string frame) equations to solve are

rM� C 1

8
e˚ =F pC2MPpC2� D 0; (18.52a)

=@˚�C 1

4
e˚.�1/p.3 � p/ =F pC2PpC2� D 0: (18.52b)

The notation is explained below Eq. (17.64) but here we are not using the democratic
formulation. This explains the factor 1/2 difference for the contributions from the
R-R fields. For the fundamental string and the NS5-brane we drop the R-R fields
and keep the NS-NS three-form with the same factor as in (17.64). We must also
keep in mind that these supersymmetry variations are expressed in string frame.
The covariant spinor derivativerM D @m� 1

4
!ABM AB contains the spin-connection.

For a metric of the form (18.28), which can be derived from the zehn-bein EA
M D

.e˛�; e
a
m/ D .eAı˛�; eBıam/, the non-vanishing components of the spin connection are

!˛a� D e�B @meA ı˛�ıma;
!abm D e�B @neB.ıamınb � ıbmına/:

(18.53)

From (18.52b) we find the condition

�

�˙ .�1/p 0:::pPpC2
�

� D 0: (18.54)

8We can obtain the anti-brane by changing the orientation; e.g. X0.�/ D ��0; Xi .�/ D �i . This
is similar to saying that a positron is an electron going backwards in time: there the only way to
change the orientation of the world-line is to change the direction of time. For higher dimensional
world-volumes there are other ways.
9One could analyze the Killing spinor condition with the general ansatz (18.28) and (18.29).
Requiring that Killing spinors exist leads to relations between the functions which appear in the
ansatz, such as (18.33).
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The two signs are for branes and anti-branes and the Dirac matrices inside the
parenthesis are the flat ones. They are related to the curved ones as  ˛ D e˛�

�.
The �-components of (18.52a) lead once more to (18.54). The m-components give

�

@m � 1
8
H�1@mH

�

� D 0; (18.55)

where we used (18.54). This has the solution � D H1=8�0 where �0 is a constant
spinor which has to satisfy (18.54). Using the explicit forms for Pp and �0 D
�

�L
�R

�

we find the SUSY conditions for the type II Dp-branes and similarly for the

fundamental string and the NS5 branes:

• Dp-brane along .x0; : : : ; xp/, � D H1=8�0:

�L D C 0 � � � p�R with

8

<

:

p even, 11�L D C�L; 11�R D ��R IIA

p odd, 11�L D C�L; 11�R D C�R IIB

• Fundamental string along .x0; x1), � D H�1=4�0:

�L D C 0 1�L; �R D � 0 1�R IIA/B

• NS5-brane along .x0; : : : ; x5/, � D �0:

�L D C 0 � � � 5�L; �R D C 0 � � � 5�R IIA

�L D C 0 � � � 5�L; �R D � 0 � � � 5�R IIB:

We have written the SUSY conditions for one particular sign choice which we can
take, by definition, as the brane rather than the anti-brane for which the signs are
reversed. What is relevant are the relative signs. Notice that the chiral (non-chiral)
type IIB (IIA) theory has a non-chiral (chiral) NS5-brane. For D-branes these are
the same conditions which we found using boundary CFT in Sect. 13.3.

It is easy to see that the above conditions can be satisfied and that half of the 32
supercharges are preserved. Some amount of supersymmetry can be preserved even
if different types of branes are present. For instance, the conditions imposed by par-
allel NS5-branes along (012345), parallel NS5-branes along (012389), D4-branes
along (01236) can be satisfied simultaneously and this brane configuration preserves
four supercharges, even if we add parallel D6-branes along (0123789).

A necessary condition for supersymmetric brane configurations can also be
derived from the following light-cone gauge argument: recall that the zero-point
energy is formally given by the infinite sums ˙ 1

2

P1
nD1 n D � 1

24
or ˙P1nD0.nC

1
2
/ D ˙ 1

48
; the upper (lower) sign is for bosonic (fermionic) oscillators. If follows

that for all types of open string boundary conditions, NN, DD, DN and ND, the zero
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point energies in the R-sector vanish whereas for the NS sector they are � 1
16

(DD
or NN) and C 1

16
(ND and DN) for each of the eight transverse directions. To get

a space-time supersymmetric theory, the zero-point energies of the two sectors can
only differ by either an integer or a half-integer (because the oscillators can give
either integer or half-integer contribution to the masses of any state and we have to
satisfy level matching). If there are 	 mixed and .8 � 	/ pure boundary conditions
(in light-cone gauge), the total zero point energy is 	

16
� 8�	

16
D � 1

2
C 	

8
. This leads

to the necessary condition 	 D 0 mod(4) for a space-time supersymmetric brane
configuration.

The above argument assumed that all branes are located at fixed positions along
the transverse coordinates, i.e. they intersect at right angles. Branes at arbitrary
angles generically break all supersymmetries, but supersymmetric configurations
are possible, as we have discussed in Chap. 10.

We have furthermore assumed that all branes have infinite extent (or are wrapped
on tori). But this is not necessarily so and the rules for branes ending on branes
are easily derived starting from the known fact that a fundamental string can end
on a D-brane and applying T- and S-dualities. As we will discuss below, the latter
exchanges F1 and D1 in type IIB and also D5 and NS5. Applying T-duality along
a world-volume direction of a Dp-brane results in a D(p –1)-brane while T-duality
in a transverse direction gives a D(p+1)-brane. To see this directly in the brane
solution one has to find the solution for the S1 compactified theory. This is most
easily done by using the method of images, i.e. by constructing a periodic array of
the solutions which we have found. We will not present the details. T-duality along
the world-volume of NS5 gives back NS5. This is obvious from the string-frame
NS5 solution. Furthermore, the tension of a wrapped NS5 is invariant under this
T-duality. T-duality in a transverse direction produces a KK monopole.

Before we discuss further properties of the brane solutions, we have summarized
them, for future convenience, in Table 18.3. For the type II d D 10 brane solutions
we have given the metric in Einstein and in string frame. Note that for the type IIB
superstring there also exist so called .p; q/ strings and 5-branes, whose supergravity
solutions can be generated by applying an appropriateSL.2;Z/ � SL.2;R/ duality
transformation (18.76) to the solution for the F1-brane. Moreover, the solution for
F1 and NS5 is also valid for the heterotic string. For the latter there exist more
general BPS solutions, where also the gauge field has a non-trivial background.
Supersymmetry requires this to be a gauge instanton profile. Analogously, the type
IIB D1 and D5-brane solutions carry over to the type I superstring.

We now point out a few interesting features of some of the string theory brane
solutions:

Fundamental string: The metric and the dilaton are

ds2E D
�

1C ˛

r6

��3=4
dx2 C

�

1C ˛

r6

�1=4

dy2;

e˚ D gs
�

1C ˛

r6

��1=2
: (18.56)
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Table 18.3 1/2-BPS brane solutions of d D 10 and d D 11 SUGRA

d D 10 Dp ds2E D H.r/
p�7
8 dx2

jj
CH.r/ pC1

8 dx2
?

.p < 7/H.r/ D 1C ˛
r7�p

ds2S D H.r/�
1
2 dx2

jj
CH.r/ 12 dx2

?
e�.r/ D H.r/

3�p
4

QFm0:::p D @mH.r/
�1 ˛ D .4�/

1
2 .5�p/

�1

2
.7� p/�.˛0/

1
2 .7�p/gsN

F1 ds2E D H.r/�
3
4 dx2

jj
CH.r/ 14 dx2

?
H.r/ D 1C ˛

r6

ds2S D H.r/�1dx2
jj
C dx2

?
e�.r/ D H.r/�

1
2

Hm01 D @mH.r/
�1 ˛ D 25�2.˛0/3gsN

NS5 ds2E D H.r/�
1
4 dx2

jj
CH.r/ 34 dx2

?
H.r/ D 1C ˛

r2

ds2S D dx2
jj
CH.r/dx2

?
e�.r/ D H.r/

1
2

Hmnp D �mnpq@qH.r/ ˛ D N˛0

d D 11 M2 ds2 D H.r/�
2
3 dx2

jj
CH.r/ 13 dx2

?
H.r/ D 1C ˛

r6

Fm012 D �@mH.r/�1 ˛ D 25�2`611N

M5 ds2 D H.r/�
1
3 dx2

jj
CH.r/ 23 dx2

?
H.r/ D 1C ˛

r3

Fmnpqr D �mnpqrs@sH; ˛ D �`311N

We have absorbed N , the number of elementary branes, into the integration constant ˛. If we
change the sign of the field strength of a brane solution, we obtain the anti-brane solution

Transforming to string frame, one gets ds2S D
�

1C ˛=r6��1 dx2 C dy2, whose
Ricci scalar is singular at the core of the string, R � 1=r2. On the other hand,
exp.˚/ vanishes there and approaches gs D exp.˚0/ far away from the string.
Therefore, for small gs the fundamental string is weakly coupled throughout and
perturbation theory is valid.

NS5 brane: Metric and dilaton are

ds2E D
�

1C ˛

r2

��1=4
dx2 C

�

1C ˛

r2

�3=4

dy2;

e˚ D gs
�

1C ˛

r2

�1=2

: (18.57)

Compared to (18.56) the two regions of space-time, the brane and the transverse
space are exchanged. In particular, exp.˚/ diverges at the core of the NS5-brane,
signaling that it is a non-perturbative object from the point of view of string theory.
In string frame, ds2S D dx2 C �

1C ˛=r2� .dr2 C r2d˝3/; the transverse three-
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sphere has a finite radius at the core of the brane and the Ricci scalar is finite,10

R � ˛�1. Therefore, the magnetic dual to the fundamental string deserves to be
called a solitonic solution.

D1 and D5 branes: The difference from F1 and NS5 is only the dependence of the
dilaton,

D5 W e˚ D gs
�

1C ˛

r2

��1=2
; D1 W e˚ D gs

�

1C ˛

r6

�1=2

: (18.58)

Self-dual D3 brane

ds2E D
�

1C ˛

r4

��1=2
dx2 C

�

1C ˛

r4

�1=2

dy2;

e˚ D gs;
F5 D 4˛.1C ?/ �S5 D .1C ?/�R1;3 ^ dH�1; ˛ D 4�gsN.˛0/2; (18.59)

where we have included the self-dual five-form field strength. There is no distinction
between the electric and magnetic solution. An important feature of this solution is
that the dilaton is constant. The self-dual D3 brane will play an important role in
Sect. 18.9, where the AdS/CFT correspondence will be discussed.

D7 brane: The D7-brane solution in type IIB supergravity, which is magnetically
charged under the R-R scalar fieldC0, deserves a more detailed discussion. Since the
transverse space is two-dimensional, the harmonic function depends logarithmically
on the distance from the brane, cf. Footnote 5 on page 693. A related feature is the
appearance of a deficit angle: a flat seven-brane with translational invariance along
the brane is essentially a .2 C 1/-dimensional problem. In three dimensions the
Riemann tensor can be expressed in terms of the Ricci tensor.11 Since Einstein’s
equations in empty space are simply R�	 D 0, this means that empty regions are
flat. Curvature exactly traces the energy-density so that the exterior geometry is
only affected in a global way. For instance, for a point particle at rest with mass m
the transverse space space is conical with deficit angle �' D m�2 where � is the
gravitational coupling constant in three dimensions. We therefore expect a deficit
angle in the asymptotic region of the brane geometry. Furthermore, the charge of a
single seven brane is

R

S1 F.1/ D
R

S1 dC0 D 1 where S1 surrounds the seven brane.
Of course, F.1/ D dC0 can only hold locally. From this we conclude that asymptoti-
cally C0 must behave as C0 � 1

2�i
log z where we have combined the two transverse

coordinates into a single complex coordinate z D y1 C iy2. We will now present
the solution which indeed exhibits these features. To continue, as in (16.142) we
also combine the type IIB dilaton and the R-R scalar field C0 into a complex scalar

10In Einstein frame R � 1=.r1=2˛3=4/.
11R�	�� D "�	˛"��ˇG˛

ˇ where G˛ˇ D R˛ˇ � 1
2
Rg˛ˇ is the Einstein-tensor.
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field � D C0 C ie�� which we take to be a function of the complex coordinate z.
Motivated by the general discussion we expect the metric to be of the form

ds2 D �dt2 C
7
X

iD1
dx2i C eB.z;Nz/d zd Nz; (18.60)

which we use as our ansatz. With this metric the equation of motion for � , which
we derive from the action (16.143), is

@N@� C 2@� N@�
N� � � D 0:

(18.61)

This is solved by a holomorphic function12

N@�.z; Nz/ D 0: (18.62)

Simple choices such as � D z are unacceptable for several reasons: they violate the
condition Im� > 0; they do not lead to finite energy solutions; they are incompatible
with the proposed SL.2IZ/ duality symmetry of type IIB theory. As we discussed
in Chap. 16, the type IIB SUGRA action possesses an SL.2IR/ symmetry. As
we will discuss further in the following section, in string theory this symmetry is
expected to be broken by non-perturbative effects to SL.2;Z/ and furthermore this
discrete symmetry should be a local symmetry. This implies that we must restrict
� to a fundamental domain of PSL.2;Z/ because different points on the upper
half plane represent physically identical theories. This restriction to a fundamental
region is also necessary in order to have finite energy solutions.

To see this, consider the contribution to the energy density arising from the
kinetic term of the complex scalar � . Integrating the respective term in (16.143)
over the transverse z-plane, we get the energy density

E D � i

Q�210

Z

d2z
@z� @z�

.� � �/2 ; (18.63)

where we used that �.z/ is holomorphic. This integral has the remarkable feature
that, independent of the specific solution for �.z/, it can be written as an integral
over the complex �-plane, which we now restrict to the fundamental domain F of
PSL.2;Z/ shown in Fig. 6.11 on page 137

E D � i

Q�210

Z

F
d2� @�@� log.� � �/ D i

Q�210

Z

@F
d� @� log.� � �/: (18.64)

12Alternatively an anti-holomorphic function, which would lead to essentially the same analysis.
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Here we applied Stokes’ theorem to arrive at a line integral over the boundary @F
of the fundamental domain. In the final integral the two contributions from the
imaginary lines at Re.�/ D ˙ 1

2
cancel and the contribution from the segment of

the unit circle is straightforward to compute. We find

E D i

Q�210

Z

@F

d�
1

.� � �/ D
�

6 Q�210
: (18.65)

The contribution to the energy density from the complex scalar is indeed finite. If
we had not restricted � 2 F but had instead allowed � 2 HC, E would be infinite.

We already know that �.z/ cannot be a single-valued function. As we go around
the brane it changes as � ! � C 1. But we expect solutions with more general
jumps in � ; more general SL.2;Z/ transformations should be allowed. The map
between � and the single valued z then involves a holomorphic function which maps
the fundamental �-region 1–1 to z 2 C [ 1 ' P

1. This is uniquely accomplished
by the modular invariant j -function13

j.�/ D
�

#83 .�/C #84 .�/C #82 .�/
�3

8 �24.�/
D 1

q
C 744C 196884 qC : : : ; (18.66)

where, as usual, q D e2�i� . Moreover, j has a simple pole at infinity with residue
1. Modular invariance means

j.A�/ D j.�/ for A� D a� C b
c� C d with

�

a b

c d

�

2 SL.2;Z/: (18.67)

Consider the particular solution

j.�/ D .z0=z/�N ; (18.68)

which, for small z, behaves as

�.z/ � N

2�i
log.z=z0/: (18.69)

Circling once around the origin, it gives rise to the monodromy � ! � C N . This
is the desired behavior for N branes located at z D 0. Note that z ! 0 means
Im� !1, which is the weak coupling region where the solution is reliable.

13 The j -function is the third power of the partition function of eight chiral bosons compactified
on the E8 lattice or, equivalently (by bosonization) the third power of the partition function of 16
chiral fermions. It has important applications in number theory and the theory of elliptic curves.
The coefficients in the power series expansion of j.q/ � 744 are related to the dimensions of the
irreducible representations of the so-called Monster group, the biggest of the sporadic finite groups.
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We still have to solve Einstein’s equations. Using (18.62) and (18.60) one finds
only one non-trivial equation, namely the simple relation

@N@B D @N@ log.Im�/: (18.70)

Solutions are eB D f Nf Im� where f is a holomorphic function which has to be
chosen such that the metric is modular invariant (recall from Chap. 16 that the type
IIB metric was SL.2;R/ invariant) and that eB has no zeroes. A solution which
satisfies these requirements is

eB.z;z/ D .Im�/ �
2.�/ N�2. N�/
jz=z0jN6

; (18.71)

where the denominator is needed because j�j4 � jqj1=6 � jz=z0jN=6 for z ! 0. At
large z, � ! j�1.0/ D const,

eB.z;z/ � jz=z0j�N=6; (18.72)

and the metric in the transverse space approaches

ds2 D ˇˇ.z=z0/
�N=12dz

ˇ

ˇ

2 D
� r

r0

��N=12
.dr2 C r2d'2/: (18.73)

With a change of variables

� D 1

˛

� r

r0

�˛

r0; � D ˛'; ˛ D 1 �N=12; (18.74)

this can be brought to the form

ds2 D d�2 C �2d�2 with � 2 Œ0; 2�˛
: (18.75)

It implies that each D7-brane produces a deficit angle �=6 in the transverse space.
At first, it might be surprising that the deficit angle is independent of gs because
the D-brane tensions behave as 1=gs . However the deficit angle is the result of the
complete energy density of the configuration which includes the energy density of
the complex scalar field � . All combined gives �=6.

For 12 parallel D7-branes the deficit angle is 2� and the transverse space far
away from the branes is a cylinder. For 12 < N < 24 D7 branes the compact
space is not smooth. Finally, for 24 parallel D7-branes the deficit angle is 4� and
the transverse space becomes compact: topologically it is S2 ' CP

1 whose size is
determined by the integration constant r0. One can formally combine this CP1 space
with an auxiliary torus, whose complex structure parameter is identified with � . The
total space is a non-trivial elliptic fibration of T 2 over CP1 which can be shown to
be a K3 surface. More details will be given in Sect. 18.8 when we discuss F-theory.
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D8 brane: This brane solution also has interesting features, such as a dilaton which
is discontinuous across the brane, whose transverse space is one-dimensional. We
will not go into further details.

18.6 Non-perturbative Dualities

Now that we have identified non-perturbative BPS states in ten-dimensional super-
string theories, we can search for dualities among these theories. We are particularly
interested in dualities which act on the string coupling constant gs and, for instance,
exchange perturbative and non-perturbative states. The existence of such a strong-
weak coupling duality in string theory was first conjectured in the context of the
compactification of the heterotic string to four dimensions on T 6. It contains N D 4
super Yang-Mills theory in its massless sector which was earlier conjectured to
feature a (Montonon-Olive) S-duality.

There are many examples of non-perturbative dualities in string theory and we
will discuss, in varying detail, a few of them, but our treatment is by no means
exhaustive.

S-Duality of Type IIB

In Chap. 16 we wrote the type IIB supergravity action in Einstein-frame in a
manifestly SL.2;R/ invariant form. SL.2;R/ acts on the massless ten-dimensional
fields as

� 0 D a� C b
c� C d ;

�

C 02
B 02

�

D
�

a b

c d

��

C2
B2

�

(18.76)

and leaves the (Einstein frame) metric and the four-form invariant. A particular

SL.2;R/ transformation is the S-duality transformation with

�

a b

c d

�

D
�

0 1

�1 0
�

.

Comparing its action on the type IIB fields with the action of ˝ , which is another
symmetry of the type IIB theory, we observe that S˝S�1 D .�1/FL . For C0 D 0,
S-duality � 0 D �1=� reduces to e˚ ! e�˚ and, in addition, the three-form fluxes
are exchanged.

The continuous classical symmetry group SL.2;R/ of type IIB SUGRA cannot
be a symmetry of string theory. Non-perturbative effects break it to a discrete
subgroup of SL.2;R/. The maximal subgroup which can be a symmetry of the
full string theory is SL.2;Z/. This can be seen as follows. A fundamental string
carries one unit of B2 charge and, since there are no fractional strings, the B2 charge
must be quantized in integer units. By (18.76), under SL.2;R/ a fundamental string
is transformed into a string with d units of B2 charge. We conclude that d must be
an integer. The maximal subgroup of SL.2;R/ for which d is an integer consists of
matrices
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�

a ˛b

c=˛ d

�

(18.77)

with a; b; c; d; integers such that ad � bc D 1 and ˛ denotes a real constant
which can be absorbed in a rescaling of C2. Another argument for the breakdown
of SL.2;R/ is the following: D-instantons (i.e. Euclidean D.�1/-branes), whose
classical action is14 Sinst D 2�� contribute to the functional integral as exp.2�i�/
and therefore break the continuous shift symmetry � ! � C b, b 2 R to discrete
shifts b 2 Z. The other generator of SL.2;Z/ cannot be seen in this weak coupling
analysis. In fact, the SL.2;Z/ symmetry of type IIB string theory cannot be proven
and one has to rely on other arguments, such as, that assuming the symmetry leads
to non-trivial consistent picture. It is a priori not clear why any symmetry survives,
once all perturbative and non-perturbative modes are included. In fact, it is not
known how SL.2;Z/ acts on a general state. In this sense, BPS states are rather
an exception. For instance, S-duality exchanges the NS-NS two-form B2 with the
R-R two-form C2, and one therefore expects that it maps the fundamental string
to the D1-string. This is confirmed by the explicit supergravity solutions (18.56)
and (18.58). Furthermore, their magnetic dual objects, the NS5-brane (18.57) and
the D5-brane (18.58), are also mapped to each other and the D3-brane is self-dual.
In this sense the duality is manifest in the supergravity brane solutions.

The statement of SL.2;Z/ as a duality symmetry is, however, a much more
stronger one. It implies that the discrete symmetry is gauged, i.e. that background
configurations which are related by an SL.2;Z/ transformation are physically
indistinguishable, just as configurations related by T-duality are.

Further support for the strong-weak coupling S-duality of the type IIB superstring
can be gathered by comparing the tensions of the BPS branes. Referring to the
discussion in Sect. 18.3, we use the fact that the tension of these BPS objects is set
by their charges and can therefore be reliably extrapolated from the weak coupling
regime, where we computed them, to the strong coupling regime. We start with the
tension of the fundamental string (in string frame):

TF1 D 1

2� ˛0
: (18.78)

If we want the fundamental string and the D1-brane to be exchanged under S-duality,
the string length has to be transformed as well15:

gIIB ! 1

gIIB
; ˛0 ! gIIB ˛

0: (18.79)

14This is obtained by evaluating the action (18.26) C (18.48) on the D.�1/-brane solution with
� D hC0i C ie�h˚i.
15Here we use gIIB instead of gs to emphasize that the result holds for type IIB but not for other
string theories. For those we will find other relations later on.
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We then obtain (again in string frame)

�D1 D TF1

gIIB
D 1

2�˛0 gIIB
: (18.80)

Notice that the rescaling of ˛0 is also necessitated by the requirement that the
physical coupling constant �210 � ˛04g2IIB be duality invariant. In Einstein frame16

gIIB ! 1

gIIB
˛0 ! ˛0; T

.E/
F1 D

p
gIIB

˛0
S ! �

.E/
D1 D

1p
gIIB˛0

: (18.81)

Similarly, the NS5-branes and the D5-branes are exchanged under S-duality. Their
tensions are (again in string frame)

�NS5 D 1

.2�/5˛03 g2IIB
S ! �D5 D 1

.2�/5˛03 gIIB
; (18.82)

which are mapped to each other under (18.79). Combined with T -duality we have
now related the tensions of all type II branes to the tension of the fundamental string.

The full conjectured duality group of the type IIB theory is SL.2;Z/, of which
the S -duality group is a Z2 subgroup. As already mentioned above, it implies the
existence of strings which couple electrically to both two-form potentials. We call
a .p; q/ string a string with p units of B2 charge and q units of C2 charge. Such
string solutions of type IIB supergravity can be constructed and their tension can be
shown to be

�.E/q D
1p
�2
jp C �qjTF1; TF1 D 1

2�˛0
: (18.83)

Note that this expression is invariant under SL.2;Z/, if we combine the transfor-
mation (18.76) with a transformation on the charges such that p

R

B2 C q
R

C2 is
invariant. In string frame the tension of a .p; q/ string is

�.S/q D jp C �qjTF1; (18.84)

which has the correct limits for the F1 string and the D1 string (for the latter if
C0 D 0). Note that in the gs � 1 regime the fundamental string is the lightest string
whereas in the non-perturbative limit gs � 1 it is the D1-string. Similarly, for each
.p; q/ string there exists a regime where it is the lightest.

16Going from string to Einstein frame means that we have to rescale all lengths: L2S D pgIIBL
2
E.

Since LE is S-duality invariant, LS transforms as L2S ! L2S=gIIB. Alternatively we may change
the length scale, i.e. ˛0! gIIB˛

0.
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For q D q0 C q00 the tension (18.84) satisfies the inequality

�q 

q

�2
q0 C �2q00

(18.85)

with equality if the two charge vectors are parallel. This means that a .p; q/-string
with p; q relatively prime is stable against decay into two strings. In the above
formulas, � should be understood as its background value C0 C i

gs
.

Similarly, there are two scalars .C0; ˚/ and therefore there are .p; q/-seven
branes. The D7 brane is charged only underC0 and is a .1; 0/ 7-brane. The existence
of .p; q/ branes can already be seen from the solution (18.68). Recall from Chap. 6
that besides infinity the fundamental region F has two more orbifold points, � D i
and � D � � e2i�=3, the fixed points of S and ST . Around these points the
function �.z/ D j�1.z/ has the expansions �.z/ D i C ˛.z � i/1=2 C : : : and
�.z/ D � C ˇ.z � �/1=3 C : : : and the non-trivial monodromies S W � ! �1=�
(around i ) and T �1S W � ! �.1C 1=�/ (around �). They generate PSL.2;Z/.

Since a fundamental string can end on a D7-brane, SL.2;Z/ implies that a .p; q/
string can end on a .p; q/ 7-brane. We know from Sect. 18.5 that the D7-brane
induces an SL.2;Z/ monodromy

MD7 D
�

1 1

0 1

�

(18.86)

of � D C0 C ie�˚ . We can find the monodromy induced by a .p; q/ 7-brane by the
following argument. The coupling of a .p; q/ string to the two-form potentials is
p
R

B2 C q
R

C2. Acting with SL.2;Z/ on the potentials as in (18.76), we see that
the .p; q/ string is transformed to a .p0; q0/ string with

.q0; p0/ D .q; p/
�

a b

c d

�

: (18.87)

This specifies the action of SL.2;Z/ on the charge vector. Starting with a funda-
mental string with .q; p/ D .0; 1/ we obtain a general string

.q; p/ D .0; 1/
�

r s

q p

�

; .rp � qs D 1/: (18.88)

We then find the monodromy induced by a .p; q/ 7-brane by transposing the
monodromy of a D7-brane, i.e.

M.p;q/ D
�

r s

q p

��1 �
1 1

0 1

��

r s

q p

�

D
�

1C pq p2

�q2 1� pq
�

; (18.89)

which is independent of r and s (and so are all physical quantities). M.p;q/ has the
property

.q; p/M.q0;p0/ D .q; p/; if qp0 � pq0 D 0: (18.90)
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Table 18.4 Monodromies
around stacks of 7-branes of
types A;B; C

7-branes Number Monodromies

A 1 MA D
�

1 1

0 1

�

B 1 MB D
�

2 1

�1 0
�

C 1 MC D
�

0 1

�1 2
�

An n Mn
A D

�

1 n

0 1

�

AB 2 MAMB D
�

1 1

�1 0
�

A2B 3 M2
AMB D

�

0 1

�1 0
�

A2BA 4 M2
AMBMA D

�

0 �1
�1 �1

�

AnBC nC 2 Mn
AMBMC D

��1 �nC 4
0 �1

�

A5BCB 8 M5
AMBMCMB D

��1 �1
1 0

�

A6BCB 9 M6
AMBMCMB D

�

0 �1
1 0

�

A6BCBA 10 M6
AMBMCMBMA D

�

0 �1
1 1

�

In this case we say that the two branes (or strings) are local w.r.t. each other. In
particular, the monodromy of a .p; q/ 7-brane leaves the charge of a .p; q/-string,
which can end on it, invariant. We observe that (18.90) implies

ŒM.q;p/;M.q0;p0/
 D 0 if qp0 � pq0 D 0 (18.91)

and

A�1M.q;p/A DM.q;p/A for A 2 SL.2;Z/: (18.92)

We will see in Sect. 18.8 that there exist inherently non-perturbative compactifi-
cations of the type IIB superstring which contain such general .p; q/ 7-branes. In
particular, the three types of branes A D .1; 0/, B D .1; 1/, C D .1;�1/ will be
important. For later reference we list the monodromy matrices of certain stacks of
these 7-branes in Table 18.4
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S-Duality of Heterotic/Type I

The duality of the type IIB string is an example of a self-duality, i.e. it maps the
theory to itself. The next example is a duality between two different perturbative
string theories: the non-perturbative equivalence between the ten-dimensional
heterotic and type I superstrings with gauge group G D SO.32/. Since the non-
Abelian gauge degrees of freedom are closed strings (winding and momentum) for
the heterotic string and open strings for the type I string, this duality symmetry
operates between closed and open strings. Since in d D 10 the N D 1 supergravity
theory coupled to Super-Yang-Mills theory is unique, up to a choice of gauge group
and field redefinitions, there must be such a map. Of course, the statement here is
much stronger as it implies the weak-strong duality of two string theories with a
priori very different appearances.

To reveal this S-duality, we first compare the two low energy effective actions
in ten dimensions, i.e. (16.146) for the type I string and (16.154) for the heterotic
string. As remarked above, the two actions must be related by a field redefinition.
The physical gauge couplings in the low-energy effective theories have a different
dependence on the respective dilaton. This is a consequence of the fact that they are
derived from string amplitudes on a sphere and a disc, for the heterotic and the type
I theories, respectively. However, the two actions can be mapped into each other by

˚H D �˚ I; GH
MN D e�˚IGI

MN HH
3 D F I

3 ; F H
YM D F I

YM: (18.93)

This means that the strong coupling regime of one theory is mapped to the weak
coupling regime of the other and vice versa.

Further evidence for this strong-weak coupling duality can be gained by consid-
ering the BPS states. Since the duality exchanges the two-form B2 of the heterotic
string with the R-R two-form C2 of the type I string theory, one expects that the
fundamental SO.32/ heterotic string is mapped to the type I D-string. The same
should hold for the magnetic objects, i.e. the heterotic NS5-brane is mapped to the
type I D5-brane. Let us sketch the argument.

One can show that the massless excitations of the D-string are precisely the fields
which appear on the world-sheet of the heterotic string. First, there are the open
strings from the D-string to itself. The longitudinal bosonic modes are projected out
by the orientifold projection, whereas the transverse modes remain in the spectrum.
They are associated with the eight translations which are broken by the D1 string.
To find the fermionic states, we need the action of ˝ . For a D-string along X1,
we have NN boundary conditions in the .01/ and DD boundary conditions in the
.2 : : : 9/ directions and all fermionic oscillators in the R sector are integer moded.
The GSO projection projects to one SO.1; 9/ chirality, which we choose to be
 11 D C1. Under SO.1; 9/  SO.1; 1/ 	 SO.8/ the 16 decomposes as 8Cs C 8�c .
The superscript denotes two-dimensional chirality. From (9.75) we know the action
of ˝ on the b�0 : they differ by a sign between the NN and the DD directions.
Consequently (9.76), which is valid for all directions NN, has to be modified. If we
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define˝j0iR D �j0iR, where j0iR is the highest weight state defined below (8.15),
we find that the action of ˝ on a state jsi is

˝jsi D �ei�.s1Cs2Cs3Cs4/jsi: (18.94)

This leaves the 8�c . If we impose the physical state condition (8.19), we find that they
are right-moving. Altogether, the D1-D1 sector contributes the following massless
states on the D1-brane world-volume: eight bosonsXi.�; �/ and eight right-moving
(Green-Schwarz) fermions  ˛.� � �/, where ˛ is an SO.8/ spinor index.

In addition, there are the D1-D9 strings stretching from the D-string to the 32
space-time filling D9-branes. Since one has eight directions with DN boundary
conditions, the zero point energy in the NS-sector is positive and there are no
additional bosonic zero modes. In the R-sector the zero-point energy vanishes and
the massless states are js0; ai. Here s0 D ˙ 1

2
and a D 1; : : : ; 32 the SO.32/

Chan-Paton index. The GSO projection17 requires s0 D C1=2. Imposing the
physical state condition, we find 32 left-moving fermions �a.� C �/. A similar
analysis can be carried out for the D9-D1 strings with DN boundary conditions
replaced by ND boundary conditions. The ˝ projection relates the two sectors
and there are no new states. The massless fields on the D1 world-volume are
thus those of the fundamental SO.32/ heterotic string in the Green-Schwarz
formulation.

There is an interesting subtlety concerning the heterotic GSO projection for
the 32 left-moving fermions. Recall that it projects out the vector and anti-spinor
representation of SO.32/ so that the precise gauge group of the heterotic string
is Spin.32/=Z2. In the fermionic formulation of the heterotic string this GSO
projection on the spectrum results from the sum over the different spin structures
for these 32 fermions on a toroidal world-sheet. How is this implemented on
the D-string? If one wraps the world-sheet of the D-string on a T 2, then even
though the longitudinal gauge field is projected out by ˝ , one can have a discrete
Z2 Wilson line along each of the two cycles of T 2. Summing over these four
possible D1-branes in the D9-D1 sector leads to the GSO projection for the 32
fermions.

Let us comment on the fate of the heterotic/type I strong-weak duality in lower
space-time dimensions. If we compactify both theories on an internal D D 10 � d
dimensional manifold M of normalized volume vD D Vol.M/=.2�

p
˛0/.D/, their

couplings in d dimensions are determined by the d dimensional dilaton ˚d

e�2˚d D e�2˚ v10�d : (18.95)

17This can e.g. be seen by requiring locality of the OPE of the vertex operators of the 1–1 and the
1–9 fermions.
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Under the ten-dimensional S-duality transformation one obtains

˚H
d D

�

6 � d
4

�

˚ I
d C

�

2 � d
8

�

log vI
10�d : (18.96)

For instance, if we compactify on a four-dimensional K3-manifold, the 6D heterotic
dilaton is mapped to the volume modulus such that weak heterotic coupling, i.e.
e˚

H
d � 1, corresponds to large volume of the K3 on the type I side. Compactifying

further to four-dimensions the weakly coupled type I string is mapped to a weakly
coupled heterotic string for volumes not smaller than the string scale.

U-Duality

Consider the type IIA/B theories compactified on a torus T D . As we have already
discussed, for D � 1 the moduli space of the compactified type IIA and type IIB
theories, which is parametrized by the constant background values of the various
bosonic fields, modulo discrete symmetries, is the same. The T -duality symmetry
R! ˛0=R is the simplest example of such a discrete symmetry and compactifying
the type IIA theory on a circle of radius R is the same theory as compactifying
the type IIB theory on a circle of radius ˛0=R. For compactification on higher
dimensional tori there are more general T -duality symmetries and they also act
on the RR background. The defining feature of general T -dualities is that they are
symmetries order by order in string perturbation theory, but it does not commute
with the ˛0-expansion. In other words it does not commute with the sigma-model
perturbation theory. In contrast to this there is the S -duality of the compactified
type II theories which they inherit from type IIB in ten dimensions. S -duality is
non-perturbative in the sense that it maps the weakly to the strongly coupled theory,
i.e. it does not commute with the string perturbation expansion but it does commute
with the ˛0-expansion.

It has been conjectured that type II string theory compactified onD-dimensional
tori has a larger symmetry group which mixes both the gs and the ˛0 expansions
and which contains the S- and T-duality group18 SL.2;Z/ � O.D;DIZ/ as
its subgroup. These larger duality symmetries have been called U -duality. The
continuous versions of these symmetry groups arise as isometries of the scalar
manifolds of eleven-dimensional supergravity reduced to d D 10�D-dimensions.
Again, the idea is that non-perturbative effects lead to the breaking to a discrete
subgroup, the U -duality group. The U-duality groups of type II string theory on a
d -dimensional torus are listed in Table 18.5.

18The product � is non-commutative, as the S-duality transformation also acts non-trivially on the
antisymmetric tensor.
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Table 18.5 U-duality groups of type II compactified on T D

d 9 8 7 6 5 4 3 2

U-duality SL.2;Z/ � Z2 SL.2;Z/ SL.5;Z/ SO.5; 5;Z/ E6.6/.Z/ E7.7/.Z/ E8.8/.Z/ OE8.8/.Z/
group �SL.3;Z/

En.n/ denotes a non-compact version of the exceptional groupEn for n D 6; 7; 8
and OG is the loop group of G, i.e. the group of mappings from the circle S1 into G.

Heterotic/Type IIA Duality in Six Dimensions

We now discuss a non-trivial duality in six space-time dimensions, namely between
the heterotic string with gauge groupE8 	 E8 compactified on T 4 and the type IIA
superstring compactified on a K3 surface.19

The first check is that these two theories have the same supersymmetry in
six dimensions. On the heterotic side, a torus compactification leads to maximal
supersymmetry, namely 16 unbroken supercharges. We know from Chap. 14 that
there are two possibilities. From the decomposition (14.49) of the Majorana-Weyl
supercharge in d D 10 it follows that the heterotic string on T 4 has N D .1; 1/

supersymmetry. On the type IIA side, space-time supersymmetry is reduced by one-
half due to the non-trivial SU.2/ holonomy of K3. This also leads to N D .1; 1/

supersymmetry in six dimensions, as we also discussed in Sect. 14.3. We have
summarized the field content of massless multiplets of N D .1; 1/ supersymmetry
in D D 6 in Table 15.4 on page 529.

The relations between the heterotic and type IIA coupling constants can be
derived by comparing the effective actions in D D 6. On the heterotic side, for
generic Wilson lines the E8 	 E8 gauge symmetry is broken to U.1/8 	 U.1/8.
Including the KK gauge bosons the gauge symmetry is U.1/24 and the effective
six-dimensional supergravity action of the dimensionally reduced heterotic string in
string frame is

Shet D 1

2 Q�26

Z

d6x
p

jGHj e�2˚H
6

 

RH C 4 jr˚H
6 j2 �

1

2
jdBHj2

� Q�
2
6

2g26

24
X

ID1
jdAIHj2

!

(18.97)

19Recall from Chap. 14 that K3 surfaces are the only compact CY manifolds in complex dimension
two. Their only non-trivial Hodge number is h1;1 D 20 and, of course, h2;0 D 1. The second Betti
number splits according to b2 D b2

C
Cb2

�
into self-dual and anti self-dual two-forms with b2

C
D 3.

The Kähler form and the (2,0) and (0,2) forms are self-dual.
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with Q�26 D .4�2˛0/2=4� . We have not written the contribution from the moduli
scalars. They will be discussed below. Notice that the entire heterotic action
uniformly scales with the inverse square of the six-dimensional heterotic string
coupling constant: e�2˚H

6 D v.T 4/ e�2˚H
with the normalized volume defined as

v.T 4/ D Vol.T 4/=.2�
p
˛
0
/4.

Type IIA superstring theory compactified on K3 also gives rise to 24 U.1/

gauge fields which, via KK-reduction, all arise from the R-R sector. One comes
from the one-form with indices along the six non-compact directions, i.e. C�,
and another one from the three-form with indices C�	�, which is Hodge-dual to
a massless vector in DD 6. The three-form with index structure C�mn gives 22
vectors. Since b1.K3/D 0, there are no gauge fields from the KK reduction of the
metric and the NS-NS anti-symmetric tensors. The effective string frame type IIA
action compactified on K3 is

SIIA D 1

2 Q�26

Z

d6x
p

jGIIAj
 

e�2˚
IIA
6

�

RIIA C 4jr˚ IIA
6 j2 �

1

2
jdBIIAj2

	

� Q�26
2g26

24
X

ID1
jdAIIIAj2

!

: (18.98)

Again we have not displayed contributions from the moduli scalars. We have chosen
the normalization of the gauge fields for later convenience. However, since the gauge
fields all arise in the R-R sector, their contribution to the action is independent
of e�2˚ IIA

6 D v.K3/ e�2˚ IIA
. It is straightforward to show that (18.97) transforms

to (18.98) if we identify

˚H
6 D �˚ IIA

6 ;

GH D e2˚H
6 GIIA D e�2˚ IIA

6 GIIA;

dBH D e�2˚ IIA
6 ? dBIIA;

AIH D AIIIA: (18.99)

The first relation in (18.99) means that the strong coupling regime of the heterotic
string in six dimensions is mapped to the weak coupling regime of the type IIA
string and vice versa. The map between the two-forms proceeds in the same way
as the dualization of a two-form and a scalar in D D 4, cf. (14.209) on page 490,
except that now the Lagrange multiplier field is a two-form. Notice that the duality
exchanges equations of motion and Bianchi identities forBH andBIIA. (In d D 6 the
Hodge-? on a three-form does not change under rescaling of the metric.) Since the
B-fields are Hodge-duals of each other, the duality exchanges fundamental strings
on one side and wrapped NS5-branes on the other.

Further evidence for this duality comes from comparing the moduli spaces
and BPS spectra of the two theories. The moduli of the heterotic string are
ten components of the metric, six components of the anti-symmetric tensor plus
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4	16 D 64Wilson line moduli in the Cartan sub-algebra of the rank 16 gauge group
E8	E8. The 80 scalars are the scalar components of 20N D .1; 1/ vectormultiplets
in six dimensions and parametrize the Narain moduli space

M D SO.4; 20/

SO.4/ 	 SO.20/
.

SO.4; 20IZ/; (18.100)

where SO.4; 20;Z/ is the T-duality group of the T 4 compactificaton of the heterotic
string.

In the NS-NS sector of type IIA on K3 there are 58 geometrical moduli; cf.
Footnote 40 on page 486. It is known from the theory of K3 surfaces that the
Teichmüller space of Ricci-flat Kähler metrics on K3 is SO.3; 19/=.SO.3/ 	
SO.19// 	 RC where the last factor is for the overall volume of the manifold. In
addition there are 22 massless scalars from the dimensional reduction of theB-field.
These 80 scalars are the scalars in 20 vectormultiplets and one can show that they
also parametrize the coset space (18.100) which is thus the moduli space of K3
compactifications of the type IIA string on K3.20

To summarize, the massless spectra of the heterotic string on T 4 and the type
IIA string on K3 consists of 20 N D .1; 1/ vectormultiplets and the N D .1; 1/

gravity multiplet in six dimensions. The latter contains one real scalar field, namely
the six-dimensional heterotic and type IIA dilaton field, respectively.

The next question to address is the correspondence between BPS states on
the heterotic and the type IIA side. We will concentrate on the gauge part of the
BPS spectrum. As we already discussed, in heterotic toroidal compactifications, the
generic gauge group at arbitrary points in the moduli space is Abelian. For T 4 it is

G D GL 	GR D U.1/20L 	 U.1/4R: (18.101)

In the effective N D .1; 1/ supergravity, the 20 left-moving vectors are part of
20 vectormultiplets, whereas the four right-moving vectors are in the supergravity
multiplet. At special points in the moduli space (18.100), the left-moving gauge
symmetry can be enhanced to a non-Abelian gauge group GL. All non-Abelian
gauge bosons of the heterotic string are perturbative BPS states.

As we have already discussed, in the type IIA theory the perturbative gauge
symmetry is Abelian and is the same as in (18.101). Again, we have 20
vectormultiplets and a gravity multiplet. In contrast to the heterotic case, the gauge
symmetry enhancement for the type IIA string on K3 cannot be perturbative. The
non-Abelian gauge bosons are due to D2-branes that wrap the 2-cycles of K3, of
which there are 22 homologically independent ones. In the uncompactified D D 6

space-time they are seen as particles which are massive for generic values of the K3

20With reference to the remarks at the end of Sect. 15.4, we mention that (18.100) is the moduli
space of .4; 4/ superconformal field theories with .Nc; c/D .6; 6/.
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moduli, i.e. the gauge symmetry is Higgsed to the Abelian group in Eq. (18.101).
But there are points in the K3 moduli space, where the K3 manifold degenerates
such that a collection of intersecting 2-cycles shrinks to a point. Since the mass of
a state that corresponds to a wrapped D2-brane is proportional to the volume of the
wrapped 2-cycle, at points in the moduli space where 2-cycles collapse massless
particles appear in D D 6. These are, in fact, BPS states. This will be explained
in a different context is Sect. 18.7 and should be expected from the discussion of
winding states in Sect. 18.4. They are charged under the 22 U.1/ gauge fields which
descend from the R-R three-form C3 upon dimensional reduction and they lead to
a non-Abelian enhancement of the gauge symmetry. The two possible orientations
for the wrapping correspond to the W ˙ gauge bosons. A thorough analysis, which
also shows which non-perturbative non-Abelian gauge groups can occur, uses the
A-D-E classification of collapsing 2-cycles on a K3 surfaces. This refers to the
feature that each cycle can be associated to the node of the Dynkin diagram and
their intersection numbers are the entries of the (negative of the) Cartan matrix of
the simply laced Lie algebras. For details we have to refer to the literature.

The heterotic/type IIA string-string duality can be extended to four-dimensions.
First it is almost trivial to generalize it to the heterotic string compactified on a
six-torus versus the type IIA string compactified on K3 	 T 2. This simply amounts
to compactifying both sides of the previous duality on T 2. More interestingly, one
can try to apply this six-dimensional duality locally for a fibration21 of T 4 and K3
over a P

1. Applying the previous duality fiberwise, this leads to compactifications
of the heterotic string on K3 	 T 2 where the K3 is elliptically fibered,22 i.e. it is the
total space of a fiber bundle with base P

1 and fiber T 2. On the type IIA side we get
Calabi-Yau threefolds which are K3 fibrations over P1. Both compactifications have
eight unbroken supercharges, i.e. four-dimensional N D 2 supersymmetry. The
heterotic side must be further specified by a choice of a gauge bundle over K3 (this
corresponds to the non-trivial Wilson lines on T 4 in the six-dimensional duality).
Further details on this interesting duality and its relation to dualities in N D 2
supersymmetric field theories are beyond the scope of this book.

18.7 M-Theory

So far we have connected the two type II theories via T-duality, and also the two
heterotic theories. We have also discussed the self-duality of the type IIB string and
the S -duality between the type I and the heterotic SO.32/ theory. The latter operate
directly in the ten-dimensional theories. We will now discuss a new type duality
which connects the type IIA string with a new eleven-dimensional theory, called

21It cannot be a direct product with P
1 because this would break all supersymmetries and there are

no BPS states.
22We will discuss elliptically fibered K3 surfaces in more detail in Sect. 18.8.
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M-theory. We will also show how the type IIB theory and the E8 	 E8 heterotic
string are described within M-theory.

Type IIA/M-Theory Duality

S-duality asserts that the strongly coupled type IIB string is a again the type IIB
string, i.e. it is self-dual. But what is the strong coupling limit of the type IIA string?
One expects that for gs � 1 the solitonic objects, i.e. the various branes, become
light. Recall that the tension of the type IIA Dp-branes is �p D 2�

gs
.4�2˛0/�.pC1/=2.

The lightest D-brane is the D0-brane with mass m D 1=.gs
p
˛0/. Since this is a

supersymmetric BPS object, one expects that there exists a bound state at threshold
of an arbitrary number n of such D0-branes with mass

m D n

gs
p
˛0
: (18.102)

This is the characteristic mass spectrum of Kaluza-Klein modes for a circle com-
pactification of radius

R11 D gs
p
˛0: (18.103)

Thus, it looks as if for gs � 1 a new dimension opens up, which could not be seen
in perturbative ten-dimensional type IIA superstring theory.

In Chap. 16 we discussed ten-dimensional supergravity theories as low-energy
effective field theories of type II string theory. There we also mentioned eleven-
dimensional supergravity with the same number of 32 supercharges but its relevance
for string theory was unclear. The above observation suggests the intriguing possi-
bility that this eleven-dimensional supergravity theory is the low-energy effective
action of the strong coupling limit of the type IIA superstring theory. The ten-
dimensional type IIA string theory has two parameters: the string tension ˛0 and
the string coupling constant gs . Eleven-dimensional supergravity compactified on
a circle has also two parameters: the eleven-dimensional gravitational coupling �11
and the radius R11 of the circle. Equation (18.103) establishes one relation among
these parameters. A second relation, which contains �11, follows from dimensional
reduction of the eleven-dimensional supergravity theory.

Its bosonic fields are the metric GMN and a three-form potential A3. Their
dynamics is governed by the action

S
.dD11/
eff D 1

2�211

Z

d11x
p�G

�

R � 1
2
jdA3j2

�

: (18.104)

We have suppressed the topological Chern-Simon term. We now perform a dimen-
sional reduction to d D 10 dimensions. For the metric and gauge potential we make
the Kaluza-Klein ansatz (cf. Chap. 14)
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ds211 D e�
2
3˚g�	dx

�dx	 C e 43˚ .dx11 C C�dx�/2; �; 	 D 0; : : : ; 9;
A3 D C3 C B2 ^ dx11;
dA3 D F4 CH3 ^ .dx11 C C1/ where F4 D dC3 �H3 ^ C1: (18.105)

All fields are independent of x11, i.e. shifts of x11 are an isometry and all forms
on the r.h.s. are in d D 10. The ansatz is such that all fields transform as tensors
under diffeomorphisms23 generated by ��.x/. Under diffeomorphisms generated
by �11.x/, all fields are invariant except C1 which transforms as a U.1/ gauge
field, C1 ! C1 � d�11. We insert this ansatz into the action (18.104) and
integrate over the eleventh dimension, for which we take a circle of radius R11.
After a tedious calculation one obtains precisely the type IIA supergravity action
in string frame, Eq. (16.134a). One can show that this extends to the complete
action, including the CS term and the fermions. As to the decomposition of the
fermions: the gravitino, which is a Majorana vector-spinor in d D 11, decomposes
into two gravitini with opposite chirality and two gravitini, also with opposite
chirality:  aM ! . ˛�;  

P̨
�;  

˛
11;  

P̨
11). This is the fermionic field content of type IIA

SUGRA. In terms of representations of the little group, this is the decomposition
128SO.9/ D .56s C 56c C 8s C 8c/SO.8/.

The ten- and eleven-dimensional gravitational couplings are related as

�211 D 2�R11�210 D
1

2
.2�/8g3s .˛

0/
9
2 ; (18.106)

where in the second step we have used Eqs. (18.103) and (9.57). It is convenient to
define an eleven-dimensional Planck mass and Planck length `11 D 1=M11 via

2�211 D
1

2�

�

2�

M11

�9

D 1

2�
.2�`11/

9: (18.107)

Combined with (18.106) this gives

`11 D g1=3s
p
˛0: (18.108)

This, together with (18.103), allows us to establish the following relations between
the type IIA parameters gs; ˛0 and the (compactified) 11d supergravity parameters
`11; R11.24

23Recall: ıGMN D �.rM �N CrN �M / D �.�P @PGMN C @M �PGPN C @N �PGMP /.
24These relations are implied by the ansatz (18.105), if we write the length element in terms of
dimensionless coordinates (for constant dilaton and zero 1-form)

ds2 D `211GMNdx
MdxN D l211.g

4=3
s dx211 C g�2=3

s g�	dx
�dx	/ � R211dx

2
11C ˛0g�	dx

�dx	:

(18.109)
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˛0 D `311=R11; gs D .R11=`11/3=2: (18.110)

To summarize: The type IIA string coupling constant is determined by the radius
(in units of the eleven-dimensional Planck length) of the circle on which d D 11

supergravity is compactified. The perturbative regime of string theory is unaware
of the eleventh dimension, as the small coupling sector corresponds to the small
radius region. Vice versa, the non-perturbative regime of string theory should imply
a decompactification of the eleventh dimension.

We have argued that the appropriate description of type IIA string theory in the
gs � 1 limit is eleven-dimensional supergravity. However, string theory is more
than just its low energy supergravity limit. Therefore, for gs ' 1, i.e. for radius
R11 ' `11, there must exist a complete eleven-dimensional quantum gravity theory
whose low-energy limit is eleven-dimensional supergravity. The precise structure
of this conjectured theory, which is not a string theory, is not known yet. All we
know about it has been derived by duality arguments of the type presented above.
At least this new theory has been given a name: M-theory. There is a proposal for
its quantum description as a matrix theory, but we will not pursue this here.

We have already seen that Kaluza-Klein states of the 11-dimensional theory are
identified with bound states of D0-branes of type IIA superstring theory. Let us
look for the M-theory origin of the other type IIA BPS branes. We start with the
D2-brane. Its tension, expressed through M-theory parameters, is

�D2 D 1

.2�/2gs.˛0/
3
2

D M3
11

.2�/2
� TM2: (18.111)

It does not depend on the compactification scale R11 and should therefore cor-
respond to an unwrapped fundamental object in M-theory, i.e. a membrane, or
M2-brane, in eleven-dimensions. Indeed, the massless spectrum contains the three-
form potential A3, which naturally couples electrically to this membrane. We
have constructed the M2-brane solution of d D 11 SUGRA in Sect. 18.5. The
fundamental type IIA string can then be identified as a M2-brane which is wrapped
around the circle.25 This is supported by the fact that the NS-NS two-formB2 arises
by dimensional reduction of A3. The tensions are related as

TF1 D 1

2�˛0
D 2�R11TM2: (18.112)

Type IIA theory also contains the dual NS5-brane, whose tension is

�NS5 D 1

.2�/5 g2s ˛
03 D

M6
11

.2�/5
� TM5; (18.113)

25The compactification reduces the dimension of space-time and the M2 world-volume. This is
also called double dimensional reduction.
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which is again independent ofR11 and should therefore correspond to an unwrapped
object in eleven-dimensions. We conclude that M-theory should also contain an M5-
brane, which is the object which couples magnetically to the three-form A3 and
which we also constructed as a solution of d D 11 SUGRA. One checks the Dirac
quantization 2�211TM2TM5 D 2� . Wrapping an M5-brane around the compact circle
should give the type IIA D4-brane. This is again consistent with the tensions

�D4 D 1

.2�/4gs.˛0/
5
2

D 2�R11TM5: (18.114)

Less obvious is the M-theory origin of the type IIA D6-brane which is the magnetic
dual of the D0-brane which, in turn, is electrically charged with respect to the
Kaluza-Klein gauge field G�11. One expects, and this can indeed be shown to be
true,26 that the D6-brane is a Kaluza-Klein monopole of compactified M-theory.

A systematic and intrinsic way to see how the BPS states of M-theory arise
is to analyze the N D 1 supersymmetry algebra.27 In d D 11 there are 32
superchargesQ˛ which are the components of a Majorana spinor. The relevant part
of the supersymmetry algebra in d D 11 is

fQ˛;Qˇg D . �C�1/˛ˇP�: (18.116)

The remainder of the algebra is the Poincaré algebra and the commutators of the
supercharges with the generators of the Poincaré algebra which simply state that the
Q˛ transform as spinors of SO.1; 10/ and that they are conserved, i.e. ŒP�;Q˛
 D 0.
A central extension in the strict sense, i.e. as a charge commuting with all generators
of the algebra, is only possible in extended supersymmetry.

We can relax this condition and allow charges which carry Lorentz indices but
we still require that they commute with the supercharges. The algebra (18.116) can
be extended to the M-theory algebra28

fQ˛;Qˇg D �
�

 �C�1
�

˛ˇ
P� � 1

2

�

 �	C�1
�

˛ˇ
Z�	

26The metric

ds2 D dx2
jj
C V .r/.dr2 C r2d˝2/C V .r/�1.dx11CA.y/ � dy/2 (18.115)

with y 2 R
3; r2 D y2 and r �A D r V (which implies r2V D 0) solves the vacuum Einstein

equations. For V D 1C ˛=r one finds F D dA D ˛�S2 . This is the KK-monopole solution. It
is regular at R D 0, if x11 � x11 C 4�˛. If we identify V 1=2 D e�2=3� D H1=2 and write it in
the form (18.105), we see that g�	 is the D6-brane solution in string frame and dC D dA is its
magnetic field strength.
27A similar analysis can be made for the IIA and IIB supersymmetry algebras.
28This modification of the supersymmetry algebra can be derived from the world-volume action of
extended objects in the Green-Schwarz formulation.
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� 1

5Š

�

 �1����5C�1
�

˛ˇ
Z�1 ����5 : (18.117)

The left hand side is a real symmetric 32	 32 matrix with 32 � 33=2D528
independent entries. It furnishes a reducible representation of SO.1; 10/. The right
hand side is the decomposition into irreducible components. In eleven dimensions
with Lorentzian signature the  Œp
C�1 with p D 1; 2; 5; 6; 9; 10 are symmetric,
cf. appendix of Chap. 8. There are three Hodge dual pairs and the number of
independent symmetric matrices is 528.

The ranks of the central charges agree with the ranks of the anti-symmetric tensor
fields and with the dimensions of the supergravity M2 and M5 branes which we
found earlier. The central charges are related to identically conserved topological
charges associated with the branes:

Z�1:::�p D 2�

`
pC1
11

Z

Cp

dX�1.�/ ^ � � � ^ dX�p.�/; (18.118)

where the integral is over a space-like slice through the brane’s world-volume. As
the integrand is a closed p-form, the integral vanishes for topologically trivial Cp .
Conservation follows from .

R

Cp
� RC 0

p
/! D R

MpC1
d! D 0 where @MpC1 D

Cp [ C 0p and ! closed. Notice that the analogue of (18.118) for the string is
1

2�˛0

R

d� @�X
� which computes its winding number in the �-th direction.

While the M2 and M5 branes exist as solutions of the SUGRA field equations,
the effective world-volume theory governing the dynamics of its fluctuations is
not so straightforward to determine, in particular for several coincident branes.
For M2 branes this involves a new algebraic structure called three-algebras. The
world-volume theory of the M5-brane is expected to be related to the one of the
NS5-brane of type IIA superstring. It should support a chiral .0; 2/ supersymmetric
six-dimensional field theory, whose bosonic field content consists of a 6D self-dual
tensor b�	 and five scalars. The latter can be considered as the Goldstone modes of
the broken transverse translations. However, the effective theory of several branes,
which would involve an interacting theory of self-dual tensor fields, is still unknown
and is most likely not a field theory.

From the algebra (18.117) we can derive a BPS bound. The derivation is
practically identical to the one in Sect. 18.4. Without loss of generality we work
in a Majorana basis where C D  0 and the supercharges are real. Consider a M2
brane at rest along the .012/ directions. The only non-zero components of P� and
Z�	 are P0 DM and Z12 � zM . The algebra (18.117) becomes

fQ˛;Qˇg D M.1� z 012/: (18.119)

The Hermitian 32 	 32 matrix  012 satisfies Tr 012 D 0 and . 012/2 D 1. From
these two properties it follows that it has eigenvalues ˙1, each with a degeneracy
16. It can be diagonalized with a unitary matrix U and if we define QQ D UQ the
algebra becomes
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f QQ˛; QQˇg D P0
�

.1C z/� 0

0 .1 � z/�

�

˛ˇ

; (18.120)

where each block is a 16 	 16 matrix. Defining the combinations

qj D
1p
2P0

. QQ2j C i QQ2j�1/; q
�
j D

1p
2P0

. QQ2j � i QQ2j�1/; (18.121)

one realizes that they satisfy the anti-commutation relations of fermionic oscillator
algebra

fqi ; q�j g D .1C z/ ıij ; i; j D 1; : : : 8
fqi ; q�j g D .1 � z/ ıij ; i; j D 9; : : : 16 (18.122)

with all other anti-commutators vanishing. From the positive semi-definiteness of
the left hand sides we obtain the BPS bound jzj 
 1 for the ratio topological
charge/mass. The dimension of non-BPS representations is 216 with 215 bosonic
and 215 fermionic states. If the bound is saturated, half of the oscillators decouple
and one obtains short multiplets with 28 states. One can generalize this to several
M2 branes along different directions. For judicious choices there are still unbroken
supercharges, i.e. decoupled oscillators, but their number will be less than 8.

Type IIB and E8 �E8 Heterotic String from M-Theory

If one compactifies M-theory further on a circle of radiusR9, the resulting theory is
T-dual to type IIB string theory. Therefore, compactified M-theory on T 2 should be
dual to type IIB on a dual circle. In order to identify the type IIB decompactification
limit on the M-theory side, we need to quantify this duality.

Consider M-theory on T 2, which, for simplicity we take to be rectangular with
radii R9 and R11. The complex structure and the dimensionless Kähler modulus of
this torus are defined as

� D i R9
R11

; T DM2
11 R9 R11: (18.123)

This M-theory compactification corresponds to the type IIA superstring compact-
ified on a circle of radius RIIA

9 with gIIA
s D .M11R11/

3=2 and ˛0 D M�311 R�111 .
Moreover, from the metric (18.105) in the KK-reduction of eleven-dimensional
supergravity and from (18.108) we we conclude RIIA

9 D R9. Under the T-duality
transformation

RIIA
9

.gIIA
s /2

D RIIB
9

.gIIB
s /2

; RIIB
9 D

˛0

RIIA
9

(18.124)
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this is mapped to type IIB compactified on circle of radiusRIIB
9 . Expressed in terms

of M-theory quantities, the type IIB parameters are

gIIB
s D

R11

R9
D .Im�/�1;

RIIB
9 D

1

M3
11 R9 R11

D 1

M11 T
: (18.125)

Therefore, the ten-dimensional type IIB superstring theory can be considered as the
zero size T ! 0 limit of M-theory compactified on a two-dimensional torus, where
the type IIB string coupling is given by its complex structure. We have derived this
here only for a rectangular T 2 but it holds also for a tilted one, where the real part of
� is identified with the axion C0. The SL.2;Z/ which acts on the complex structure
modulus of the torus is mapped to the type IIB self-duality group which acts on
the complexified string coupling. In the zero volume limit, the M5-brane wrapped
around T 2 becomes the self-dual D3-brane of type IIB.

We now briefly describe how also the E8 	 E8 heterotic string with 16
supercharges is related to M-theory. Rather than compactifying M-theory on a circle,
one can compactify it on the orbifold S1=Z2 where the Z2 acts as a reflection,
x11 ! �x11 such that x11 2 Œ0; �R11
. The end-points of the interval are the
fixed points of the Z2 action. This preserves ten-dimensional Poincaré symmetry
and breaks one-half of the 32 supersymmetries. Similar to the type I theory, a
purely ten-dimensional gravitational theory with 16 supercharges is not consistent
as the gravitino and dilatino lead to chiral anomalies. For the type I superstring
these were canceled by the SO.32/ gauge fields on the D9-branes. Therefore, for
quantum consistency of this M-theory orbifold, there must exist additional degrees
of freedom.

As we know from Chap. 10, string theory compactifications on orbifolds have
such additional states (twisted sectors) localized at the fixed points. It is therefore
natural to assume that also M-theory has such additional twisted states. Since we
have two fixed points, we conjecture that one E8 gauge factor is localized at each
of the two fixed points x11 D 0 and x11 D �R11. This eleven-dimensional orbifold
compactification with the two E8 factors ‘at the end of the world’ is called Hořava-
Witten theory. Much evidence in its favor has been collected, but we will not to go
into further details.

We close this section with a brief summary: Various dualities in various
dimensions have led to the picture that all superstring theories are connected to each
other and one big surprise was the appearance of an eleven-dimensional theory.
All of this suggests that there is a unique underlying fundamental theory, called
M-theory, and the five different superstring theories (and their compactifications)
are merely different weak coupling descriptions of M-theory, which correspond to
different choices of the small expansion parameter. A crucial role in establishing
these dualities is played by branes of various dimensions and it is their BPS property
which allowed the extrapolation from weak to strong coupling. This is certainly
a fascinating scenario, but at the time of writing, a fundamental formulation of
M-theory is still lacking.
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18.8 F-Theory

In the previous sections we have encountered two peculiar aspects of the type
IIB superstring. First, in Sect. 18.5 we have seen that the supergravity seven-brane
solution is different from the lower dimensional branes, as the harmonic function
depends logarithmically on the transverse distance from the brane. This had the
implication that finite energy solutions invoke the SL.2;Z/ action and that the back-
reaction on the geometry of the transverse space is so strong that 24 such 7-branes
curve it into a compact P1. Furthermore, we have seen in Sect. 18.7 that the strong-
weak SL.2;Z/ symmetry receives a geometric interpretation as the modular group
of a T 2 compactification of M-theory in the zero volume limit.

Combining these two observations leads to F-theory. It is a way to compactify
type IIB string theory where the complex scalar field � is not constant. If we interpret
� as the complex structure modulus of an auxiliary torus whose modular group is
the SL.2;Z/ symmetry of type IIB, we arrive at a twelve-dimensional formulation.
However, this twelve-dimensional interpretation does not mean that the type IIB
theory arises via a standard Kaluza-Klein reduction on the torus. First, there is
no twelve dimensional supergravity theory with signature .1; 11/; second, in ten
dimensions there is no scalar field which corresponds to the volume modulus of
the auxiliary T 2. In other words, the torus is not completely geometric. Hence the
12-dimensional interpretation only serves to provide a geometrization of the type
IIB SL.2;Z/ duality symmetry rather than to imply a bona fide compactification
from twelve to ten dimensions. In contrast, in the M-theory interpretation of the
previous section, the torus is physical and the ten-dimensional type IIB theory arises
in the zero size limit of the torus.

The true power of this F-theory picture reveals itself when one compactifies the
type IIB superstring to lower dimensions. We have just recalled that there should
exist a compactification of type IIB on P

1 with 24 7-branes, preserving half the
supersymmetry, i.e. 16 supercharges. M-theory compactified on a K3 surface also
has 16 unbroken supercharges. Consider a K3 surface which is an elliptic fibration
over P1. This means that over each point of the base P1 there is a torus whose shape
is characterized by the modular parameter which varies over the base (A compact
Riemann surface of genus one is also called an elliptic curve.). We can now fiber the
duality between M-theory on (zero size) T 2 and type IIB theory over the P

1 base
and conjecture that F-theory on an elliptically fibered K3 is dual to the type IIB
string on the base P1.

We still have to find the 7-branes in this description. Recall from Sect. 18.6 that
type IIB theory has not only D7-branes but also .p; q/ 7-branes. In Sect. 18.5 we
have seen that close to a D7-brane at position u1 2 P

1 the complex scalar � with
Im� � 0 behaves as

j.�/ ' 1

u � u1
: (18.126)
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We now elaborate on the implications of interpreting � as the modular parameter
of an elliptic curve. From Chap. 14 we know that a degree six hypersurface in
P
2Œ1; 2; 3
 has vanishing first Chern class. Since it is complex one-dimensional, it

must be an elliptic curve. Let Œx W y W z
 be the homogeneous coordinates with
weights .2; 3; 1/. The most general hypersurface constraint has the form

y2 C a1 xyzC a3 yz3 D x3 C a2 x2z2 C a4 xz4 C a6 z6; (18.127)

where we have normalized the coefficients of y2 and x3 to one. By two successive
homogeneous changes of variables,

y ! y � 1
2
.a1x zC a3z3/; x ! x � z2

12
.a21 C 4a2/; (18.128)

we can bring (18.127) to the so-called Weierstrass form

y2 D x3 C f xz4 C g z6: (18.129)

To express f and g in terms of the an, it is convenient to introduce

b2 D a21 C 4a2; b4 D a1 a3 C 2a4; b6 D a23 C 4a6 (18.130)

such that

f D 1

48

�

24 b4 � b22
�

; g D 1

864

�

216 b6 � 36 b4b2 C b32
�

: (18.131)

In Weierstrass form the freedom of making homogeneous coordinate transforma-
tions is completely fixed except for a rescaling of z.

It is a classical result in the theory of elliptic curves that its modular parameter �
is implicitly given in terms of f and g via

j.�/ D 4 .24f /3

4f 3 C 27g2 : (18.132)

The denominator is the discriminant� with

� D 4f 3 C 27g2

D �1
4
b22.b2 b6 � b24/ � 8b34 � 27b26 C 9b2b4b6: (18.133)

The curve is singular iff � D 0. Indeed, writing (18.129) in the patch z D 1 in the
form y2 D Q3

iD1.x � ei /, one finds � D �Qi<j .ei � ej /2. The curve is singular
iff two of the roots ei coincide.
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To obtain an elliptically fibered K3 surface, we simply elevate the coefficients
an to homogeneous polynomials of degree 2n in the two homogeneous coordinates
.u1; u2/ of P1. Mathematically speaking, they are sections of K�nB 'O.2n/, where
KB 'O.�2/ is the canonical bundle of the base BDP

1. Then .x; y; z/ are sections
of K�nB with nD .2; 3; 0/ and f; g are homogeneous polynomials of .u1; u2/
of degrees eight and twelve, i.e. sections of K�4B and K�6B , respectively.29 The
constraint z D 0 defines a section of the elliptic fibration, i.e. the divisor z D 0

is the base P1.
In the language of Sect. 14.5, the family of elliptical K3 surfaces which we are

considering are hypersurfaces in the toric variety

C
5 � fu1 D u2 D 0g [ fx D y D 0g

.C�/2
(18.134)

with .C�/2-action

.u1; u2; x; y; z/ � .�u1; �u2; �
4�2x; �6�3y; �z/: (18.135)

The CY condition requires that the polynomial has bi-degree .6; 12/. Alternatively
we could also describe the K3 as a hypersurface in P

4Œ1; 1; 4; 6
 with coordinates
Œu1 W u2 W x W y
.

In the chart z D 1; u2 D 1 the Weierstrass form of the fibration is (u � u1)

y2 D x3 C f .u/ x C g.u/; (18.136)

where f; g are polynomials of orders 8 and 12, respectively.
We now have an elliptic curve over each point of P

1 with a varying modular
parameter �.u/. From Eq. (18.126) we infer that the location of the 7-branes are
at the zeros of the discriminant �.u/. These are also the points in the base over
which the torus fiber degenerates. Since � is a polynomial of degree 24, it has 24
zeros which are generically distinct. These points on P

1 are the positions of the 24
7-branes on P

1. This is consistent with the fact that we need 24 branes to close off the
transverse space and could have been used to establish the orders of the polynomials
f and g.

29Holomorphic line bundles are completely specified by their transition functions between
overlapping coordinate patches. For P1 there are two patches, Ui with ui ¤ 0, with inhomogeneous
coordinates �1 D u2

u1
and �2 D u1

u2
. A section of the canonical bundle in Ui is !id�i and from

d�2 D � 1

�21
d�1 we find the transformation !2 D c21!1 D ��21!1. (The minus sign is irrelevant

because two line bundles are isomorphic if their transitions functions are related by c0

ij D hi cij h
�1
j

where hi ¤ 0 on Ui .) The isomorphism class of line bundles with transition functions cij D
.

uj
ui
/n is denoted by O.n/, i.e. K ' O.�2/. Consider a homogeneous polynomial of order n,

f D Pn
pD0 apup1 un�p

2 D un1f1 .�1/ D un2f2 .�2/. They are sections of O.n/ ' K�n. The
generalization to line bundles over Pn is immediate. For a different but equivalent characterization
see Footnote 35 on page 482.
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Let us discuss the spectrum of gauge bosons in eight dimensions, i.e. on
the non-compact world-volume of the 7-branes. We will use the fact that a
vectormultiplet of eight-dimensional supersymmetry with 16 supercharges contains
two real scalars and the supergravity multiplet two vectors and a single real scalar.
The scalars in the vectormultiplet parametrize the position of the brane in the two
transverse directions. f and g together have 22 D 9 C 13 complex parameters.
But we still have the freedom of making a coordinate transformation on the base
which is SL.2;C/ acting on u. In addition, we can scale f ! w2f , g! w3g with
w 2 C without changing the torus. We therefore end up with 18 complex parameters
which we can use to change the positions of the 24 7-branes. For D7 branes in
generic positions this leads to an Abelian gauge group U.1/18. In addition there is
one real scalar associated to the Kähler parameter of the P1. This is the scalar in the
supergravity multiplet which contains two more U.1/ vector fields (graviphotons).

At first sight it seems puzzling that not all 7-branes lead to an Abelian gauge
factor. The explanation for this mismatch is that these F-theory backgrounds
intrinsically contain non-trivial SL.2;Z/ actions, so that not all U.1/s are
independent. In fact, at most 18 of the 24 7-branes can be D7-branes, while the
remaining ones are more general .p; q/ 7-branes. An easy way to see that not all 24
branes can be D7’s is that the total monodromy must be trivial, as a cycle enclosing
all 24 branes can be contracted to a point. This is nothing but the tadpole condition
for the seven-branes with a compact transverse space. Since these backgrounds
generically contain genuine .p; q/ 7-branes, except in the so-called orientifold
limit to be discussed later, they do not correspond to perturbative type IIB string
compactifications but to non-perturbative ones.

So far we have discussed the generic situation where the discriminant has 24
distinct zeros, i.e. the fiber degenerates over these 24 points on P

1. The total space is
nevertheless regular, it is a smooth K3 surface.30 Multiple zeros occur when several
branes collide. This leads to a degeneration of the elliptic fibration, i.e. to a singular
limit of the K3 surface. The singularity is due to 2-cycles which shrink to zero size.
This can be understood as follows. Consider two points in the base with singular
fibers over them. The singular fiber is a torus with one of its holonomy cycles,
say the a-cycle, pinched off. Connect the two points along the base. The a-cycles
over the connecting path form an S2 which shrinks to a point, if the two points are
moved towards each other. This happens at particular loci in the complex structure
moduli space of the K3 surface. At the degeneration points the gauge symmetry is
enhanced and non-Abelian gauge groups appear. In F-theory this is clear from the
brane picture. In M-theory on K3, where the U.1/ bosons arise via Kaluza-Klein
reduction of the three-formA3, the off-diagonal gauge bosons arise from M2-branes
wrapped around the shrunken 2-cycles.

The possible singular fibers and singularities of elliptic K3 surfaces were
classified by Kodaira. His results are summarized in Table 18.6. The singularities
of the K3 surface are encoded in the behavior of f; g and �; e.g. f D uord.f /f0.u/
with f0.0/ ¤ 0 and likewise for g and �. (Here we have chosen the coordinate on

30This is somewhat analogous to viewing S2 as a S1 fibration over an interval. At the ends of the
interval the fiber degenerates but the total space is nevertheless smooth.
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the base such that � has a zero of order ord.�/ at u D 0.) In the fourth column
we list the singular fibers in the notation introduced by Kodaira. They are the blow-
ups of the surface singularities which have an A-D-E classification, as was already
mentioned in the previous section: a collection of P1’s, whose intersection matrix
is the negative of the Cartan matrix of the respective Lie algebra, shrink to zero
size. This results in a singular K3. The singularities listed in the table are those
that can be blown up into a smooth K3. If ord.f / � 4 and ord.g/ � 6 this is
no longer the case. The singular limit is attained at certain loci in complex structure
moduli space where the gauge symmetry is enhanced toAn,Dn; orEn. At these loci
n D ord.�/ branes are moved to the same position on the base. In the simplest case
they are all D7 branes in which case the gauge group is SU.n/.31 Other cases will
be considered below. The local geometry of the singular surface is obtained from
the Weierstrass form after a coordinate transformation which moves the singularity
to .x; y; u/ D .0; 0; 0/ and after dropping all higher order terms.32 The last column
is the monodromy of the a and b cycles of the torus around the points in the base
above which the fiber degenerates. and hence also of the modular parameter. The
monodromy of � follows from

� D
H

b
!

H

a
!
; (18.137)

where ! is the holomorphic differential; cf. the discussion in Sect. 6.2. All the
monodromies are up to conjugation by an element of SL.2;Z/ and the total
monodromy must vanish. This is simply the tadpole cancellation condition.

Non-trivial monodromy only occurs along paths on the base which encircle
points with a singular fiber over them. Consider e.g. a singular fiber with � D i1
over u D u0 where j.�.u// has a single pole (cf. (18.66) on page 703 and the
discussion following it):

j.�/ � e�2�i�.u/ � 1

u � u0
! �.u/ � 1

2�i
ln.u � u0/: (18.138)

Under .u � u0/ ! e2�i .u � u0/, the modular parameter of the auxiliary torus
transforms as � ! � C 1, i.e. u0 is the location of a D7-brane. From (18.137)
we learn that this means that over u0 the a-cycle of the torus is pinched of. a is
called a vanishing cycle. More generally, if over u D u0 there is a singular fiber
with vanishing cycle 	 D p a C q b, the monodromy can be obtained from the
Picard-Lefschetz theorem which says that the cycle ı undergoes the monodromy

31It is interesting to note that the gauge group is SU.n/ rather than U.n/. The explanation, which
involves the Stückelberg mechanism, will not be given here.
32An example: the conditions which lead to the An�1 singularity are satisfied if we choose f D a;

g D bCun with a D �3.b2=4/1=3 such that� D 54bunCO.u2n/. With x! . 2
27b
/1=6xC. b

2
/1=3

the Weierstrass form is transformed to y2 D x2 C un C O.x3/.
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M	 W ı ! ı � .ı; 	/	: (18.139)

Here, .ı; 	/ is the intersection number. Using .a; b/ D 1, we find

�

b

a

�

!M.p;q/

�

b

a

�

(18.140)

withM.p;q/ as in (18.89). This implies that 	 D paCqb is the vanishing cycle for a
.p; q/ 7-brane. The monodromy of � around a .p; q/ brane is � !M � � , as follows
from (18.137).

One important consequence of the above discussion is that F-theory goes beyond
perturbative IIB theory. As far as the torus is concerned, � and its SL.2;Z/
transformed images describe the same torus. However, with the interpretation
� D C0 C ie�� , an SL.2;Z/ monodromy generically transforms weak coupling
to strong coupling. When we encircle the positions of all 24 7-branes on the base,
the total monodromy must vanish and, as already remarked, the branes cannot all be
D7-branes. At the positions of the D7 branes the string coupling goes to zero, while
it becomes large at the positions of other .p; q/-branes.

Notice that also the simply laced exceptional gauge groups E6, E7 and E8
are possible. Clearly they cannot be realized by fundamental open strings of the
perturbative type IIB string, i.e. not just with .1; 0/ strings and D7-branes. These
enhancements must involve more general .p; q/ seven branes and suitable string-
junctions between them. That string junctions exist is clear from the fact that a
fundamental string can end on a D-string. But more general junctions exist. Charge
conservation requires that

P

pi D P

qi D 0 and stable configurations require
either three semi-infinite strings such that the forces due to their tensions balance or
more complicated string networks.33

To see which brane configuration leads to the various gauge groups, we compare
the geometric monodromy matrices in the last column in Table 18.6 with those
listed for stacks of A;B;C branes in Table 18.4. For the A-D-E series and the
three fiber types II,III,IV we observe a perfectly match. As expected, the number of
7-branes is in all cases identical to the vanishing order of the discriminant. One can
also show that the string junctions ending on the stacks of branes provide precisely
the massless states to build the adjoint representation of A-D-E gauge groups. The
Dn series is realized by AnBC 7-branes, which indicates that the BC pair can
be considered as the non-perturbative description of an O7 plane. The monodromy
around such an O7 is

33These rules seem to exclude the junction consisting of F1 ending on D1. But we must interpret
it as a junction between .1; 0/ (F1), .0; 1/ (D1) and .�1;�1/ strings. The D1 string absorbs the
charge carried by the F1 string and turns into a (1,1) string leaving the junction (which is equivalent
to a .�1;�1/ string entering the junction.) In the limit of zero string coupling the tension of the
strings with q ¤ 0 becomes infinite while the tension of F1 stays finite and we recover the picture
of a straight D-string with a fundamental string ending on it at right angle.
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Table 18.6 The Kodaira classification of singular fibers in elliptic surfaces

ord.f / ord.g/ ord.�/ Fiber Singularity Local geometry Monod.

	0 	0 0 I0 Smooth

�

1 0

0 1

�

0 0 1 I1 Smooth y2 D x2C u

�

1 1

0 1

�

0 0 n In An�1 y2 D x2C un
�

1 n

0 1

�

	1 1 2 II Smooth

�

1 1

�1 0
�

	1 	2 3 III A1 y2 D x2C u2
�

0 1

�1 0
�

	2 2 4 IV A2 y2 D x2C u3
�

0 1

�1 �1
�

2 3 6 I�

0 D4 y2 D x2uC u3
��1 0

0 �1
�

2 	3
nC 6 I�

n DnC4 y2 D x2uC unC3

��1 �n
0 �1

�

	2 3

	3 4 8 IV� E6 y2 D x3C u4
��1 �1

1 0

�

3 	5 9 III� E7 y2 D x3C xu3
�

0 �1
1 0

�

	4 5 10 II� E8 y2 D x3C u5
�

0 �1
1 1

�

The local geometry of the elliptic surface around such an A-D-E singularity is modeled in terms of
coordinates .x; y; u/ 2 C

3. In the last column the elliptic monodromy of the singular fiber is given
in terms of a SL.2IZ/-matrix

MO7 DMBMC D
��1 4

0 �1
�

: (18.141)

All this demonstrates the power of the geometric description of non-perturbative
type IIB backgrounds with 7-branes via F-theory.

One can still define a limit in which the string coupling goes to zero almost
everywhere on the base. This is known as the Sen-limit. One first rescales

a3 ! � a3; a4 D � a4; a6 D �2 a6 (18.142)

and then sends � ! 0. In this limit one finds

f D 1

48

�

24 � b4 � b22
�

; g D 1

864

�

216 �2 b6 � 36 � b4 b2 C b32
�

: (18.143)
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The discriminant becomes

� D ��
2

4
b22.b2b6 � b24/CO.�3/ (18.144)

which leads to

j.�/ ' b42
�2.b2b6 � b24/

: (18.145)

We can choose an SL.2;Z/ frame where � is in the fundamental region. Then for
� ! 0, the type IIB string coupling constant gs goes to zero almost everywhere
except on the locus where b2 vanishes. There the coupling diverges, signaling that
this is not the location of D7-branes. Indeed, a detailed study of the monodromies
reveals a D7-brane on the locus .b2b6 � b24/ D 0 and an O7-plane where b2 D 0.
Therefore, the Sen-limit defines the region in the complex structure moduli space,
where F-theory is (almost everywhere) weakly coupled and a perturbative type IIB
orientifold description is justified.

It is interesting to see how perturbative type IIB orientifolds fit into the F-theory
framework. Compactifying the type IIB string on a T 2 and taking the orientifold
quotient ˝I2.�1/FL leads to four O7-planes, whose tadpoles can be canceled
locally by placing four dynamical D7-branes on top of each O7-plane. This leads
to the gauge group SO.8/4, cf. Table 10.3 on page 317. Since we have canceled
the tadpole locally, the dilaton should be constant. Thus we should look for a
Weierstrass model for which j.�/ D const. It is easy to see that this is the case
for the choice f D p2.u/ and g D �p3.u/ for a polynomial p.u/ D Q4

iD1.u � ui /
of order four and � 2 C. Then

j.�/ D 55296

4C 27�2 (18.146)

which indicates that by tuning �2 ' �4=27 the string coupling is small everywhere
(recall that j.�/ has a simple pole at � D i1). The discriminant becomes

� '
4
Y

iD1
.u � ui /

6 (18.147)

and the Kodaira classification tells us that at each of the four points ui we have
an I�0 singular fiber which gives rise to an SO.8/ gauge group. In the orientifold
description, the remaining four Abelian gauge bosons known to be present in
F-theory, come from the dimensional reduction of the NS-NS and R-R two-form
along the two internal toroidal directions, i.e.B�a andC�a with a D 1; 2. Therefore,
we conclude that for this choice of f and g the F-theory model on K3 gives precisely
the type IIB orientifold on P

1 D T 2=Z2. The monodromy acts trivially on � but it
reverses the sign of the internal components of B2 and C2. This agrees with the
action of the orientifold group˝.�1/FL .
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This orientifold is related, via T-duality, to the type I superstring on T 2, which by
itself is S-dual to the SO.32/ heterotic string on T 2. Another T-duality maps this to
theE8	E8 heterotic string. Therefore, we expect a duality between F-theory onK3
and the E8 	 E8 heterotic string on T 2. Let us go through this chain of dualities to
find the relation between the heterotic string coupling and F-theory data. Applying
successively the transformation rules for T-duality and S-duality we find that the
ten-dimensional dilaton and the Kähler modulus T D R1R2=˛0 of the T 2 transform
as shown below:

˝I2.�1/FL T ! type I
S ! SO.32/ het

T ! E8 �E8 het

gIIB
s gIs � gIIB

s

T IIB
QgH
s � T IIB

gIIB
s

gH
s � T IIB

T IIB T I � 1

T IIB
QT H � 1

gIIB
s

T H � gIIB
s

Thus, the heterotic string coupling is dual to the size of the base CP
1 of the

elliptically fibered K3. Furthermore, the gauge group for generic Wilson-lines of
the heterotic string on T 2 is also U.1/20, which can be enhanced to the A-D-E gauge
groups at special point in the moduli space.

We now comment on lower dimensional compactifications of F-theory. Instead of
fibering the torus over a complex one-dimensional base, one can consider fibrations
over surfaces B2 or three-dimensional bases B3. Supersymmetry then demands that
the total space must be a Calabi-Yau threefold (for B2) or a Calabi-Yau fourfold
(for B3). One can still write down a Weierstrass model. f and g are now sections
of K�4B and K�6B , respectively. The zeros of the discriminant define co-dimension
one curves in B2 and surfaces in B3, which are the internal parts of the world-
volumes of 7-branes. The singularity enhances further where these co-dimension
one submanifolds, i.e. the 7-branes, intersect. Similar to intersecting D-branes, this
is where additional matter fields are localized. Another feature of lower-dimensional
compactifications of F-theory is that non-simply laced gauge groups are possible.

As additional information, we want to point out one interesting feature of
F-theory compactifications on elliptically fibered Calabi-Yau threefolds, in particu-
lar when the base isB2 ' P

2. This is a non-perturbative compactification of the type
IIB string on P

2 with a non-trivial scalar field � which preserves eight supercharges.
Clearly there are fermions. That raises a puzzle because P

2 is not a spin manifold.
The resolution is that the coupling of the spinors to the scalar field � is such that
there is a composite U.1/ connection composed of the scalar � which has just the
right properties required to have a Spin

C
structure on P

2.
Of particular interest are F-theory compactifications on smooth Calabi-Yau

fourfold Y . Here several new issues arise. One can show that chiral matter only
arises on the intersection curve between two 7-branes, if there exists a non-trivial
F4-form background (M-theory point of view). One also finds a non-trivial D3-brane
tadpole cancellation condition, which in this case reads
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Table 18.7 F-theory/heterotic dualities in dimensions D D 4; 6; 8

Dimension Supercharges Heterotic  ! F-theory

8 16 T 2 T 2 fibered K3
6 8 T 2 fibered K3 K3 fibered CY3

4 4 T 2 fibered CY3 K3 fibered CY4

ND3 C 1

2

Z

Y

F4 ^ F4 D �.Y /

24
: (18.148)

�.Y / is the Euler number of the smooth fourfold Y .
A special class of lower dimensional F-theory compactifications arises when the

Calabi-Yau manifold is not only elliptically fibered but also K3 fibered. This can
be considered as fibering F-theory on K3 over a complex one- or two-dimensional
base. The eight-dimensional duality between F-theory on K3 and the heterotic string
on T 2 generalizes to lower dimensions as shown in Table 18.7.

We close this section by pointing out a relation between duality conjectures
relating F -theory, M -theory and string theory. In the previous section we have
discussed the duality between M -theory on T 2 and type IIB string theory on S1

and the duality between M -theory on S1 and the ten-dimensional type IIA string.
In this section we have argued that F -theory on K3 is dual to type IIB on P

1 and to
the heterotic string on T 2. Combining these dualities leads to the conjecture that if
F theory on a manifold M is dual to a string theory S on a manifold K , then M
theory on M is dual to S on K 	 S1 and type IIA on M is dual to S on K 	 T 2.

18.9 AdS/CFT Correspondence

The dualities which we have discussed so far are dualities between different
perturbative string theories, i.e. string-string dualities. The AdS/CFT (Anti-de-
Sitter/conformal field theory) correspondence is distinct in that it is a duality
between a string theory and a quantum field theory. Most fascinating is that it
provides a gravitational description of theories without gravity and vice versa.
And these two theories are defined in different numbers of space-time dimensions.
The AdS/CFT correspondence is a wide subject with many ramifications ranging
from formal developments to (possible) applications in QCD and even condensed
matter physics. It has added a new aspect to string theory: to view it not only
as a fundamental microscopic theory of all particles and their interactions, but
as a framework which allows a detailed and quantitative study of many physical
systems which is complementary (dual) to a quantum field theoretical description.
Conversely, we can describe quantum gravity (strings) in asymptotically AdS
geometries in terms of quantum field theories without gravity. A comprehensive
treatment of the present state of this subject would require a separate book. Also,
as it is still an ongoing endeavor any such treatment would soon been outdated.
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We will therefore limit ourselves to presenting some of the background material
which is necessary to understand the basic framework of the correspondence. We
will show how it arises as a confluence of many ideas which have been essential
in string theory: strong-weak duality, flux compactifications, holographic principle,
largeN transition, etc. We illustrate the power of the correspondence through a few
examples and will close with an outlook.

We have argued that D-branes, which have a microscopic description in open
string theory, are the same objects as the classical p-brane solutions of the
low energy effective SUGRA theories which reproduce closed string scattering
amplitudes. The two descriptions are appropriate in different regimes of the
parameter space.

The D-brane picture is valid at weak string coupling, gs � 1, where the string
is perturbative and open strings end on D-branes which are heavy and themselves
not in the perturbative spectrum of the theory. This picture also assumes that the
back-reaction of N coincident branes on Minkowski space is small, which is the
case if gsN � 1. Otherwise their distortion of space-time cannot be neglected.
In that situation we have a description as solutions of the SUGRA equations of
motion with fluxes. This also requires gs small but gsN large, because otherwise
the SUGRA description (18.26) which ignores string loop effects and ˛0 corrections
due to massive string modes is not valid and the equations of motions (18.27) and
therefore also their brane solutions have to be corrected.

An important difference of the two descriptions is that while D-branes couple
to open strings and carry a gauge theory on their world-volume, there are no signs
of open strings and gauge fields in the p-brane picture. Nevertheless, if the two
descriptions are ‘dual’ to each other, they should describe the same physics. The
AdS/CFT correspondence establishes the relation between the two pictures.

To motivate the conjecture we recall the discussion of supergravity brane
solutions in Sect. 18.5. Of particular interest is the type IIB three-brane solution
which we repeat here

ds2 D H�1=2��	dx�dx	 CH1=2.dr2 C r2d˝S5/; H D 1C L4

r4
;

e˚ D gs;
gsF5 D .1C ?/ �R1;3 ^ dH�1; L4 D 4�gs˛02N: (18.149)

It is charged under the self-dual four-form which means that it is its own electric-
magnetic dual. The dilaton is constant and we can choose its constant value˚0 such
that the solution is weakly coupled throughout, i.e. gs D e˚0� 1. Equation (18.149)
is a fully back-reacted solution of (18.27) and it is an approximate string background
if gs � 1 and the number of coincident D3 branes is large with L2=˛0 � 1.

Recall that in the brane solutions one integration constant was chosen such that
the asymptotic geometry at r !1 is Minkowski space. Close to the brane, i.e. for
r=L� 1, this constant can be neglected and the metric becomes
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0 ← r r → ∞

Fig. 18.2 The two
asymptotic regions of the
brane geometry

ds2 D r2

L2
dx2 C L2

r2
dr2 C d˝S5: (18.150)

This is the metric onAdS5	S5 to which we will return below. The region r=L� 1

of the brane solution is often called the throat region.
We had already mentioned that the BPS brane solutions are extremal limits

of charged black brane solutions whose two horizons (inner and outer horizon)
coincide in the extremal limit. The coordinates were chosen such that r D 0 is
the location of the degenerate horizon, hence one also calls (18.150) the near-
horizon limit of the D3-brane solution. To summarize, the asymptotics of the brane
geometry are

.ds2/AdS5�S5
r!0 � .ds2/brane

r!1�! .ds2/d=10 Mink. (18.151)

and the D3-brane metric interpolates between them (see Fig. 18.2). The components
of F5 vanish as 1=r5 for r !1.

The solutions in the asymptotic regions have higher symmetries than the brane
solution. Specifically, while (18.149) preserves 16 supercharges, both Minkowski
space and AdS5 	 S5 are invariant under 32 supercharges. The bosonic symmetries
and therefore also the supersymmetry algebras are different, though. Minkowski
space is invariant under Poincaré supersymmetry and AdS5 	 S5 under the anti-de-
Sitter supergroup PSU.2; 2j4/. Minkowski space is an exact perturbative ground
state of type IIB string theory, i.e. to all orders in ˛0 and gs and we know how
to quantize string theory in this background. It can be shown that AdS5 	 S5 is
also an exact perturbative background of type IIB string theory, but the quantization
of the theory in this background is a challenge. It is an example of a flux
compactification of string theory which is valid beyond the SUGRA limit. The
interpolating solution (18.149), however, is not an exact ground state and receives
e.g. ˛0 corrections.
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Conformal Symmetry, AdS Space, etc.

Before we discuss the significance of these observations, we provide some details
about the near-horizon geometry and its symmetries. In particular AdS-space and
conformal symmetry play a central role in the AdS/CFT correspondence and we
will discuss them in some detail.

Both factors of the near-horizon geometry are maximally symmetric spaces,
or spaces of constant curvature; this means that they have as many isometries as
Euclidean space of the same dimension and their curvature tensors are of the form

Rijkl D k .gik gjl � gil gjk/; Rij D k .n � 1/ gij ; R D k n.n � 1/; (18.152)

where k is necessarily a constant (as a consequence of the Bianchi identity) and n
the dimension. Spaces which satisfy only the last two equations are called Einstein
spaces.

Examples of maximally symmetric spaces with Lorentzian signature are Min-
kowski space (k D 0), Anti-de-Sitter space .k D � 1

`2
/ and de-Sitter space .k D 1

`2
/.

` is the curvature radius. The sphere is an example with Euclidean signature as are
Wick rotations of AdS and dS . Inserting (18.152) into the explicit expression for
the Weyl tensor in n dimensions34

Cijkl D Rijkl � 1

n� 2
�

gikRjl C gjlRik � gilRjk � gjkRil
�

C 1

.n � 1/.n� 2/
�

gikgjl � gilgjk
�

R (18.153)

one findsCijkl D 0. Maximally symmetric spaces are therefore conformally flat. For
Sn, defined as

PnC1
iD1 .yi /2 D `2, one sees this explicitly after defining stereographic

coordinates xi (say, on the Northern hemisphere) via yi D xi

v for i D 1; : : : ; n and

ynC1 D `.1� x2

2v`2
/, which solve the defining equation for v D 1C x2

4`2
. The metric is

ds2 D
nC1
X

iD1
.dyi/2 D

n
X

iD1
gij dx

idxj with gij D 1
�

1C x2

4`2

�2
ıij : (18.154)

Maximally symmetric spaces are special solutions of the Einstein equations with
cosmological constant which are derived from the action

S D 1

16�G
.n/
N

Z

dnx
p
g.R ��/; � D .n � 1/.n� 2/ k: (18.155)

34The Weyl tensor has the same symmetries as the Riemann tensor, is traceless on all pairs of
indices and transforms homogeneously under Weyl transformations of the metric. It vanishes
identically for n 
 3. A space is conformally flat iff its Weyl tensor vanishes.
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The components of the Einstein equations (18.27) along the .x�; r/-directions with
F5 and ˚ given by the D3-brane solution in the near horizon limit follow from
the action (18.155) with n D 5 and � D �12=L2. This is the action of type IIB
SUGRA on AdS5	S5 after integration over S5 and all fluctuating fields except the
metric set to zero. Here

G
.5/
N D G.10/

N =Vol.S5/; 16�G
.10/
N D 2�210 D .2�/7g2s ˛04 (18.156)

is the Newton constant in five dimensions.
Before we discuss AdS space in some detail, we collect some background

material on the conformal group. The conformal group in d dimensions is the
invariance group of the light-cone in d -dimensional Minkowski space, i.e. all
transformations which leave .ds/2D 0 invariant. Said differently, they are those
transformations x�!x0�.x/ for which ��	dx0�dx0	 D e2�.x/��	dx�dx	 . Besides
Poincaré transformations, constant rescalings x� ! e�x� and inversion x� !
x�=x2 also leave the light-cone invariant. An inversion, followed by a translation
by b� and a second inversion leads to a special conformal transformation

x� ! x� C x2b�
1C 2b � x C b2x2 : (18.157)

For infinitesimal conformal transformations x� ! x0� D x� C ��.x/ one derives
the condition @��	 C @	�� D 2�.x/��	 . Taking the trace gives � D 1

d
.@ � �/ which

leads to the conformal Killing equation

@��	 C @	�� D 2

d
.@ � �/��	: (18.158)

Its solutions are the conformal Killing vectors of Minkowski space. For d D
2 and Euclidean signature, the conformal Killing equation are the Cauchy-
Riemann equations for the two components of �� whose solutions are all
holomorphic functions. For d > 2 the most general solution is at most quadratic in
x� and has 1

2
.d C 1/.d C 2/ parameters35:

�� D a� C !�	x	 C �x� � 2.b � x/x� C x2b�: (18.159)

� is a constant, a� and b� are constant vectors and !�	 D �!	� a constant
antisymmetric matrix. a�; !�	; � and b� parametrize infinitesimal translations,
Lorentz-transformations, rescalings and special conformal transformations of x�,
respectively. Their generators are

35One first derives @˛@ˇ� D 0 and then @˛@ˇ@� �� D 0 as consequences of the conformal Killing
equation. Using the most general quadratic ansatz for �� in (18.158) leads to (18.159).
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P� D @�; L�	 D x�@	 � x	@�;
D D x � @; K� D �2x�x � @C x2@�: (18.160)

They satisfy the commutator algebra

ŒD; P�
 D �P�;
ŒD;K�
 D K�;

ŒP�;K	
 D �2��	D C 2L�	;
ŒL�	; P�
 D ����P	 C �	�P�;
ŒL�	;K�
 D ����K	 C �	�K�;

ŒL�	; L�� 
 D ����L	� � �	�L�� C ���L	� C �	�L�� ;
ŒP�; P	
 D ŒK�;K	
 D ŒL�	;D
 D ŒD;D
 D 0: (18.161)

If one defines Ld;dC1 D �D; L�d D 1
2
.P� �K�/ and L�;dC1 D � 12 .P� C K�/,

the above commutation relations can be combined into

ŒLMN ;LPQ
 D ��MPLNQ � �NQLMP C �MQLNP C �NPLMQ; (18.162)

where M;N; � � � D 0; 1; : : : ; d C 1 and �MN D diag.�1;C1; : : : ;C1;�1/ is the
invariant metric of SO.d; 2/. This establishes the isomorphism of the conformal
algebra of d -dimensional Minkowski space with so.d; 2/, the Lie algebra of
SO.d; 2/. SO.d; 2/ acts linearly on R

d;2 with metric .ds/2 D �MNdy
MdyN D

��	dy
�dy	 C .dyd/2 � .dydC1/2.

We now describe the non-linear action of the conformal group on d -dimensional
Minkowski space R

d�1;1. Since the special conformal transformation maps the
point x� D �b�=b2 to infinity, which is not part of Minkowski space, we need
conformally compactified Minkowski space on which the conformal group acts
properly. To this end we embed R

d�1;1 with coordinates .y0; : : : ; yd�1/ into R
d;2

with coordinates .y0; : : : ; yd�1; yd ; ydC1/ where, as before, y0; ydC1 are the two
time-like coordinates. Consider the ‘light-cone’ in R

d;2

.y0/2 C .ydC1/2 D
d
X

iD1
.yi /2; (18.163a)

or, equivalently

��	y
�y	 D uv .u D ydC1 C yd ; v D ydC1 � yd /: (18.163b)

The intersection of the light-cone with the hyperplane v D 1 is Minkowski space.
For compactification we intersect the light-cone with the sphere .y0/2C .ydC1/2C
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Pd
iD1.yi /2 D 2 which leads to

.y0/2 C .ydC1/2 D 1 D
d
X

iD1
.yi /2; (18.164)

which is topologically S1 	 Sd�1.
We now solve the constraint (18.163b) locally (in the patch with u ¤ 0) by

defining coordinates x� via

yM D
0

@

y�

u
v

1

A D
0

@

ux�

u
ux2

1

A : (18.165)

The linear SO.d; 2/ transformations on yM induce conformal transformations on
x�. Specifically, we find the following relation between linearly acting SO.d; 2/
transformations of y and conformal transformations of x:

0

@
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A ! x� ! ��
	x

	 C a�: (18.166)

Each of these matrices MM
N satisfies MM

PMN
Q�PQ D �MN with �MN as given

below (18.162). The infinitesimal version of these transformations are, of course,
generated by the conformal Killing vectors.

Conformally invariant field theories in Minkowski space are characterized by an
energy momentum tensor T�	 which is conserved, @�T�	 , and traceless, T �� D 0.
In quantum field theory both equations are operational equations and lead to Ward-
identities which are obeyed by correlation functions. The unavoidable violation of
one of them, say of the trace condition, gives the trace anomaly. Conformal field
theory was the topic of Chap. 4 where we restricted to two-dimensional Euclidean
space. But d D 2 is very special, due to the infinite dimensional symmetry algebra.
In d > 2 conformal symmetry still restricts correlation functions, but since the
symmetry algebra is finite dimensional, to a much lesser extend.

A convenient way to study correlators of the energy-momentum tensor is to
couple the energy-momentum tensor to the perturbation h�	 around flat space of
an external metric g�	 ' ��	 C h�	 . The equations satisfied by T�	 then translate
to the statement that the generating functionalW.g/ in this background is invariant
under diffeomorphisms and Weyl transformations, modulo anomalies.

The transformations corresponding to the conformal group SO.d; 2/ are realized
as transformations of the flat metric or viel-bein which leave it invariant. For
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instance, one easily checks that under a combined infinitesimal diffeomorphism
��, a Weyl rescaling with � D � 1

d
@	�

	 and a Lorentz-transformation ˝a
b D

1
2
.@a�b � @b�a/, where �� is a conformal Killing vector and @a D e

�
a @�, the flat

viel-bein ea� D ıa� is invariant.36 Therefore, on a flat background ea� D ıa�, an action
S.e; �/ which on a curved background is invariant under Lorentz-transformations,
diffeomorphisms and Weyl rescaling ea� ! e�ea�; � ! e����, is invariant under37

ı� D .��@� ��� C 1

2
˝�	˙�	/� (18.167)

with

� D ��C 2.b � x/; ˝�	 D �!�	 � 2.b�x	 � b	x�/:

˙�	 acts on the Lorentz-indices of � which are not shown. In other words, if
S.g; �/ D S.e2�g; e����/ then S.�; �/ is a CFT. The violation of the tracelessness
of T�	 can be detected as the non-invariance of the generating functional W.g/
under Weyl rescaling of the metric.

In quantum field theory the transformations (18.167) are represented as unitary
transformations of operators. For a group element g one has

U.g/ �.x/U.g/�1 D D.g�1/ �.g.x//; (18.168)

whereD is a representation of g which acts on the Lorentz-indices of �. If we define

U.a/ D eia�P�; U.!/ D e� i
2 !

�	M�	 ;

U.�/ D ei�D; U.b/ D eib�K�; (18.169)

we find, by comparison with (18.167),

ŒP�; �
 D �i @��;
ŒM�	; �
 D �i

�

x�@	 � x	@� C˙�	

�

�;

ŒD; �
 D �i .x�@� C�/�;
ŒK�; �
 D �i

�

x2@� � 2x� x � @� 2�x� � 2x	˙�	

�

�: (18.170)

36The general transformation is ıea� D �	@	e
a
� C @��	 ea	 C �ea�C˝a

be
b
�.

37One can construct classically Weyl-invariant actions by introducing a compensating field � .
Starting with an action S.g; �/, the action S.e2�g; e����/ is Weyl invariant if � transforms
as � ! � � � and g�	 ! e2�g�	; � ! e����. A simple example is S D R p

gR

which leads to S D R p
ge.d�2/� .R C .d � 1/.d � 2/.@�/2/. If we define  D exp. d�2

2
�/

which has � D d�2
2

, we obtain the familiar action of a conformally coupled scalar S D
R

ddx
p
g. 1

2
r i  ri  C 1

8
d�2
d�1

R 2/. In an AdSd background  has mass m2 D � 1
4`2
d.d � 2/.
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An operator � with these transformation properties is called a primary operator and
� is its scaling dimension. As in two dimensions, one can Wick rotate to R

d and
perform a radial quantization, where instead of equal time circles we have equal
time Sd�1’s. D plays the role of the radial Hamiltonian (as did L0 C NL0 in d D 2).
There is also a state-operator correspondence. Define the vacuum to be the state
which is annihilated by all generators of the conformal algebra. Then we have the
correspondence �.x/ $ j�i D �.0/j0i. Descendant operators are obtained by
repeatedly acting with P� on primary operators. Primaries and their descendants
exhaust all local operators in the theory. The above discussion can be extended to
the superconformal algebra in d dimensions, but we will not do so.

There are two subgroups of the conformal group which are relevant for the
AdS/CFT correspondence:

SO.2/P0CK0 ˝ SO.d/Lij ; i; j D 1; : : : ; d; (18.171a)

SO.1; 1/D ˝ SO.d � 1; 1/L�	 ; �; 	 D 0; : : : ; d � 1; (18.171b)

where the subscripts on each factor are its generators. The first case corresponds
to labeling operators by their energy, by which we mean their eigenvalue of R,
the covering space of SO.2/, and by their angular momentum associated to a Sd�1.
Note that the energy is not conjugate to the time direction in Minkowski space but, as
we will see below, is related to the global time inAdS whose boundary is S1	Sd�1.
In the second case operators are labeled by their scaling dimension � and their
representations of the Lorentz group. It is also worth mentioning that m2 D �p2 is
not a Casimir operator of the conformal group.

So much about CFT. We now discuss AdS. The .d C 1/-dimensional Anti-de-
Sitter space AdSdC1 is defined as the hypersurface38 in R

d;2

�.y0/2 C
d
X

iD1
.yi /2 � .ydC1/2 D

d�1
X

�;	D0
��	y

�y	 � uv D �`2 (18.172)

with the metric induced from ds2 D �.dy0/2CPi .dy
i /2�.dydC1/2. This is a one-

sheeted hyperboloid with a non-contractible time-like circle; cf. Fig. 18.3. To avoid
the problems associated with closed time-like curves we should go to the universal
covering space.

The isometries (Killing vectors) of AdS are the restrictions to the hypersurface
of those isometries of the embedding space R

d;2 which act tangentially to the
hypersurface. These are the SO.d; 2/ transformations and the Killing vectors of

AdSdC1 are �m D @yM

@xm
!MNy

N where yM.x/ are the embedding coordinates of
AdSdC1 into R

d;2, xm are the coordinates on the hypersurface and !MN D �!NM
parametrize SO.2; d/ transformations. Similarly, the isometry group of SdC1 is
SO.d C 2/.

38de-Sitter-space dSdC1 is the hypersurface �MNyMyN D `2 in R
d;2.
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AdS space has no boundary in the topological sense. Nevertheless there is
the notion of a conformal boundary which will be important in the context
of the AdS/CFT correspondence. Consider solutions of (18.172) of the form
R2�MN QyM QyN D �`2 forR large. In the limit R!1 this becomes, after dividing
byR2, �MN QyM QyN D 0, i.e. the ‘light-cone’ in R

d;2. Instead ofR we could have also
scaled out �R and, therefore, what is meaningful are equivalence classes of points
which satisfy �MNyMyN D 0. The boundary of AdSdC1 is then defined as any
section of the ‘light-cone’ in R

d;2 which is pierced once by each null ray.39 But this
is the same construction which was used when we discussed the compactification
of Minkowski space. The conformal boundary of AdSdC1 is therefore compactified
d -dimensional Minkowski space and the isometries of AdSdC1 act as conformal
transformations on its boundary, cf. below.

There are several ways to choose local coordinates on AdS space. Two fre-
quently used coordinate systems are global coordinates and Poincaré coordinates.

• Global coordinates are introduced via

.y0; yi ; ydC1/ D
�

`
p

1C .r=`/2 cos .t=`/; r ˝i ; `
p

1C .r=`/2 sin .t=`/
�

;

(18.173)

where ˝i are coordinates on the unit Sd�1, i.e.
P

i ˝
2
i D 1; r > 0 and 0 
 t <

2�`. The induced metric is

ds2 D �
�

1C r2

`2

�

dt2 C dr2

1C r2

`2

C r2 d˝d�1: (18.174)

The isometries corresponding to the subgroups (18.171a) are global time transla-
tions and the isometries of Sd�1, respectively. Another commonly used form of
the metric in global coordinates is obtained via the transformation r=` D sinh �,
t=` D � with metric

ds2 D `2 �� cosh2 � d�2 C d�2 C sinh2 � d˝d�1
�

: (18.175)

Define QyM D .`=r/yM . In the limit r ! 1, �MN QyM QyN D 0 with the induced
metric ds2 D �d�2Cd˝d�1. We say that r !1 is the boundary ofAdSdC1 in
global coordinates. On the covering space t 2 R and the boundary is R 	 Sd�1.

• Poincaré coordinates z; x� are introduced via

.u; v; y�/ D 1

z

�

`2;x2 C z2; `x�
�

(18.176)

39In other words, the boundary is the intersection of the hyperboloid with a plane which cuts
through it in the asymptotic region. Topologically the intersection is S1 � Sd�1.
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for which we find the induced metric

ds2 D `2

z2
.d z2 C ��	dx�dx	/: (18.177)

Poincaré coordinates cover only part of AdS space. In these coordinates it is
apparent that AdS space is conformally flat, i.e. that its Weyl tensor vanishes.

Define .Qu; Qv; Qy�/ D z.u; v; y�/ which, in the limit z! 0, satisfy ��	 Qy� Qy	 �
Qu Qv D 0 and the induced metric is ds2 D ��	dx

�dx	 . This is not all of
compactified Minkowski space: ‘points at infinity’ have to be added. While z D 0
is the boundary, z D1 is a Cauchy horizon.

The Killing vectors of AdS in Poincaré coordinates are easily found either
using the method outlined on page 741 of by solving the Killing equation. One
finds

�z D z
�

� � 2.b � x/�;
�� D a� C !�	x	 C �x� � 2.b � x/x� C .x2 C z2/b�: (18.178)

Finite isometries of AdS act as

Poincaré: .z; x�/! .z; ��
	x

	 C a�/;

dilations: .z; x�/! .�z; �x�/;

sp. conf.: .z; x�/! 1

˝

�

z; x� C .x2Cz2/b�
�

; ˝ D 1C 2.x � b/C b2.x2Cz2/:

(18.179)

They map the boundary z D 0 to itself and act there as conformal transforma-
tions. The isometries corresponding to (18.171b) are those parametrized by ��

	

and by �.

Depending on which coordinate system one uses, one obtains dual descriptions
of the field theory in Minkowski space or on R 	 Sd�1.

The Correspondence

We now return to strings, branes, gravity and gauge theory. Take a single D3-
brane. The fields which live on its world-volume arise from the excitations of open
strings ending on the brane. At energies lower than the string scale 1=

p
˛0, only

the massless string states can be excited and their dynamics is governed by a low
energy effective action on the world-volume. The massless open string excitations
are the gauge field AM and its fermionic superpartner, the gaugino, a Majorana-
Weyl spinor. These are the component fields of the N D 1, d D 10 Yang-Mills
supermultiplet. The brane breaks ten-dimensional Lorentz invariance SO.1; 9/ !
SO.1; 3/ 	 SO.6/ to Lorentz transformations along the brane and rotations in the



744 18 String Dualities and M-Theory

transverse space. The gauge field decomposes as 10 D .4; 1/ C .1; 6/: AM D
.A�; �

i /. The brane also breaks translation invariance in the six transverse directions
and the six scalars describe transverse fluctuations of the brane. They are the
Goldstone bosons associated to the spontaneously broken translation symmetry.40

The gaugino decomposes into four Weyl spinors which transform as 4 of SO.6/
and their complex conjugates. They are the Goldstinos of the 16 supercharges
which are spontaneously broken in the presence of the brane. Altogether we get
one N D 4 U.1/ vectormultiplet on the four-dimensional world-volume of the D3-
brane (16 supercharges). The generalization from one to N coincident D3 branes is
straightforward leading to the gauge group U.N/. The U.1/ factor, which is a free
theory, is associated to the center-of-mass motion of the branes and it decouples. We
are left with an SU.N/ gauge theory. All fields are in the same supermultiplet and
hence they all transform in the adjoint representation of SU.N/.

Ignoring higher derivative interactions, the dynamics of the N D 4 SU.N/
vectormultiplet is uniquely governed by the action of N D 4 Super-Yang-Mills
theory (SYM). Due to the large amount of supersymmetry, this action has very
few free data: the gauge group and one coupling constant for each simple fac-
tor. Here it is simply SU.N/, i.e. there is one coupling constant. Bosonic and
fermionic contributions to divergences in Feynman diagrams cancel such that
the coupling constant does not run, i.e. the ˇ-function vanishes and N D 4
SYM theory is a conformally invariant interacting quantum-field theory with a
traceless energy-momentum operator. The N D 4 SYM theory is actually super-
conformally invariant and the traceless energy-momentum tensor is accompanied
by a � -traceless supercurrent and a conserved R-current. All of them are anomalous
and the anomalies are also members of a supermultiplet.

The fact that the coupling constant does not run means that it is a modulus of the
theory, i.e. it parametrizes physically different theories. The theory is invariant under
local gauge transformations and under global super-conformal transformations. The
latter generate the supergroup41

PSU.2; 2j4/  SU.2; 2/	 SU.4/R ' SO.4; 2/ 	 SO.6/R: (18.180)

On the r.h.s. we have written the maximal bosonic subgroup. The SO.4; 2/ factor is
the conformal group in d D 4 while SO.6/R ' SU.4/R is the R-symmetry group
under which the supercharges transform as a 4, cf. (14.40). It can be understood
in the brane picture as the rotation group of the transverse space and we have seen

40There are no additional Goldstone bosons associated with the broken rotations. The reason is that
locally rotations cannot be distinguished from translations. It is a general fact that broken space-
time symmetries are not accompanied 1–1 by Goldstone bosons. Another example is broken scale
invariance. Even though dilations and special conformal transformations are broken, there is only
one Goldstone boson, the dilaton (the field � in Footnote 37).
41For N -extended superconformal theories with N ¤ 4 in four dimensions the superconformal
group is SU.2; 2jN/ with bosonic subgroup SU.2; 2/� U.N /.
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how the various fields in the SYM multiplet transform under it: the gauge field
(space-time vector) is a singlet, the four gaugini (Majorana fermions) transform as
a 4 of SU.4/ ' SO.6/ and the six real scalars as a 6 of SO(6). They can also be
alternatively represented as a complex rank two self-dual tensor of SU.4/.

The bosonic subgroup of (18.180) is also the isometry group of AdS5 	 S5.
The fermionic generators are the 16 superchargesQ of the N D 4 supersymmetry
algebra plus 16 special supersymmetries S which arise in the commutator between
Q and the special conformal transformationsK . The generators of the R symmetry
appear in the fQ;Sg anti-commutators.

An obvious question to ask is: how can we recover the gauge theory dynamics,
which is a central aspect of the D-brane description, in the SUGRA version of the
branes? To approach this question we start with the open string picture: the low-
energy effective action, which we can extract from scattering amplitudes of open
and closed string massless modes, can be written schematically as

S D Sbulk C Sbrane C Sint; (18.181)

where Sbulk reproduces closed string scattering amplitudes, Sbrane open string
amplitudes and Sint mixed amplitudes. The Yang-Mills coupling constant g2YM � gs
is dimensionless (recall that we consider D3 branes) while the coupling between
the open and closed string excitations is gravitational, i.e. the coupling constant
is �10 � gs˛

02. In the limit ˛0 ! 0, while keeping gs , N and all other physical
length scales, such as curvature scales, fixed, all massive string excitations decouple
and higher derivative interactions can be neglected. Furthermore, open and closed
string modes decouple and gravity becomes free, i.e. we arrive at a theory of free
gravitons and its supersymmetry partners. Therefore, this decoupling limit, which is
also referred to as the Maldacena limit, leads in the D-brane picture to two decoupled
systems: free type IIB supergravity in the bulk and four-dimensional SYM theory
with 16 supercharges on the world-volume of the branes.

The next step will be to find the correct decoupling limit in the SUGRA picture
and to compare to the above. The following analysis gives an important clue: If a
dilaton hits a D-brane, it can be absorbed, thus exciting the D-brane. The quantum
excitations of the D-brane are the open string modes. Indeed, as we see from the
Born-Infeld action, the dilaton couples to the gauge bosons. At lowest order this is
the cubic coupling 1

gs
�F 2, cf. (16.165). To find the strength of this coupling one

should normalize the fields such that they have canonical kinetic energies. This
means that we have to rescale the gauge bosons by

p
gs and the dilaton by �10.

This leads to a coupling constant �10 (which vanishes in the decoupling limit). The
(tree level) cross-section for a dilaton is � � �210E

3N 2 as we shall now explain.
The �210 is clear as the cross-section involves the square of the amplitude; N2

because there are that many gluons into which the dilaton can decay. The cross-
section for the scattering of a point-particle from a three-dimensional object in nine
space dimensions has dimension .length/5; the only dimensionful quantity to fix
the dimension is the dilaton’s energy E , and the factor E3 indeed arises from the
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kinematics of the scattering process. A careful calculation, which we will not present
here, gives for the absorption cross-section of a dilaton incident at right angle (i.e.
its momentum has no component parallel to the D3-brane)

�D3 D 2�6g2s ˛04E3N 2 D �4

8
E3L8; L4 D 4�gsN˛02: (18.182)

On the supergravity side one solves the wave equation for the dilaton in the
s-channel in the brane geometry. This exhibits at low energiesE � 1=L a potential
barrier separating the two asymptotic regions r � L and r � L, where r is the
distance from the brane. One then obtains the absorption cross section from the
tunneling probability through the barrier. The explicit calculation leads to

�D3 D �SUGRA: (18.183)

Similar calculations have been performed for other SUGRA particles, e.g. the
graviton and the RR-scalar; their absorption cross sections agree as well.

Equation (18.183) is a very interesting result: in the D-brane picture a particle
incident from infinity produces excitations of the gauge theory on the brane; in
the SUGRA description of the brane a particle tunnels from the region r � L

to the region r � L and produces an excitation there. The two a priori unrelated
processes occur at exactly the same rate. One is tempted to identify the N D 4

SYM theory with gauge group SU.N/ with the excitations in the near horizon
region, r � L, of the brane geometry, which we already know is AdS5 	 S5.
This gets further support from the following identification of two types of low-
energy excitations, as measured by an observer at infinity (for this observer the
coordinate t appearing in (18.149) is the time coordinate as gtt .r D 1/ D �1).
Due to the energy dependence of the cross section, � / E3, low-energy SUGRA
modes in the region r � L decouple from the near-horizon region. At r � L we
thus have a free42 SUGRA theory. On the other hand, the energy of an excitation
in the near horizon region appears red-shifted for an observer at infinity, E1 D
Œgt t .r/=gt t .1/
1=2Er D r

L
Er . They cannot penetrate the energy barrier which

separates the two asymptotic regions.
Therefore, in the D3 and in the SUGRA picture we get two decoupled systems.

In both cases the system in the bulk is free type IIB SUGRA. But then, if the D-
brane and the SUGRA brane describe the same object, we should identify the two
other systems: N D 4 SYM theory with gauge group SU.N/ and type IIB string
theory on AdS5 	 S5.

Before pursuing this further, we need to clarify two points. Firstly, we still need
to be more specific about the precise form of the near horizon limit, which zooms

42The gravitational interaction is negligible at low energies. The dimensionless coupling constant
is �10E4, where E is the typical energy of the interaction. For E � 1=

p
˛0 and �10 / ˛02 this is

� 1.
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S5

×N large

N D3 branes
in Minkowski space

decoupling
L

AdS5

L

Fig. 18.3 Decoupling limit and large N transition

into the region of the three-brane SUGRA solution which we want to identify with
the gauge theory of the D3 picture. This limit should involve ˛0 ! 0, as this was
the decoupling limit for the D3-brane, and is defined as follows:

˛0 ! 0; r ! 0 such that U � r

˛0
fixed: (18.184)

In this limit ˛0 scales out of the metric which becomes

ds2=˛0 D U 2

p
4�gsN

.�dt2 C dx2/C
p
4�gsN

U 2
dU 2 Cp4�gsNd˝5: (18.185)

Pictorially this is shown in Fig. 18.3.
The limit is taken such that for the observer at infinity the string excitations in

the near horizon region, which have energies E0 � 1=
p
˛0 and which are red-

shifted toE1 � rp
˛0
E0 � U stay finite. This observer sees two decoupled systems:

free SUGRA in the asymptotic region and type IIB string theory compactified on
AdS5 	 S5.

If we further define z D L2=r D L2=.U˛0/, the metric becomes

1

L2
ds2 D 1

z2
.d z2 C ��	dx�dx	/C d˝5: (18.186)

If we use this form of the metric in the Polyakov action, it is clear that ˛0 cancels
and its role is now played by 1=

p
gsN � ��1=2, i.e. the ˛0 expansion becomes an

expansion in powers of ��1=2. We will find below that the gs expansion will become
an expansion in powers of 1=N .

The second point we need to clarify is the range of validity of the two calculations
of the absorption cross section. In both pictures we have assumed thatE � 1=

p
˛0;

otherwise massive string modes can be excited and their effect has to be taken into
account. On the string side we have neglected string loop effects by assuming gs �
1, i.e. we are in the regime of classical string theory. We also have to require that
the typical length scale L of the geometry is large compared to the string scale, i.e.
L�p˛0; otherwise we have to take higher derivative corrections� .˛0/nRnC1 to
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the supergravity action into account, which we did not. In other words, we have also
neglected �-model loops. With L4 � gsN˛02 and g2YM � gs we find the following
correspondence between gauge theory and string theory parameters:

N !1; � � g2YMN fixed ” gs ! 0;

�!1 ” L2=˛0 !1: (18.187)

We first fix � and send N ! 1. This requires gs ! 0, i.e. tree level in string
theory (classical string theory) and planar limit in the YM theory.43 The SUGRA
approximation to classical string theory is attained forL2=˛0 !1 and in the Yang-
Mills theory this limit is controlled by �. Therefore, the SUGRA approximation
to classical string theory corresponds to strong ’t Hooft coupling �, which is the
effective coupling constant in the large N limit of YM theories.

All of this suggests to identify the excitations in the near-horizon region of the
three-brane geometry with the excitations of N D 4 SU.N/ SYM theory at large �
and N !1. This leads to the weak form of the Maldacena conjecture, also called
AdS/CFT correspondence:

N D 4 SYM theory with SU.N/ gauge group at large ’t Hooft coupling �
and in the limit N ! 1 is equivalent (dual) to classical type IIB supergravity
compactified on AdS5 	 S5 with radii L4 D 2˛02� and N units of F5 flux.

Correlation functions of type IIB string theory compactified on AdS5 	 S5 have
a double expansion in powers of gs and ˛0=L2 � ��1=2. In the large N limit we
can write this as an expansion in powers of 1=N � gs.˛

0=L2/2 � gs�
�1 where

each coefficient has an expansion in powers of ��1=2. Clearly, a term at some power
in the gs expansion has the same power in the 1=N expansion and, for fixed �
the gs expansion of the string theory translates to the 1=N expansion of the gauge
theory. Since the type II string theory includes only closed oriented strings, we find
the same general structure as in the field theory where each correlation function
has an expansion in powers of 1=N 2, each coefficient being a function of �. The
functions of � have different expansions from the point of view of string theory
and of field theory. A stronger version of the AdS/CFT correspondence states that
both expansions give rise to the same function of � at each power of 1=N 2. This
is a correspondence between perturbative string theory and the large N expansion
of the gauge theory where classical string theory corresponds to the ’t Hooft limit
or planar limit of the gauge theory. The fact that one expansion is in powers of �
whereas the other is in powers of ��1=2 reflects the fact that the AdS/CFT duality is
a strong/weak coupling duality.

The strongest version of the conjecture is that the two theories are considered as
exactly identical for all values of N and gs with the identifications (cf. (16.166))

g2YM D 2�gs; L4 D 4�gsN˛02: (18.188)

43This is a notion from the large-N expansion of YM theories for which we refer to the literature.
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Here the corrections distort the space-time which is only required to be asymptoti-
cally AdS5 	S5. The gauge theory then effectively sums over all such space-times.

Even in the weak form the conjecture has far reaching implications. It relates a
classical weakly coupled supergravity theory to a strongly coupled quantum field
theory. The perturbative regimes of the two theories, g2YMN � gsN � L4=˛02 � 1

for the gauge theory and L4=˛02 � 1 for the supergravity theory, do not overlap.
Support for this conjecture comes from comparing symmetries. The isometries

ofAdS5	S5 are SO.4; 2/	SO.6/. But these are precisely the bosonic (non-gauge)
symmetries of N D 4 SYM theory. This symmetry matching can be extended to
the full Anti–de-Sitter supergroup PSU.2; 2j4/ whose associated algebra is the
maximally extended N D 8 supersymmetry algebra on AdS5. PSU.2; 2j4/ is
realized as global symmetry of gauged N D 8 supergravity in d D 5, which
can be obtained as Kaluza-Klein reduction of type IIB SUGRA on S5: all KK
modes fall into unitary representations of this group. What is gauged is the SO.6/
subgroup, the isometry group of S5. On the other hand, PSU.2; 2j4/ is also the
maximally extended superconformal symmetry in four-dimensional Minkowski
space, i.e. the invariance group of N D 4 SYM theory. Furthermore, the boundary
of AdS5 is four-dimensional Minkowski space on which the isometries of AdS5 act
as conformal transformations. This leads to the statement that the field theory which
is dual to the string theory ‘lives’ on the boundary of AdS5 and the isometries of
S5 act as R-symmetry transformations. Furthermore, if we simultaneously rescale
U ! �U; .t; x/! ��1.t; x/ the metric (18.185) does not change. This leads to the
interpretation of U as the energy scale in the field theory: large U corresponds to
the UV region and small U to the IR region (the boundary is at U D 1 in these
coordinates).

The conjectured duality has several very remarkable features. First, it is a duality
between a gravity theory and a field theory. In addition, these theories live in
different numbers of dimensions and have completely different degrees of freedom:
gravity vs. gauge degrees of freedom. The fact that they live in different dimensions
means that the duality is of holographic nature. One way of reading it is to say
that the hologram of type IIB string theory compactified on asymptotic AdS5 	 S5
space-times is four-dimensional N D 4 SYM theory.

There is the notion of the master field for Yang-Mills theory in the ’t Hooft limit.
One can show that fluctuations of gauge invariant observables vanish in theN !1
limit. This is analogous to the classical limit „ ! 0 in which the functional integral
is dominated by classical paths. In the same way, there should be a master field
such that all Green functions are given by their value at the master field. What
the Maldacena conjecture suggests is that this master field for N D 4 SYM
theory is a classical string theory in ten dimensions. Also, the gauge string of these
theories is simply the fundamental type IIB string which lives, however, not in four-
dimensional space-time, but in ten-dimensionalAdS5 	 S5.

The duality becomes a useful tool, if we know how to map one description to the
other. In particular we need to know how to relate string excitations on AdS5 	 S5
to operators in the CFT. Matters simplify in the SUGRA approximation. There we
have the SUGRA fields (including the Kaluza-Klein modes) and their dynamics
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is governed by a classical action, the compactification of 10-dimensional type IIB
SUGRA on AdS5 	 S5. Denote the fields collectively by ˚i . We can solve their
equations of motion with prescribed boundary values �i . The classical on-shell
SUGRA action is then a functional of �i . These �i are interpreted as external sources
for operators Oi of the CFT, i.e. there is a 1–1 correspondence between bulk fields
and boundary operators:

˚i $ Oi : (18.189)

One then makes the following identification of partition functions:

Zstring.�i / D
Z

˚i jbdyD�i
D˚i e

�Sstring.˚i /D
D

exp
�

Z

d4x �iOi

�

E

CFT
De�W.�i /DZCFT.�i /:

(18.190)

The functional integral representation of Zstring is, of course, formal. But in the
supergravity approximation this identification can be made precise: it reduces to the
classical on-shell SUGRA action44

e�SSUGRA.˚i /

ˇ

ˇ

ˇ

ˇ

ıSSUGRAD0

˚i jbdyD�i

D ZCFT.�i /: (18.191)

On the r.h.s. we have to take the limit in the CFT corresponding to the SUGRA
approximation, i.e. N ! 1 and � ! 1 in the specific example discussed so
far. Once one has established the correspondence between fields in the bulk and
operators in the boundary CFT, ˚i $ Oi , this identification of partition functions
is very powerful, as we will exemplify in detail on a concrete example where ˚ is
the bulk graviton and O the CFT energy-momentum tensor.

Applications

We will now consider particular applications of the AdS/CFT correspondence as
a way to illustrate several general features. Recall that AdS space is a solution
of Einstein’s equations with negative cosmological constant � and that, in the
present context, this arises by compactifying type IIB supergravity on S5 in the
presence of a self-dual F5 background. This leads to gauged N D 8 supergravity
in five dimensions. The Kaluza-Klein spectrum of this theory has been worked out
completely. Since we are dealing with string theory on this background, we also
have the string excitations. To determine their spectrum in the background with
RR-flux is still a largely open problem. A much simpler situation occurs in the
limit N ! 1, � ! 1 where all string excitations decouple, the string is free

44There can be several saddle points which lead to the possibility of phase transitions in the CFT.
We will not discuss this interesting issue.
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and we have classical supergravity on AdS5 	 S5. There is a consistent truncation
where all S5 KK modes decouple and one is left with gauged N D 8 SUGRA
in five dimensions. If we set all fields but the metric to zero, what remains is five
dimensional gravity with a cosmological constant. We will see below that in the dual
field theory this sector of the string theory corresponds to the stress-tensor dynamics.

The following discussion is largely independent of this particular choice of
gravitational action and applies to actions of the form

S D
Z

M

ddC1X
p
G f.R/; (18.192)

where G is the bulk metric and f .R/ an arbitrary scalar function of the curvature
and its covariant derivatives. We require that (18.192) admits AdSdC1 as a solution
to the equations of motion. This restricts the parameters in f in such a way that, if
one inserts the ansatz (18.152) into the equations of motion, the resulting equation
for k D � 1

`2
has a real negative solution. ` is the AdS -radius. Below we will

mention the relevance of considering more general actions of this type for obtaining
more general CFTs, i.e. differing from N D 4 SYM theory. In the simplest case
we have, of course, the Einstein-Hilbert action with cosmological constant

S D 1

16�G
.dC1/
N

Z

ddC1X
p�G �

R.G/ ���; � D �d.d � 1/
L2

; (18.193)

which leads to

RMN D � d
L2
GMN (18.194)

and ` D L.
We couple the CFT to an external (non-dynamical) metric g.0/�	 .x/ which acts

as a source for the energy-momentum tensor of the CFT and is the metric on
the d -dimensional boundary of the .d C 1/-dimensional space-time MdC1 of the
dual gravity theory. We choose coordinates XM D .�; x�/ such that � D 0 is
the boundary of MdC1 and use diffeomorphisms to bring the bulk metric to the
Fefferman-Graham (FG) gauge

ds2 D GMNdXMdXN D `2
�d�

2�

�2 C `2

�
g�	.x; �/dx

�dx	 (18.195)

with g�	.x; 0/ D g
.0/
�	 .x/ the metric on the boundary. For g.0/�	 D ��	 this is the

AdS-metric (in Poincaré coordinates (18.177) with � D z2) with curvature radius `.
In the following we will set ` D 1 but we will reintroduce it in the final results.

The FG-gauge is always possible locally and close to the boundary but this
gauge choice does not fix the diffeomorphism invariance of the theory completely.
Penrose-Brown-Henneaux (PBH) transformations are diffeomorphisms �M which
preserve the FG-gauge. They satisfy ı�G�� D ı�G�� D 0. The solution is
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parametrized by an arbitrary function �.x/45:

�� D 2��.x/; �� D a�.x; �/ D �1
2

Z �

0

d�0 g�	.x; �0/@	�.x/: (18.196)

Under these diffeomorphisms g�	.x; �/ changes as

ıg�	.x; �/ D 2�.1 � �@�/g�	.x; �/ � r�a	.x; �/ � r	a�.x; �/: (18.197)

The covariant derivatives are w.r.t. to g�	.x; �/ where � is considered a parameter;
indices are lowered with g�	.x; �/. The following group property of PBH transfor-
mations can be shown:

�N1 @N �
M
2 � �N2 @N �M1 C ı2�M1 � ı1�M2 D 0: (18.198)

The last two terms are due to the dependence of the transformation parameters on
g�	.x; �/. At � D 0, (18.197) gives ıg.0/�	 D 2�g

.0/
�	 , i.e. �.x/ is the parameter of

Weyl rescalings of the boundary metric.
One can prove that for a given boundary metric g.0/�	 , (18.194) has asymptotic

solutions of the form (18.195), where near the boundary at � D 0, g�	.x; �/ has an
expansion46

g�	.x; �/ D
X

m	0
g.m/�	 .x/ �

m C : : : : (18.199)

The ellipses denote logarithmic terms of O.�n log �/ which are present for even
d D 2n. In our analysis the logarithmic terms do not play any role and we will
ignore them. In d D 2nC 1 dimensions, starting at �d=2, there are also half-integer
powers. The boundary data one has to provide to obtain a unique solution are g.0/�	
and the traceless and divergenceless part (w.r.t. g.0/�	 ) of g.d=2/�	 . All other coefficients

are determined by these data via the equations of motion. In particular g.m/�	 .x/ for

1 
 m 
 
 d�1
2

�

are completely determined by the curvature of g.0/�	 and its covariant
derivatives. In even d the same holds for the coefficient of �d=2 log � and for the
trace and divergence of g.d=2/�	 , which vanishes for d being odd.

As we will see in an example below, we must make sure that the solution can
be extended as a regular solution into the interior. This imposes restrictions on the
allowed data, i.e. on the traceless and divergenceless part of g.d=2/�	 which, as we will
show later, is related to the energy-momentum tensor of the CFT.

45The choice of a lower limit of the �0 integral means that we do not consider diffeomorphisms of
the boundary. They are of no interest here.
46If we include other bulk fields besides the metric, due to back-reaction the FG expansion (18.199)
of the metric will, except for special masses of the fields, no longer be in integer powers of � only.
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We want to allow for more complicated gravitational actions and equations of
motion. We will assume that the above results about asymptotic solutions is still
valid (cf. also the comment in Footnote 51 on page 757).

The FG expansion of g induces an expansion of a� and therefore an expansion
of (18.197). The first two terms are

ı�g
.0/
�	 D 2�g.0/�	 ; ı�g

.1/
�	 D r.0/� r.0/	 �: (18.200)

The first was already discussed above. The second relation has a unique47 solution
in terms of g.0/�	 which is local, has dimension48 .length/�2 and is covariant:

g.1/�	 D �
1

d � 2
�

R�	 � 1

2.d � 1/g�	R
�

; (18.201)

where R is the curvature of g�	 � g
.0/
�	 . The higher g.m/ are not uniquely

determined. Their PBH transformation is of the form ıg
.n/
�	 D 2.1 � n/�g.n/�	C

inhomogeneous terms, and expressions which transform homogeneously under
Weyl transformations, e.g. C2g�	 or .C 2/�	 , can appear in g

.2/
�	 ; here C2 D

C�	��C
�	�� is the square of the Weyl tensor. For conformally flat boundary metrics

the ambiguity disappears.
The FG-expansion (18.199) also induces an expansion of the (on-shell) integrand

of (18.192) of the form

p
Gf.R/ D

q

g.0/�� d
2�1b.x; �/ D

q

g.0/�� d2 �1
X

m	0
bm.x/�

m: (18.202)

One can show that b and therefore each bn satisfies the Wess-Zumino consistency
condition:

Z

ddx

q

g.0/.�1ı�2 � �2ı�1/ b D 0: (18.203)

A simple way to see this is as follows. For O D pGf.R/ one derives ı�O D
@M .�

MO/ (cf. below) and Œı�1 ; ı�2 
 D 0 by virtue of the group property (18.198).
Non-trivial solutions of the WZ consistency condition are candidates for anomalies.
The role of bn as the holographic Weyl anomaly in d D 2n will be discussed next.

47Uniqueness is only true for the purely gravitational system. If we add other bulk fields, the
situation changes; cf. also Footnote 46.
48The dimensions are fixed by the power of � which has dimension .length/2 and g�	.x; �/ is
dimensionless.
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Holographic Weyl anomaly

The essential property of the PBH transformations is that on the boundary they
coincide with the action of the Weyl group. Therefore, in holography the Weyl
group becomes embedded in the d C 1 dimensional diffeomorphisms and the
study of Weyl anomalies of the boundary CFT is reduced to an analysis of how
diffeomorphisms act.

Under a bulk diffeomorphism the action (18.192) is invariant up to a boundary
term

ı�.
p
Gf / D @M .

p
G�Mf /; (18.204)

ı�S D
Z

@M

ddx
p
Gf.R/��

ˇ

ˇ

ˇ

�D0 D �2
Z

@M

ddx
p
Gf.R/��

ˇ

ˇ

ˇ

�D0: (18.205)

In the second line we have restricted the diffeomorphism to a PBH transformation.
The finite piece of this boundary term is the holographic Weyl anomaly. The
divergent terms are covariant and can be subtracted by local counter terms. Notice
that we consider passive diffeomorphisms which act on the fields rather than the
coordinates. The reason for this is that we want to keep the boundary fixed.

Using the identification (18.191) the above variation of the gravitational action
is interpreted as the variation of the effective action W.g/ of the CFT which is
obtained by coupling the CFT to an external metric and integrating out the CFT.
Schematically, if � are the fields of the CFT with action SCFT.�; g/, then

e�W.g/ D
Z

D�e�SCFT.�;g/: (18.206)

As g couples to the energy-momentum tensor,W.g/ is the generating functional for
correlation functions of T�	 . In other words, here the map (18.189) is G�	 $ T�	 .
W.g/ is a non-local functional of g but its Weyl variation is local and produces the
anomalous trace of the energy momentum tensor

ı�W D
Z

ıW

ıg�	
ı�g�	 D �1

2

Z p
g hT �	iı�g�	 D �

Z p
g hT ��i �: (18.207)

Incidentally, using
h 1p

g

ı

ıg�	
; ı�

i

D .d � 2/� 1p
g

ı

ıg�	
; (18.208)

one shows that

ı�T�	 D .2 � d/� T�	 C 2p
g

ı

ıg�	
ı�W.g/: (18.209)
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For d D 2n, the coefficient of the boundary term at O.�0/ is bn (cf. (18.202)) and
it therefore represents the Weyl anomaly of the dual CFT. bn depends on the g.m/.
To find g.m/ generally requires information contained in the equations of motion.
On dimensional grounds it is a priori clear that only the g.m/ with m 
 n contribute
to bn. The fact that AdSdC1 is a solution of the equations of motion can be used
to show49 that for bn we only need g.m/ with m < n, which are all local covariant
expressions of g.0/�	 . In d D 4 this means that all we need is g.1/�	 which, as we have
seen, is universal, i.e. independent of the choice of f .R/ in the action. The above
argument also reproduces the well-known fact that there is no Weyl anomaly in odd
dimensions because we can never obtain a boundary term at O.�0/.

As a concrete example, we consider

f D 1

16�G
.5/
N

�

RC 12

L2
C � L2 RMNPQRMNPQ

�

; d D 4; (18.210)

where � is a dimensionless parameter. The equations of motion have an AdS5
solution with radius ` provided

1 � q�2 � 2
3
� q2 D 0; q D L

`
: (18.211)

With the help of the result collected in the appendix we find that the dependence on
g.2/ cancels between different terms, if (18.211) is satisfied and that the anomaly is

hT ��i D `3

128�G
.5/
N

�

.1C 4�q2/ C 2 � .1 � 4�q2/E4
� � 1

16�2
.c C 2 � aE4/:

(18.212)

Here

E4 D R�	��R�	�� � 4R�	R�	 CR2;

C 2 D R�	��R�	�� � 2R�	R�	 C 1

3
R2; (18.213)

where E4 is the Euler density and, as before, C2 is the square of the Weyl tensor in
d D 4. These are the only non-trivial solutions of the WZ-consistency conditions in
d D 4, i.e. they satisfy (18.203). �R is also a solution but it is trivial in the sense

49On dimensional grounds bn can at most be linear in g.n/ as both carry length-dimension 2n. By
assumption, f .R/ is such that Anti-de-Sitter space is a solution of the equations of motion. Expand
the action around this solution as g�	.x; �/ D ��	 C �ng.n/�	 .x/. In this expansion the term linear
in the fluctuations around the AdS-metric can only be a total derivative (or vanish altogether).
Consider the terms rMrN ıGMN and rMrM tr .ıG/. For fluctuations ıG�	 D �n�1g

.n/
�	 the

possibly dangerous terms, i.e. those which might contribute to bn , are of the type �ntrg.n/. Explicit
calculation shows that their coefficient is zero for d D 2n. Higher derivative terms in the variation
of the action will involve coefficients g.m/ for m < n.
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that
R p

g�R� is the variation of a local expression, namely of
R p

gR2. a and
c in (18.212) are the two Weyl-anomaly coefficients in d D 4.50 One also checks
that the two divergent terms

R p
g� and

R p
gR� are indeed the Weyl variations of

local terms.
Consider � D 0, i.e. ` D L. In this case we know that the dual CFT is N D 4

SYM theory with gauge group SU.N/ and we also know that

1

16�G
.5/
N

D Vol.S5/

16�G
.10/
N

: (18.214)

With 16�G.10/
N D 2�10 D .2�/7˛04g2s and Vol.S5/ D �3L5 we find

a D c D 1

4
N 2: (18.215)

In the free theory the anomaly can be computed in field theory and gives the above
result with N2 ! N2 � 1. But the dual description via classical SUGRA is valid in
the N !1 limit where the difference is suppressed by O.1=N 2/ effects. The N2

behavior of the anomaly, which is a measure of the number of degrees of freedom,
reflects, of course, the non-Abelian symmetry of the CFT on a stack of N D3-
branes. We see that the anomaly of the strongly interacting theory, as computed via
AdS/CFT, is the same as that of the free theory. In N D 4 SYM theory the gauge
coupling is a modulus and the Weyl anomaly seems to be independent of it.

If one does the calculation for AdS7 	 S4, which is the near horizon limit of
the M5-brane solution, one finds that the anomaly of the six-dimensional dual CFT
scales as `5

�27
� `9

�211
� N3 where we used ` � N1=3`11 (cf. Table 18.3 on page 700).

While the N -dependence is easy to determine, to obtain the precise value of the
four anomaly coefficients requires more work: one needs g.2/�	 which is not universal.
While the world-volume theory on a single M5-brane contains five scalars and one
self-dual two-form potential (plus the .0; 2/ SUSY partners), theN3 behavior of the
anomaly reflects the ‘non-Abelian’ nature of the world-volume theory of interacting
self-dual tensor multiplets, but the precise mechanism is unknown. There seems to
be no way of constructing a field theory of interacting tensor multiplets and the N3

behavior of the anomaly, which is expected to reveal information of the number of
degrees of freedom, is a valuable hint for this still elusive theory.

It is a special property of N D 4 SYM theory that the two anomaly coefficients
agree, but this is no longer the case for generic (super)conformal field theories. Their
dual gravity descriptions therefore have to include higher derivative corrections. One
can show that if we includeR2 andRMNRMN terms in (18.210), this changes a and
c but not a � c. To check this, the results collected in the appendix are helpful.

50In superconformal field theories they also characterize the anomalous divergence of the R current
and the anomalous �-trace of the supercurrent.
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In higher dimensions the situation becomes more complicated for two reasons.
(1) one needs to use the equations of motion to compute higher g.m/ as they are no
longer universal and (2) the number of solutions to the WZ consistency conditions
proliferates. E.g. in d D 6 we need to compute g.2/�	 and there are four anomaly
coefficients.

In any d D 2n dimension there is always one solution of WZ consistency which
is distinct: it is the Euler density

E2n D 1

2n
R�1	1�1�1 � � �R�n	n�n�n��1	1:::�n	n��1�1:::�n�n D Rn C : : : : (18.216)

The infinitesimal Weyl variation of
p
gE2n is a total derivative and its integral is a

topological invariant (on manifolds without boundary). Then there is a dimension
dependent number of solutions which transform homogeneously. In d D 2 there is
none, in d D 4 there is one, C2, in d D 6 there are three, etc. (How many there
are in d D 2n is not known in general.). The former are also called type A and the
latter type B Weyl anomalies. The coefficient a of type A in any even dimension
d D 2n of a CFT which has a dual gravity description in terms of an action of the
type (18.192) can be determined:

hT ��i D .�/n `2nC1

22n.nŠ/2
f .R/

ˇ

ˇ

ˇ

AdS
E2n C type B; (18.217)

where f .R/jAdS means f .R/ evaluated on the AdS solution. The type B anomaly
always vanishes on conformally flat spaces. Using this fact is one way to
derive (18.217); details can be found in the references.

Holographic Reconstruction of Space-Time

If we view the Einstein equations (18.194) as differential equations in the radial
variable �, we should expect two branches of solutions with two sets of ‘integration
constants’ or boundary data.51 In fact, recall from the discussion below (18.199) that
one set is the boundary metric and that the second set is a traceless and conserved
tensor at O.�d=2/. But these are the properties of the energy-momentum tensor of a
CFT. We will make this relation more concrete.

One defines the holographic energy-momentum tensor as the variation of the dual
gravity action under changes of the boundary metric:

hT �	i D � 2
p

g.0/

ıS

ıg
.0/
�	

: (18.218)

51For more general actions the equations of motion are of higher order and have more branches.
The additional branches are spurious in the sense that, if the higher derivative terms are considered
as small perturbations of the action (18.193), we should only consider perturbations of the two
branches of solutions of the unperturbed equations of motion.
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This is in line with the identification of the generating functional of the CFT with
the on-shell SUGRA action. The variation of the action produces a bulk term, which
vanishes on-shell, and a boundary term from which the energy-momentum tensor
can be read off. Recall that on-shell g.m/�	 withm 
 
d�1

2

�

and the trace of g.d=2/�	 are

functions of g.0/�	 . The situation simplifies, if we seek the energy-momentum tensor

in Minkowski space. In this case, it suffices to consider g�	 D g
.0/
�	 C �d=2g.d=2/�	

and to set g.0/�	 D ��	 at the end. The lower order terms vanish in a flat background
and the higher order terms never contribute to the boundary term at � D 0. Starting
from the action (18.193) and using results from the appendix, one finds the boundary
terms

ıS D `3

16�G
.dC1/
N

Z

ddx
p
g��

d
2

�

g�	ıg�	 � 2�g�	ıg0�	

C�g0�	ıg�	
� ˇ

ˇ

ˇ

�D0: (18.219)

A divergent term has to be subtracted (it is the variation of a local counter term) and
one finds, after ‘integrations by parts’

hT�	i D d`3

16�G
.dC1/
N

g.d=2/�	 for g.0/�	 D ��	: (18.220)

For more general boundary metrics, hT�	i also contains terms which are quadratic in
g.1/ and when we computed the holographic Weyl anomaly we effectively computed
its trace w.r.t. g.0/.

We now consider a simple example with d D 2n D 4 where we can solve the
equations exactly starting from the following boundary data:

g.0/�	 D ��	; g.2/�	 D c

0

B

B

@

3

1

1

1

1

C

C

A

I (18.221)

c is a constant. g.2/�	 is clearly traceless and conserved (w.r.t. ��	). For the metric
g�	.x; �/ (cf. (18.195)) we make the ansatz

g�	.x; �/ D

0

B

B

@

f .�/

g.�/

g.�/

g.�/

1

C

C

A

: (18.222)

Inserting this into the Einstein equations we obtain a system of three coupled
differential equations for the two functions f .�/ and g.�/. The solution which
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satisfies the boundary conditions is

f .�/ D �
�

1 �
�

�

�0

�2 �2

1C
�

�

�0

�2
; g.�/ D 1C

�

�

�0

�2

; (18.223)

where we have defined c D 1

�20
. The metric is

ds2 D
�d�

2�

�2 � 1
�

�

1 �
�

�

�0

�2 �2

1C
�

�

�0

�2
dt2 C 1

�

�

1C � �
�0

�2
�

dx2: (18.224)

This is a static, asymptotically AdS solution with a regular horizon at � D �0 with
topology R

3 	 R. The metric (18.224) is in ADM form with vanishing shift and
lapse N2 D � 1

�
f .�/ and the Hawking temperature is easily computed

TBH D 1

4�

.N 2/0
p

g��N 2

ˇ

ˇ

ˇ

ˇ

ˇ

horizon

D 1

�

s

2

�0
: (18.225)

With the change of variables

�

�0
D U 2

U 2
0

0

@1C
s

1 � U
4
0

U 4

1

A ; �0 D 2

U 2
0

(18.226)

the metric can be brought to the more familiar form

ds2 D dU 2

U 2

�

1 � U
4
0

U 4

� � U 2

�

1 � U
4
0

U 4

�

dt2 C U 2dx2:
(18.227)

This is the AdS part of a ten-dimensional IIB supergravity solution which also has
an S5 factor. This solution is the decoupling limit of a non-extremal black D3-brane
solution (in this limit we keep U0 constant).

The interpretation of this result is as follows. On the boundary we have N D 4

SYM theory at finite temperature whose energy-momentum tensor is (use (18.220))

hT�	i D �2

8
T 4N 2 diag.3; 1; 1; 1/: (18.228)

This is the expectation value of the energy-momentum tensor of a relativistic plasma
at rest in a thermal state. Here the plasma is a hot gas of massless particles, the gauge
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bosons of N D 4 SYM theory and their supersymmetric partners. The energy
density is

� D 3�2

8
N 2T 4 D 3

4
�free; (18.229)

where �free is the value of the free N D 4 SYM theory. The holographic result is a
prediction for the strongly coupled theory.

Let us recapitulate: starting with the boundary data, which consist of specifying a
metric and energy-momentum tensor of the four-dimensional CFT on the boundary,
we have reconstructed the dual five-dimensional space-time of the gravity theory.
It is an AdS black-brane whose Hawking temperature we have identified with the
temperature of the field theory.

Hydrodynamics

The above procedure can be extended to other situations: given an energy-
momentum tensor of the d -dimensional CFT, we can reconstruct the dual .d C 1)-
dimensional asymptotic AdS space of the dual gravity theory. Of course, one is
guaranteed to obtain a consistent set-up only in those cases which can be embedded
in string or M-theory. For instance, one might wonder whether any T�	 � g

.d=2/
�	

which is traceless and conserved represents good boundary data. This is indeed not
the case, if we require that the resulting geometry is regular, which means e.g. that
singularities, if present, are shielded by a horizon. This restricts the class of CFTs
which have a gravity dual. An interesting example, which we will merely sketch,
is the following. In the previous example the energy-momentum tensor of the field
theory was that of a relativistic plasma in d D 4 at rest, i.e. there was no energy
or momentum flow. We can easily boost this solution to describe it in an arbitrary
inertial frame. The bulk metric becomes

ds2 D
�d�

2�

�2 C 1

�

�

1C � �
�0

�2
�

.dx2 � dt2/C
4
�

�

�0

�2

�
�

1C � �
�0

�2
��2.dt C ˇ � dx/2;

(18.230)

which corresponds to

t�	 � 4g.2/�	 D .�T /4.��	 C 4u�u	/; (18.231)

where .u0; ui / D .�; �ˇi / is the four-velocity of the plasma and, as usual, � D
1=

q

1 � ˇ2. As expected, this metric also solves Einstein’s equations.
In this solution the temperature and the four-velocity are constants. We now want

to explore the possibility of space-time dependent temperature and velocity. Clearly,
if we replace in (18.230) T ! T .x/ and ˇ ! ˇ.x/, the resulting five-dimensional
metric is no longer a solution of Einstein’s equations. If, however, T and ˇ vary
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slowly, i.e. if their space-time gradients are small, we can make a gradient expansion
of the metric and satisfy Einstein’s equations order by order in numbers of space-
time derivatives. The dimensionless small quantities are 1

T
@u and 1

T 2
@T .

In the Fefferman-Graham expansion of the metric, g.0/�	 D ��	 still holds; this

is one of the boundary conditions which we impose, and therefore also g.1/�	 D 0.

However, g.2/�	 has to be modified. We make the ansatz

t�	 D t .0/�	 C t .1/�	 C : : : : (18.232)

The superscripts give the number of space-time derivatives. We already know that

t .0/�	 D .�T /4
�

��	 C 4u�u	
�

; (18.233)

where we have suppressed the x-dependence of T and u�. t .0/�	 is still traceless but
the conservation equation is modified to

@�t.0/�	 D 4�4T 3.@	T C 4u	u
�@�T C T u	@�u� C T u�@�u	/ D 0: (18.234)

The condition u	@�t.1/�	 D 0 leads to

u�@�T D �1
3
T @�u�: (18.235)

Inserting this into (18.234) gives

@�T D 1

3
T .@	u

	/u� � T u	@	u�; (18.236)

which means that the derivatives of the temperature can be expressed in terms of
derivatives of the velocity.

We now make the most general ansatz for t .1/�	 :

t .1/�	 D .�T /3



˛.@�u	 C @	u�/C ˇ.u�u�@�u	 C u	u
�@�u�/

C� u�u	@�u� C ı ��	@�u�
�

: (18.237)

The overall factor carries the dimension and ˛; ˇ; � and ı are real numbers. Trace-
lessness imposes � D 2˛C 4ı. We find further relations between the coefficients
by writing t .1/�	 in a general metric background and requiring that it transforms
homogeneously under Weyl transformations, after we restrict to a Minkowski
background, cf. (18.209). This leads to

ˇ D ˛; ı D �2
3
˛; � D �2

3
˛; (18.238)

which leaves one coefficient undetermined, say ˛. We now proceed, as we did in the
case of constant T and u�, and make an ansatz for g�	.x; �/with the above specified
boundary conditions. The ansatz contains several as yet undetermined functions of
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� which we determine by requiring that Einstein’s equations are satisfied to first
non-trivial order in gradients. Remarkably the equations can be solved and ˛ is one
of the integration constants. This integration constant can be fixed by requiring that
the bulk metric is regular outside and on the horizon. It is not hard to see that the
FG coordinates which we have been using so far are not suitable for this step of the
analysis. A suitable coordinate system are Eddington-Finkelstein coordinates which
have no coordinate singularity at the horizon. This analysis indeed fixes ˛ D �1
and one finds for the energy-momentum tensor

t�	 D .�T /4.��	 C 4u�u	/

� .�T /3
�

@�u	 C @	u� C u�.u � @/u	 C u	.u � @/u� � 2
3
.u�u	 C ��	/@ � u

�

:

(18.239)

To analyze this result we note that what we have considered here is a CFT
plasma in the long wavelength limit. This allows for an effective description as a
relativistic fluid. The conservation of the energy-momentum tensor is nothing but
the relativistic Navier-Stokes equations. The zeroth order term represents an ideal
fluid. The first correction contains viscosity effects. In general they are determined
by two coefficients, the shear viscosity � and the bulk viscosity �. The energy-
momentum tensor of a relativistic fluid can be shown to be (p is the pressure)52

T�	 D p.u�u	 C ��	/C �u�u	 (18.240)

� � �@�u	C@	u� C u�u�@�u	 C u	u
�@�u�

� �
�

� � 2
3
�

�

.u�u	C��	/@�u�:

Conformality requires p D 1
3
� and � D 0 and the requirement of having a gravity

dual fixes the ratio between � and �. Using the thermodynamic relation d� D Tds,
where s is the entropy density, one derives

�

s
D 1

4�
; (18.241)

which is valid for a four-dimensional conformal field theory which has a hydrody-
namical description and a gravity dual with action (18.193), e.g. strongly coupled
N D 4 SYM theory in the planar limit. Higher curvature corrections to the action
modify the ratio in either direction, but there are limits from causality which seem
to impose restrictions on the coefficients for these corrections in any dual gravity
theory which can be embedded in string theory which we expect to be causal.

The result (18.241) is one of the most beautiful results which came out of the
AdS/CFT correspondence. It is one of several examples where calculations in the

52This is the form in the Landau-frame where u� is the velocity of energy transport. It satisfies
u�T .1/�	 D 0.
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field theory cannot be done reliably and where AdS/CFT provides a viable and pow-
erful alternative. The question is, of course, whether it also applies to realistic phys-
ical systems. Conventional fluids are not conformal, their value of �=s depends on
the temperature and is much bigger than the AdS/CFT value. For instance, for water
at room temperature it is 380 � 1

4�
. For a photon gas it is infinite. Surprisingly there

are experimental indications that for the quark-gluon plasma it is close to 1=4� .

Generalizations and Extensions

Our treatment of the AdS/CFT correspondence was by way of a few specific
examples which, however, already point to various generalizations, some of which
we will briefly discuss.

• We can consider other near horizon geometries, e.g. of the M2 and M5 brane
solutions which lead to AdS4	S7 and AdS7	S4 space-times and dual CFTs in
d D 3 and d D 7 dimensions. While quite a bit is known about the former, not
much is known about the latter and it is believed that it is not a local field theory.
One piece of information we have about this elusive theory is the Weyl anomaly
which behaves as N3 for N parallel branes. The problem is that the theory on
the M5 brane world-volume has a self-dual anti-symmetric rank-two tensor field
whose non-Abelian structure (generalizing that of interacting gauge fields) is not
known.

The near horizon geometry of other D-branes can also be studied but they do
not lead to AdS geometries. For these solutions the dilaton is not constant and
the string theory is no longer weakly coupled throughout.

It is, of course, interesting to have a dual gravity description of non-conformal
field theories, in particular in four dimensions. Various SUGRA solutions have
been constructed, but we will not discuss them here.

• For d D 4 one can consider other conformal field theories and their dual
geometry. One possibility is to replace S5 by a five-dimensional Sasaki-Einstein-
manifold X5. Their defining property is that the cone over X5 with metric
ds2 D dr2 C r2ds2X5 is a (non-compact) Calabi-Yau manifold. In this case

G
.5/
N D G

.10/
N =Vol.X5/ which changes the values of the anomaly coefficients.

The simplest example is, of course, X5 D S5 where the CY manifold is
simply R

6. In general, the dual conformal field theories are N D 1 quiver
theories, i.e. with gauge groups products of SU.N/ factors and matter fields
in bi-fundamental representations. Another way to construct SCFTs with less
supersymmetry is to consider the near-horizon limit of N D3-branes on a Z2

orientifold seven-plane with eight D7 branes stuck on the O7 plane to ensure
conformal invariance. The dual field theory is an N D 2 superconformal theory
with gauge group USp.2N/, four matter multiplets in the fundamental .2N/ and
one in the anti-symmetric traceless representation .2.2N� 1/� 1/. The compact
manifold is S5=Z2. The Z2 does not act freely, its fixed locus is an S3 which the
D7’s and the O7 wrap. They also fill the whole AdS5. The fact that the compact
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manifold is no longer S5 is due to the back-reaction of the D7 branes and the
O7 plane. The presence of D7 branes introduces open strings and the presence of
an O7 plane non-orientable world-sheets and therefore odd powers in the 1=N
expansion, corresponding to odd powers in the gs expansion. The dual gravity
theory is also modified at this order: there are terms quadratic in the curvature
which are induced from such terms in the world-volume action of the D7 branes
and the O7 plane. In this case, the two Weyl anomaly coefficients no longer
agree and a � c D O.N / which is 1=N suppressed compared to the leading
contribution in a and c. This is also what one finds in the field theory.

• So far we have only considered purely gravitational actions on the AdS side of
the correspondence. We have seen that there are two sets of boundary data: at
leading order the boundary metric and, subleading, the expectation value of the
boundary energy-momentum tensor. These are conjugate in the sense that the
metric is a source for the energy-momentum tensor and in the CFT there is a
coupling in the action of the form

R

g�	T�	 . The effective action, W.g/ is the
generating functional for correlation functions of the energy-momentum tensor.

From the field theory point of view, if we are interested in correlators involving
other operators, we couple them to sources and the generating function depends
on the metric and these other sources. To include them in the dual description
we generalize the gravity action by including other supergravity fields besides
the fluctuations of the metric around the AdS background. In particular there is
an infinite tower of Kaluza-Klein modes of the IIB SUGRA fields compactified
on S5 or, more generally, on X5. Consider, for simplicity, a bosonic field
˚.x; �/ which satisfies a second order differential equation. In the vicinity of
the boundary its solution is of the form

˚.x; �/ D � 1
2��.�.x/C : : : /C � 1

2�C.'.x/C : : : /; (18.242)

where we have only indicated the leading terms of the two power series. The
higher order terms are fixed by the equations of motion. 1

2
�˙ are the two

solutions of the indicial equation with �C > ��.53 � and ' are the boundary
data one has to provide to obtain a unique solution. Once we specify �, ' is not
arbitrary: it is restricted by the requirement to obtain a regular solution in the
interior.

The simplest example is a massive scalar field in AdS with equation of
motion54 .� � m2/˚ D 0 with � the scalar Laplacian in AdSdC1. One finds

�˙ D d
2
˙
q

. d
2
/2 C `2m2. Here we have used the AdS metric in FG coordinates.

The roots of the indicial equation are real as long as the mass is not below the

53For special values of the mass, there is only one power series solution and one solution containing
log.�/. This always happens if �C D ��.
54In general one has to solve the coupled system of equations for the metric and the scalar field.
Here we neglect the backreaction of the scalar on the metric.
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Breitenlohner-Freedman bound, i.e. as long asm2 � � .D�1/2
2`2

whereD D d C 1
is the space-time dimension. One can show that tachyonic scalars, as long as
they respect this bound, do not lead to instabilities. A conformally coupled scalar
respects this bound.

In analogy with the metric, one identifies �.x/ as the source for the dual
operator O whose vev is hOi D '. On a fixed AdS background one can solve
the equations of motion in terms of Bessel functions and there is one linear
combination of the two solutions which leads to a regular solution in the bulk.
If we insert this into the bulk action, from which the equation of motion was
derived, we obtain a functional of �.x/ which is the generating functional for
correlation functions of the dual operator. In this way one can compute its two-
point functions from which one can read off the scaling dimension to be�C. One
can establish a dictionary between gauge invariant operators and their sources in
N D 4 SYM theory and KK modes in the gravity theory. Morever, there is a
relation between the mass of the bulk fields and the scaling dimension of the
boundary operator.

In the generic situation the leading solution, which starts with ���=2, has a
boundary behavior which makes it non-normalizable while the other solution
is normalizable. While the non-normalizable solution is related to the external
source, the normalizable solution is associated with the vev of the dual operator
and therefore encodes information about the dynamics of the field theory.
However, for a certain range of masses or, equivalently, conformal dimensions�,
both solutions are normalizable and the roles of the source and the vev of the dual
operator can be interchanged. We will not discuss the implications of this fact for
the CFT except for mentioning that it corresponds, for this range of masses, to
two ways of quantizing the field in AdS space which lead to a well defined and
conserved energy.

Recall that the holographic stress-energy tensor was defined as the functional
derivative of the on-shell gravity action viewed as a functional of the boundary
value of the graviton. If we include other fields besides the metric we can again
evaluate the on-shell gravity action, which is now a functional of the boundary
values of all the fields which we have included and is thus the generating
functional for the correlation functions of the operators which are dual to them.
The on-shell SUGRA action is divergent. The divergences can be subtracted with
suitable counter terms, much in the same way as we described in the case of the
metric.

Many examples have been worked out explicitly and correlation functions of
various operators which are dual to bulk fields have been computed. We refer to
the literature for further details.

What makes the identification between field theory operators and Kaluza-
Klein states relatively straightforward is that the KK excitations of gauged
N D 8 SUGRA in d D 5 are half-BPS states and the operators in the CFT
are chiral primary operators of the superconformal algebra and their descendants.
This is all there is in the supergravity limit, which is what we have considered so
far. Beyond that limit one also has to consider multi-particle states, bound states
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and, in particular, also string excitations in the bulk. To each of them there is a
dual operator in the boundary CFT but to establish the correspondence is much
harder.

• One can use the correspondence between operators and their sources in the field
theory on the one hand and and bulk fields on the other, to engineer gravity duals
of various (conformal) field theories. For instance, if one wants to have a field
theory with a U.1/ current, one has to add a massless vector field in the bulk
for which one can choose the gauge A� D 0. Its leading boundary value is the
source for the current and its subleading boundary value the vev of the current.
Or if one wants a scalar condensate in the boundary theory, one needs to include
a scalar field in the bulk. Using these ideas one can construct gravity duals of
(conformal) superconductors and other condensed matter systems. In general this
is quite challenging because to engineer e.g. the gravity dual of a superconductor
one needs an asymptotically AdS black hole solution which looses its hair (the
bulk scalar whose subleading boundary value is the condensate) above a certain
temperature Tc . Whether these systems can be embedded in string theory is not
clear a priori. But e.g. for the case of the superconductor, relevant bulk solutions
and their embedding in string theory have been found.

• The holographic reconstruction of space-time required only field theory data in
Minkowski space. Within the framework of the strong version of the AdS/CFT
correspondence it can be viewed as a background independent formulation of
type IIB string theory on asymptotically AdS5 	 S5 space-times. The metric
in the bulk emerges from the dynamics of a field theory without gravity on
the boundary. In the example given, we only considered a vev of the energy-
momentum tensor but this can be extended to other operators.

• One of the fundamental observations in support of the AdS/CFT correspondence
is the matching of the symmetries. One might wonder whether one can construct
gravity duals for field theories with other symmetries. One example is a
non-relativistic version of conformal symmetry, which is called Schrödinger
symmetry, where e.g. space and time scale differently, the difference being char-
acterized by the dynamical exponent z, i.e. xi ! �xi ; t ! �zt . One can indeed
construct space-time metrics which have Schrödinger symmetry as an isometry
and they are therefore, within the spirit of the AdS/CFT correspondence, dual
to field theories with the same symmetry. There are some important differences
though which have to do with the notion of a boundary of these metrics. The
holography seems to be of co-dimension two rather than co-dimension one.

• One of the attractive features of the AdS/CFT correspondence is that it provides
a simple geometric picture for a variety of physical processes and allows for an
quantitative treatment. This is most convincingly demonstrated by the SUGRA
computation of the gauge theory Wilson loop. To describe this, we put an
additional D3 brane into the background of the near-horizon geometry of the
stack of branes. On this brane open strings may end. If we place this brane at the
boundary, we get the following picture (Fig. 18.4):

a static, well separated q Nq pair is viewed as the endpoints of an open type IIB
string at the boundary of AdS5. In order to minimize its length (and hence its
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energy) the string follows a geodesic. The geodesic does not lie in the boundary,
which it would if the space were flat, but extends deep into the AdS space. To
describe the open string we need to add the Nambu-Goto action to the SUGRA
action (as we did in Sect. 18.5) and the correspondence is now

hW.C /iCF T D e�VqNq D e�Amin
2�˛0 ; (18.243)

whereAmin, the minimal surface of the world-sheet, is T	 length of the geodesic.
The q Nq potential is then given by the (regularized) length of this geodesic where
the regularization is interpreted as the subtraction of the infinite bare mass of the
static quarks. One finds

Vq Nq � �1=2

L
; (18.244)

where the numerical factor can be easily worked out. The 1=L behavior is an
obvious consequence of conformal invariance: there is no other scale in the
theory except for L to provide the dimension for the potential. The �1=2 behavior
follows from the discussion below Eq. (18.186).

It is not difficult to find gravity duals of confining theories with Vq Nq �L.
One way to get a confining theory in four dimensions is to start with the near-
extremal D4-brane solution in the decoupling limit and perform a double Wick
rotation of the time direction and one space direction along the world-volume.
Compactification on the Euclidean time direction leads to a four-dimensional
theory whose Wilson loop, again computed as the minimal area of a fundamental
string, exhibits an area law, indicating confinement with a linearly rising
potential.

• Recall that the comparison of the physics of coincident D-branes in Minkowski
space and a particular flux-compactification of type IIB string theory led to
the Maldacena conjecture. This is a particular example of a large N transition.
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Similar transitions can also be found in more complicated backgrounds where
e.g. N D6-branes are wrapped around S3’s which are contained in a Calabi-Yau
manifold on which the string theory is compactified. An N D 1 U.N / gauge
theory is localized in the four large dimensions of the world-volume of the
D6-brane. One can decouple gravity from the gauge degrees of freedom by
zooming into the region close to the branes. In this case one ends up with
the deformed conifold geometry, which is a particular non-compact Calabi-Yau
manifold. If the number of D6-branes becomes large their back-reaction on the
geometry must be taken into consideration. This leads to a transition to a different
Calabi-Yau geometry, the resolved conifold. This is the conifold transition. After
this transition the branes and thus the open strings which gave rise to the gauge
bosons have disappeared. From the gauge theory perspective this is interpreted
as a transition to the confining phase.

• In attempts to prove the AdS/CFT correspondence for N D 4 SYM theory, the
uncovering of integrable structures on both sides of the duality has led to many
interesting developments and highly non-trivial tests of the correspondence. We
refer the interested reader to the vast literature on this exciting but also rather
technical subject.

The big open challenge is to find gravity duals of interesting and relevant
physical systems, such as QCD with gauge group SU.3/, where calculations can
be done reliably and in a controlled way. We will not discuss any of the attempts
at constructing models of holographic QCD. Despite of much effort it seems fair
to say that this goal has not been reached (yet?). However, the ability to study
quantitatively strong coupling phenomena which are out of reach by other methods,
makes the AdS/CFT correspondence a powerful tool to explore such systems, e.g.
their phase diagrams, to compute transport coefficients, etc. This might lead to new
insights which can be a guide for the understanding of real physical systems.

Appendix

In this appendix we collect some expressions which were needed for the calculation
of the holographic anomalies in Sect. 18.9.

For a .d C 1/-dimensional metric of the FG form55

ds2 D GMNdXMdXN D `2
�

d�

2�

�2

C `2

�
gij .x; �/dx

idxj (18.245)

one finds the following expressions for various curvature components where the hat
means OR D R.G/ while R D R.g/, the covariant derivatives are associated with

55For ease of notation we use small Latin letters to label the coordinates of the boundary, rather
than small Greek letters, as we did previously.
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gij .x; �/, a prime stands for @� and the curvature conventions are those of Sect. 14.8.

ORi�j� D � `
2

4�3
gij � `2

2�
g00ij C

`2

4�
g0ikg0jlgkl ;

OR�ijk D `2

2�
.rkg0ij � rj g0ik/;

ORijkl D `2

�
Rijkl � `

2

�2

n

.gjl � �g0jl /.gik � �g0ik/� .gjk � �g0jk/.gil � �g0i l /
o

;

ORij DRij �2�g00ij C 2�g0i l gklg0kj ��g0ij gklg0kl C.d � 2/g0ij� gij gklg0kl �
d

�
gij ;

OR�� D � d

4�2
� 1
2
gij g00ij C

1

4
gij gklg0ikg0jl ;

OR�i D 1

2
gjk.rkg0ij � ri g0jk/;

`2 OR D �d.d C 1/C �R C 2.d � 1/�gij g0ij C 3�2gij gklg0ikg0jl
� 4�2gij g00ij � �2.gij g0ij /2: (18.246)

All other components vanish or are related by symmetries.
The FG expansion of the metric

gij .x; �/ D
X

n	0
g
.n/
ij .x; �/�

n

(18.247)

induces an expansion of the curvatures. The first few terms of some curvature
invariants are (indices are raised with g.0/ ij , the inverse of g.0/ij , tr .g.1/ / Dg.0/ ij g.1/ij
and we also use gij � g.0/ij ; R D R.g.0//; ri � r.0/i , � D r.0/ir.0/i , etc.)

`2 OR D �d.d C 1/C � 
RC 2.d � 1/tr .g.1//�

C �2
h

�g.1/ij Rij � 4.3� d/tr .g.2//� .2d � 5/tr
�

.g.1//2
�

��tr .g.1//�2 �� tr .g.1//Cr irj g.1/ij
i

CO.�3/;

`4 ORMNPQ ORMNPQ D 2d.d C 1/� 4



RC 2.d � 1/tr .g.1//� �
C
h

RijklR
ijkl C 12g.1/ij Rij C 4

�

� tr .g.1//� r irj g.1/ij
�C 8�tr .g.1//�2

�16.d � 3/tr .g.2//C .12d � 28/tr �.g.1//2�� �2 C O.�3/;
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`4 ORMN ORMN D d2.d C 1/� 2d



RC 2.d � 1/tr .g.1//� �
C
h

RijR
ij C 4.d � 1/g.1/ij Rij C 2R tr .g.1//C 2d �� tr .g.1//�r irj g.1/ij

�

C.5d2 � 14d C 4/tr �.g.1//2�C .5d � 4/.tr .g.1///2 � 8d.d � 3/trg.2/� �2

C O.�3/: (18.248)

We also need

p
G D `dC1

2�1Cd=2
p
g

�

1C �

2
tr .g.1//

C�2
h1

2
tr .g.2//� 1

4
tr
�

.g.1//2
�C 1

8

�

tr .g.1//
�2
i



C O.�3/: (18.249)

These expressions simplify considerably if one uses the explicit expression for g.1/ij .
Under gij ! gij C hij and gij ! gij � hij , the first order changes of various

quantities are

ı
p
g D 1

2

p
gh; ı k

ij D
1

2

�ri hj k Crj hi k � rkhij
�

;

ıRijkl D �1
2

n

rkri hjlCrlrj hik�rkrj hil�rlri hjk
o

C1
2
Rkli

mhmj�1
2
Rklj

mhmi ;

ıRij D �1
2

˚

�hij Crirj h� rkri hkj � rkrj hki
�

;

ıR D ��hCr irj hij � Rij hij ;
ı.�R/ D �hij�Rij � hijrirjR ��2hC�rirj hij

�Rij�hij � 2rkRijrkhij � riRrj hij C 1

2
riRr i h: (18.250)

All indices are raised with gij , e.g. hij D gikgjlhkl and h D gij hij .
Using hij D 2�gij , one finds for the first order Weyl variations

ı�R D �2�R � 2.d � 1/��;
ı�Rij D �2.d � 2/rirj �R � gij��;

ı�Rijkl D 2�Rijkl � gikrjr�� � gj�rirk� C gilrjk� C gjkrirl�: (18.251)
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The equations of motion derived from the action

S D
Z

dDx
p
gL D

Z

dDx
p
g
�

R ��C aR2 C bRijRij C cRijklRijkl
�

(18.252)

are

1

2
L gij � Rij C 2a

�rirjR ��Rgij �RRij
�

C b
�

�2RikRkj ��Rij � 1
2

�Rgij C .rkriRkj CrkrjRki /
�

C c ��2RiklmRj klm � 4rlrkRi l j k
� D 0: (18.253)

They can be rewritten with the help of the identities

rkriRkj CrkrjRki D rirjRC 2RikRkj � 2RklRikjl ;

rkrlRi kj l D �Rij � 1
2
rirjR � RikRkj CRikjlRkl : (18.254)

The condition on the dimensionless parameters ˛D a=L2, etc. where�D�.D�1/
.D � 2/=L2 which has to be satisfied for the equations to have a symmetric space
solution with

Rijkl D k.gikgjl � gilgjk/; k D 1

`2
(18.255)

is (q D L=`)

�.D�2/C .D�2/
q2

C .D � 4/
D.D � 1/˛ C .D�1/ˇ C 2��q2 D 0: (18.256)

The derivative terms in (18.253) do not contribute because the metric is covariantly
constant.
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Type IIA superstring, 207
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Type IIB supergravity
action, 624
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Type IIB superstring, 206
orientifold on CY, 645

Uhlenbeck-Yau theorem, 503
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Unitarity, 78, 343, 601
Unitary representation

Kač-Moody algebra, 343
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Virasoro algebra, 79
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Vector bundle
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holomorphic, 453, 468
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Verlinde formula, 154, 166
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Vertex operator, 90, 392
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gravitino/dilatino, 594
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open string gauge boson, 604
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N D 1 supersymmetric, 360
N D 2 supersymmetric, 375, 551
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Virasoro-Shapiro amplitude, 601
Volume form, 475
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Ward identity

boundary, 94
conformal, 83
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fermion, 178
invariance, 16
rescaling, 15
spinor, 217
transformation, 179

Weyl-Kač character formula, 350
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rotation, 64
theorem, 88
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discrete, 504
moduli, 715

Wilson loop, 766
Winding

number, 265
state, 265

Witt algebra, 26
World-line, 7
World-sheet, 10

parity, 50, 207, 241
T-duality, 317

Yau’s theorem, 473

Zero mode, 18, 24
dimensional reduction, 447
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Zeta-function
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Riemann, 44
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